aa«e 


i - 
i = / El 


FORMULAS FROM GEOMETRY 


Triangle Circular Ring 
h = asin 0 Area = a(R? — 7’) 
Area = >bh : » blast 

2 (p = average radius, 
Laws of Cosines: of width of ring) 
c? = a? + b? — 2abcos 6 ihe Nabe ian i IE | 


Right Triangle Ellipse 
Pythagorean Theorem: Area = rab 


. Bt Circumference ~ 277, / ope 


Equilateral Triangle A Cone 


(A = area of base) 


Right Circular Cone 


Volume = zee 


Lateral Surface Area = mr /r? + h2 


Frustum of Right Circular Cone 


2 + a 
Vole BR BM 


Lateral Surface Area = as(R + r) 


Circle Le Right Circular Cylinder 
Area = arr? . oe Volume = ar7h 
Circumference = 2mr \ ~ - . Lateral Surface Area = 2arh 


Sector of Circle Sphere 


Volume = ear} 


Surface Area = 4ar2 


Definition of the Six Trigonometric Functions 
Right triangle definitions, where 0 < @ < 1/2. 


Circular function definitions, where 0 is any angle. 


sin 9 = ~ csc 9 =~ 
r y 
cos 9 = = sec 0. = 
r x 
tan 9 =~ cot 9 = ~ 
x y 
Double-Angle Formulas 
sin 2u = 2 sin u cos u 
Reciprocal Identities . cos 2u = cos? u — sin? u.= 2 cos?u — 1 = 1 —2sin? u 
2 tan u 
. 1 1 1 (an 2h = 
sin u = — cos u = tan u = 1 — tan*u 
CSC u sec u cot u 
Part “Sue | ae | Power-Reducing Formulas 
csc u = —— sec u = cotu = 
sin u cos u tan u ee 1 — cos 2u 
: ae sin? yu = ————— 
Quotient Identities 2 
‘ _ 1+ cos 2u 
Se fits caidas cob 3 gs Nahe COS I > ae 


1 — cos 2u 


Pythagorean Identities pas 1 + cos 2u 

sin? u + cos?u = 1 

7 ip ees Tec ea a Sum-to-Product Formulas 
Cofunction Identities sinu + sinv = 2 sn( * : *) cos(# 5 *) 
fhe x pl ay Beet = 
sin(Z os u) or COS. # cof(2 u) Bas sinu — sinv = 2.cos(* > *) sn( * } *) 


—— = si seo( 7 — u) = esc utv u-v 
te z Ss) been 2 cos u + eos v = 2c0s( > J cos( 5} 
tan|j— — u}] =cotu csc|— — u]} = secu | beta \ ead 

2 2 COS u — cos Vv = =2 sin( “=” snl > ) 
Even/Odd Identities 
: coi Product-to-Sum Formulas 
sin(—u) = —sinu cot(—u) = —cot u 
cos(—u) = cos u sec(—u) = secu sin u sin v = glcos(u — v) — cos(u + v)] 
tan(—u) = —tanu csc(—u) =.—csc u 

: 1 
Ri lant Difference Formal cos ucos v = gicostu — v) + cos(u + v)] 


sin(u + v) = sinucos v + cosu sin v 


: 1, . A 
cap sin ucos v = ~{sin(u + v) + sin(u — v)] 
cos(u + v) = cos ucos v + sin u sin v 2 


1 
tan u + tanv Pace =e = 
tan(u + v) = aaah y cos u sin v 7 cos(u + v) — sin(u — v)] 
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Prerequisites 


P1 Real Numbers P4 Rational Expressions 
P2  Exponents and Radicals : P.5 Graphical Representation of Data 
P.3 Polynomials and Factoring 


ify, a 
and use oe : - 


- fcr expressions co 0 omplea 
| determine the domains of algebraic 
expression 

sions. - a 

a avoid common algebraic errors. and use 

| algebraic techniques common i in calculus. 

O plot points in the coor nate plane and use | 

the Distance and | Midpoint Formulas. 


Superstock 


In 1997, over $24 billion worth of corrugated and solid fiber boxes were produced to create shipping 
containers. (Source: U.S. Bureau of the Census) 


Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and its definition to your notebook glossary. 


e real numbers (p. 2) e evaluate an expression (p. 6) © conjugate (p. 18) 

© rational numbers (p. 2) © additive inverse (p. 6) ® rational exponent (p. 19) 

¢ irrational numbers (p. 2) ® multiplicative inverse (p. 6) © polynomial (p. 24) 

® real number line (p. 2) @ factors (p. 8) ® FOIL Method (p. 25) 

® origin (p. 2) © prime number (p. 8) ® factoring (p. 27) 

© coordinate (p. 2) © composite number (p. 8) e factoring by grouping (p. 31) 
® inequality (p. 3) © exponential form (p. 12) @ domain (p. 37) 

® positive infinity (p. 4) ® exponent (p. 12) ® equivalent (p. 37) 

® negative infinity (p. 4) @ base (p. 12) @ rational expression (p. 37) 

© absolute value (p. 5) © scientific notation (p. 14) © complex fractions (p. 41) 

® distance between two points (p. 5) © square root (p. 15) © Cartesian plane (p. 47) 

@ variable (p. 6) ® cube root (p. 15) © rectangular coordinate system (p. 47) 
© constant (p. 6) ® principal nth root (p. 15) © Distance Formula (p. 50) 

® algebraic expressions (p. 6) ® simplest form (p. 17) ® Midpoint Formula (p. 52) 


Additional Resources Text-specific additional resources are available to help you do well in this course. See page xvi for details. 
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Real Numbers 


Real numbers are used in everyday life to describe quantities such as age, miles 
per gallon, container size, and population. Real numbers are represented by 
symbols such as 


=5 O10, (WES ON Dp el SD 


Here are some important subsets of the set of real numbers. 


Val eae eee Aes A Set of natural numbers 
HR Dee Rae a Set of whole numbers 
thes 56 OR a es ALO ION E25 Set of integers 


A real number is rational if it can be written as the ratio p/q of two integers, 
where g # 0. For instance, the numbers 


1 1 125 

0 3333 ai 2015: de, — OG 

3 333 3 an arr 
are rational. The decimal representation of a rational number either repeats (as in 
1B = 3.145) or terminates (as in 5 = 0.5). A real number that cannot be 
written as the ratio of two integers is called irrational. Irrational numbers have 
infinite nonrepeating decimal representations. For instance, the numbers 


J/2 ~ 1.4142136 and am ~ 3.1415927 


are irrational. (The symbol ~ means “is approximately equal to.”) 

Real numbers are represented graphically by a real number line. The point 
0 on the real number line is the origin. Numbers to the right of 0 are positive, and 
numbers to the left of 0 are negative, as shown in Figure P.1. The term nonnega- 
tive describes a number that is either positive or zero. 


Origin 
Negati iti 
eae +++ ++,  Fositive 
direction ie Maui, ere? wy] 0 1 2 3 4 direction 


Figure P.1 The Real Number Line 


There is a one-to-one correspondence between real numbers and points on the 
real number line. That is, every point on the real number line corresponds to 
exactly one real number called its coordinate, and every real number corresponds 
to exactly one point on the real number line, as shown in Figure P.2. 


-2.4 V2 “3 0.75 ba 
—}—e-}—_ + -e + > 

ou =I Ot 2 8 =3. 22014 OORT ae ees 
Fvery point on the real number line corresponds to Every real number corresponds to exactly one point 
exactly one real number. on the real number line, 


Figure P.2 One-to-One Correspondence 


Ordering Real Numbers 


One important property of real numbers is that they are ordered. 


Definition of Order on the Real Number Line — 
If a and bare real numbers, ais less than b if b — ais positive. This order is 

_ denoted by the inequality 

a= b. : 

: This relationship can also be described by saying that b is greater than a and 

_ writing b > a. The inequality a < b means that a is less than or equal to b, 


and the inequality b > a means that b is greater than or equal to a. The sym- 
_bols <, >, $, and 2 are inequality symbols. 


Geometrically, this definition implies that a < b if and only if a lies to the left of 
b on the real number line, as shown in Figure P.3. 


EXAMPLE 1 


Describe the subset of real numbers represented by each inequality. 


Interpreting Inequalities 


Bb Sees Dances — | Cass <3 


Solution 

a. The inequality x < 2 denotes all real numbers less than or equal to 2, as shown 
in Figure P.4(a). 

b. The inequality x > —1 denotes all real numbers greater than — 1, as shown in 
Figure P.4(b). 

©.) The inequality —2 < x < 3 means that x = —2 and x < 3. The “double 
inequality” denotes all real numbers between — 2 and 3, including —2 but not 
including 3, as shown in Figure P.4(c). 


Inequalities can be used to describe subsets of real numbers called intervals. In 
the bounded intervals below, the real numbers a and b are the endpoints of each 
interval. 


Bounded Intervals on the Real Number Line 


Notation _ Interval Type Inequality Graph 
[a,b] — Closed asxe5b ees 
a b 
(a,b) Open aax ah esas 

a b 
fa: b) asx <b jaa 

a b 

ax =) + - 


(a, b] 
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a b 
a 
-l 0 1 2 


Figure P.3 a < 4 ifand only ifa lies to the 
left of b. 


A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


ee, 
i 
0 1 p 3 4 


—2<x<3 
-———————_—— -> 
2 =1 0 1 2 3 
(c) 
Figure P.4 
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The symbols co, positive infinity, and — oo, negative infinity, do not represent 
real numbers. They are simply convenient symbols used to describe the unbound- 
edness of an interval such as (1, 00) or (—©¢, 3]. 


@) 


EXAMPLE 2 Using Inequalities to Represent Intervals The Interactive CD-ROM Ad Taco 


sions of this text show every example with 
its solution; clicking on the Try Jt! button 
brings up similar problems. Guided 
Examples and Integrated Examples show 
b. All x in the interval (3 5] step-by-step solutions to additional exam- 
Solution ples. Integrated Examples are related to 


several concepts in the section. 
a. The statement “c is at most 2” can be represented by c < 2. 


Use inequality notation to describe each of the following. 


a. cis at most 2. 


b. “All x in the interval (—3, 5]” can be represented by —3 < x < 5S. 


EXAMPLE 3 Interpreting Intervals 


Give a verbal description of each interval. 


Fy ET®) b. [2, co) c. (—co, 0) 

Solution 

a. This interval consists of all real numbers that are greater than — 1 and less than 
0. 


b. This interval consists of all real numbers that are greater than or equal to 2. 
c. This interval consists of all negative real numbers. 


The Law of Trichotomy states that for any two real numbers a and b, precisely 
one of three relationships is possible: 


= 0 Oe <0, or a Sb, Law of Trichotomy 


Absolute Value and Distance 


The absolute value of a real number is its distance from the origin on the real 
number line. 


inition of Absolute Value 
22 ‘number, the absolute Value of ais” 


i ifa > 0 
joa wa 0 


Notice from this definition that the absolute value of a real number is never neg- 
ative. For instance, if a = —5, then |—5| = —(—5) = 5S. The absolute value of a 
real number is either positive or zero. Moreover, 0 is the only real number whose 
absolute value is 0. So, |0| = 0. 


EXAMPLE 4 _ Evaluating the Absolute Value of a Number 


es 
Evaluate bel for (a) x > O and (b) x < 0. 
x 


Solution 
a. Ifx > O.then [o| =xand = * = 1, 
i ae 
b. If x < 0, then |x| = 7 arama ee 
eae ete of Absolute Value __ 
A la| 2 : 2. |-al = [al 2 
: lab| = ll pale 
PE ey 


Absolute value can be used to define the distance between two points on 
the real number line. For instance, the distance between —3 and 4 is 


I-34] =|-11 =7 


as shown in Figure P.5. 


Distance Between Two Points on the Reali Line 
: a and b be real numbers. The distance between a and b is 


dla, b) = |b- -al = a — 5] 
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il 0 1 eo! 


Figure P.5 ~The distance between —3 and 4 
is 7. 
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Algebraic Expressions 


One characteristic of algebra is the use of letters to represent numbers. The letters 
are variables, and combinations of letters and numbers are algebraic expres- 
sions. Here are a few examples of algebraic expressions. 


Sye, DG aa 3, Ee oe 7x is y 


The terms of an algebraic expression are those parts that are separated by 
addition. For example, 


Be ye IS a Se a) aS 


has three terms: x? and —5x are the variable terms and 8 is the constant term. 

The numerical factor of a variable term is the coefficient of the variable term. For (e) 

; : TS ‘ oe 

instance, the coefficient of 5x iS 5, and the coefficient of HO US Ik A computer animation of this concept 
To evaluate an algebraic expression, substitute numerical values for each of — appears in the Interactive CD-ROM and 


the variables in the expression. Here are two examples. Internet versions of this text. 
Value of Value of 
Expression Variable Substitute Expression 
—3x +5 p= 8 —3(3) + 5 Sah oe Se) 


Dy) TEES ee eo Ce Get Wee Goa et me od Pd) 


When an algebraic expression is evaluated, the Substitution Principle is used. It 
states, “If a = b, then a can be replaced by b in any expression involving a.” In 
the first evaluation shown above, for instance, 3 is substituted for x in the expres- 
SOM OX 4 5. 


Basic Rules of Algebra 


There are four arithmetic operations with real numbers: addition, multiplication, 
subtraction, and division, denoted by the symbols +, x or + ,—, and + or/. 
Of these, addition and multiplication are the two primary operations. Subtraction 
and division are the inverse operations of addition and multiplication, 


respectively. 
Subtraction: Add the opposite. Division: Multiply by the reciprocal. 
l 
a-b=a+(—-b) Ifb #0, then alb = a(=) = 2. 


In these definitions, —b is the additive inverse (or opposite) of b, and 1/b is the 
multiplicative inverse (or reciprocal) of b. In the fractional form a/b, a is the 
numerator of the fraction and b is the denominator. 


P.1 ¢ Real Numbers 7 


Because the properties of real numbers below are true for variables and algebra- 
ic expressions, as well as for real numbers, they are often called the Basic Rules 
of Algebra. Try to formulate a verbal description of each property. For instance, 
the first property states that the order in which two real numbers are added does 
not affect their sum. 


Basic Rules of Algebra 


Let a, b, and c be real numbers, variables, or algebraic expressions. 


Property Example 
Commutative Property of Addition: atb=b+t+a Ax dixt = xP ad? 
Commutative Property of Multiplication: | ab = ba (4. = x)x? = x74 — x) 


Associative Property of Addition: (@tb)+e=a+ ib +o) + 54x27 Sx G6 ex) 


Associative Property of Multiplication: 


Distributive Properties: 


(ab)c = a(bc) 


alb + c) = ab: + ae 
(a + b)c = ac + be 


(2x - 3y)(8) = (2x)(y - 8) 
3x(5 +24) = 3x = 5 4 3x = 2x 
QY+8y=yry+8+y 


Additive Identity Property: at+O=a Sy? + 0 = 5y? 
Multiplicative Identity Property: asa (4x?)\(1) = 4x4 
Additive Inverse Property: a +(—a) =0 5x? + (= 5x7) = 0 

i 
Multiplicative Inverse Property: a: - =1 ast 0 @2+ le 2 ;] el 


Because subtraction is defined as “adding the opposite,” the Distributive 
Properties are also true for subtraction. For instance, the “subtraction form” of 
a(b +c) = ab + ac is 

z STUDY TIP 

a(b — c) = ab — ac. 4 

Be sure you see the difference 
between the opposite of a num- 
ber and a negative number. If a 
is already negative, then its 


Properties of Negation and Equality 


Let a, b, and c be real numbers, variables, or algebraic expressions. 


Property Example opposite, —a, is positive. For 
1. (-l)a = -a (-1)7 = -7 instance, if a = —S, then 
-a = —(-5) =5. 
2-—(—a) =a —(—6) =6 
3. (—a)b = —(ab) = a(—b) (—5)3 = —(5 - 3) = 5(-3) 
‘4. (—a)(—b) = ab (—2)(—x) = 2x 
5. —(a + b) = (—a) + (—d) =—(x + 8) = (—x) + (= 8) = -x- 8 
6. Ifa —b,thena +c=b+c. a7 3 = 0.97.3 
7. Ifa = b, then ac = be. 42(2) = 16(2) 
8. Ifa t+c=b +c, thena = b. 14-1=$-1 
| a7 


9, If.ac = bc andce + 0, then a = b.. 2 = — 


, a. 
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‘Properties of Zero 
Let a and b be real numbers, variables, or algebraic expressions. 
1,a+Q=a and a—-Q-—a 2. a-0 —0 
0 


3. - = 0, 
a 


a#td 4. 5i8 undefined. 


5. Zero-Factor Property: If ab =0, then a =Oorb=0. 


Properties and Operations of Fractions 
Let a, b, c, and d be real numbers, variables, or algebraic expressions such that 
b # Oandd # 0. 


1. Equivalent Fractions: ; = : if and only if ad = be. 
i =a a =A =a 
2. Rules of Signs: —- = —— = —— 2 
ules of Signs b b a5 an 355 
Z : Gd ac 
3. Generate Equivalent Fractions: b = be c #0 
G 
- ; 5 a is GEG 
4. Add or Subtract with Like Denominators: ; ze ; = Fi 
H A ; Qc ad + be 
5. Add or Subtract with Unlike Denominators: — = — = 
bad bd 
ac «@ 
6. Multiply Fracti ine 
ultiply Fractions: bh 7 fe 
G@ 6-20) d <add 
7. Divide Fractions: — + — =--—-=—, c 
ide EU Toh ee c#O0 


: = 305 15 Write equivalent fractions. 

a sir ae = peas ee as Add fractions with unlike de inators 
3 5 15 15 é : enomuinators. 
poe] eo 14 

5 = 5 = F : 3 = 3y Divide fractions. 


If a, b, and c are integers such that ab = c, then a and b are factors or divisors 
of c. A prime number is an integer that has exactly two positive factors: itself 
and |. For example, 2, 3, 5, 7, and 11 are prime numbers. The numbers 4, 6, 8, 9, 
and 10 are composite because they can be written as the product of two or more 
prime numbers. The number | is neither prime nor composite. The Fundamental 
Theorem of Arithmetic states that every positive integer greater than 1 can be 
written as the product of prime numbers in precisely one way (disregarding 
order). For instance, the prime factorization of 24 is 24 =2-2-2- 3. 


STUDY TIP 


The “or” in the Zero-Factor 

Property includes the possibility 

that either or both factors may 

be zero. This is an inclusive 

or, and it is the way the word 
or” is generally used in 

mathematics. 


STUDY TIP 


In Property 1, the phrase “if and 
only if” implies two statements. 
One statement is: If a/b = c/d, 
then ad = bc. The other state- 
ment is: If ad = bc, where 

b #0 andd # 0, then 

a/b = c/d. 
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In Exercises 1-6, determine which numbers are (a) 
natural numbers, (b) integers, (c) rational numbers, 
and (d) irrational numbers. 

1. =9, —% as 2 <3 0, ily —4, = 

2. /5, —7, —4, 0, 3.12, 2, —2, —8, 3 


peel 0.000, = 5), to OU ULOLIOLII. ©... 
ee OS 20 

ee UU 000an ae, UTD) 2, — 4.63, ./ 10,2, 
O03 2210 


5. —m, —3, 2,32, -7.5, -2, 3, -3 
6. 25, -17, —¥, V9, 3.12, 37, 6, —4, 18 


In Exercises 7-10, use a calculator to find the decimal 
form of the rational number. If it is a nonterminating 
decimal, write the repeating pattern. 
5 1 
thers 8. 3 
41 6 
Oe 333 10. 77 


a 


In Exercises 11-16, use a graphing utility to rewrite 
the rational number as the ratio of two integers. 


11. 4.6 125 12.3 
4352.6,5 14. 3.81 
152 — 1.83 16. —2.490 


In Exercises 17 and 18, approximate the numbers and 
place the correct inequality symbol (< or >) between 
them. 


17. —+——_e—__++"“+_ = = ae 
= 4 0 1 2 3 4 

18, —+——_e—_+—__++_+e Brehm 
SS Ree ee en elle 


In Exercises 19-24, plot the two real numbers on the 
real number line. Then place the correct inequality 
symbol (< or >) between them. 


19. —4, —8 20. -3.5, 1 
PA el BOY Ths 
jae ne 240 es 


In Exercises 25-34, (a) verbally describe the subset of 
real numbers represented by the inequality, (b) sketch 
the subset on the real number line, and (c) state 
whether the interval is bounded or unbounded. 


25k SS 26. x 2 =—2 
Zale xe PAB Pesala) 
29. x24 SO) Bere 2 
Bk — 2 32: 0 = 455 
ARP ES s eeae) 34.40 <x <6 


In Exercises 35 and 36, use a calculator to order the 
numbers from least to greatest. 


7071 584 47 127 
35. 5000? 413° 2, 3327-90 


26 381 2103 
36. 45, 3, 1573255505 1914 


In Exercises 37-46, use inequality and interval nota- 
tion to describe the set. 


38. z is at least 10. 
40. y is no more than 25. 


37. x is negative. 
39. y is nonnegative. 
41. cis at least 12 and at most 32. 

42. p is less than 8 but no less than —1. 

43. The dog’s weight W is more than 45 pounds. 


44, The annual rate of inflation r is expected to be at 
least 2.5%, but no more than 5%. 


In Exercises 45 and 46, give a verbal description of the 
interval. 


45. (—6, 00) 46. (—00, 4] 


In Exercises 47-56, evaluate the expression. 


47. |—10| 48. |0| 
49. [3 — a| 50, |4 — ar} 
=) 
oa a2 ee Nae 
sl. 5 \-3| 
eae en Sailcet elo 
a 2 |x — 1| 
Ss foe 


>, The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all odd-numbered Section and 
Review Exercises. They also provide Tutorial Exercises, which link to Guided Examples for additional help. 
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In Exercises 57-62, place the correct symbol 
(<, >, or =) between the pair of real numbers. 


57. |-3| —-|-3] 58. |-4| 4 
59. -5  —[5| 60. —|-6| — |-6| 
61. —|—2| SB — |2! 62. —(—2) a —2 


In Exercises 63-70, find the distance between a and b. 


63. a=-l p= 3) 
-@ t + t @ = 
=j| 0 1 2 3 
64 C— b=-3 
-¢ aod ep Oo ~ 
il =) =H =I 
(pS 66. a = —126,b = —75 
67.4a=—3,b=0 680 = b=, 
a= b= 70. a = 9.34, b = —5.65 


In Exercises 71 and 72, use the real numbers A, B, and 
C shown on the number line. Determine the sign of 
each expression. 


GB A 
0 
71 (a) —A 72a) = 
(b) PBA (b) A= C 


In Exercises 73-80, use absolute value notation to 
describe the situation. 


73. The distance between x and 5 is no more than 3. 

74. The distance between x and — 10 is at least 6. 

75. y is at least six units from 0. 

76. y is at most two units from a. 

77. Distance While traveling, you pass milepost 7, 


then milepost 18. How far do you travel during that 
time period? 

78. Distance While traveling, you pass milepost 103, 
then milepost 86. How far do you travel during that 
time period? 

79. Temperature The temperature was 50° at noon, 
then 27° at midnight. What was the change in tem- 
perature over the twelve-hour period? 


80. Temperature The temperature was 38° last night at 


midnight, then 78° at noon today. What was the 
change in temperature over the twelve-hour period? 


Budget Variance In Exercises 81-84, the accounting 
department of a company is checking to see whether 
the actual expenses of a department differ from the 
budgeted expenses by more than $500 or by more 
than 5%. Fill in the missing parts of the table, and 
determine whether the actual expense passes the 
“budget variance test.” 


Budgeted Actual 
Expense, b Expense, a |a — b| 0.05b 


81. Wages $112,700 $113,356 
82. Utilities $9400 $9772 
83. Taxes $37 640 es = $37,335 
84. Insurance $2575 $2613 


Federal Deficit In Exercises 85-90, use the bar 
graph, which shows the receipts of the federal gov- 
ernment (in billions of dollars) for selected years from 
1960 through 1998. In each exercise you are given the 
outlay of the federal government. Find the magnitude 
of the surplus or deficit for the year. (Source: U.S. 
Office of Management and Budget) 


Receipts 
(in billions of dollars) 


0 Feet EP EL SA 
1960 1970 1980 1990 1995 1998 
Year 
Receipts, y Outlay, x ly x 

85. 1960 $92.2 billion 

86. 1970 $195.6 billion 
87. 1980 $590.9 billion 
88. 1990 $1253.2 billion 
89. 1995 $1515.7 billion 
90. 1998 | $1667.8 billion 


In Exercises 91-96, identify the terms. Then identify 
the coefficients of the variable terms of the expression. 


91. 7x+4 92. 2x — 9 
93. 3x2 — 8x — 11 94. 7./5x2 + 3 
95. 4x3 + ‘ = Yay Sens ge 


In Exercises 97-102, evaluate the expression for each 
value of x. (If not possible, state the reason.) 


Expression Values 
97. 4x — 6 (a) x= —-1 (b) x=0 
98. 9 — 7x Clma=—3. (b) x=3 
99, x? — 3x +4 (Aeneas 2) 6(b) ax = "2 
100. —x? + 5x -—4 (exten (b) x — 1 
tif, @”y)x=1 (b)x=-1 
er te 
02 — @”)x=2 (b)x=-2 
jeae 2 


In Exercises 103-112, identify the rule(s) of algebra 
illustrated by the equation. 

HS.4- 9 = 9 +x 

104. 2(5) = 1 


105. (h+6)=1, h#—6 


a+6 
106. (x + 3) -@ +3) =0 

107. 2(x + 3) =2x+6 

108. (7 -— 2) +0=z-2 
109.1-(+x)=1+x 

W102 (y 410) = (x-+.y) +10 

111. x(3y) = (x: 3)y = (3x)y 

Pie (pe) 45> 7)12 = 1-12 = 12 


In Exercises 113-116, evaluate the expression. (If not 
possible, state the reason.) 


113. sen TA. 1022130 + 7) 
8 — 8 eyes 
(= 16. (532 -—— 
a —9+ (6 + 3) 5 


In Exercises 117-124, perform the operations. (Write 
fractional answers in simplest form.) 


Wie 118. § — 5 
Nee ts 120. 17 + 3 — & 
Kae 3X isl See 
a 122. 4 
123 gl22 4 124. (2+ 3) - (6-4) 
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In Exercises 125-128, use a calculator to evaluate the 
expression. (Round your answer to two decimal 
places.) 


125. -3 +3 126. 3(-3 + 3) 

11.46 — 5.37 F(8) 19) 

17. oo 
3.9] A2e ee 


3) 


129. (a) Use a calculator to complete the table. 


i 11 | 0.5 | 0.01 | 0.0001 | 0.000001 


(b) Use the result from part (a) to make a conjec- 


ture about the value of : as n approaches 0. 


130. (a) Use a calculator to complete the table. 


10 | 100 | 10,000 | 100,000 
| 


(b) Use the result from part (a) to make a conjec- 


BS) : F 

ture about the value of — as n increases without 
n 

bound. 


Synthesis 


131. Exploration Consider |u + v| and |u| + |v]. 

(a) Are the values of the expressions always equal? 
If not, under what conditions are they unequal? 

(b) If the two expressions are not equal for certain 
values of u and y, is one of the expressions 
always greater than the other? Explain. 

132. Think About It Is there a difference between say- 
ing that a real number is positive and saying that a 
real number is nonnegative? Explain. 

133. Writing Describe the differences among the sets 
of natural numbers, integers, rational numbers, and 
irrational numbers. 


True or False? Yn Exercises 134 and 135, determine 
whether the statement is true or false. Justify your 
answer. 


134. Leta > b, then = > > where a # O and b # 0. 


at+b 
Cc 


b 
135. Because aw + —, then lat + o 
€ € a |e 


aap 


12. Chapter P © Prerequisites 


You Should Learn: 


° How to use properties of 


Exponents 


Repeated multiplication can be written in exponential form. Here are some exponents 
examples. ° How to use scientific notation 
pore 0 represent real numbers 
Repeated Multiplication Exponential Form ee : 
‘ ° How to use properties of 
a ae ae a radicals 
(—4)(—4)(—4) (—4)3 ° How to simplify and combine 
Py radicals 
(2x)(2x)(2x)(2x) (2x) © How to rationalize denomina- 
In general, if a is a real number, variable, or algebraic expression and n is a tors and numerators 
positive integer, then ° How to use properties of 
rational exponents 
GES Gog og 2 23 
Se 
n factors You Should Learn It: 


where n is the exponent and a is the base. The expression a” is read “a to the nth = Real numbers and algebraic 
power.” An exponent can be negative. Property 3 below shows how to use a expressions are often written 
negative exponent. with exponents and radicals. For 
instance, in Exercise 100 on page 
23, you will use an expression 
involving a radical to find the size 
of a particle that can be carried 
by a stream moving at a certain 


‘Let a and b be real numbers, variables, or algebraic expressions, and let m ee 
i be integers. (AIL denominators and 2 are nonzero. 2 


| . oe velocity. 
ae Property oe ee Example 
ere ae OF =e = 709 
am a ! 
2. —=qr-n i sage gy is xe 
pe aa? x 
1 by 4 
3. Gee Set (*) yict = = = (*) 
eae yas ay 
4.a°=1, a#0 (x2 + 1)9 = 
5. (ab)” = q™b™ (5x) = 53x? 195° 
m\n — mn — 1 
& (a4 (y3)-4 Fone oa 
(Bed 
-\b) x) ee 
8. |a!| = lal? = a? \(-2#|=|-2) = (-2)2 = 4 


It is important to recognize the difference between expressions such as (— 2)* and 
— 2%, In (—2)*, the parentheses indicate that the exponent applies to the negative 


sign as well as to the 2, but in —2* = —(24), the exponent applies only to the 2. 
So, (—2)* = 16, whereas —2* = — 16. 


Superstock 
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The properties of exponents listed on the previous page apply to all integers m 
and n, not just positive integers. For instance, by Property 2, you can write 


4 
<a = 34-(-5) = 3445 = 39. 


3-5 


EXAMPLE 1 Using Properties of Exponents 
a. (—3ab*)(4ab-3) = — 12(a)(a)(b*)(b-3) = —12a2b 
b. (2xy)3 = DX)? = 8x36 
eed =4a-)" — 3q(1) — 3a, av 0 
Di O72 0x° 
s (2) SE 


Dike oe 


ape ec 

ao a Property 3 
XxX 
< 1 C2) eee 
5 = = The exponent —2 does not apply to 3. 
cae 3 S a 
1 ?2 2 

Cc. (Bx)? = (3x) = 9x The exponent — 2 does apply to 3. 


ei OT ae ce 3a° 
4a~*b 4b + bt b> 


3x2\-2 8-97)" 2 
ies aed > == Sa Properties 5 and 7 


» y 
3-2-4 

= = Property 6 
he 
2 

= Be Property 3 
2 

= cS Simplify. 


EXAMPLE 3 Calculators and Exponents 


Expression Graphing Calculator Keystrokes Display 
a. 134++5 13 ©) 4 G) 5 (ENTER) 28566 
bas et 4! 3 2 4 1 3611111111 
yee tl O305H108 

3u7 1 30501 1.008264463 


The graphing calculator keystrokes given in this text may not be the same as the 
keystrokes for your graphing calculator. Be sure you are familiar with the use of 
the keys on your own calculator. 
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Scientific Notation 


Exponents provide an efficient way of writing and computing with very large (or 
very small) numbers. For instance, there are about 326 billion billion gallons of 
water on Earth—that is, 326 followed by 18 zeros. 


326,000,000,000,000,000,000 


It is convenient to write such numbers in scientific notation. This notation has 
the form +c x 10”, where 1 < c < 10 and nis an integer. So, the number of gal- 
lons of water on Earth can be written in scientific notation as 


3.26 x 100,000,000,000,000,000,000 = 3.26 x 107°. 


The positive exponent 20 indicates that the number is /arge (10 or more) and that 
the decimal point has been moved 20 places. A negative exponent indicates that 
the number is small (less than 1). For instance, the mass (in grams) of one elec- 
tron is approximately 


9.0 x 10-78 = 0.0000000000000000000000000009. 
el eee SS ee 


28 decimal places 


EXAMPLE 4 Scientific Notation 


. 1.345 x 10? = 134.5 

. 0.0000782 = 7.82 x 1075 

— 9.36 x 10°-© = —0,00000936 
. 836,100,000 = 8.361 x 108 . 


oh Ge fas 1 


Most calculators switch to scientific notation when they are showing large 
or small numbers that exceed the display range. Try evaluating 
86,500,000 x 6000.If your calculator follows standard conventions, its display 
should be 


i WL) ere eS) 1S 
which is 5.19 x 1011. 


EXAMPLE 5 Using Scientific Notation with a Calculator 


Use a calculator to evaluate 65,000 = 3,400,000,000. 


Solution 
Because 65,000 = 6.5 x 10* and 3,400,000,000 = 3.4 x 10°, you can multiply 
the two numbers using the following graphing calculator steps. 


6.5 (EE) 4 (*) 3.4 (EE) 9 (ENTER) 


After entering these keystrokes, the calculator display should read (2.21_E 14). 
Therefore, the product of the two numbers is 


(G52 10°)(3:4% 107) = "2.01 104 
= 221,000,000,000,000. 


Radicals and Their Properties 


A square root of a number is one of its two equal factors. For example, 5 is a 
Square root of 25 because 5 is one of the two equal factors of 25 = 5-5.Ina 


similar way, a cube root of a number is one of its three equal factors, as in 
2 ¥ 5°. 


Some numbers have more than one nth root. For example, both 5 and —5 are 
square roots of 25. The principal square root of 25, written as \/25, is the posi- 
tive root, 5. The principal nth root of a number is defined as follows. 


A common misunderstanding is that the square root sign implies both negative 
and positive roots. This is not correct. The square root sign implies only a posi- 
tive root. When a negative root is needed, you must use the negative sign with the 
square root sign. 


Incorrect: sJ4-=<£2 Correct: —./4 = —2 and \/4 = 2 


EXAMPLE 6 _ Evaluating Expressions Involving Radicals 


a. ./36 = 6 because 67 = 36. 
b. — 36 = —6 because —(./36) = —(6)= —6. 


c. 3 vat = Fee A 


d. 3/—32 = —2 because (—2)° = —32. 
e. 4/—81 is not a real number because there is no real number that can be raised 
to the fourth power to produce — 81. 


125 ta) (>) a 


P.2 @ Exponents and Radicals 
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Here are some generalizations about the nth roots of a real number. 
Generalizations About nth Roots of Real Numbers 


aaaree — wa 4/31 = 34/381 = — 3s 


Real Number a Example 


a>0O 


8 = —2 


a>O ora <0 | nis odd 


a<0O nis even | No real roots | ./—4 is not real 
ee 
P20 YO=0 | YO=0 


———— 


Integers such as 1, 4, 9, 16, 25, and 36 are called perfect squares because they 
have integer square roots. Similarly, integers such as 1, 8, 27, 64, and 125 are 
called perfect cubes because they have integer cube roots. 


Properties of Radicals 


Let a and b be real numbers, variables, or Ss expressions such that t the 
indicated roots are real numbers, and let m and n be positive integers. 
Property | 
1. Ya" =(Wa)" = 4 
2, Ya - o/b = ab Js. J/1= J5-7= J35 


hb b° b#0 yo 
s. (da) =a (ay = 


6. For n even, 2/a" = |a|. Vey = 12) = 
For n odd, 2/a” = a. 3/(-12)3 = -12 


A common special case of Property 6 is /a? = |al. 


EXAMPLE 7 _ Using Properties of Radicals 


Use the properties of radicals to simplify each expression. 


Been 8 x) ) b. (3/5)° 
Cae d. £56 


Solution 

© Shs 2 5 8 =, 16 = 4 
(Ys) =5 

JR =x 

yo = |y| 


ao op 


STUDY TIP 


There are four methods of 
evaluating radicals on most 
graphing calculators. For 
square roots, you can use the 
square root key (Z). For cube 
roots, you can use the cube 
root key (or menu 
choice). For other roots, you 
can first convert the radical 
to exponential form and then 
use the exponential key 
or you can use the nth root 


key w). 


Simplifying Radicals 


An expression involving radicals is in simplest form when the following 
conditions are satisfied. 
1. All possible factors have been removed from the radical. 


2. All fractions have radical-free denominators (accomplished by a process 
called rationalizing the denominator). 


3. The index of the radical is reduced. 
To simplify a radical, factor the radicand into factors whose exponents are 


multiples of the index. The roots of these factors are written outside the radical, 
and the “leftover” factors make up the new radicand. 


EXAMPLE 8 Simplifying Even Roots 


Perfect Leftover 
4th power factor 


nme AS -5/16'- 3 14/24. 3 = 9.4/3 


Perfect Leftover 
square — factor 


Pee DR 29x 23x Find largest square factor. 
ey (SY) 1223 
= 5x/3x Find root of perfect square. 


ce. 2/(5x)* = |5x| = 5|x| 


In Example 8(b), the expression \/75x* makes sense only for nonnegative values 
of x. 


EXAMPLE 9 Simplifying Odd Roots 


Perfect Leftover 
cube factor 


a. 3/24 = 3/8 -3 = 3/2 - 3 = 23/3 


Perfect Leftover 
cube factor 


b. 3/24a* ena Cla Find largest cube factor. 
h(E 
= Np 3/3a Find root of perfect cube. 
Cc. 3/— 40x = 3/(— 8x8) + 5 Find largest cube factor. 


—2x? 3/5 Find root of perfect cube. 
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fe pi: Dae Seo eS ie 
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Radical expressions can be combined (added or subtracted) if they are like radi- 
cals—that is, if they have the same index and radicand. For instance, fo). sae 
and wD are like radicals, but \/3 and ./2 are unlike radicals. To determine 
whether two radicals can be combined, you should first simplify each radical. 


EXAMPLE 10 Combining Radicals 
a. 2/48 — 3/27 = 2/16 «3 — 3V9 +3 
=f = 03 
= (8 — 9)/3 
= =~ 4 
ee Pe 
= 232x — 3x3/2x 
(2) aK) 2K 


Find square factors. 
Find square roots. 


Combine like terms. 


b. 2/16x — 2/54x4 Find cube factors. 


Find cube roots. 


Combine like terms. 


Try using your calculator to check the result of Example 10(a). You should obtain 
— 1.732050808, which is the same as the calculator’s approximation for — 2/3. 


Rationalizing Denominators and Numerators 


To rationalize a denominator or numerator of the form a — b\/m or a + b./m, 
multiply both numerator and denominator by a conjugate: @ + b/m and 
a — b./mare conjugates of each other. If a = 0, the rationalizing factor for /m 
is itself, \/m. 


Rationalizing Denominators 


EXAMPLE 11 


Rationalize the denominator of 


a 


5 ‘gil 
Solution 
fe Sere need 

1/4 = A ‘ B /3 is rationalizing factor. 

_ 53 

26) 

= 3 

Gt 
ree 2, YS? NRO) ee a Be a etn acs ; 
cee 5 a5 3 a </5- is rationalizing factor. 

Se 

3 53 


STUDY TIP 


Notice in Example 11(b) that 
the numerator and denominator 
are multiplied by 3/5? to pro- 
duce a perfect cube radicand. 
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EXAMPLE 12  Rationalizing a Denominator with Two Terms 


Mat ae ek es 


Rationalize the denominator of — 
34+ /7 
Solution 
2, 5) See eT Multiply numerator and 
———————{~. = ——_.. —__Y ~ denominator by conjugate of 
34+/7 3+ Gh Bye sal denominator. 
uF 2(3 r= Ge) ) Find products. In denominator, 
on (3)2 — ean a (a + b)(a — b) = a2 — BP. 
Q3"= Ey Simplify and divide out like 
a desl =e a factors. 


Sometimes it is necessary to rationalize the numerator of an expression. For 
instance, in Section P.4 you will use the technique shown in the next example to 
rationalize the numerator of an expression from calculus. 

aur 


EXAMPLE 13 _ Rationalizing a Numerator 


pie de ah 
Rationalize the numerator of ee 
Solution 
a es [= [7 Multiply numerator and 
V5 - V7 = SS . ee z mall denominator by conjugate of 
2; ie eo, numerator. 
Zz 2 
= (/5) = (V7 Find products. In numerator, 
sea) | Ca a= eee 
La ae = ze Simplify and divide out like 


2(/5 + 5/7} 2/54 V7) terms. 


Rational Exponents 


The symbol CAS indicates an example or exercise that highlights algebraic techniques specifically 
used in calculus. 
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The numerator of a rational exponent denotes the power to which the base is 
raised, and the denominator denotes the index or the root to be taken. 


Power 
Jom | 
pin/n = (x/b)” = 1/pm 
When you are working with rational exponents, the properties of integer expo- 


nents still apply. For instance, 


91/291/3 = 9(1/2)+(1/3) = 95/6, 


EXAMPLE 14 Changing from Radical to Exponential Form 
a, /3 = 31/2 


b. /GaF = BaF = Gn)” 
ce. 2x 4/3 = (2x)(x3/4) = 2x1+G/4) = 2x7/4 


EXAMPLE 15 Changing from Exponential to Radical Form 
a. (x2 + 2)? = (J +2)" = VO? +P 
b. 2y3/421/4 = 2(y3z)1/4 = 2 Vz 
rs 1 1 
Cian? = ED = ies 
de => = 2/7 


Rational exponents are useful for evaluating roots of numbers on a calculator, 
reducing the index of a radical, and simplifying calculus expressions. 


EXAMPLE 16 — Simplifying with Rational Exponents 


Re 2) 2) = = 


b. (—5x9/3)(3x-3/4) = — 15x65/3)-G/4) = — 1511/12, FEA 
CYP = @P = gif3 = Sa Reduce index. 


dey ey 125 = 9/125 = 6/(5)3 = 53/6 = 51/5 


em 12x — 1) 71/3 = (25 — 1)48) ee Ie a 
”) 


f Neal Se! Calg) 
meee Coal) 12 iG ye 
i (x — 1)3/2 

(x= 1)° 


eo OE Chae | 


STUDY TIP | 


Rational exponents can be 
tricky, and you must remember 
that the expression b”/” is not 
defined unless 2/b is a real 
number. This restriction pro- 
duces some unusual-looking 
results. For instance, the number 
(—8)!/3 is defined because — 
3/—8 = —2, but the number 
(—8)?/6 is undefined because 


£/—8 is not a real number. 
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22. (a) " 

23) (a) (x +5), x#—5 
24. (a) (2x5), x #0 
25,.(a)a|.2yae)e ae 


© ()() 
(b) (2x2 )es 


(b) Gate 2 es (Zea ha 
(by 5x22°)2(Sx2z0)a> 


1,)(a) 42-3 (b)3) 33° 
De 32 
2 (a) 52 (b) 34 
3)@ BY () ey 
4. (a) (23 + 32? (b) (-3)°3)° 
Bee 18 
5. (a) rer (b) 24(—2)-5 
Er ee 
6.) 5-2. 3c1 (b) (—2)° 
‘UO (b) (2-4)? 
8. (a) 3-1 + 27? (Bean >)? 


In Exercises 9-12, use a calculator to evaluate the 
expression. (Round your answer to three decimal 


places.) 
(9.) (—4)3(5?) 


10. (8~4)(10) 


In Exercises 13-18, evaluate the expression for the 


value of x. 


Expression 
13) 7x? 
14-6x" — (6x)? 
15: 4x3 
160 
17,) 6x? 
18. 4(—x)? 


Value 


In Exercises 19-26, simplify each expression. 


A9) (a) (—52)3 


20. (a) (3x)? 
‘peas Tx? 
2h (a) 3 


(b) vox) 
(b) (4x3)? 
120°") 


(b) O(x + y) 


a~*\(b\3 
PLB MED) Bo es (b) ()(?) 
In Exercises 27-34, fill in the missing description. 


Radical Form Rational Exponent Form 


21) Yeh =4 a 

28. nc — (1441/7) = —12 
29, 196!/2 = 14 

30. 3/614.125 = 8.5 ees 

31, 3/—216 = —6 RE 

32. Bae (—243)1/5 = —3 
33/ 4/813 = 27 

34, 169/4 = 32 


In Exercises 35-44, evaluate each expression without 
using a calculator. 


(35, /9 36. /49 
81 
37.) — 3-27 38. 5 
39, (3/—125)° 40. 2/5624 
41) 3273/5 42. (2) \? 
: i \=ya 1 \=4/3 
(43.) | -— 44, —|— 
- ( zal es 


In Exercises 45-50, use a calculator to approximate 
the number. (Round your answer to three decimal 
places.) 


45, 3/-27 46. 3/452 
47.) (3.4)25 48. (6.1)-2° 
5 3 


49.) (1.2-2)./75 + 3/8 50 = 
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In Exercises 51-54, simplify by removing all possible 
factors from the radical. 


61, (a) V8 (b) 3/24 
52. (a) 3/8 oo) /% 

| 32a 
53. (a) /54xy4 (Oi ae 
54. (a) /G2) (b) 3/96x5 


In Exercises 55-60, perform the operations and 
simplify. 


55 54/3 . 58/3 6 Sue 
, i 82/5 
(2x7)?/2 xl 3 y2/2 
ay “F1/2,4 58. Gy) 
= =3) 4 ale 571/2 . 5 3/2) 
59, 60. 
bbe aCe ae (5x)?/2 


In Exercises 61-64, rationalize the denominator of 
each expression. Then simplify your answer. 


61. (a) “7 (b) oe 

62. (a) = (b) Te 
63. (a) ae (b) = 
64. (a) a (b) ee 


> In Exercises 65-68, rationalize the numerator of each 
expression. Then simplify your answer. 


8 s/f 
aX 66. ~* 
+ V3 7 
67. ee yee 5 ee 


In Exercises 69 and 70, reduce the index of each 
radical. 


69. (a) 1/3? (b) Sa + 1 
70. (a) $3 (b) Vx 


f71.)(a) / V32 


In Exercises 71 and 72, write each expression as a 
single radical. Then simplify your answer. 


(by eee 
72. (a) .//243% + 1) (b) ./3/10a7 


In Exercises 73-76, simplify each expression. 


43/ (a) 2/50 + 12/8 (b) 10./32 — 6/18 
HERMES) Si) = Bas (b) —2./9y + 10V/y 
75.)(a) 3/x+1+10/x4+1 
~~ (b) 7V80x — 2 125x 
76. (a) 5/10x2 — ./90x2 

(b) 83/27x — 5 3/64x 


In Exercises 77-80, fill in the blank with <, =, or >. 


TT 5 ee J5 + 3 


3 Bes 
vs. /3 ea 


IIMS R87 -FI24 80. 5 ee 


In Exercises 81-84, write the number in scientific 

notation. 

81. Land Area of Earth: 57,300,000 square miles 

82. Light Year: 9,460,000,000,000,000 kilometers 

83. Relative Density of Hydrogen: 0.0000899 gram per 
cm? 

84. One Micron (Millionth of a Meter): 0.00003937 inch 


In Exercises 85-88, write the number in decimal 
form. 


85. U.S. Daily Coca-Cola Consumption: 6.048 x 108 
servings (Source: The World of C oca-Cola Pavilion) 

86. Interior Temperature of Sun: 1.5 x 107 degrees 
Celsius 

87. Charge of Electron: 1.602 x 107!9 coulomb 

88. Width of Human Hair: 9.0 x 10~> meter 


In Exercises 89-92, use a calculator to evaluate each 
expression. (Round your answer to three decimal 
places.) 


67,000,000 + 93,000,000 


800 
89. (a) 750( a a 
0.0052 


365 


The symbol «gy indicates an example or exercise that highlights algebraic techniques specifically used in calculus. 


90. (a) (9.3 4 10°)3(6.1 x 10") 
2.414 x 10496 
wi eee 
(1.68 x 105) 
91. (a) 4:5 10° 
92. (a) (2.65 x 1074)!1/3 


(be G3 ha 04 
(Gyo x 10-4 


In Exercises 93 and 94, evaluate each expression with- 
out using a calculator. 


93. (a) /25 x 108 
94. (a) (1.2 x 107)(5 x 10-3) 
(b) (3.0 x 1073) 


(oy </5p< 1022 


95. Exploration List all possible digits that occur in 
the units place of the square of a positive integer. Use 
that list to determine whether ./5233 is an integer. 

96. Think About It Square the real number 2/\/5 and 
note that the radical is eliminated from the denomi- 
nator. Is this equivalent to rationalizing the denomi- 
nator? Why or why not? 

97. Declining Balances Depreciation For the data in 
the graph, find the annual depreciation rate r by the 
declining balances method, which uses the formula 


S 1/n 
2 ee 
f (<) 


where n is the useful life of the item (in years), S is 
the salvage value (in dollars), and C is the original 
cost (in dollars). 


Value 
(in thousands of dollars) 


Year 


98. Period of a Pendulum The period T (in seconds) of 
a pendulum is 


32 


where L is the length of the pendulum (in feet). Find 
the period of a pendulum of length 2 feet. 
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99. Mathematical Modeling A funnel is filled with 
water to a height of h centimeters. The time ¢ (in 
seconds) for the funnel to empty is 


f= 0.03[129/? — (12.— h)82], 0s hs 12, 


Find ¢ for h = 7 centimeters. 


100. Erosion A stream of water moving at the rate of 
v feet per second can carry particles of size 0.03 /v 
inches. Find the size of the particle that can be 
carried by a stream flowing at the rate of 3 foot per 
second. 


101. Speed of Light The speed of light is 11,160,000 
miles per minute. The distance from the sun to the 
earth is 93,000,000 miles. Find the time for light to 
travel from the sun to the earth. 


102. Environment There were 2.097 x 10° million 
tons of municipal waste generated in 1996. Find the 
number of tons for each of the categories in the 
graph. (Source: Franklin Associates) 


Paper 38.1% 
Other 25.5% 


Metals 7.7% 


Glass 5.9% 


Yard waste 13.4% Plastics 9.4% 


Synthesis 


True or False? In Exercises 103 and 104, determine 
whether the statement is true or false. Justify your 
answer. 


xk 


103. = xe 104. (a")k = a 


x 


105. Think About It Verify that a° = 1, a # 0. (Hint: 


Gi 
Use the property of exponents rs qm—n.) 


106. Think About It Is the real number 52.7 x 10° 
written in scientific notation? Explain. 
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Polynomials 


An algebraic expression is a collection of variables and real numbers. The most 
common type of algebraic expression is the polynomial. Some examples are 


Ix +5, 3x4 =— Tx? + 2x +4, ‘and Sx2y? — xy + 3. 


The first two are polynomials in x and the third is a polynomial in x and y. The 
terms of a polynomial in x have the form ax*, where a is the coefficient and k is 
the degree of the term. For instance, the third-degree polynomial 


a You Should Leari® z 


How to write polynomials in 
standard form 

How to add, subtract, and 
multiply polynomials 

How to use special products 
to multiply polynomials 
How to remove common 
factors from polynomials 


° How to factor special poly- 
nomial forms 

has coefficients 2, —5, 0, and 1. © How to factor trinomials as 
the product of two binomials 

° How to factor by grouping 


2x3 — 5x2 + 1 = 2x3 + (—5)x? + (O)x +1 


~ You Should Learn It: 


Polynomials can be used to model 
and solve real-life problems. For 
instance, in Exercise 159 on page 
34, a polynomial is used to model 
the stopping distance of an auto- 
mobile. 
SSS 


In standard form, a polynomial in x is written with descending powers of x. 
Polynomials with one, two, and three terms are called monomials, binomials, 
and trinomials, respectively. 


A polynomial that has all zero coefficients is called the zero polynomial, denot- 
ed by 0. No degree is assigned to this particular polynomial. For polynomials in 
more than one variable, the degree of a term is the sum of the exponents of the 
variables in the term. The degree of the polynomial is the highest degree of its 
terms. Expressions such as the following are not polynomials. 


+ /3x = x9 — (3x)! 


x2 +.5x7! 


Allen Russell/Index Stock 


Exponent in \/3x is not an integer. 


Exponent in 5x! is not a nonnegative integer. 


EXAMPLE 1 Writing Polynomials in Standard Form 
Polynomial Standard Form Degree 

anaemeek  — 2 + 3x =5x7 ot 4x? 3x — 2 i 

bea 9x7 —9x?+4 2 


te 1 8 (8 = 8x°) 0 
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Operations with Polynomials  sTrupy Tip | 
You can add and subtract polynomials in much the same way you add and sub- ? ie ; i is : : ; a: : spe ig 3 siete — iz iE 
tract real numbers. Simply add or subtract the like terms (terms having the same = A common mistake is to fail to 
variables to the same powers) by adding their coefficients. For instance, —3xy?2 change the sign of each term 
and 5xy? are like terms and their sum is inside parentheses preceded by a 


mye Oxy — (—3 + 5)xy? = 2xy-. 


EXAMPLE 2 Sums and Differences of Polynomials 
Perform the indicated operation. 

a. (5x? — 7x? — 3) + (x3 + 2x2 — x + 8) 

b. (7x* = x? — 4x + 2) —.(3x4 — 4x2 + 3x) 


Solution 

a. (5x° — 7x? —-3) + (x2 + 2x? — x + 8) 
= (5x3 + x3) + (2x? — 7x?) — x + (8 — 3) Group like terms. 
PO KX ts 5 Combine like terms. 


b. (7x4 — x2 — 4x + 2) — (3x4 — 4x? + 3x) 
= 7x* — x* — 4x + 2 — 3x4 + 4x2 -— 3x Distributive Property 
et ee a Ay — 77) = (— 3x7 — 4x) + 2 Group like terms. 


= 4x4 + 3x? — 7x +2 Combine like terms. 


To find the product of two polynomials, use the left and right Distributive 
Properties. 


EXAMPLE 3 Multiplying Polynomials: The FOIL Method 
Multiply (3x — 2) by (5x + 7). 


Solution 
Gx—92) (5x + 7) = 3x(5x +7) — 2(5x + 7) 
= (3x)(5x)  (3x)(7)—"(2) (5x) —2)(7) 
ee oe — 10x = 14 A computer simulation to accompany 


pie | f aK this example appears in the Interactive 
CD-ROM and /nternet versions of this 
Product of Product of Product of Product of at 


First terms Outer terms Inner terms Last terms 


aN 5x oor Lx 14 


Note in this FOIL Method that for binomials the outer (O) and inner (I) terms 
are alike and can be combined into one term. 
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EXAMPLE 4 The Product of Two Trinomials 


Find the product of (4x7 + x — 2) and (—x? + 3x + 5). 
Solution 


When multiplying two polynomials, be sure to multiply each term of one poly- 
nomial by each term of the other. A vertical format is helpful. 


4x7>+ x-— 2 Standard form 
x —x?+3x+ 5 Standard form 
20x7+5x-—10 « 


5 (Ae eae) (0) 
12x37 + 3x* — 6x 3x(4x2 + x — 2) 

A 5 Pret The Interactive CD-ROM and Internet 
eg bens: (Meese, = KARE = 2) versions of this text offer a built-in 


SAAe {i252 — x— 10 calculator, which can be used with the 
Examples, Explorations, and Exercises. 


Special Products 


Some binomial products have special forms that occur frequently in algebra. 


Special Products 


Let u and v be real numbers, variables, or algebraic expressions. 


Special Product Example 
Sum and Difference of Same Terms 
(u + v)(u — v) = u2 — v? (et 4G — 4) = x? — 44 = 2 — 16 
Square of a Binomial 
(A vi = uh Quy + vy? (x + 3)? = x2 + 2(x)(3) + 32? = 2x2 + 6x + 9 
(u — v)? = u2 — 2w + v? (3x — 2)? = (3x)? — 2(3x)(2) + 22 = 9x2 — 12x + 4 
Cube of a Binomial 
(u + v)? = u3 + 3u2v + 3uv2 + v3 (x + 2)3 = x3 + 3x2(2) + 3x(22) + 23 = x3 + 6x2 + 12x + 8 
(u — v)? = u? — 3u2v + 3uv2 — v3 @ — 1)3 = x3 — 3x2(1) + 3x(12) — 13 = 3 — 3x2 + 3x -— 1 


4 


EXAMPLE 5 The Product of Two Trinomials 


Find the product of (x + y — 2) and (x + y + 2). 
Solution 


By grouping x + y in parentheses, you can write the product of the trinomials as 
a special product. 


(x+y — 2)Qe+y+2)=[@+ y) -2]@+y) +2] 
= bh y)te 2° 
=x? + Ixy + y2?-—4 
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Factoring 


The process of writing a polynomial as a product is called factoring. It is an 
important tool for solving equations and for simplifying fractional expressions. 

Unless noted otherwise, when you are asked to factor a polynomial, you can 
assume that you are looking for factors with integer coefficients. If a polynomial 
cannot be factored using integer coefficients, it is prime or irreducible over the 
integers. For instance, the polynomial x? — 3 is irreducible over the integers. 
Over the real numbers, this polynomial can be factored as 


x? —3 =(x + /3)(x — V3). 


A polynomial is completely factored when each of its factors is prime. 


EXAMPLE 6 Recognizing Completely Factored Polynomials 
Qe ke 4a 4 = (¢— 1x? 4 4) 


is completely factored. 
Dex x — 4x 4+ 47 (x — 1)(x? — 4) 
is not completely factored. Its complete factorization would be 
x? — x? — 44 +4 = ( — LI + 2)(x — 2). 
The simplest type of factoring involves a polynomial that can be written as the 


product of a monomial and another polynomial. The technique used here is the 
Distributive Property, a(b + c) = ab + ac, in the reverse direction. 


ab + ac = db +c) a is a common factor. 
For instance, the polynomial 5x” + 15x can be factored as follows. 

5x2 + 15x = S5x(x) + 5x3) 
5x(x + 3) 


The first step in completely factoring a polynomial is to remove (factor out) any 
common factors, as shown in the next example. 


EXAMPLE 7 Removing Common Factors 


Factor each polynomial. 


a. 6x? — 4x b. 3x4 + 9x3 + 6x? ce. (x — 2)(2x) + fe tei2)(3) 


Solution 

a. 6° — 4x = 23x?) — 2x2) 2x is a common factor. 
=x 3x7-— 2) 

b. 3x4 + 9x3 + 6x2 = 3x%(x2) + 3x°(3x) + 3x°(2) 3x2 is a common factor. 


Seance + 3x +2) 
Co 2)(2%) + cS 2)(3) = «&- 2\(2x-+ 3) x — 2 is acommon factor. 
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Factoring Special Polynomial Forms 


Some polynomials have special forms you should learn to recognize so that they 
can be factored easily. 


‘Factoring Special Polynomial Forms 


4 Factored Form Example 
Difference of Two Squares 

u2 — v2 = (u + v)(u — v) Qx2 — 4 = (3x)? — 2? = (3x + 2)(3x — 2) 

s Perfect Square Trinomial 
u2 + 2uv + v2? = (u + v)? x2 + 6x + 9 = x? + 2(x)(3) + 3? = & + 3)? 
u? — Quv + v? = (u — v)? x2 — 6x + 9 = x2 — 2(x)(3) + 32 = @ — 3) 

f Sum or Difference of Two Cubes 
u3 + v3 = (u + v)(u2 — wy + v2) 482224 P= 422-2 4 4) 
u> — v3 = (u — v)(u2 + uv + v?) | @ie = 1, Go 2 Pr Or 7 je) 


One of the easiest special polynomial forms to factor is the difference of two 
squares. Think of this form as follows. 


u2 — y? = (u + v)(u — v) 


ne 


Difference Opposite signs 


To recognize perfect square terms, look for coefficients that are squares of STUDY TIP 
integers and variables raised to even powers. 

In Example 8, note that the first 
step in factoring a polynomial is 
to check for a common factor. 
Once the common factor is 


| EXAMPLE 8 Removing a Common Factor First 


Sheet 2%, = 31 4x7) 3 is a common factor. removed, it is often possible to 
= 3[12 — (2x)?] recognize patterns that were not 
immediately obvious. 
= 31 ar 2x)(1 ae 2x) Difference of two squares 


| EXAMPLE 9 Factoring the Difference of Two Squares 
(a. (« + 2? — yy = [xe + 2) + ye + 2) - y] 


=(x+2+ y)(x +2 -y) 

ib. 16x* — 81 = (4x7)? — 9? 

= (4x? + 9)(4x2 — 9) Difference of two squares 
= (4x? + 9)[(2x)? — 32] 


= (4x? + 9)(2x + 3)(2x — 3) Difference of two squares 
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A perfect square trinomial is the square of a binomial, and it has the 
following form. 


u> + 2uv + v2 = (u + v)? or DU VP 
Like signs Like signs 


Note that the first and last terms are squares and the middle term is twice the 
product of u and v. 


EXAMPLE 10 Factoring Perfect Square Trinomials 


Factor each trinomial. 


a. x? — 10x + 25 b. 16x? + 8x + 1 


Solution 

ae Oe 25 = x7 — 2(x)(5) + 5? Rewrite in v2 — 2uy + y2 form. 
Sb aye 

Poot eer + l= "(4x)2) + 2(4x) (1) +12 Rewrite in u? + 2uv + v form. 
= (4x + 1)? 


The next two formulas show the sums and differences of cubes. Pay special 
attention to the signs of the terms. 


Like signs Like signs 


a2 +3 =(u + v)(u2 — w+ v2?) w—v? = (u — v)(u2 + w + v?) 


ples =| eee 


Unlike signs Unlike signs 


EXAMPLE 11 Factoring the Difference of Cubes 


Factor x? — 27. 
Solution 


e-27=x - 33 Rewrite 27 as 3°. 


ao (x = Bx aoe a 9) Factor. 


EXAMPLE 12 Factoring the Sum of Cubes 


ay? +8=y?+ 23 Rewrite 8 as 2°. 
= yere2)(y> — 2y a 4) Factor. 
b. 3(x3 + 64) = 3(3 + 4°) Rewrite 64 as 43, 


=SS(eeGr A) (2 = Axe 16) Factor. 
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Trinomials with Binomial Factors 
To factor a trinomial of the form ax? + bx + c, use the following pattern. 
Factors of a 
aet+bxtco=( xt )( x + ) 


eceheace ei) 


Factors of c 


The goal is to find a combination of factors of a and c so that the outer and 
inner products add up to the middle term bx. For instance, in the trinomial 
6x2 + 17x + 5, you can write all possible factorizations and determine which 
one has outer and inner products that add up to 17x. 


(6x + 5)(x + 1) (2x + 1)(3x + 5) 
(6x + 1)(x + 5) (2x + 5)(3x + 1) 


You can see that (2x + 5)(3x + 1) is the correct factorization because the outer 
(O) and inner (I) products add up to 17x. 


F O I Ib; Or! 


GRA ae OMe ss 


(2x + 5)(3x. 4+ 1) = 6x2 + 2x + 15x +5 = 6x? 4+ 17x + 5. 


EXAMPLE 13 Factoring a Trinomial: Leading Coefficient Is 1 
Factonx-.— «7x 2 12. 
Solution 


The possible factorizations are 
(x = 2) — 6), («—1)@— 12), and @— 3) — 4). 


Testing the middle term, you will find the correct factorization to be 


Bae Velie 3) — 4). O+1=—4x + (-3x) = —7x 


EXAMPLE 14 Factoring a Trinomial: Leading Coefficient Is Not 1 


Factor 2x2 + x — 15. 


Solution 
The eight possible factorizations are as follows. 
(2x — 1)(x + 15) (2x + 1)( — 15) 
(2x — 3)(x + 5) (2x + 3)(x — 5) 
(e-= Ses ah S) (Ox 5)(x = "3) 4 
(29 — 15) 1) (2x + 15)(x — 1) Verein animation of this example 


appears in the Interactive CD-ROM and 


Testing the middle term, you will find the correct factorization to be Inieriet Vercions of ieee 


One te — 15 = (2x — 5)ix + 3), O+1=6x—5x=x 
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| Factoring by Grouping 


Sometimes polynomials with more than three terms can be factored by a method 
called factoring by grouping. It is not always obvious which terms to group, and 
_ sometimes several different groupings will work. 


EXAMPLE 15 Factoring by Grouping 


Use factoring by grouping to factor 
ee oxi 6. 


Solution 
een + G6 = (x? — 2x2) —"(3x +6) Group terms. 
= x*(x — 2) — 3(x — 2) Factor groups. 
St Xe 83) Distributive Property 


Factoring a trinomial can involve quite a bit of trial and error. Some of this trial 
and error can be lessened by using factoring by grouping. 


EXAMPLE 16 Factoring a Trinomial by Grouping 


Use factoring by grouping to factor 
2x? + 5x — 3. 
Solution : 
In the trinomial 2x? + 5x — 3, a = 2 and c = —3, which implies that the prod- 


uct ac is —6. Now, because —6 factors as (6)(—1) and 6 — 1 = 5 = Jb, rewrite 
the middle term as 5x = 6x — x. This produces the following. 


Or 5x 3 St 6x -— x = 3 Rewrite middle term. 
= (2x2 + 6x) — & + 3) Group terms. 
= 2x(x + 3) — (& + 3) Factor groups. 
= (x-+ 3)(2x — 1) Distributive Property 


| So, the trinomial factors as 


2x2 + Sx — 3 = (x + 3)(2x — 1). 
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In Exercises 1-6, match the polynomial with its 
description. [The polynomials are labeled (a), (b), (c), 
(d), (e), and (f).] 

(a) 5x? 

(Oy Be ae oa ee Se aI 
(e) —3x5 + 2x3 +x 


(b) 1 — 4x3 

(d) 18 

(f) 3x4 + x? + 14 
. A polynomial of degree zero 

. A trinomial of degree five 

. A binomial with leading coefficient — 4 

. A monomial of positive degree 


. A trinomial with leading coefficient 3 


Nn b&b Ww N = 


. A third-degree polynomial with leading coefficient 1 


In Exercises 7-10, write a polynomial for the descrip- 
tion. (There are many correct answers.) 


7. A third-degree polynomial with leading coefficient 
= 
8. A fifth-degree polynomial with leading coefficient 8 


9. A fourth-degree polynomial with a negative leading 
coefficient 


10. A third-degree trinomial with an even leading 
coefficient 


In Exercises 11-16, find the degree and leading coeffi- 
cient of the polynomial. 
ela She as aa all 
S| 

ove ar Ox 25° 


12. -3x4°+3x-4 
14. 9x 
16. 7 + 3x 


In Exercises 17-22, determine whether the expression 
is a polynomial. If so, write the polynomial in stan- 
dard form. 


17. 7x — 2x3 + 10 18. 4x7 + x — x7! 
9x + 4 2 — 
KG 2. 2 aie Le = B 
xe 6 


21.2 -x+x-x 22. x" — x4 


19. 


In Exercises 23-38, perform the operations and write 
the result in standard form. 


23. (6x + 5) — (8x + 15) 


24. (2x2 + 1) — (x? — 2x + I) 

25. —(x3 — 2) + (4x3 — 2x) 

26. —(5x?2 — 1) — (—3x? + 5) 

27. (15x2 — 6) — (—8.1x3 — 14.7x? — 17) 

28. (15.6x4 — 18x — 19.4) — (13.9x4 — 9.2% + 15) 


29. 3x(x2 — 2x + 1) 30. y2(4y? + 2y — 3) 
Ble =5730— 1) 32. (—3x)(5x + 2) 
33. (1 — x3)(4x) 34. —4x(3 — x3) 

35. (2.5x? + 5)(3x) 36. (2 — 3.5y)(4y°) 
37. —2x(tx + 3) 38. 6y(4 — 2y) 


In Exercises 39-70, multiply or find the special 
product. 


39. (x + 3)(x + 4) 40. (x — 5)(x + 10) 
Al? (3x. — 3)Qx 1) 42. (7x — 2)(4x — 3) 
A435 (2x — 5)" 44. (5 — 8x)? 

45. (x + 10)(x — 10) 46. (2x + 3)(2x — 3) 
47. (x + 2y)(x — 2y) 48. (2x + 3y)(2x — 3y) 
49. [(m — 3) + n][(m — 3) — n] 

50. [G+ y) + 11lG yaa 

51. [(x — 3) + yf? 52. [x + 1) = »F 


S3ae( 27 #65) (27 Aees) 
54. (3a? — 4b’)(3a3 + 4b?) 


55.) (cata) = 56. (x — 2)3 

57. Quy) 58. (ax + 2y)3 
Bile 60. 2+ 4) 

GIN (Gz = 3) ax) 62. (2x + 4)(2x — 4) 

63. (2.4x + 3)? 64. (1.8y — 5)? 

65. (1.5x — 4)(1.5x +4) 66. (3.3y + 1)(3.3y — 1) 


67. 5x(x + 1) — 3x + 1) 
68. (2x — 1)(x + 3) + 3% + 3) 
69. (u + 2)(u — 2)(u2 + 4) 
70. (x + y)(e — y)(x* + y?} 


In Exercises 71-76, factor out the common factor. 
LY woke 6 10% ai) 

73. 2x3 — 6x 7T4.04x2—= 6x2 Dee 
75.) 3x(x — 5) + 8@ — 5) 76. Gx — 1)? + Gx —D 


In Exercises 77-84, factor the difference of two 
squares. 


77. x2 — 36 78, x2 —1 
79. 16y2 — 9 80. 49 — 9y? 
oft 4x2 — 4 82. 2y? — 49 
\, 83) (7— 1)? — 4 84. 25 — (z + 5) 


In Exercises 85-92, factor the perfect square trinomial. 
85.°x%7 — 4x + 4 $6. x7 + 10x + 25 
87. x2 +x +4 88. x2 — fx +3 
89. 412 + 4¢+ 1 90. 9x? — 12x + 4 
91,92 +3r+% 92.42 +8r+4 


In Exercises 93-106, factor the trinomial. 


93, x2 +x-2 O45 6 
95. s? — 5s + 6 96. 2-1-6 
97. 20 — y — y? OReO4eS, = 2? 
99, 3x2 — 5x +2 100. 3x2 + 13x — 10 
101. 2x2 —x-1 102. 2x2 — x — 21 
7103) 5x? + 26x + 5 
y 104. 8x2 — 45x — 18 
105. —Su2 — 13u + 6 
106. —6x2 + 23x +4 


In Exercises 107-116, factor the sum or difference of 
cubes. 


107, x3 — 8 108. x3 — 27 
109. y3 + 64 110. 3 + 125 
111, 2 — % WP ale sae err 
113. 8x3 - 1 114, 273 + 8 
115. e+ 1 116. 2x3 — 1 


In Exercises 117-120, factor by grouping. 
117 xh 2 

118. xe x2 5x 25 

11925 er tS 

120. 5x° — 10x? + 3x — 6 


In Exercises 121-154, completely factor the expression. 
O21 x 9x ho 122 12x" — 48 
123.22 — 4x2 124,617 = 54 

jee ee a ge eal 126..16°+ 6x — x? 


. Finance 
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tal Cea doaidays 
9x2 = 6x i 
. 24° +47 — 2x? 
phy? hye =e yy 
. 9x2 + 10x 4+ 1 
in1B oer Oot5 xc 


1 


ae — xd 

He + 3x-8 

ooo eee cate OXarkeS 

~5—x + 5x2 — x3 

sx = 4x? 4+ 7? — Ax 

ES TE SEG He 

gO Sb—a\ cae s5) 4 

2 (¢ — 1)? — 49 

. (ee el)? — 4A 

. (x2 + 8)? — 36x? 

- Dian 16 

ee ae 2) 

. 4x(2x — 1) + (2x — 1)? 

« 568 4x)? — 86 = 4x)(5%— 1) 

OR Gleam Vie mo Slee a2 Iss — Bh) 

. 71(3x + 2)2(1 — x)? + (3x + 2)(1 — x)3 

SUT x(2) ee 4) xy e 134(7) 

3(y = 20 + 1 te 2° Ty? 
. 2x(x — 5)* — x*(4)(x — 5)8 

~ 5(x® + 1)4(6x°)(3x + 2)2 + 3(3x + 2)2(3)(x® + 1)5 


52 
: race + 1)}* — @ + 1p 


. 5w3(9w + 1)4(9) + (2w + 1)°(Bw?2) 


After 2 years, an investment of $500 
compounded annually at an interest rate r will yield 
an amount of 


SOOT ye: 


(a) Write this polynomial in standard form. 


(b) Use a calculator to evaluate the polynomial for 
the values of r in the table. 


45% 


| 23% | 3% | 4% 5% 


(c) What conclusion can you make from the table? 


34 


156. 


157. 


158. 


159. 
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Finance After 3 years, an investment of $1200 
compounded annually at an interest rate r will yield 
an amount of 


1200(1 + r)?. 


(a) Write this polynomial in standard form. 


(b) Use a calculator to evaluate the polynomial for 
the values of r in the table. 


(c) What conclusion can you make from the table? 


Volume of a Box A closed box is constructed by 
cutting along the solid lines and folding along the 
broken lines on the rectangular piece of metal 
shown in the figure. The length and width of the 
rectangle are 45 centimeters and 15 centimeters, 
respectively. Find the volume of the box in terms of 
x. Find the volume when x = 3, x = 5, and x = 7. 


= 15cm — 


PlS==aG cm 


Volume of a Box An open box is made by cutting 
squares out of the corners of a piece of metal that 
is 18 centimeters by 26 centimeters. If the edge of 
each cut-out square is x inches, find the volume 
when x = 1, x = 2, and x = 3. 


Stopping Distance The stopping distance of an 
automobile is the distance traveled during the 
driver’s reaction time plus the distance traveled 
after the brakes are applied. In an experiment, these 
distances were measured (in feet) when the auto- 
mobile was traveling at a speed of x miles per hour. 
The distance traveled during the reaction time was 
R = 1.1x, and the braking distance was 


B = 0.14x? — 4.43x + 58.40. 


(a) Determine the polynomial that represents the 


(b) 


total stopping distance. 

Use the result of part (a) to estimate the total 
stopping distance when x = 30,x = 40, and 
x = 55. 


(c) Use the bar graph below to make a statement 


160. 


Load (in pounds) 


Distance (in feet) 


about the total stopping distance required for 
increasing speeds. 


400 | ———Reaction-time distance 
gees Braking distance 


350 = 
300 
250 
200 + 
150 
100 + 
50 


Speed (in miles per hour) 


Engineering A uniformly distributed load is 
placed on a 1-inch-wide steel beam. When the span 
of the beam is x feet and its depth is 6 inches, the 
safe load S is approximated by 


Ss = (0.06x? — 2.42x + 38.71). 


When the depth is 8 inches, the safe load is approx- 
imated by 


Sx = (0.08x2 — 3.30x + 51.93). 


(a) Use the bar graph below to estimate the differ- 
ence in the safe loads of these two beams when 
the span is 12 feet. 


(b) How does the difference in safe load change as 
the span increases? 


[5 16-inch beam hs 
1200 4 a 8-inch beam |} 


Span (in feet) 
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Geometry In Exercises 161 and 162, use the area (b) 
model to write two different expressions for the area. 

Then equate the two expressions and name the alge- 

braic property that is illustrated. 


161. 


Geometry In Exercises 163-166, match the factoring 
formula with the correct geometric factoring model. 
[The models are labeled (a), (b), (c), and (d).] For 
instance, a factoring model for 


Ie 
oS 


2x? + 3x +: 1 = (2x + I + 1) - 


1{] 
is shown in the figure. ; nm. OC 
1 


——<—<— | 


[SSS 
pe Sp, ee 


163. a2 — b? = (a + b)(a — b) 

164. a? + 2ab + b? = (a + Db)? 

165. a2 + 2a+1=(a+ 1)? 

166. ab+a+b+1=(a+ 1)b+ 1) 


Geometry In Exercises 167-170, draw a geometric 
factoring model to represent the factorization. 

167. 3x2 + 7x + 2 = (3x + 1) + 2) 

168. x2 + 4x +3 =(«+ 3)\(x + 1) 

169. 2x2 + 7x + 3 = (2x + 1) + 3) 

170. x2 + 3x +2 = (x + 2)(x + 1) 
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Geometry In Exercises 171-174, write, in factored 
form, an expression for the shaded portion of the 


figure. 
172. y oN 


171. 


In Exercises 175-178, find all values of b for which the 
trinomial can be factored with integer coefficients. 
175. x2 + bx — 15 176. x2 + bx — 12 

177. x2 + bx + 50 178. x? + bx + 24 


In Exercises 179-182, find two integers for c such that 
the trinomial can be factored. (There are many cor- 
rect answers.) 

V9 xe + Sx oc 
Sires 10% Fc 


180. 3x7 -—x+c 
182. 2x7 + 9x +c 


183. Error Analysis Describe the error. 
9x? — 9x — 54 = (3x + 6)(3x — 9) 
= 3 > 2x — 3) 
184. Think About It Is (3x — 6)(x + 1) completely 
factored? Explain. 


185. Chemistry The rate of change of an autocatalytic 
chemical reaction is kQx — kx”, where Q is the 
amount of the original substance, x is the amount of 
substance formed, and k is a constant of propor- 
tionality. Factor the expression. 


186. Geometry The cylindrical shell shown in the 
figure has a volume of 
V = aR2h — arch. 
(a) Factor the expression for the volume. 


(b) From the result of part (a), show that the vol- 
ume is 27 (average radius)(thickness of the 
shellh. 


FIGURE FOR 186 
Synthesis 


True or False? In Exercises 187-189, determine 
whether the statement is true or false. Justify your 
answer. 


187. The product of two binomials is always a second- 
degree polynomial. 

188. The difference of two perfect squares can be 
factored as the product of conjugate pairs. 


189. The sum of two perfect squares can be factored as 
the binomial sum squared. 


190. Exploration Find the degree of the product of 
two polynomials of degrees m and n. 


191. Exploration Find the degree of the sum of two 
polynomials of degrees m and n if m < n. 


192. Writing A student’s homework paper included 
the following. 


(x — 3)? =x? +9 
Write a paragraph fully explaining the error and 
give the correct method for squaring a binomial. 
193. Think About It A third-degree polynomial and a 
fourth-degree polynomial are added. 
(a) Can the sum be a fourth-degree polynomial? 
Explain or give an example. 
(b) Can the sum be a second-degree polynomial? 
Explain or give an example. 
(c) Can the sum be a seventh-degree polynomial? 
Explain or give an example. 
194. Think About It Must the sum of two second- 
degree polynomials be a second-degree polynomi- 
al? If not, give an example. 


195. Writing Explain what is meant when it is said that 
a polynomial is in factored form. 
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P-4 RationalExpressions. 


Domain of an Algebraic Expression 


The set of real numbers for which an algebraic expression is defined is the 
domain of the expression. Two algebraic expressions are equivalent if they have 
the same domain and yield the same values for all numbers in their domain. For 
instance, the expressions (x + 1) + (x + 2) and 2x + 3 are equivalent because 


&Z®+1)+@4+2)=x+1+x+2 
= fe ce se ar ilar 2B 


Use AP bh 


EXAMPLE 1 


a. The domain 


Finding the Domain of an Algebraic Expression 


the polynomial 


2x3 +3x+4 more 


is the set of all real te In fact, the domain of any polynomial is the set 
of all real numbers, un is specifically restricted. 


b. The domain of the radical expression ie 
ge eee 
is the set of real numbers greater than in or equal to-2, because the square root of g 
SS o 
a negative number is not a real L number. a 
it) 
} Ss 
c. The domain of the ed ae KC Gain) Of cl y, E 
g 3 
1 i earns so E 
5 
i ae hw 5 
2 


is the set of all real numbers except x = 3, which would produce an undefined 
division by zero. 


The quotient of two algebraic expressions is a fractional expression. Moreover, 
the quotient of two polynomials such as 


1 25 =) etme | 
= ——— = or 


x x41? x?+1 


is a rational expression. 


Simplifying Rational Expressions 


Recall that a fraction is in simplest form if its numerator and denominator have 
no factors in common aside from +1. To write a fraction in simplest form, divide 


out common factors. 


Oe 


ea 
pata b 
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The key to success in simplifying rational expressions lies in your ability to 
factor polynomials. 


EXAMPLE 2 — Simplifying a Rational Expression 


_ xe + 4x —- 12... 
Write... —_ in simplest form. 
Bx. O 
Solution 
oe ay Oe Ge 62) ca eee 
Se te ee oe Pa Ton actor completely. 
3x = 6 3G,—2) ae 
+ 
= a 3 oi x#2 Divide out common factors. 


Note that the original expression is undefined when x = 2 (because division by 
zero is undefined). To make sure that the simplified expression is equivalent to 
the original expression, you must restrict the domain of the simplified expression 
by excluding the value x = 2. 


When simplifying rational expressions, be sure to factor each polynomial com- 
pletely before concluding that the numerator and denominator have no factors in 
common. Moreover, changing the sign of a factor may allow further simplifica- 
tion, as shown in part (b) of the next example. 


EXAMPLE 3 — Simplifying Rational Expressions 


Write each expression in simplest form. 


r vee er b IZ 
eco 2 le Oa 4 
Solution 
a me 4x <a x(x? — 4) 
22) (xe 2) (1-1) 
. xl%—-+2)(x — 2) ‘ 
(+2 (x ai i) actor completely. 
ae) 
= Perea. x#F-2 Divide out common factors. 
b Vie a a) 
5 RO. A =a (eee a NG: =A) Factor completely. 
_ 4 +x) b tne 
(2x — 1(x—4) (4 x)isee— (x — 4) 
Sees 
aa x#4 Divide out common factors. 


2K = 
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Operations with Rational Expressions 


To multiply or divide rational expressions, you can use the properties of fractions 


discussed in Section P.1. Recall that to divide fractions you invert the divisor and 
multiply. 


EXAMPLE 4 = Multiplying Rational Expressions Se 


Bie ie Ook 2 (2 3)4+ 2) He = 2)(-—T) 
x? + 4x — 5 4x2 —6x Ss (x + 5)a-—T) 2X(2x—3) 
(x + 2)(x — 2) 


2) BEAU oes) 3 
= ee sy PSE ANSE Fs ois EE Se 


EXAMPLE 5 Dividing Rational Expressions 


a pee See oe | 


Divide ~ an by Maseies & - 7 
Solution | 
SS se ee ae roads 
ee, : oe = an ing ay ie ay Ay Invert and multiply. 
¥ ie ee a ate 2a) 
G4 2) —2) bene Pree gre 


=x7—-2x +4, x#+2 


To add or subtract rational expressions, you can use the LCD (least common 


denominator) method or the basic definition 
+) 

£ = BELG b # Oandd # 0. Basic definition 

baad bd 


This definition provides an efficient way of adding or subtracting two fractions 
that have no common factors in their denominators. 


EXAMPLE 6 Subtracting Rational Expressions 


x 
Subtract Se from are 
Solution — 
zs Dee 4) 2 (x — 3) 


Basic definition 


ee 4,4 Gi 3)(3x +4) 
bok Ax ox + 6 
(x — 3)(3x + 4) 

3x2 + 2x + 6 


= Combine like terms. 


(x — 3)(3x + 4) 


Distributive Property 


39 
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For three or more fractions, or for fractions with a repeated factor in the 
denominators, the LCD method works well. Recall that the least common denom- 
inator of several fractions consists of the product of all prime factors in the 
denominators, with each factor given the highest power of its occurrence in any 
denominator. Here is a numerical example. 


See a ee mee et 
Sd Sa Ss + = SS The LED ish25 
Oy 43 6 28 4 
2 ) 8 
SS oe te 
Be Ap as alps 
aac 
12 
at 
4 


Sometimes the numerator of the answer has a factor in common with the denom- 
inator. In such cases the answer should be simplified. For instance, in the example 
above, a was simplified to re 


EXAMPLE 7 Combining Rational Expressions: The LCD Method 


Perform the operations and simplify. 


3 D Sear 3 
— 


le 


Solution 
Using the factored denominators (x — 1), x, and (x + 1)(x — 1), you can see that 
the LCD is x(x + 1)(x — 1). 


oe 2 A woe 3 
eal xe” (eae — 1) 
soe) Tl) Asccia alli iene tb} (x + 3)(x) 
xx+1)@—-1) xe+1)(%-—1) xxe+ 1-71) 


a 3(x)(x + 1) — 20% + 1)(x — 1) + (& + 3)(x) 

x(x + 1)(x — 1) 
DO eee Oke ed ae tay 
5 x(x + 1)(x - 1) 


Distributive Property 
ee ke ee 
x(x + 1) —- 1) 
Dek Ore 2 
x(x + 1)(x -— 1) 
meat) 
eens it\ee > 10 


Group like terms. 


Combine like terms. 


Factor. 
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Complex Fractions 


Fractional expressions with separate fractions in the numerator, denominator, or 
both, are called complex fractions. Here are two examples. 


=e as ( 1 ) 
x2+ 1 


A complex fraction can be simplified by first combining both its numerator and its 
denominator into single fractions, then inverting the denominator and multiplying. 


EXAMPLE 8 — Simplifying a Complex Fraction 


Jes3ilerad 
eet) a | 


= Sa Simplify. 


Combine fractions. 


Invert and multiply. 


x (2 Sa J) tt, 
x(x — 2) 
In Example 8, the disclaimer x # 1 is added to the final expression to make its 
domain agree with the domain of the original expression. 
Another way to simplify a complex fraction is to multiply each term in its 
numerator and denominator by the LCD of all fractions in its numerator and 
denominator. This method is applied to the fraction in Example 8 as follows. 


G9 aah (x — 1) 
x saa LCD is x(x — 1). 


(1 a (1 - alo = 1) 
3. =I i ;) 
P= z *) +e ia 
Combine fractions. 
(9 
a = Ie = 1) x#l Simplify. 


> 


x2) 


At 
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The next three examples illustrate some methods for simplifying rational 
expressions involving radicals and negative exponents. These types of expres- 
sions occur frequently in calculus. 

To simplify an expression with negative exponents, begin by factoring out 
the common factor with the smaller exponent. Remember that when factoring, 
you subtract exponents. For instance, in 3x~°/? + 2x~%/? the smaller exponent is 
—? and the common factor is x~5/?. ; 


3x75/2 + 2x73/2 = x5/2(3(1) + 2x-3/2--5/2)) 
= x~5/2(3 + 2x1) 


out 
7 35/2 


EXAMPLE 9 Simplifying an Expression with Negative Exponents 
Simplify 

x(1 — 2x)73/2 + (1 — 2x)7!/2, 
Solution 


Begin by factoring out the common factor with the smaller exponent. 
x(1 — 2x)-3/2 + (1 — 2x“? = (1 — 20) Fx + (1 — 20) 1/9-3/9] 
= (1 — 2x)-3/[x + (1 — 2x)!] 


a il ==. 3¢ 
(1 — 2x)3/2 


A second method for simplifying an expression with negative exponents is shown 
in the next example. This method involves multiplying the numerator and 
denominator by a term to eliminate the negative exponent. 


far 


EXAMPLE 10 — Simplifying a Complex Fraction | , 
Simplify 
(4 = x2)1/2 ae x?(4 ee x?) 1/2 
4 — x2 ; 


Solution 
(4 2 x?)1/2 alte x?(4 a x?) 1/2 
4 — x? 
(4 = x2)1/2 an x2(4 x x2)~1/2 (4 — x2)1/2 
A x2 (4 = x2)!/2 
(4 — x2)! + x2(4 — x2)0 
(4= x2)3/2 
AL exe 4 
(4 a x2)3/2 5 (4 — x2)3/2 


ar 


EXAMPLE 11 Rewriting a Difference Quotient 


The expression from calculus 


Jf we 
h 


is an example of a difference quotient. Rewrite this expression by rationalizing its 
numerator. 


Solution 
RIT sel ome Ola SY Jx +h+ Sx 


h h a /6 liuc we) 
Bee Gel cy 
h(/x +h + Jx) 
+ h 
We th t+ Vx) 
wel 
Se 


Notice that the original expression is undefined when h = 0. So, you must 
exclude 4 = 0 from the domain of the simplified expressions so that the 
expressions are equivalent. 


h#0 


Difference quotients, like that in Example 11, occur frequently in calculus. Often, 
they need to be rewritten in an equivalent form that can be evaluated when h = 0. 
Note that the equivalent form is not simpler than the original form, but it has the 
advantage in that it is defined when h = 0. 
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43 


</\ 
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In Exercises 1-8, find the domain of the expression. 


yex2 4x Fr] 2. 2x7 + 5x -—2 


3)424+3, x20. 4. 6x7 -9, x>0 
1 x6 5p Il 
5. 3 
ye = 2B Dee se il 
es Se ap Al Bw = Be 


In Exercises 9 and 10, find the missing factor in the 
numerator so that the two fractions are equivalent. 


9) =. - A) io, 2 - 
A A(x + 1) 


In Exercises 11-28, write the rational expression in 
simplest form. 


1 2 2 
ie 2, 1 
10x 60y° 
3 2 
(igh es 14, 
xy + x xy—y 
Ay — 8y? 9x? + 9x 
i = i 
10y — 5 $ Dh gee Ws 
Kia S (2 = alge 
17. \ ane 
LOR 2x le = 8 
yo 216 KA 25 
19. 20. 
ye A 5-x 
Bh de 24 2 _ 
a4) % ae 6x 99 se Eye = 2D 
ye ee x? + 11x+ 10 
2—7Ty +12 3 
23) ~—_> 5 ae 
Waaay =) 18 x? -P 1x 10 
Pee, 4542 3 oe 
5 2 a, yp 
Mia 2 x3+x2-—9x-9 
ote 4 Spee 
ij —— Le 
ae ae Pee Vou 


In Exercises 29 and 30, complete the table. What can 
you conclude? 


Ese Error Analysis Describe the error. 


5x? - eke Ae =< 
2x7 +4 27 +4 244 6 


Describe the error. 
egy ho x(x? + 25) 

x2 — 2x — 15 .(e — 5) + 3) 

_ x= Silx + 5) 
Oe) 


= ale A 5) 
ses 3} 


32. Error Analysis 


In Exercises 33 and 34, find the ratio of the area of the 
shaded portion of the figure to the total area of the 
figure. 


= Se 


34. 


In Exercises 35-42, perform the multiplication or 
division and simplify. 


Sy ca a eC) 
eee 25x 2) x3(3 — x) 5 
fa) Piet! gg Wr 16 42y4 6 
er 1 re SVE al Speed Sy 
TE 1-1-6 r+3 40 yaa Ay 
r+ 6t+9 12-4 "  Qy3 y2 — 5y + 6 
a3 (x ch + _ 
1) (x ee y a) x+2 x-2 


4 


4 ‘shed 6 Sea 


In Exercises 43-52, perform the addition or subtrac- 
tion and simplify. 


43. 3) x “gpl las 
ae ie = il x+3 x +3 
as) 6= 2 tye eats oS 
4 pears} x-— 1 
lf. sete mie gee ee 
B sp SO” QE je ah SS 
“49. as 
eae ae ces iO 
50, 2 10 
x? — x2 x2? +2x-—8 
51. ce : ; 
Cael x +x 
52 Y ch 2 1 
erat x=) x? =I 
4 In Exercises 53-60, simplify the expression by remov- 


=u 
» 


ing the common factor with the smaller exponent. 
Beene” 54. — 5x? 

55, 3x3/2 — 2-1/2 56. 5x° — 3x—3/? 

57, x(x? + 1)-5 — @? + 1)74 

58. 2x(x — 5)73 — 4x7(x = 5)-* 

59. 2x2(x — 1)'/2 — 5(x — 1)'7 

60. 4x3(2x — 1)3/2 — 2x(2x — 1)!” 


In Exercises 61-70, simplify the complex fraction. 


pce) 


6h soe 62. pe 
aoe 


@ 
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Zao 4 oe : = 
( al!) eae x aaa +f 
65. (x ) x 66. ear iiar ik 3¢ sp I 
h h 
Sogn) Gaae7) 
fe 21x re +1 
“sia /x ; t2 
3x1/3 fe: x7 2/3 
69. 3-2/3 
—x3(1 == x )\n2 = 2x(1 = pee 
70. —— OO 
ie 


In Exercises 71 and 72, rationalize the numerator of 
the expression. 


peeiliem  ap, 


73. Rate A photocopier copies at a rate of 16 pages per 
minute. 


(a) Find the time required to copy one page. 
(b) Find the time required to copy x pages. 
(c) Find the time required to copy 60 pages. 


74. Rate After working together for ¢t hours on a com- 
mon task, two workers have done fractional parts of 
the job equal to t/3 and t/5, respectively. What frac- 
tional part of the task has been completed? 


75. Average Determine the average of the two real 
numbers x/3 and 2x/5. 


76. Partition into Equal Parts Find three real numbers 
that divide the real number line between x/3 and 
3x/4 into four equal parts. 


Probability In Exercises 77 and 78, consider an 
experiment in which a marble is tossed into a box 
whose base is shown in the figure. The probability 
that the marble will come to rest in the shaded portion 
of the box is equal to the ratio of the shaded area to 
the total area of the figure. Find the probability. 


7? | 78. | | 


———————— | 
x+2 4 
x 5% +2) 


= 2x + 1 — 
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Monthly Payment In Exercises 79 and 80, use the 
formula that gives the approximate annual interest 
rate r of a monthly installment loan 


[Aes 
N 


where JN is the total number of payments, M is the 
monthly payment, and P is the amount financed. 


79. (a) Approximate the annual interest rate for a 4-year 
car loan of $16,000 that has monthly payments 
of $400. 


(b) Simplify the expression for the annual interest 
rate r, and then rework part (a). 


80. (a) Approximate the annual interest rate for a 5-year 
car loan of $20,000 that has monthly payments 
of $400. 


(b) Simplify the expression for the annual interest 
rate r, and then rework part (a). 


81. Refrigeration When food (at room temperature) 
is placed in the refrigerator, the time required for 
the food to cool depends on the amount of food, 
the air circulation in the refrigerator, the original 
temperature of the food, and the temperature of the 
refrigerator. Consider the model that gives the 
temperature of the food that is at 75°F and is placed 
in a 40°F refrigerator as 


Agee slots 
pe wt ( ; 6t 2) 
i Ate 10 
where T is the temperature (in degrees Fahrenheit) 
and tf is the time (in hours). 


(a) Complete the table. 


Oe S24) 16 Gael AO 


1121 14/161 18! 20 | 22 


(b) What value of T does the mathematical model 
appear to be approaching? 


82. Precious Metals The costs per fine ounce of gold 
and silver for the years 1992 through 1997 are given 
in the table. (Source: U.S. Bureau of Mines, U.S. 
Geological Survey) 


ar | 1992 + 1993 1994 | 1995 | 1996 | 1997 
Gold | $345 | $361 | $385 | $386 | $389 | $333 
‘Silver | $3.94 | $4.30 | $5.29] $5.15 | $5.19 | $4.90 


Mathematical models for this data are 


= oowtia 510.1 
0.00777 — 0.176t + 1 


Cost of gold = 


and 


0.42f — 2.561 +426 
0.0977 — 0.587 + 1 


Cost of silver = 


where tf = 2 corresponds to the year 1992. 


(a) Create a table using the models to estimate the 
prices of each metal for the given years. 
Compare the estimates given by the models with 
the actual prices. 


(b) Determine a model for the ratio of the price of 
gold to the price of silver. Use the model to find 
this ratio over the given years. Over this period 
of time, did the price of gold become more 
expensive or less expensive relative to the price 
of silver? 


Synthesis 


True or False? In Exercises 83-85, determine 
whether the statement is true or false. Justify your 
answer. 


yen = 12” 


83, = x +4" 


ya — 1” 


x*—3x+2 
84. : : = = x — 2 for all values of x. 


85. The least common denominator of two or more frac- 
tions is always the product of all the denominators of 
the fractions. 


86. Think About It How do you determine whether a 
rational expression is in simplest form? 


87. Think About It Is the following statement true for 
all nonzero real numbers a and b? Explain. 


Cae 


(2) = one ot 
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The Cartesian Plane 


Just as you can represent real numbers by points on a real number line, you can 
represent ordered pairs of real numbers by points in a plane called the rectangu- 
lar coordinate system, or the Cartesian plane, after the French mathematician 
René Descartes (1596-1650). 

The Cartesian plane is formed by using two real number lines intersecting at 
right angles, as shown in Figure P.6. The horizontal real number line is usually 
called the x-axis, and the vertical real number line is usually called the y-axis. 
The point of intersection of these two axes is the origin, and the two axes divide 
the plane into four parts called quadrants. 


y-axis 


Quadrant I 


_ (Vertical 
number line) 


3 
Quadrant IT 
2 


Ltt aaa 
Origin 
g Sd 


X-axis 


3 
-1-+ (Horizontal 
es number line) y ( Directed distance 
Quadrant III : Quadrant IV X-axis 
Figure P.6 The Cartesian Plane Figure P.7 Ordered Pair (x, y) 


Each point in the plane corresponds to an ordered pair (x, y) of real numbers x 
and y, called coordinates of the point. The x-coordinate represents the directed 
distance from the y-axis to the point, and the y-coordinate represents the direct- 
ed distance from the x-axis to the point, as shown in Figure P.7. 


Directed distance (x,y) Directed distance 
from y-axis \_7 \_- from x-axis 


The notation (x, y) denotes both a point in the plane and an open interval on the 
real number line. The context will tell you which meaning is intended. y 


(3, 4) 


' 
i} 
| 
1 
! 
| 
1 


EXAMPLE 1 Plotting Points in the Cartesian Plane (1,2) @- 
! (0, 0) :(3, 0) 


Plot the points (— 1, 2), (3, 4), (0, 0), (3, 0), and (—2, —3). 


Solution Pe A aie a 
To plot the point (— 1, 2), imagine a vertical line through — | on the x-axis and a iors 

horizontal line through 2 on the y-axis. The intersection of these two lines is the es Beal 

point (— 1, 2). This point is 1 unit to the left of the y-axis and 2 units up from the (2, -3) 

x-axis. The other four points can be plotted in a similar way (see Figure P.8). =o 


Figure P.8 
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EXAMPLE 2 Translating Points in the Plane 


The triangle in Figure P.9(a) has vertices at the points (— 1, 2), (1, — 4), and (2, 3). 
Shift the triangle three units to the right and two units up and find the vertices of 
the shifted triangle, as shown in Figure P.9(b). 


A 
ST (2,4) (5,5) 
hig 
3 ele 
2D) ety 
il ae 
Se VN Mes ‘iheon Shami <3 E 
= 
poe << Se |]: Fy 
34 (4,-2) A Lae & 
4+ Much of computer graphics, 
including this computer-generated 
(a) (iy) goldfish tessellation, consists of 
Figure P. transformations of points in a 
coordinate plane. One type of 
Solution transformation, a translation, is 
To shift the vertices three units to the right, add 3 to each of the x-coordinates. To illustrated in Example 2. Other 
shift the vertices two units up, add 2 to each of the y-coordinates. types include reflections, rotations, 
and stretches. 
Original Point Translated Point 
(ali) (Saleen? 2 )e=1(2 4) (0) 
iy —4) (1 fom + 2) — 4, — 2) A computer animation of this example 
(2, 3) (2 13 3 2) = (5, 5) appears in the /nteractive CD-ROM and 


Internet versions of this text. 


Plotting the translated points and sketching the line segments between them 
produces the shifted triangle shown in Figure P.9(b). 


Example 2 shows how to translate points in a coordinate plane. The following 
transformed points are related to the original points as follows. 


Original Point Transformed Point 
(—x, y) is a reflection of the 
xX, “Ay areekd fae f 
( y) ( as y) original point in the y-axis. 
xX, oS (x, —y) is a reflection of the 
( y) ( y) original point in the x-axis. 
(x, y) (—x, —y) (—x, —y) is a reflection of the 


original point through the origin. 
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Representing Data Graphically 


The beauty of a rectangular coordinate system is that it allows you to see rela- 
tionships between two variables. It would be difficult to overestimate the impor- 
tance of Descartes’s introduction of coordinates to the plane. Today, his ideas are 
in common use in virtually every scientific and business-related field. 


EXAMPLE 3 Sketching a Scatter Plot, Bar Graph, and Line Graph 


From 1988 through 1997, the amount A (in millions of dollars) spent on archery 
equipment in the United States is given in the table, where ¢ represents the year. 
(a) Sketch a scatter plot of the data. (b) Sketch a bar graph of the data. (c) Sketch 
a line graph of the data. (Source: National Sporting Goods Association) 


1990 | 1991 1992 | 1993 | 1994 1995 | 1996 | 1997 
265 | 270 334 } 285 306 | 287 | 272 | 273 


Solution 

a. To sketch a scatter plot of the data given in the table, you simply represent 
each pair of values by an ordered pair (¢, A) and plot the resulting points, as 
shown in Figure P.10. For instance, the first pair of values is represented by the 
ordered pair (1988, 235). Note that the break in the t-axis indicates that the 
numbers between 0 and 1988 have been omitted. 


b. To create a bar graph, begin by drawing a vertical axis to represent the amount 
(in millions of dollars) and a horizontal axis to represent the year. Then for 
each value of t in the table, draw a vertical bar whose height is the corre- 
sponding value A. The bar graph is shown in Figure P.11. 


c. To draw a line graph, begin by drawing a vertical axis to represent the amount 
(in millions of dollars). Then label the horizontal axis with years and plot the 
points given in the table. Finally, connect the points with line segments, as 
shown in Figure P.12. 


Amount Spent on Archery Equipment Amount Spent on Archery Equipment 


eS a 
§ § 
e 5 
iS & 
N Nn 
5 5 
S So) 
(a) a 
} Z i | +» a i a. i isl A 
1989 1991 1993 1995 1997 1989 1991 1993 1995 1997 
Year Year 
Figure P.10 Figure P.11 


A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


STUDY glee 


; sketch ace of the oe dey “ce 
Example 3 First, enter the data 


into the graphing utility. You can 


then use the statistical plotting — 


feature to sketch a scatter plot, a | 


Dollars (in millions) 


bar graph, and a line graph. 


Amount Spent on Archery Equipment 
A 


1989 1991 1993 1995 1997 
Year 


Figure P.12 


In Example 3, you could have let t = | represent the year 1988. In that case, the hor- 
izontal axis of each graph would not have been broken, and the tick marks would 


have been labeled 1 through 10 (instead of 1988 through 1997). 
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EXAMPLE 4 Interpreting a Population Model 


The population (in millions) of North Carolina from 1990 to 1997 can be mod- 
eled by y = 0.11x + 6.63, where x is the time in years, with x = 0 correspond- 
ing to 1990. During which year did the population exceed 7 million? 


Graphical Solution 


You can use the statistical plotting feature of a graphing 
utility to create a bar graph of the population values 
obtained using the model. On the same viewing 
window, graph the line y = 7. 


10 


0 | 10 
0 
Figure P.13 


From the graph in Figure P.13 you can see that the bars 
that correspond to x = 0, 1, 2, and 3 are less than 7. 
The bar that corresponds to x = 4 is the first bar greater 
than 7, so the population exceeded 7 million sometime 
during 1993. 


The Distance Formula 


Recall from the Pythagorean Theorem that for a right triangle with hypotenuse of 
length c and sides of lengths a and b, you have a* + b* = c* as shown in Figure 
P.15. (The converse is also true. That is, if a? + b* = c?, the triangle is a right 


triangle.) 


Suppose you want to determine the distance d between two points (x, y,) 
and (x, y>) in the plane. With these two points, a right triangle can be formed, as 
shown in Figure P.16. The length of the vertical side of the triangle is |y, — y,], 
and the length of the horizontal side is |x, — x,|. By the Pythagorean Theorem, 


ie oer et val 
d= fh Bhar eye 
d= So eee (Cae 


This result is the Distance Formula. 


1+ Yi) and (x, y5) in the plane is 


Numerical Solution 


You can use the table feature of a graphing utility to 
evaluate the model y = 0.11x + 6.63 for different 
years. Enter the model into the equation editor. Then 
create a table such as the one below. 


Figure P.14 


From the table in Figure P.14, you can see that the 
value of y when x = 3 is 6.96, and the value of y when 
x = 4 is 7.07. So, the population exceeded 7 million 
when x is greater than 3 and less than 4, or sometime 
during 1993. 


Figure P.15 


x, - | 


Figure P.16 
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EXAMPLE 5 Finding a Distance 


Find the distance between the points (—2, 1) and (3, 4). 


Algebraic Solution Graphical Solution 


Let (x,, y,) = (—2, 1) and (x, y,) = (3, 4). Then apply the 
Distance Formula as follows. 


Use centimeter graph paper to plot the points A and B. 
Carefully sketch the line segment from A to B. Then use 
a centimeter ruler to measure the length of the segment. 


= Rx, xe (y, = ry) Distance Formula 


Substitute for 


Bete 2+ 4—- 1)? Xy, Yye Xp, and >. 
= ./(5)? + (3)? Simplify. 
= Ju 
= 5.83 Use a calculator. 


So, the distance between the points is about 5.83 units. 
You can use the Pythagorean Theorem to check that the 
distance is correct. 


& zt Bee By Pythagorean Theorem Figure P.17 
(2 34)" 232482 Substitute for d , 
The line segment measures about 5.8 centimeters as 
34 = 34 Distance checks. / shown in Figure P.17. So, the distance between the 


points is about 5.8 units. 


EXAMPLE 6 Verifying a Right Triangle 


Show that the points (2, 1), (4, 0), and (5, 7) are vertices of a right triangle. © 
7 e (5, 7) 
Solution aa ; 
The three points are plotted in Figure P.18. Using the Distance Formula, you can igs 
find the lengths of the three sides as follows. 5+ A) 
=/45 / i 
ap /(6= eG 1) = /9 +36 = 45 ate Louth Na 'd,= 50 
d= J/4—2" + 0-12 = V44+1= V5 a adeew 
a+ 
d,= /5—42 + (7 - 02 = V1 + 49 = 50 f dy =V/5 
: ne Se 
Because 


d+ d,2=45 + 5 = 50 = d,’ 
: : Figure P.18 
you can conclude that the triangle must be a right triangle. 


The figure provided with Example 6 was not really essential to the solution. 
Nevertheless, it is strongly recommended that you develop the habit of including 
sketches with your solutions—even if they are not required. 
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The Midpoint Formula 


To find the midpoint of the line segment that joins two points in a coordinate 
plane, you can simply find the average values of the respective coordinates of the 
two endpoints using the Midpoint Formula. (See Appendix A for a proof of the 


Midpoint Formula.) ; 


EXAMPLE 7 Finding a Line Segment’s Midpoint 


Find the midpoint of the line segment joining the points (—5, —3) and (9, 3), as y 
shown in Figure P.19. 


Solution 
Let (x,, y,) = (—5, —3) and (Gi5ey>) = (O83). 


tif Se aire a 
Midpoint = (ai : 5 2 M1 ea Midpoint Formula 
(- State Sr a pa 
et | a a, titute f > Vy» X2, and y>. 
5 5 ubstitute for x,, y,,X>, and y, 
= (2, 0) Simplify. Figure P.19 


EXAMPLE 8 _ Estimating Annual Sales 


Winn-Dixie Stores had annual sales of $1.30 billion in 1996 and $1.36 billion in Winn-Dixie Stores Annual Sales 
1998. Without knowing any additional information, what would you estimate the 


1997 sales to have been? (Source: Winn-Dixie Stores, Inc.) 3g 
Solution s 
One solution to the problem is to assume that sales followed a linear pattern. With 8 5 
this assumption, you can estimate the 1997 sales by finding the midpoint of the % & 
segment connecting the points (1996, 1.30) and (1998, 1.36). = 
ic 

Nite S (2s : L728: 1.30 ; #8) - ie 

1996 1997 - 1998 

= (1997, 1.33) Year 
Figure P.20 


So, you would estimate the 1997 sales to have been about $1.33 billion, as shown 
in Figure P.20. (The actual 1997 sales were $1.32 billion.) 


— 
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The Equation of a Circle 


The Distance Formula provides a convenient way to define circles. A circle of 
radius r with center at the point (h, k) is shown in Figure P.21. The point (x, y) is 
on this circle if and only if its distance from the center (h, k) is r. This means that 
a circle in the plane consists of all points (x, y) that are a given positive distance 

_rfrom a fixed point (h, k). Using the Distance Formula, you can express this rela- 
tionship by saying that the point (x, y) lies on the circle if and only if 


Reeth) ay P= 7. 


By squaring both sides of this equation, you can obtain the standard form of the 
equation of a circle. 


eee NS 


Center: (h, k) 


x 


\ 


Radius: r », 
Point on 
circle: (x, y) 


Figure P.21 


3 i | of t 


Caria 


quation of 


EXAMPLE 9 Finding an Equation of a Circle 


The point (3, 4) lies on a circle whose center is at (—1, 2), as shown in Figure 
P.22. Find an equation for the circle. 


Solution 
The radius r of the circle is the distance between (— 1, 2) and (3, 4). 


e+ 4 22" 
ey 1664 =. /20 


So, the center of the circle is (h, k) = (— 1, 2) and the radius is r = ./20, and you 
can write the standard form of the equation of the circle as follows. 


ee ye k)? 
[x — (— Wily 2) = (/20) Substitute for h, k, and r. 


Figure P.22 


r? Standard form 


@ + 1)? + (y — 2)? = 20 Equation of circle 
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In Exercises 1-4, sketch the polygon with the indi- 
cated vertices. 

1. Triangle: (—1, 1), (2, — 1), (3, 4) 

2. Triangle: (0, 3), (—1, —2), (4, 8) 

BaSauate 1(20A)(5u1) 12, 2), (11) 

4. Parallelogram: (5, 2), (7, 0), (1, —2), (-1, 0) 


In Exercises 5—8, approximate the coordinates of the 
points. 


In Exercises 9-12, find the coordinates of the point. 
9. The point is located three units to the left of the 
y-axis and four units above the x-axis. 


10. The point is located eight units below the x-axis and 
four units to the right of the y-axis. 


11. The point is located five units below the x-axis and 
the coordinates of the point are equal. 


12. The point is on the x-axis and twelve units to the left 
of the y-axis. 


In Exercises 13-22, determine the quadrant(s) in 
which (x, y) is located so that the condition(s) is (are) 
satisfied. 

133 OP and y= 0 14% < 0 and 4 <0 
Le eee tes ye > un lO. x) 2 and ee ys 


1: ys) 18. x > 4 
19. (x, —y) is in the second quadrant. 
20. (—x, y) is in the fourth quadrant. 
2Lexy 10 225 xy 0 


In Exercises 23 and 24, the polygon is shifted to a new 
position in the plane. Find the coordinates of the 
vertices of the polygon in its new position. 

23. Shift: 5 units up, 24. Shift: 3 units down, 

6 units to the right 


2 units to the right 


In Exercises 25-30, find the distance between the 
points algebraically and verify graphically by using 
centimeter graph paper and a centimeter ruler. 

25. (683) G05) 26. (1, 4), (8, 4) 

el 3, 1 toe) 28. (=3. 4) (2.0) 

295 (= 26) G6) 30. (8, 5), (0, 20) 


In Exercises 31-42, (a) plot the points, (b) find the dis- 


tance between the points, and (c) find the midpoint of 
the line segment joining the points. 


31.50, Dot) 32. 2 eae (6, 0) 


33. (—4, 10), (4,—5) 34. (7, =4), (28) 
35. (—1, 2), (5, 4) 36. . en 2) 

37. (3, 1), (3, 3) 38. (—3, —4),(—3 —3) 
39. (6.2, ale 3.7, 1.8) 

40. (—16.8, 12.3), (5.6, 4.9) 


( 
(S 
41. (— 18), (48, —72) 
42. v TEN (5.906, 11.360) 


In Exercises 43-46, (a) find the length of each side 
of a right triangle and (b) show that these lengths sat- 
isfy the Pythagorean Theorem. 


43. 


45. 


Business In Exercises 47 and 48, estimate the sales 
of a company in 1998, given the sales in 1996 and 
2000. Assume the sales followed a linear pattern. 


47. 


r | 1996 | 2000 
es | $520,000 | $740,000 


les | $4,200,000 | $5,650,000 


In Exercises 49-52, show that the points form the ver- 
tices of the polygon. 


49. Right triangle: (4, 0), (2, 1), (—1, —5) 

50. Isosceles triangle: (1, —3), (3, 2), (—2, 4) 
51. Parallelogram: (2, 5), (0, 9), (—2, 0), (0, — 4) 
52. Parallelogram: (0, 1), (3, 7), (4, 4), (1, —2) 


53. Exploration A line segment has (x,, y,) as one 
endpoint and (x,,, y,,) as its midpoint. Find the other 
endpoint (x,, y,) of the line segment in terms of 
X1>Y1>%m> and y,,. Use the result to find the coordi- 
nates of the endpoint of a line segment if the coordi- 
nates of the other endpoint and midpoint are, 
respectively, 


(ayes =2), (47 = 1) (b) (—5, 11), (2, 4). 
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54. Exploration Use the Midpoint Formula three times 
to find the three points that divide the line segment 
joining (x,, y,) and (x5, y,) into four parts. Use the 
result to find the points that divide the line segment 
joining the given points into four equal parts. 


(a) (1, =2), (4, 51) (b) (—2, —3), (0, 0) 


In Exercises 55-62, find the standard form of the 
equation of the specified circle. 

55. Center: (0, 0); radius: 3 

56. Center: (0, 0); radius: 5 

57. Center: (2, —1); radius: 4 

58. Center: (0, ;). radius: 5 

59. Center: (—1, 2); solution point: (0, 0) 

60. Center: (3, —2); solution point: (— 1, 1) 

61. Endpoints of a diameter: (0, 0), (6, 8) 

62. Endpoints of a diameter: (— 4, — 1), (4, 1) 


In Exercises 63-68, find the center and radius, and 
sketch the circle. 

63.47 + 7 = 

64. x? + y? = 16 

65. (x — 1)? + ly + 3)? =4 

66. x* + Gy — 1)7=4 

Siheltine Smeal iced, 

68. (x— 3) + (y +2) =F 


In Exercises 69 and 70, sketch a scatter plot of the 
data given in the table. 


69. Meteorology The table shows the lowest tempera- 
ture of record y (in degrees Fahrenheit) in Duluth, 
Minnesota, for each month x, where x = 1 repre- 
sents January. (Source: NOAA) 
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70. Business The table shows the number y of Wal- 
Mart stores for each year x from 1992 through 1999. 
(Source: Wal-Mart Stores, Inc.) 


1992 | 1993 | 1994 | 1995 
2136 | 2440 | 2759 | 2943 


1996 | 1997 | 1998 | 1999 


| 3054 | 3406 3630 | 3815 


Milk Prices In Exercises 71 and 72, use the graph 
below, which shows the average retail price of one- 
half gallon of milk from 1992 to 1997. (Source: U.S. 
Bureau of Labor Statistics) 


Average price in dollars 
(per one-half gallon) 


Year 


71. Approximate the highest price of one-half gallon of 
milk shown in the graph. When did this occur? 


72. Approximate the difference in the price of milk from 
the highest price shown in the graph to the price in 
Loo. 


Advertising In Exercises 73 and 74, use the graph 
below, which shows the cost of a 30-second television 
spot (in thousands of dollars) during the Super Bowl 
from 1987 to 1999. (Source: USA Today Research) 


Cost of 30-second TV spot 
(in thousands of dollars) 


1987 1989 199] 1993 1995 
Year 


1997 1999 


73. Approximate the percent increase in cost of a 
30-second spot from Super Bowl XXI in 1987 to 
Super Bowl XXXIII in 1999. 


74. Estimate the increase in cost of a 30-second spot 
(a) from Super Bowl XXI to Super Bowl XX VII, and 
(b) from Super Bowl XXVII to Super Bowl XXXII. 


Analyzing Data In Exercises 75 and 76, refer to the 
scatter plot, which shows the mathematics entrance 
test scores x and the final examination scores y in an 
algebra course for a sample of 10 students. 


y 


» Report card 
ah 
° 
1S) 
n 
a 
2 
3 
c 
S 
< 
oO 
Ts) 
= 
a 
20 30 40 50 60 70 
Mathematics entrance test score 
75. Find the entrance exam score of any student with a 


final exam score in the 80s. 


76. Does a higher entrance exam score necessarily imply 
a higher final exam score? Explain. 


77. Food Production The double bar graph shows the 
production and exports (in millions of metric tons) 
of corn, soybeans, and wheat for the year 1997. 
Approximate the percent of each product that is 


exported. (Source: U.S. Department of Agriculture) 


. 


@ 250+ [= Saeas 
é Ze a [599 Production | 
g.o- | 9) Exports 
oe 150 fre 
ED é 
Zag 100 = 
Sy «504 
S ey 
Corn Soybeans Wheat 
Type of food 


78. Fruit Crops The table shows farmers’ cash receipts 
(in millions of dollars) from fruit crops in 1996. 
Construct a bar graph for the data. (Source: U.S. 
Department of Agriculture) 


Rise es 
pat eer lies 


pent Sate nee | 
fl Fru: = -_ | Receipts | 


1798 


Oranges 


Cherries 264 Peaches 380 
Cranberries | 246 Pears 292 
Grapes 2334 Plums and Prunes | 295 


Lemons 228 Strawberries 770 


79. Sports Participants The table shows the number 
of males and females (in millions) over the age of 
seven that participated in popular sports activities in 
1996 in the United States. Construct a double bar 
graph for the data. (Source: National Sporting 
Goods Association) 


Aerobic reine Sea 18.8 
Basketball | 22:4 | 10.9 
Bicycling 28.6 | 24.7 
Bowling 2A e203 
Camping 24.1 | 20.6 
Exercise walking 26.7 | 46.6 
Running i123 9.9 ai 
Swimming 2911 2193171 


80. Oil Imports The table shows the amount of crude 


oil imported into the United States (in millions of 
barrels) for the years 1988 through 1997. Construct 
a line graph for the data and state what information 
the graph reveals. 
Administration) 


(Source: Energy Information 


= 
1989 | 1990 | 1991 | 1992 
Pm ETS owl Ny | 21105192220 
1994 | 1995 | 1996 | 1997 
2578 | 2643 | 2748 2018 | 


81. 


82. 


83. 
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Personal Savings The line graph shows the per- 
cent of disposable income saved in the United States 
in selected years from 1980 to 1997. (Source: U.S. 
Bureau of Economic Analysis) 


(a) Determine the percent decrease in the rate of 
saving from 1980 to 1997. 


(b) Is the trend shown in the line graph good for the 
country? Explain your reasoning. 


Percent saved 


oS Ww (j=) w 

[ee} le.) lop) Oo 

lon) lon lo Oo 

2 os 2 2 
Year 


Population The population P (in millions) of 
Texas from 1990 to 1997 can be modeled by 


P= 035% 7416.99 


where x is the time in years, with x = O correspond- 

ing to 1990. (Source: U.S. Bureau of the Census) 

(a) Use your graphing utility to create a bar graph of 
the model for the years 1990 to 1997. Use the 
graph to determine when the population of Texas 
exceeded 19 million. 


(b) Determine algebraically when the population of 
Texas exceeded 19 million. Use your graph from 
part (a) to check your answer. 


Health ‘The average patient cost C to a community 
hospital per day in the United States from 1989 to 
1996 can be modeled by 


C = —2.37¢ + 66.44t + 696.39 


where ¢ is the time in years, with t = 0 corresponding 
to 1990. (Source: American Hospital Association) 


(a) Determine algebraically when the average cost 
exceeded $900 per day. 


(b) Check your answer in part (a) by constructing a 
line graph of the model for the years 1989 to 
1996. Use your graph to approximate when the 
average cost exceeded $900 per day. 
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84. 


85. 


86. 


87. 
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Sports Ina football game, a quarterback throws a 
pass from the 15-yard line, 10 yards from the side- 
line as shown in the figure. The pass is caught on the 
40-yard line, 45 yards from the same sideline. How 
long is the pass? 


Flying Distance A plane flies in a straight line to a 
city that is 100 kilometers east and 150 kilometers 
north of the point of departure. How far does it fly? 


Make a Conjecture Plot the points (2, 1), (—3, 5), 
and (7, —3) on a rectangular coordinate system. 
Then change the sign of the indicated coordinate(s) 
of each point and plot the three new points on the 
same rectangular coordinate system. Make a conjec- 
ture about the location of a point when 


(a) the sign of the x-coordinate is changed; 
(b) the sign of the y-coordinate is changed; 


(c) the sign of both the x- and y-coordinates are 
changed. 


Rock and Roll Hall of Fame The graph below 
shows the number of recording artists who were 


elected to the Rock and Roll Hall of Fame from 1986 
to 1999. 


Number elected 


1987 1989 


OO TeS93) 


Year 


1995 1997 1999 


88. 


89. 


(a) Describe any trends in the data. From these 
trends, estimate the number of artists that will be 
elected in 2001. 

(b) Why do you think the numbers elected in 1986 
and 1987 were greater than in other years? 

Business Starbucks Corporation had annual sales 

of $696.5 million in 1996 and $1308.7 million in 

1998. Use the Midpoint Formula to estimate the 

1997 sales. (Source: Starbucks Corporation) 

Business Lands’ End, Inc., had annual sales of 

$1118.7 million in 1996 and $1371.4 million in 

1998. Use the Midpoint Formula to estimate the 

1997 sales. (Source: Lands’ End, Inc.) 


Synthesis 


True or False? 


In Exercises 90-92, determine 


whether the statement is true or false. Justify your 
answer. 


90. 


91. 


92. 


93. 


94. 


In order to divide a line segment into 16 equal parts, 
you would have to use the Midpoint Formula 16 
times. 

The points (—8, 4), (2,11), and (—5, 1) represent 
the vertices of an isosceles triangle. 

If four points represent the vertices of a polygon, and 


the four sides are equal, then the polygon must be a 
square. 


Think About It What is the y-coordinate of any 
point on the x-axis? What is the x-coordinate of any 
point on the y-axis? 

Think About It When plotting points on the rec- 
tangular coordinate system, is it true that the scales 
on the x- and y-axes must be the same? Explain. 
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eGhapter PST TH Ts) ne 
j 9 
What did you learn’ 


Section P.1 Review Exercises 

L] How to represent and classify real numbers G2 

L] How to order real numbers and use inequalities 3-6 

LI How to find the absolute values of real numbers and the distance 7-12 
between two real numbers 

CL) How to evaluate algebraic expressions 13-16 

CL] How to use the basic rules and properties of algebra 17-26 

Section P.2 

CL] How to use properties of exponents 27-30 

CL] How to use scientific notation to represent real numbers 31-34 

CL) How to use properties of radicals 3030 

L] How to simplify and combine radicals 37-49 

L) How to rationalize denominators and numerators 50-53 

L] How to use properties of rational exponents 54-59 

Section P.3 

L] How to write polynomials in standard form 60, 61 

L] How to add, subtract, and multiply polynomials 62-69 

L] How to use special products to multiply polynomials 70-77 

] How to remove common factors from polynomials 78-85 

CL) How to factor special polynomial forms 86-89 

CL) How to factor trinomials as the product of two binomials 90-93 

L] How to factor by grouping 94-97 

Section P.4 

C1) How to find domains of algebraic expressions 98-101 

OC How to simplify rational expressions 102-105 

OX How to add, subtract, multiply, and divide rational expressions 106-113 

LC) How to simplify complex fractions 114, 115 

Section P.5 

O How to plot points in the Cartesian plane 116-121 

1 How to represent data graphically using scatter plots, bar graphs, and 122-124 
line graphs 

C] How to use the Distance Formula to find the distance between two 125-128 
points 

C How to use the Midpoint Formula to find the midpoint of a line segment 129-131 


OC How to find the equation of a circle 1325 133 
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"27 In Exercises 1 and 2, determine which numbers 
are (a) natural numbers, (b) integers, (c) rational 
numbers, and (d) irrational numbers. 

1. 11,14, —3,2, 6, 0.4 

9, 5/15, <0, SD), SOR 


In Exercises 3 and 4, use a calculator to find the deci- 
mal form of the rational number. If it is a nontermi- 
nating decimal, write the repeating pattern. Then 
place the correct inequality symbol (< or >) between 
the numbers. 


Saf 985 
AR Tar 4. 35,7 
In Exercises 5 and 6, give a verbal description of the 


real numbers that are represented by the inequality. 
Then sketch the inequality on the real number line. 


Se a a O24. > el 


In Exercises 7 and 8, find the distance between a and b. 
7.a=—74, b= 48 8. a= —-123, b=-9 


In Exercises 9-12, use absolute value notation to 
describe the expression. 

9, The distance between x and 7 is at least 4. 
10. The distance between x and 25 is no more than 10. 
11. The distance between y and — 30 is less than 5. 


12. The distance between y and ; is more than 2. 


In Exercises 13-16, evaluate the expression for each 
value of x. (If not possible, state the reason.) 


Expression Values 
1331 0x%r—eo (a) x = —-] (b) x = 3 
14 4 (ayer 2 (Deen 
15. —2x* -x+3 Gea (b) x= -3 
16, (a) x= —-] (b) x = 1 


In Exercises 17-20, identify the rule of algebra illus- 
trated by the equation. 


ee ede OX alO)= (Ox05837).e 10 


18 


B --——— = | #—4 
y+4 2 2 


19. (¢ + 4)(2t) = (2n)(t + 4) 
20. 0+ (a-5)=a-—5 


In Exercises 21-26, perform the operations. (Write 
fractional answers in simplest form.) 


2 gas py ey ts 
23. % +5 pi acer 
ee Ls oma 
.2+5 26 
23 Tao earpoG 


_ In Exercises 27-30, simplify each expression. 


27. (a) (—2z)3 (b) (a*b*)(3ab~*) 


(8y)° 40(b — 3) 
28. (a) “ Orne: 
623-3 3-4-1 n-3 
Xe Nel ie 
30.(a) (eo as (b) (= \(2) 
y y 


In Exercises 31 and 32, write the number in scientific 
notation. 


31. Sales of K-Mart Corporation in 1998: 
$33,674,000,000 (Source: K-Mart Corporation) 
32. Number of Meters in One Foot: 0.3048 


In Exercises 33 and 34, write the number in decimal 
form. 


33. Distance between Sun and Jupiter: 
4.833 x 108 miles 


34. Ratio of Day to Year: 2.74 x 1073 


In Exercises 35 and 36, use the properties of radicals 
to simplify the expression. 


35. (4/78)" 36. 9 + 3/3 


In Exercises 37-42, simplify by removing all possible 
factors from the radical. 


Sip ee 38. 2/64x° 
39 40. 52 


oN 75x2 
41. 3 a 42. ‘ 


In Exercises 43-48, simplify the expression. 


43. /50 — 18 44. 3./32 + 4/98 

45. 8./3x — 5./3x 46. —11./36y — 6V/y 

Aiea) OX 4) 2x 48. 3./14x? — 56x 

49. Strength of a Wooden Beam The rectangular cross 
section of a wooden beam cut from a log of diameter 


24 inches will have a maximum strength if its width 
w and height h are 


w=8/3 and h= (242 - (8/3). 


Find the area of the rectangular cross section and 
express the answer in simplest form. 


~<— W > 


In Exercises 50 and 51, rewrite the expression by 
rationalizing the denominator. Simplify your answer. 


1 1 
"2-3 kl 


50 


In Exercises 52 and 53, rewrite the expression by 
rationalizing the numerator. Simplify your answer. 


/20 aig 
52. 53. sa 


In Exercises 54 and 55, fill in the missing description. 


Radical Form Rational Exponent Form 
54. /16 =4 = 
39% =2 


In Exercises 56-59, simplify the expression. 
56. 813/2 SI 04e | 
58. (—3x2/5)(—2x1/2) 59. (x — 1)'3(« — 1)-4 
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PB. | In Exercises 60 and 61, write the polynomial in 
standard form. 

60571552 = 2x ee 5 — xt 

61 Oy ee Oe 


In Exercises 62-69, perform the operations and write 
the result in standard form. 

62. =(3x? + 2x) + (1 — 5x) 

63. 8y — (29? ="(3yi-*8)) 

645 (2x7 Saxe Oe a ae) 

65. (6x4) — 42° — x +3 — 20x?) — (16  9x* —11 132) 
66. (x? — 2x + 1)? — 1) 

67. (x? — 3x)(2x? + 3x + 5) 

Bara OT LO aoe t) 


69. (: e ac +2) 


In Exercises 70-75, find the product. 

70. Gx — 8) TiS AN) 

72. (x — 47 73. Qe — Ae 

74, (3/5 + 2)(3-/5 ="2) 

75m ye 6) ye GO) 

76. Geometry Use the area model to write two differ- 
ent expressions for the total area. Then equate the 


two expressions and name the algebraic property 
illustrated. 


x X >1<—_ 5 ——>1 


<< Wee eS 


77. Geometry Write an expression for the area of the 
region and simplify the result. 


x 


DX 


62 Chapter P ¢ Prerequisites 


In Exercises 78-83, factor out the common factor. 


Ths TRG Se 2B) TIA 

S021 81. x(x — 3) + 4(x — 3) 

Bee tel Or AX 83. Bi 6x ee ox ly 

84. Geometry The surface area of a right circular 
cylinder is S = 2ar? + 2arh. 


(a) Draw a right circular cylinder of radius r and 
height h. Use the figure to explain how the sur- 
face area formula was obtained. 


(b) Factor the expression for surface area. 


85. Business The revenue for selling x units of a 
product at a price of p dollars per unit is R = xp. 
For a particular product the revenue is 


R = 1600x — 0.50x?. 


Factor the expression and determine an expression 
that gives the price in terms of x. 


In Exercises 86-93, factor the expression. 


86. x2 — 169 87. 9x2 — + 

88. x? + 216 892645 = 27) 

DS be eet OM) 91.2, 9x +714 
Oe a ie 032 2x4 lax eS 


In Exercises 94-97, factor by grouping. 


94. x3 — 4x2 — 3x + 12 95. x7 — 6x7 —-x+6 
96. 4x3 — 3x2 + 20x — 15 
97. 2x3 + 5x? — 14x — 35 


[ZT In Exercises 98-101, find the domain of the 
expression. 


98. —5x* -—x-1 99. 9x4 +7, x>0 


4 / 
101. vx t+ 12 


100. 
DES =a) 4x 


In Exercises 102-105, write the rational expression in 
simplest form. 


4x? 6xy 
Ie, === —_ 
4x3 + 28x ast xy + 2x 
x* —x— 30 x? — 9x + 18 
Hig at Ih sare LS. 
Ay x* — 25 ee 8x — 48 


In Exercises 106-113, perform the operation and 
simplify your answer. 


iat scoala tee! 
x* — 2x? — 8 oe 
2x -— 1 x?-1 
Xt 1S2x? — 7a 3 
ASK 1) og 
x+3 2x+3 
aS 2x? — 3x 
(x- 1)? x?+2x-3 
1 
+ 
jose 2 se 1 
a oe ee 
Sa Fy TG 
1 = jl 
112. -- = 
se ee II 
1 il = 36 
+- ——— 
x-1 x?4+x4+1 


106. 


107. 


108. 


109. 


UD, sec il ae 


111. 2 


113. 


In Exercises 114 and 115, simplify the complex 
fraction. 


| PS | In Exercises 116-119, plot the point and deter- 
mine the quadrant in which it is located. 

116. (8, —3) 117 ehsn4aste 9) 

118. (—3, 10) 119. (—6.5, —0.5) 


In Exercises 120 and 121, determine the quadrant(s) 
in which (x, y) is located so that the conditions are 
satisfied. 

120. x > 0 (ands y= —2 

121. &, yy), 2 =4 


122. Patents The number of patents P (in thousands) 
issued in the United States from 1988 through 1996 
is shown in the table. (Source: U.S. Patent and 
Trademark Office) 


Year | 1988 | 1989 | 1990 | 1991 2 
84.4 | 102.7 | 99.2 | 106.8 | 107.4 | 


es 
| Year | 1993 | 1994 | 1995 | 1996 | 
P| 109.7 | 113.6 | 113.8 | 121.7 | 


(a) Sketch a scatter plot of the data. 


(b) What statement can be made about the number 
of patents issued in the United States? 


123. Weather The normal daily maximum and mini- 
mum temperatures for each month for the city of 
Chicago are shown in the table. Make a double line 
graph for the data. (Source: NOAA) 


Feb. | Mar.| Apr. | May | Jun. 
Bsoueas.oah 06.01 70.1 179.6 | 
AZO Dales ONiA Leda Od.) 


Aug.| Sep. | Oct. | Nov. — 


81.8 74.8 | 63.3 | 48.4 | 34.0 
a ene 
339 


61.6 AZ 2M o.6 11951 


a 


124. Business The net profits (in millions of dollars) 
for the Progressive Corporation for the years 1994 
through 1998 are shown in the table. Create a 
bar graph for the data. (Source: Progressive 
Corporation) 


| 1994 | 1995 | 1996 | 1997 | 1998 | 
| 228.1 | 250.5 | 316.6 | 400.0 | 456.7 | 


In Exercises 125 and 126, plot the points and find the 
distance between the points. 


125,7(=3; 8)P;5) 126. (5.6, 0), (0, 8.2) 


Geometry In Exercises 127 and 128, plot the points 
and verify that the points form the polygon. 


127. Right Triangle: Oxy (13; Li) (5822) 
128. Parallelogram: (1, 2), (8, 3), (9, 6), (2, 5) 
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In Exercises 129 and 130, plot the points and find the 
midpoint of the line segment joining the points. 

129, (—12, 5), (4, —7) 

130. (1.8, 7.4), (—0.6, — 14.5) 


131. Business The Sbarro, Inc., restaurant chain had 
revenues of $329.5 million in 1996 and $375.2 mil- 
lion in 1998. (Source: Sbarro, Inc.) 


(a) Without any additional information, what would 
M 
you estimate the 1997 revenues to have been? 


(b) The actual revenue for 1997 was $349.4 million. 
How accurate is your estimate? 


In Exercises 132 and 133, find the standard form of 
the equation of the specified circle. 

132. Center: (3, — 1); solution point: (—5, 1) 

133. End points of a diameter: (— 4, 6), (10, — 2) 


Synthesis 


True or False? In Exercises 134-136, determine 
whether the statement is true or false. Justify your 
answer. 


x- 1 


134. = x? + x + 1 for all values of x. 


Yee ft 
135. A binomial sum squared is equal to the sum of the 
terms squared. 


136. x" — y" factors as conjugates for all values of n. 


In Exercises 137-142, describe the error and then 
make the necessary correction. 


25 
1374 =ily Xe 
x 


138. —x?2(—x? + 3) = x4 + 3x? >< 
1395 (22) = 

MON =n) 

141. /32+4=3+4 >< 

142. /10x = 10/x >< 


143. Writing Explain why /5u + /3u # 2/2u. 
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Many mathematical results are discovered experimentally by calculating 
examples and looking for patterns. Prior to the 1950s, this mode of discovery 
was very time-consuming because the calculations had to be done by hand. The 
introduction of computer and calculator technology has removed much of this 
drudgery. In the following project, you are asked to model a real-life situation and 
solve a problem by looking for patterns in the corresponding data. 

Consider a rectangular box with a square base and a surface area of 216 
square inches. Let x represent the length (in inches) of each side of the base and 
let h represent the height (in inches) of the box, as shown at the right. Your goal 
is to answer this question: “Of all rectangular boxes with square bases and sur- 
face area of 216 square inches, which has the greatest volume?” 


a. Express the areas of the base, top, and sides in terms of x and h. 
b. Find an expression in terms of x and h for the surface area of the box. 


Use the fact that the surface area is 216 square inches to express the variable 
h in terms of x. 


d. Find an expression for the volume of the box in terms of x alone. 


e. Use the expression in part (d) and a graphing utility to complete the table. 
Then use the results to decide which box has the greatest volume. 


Base, x Height, h Surface Area Volume 
1.0 53.) 216.0 SEES 
15 See) 216.0 193 
ZA) 26.0 216.0 104.0 

10.0 0.4 216.0 40.0 


What h appens to ie heigh at the bo as x x gets lo 
— er and closer to 0? Of all boxes with square bases 
and a surface area of 216° ue inches, is there a 
allest? Explain your reasoning. 


What i is the maximum value of x? What happens ee 
the height of the box as x gets closer and closer — 


Chapter Project Modeling the Volume of a Box 


A computer simulation to accompany 
this project appears in the /nteractive 
CD-ROM and /nternet versions of this 
text. 


= oe Complete the table. Does it lend further UDB A to 4 
your answer to part (e)? Explain. 


4 ae all oe boxes oy ce area” 


_ inches? Explain your reasoning. 


to this maximum value? Is there a shortest box that 
has a square base and a surface area of 216 square 


216 square inches and a base that is x inches by Ox 
inches, which has the maximum 1 volume? Explain 
your reasoning. Se 


¢ Chapter Test 


Take this test as you would take a test in class. After you are done, check your 
work against the answers in the back of the book. eh 

10 The Interactive CD-ROM and Internet 
1. Place the correct symbol (< or >) between — 3 and —|—4|. versions of this text provide answers to 


65 


2. Find the distance between the real numbers — 17 and 39. the Chapter Tests and Cumulative Tests. 


They also offer Chapter Pre-Tests (that 
test key skills and concepts covered in 


In Exercises 3-6, evaluate each quantity without using a calculator. previous chapters) and Chapter Post- 
a) 5 15 3\3 32\-3 Tests, both of which have randomly 
3. (a) 2-2) (b) — + — 4. (a) (-2) (b) (=) generated exercises with diagnostic 
| 18 8 s 2 capabilities. 


8 
Bayes 5 3/125. (b) 2 6. (a) a (b) (3 x 104)3 


In Exercises 7 and 8, simplify each expression. 


=a 


7. (@) 3202) w= 2w-9- (FG 


Bae ores zy (by -5/i6y + 10Vy  () git 


In Exercises 9-12, perform the operations and simplify. 
9, (x2 + 3) — [3x + (8 — x)] 10. (x + /5)(x — V5) 


8x 24 D 2 4 
11. aF 7, Se 
x-3 3-x ( (e _ ) 


In Exercises 13-15, factor the expression completely. 


eee ee Ok — 267 dae oe Ax 8 158% 27 


16 6 
16. Rationalize the denominators of (a) Vi6 and (b) (oes 


17. Write an expression for the area of the shaded region in the figure at the 
right and simplify the result. 

18. Plot the points (—2, 5) and (6, 0). Find the coordinates of the midpoint of the ‘eae Soo Lenape 
line segment joining the points and the distance between the points. CURT PORT 

19. The area of a rectangle of length / is 45/ — /?. Factor the expression to deter- 
mine the width of the rectangle. 

20. The numbers (in millions) of votes cast for the Democratic candidates 
for president in 1980, 1984, 1988, 1992, and 1996 were 35.5, 37.6, 41.8, 
44.9, and 47.4, respectively. Create a bar graph for this data. (Source: 
Congressional Quarterly, Inc.) 


LIBRARY OF FUNCTIONS 


In Chapter 1, you will be introduced to the concept of a function. As you proceed Library of Functions — - 
through the text, you will see that functions play a primary role in modeling real- BS ae 


eee es ach time a new ty e of fu ction — 
life situations. Each tim ew typ function — 


is studied in detail in this text, it — 
Over the past few hundred years, many different types of functions have been _ will be highlighted in a box like 
introduced and studied. Those that have proven to be most important in modeling this one. For instance, a linear 
real life have come to be known as elementary functions. There are three basic _ function is highlighted in the — 
types of elementary functions: algebraic functions, exponential and logarithmic Library of Functions boxin — 
functions, and trigonometric and inverse trigonometric functions. Section 1.2 because lines are dis- 
cussed in that section. : 

In addition, there is a Library _ 
of Functions Summary inside the 
front cover which describes the _ 
functions listed below. 


You will also encounter other types of functions in this text, such as functions 
defined by real-life data and piecewise-defined functions. 


Algebraic Functions 


Polynomial Functions 


Linear or First-Degree Polynomial Functions Section 1.2 
Quadratic or Second-Degree Polynomial Functions Section 3.1 
Cubic or Third-Degree Polynomial Functions Section 3.2 
Fourth- and Higher-Degree Polynomial Functions Section 3.2 
Rational Functions Section 3.5 
Radical Functions Section 1.3 


Exponential and Logarithmic Functions 
Exponential Functions Section 4.1 
Logarithmic Functions Section 4.2 
Trigonometric and Inverse Trigonometric Functions 
Trigonometric Functions Section 5.3 
Inverse Trigonometric Functions Section 5.6 


Nonelementary Functions 


Piecewise-Defined Functions Section 1.3 
Greatest Integer Functions Section 1.4 
Absolute Value Functions Section 1.4 
Functions Defined by Real-Life Data Section 1.3 


11 — Graphs of Equations 

1.2 Lines in the Plane 

13 Functions 

1.4 — Graphs of Functions 
1.5 Shifting, Reflecting, and Stretching Graphs 
1.6 Combinations of Functions 

1.7 Inverse Functions 


Superstock 


One and one-half percent of all households own a horse as a pet. Some owners board their horses on 
farms, (Source: American Veterinary Medical Association) 


Functions and Their Graphs 


| sketch graphs of 
_ plotting or usi 


ifts, reflections, and 
functions. 


® step function (p. 111) 

® even function (p. 112) 

® odd function (p. 112) 

® vertical and horizontal shifts (p. 119) 
@ reflection (p. 121) 

¢ rigid transformations (p. 123) 

® nonrigid transformations (p. 123) 
® arithmetic combination (p. 127) 
® composition (p. 129) 

® inverse function (p. 138) 

® one-to-one (p. 142) 

® Horizontal Line Test (p. 142) 


Important Vocabulary 

As you encounter each new vocabulary term in this chapter, add the term and its definition to your notebook glossary. 
© solution point (p. 68) e independent variable (p. 94) 

© graph of an equation (p. 68) © dependent variable (p. 94) 

® intercepts (p. 69) © function notation (p. 94) 

® slope (p. 79) © implied domain (p. 96) 

® point-slope form (p. 81) e graph of a function (p. 106) 
 slope-intercept form (p. 83) © Vertical Line Test (p. 107) 

e general form (p. 84) ® increasing (p. 108) 

© parallel (p. 85) e decreasing (p. 108) 

® perpendicular (p. 85) ® constant (p. 108) 

© function (p. 92) ® relative minimum (p. 109) 

© domain (p. 92) ® relative maximum (p. 109) 

© range (p. 92) © greatest integer function (p. 111) 


Additional Resources Text-specific additional resources are available to help you do well in this course. See page xvi for details. 
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ToD efiraphs..of Equations sos 


The Graph of an Equation 


News magazines often show graphs comparing the rate of inflation, the federal 
deficit, wholesale prices, or the unemployment rate to the time of year. Industrial 
firms and businesses use graphs to report their monthly production and sales 
statistics. Such graphs provide geometric pictures of the way one quantity 
changes with respect to another. Frequently, the relationship between two quanti- 
ties is expressed as an equation. This section introduces the basic procedure for 
determining the geometric picture associated with an equation. 

For an equation in variables x and y, a point (a, b) is a solution point if the 
substitution of x = a and y = b satisfies the equation. Most equations have 
infinitely many solution points. For example, the equation 


3x +y=5 


has solution points (0, 5), (1, 2), (2, — 1), (3, —4), and so on. The set of all solu- 
tion points of an equation is the graph of the equation. 


EXAMPLE 1 _ Determining Solution Points 


Determine whether each point lies on the graph of y = 10x — 7. 
a, (2, 13) oy ay) 


Solution 
a. The point (2, 13) lies on the graph of y = 10x — 7 because it is a solution 
point of the equation. 


yO 7 Write original equation. 

G) 
13 =10@) =7 Substitute 2 for x and 13 for y. 
13 = 13 (2, 13) is a solution. / 


b. The point (— 1, —3) does not lie on the graph of y = 10x — 7 because it is not 
a solution point of the equation. 


vo LOK Write original equation. 
? 
=o 10(= 1) = 7 Substitute —1 for x and —3 for y. 
=e) Fiat Gan WG (—1, —3) is not a solution. 


How to Sketch the Graph of an Equation by Point Plotting 


1. If possible, rewrite the equation so that one of the variables is isolated on 
one side of the equation. 


2. Make a table of several solution points. 
3. Plot these points in the ‘coordinate plane. 
A Connect the points with a smooth curve. 


Rrice Avrec/Tanny Stane Imagec 


EXAMPLE 2 Sketching a Graph by Point Plotting 
Use point plotting and graph paper to sketch the graph of 
3x +y=6. 


Solution 
In this case you can isolate the variable y. 


yi) Ose ox Solve equation for y. 


Using negative, zero, and positive values for x, you can obtain the following table 
of values (solution points). 


Next, plot these points and connect them, as shown in Figure 1.1. It appears that 
the graph is a straight line. You will study lines extensively in Section 1.2. 


The points at which a graph touches or crosses an axis are the intercepts of the 
graph. For instance, in Example 2 the point (0, 6) is the y-intercept of the graph 
because the graph crosses the y-axis at that point. The point (2, 0) is the x-inter- 
cept of the graph because the graph crosses the x-axis at that point. 


EXAMPLE 3 Sketching a Graph by Point Plotting 


Use point plotting and graph paper to sketch the graph of y = x? — 2. 


Solution 
First, make a table of values by choosing several convenient values of x and 


calculating the corresponding values of y. 


Next, plot the corresponding solution points, as shown in Figure 1.2(a). Finally, 
connect the points with a smooth curve, as shown in Figure 1.2(b). This graph is 
called a parabola. You will study parabolas in Section 3.1. 


In this text, you will study two basic ways to create graphs: by hand and using a 
graphing utility. For instance, the graphs in Figures 1.1 and 1.2 were sketched by 
hand and the graph in Figure 1.4 was sketched using a graphing utility. 
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= ly alate ae ‘7; —] 


He 
el 


Figure 1.1 


LI 2 Ee Al ae, 
(b) 
Figure 1.2 


| © 
A computer animation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 
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Using a Graphing Utility 


One of the disadvantages of the point-plotting method is that to get a good idea 
about the shape of a graph you need to plot many points. With only a few points, 
you could badly misrepresent the graph. For instance, consider the equation 


teak Yeas J 2 
y= 30%" 10x? + 39). 
Suppose you plotted only five points: (—3, —3),(—1, —1), (0, 0), (1, 1), and 
(3, 3), as shown in Figure 1.3(a). From these five points, you might assume that 
the graph of the equation is a straight line. That, however, is not correct. By plot- 
ting several more points, you can see that the actual graph is not straight at all, as 
shown in Figure 1.3(b). 


(a) (b) 
Figure 1.3 


From this, you can see that the point-plotting method leaves you with a dilemma. 
On the one hand, the method can be very inaccurate if only a few points are plot- 
ted. But on the other hand, it is very time-consuming to plot a dozen (or more) 
points. Technology can help solve this dilemma. Plotting several (even several 
hundred) points on a rectangular coordinate system is something that a computer 
or calculator can do easily. 

The point-plotting method is the method used by all graphing utilities. Each 
computer or calculator screen is made up of a grid of hundreds or thousands of 
small areas called pixels. Screens that have many pixels per square inch are said 
to have a higher resolution than screens with fewer pixels. 


Me 


1.1 © Graphs of Equations 71 
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EXAMPLE 4 Using a Graphing Utility to Graph an Equation 
Use a graphing utility to graph 2y + x? = 4x. 


Solution 
- To begin, solve the equation for y in terms of x. 


2y + x3 = 4x Write original equation. 
2y = —x3 + 4x Subtract x? from each side. 
1 
y= ae rey Divide each side by 2. 


Now, by entering this equation into a graphing utility (using a standard viewing 
window), you can obtain the graph shown in Figure 1.4. 


1 Figure 1.4 


By choosing different viewing windows for a graph, it is possible to obtain very 
different impressions of the graph’s shape. For instance, Figure 1.5 shows four 
different viewing windows for the graph of the equation in Example 4. None of 
these views shows ail of the important features of the graph as Figure 1.4 does. 


(a) 


©) me @) 
Figure 1.5 
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The standard viewing window on many graphing utilities does not give a true 
geometric perspective. That is, perpendicular lines will not appear to be perpen- 
dicular and circles will not appear to be circular. To overcome this, you can use a 
square setting, as demonstrated in Example 5. 


EXAMPLE 5 Sketching a Circle with a Graphing Utility 


Use a graphing utility to graph 
tye — 9: 


Solution 


The graph of x? + y? = 9 is a circle whose center is the origin and whose radius 
is 3. (See Section P.5.) To graph the equation, begin by solving the equation for y. 


x y? =9 Write original equation. 
Ve = 9 — x? Subtract x? from each side. 
WV = ae S/O ye Take square root of each side. 
The graph of 


y= /9 = xe Upper semicircle 
is the upper semicircle. The graph of 
y= 2/9 — x Lower semicircle 


is the lower semicircle. Enter both equations in your graphing utility and gener- 
ate the resulting graphs. In Figure 1.6(a), note that if you use a standard viewing 
window, the two graphs do not appear to form a circle. You can overcome this 
problem by using a square setting, in which the horizontal and vertical tick marks 
have equal spacing, as shown in Figure 1.6(b). On many graphing utilities, a 
square setting can be obtained by using a y to x ratio of 2 to 3. For instance, in 
Figure 1.6(b), the y to x ratio is 
Ymax — Ymin = Al (—4) 8 2 


Gm EN SE be ee 


10 4 


10 =4 


(a) (b) 
Figure 1.6 


The /nteractive CD-ROM and Internet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions to 
additional examples. Integrated Examples 
are related to several concepts in the 
section. 
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Throughout this course, you will learn that there are many ways to approach a 
problem. Two of the three common approaches are illustrated in Example 6. 


A Numerical Approach: Construct and use a table. 


A Graphical Approach: Draw and use a graph. 
STUDY ee 
An Algebraic Approach: Use the rules of algebra. 


We recommend that you habitually use at least two approaches with every prob- In esleaiaie: it is convenient eh 


lem to help build your intuition and check that your answer is reasonable. to use variable names that sug- Ss 
gest real-life quantities: id for _ ; 


‘distance, t for time, and so. 


Applications on. Most aie utilities, 


The following two applications show how to develop mathematical models to 
represent real-world situations. You will see that both a graphing utility and alge- S sie 
bra can be used to understand and solve the problems posed. 


EXAMPLE 6 — Running a Marathon 


A runner runs at a constant rate of 4.9 miles per hour. The verbal model and alge- 
braic equation relating distance run and elapsed time are as follows. 


Verbal 


Model: Distance = Rate - Time = Equation: d = 4.9t 


a. Determine how far the runner can run in 3.1 hours. 


b. Determine how long it will take to run a 26.2-mile marathon. 


Graphical Solution Algebraic Solution 


a. To find how far the runner can run in 3.1 hours, sub- 
stitute 3.1 for ¢ in the equation. 


a. To begin, use a graphing utility to graph the equation 
d = 4.9t. (Represent d by y and ¢ by x.) Be sure to use 
a viewing window that shows the graph when x = 3.1. 


d = 4.9t Write original equation. 
Then use the value feature or zoom and trace features & 4 
of the graphing utility to estimate that when x = 3.1, the = 4,9(3.1) Substitute 3.1 for t. 
distance is y ~ 15.2 miles, as shown in Figure 1.7(a). 
= 15.2 Use a calculator. 


b. Adjust the viewing window so that it shows the graph 
when y = 26.2. Use the value feature or zoom and trace 
features to estimate that when y = 26.2, the time is 
x ~ 5.4 hours, as shown in Figure 1.7(b). 


So, a runner can run about 15.2 miles in 3.1 hours. 
Use estimation to check your answer. Because 4.9 is 
about 5 and 3.1 is about 3, the distance is about 
5(3) = 15. So 15.2 is reasonable. 


b. You can find how long it will take to run a 26.2-mile 
marathon as follows. (For help with solving linear 
equations see Appendix C.) 


19 


d= 4.9t Write original equation. 
a t Divid h side by 4.9 
paek ivide eacn side nels 
4.9 : 
(a) (b) as 
= Zz aye 
Figure 1.7 = Substitute 26.2 for d. 
4.9 
Note that the viewing window on your graphing utility eee og, eet Meera 


may differ slightly from those shown in Figure 1.7. 
So, it will take about 5.3 hours to run 26.2 miles. 
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EXAMPLE 7 Monthly Wages 


You receive a monthly salary of $2000 plus a commission of 10% of sales. The 
verbal model and algebraic equations relating the wages, the salary, and the com- 
mission are as follows. 


Verbal 
Model: 


a. If sales are x = 1480 in August, what are your wages for that month? 


Wages = Salary + Commission on Sales Equation: y = 2000 + 0.1x 


b. If you receive $2225 for September, what are your sales for that month? 


Graphical Solution Numerical Solution 


a. You can use a graphing utility to graph y = 2000 + 0.1x a. To find the wages in August, evaluate the equation 
and then estimate the wages when x = 1480. Because when x = 1480. 
x = 0 and the monthly wages are at least $2000, a rea- 


bv ag, : : Mice. = “+ (): ite origi ion. 
sonable viewing window is the one shown in Figure bemeteasite ee ieee gilt yy = 
1.8(a). Using the value feature or zoom and trace features = 2000 + 0.1(1480) — Substitute 1480 for x. 
near x = 1480 shows that the wages are about $2148. » = 

= 2148 Simplify. 


b. Use the graphing utility to find the value along the 
x-axis (sales) that corresponds to a y-value of 2225 
(wages). Beginning with Figure 1.8(b) and using the b. The table shows the wages for different amounts of 
value feature or zoom and trace features, you can estimate sales. 
the sales to be about $2250. 


So, the wages in August are $2148. 


3050 


: Zoom near | y= 2000+0.1x 

: K= 1480 3° Soo) ae 

See es From the table, you can see that wages of $2225 

result from sales between $2200 and $2300. You 

1000 fea oo can improve this estimate by making a table simi- 
1500 lar to the one below. 


222) 12230 


3050 SOS ae 
fages y | 2221 | 2222 | 2223 


Zoom near 
Vie 2225 


2260 | 2270 | 2280 | 2290 
2226 | 22274-2228 ele2229 


1500 
(b) From the table, you can see that wages of $2225 
Figure 18 result from sales of $2250. 


In Exercises 1-8, determine whether the points lie on 
the graph of the equation. 


Equation Points 
l.y=Vxt+4 (a) (0, 2) (b) (5, 3) 
Dey =x — 3x + 2 (ayet2O) ag oD) (2, 8) 
Soya 4 — |x = 2) (a) (1, 5) (batt 2, 3.2) 
4. y= (a) (0,0) (b) G,0.1) 
5. 2x -y-3=0 (a) 52) web ad — 1) 
6. x2 + y? = 20 (a) Go 2)" F(6)e 4 }2) 
dey — x + 4y=i0- (a) de) (b) e >) 
Beye eu 2x2 ule endear. 9) 


In Exercises 9-14, complete the table. Use the result- 
ing solution points to sketch the graph of the equa- 
tion. Use a graphing utility to verify the graph. 


9 


pay 2 er 3 


WIN 
— 
N 


which link to Guided Examples for additional help. 


13. 


14. 


15. 


16. 
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Exploration 
(a) Complete the table for the equation y = ix =) 


(b) Use the resulting solution points to sketch its 
graph. Then use a graphing utility to verify the 
graph. 

(c) Repeat parts (a) and (b) for the equation 
y = —qx — 3. Use the result to describe any 
differences between the graphs. 


Exploration 
6x 


(a) Complete the table for the equation y = —~——. 
x 


(b) Use the resulting solution points to sketch its 
graph. Then use a graphing utility to verify the 
graph. 

(c) Continue the table in part (a) for x-values of 5, 
10, 20, and 40. What is the value of y approach- 
ing? Can y be negative for positive values of x? 
Explain. 


The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions 


to all odd-numbered Section and Review Exercises. They also provide Tutorial Exercises, 
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In Exercises 17-22, match the equation with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) 5 (b) 5 
-5 5 -5 5 
= =5 
(c) 8 (d) 5 
5 5 
-4 6 
= 5 
(f) 4 
-6 6 


=4 


17 = 1 18. y = x? — 2x 
19. y= /9 — x? OV OR 3 
21. y =x — x tI 22. y= |x| — 3 


In Exercises 23-36, sketch the graph of the equation. 


23..y == 3% +2 24. ¥ = 2x ='3 
25. y= 1 — x2 26. y=x?- 1 
Daye = OX 28.2) S30 Ay 
29. y=x?+2 30.3).= xu 
Biya 32. y= Vl ee 
B32 | 34. y=4 — |x| 
35.x=y*-1 36. x= y?-4 


In Exercises 37-50, use a graphing utility to graph 
the equation. Use a standard viewing window. 
Approximate any x- or y-intercepts of the graph. 


37. y=x-5 38. y = (x + 1)@ — 3) 
39. y=3 —5x 40. y=4x-1 

41. y=x*- 4x 4+ 3 42. y = 5(x + 4)(x — 2) 
AS Sy = x — 2)? 44, y= 2 


2 4 
450 46. y=— 

= Sl x 
47. y=xVJx+6 48. y = (6 —x)Vx 
49. y = 3x 50. y = 3x +1 


In Exercises 51-54, use a graphing utility to sketch 
the graph of the equation. Begin by using a standard 
viewing window. Then graph the equation a second 
time using the specified viewing window. Which view- 
ing window is better? Explain. 


51. y=3x+5 52. y = —3x + 50 
Xmin = 0 Xmin = -1 
Xmax = 6 Xmax = 4 
Xscl = | Xscl =a 
Ymin = 0 Ymin = -5 
Ymax = 10 Ymax = 60 
NiSCl—al Veel=s 


53, yeaa ee 54> y= A(x + 5) 4 


Xmin = -1 Xmin = -6 
Xmax = 11 Xmax = 6 
Xscl = | Xscl = | 
Ymin = -5 Ymin = -5 
LY ina) Ymax = 50 
NY Sscli= 2 N.SCli==4: 


In Exercises 55-58, describe the viewing window of 
the graph. 


55. y = 4x2 — 25 


In Exercises 59-62, solve for y and use a graphing util- 
ity to graph each of the resulting equations in the 
same viewing window. Adjust the viewing window so 
that a circle really does appear circular. 


Soe tye = 64 60. (x — 1)? + (y — 2)? = 16 
61. x? + y? = 49 62. (x — 3)2 + (y — 1)? = 25 


In Exercises 63-66, explain how to use a graphing 
utility to verify that y, = y,. Identify the rule of alge- 
bra that is illustrated. 


63. y, = 4(x2 — 8) 64. y, =5xt+(e+1) 


y= he 2 i 
1 1 
65. y, = =[10(x? — 1)] 66. y, = ( — 3) »- —— 
5) x=—3 
y2 oe Doe ‘a 1) yo = 1 


In Exercises 67-70, use a graphing utility to graph the 
equation. Move the cursor along the curve to approx- 
imate the unknown coordinate of each solution point 
accurate to two decimal places. (Hint: You may need 
to use the zoom feature of the graphing utility to 
obtain the required accuracy.) 


67. y= V5 -x 68. y = x*(x — 3) 
(a) (2, y) (a) (2.25, y) 
(b) (x, 3) (b) (x, 20) 
Soy = 5x TO ey =) lx? —— Gx a5) 
(a) (—0.5, y) (a) (2, y) 
(b) (x, —4) (b) (x, 1.5) 


71. Business A manufacturing plant purchases a new 
molding machine for $225,000. The depreciated 
value y after f years is 


y = 225,000 — 20,0002, Nay att 


(a) Use the constraints of the model to determine an 
appropriate viewing window. 

(b) Use a graphing utility to graph the equation. 

(c) Use the value feature or zoom and trace features 
of your graphing utility to determine the value of 
y when t = 5.8. Verify your answer algebraically. 

(d) Use the value feature or zoom and trace features 
of your graphing utility to determine the value of 
y when t = 2.35. Verify your answer alge- 
braically. 

72. Consumerism You purchase a personal watercraft 
for $8100. The depreciated value y after ft years is 


y = 8100 — 9291, Os 7 = 6, 
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(a) Use the constraints of the model to determine an 
appropriate viewing window. 

(b) Use a graphing utility to graph the equation. 

(c) Use the value feature or zoom and trace features 
of your graphing utility to determine the value of 
t when y = 5545.25. Verify your answer alge- 
braically. 

(d) Use the value feature or zoom and trace features 
of your graphing utility to determine the value of 
y when t = 5.5. Verify your answer algebraically. 

73. Geometry A rectangle of length x and width w has 

a perimeter of 12 meters. 

(a) Draw a diagram to represent the rectangle. Use 
the specified variables to label its sides. 

(b) Show that w = 6 — x is the width of the rectan- 
gle and that A = x(6 — x) is its area. 

(c) Use a graphing utility to graph the area equation. 

(d) Use the zoom and trace features of your graphing 
utility to determine the value of A when w = 4.9 
meters. Verify your answer algebraically. 

(e) From the graph in part (c), estimate the dimen- 
sions of the rectangle that yield a maximum area. 

74. Federal Debt The table shows the per capita U.S. 
federal debt for several years. (Sources: U.S. 
Treasury Department; U.S. Bureau of the Census) 


1970 | 1980 
$1807 $3981 


Year 1994 |1997 | 1998 
Per Capita Debt | $12,848 | $15,750 | $20,063 | $20,513 


A model for the per capita debt during this period is 
Vise O.223 tr 057331 ee 2 ota 837433 


where y represents the per capita debt and t¢ is the 
time in years, with t = 0 corresponding to 1950. 


(a) Use the value feature or zoom and trace features 
of your graphing utility to find the per capita 
federal debt in 1975 and 1992. Verify your 
answers algebraically. 

(b) Use your graphing utility to determine during 
which year the per capita federal debt exceeded 
$10,200. 


(c) Use the model to estimate the per capita federal 
debt in 2002 and 2004. 


78 


TSS 
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Population Statistics The table gives the life 
expectancy of a child (at birth) in the United States 


for selected years from 1920 to 2000. (Source: 
U.S. National Center for Health Statistics) 
1930 | 1940 | 1950 
59.7 | 62.9 | 68.2 
1970 | 1980 | 1990 | 2000 
70.8 | 73.7 | 75.4 | 76.4 


A model for the life expectancy during this period is 


66.93 +t 
aol 


where y represents the life expectancy and ¢ is the 

time in years, with t = 0 corresponding to 1950. 

(a) What does the y-intercept of the graph of the 
model represent? 

(b) Use your graphing utility to determine the year 
when the life expectancy was 73.2. Verify your 
answer algebraically. 


(c) Determine the life expectancy in 1948 both 
graphically and algebraically. 


(d) Use the model to estimate the life expectancy of 
a child born in 2005. 


Finance The dividends declared per share of 
Procter & Gamble Company from 1992 to 1998 can 
be approximated by the model 


y = 0.464 + 0.0911, Vpn U6) 


where y is the dividend (in dollars) and f¢ is the 

time (in years), with tf = 0 corresponding to 1992. 

(Source: Procter & Gamble Company) 

(a) Create a table showing the dividends y for the 
years 1992 through 1998. From your table, deter- 


mine the year during which the dividend was 
$0.65. 


(b) Use your graphing utility to graph the model. 

(c) Verify your answer to part (a) by using the zoom 
and trace features of your graphing utility to 
determine the year when y = 0.65. 


(d) Determine the value of y in 1997 algebraically. 
(e) Use the model to estimate the value of y in 2002. 


77. Copper Wire The resistance y in ohms of 1000 feet 
of solid copper wire at 77°F can be approximated by 
the mathematical model 


_ 10,770 
venear2 


035i 3's 2 S100 


where x is the diameter of the wire in mils (0.001 in.). 
(Source: American Wire Gage) 


(a) Complete the table. 


10 | 20 | 30 | 40 | 50 | 60 | 70 80 | 90 | 100 


Bacay, i 


(b) Use your table to approximate the value of x 
when the resistance is 4.8 ohms. Then determine 
the answer algebraically. 


(c) Use the value feature or zoom and trace features 
of your graphing utility to determine the resis- 
tance when x = 85.5. 

(d) What can you conclude in general about the rela- 
tionship between the diameter of the copper wire 
and the resistance? 


Synthesis 


True or False? In Exercises 78 and 79, determine 
whether the statement is true or false. Justify your 
answer. 


78. A parabola can have only one x-intercept. 


79. The graph of a linear equation can have either no 
x-intercepts or only one x-intercept. 

80. Think About It Find a and b if the x-intercepts of 
the graph of y = (x — a)(x — b) are (—2, 0) and (5, 0). 

81. Writing Explain how to find an appropriate view- 
ing window for the graph of an equation. 


Review 


In Exercises 82-85, perform the operations and sim- 
plify. 


So ae FO Se 16 83. —10./25y — V/y 
84, 73/2 « 71/2 ee 
S782 5+ 5 05/F 


In Exercises 86-89, perform the operations and write 
the result in standard form. 

86. (9x — 4) + (2x2 — x + 15) 

S74 eee) 


88. (2x + 9)(x — 7) 89. (3x? — 5)(—2x? + 1) 


The Slope of a Line 


In this section, you will study lines and their equations. The slope of a nonvertical 
line represents the number of units a line rises or falls vertically for each unit of 
horizontal change from left to right. For instance, consider the two points Con y,) 
and (x,, y>) on the line shown in Figure 1.9. As you move from left to right along 
this line, a change of (y, — y,) units in the vertical direction corresponds to a 
change of (x, — x,) units in the horizontal direction. That is, 


Y2 — Y, = the change in y 


and 


X, — X, = the change in x. 


The slope of the line is given by the ratio of these two changes. 


Figure 1.9 


When this formula is used, the order of subtraction is important. Given two points 
on a line, you are free to label either one of them as (x,;, y,) and the other as 
(x, y,). However, once this has been done, you must form the numerator and 
denominator using the same order of subtraction. 


ae): iT SI ah 
m= ais a m 
So eae oa waa) x; 
a eS —————————— 
Correct Correct Incorrect 


Throughout this text, the term /ine always means a straight line. 
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~ You Should Learn: 


How to find the slopes of 
ines. 
How to write nee equations 


given points on lines and their 


Slopes” 
~ How to use slope- “intercept 
forms of linear equations to 


sketch graphs of lines 


How to use slope to identify 


parallel and pene 
lines 


You Should Learn It: 


Linear equations can be used to 
model and solve real-life prob- 
lems. For instance, Exercise 95 
on page 91 shows how to use a _ 
linear equation to model the aver- 

-age annual salaries of Major 
League Baseball players from 
1988 to 1998, 


Allsport 
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EXAMPLE 1 Finding the Slope of a Line 
Find the slope of the line passing through each pair of points. 


a. (—2, 0) and (3, 1) b. (—1, 2) and (2, 2) c. (0, 4) and (1, —1) t it 
yo X,Y. ee 


Solution : What do you ol 
Difference in y-values r >se lines? Com 
an ‘ the lines y = 
Bey a) ek Oe mapas 
Es Se I) ep 
re) 
Difference in x-values 
D2, 0 
b. m= = 0 
haret (Sah) 3 
—(=8 =8 
rs Pe 


The graphs of the three lines are shown in Figure 1.10. Note that 
the square setting gives the correct “steepness” of the lines. 


4 4 6 
CLO) 22) Seo 
3,1) \ 
-4 5 -4 5 | 
(-2, 0) a ; 

-2 =2 -2 
(a) (b) (c) 
Figure 1.10 
The definition of slope does not apply to vertical lines. For instance, consider the S 
points (3, 4) and (3, 1) on the vertical line shown in Figure 1.11. Applying the (3, 4) 
formula for slope, you obtain 

m= tae 3 Undefined 
aS pre eat das . ndetine 

Because division by zero is undefined, the slope of a vertical line is undefined. os 8 


From the slopes of the lines shown in Figures 1.10 and 1.11, you can make 
the following generalizations about the slope of a line. 


= 
Figure 1.11 


The Slope of a Line = 

1. A line with positive slope (m > 0) rises from left to right. 
2. A line with negative slope (m < 0) falls from left to right. 
3. A line with zero slope (m = 0) is horizontal. 
4. A line with undefined slope is vertical. 
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The Point-Slope Form of the Equation of a Line 


If you know the slope of a line and you also know the coordinates of one point 
on the line, you can find an equation for the line. For instance, in Figure 1.12, let 
(x,, y,) be a given point on the line whose slope is m. If (x, y) is any other point 
on the line, it follows that 


ee) | 


This equation in the variables x and y can be rewritten in the point-slope form of 


the equation of a line. 
Figure 1.12 


EXAMPLE 2 The Point-Slope Form of the Equation of a Line 


Find an equation of the line that passes through the point (1, —2) and has a slope 
of 3. 


Solution a A 
yy, = m(x —x) Point-slope form been ely Ciba autre 
y — (—2)= 3(x — 1) Substitute for y,, m, and x). 
Voie ox — 3 
y= 3x 5 
This line is shown in Figure 1.13. Figure 1.13 


The point-slope form can be used to find an equation of a nonvertical line passing 
through two points (x,, y,) and (x,, y,). First, use the formula for the slope of the line 


passing through two points. 


2 Seal 
Xy ~ *y 


Then, once you know the slope, use the point-slope form to obtain the equation 
Uae = m(x — x,) 


a a Yi, a7 x,). 
XX 


This is sometimes called the two-point form of the equation of a line. 
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EXAMPLE 3 A Linear Model for Sales Prediction 


During 1997, Barnes & Noble’s net sales were $2.8 billion, and in 1998 net sales 
were $3.0 billion. (Source: Barnes & Noble, Inc.) 


a. Write a linear equation giving the net sales y in terms of the year x. 


b. Use the equation to estimate the net sales during 2000. 


Solution 
a. Let x = 7 represent 1997. In Figure 1.14, let (7, 2.8) and (8, 3.0) be two points 
on the line representing the net sales. The slope of the line passing through 

these two points is 
sae eae 


= SS = 0. 
m 827 0) 


eae 
m= = 
Fy Ry 


By the point-slope form, the equation of the line is as follows. 
yy, = ma —x,) Point-slope form 
Vi 2 8 0.2% — 7) 
y= 0.2x — 1.4 + 2.8 


y=0.2x+ 14 


Substitute for y,, m, and x,. 


Simplify. 
b. Using the equation from. part (a), estimate the 2000 net sales (x = 10) to be 
y = 0.2(10) + 1.4 
=2+14 
= $3.4 billion. 
The approximation method illustrated in Example 3 is linear extrapolation. 
Note in Figure 1.15 that for linear extrapolation, the estimated point lies outside 


of the given points. When the estimated point lies between two given points, the 
procedure is called linear interpolation. 


y y 
Given 4 Given 
points points 


/ 


Estimated 
point 


~— Estimated 
point 


| = X ony. 


Linear Extrapolation 
Figure 1.15 


Linear Interpolation 


Net sales (in 
billions of dollars) 


Figure 1.14 


Library of Functions 


In the next section, you will be 
introduced to the precise meaning 
of the term function. The simplest 
type of function is a linear func- 
tion and has the form 


y=mx +t b. 


As its name implies, the graph 

of a linear function is a line that 
has a slope of m and a y-intercept 
at (0, b). : 


Consult the Library of Functions 
Summary inside the front cover 
for a description of the linear 
function. 


Sketching Graphs of Lines 


Many problems in coordinate geometry can be classified as follows. 


1. Given a graph (or parts of it), find its equation. 
2. 


Given an equation, sketch its graph. 
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For lines, the first problem is solved easily by using the point-slope form. This for- 
mula, however, is not particularly useful for solving the second type of problem. The 
form that is better suited to graphing linear equations is the slope-intercept form, 
y = mx + b, of the equation of a line. 


EXAMPLE 4 Using the Slope-Intercept Form 


A computer simulation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


Determine the slope and y-intercept of each linear equation. Then describe its 
graph. 


axty=2 


b. y =2 


Algebraic Solution 


a. 


Begin by writing the equation in slope- 
intercept form. 


x+y=2 Write original equation. 
V2 x Subtract x from each side. 
y = —x + 2. Slope-intercept form 


From the slope-intercept form of the equa- 
tion, the slope is —1 and the y-intercept is 
(0, 2). Because the slope is negative, you 
know that the graph of the equation is a line 
that falls one unit for every unit it moves to 
the right. 

By writing the equation y = 2 in slope- 
intercept form 


v= (Olne 2 


you can see that the slope is 0 and the 
y-intercept is (0, 2). A zero slope implies that 
the line is horizontal. 


Graphical Solution 


a. 


b. 


Solve the equation for y to obtain y = 2 — x. Enter this equa- 
tion in your graphing utility. Use a decimal viewing window to 
graph the equation as shown in Figure 1.16(a). 


To find the y-intercept, use the value or trace feature. When 
x = 0, y = 2. So, the y-intercept is (0, 2). To find the slope, 
continue to use the trace feature. Move the cursor along the 
line until x = 1. At this point, y = 1. So the graph falls 1 unit 
for every unit it moves to the right, and the slope is — 1. 
Enter the equation y = 2 in your graphing utility and graph the 
equation as shown in Figure 1.16(b). Use the trace feature to 
verify the y-intercept (0, 2) and to see that the value of y is the 
same for all values of x. So, the slope of the horizontal line is 
0. 


(a) (b) 
Figure 1.16 
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From the slope-intercept form of the equation of a line, you can see that a 
horizontal line (m = 0) has an equation of the form y = b. This is consistent with 
the fact that each point on a horizontal line through (0, b) has a y-coordinate of b. 

Similarly, each point on a vertical line through (a, 0) has an x-coordinate of 
a. So, a vertical line has an equation of the form x = a. This equation cannot be 
written in the slope-intercept form, because the slope of a vertical line is unde- 
fined. However, every line has an equation that can be written in the general form 


Ax + By +C=0 General form of the equation of a line 


where A and B are not both zero. 


Summary of Equations of Lines — 


“A. Slope-inter 
5. Point-slope form: 


dese felstcbipee ake pae eee SHUT A NR epENER SERB Ot 


EXAMPLE 5 Different Viewing Windows 


The graphs of the two lines 
ie hace and y=— 10x =A 


are shown in Figure 1.17. Even though the slopes of these lines are quite differ- 
ent (—1 and —10, respectively), the graphs seem misleadingly similar because 
the viewing windows are different. 


Figure 1.17 


When a graphing utility is used to sketch a straight line, it is important to realize 
that the graph of the line may not visually appear to have the slope indicated by 
its equation. This occurs because of the viewing window used for the graph. For 
instance, Figure 1.18 shows graphs of y = 2x + 1 produced on a graphing utili- 
ty using three different viewing windows. 

Notice that the slopes in Figure 1.18(a) and (b) do not visually appear to be 
equal to 2. However, if you use the square viewing window, as in Figure 1.18(c), 
the slope visually appears to be 2. In general, two graphs of the same equation can 
appear to be quite different depending on the viewing window selected. 


-10 
(a) 


(b) 


(c) 
Figure 1.18 
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Parallel and Perpendicular Lines 


The slope of a line is a convenient tool for determining whether two lines are 
parallel or perpendicular. 


EXAMPLE 6 — Equations of Parallel Lines 


Find the slope-intercept form of the equation of the line that passes through the 
point (2, — 1) and is parallel to the line 2x — 3y = 5. 


Solution 
Begin by finding the slope of the given line. 


2x — 3y=5 Write original equation. 
=x 3yi= —5 Multiply by —1. 
3y = 2x — 5 Add 2x to each side. 
2 5 
YS a a 3 Write in slope-intercept form. 


Therefore, the given line has a slope of m = , Because any line parallel to the 
given line must also have a slope of <, the required line through (2, — 1) has the 
following equation. 


pi 
Vea (- 1) = 3 (x = Substitute for m, x,, and y, in point-slope form. 
pe. fe 5 _ 
y +1= ig coal 3 Simplify. Figure 1.19 

vs! 4 

yea xX- —-— | Subtract 1 from each side. 
3 5) 
Prrarntl ae 

ya 3 = 3 Write in slope-intercept form. 


Notice the similarity between the slope-intercept form of the original equation 
and the slope-intercept form of the parallel equation. The graphs of both equa- 
tions are shown in Figure 1.19. 
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EXAMPLE 7 — Equations of Perpendicular Lines 


Find an equation of the line that passes through the point (2, — 1) and is perpen- 
dicular. to. the line: 2x > 3y,— 5. 


Solution 

By wrung the given line in the form y = tx =, you can see that the line has a 
slope aie So, any line that is perpendicular fo this line must have a slope of — 
eves = is the negative reciprocal of 2), Therefore, the required line 
through the point (2, — 1) has the following equation. 


y—(-D= “(x 2) Substitute for m, x,, and y, in point-slope form. 
yt1l=-3x4+3 Simplify. 
Vio —3x ao A Subtract 1 from each side. 
y= —3y > 2 Slope-intercept form 


The graphs of both equations are shown in Figure 1.20. 


EXAMPLE 8 © Graphs of Perpendicular Lines 
Use a graphing utility to graph the lines 


veer | 
and 
ie GAY, 
Display both graphs in the same viewing window. The lines are supposed to be 


perpendicular (they have slopes of m, = 1 and m, = —1). Do they appear to be 
perpendicular on the display? 


Solution 

If the viewing window is nonsquare, as in Figure 1.21(a), the two lines will not 
appear perpendicular. If, however, the viewing window is square, as in Figure 
1.21(b), the lines will appear perpendicular. 


in 1990, a college had a an enrollment of 5500 students. By 2000, the enroll- 
: ment had increased to 7000 students. 


S a. “What was the average annual change i in ‘enrollment from 1990 to 2000? 


5 Use the average annual change in ee to ss the elo Pent 
in 1993, 1997, and 1999. 


- Write the equation of the line that represents the data in part (b). What is 
: its slope? Interpret the slope in the context of the problem. 


4. Write a short paragraph discussing the ree of es and | Brees? rate 
2 change. : : | 


Figure 1.20 


(b) 
Figure 1.21 
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In Exercises 1 and 2, identify the line that has the 
specified slope. 


II 
| 
~) 


tee(aen 
2. (a) m=0 


(b) m is undefined. (c) m 


(b) m= -3 (c) m 


II 
— 


Ly i 


Ly 


FIGURE FOR 1 FIGURE FOR 2 


In Exercises 3 and 4, sketch the line through the point 
with each indicated slope on the same set of coordi- 
nate axes. 

Point Slopes 
3. i\2,,3) (a) 0 (b) 1 (c) 2 
4.(-4,1) @3 ()-3 ©} 


(fay Sg 
(d) Undefined 


In Exercises 5-10, estimate the slope of the line. 


Ds 


Ho 


In Exercises 11-14, plot the points and find the slope 
of the line passing through the points. Verify the slope 
using the draw feature on your graphing utility to 
graph the line segment connecting the two points. 
(Use a square setting.) 


11°5(07 310) (450) 
ey ey, 29) 


1244 4) 
14 3 2) to) 


In Exercises 15-20, you are given the slope of the line 
and a point on the line. Find three additional points 
through which the line passes. (There are many 
correct answers.) 


Point Slope 
15.,Q2.0) m= 0 
16. (—4, 1) m is undefined. 
17.(—5 4) m= 2 
18. (0, —9) m= —2 
19. (7, —2) m=35 


20. (216) m= —} 


In Exercises 21-24, determine whether the lines L, 
and L, passing through the pairs of points are paral- 
lel, perpendicular, or neither. Use a graphing utility to 
graph the line segments connecting the pairs of points 
on the respective lines. (Use a square setting.) 


oie tO, — 15,9) 22. L,; (—2, -1), (1, 5) 
L,: (0, 3), (4, 1) Te (1,3), 65) 

23. L,: (3, 6), (—6, 0) 24, L,: (4, 8), (—4, 2) 
L,: (0, —1), (5, 4) L,: (3, —5), (—1, 3) 


In Exercises 25-32, (a) find the slope and y-intercept 
(if possible) of the equation of the line algebraically, 
(b) sketch the line by hand, and (c) use a graphing 
utility to verify ue answers to parts (a) and (b). 


25. 5K—y+3=0 7 -*26, 2x +3y-9=0 
27. 5x —2=0 28. 3x +7 =0 
29. 3y +5 =0 30. —11 — 8y =0 


31. 7x + 6y — 30 =0 32.2% = yy — 10= 0 
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In Exercises 33-42, find the general form of the equa- 
tion of the line that passes through the given point and 
has the indicated slope. Sketch the line by hand. Use a 
graphing utility to verify your sketch. 


Point Slope 
33. (0,2) m = 3 
34. (0, 10) m=-—1 
35, (—3, 6) m= 2 
36. (0, 0) m=4 
37. (4, 0) m= 3 
38. (—2, —5) m=3 
39. (6, —1) m is undefined. 
40. (— 10, 4) m= 0 
VA. (—4, 3) m= -3 
42. (2.3,-8.5)  m=-3 


In Exercises 43-52, find the general form of the equa- 
tion of the line that passes through the points. Use a 
graphing utility to sketch the line. 


43. (5, —1), (—5, 5) 44. (4, 3), (—4, —4) 
45. (—8, 1), (—8, 7) 46. (—1, 4), (6, 4) 
47. (2,3), 45) 48. (1, 1), (6,4) 


V9.5, =5), im <a) 50..(3,3),(=3,4) 
51. (1,0.6),(-2,-0.6) 52. (—8, 0.6), (2, —2.4) 


Exploration In Exercises 53 and 54, use the values of 
a and b and a graphing utility to graph the equation 
of the line 

very 


—+2= 1, 


mus a#0,b #0. 


Use the graphs to make a conjecture about what a and 
b represent. Verify your conjecture. 


53. a=5, b=-3 54.a=-6, b=2 


In Exercises 55-58, use the results of Exercises 53 and 
54 to write an equation of the line that passes through 
the points. 


55. x-intercept: (2, 0) 56. x-intercept: (—5, 0) 
y-intercept: (0, 3) 


57. x-intercept: (-2, 0) 


y-intercept: (0, — 4) 
58. x-intercept: (3, 0) 


y-intercept: (0, —3) y-intercept: (0, ;] 


In Exercises 59 and 60, use a graphing utility to graph 
the equation using each of the suggested viewing win- 
dows. Describe the difference between the two graphs. 


59. y= 0.31 — 3 


Xmin = -5 Xmin = -2 
Xmax = 10 Xmax = 10 
Scie XSCli—al 
Ymin = -1 Ymin = -4 
Ymax = 10 Yanaxe—l 
YiSCli=all NiSeli—s1 
60. y = —8x +5 
Xmin = -5 Xmin = -5 
Xmax = 5 Xmax = 10 
Xscli= 1 Xscl—s1 
Ymin = -10 Ymin = -80 
Ymax = 10 Ymax = 80 
Yscl=1 YScle—22() 
Graphical Analysis In Exercises 61-64, use a graph- 


ing utility to graph the three equations in the same 
viewing window. Adjust the viewing window so that 
the slope appears visually correct. Identify any rela- 
tionships that exist among the lines. Use the slope of 
the lines to verify your results. 


él. @)y=2x  (b) w= —2e (cc) y= 

62. (a) y= ay (b) y= —3x (c) y= 2y ee 
63. (a) y = —4x (b) y= —4x tae) (hy, Se Se 
64. (a) y=x-8 (b) y=xt+1 (Cc). y S=—x+ 3 


In Exercises 65-70, write equations of the lines 
through the given point (a) parallel to the given line 
and (b) perpendicular to the given line. 


Point Line 
65. (2, 1) 4x — 2y = 3 
66. (—3, 2) x+y=7 
67. (—3,2) 3x + 4y =7 
68. (Z, 3) 5x + 3y =0 
69. (2.5, 6.8) x-y=4 
70. (-3.9,-1.4) 6x+2y=9 


In Exercises 71 and 72, find a relationship between x 
and y such that (x, y) is equidistant from the two points. 


71. (4, 1); 2,3) 72. (3, 2) s(t 


73. Business 


74. 


phy 


76. 


The slopes are the slopes of lines repre- 
senting annual sales y in terms of time x in years. 
Use each slope to interpret any change in annual 
sales for a 1-year increase in time. 


(a) The line has a slope of m = 135. 
(b) The line has a slope of m = 0. 
— 40. 


Business The slopes are the slopes of lines repre- 
senting daily revenues y in terms of time x in days. 
Use each slope to interpret any change in daily rev- 
enues for a 1-day increase in time. 


(a) The line has a slope of m = 400. 
100. 
(c) The line has a slope of m = 0. 


(c) The line has a slope of m 


(b) The line has a slope of m = 


Business The graph shows the earnings per share 
of stock for the Kellogg Company for the years 1988 
through 1998. (Source: Kellogg Company) 


Pa 

10, 1.70 
: Seis ape OP 70) 
5 8 (4, 126) 
Z i 0.98 
aS a 1.38) 7 
ge 10 ~ (3,104) 148 / 
a 0,087) GI. 139), 


0.5 


Seri meee? Gre lO7L1 
Year (1 © 1988) 


LPS: 


(a) Use the slopes to determine the year(s) when the 
earnings per share showed the greatest increase 
and decrease. 


(b) Find the equation of the line between the years 
1988 and 1998. 


(c) Interpret the meaning of the slope in the equation 
from part (b) in the context of the problem. 


(d) Use the equation from part (b) to estimate the 
earnings per share of stock for the year 2001. Do 
you think this is an accurate estimation? Explain. 

Business The graph shows the dividends declared 

per share of stock for the Colgate-Palmolive Company 

for the years 1988 through 1998. (Source: Colgate- 

Palmolive Company) 


78. 
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1.25 oe ee Ae I. 10). 


Dividends per share 
(in dollars) 


1 tl 


cre ae Wn ih athe PS) 
Year (1 — 1988) 


LZ 


(a) Use the slopes to determine the years when the 
dividends declared per share showed the greatest 
increase and the smallest increase. 


(b) Find the equation of the line between the years 
1988 and 1998. 


(c) Interpret the meaning of the slope in the equation 
from part (b) in the context of the problem. 


(d) Use the equation from part (b) to estimate the 
dividends declared per share for the year 2001. 
Do you think this is an accurate estimation? 
Explain. 


. Driving When driving down a mountain road, you 


notice warning signs indicating that it is a “12% 
grade.” This means that the slope of the road is an 
Approximate the amount of horizontal change in 
your position if you note from elevation markers that 
you have descended 2000 feet vertically. 


Attic Height The “rise to run” ratio of the roof of a 
house determines the steepness of the roof. Suppose 
the rise to run ratio of a roof is 3 to 4. Determine the 
maximum height in the attic of the house if the house 
is 32 feet wide. 


m———— 3) ft ————— 
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Rate of Change In Exercises 79-82, you are given 
the dollar value of a product in 2001 and the rate at 
which the value of the product is expected to change 
during the next 5 years. Use this information to write 
a linear equation that gives the dollar value V of the 
item in terms of the year ¢. (Let ¢ = 1 represent 2001.) 


2001 Value Rate 
79. $2540 $125 increase per year 
80. $156 $4.50 increase per year 
81. $20,400 $2000 decrease per year 
82. $245,000 $5600 decrease per year 


Graphical Interpretation In Exercises 83-86, match 
the description with its graph. Also determine the 
slope and how it is interpreted in the situation. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) 25 (b) 125 ee 

05 8 on 10 
(c) 25 (d) 600 

oF 10 05 6 


83. A person is paying $10 per week to a friend to repay 
a $100 loan. 


84. An employee is paid $12.50 per hour plus $1.50 for 
each unit produced per hour. 


85. A sales representative receives $20 per day for food 
plus $0.25 for each mile traveled. 


86. A word processor that was purchased for $600 
depreciates $100 per year. 


87. Temperature Find the equation of the line that 
shows the relationship between the temperature 
in degrees Celsius C and degrees Fahrenheit F. 
Remember that water freezes at 0°C (32°F) and boils 
at 100°C (212°F). 

88. Temperature 
plete the table. 


Use the result of Exercise 87 to com- 


=I" | ior livia 


68° | 90° 


89. 


91. 


92. 


93: 


Finance Your salary was $28,500 in 1998 and 
$32,900 in 2000. If your salary follows a linear 
growth pattern, what will your salary be in 2003? 


. College Enrollment A small college had 2546 stu- 


dents in 1998 and 2702 students in 2000. If the 
enrollment follows a linear growth pattern, how 
many students will the college have in 2004? 


Business A small business purchases a fax 
machine for $875. After 5 years, the fax machine 
will be outdated and have no value. 


(a) Write a linear equation giving the value V of the 
fax machine during the 5 years it will be used. 


(b) Use a graphing utility to graph the linear equa- 
tion representing the depreciation of the fax 
machine, and use the value or trace feature to 
complete the table. 


(c) Verify your answers in part (b) algebraically by 
using the equation you found in part (a). 
Business A small business purchases a computer 
network system for $25,000. After 10 years, the 
system will have to be replaced. Its value at that time 
is expected to be $2000. 


(a) Write a linear equation giving the value V of the 
system during the 10 years it will be used. 

(b) Use a graphing utility to graph the linear 
equation representing the depreciation of the 
system, and use the value or trace feature. to 
complete the table. 


(c) Verify your answers in part (b) algebraically by 
using the equation you found in part (a). 
Business A contractor purchases a bulldozer for 
$36,500. The bulldozer requires an average expendi- 
ture of $5.25 per hour for fuel and maintenance, and 
the operator is paid $11.50 per hour. 


(a) Write a linear equation giving the total cost C of 
operating the bulldozer for t hours. (Include the 
purchase cost of the bulldozer.) 


(b) Assuming that customers are charged $27 per 
hour of bulldozer use, write an equation for the 
revenue R derived from t hours of use. 


94. 


93. 


(c) Use the formula for profit (P = R — C) to write 
an equation for the profit derived from ft hours of 
use. 


(d) Use the result of part (c) to find the break-even 
point (the number of hours the bulldozer must be 
used to yield a profit of 0 dollars). 


Real Estate Purchase A real estate office handles 
an apartment complex with 50 units. When the rent 
per unit is $580 per month, all 50 units are occupied. 
However, when the rent is $625 per month, the aver- 
age number of occupied units drops to 47. Assume 
that the relationship between the monthly rent p and 
the demand x is linear. 


(a) Write the equation of the line giving the demand 
x in terms of the rent p. 

(b) Use a graphing utility to graph the demand equa- 
tion and use the trace feature to estimate the 
number of units occupied if the rent is raised to 
$655. Verify your answer algebraically. 


(c) Use the demand equation to estimate the number 
of units occupied if the rent is lowered to $595. 
Verify your answer graphically. 


Sports The average annual salaries of Major 
League Baseball players (in thousands of dollars) 
from 1988 to 1998 are shown in the scatter plot. 
Let y represent the average salary and let f represent 
the year, with t=O corresponding to 1988. 
(Source: Major League Baseball Player Relations 
Committee) 


iS 
S 
S 


Ss 
S 
S 


800 


Average salary 
a 
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SI 
o 
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(a) Use the regression capabilities of a graphing 
utility to find the line that best fits the data. 

(b) Use the regression line to estimate the average 
salary in the year 2000. 

(c) Interpret the meaning of the slope of the regres- 
sion line. 
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Synthesis 


True or False? 


In Exercises 96 and 97, determine 


whether the statement is true or false. Justify your 
answer. 


96. 


Hk: 


98. 


oo: 


100. 


101. 


The line through (—8, 2) and (—1, 4) and the line 
through (0, —4) and (—7, 7) are parallel. 

If the points (10, —3) and (2, —9) lie on the same 
line, then the point (—12, — 32) also lies on that 
line. 


Writing Explain how you could show that the 
points A(2, 3), B(2, 9), and C(7, 3) are the vertices 
of a right triangle. 

Think About It The slopes of two lines are —4 
and x Which is steeper? 

Writing Write a brief paragraph explaining 
whether or not any pair of points on a line can be 
used to calculate the slope of the line. 

Think About It Is it possible for two lines with 
positive slopes to be perpendicular? Explain. 


Review 


In Exercises 102-107, determine whether the expres- 
sion is a polynomial. If it is, write the polynomial in 
standard form. 


102. 
104. 


106. 


x + 20 103. 3x — 10x? + 1 
Gateyen 3 1053 
eu Bw 107 cee Le 


x*-9 


In Exercises 108-111, factor the trinomial. 


108. 
110. 


109 teas Link 28 
11D 337 16045 


x? — 6x — 27 
2x? + 1lx — 40 


In Exercises 112-115, find the standard form of the 
equation of the specified circle. 


112. 
113. 
114. 
115. 


Center: (0, 0); radius: 9 

Center: (—8, —5); radius: 3 

Center: (10, 1); solution point: (—2, —4) 
Endpoints of a diameter: (6, — 5), (—2, 7) 
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Introduction to Functions 


Many everyday phenomena involve pairs of quantities that are related to each 
other by some rule of correspondence. The mathematical term for such a rule of 
correspondence is a relation. Here are two examples. 


1. The simple interest / earned on an investment of $1000 for | year is related to 
the annual interest rate r by the formula J = 1000r. 


2. The area A of a circle is related to its radius r by the formula A = ar’. 


Not all relations have simple mathematical formulas. For instance, people com- 
monly match up NFL starting quarterbacks with touchdown passes, and hours of 
the day with temperature. In each of these cases, however, there is some relation 
that matches each item from one set with exactly one item from a different set. 
Such a relation is called a function. 


O Di e fi ii ni tl on ota wu neti on 


_A function f from a set A tc n that < signs to o each Serene 
| in the set A aely, one Semone: Be in the set B. The set Ai is the domain (or 
set of. Coe of the function tb and ae set, CB contains the range (or set of 
outputs). pay a 


Salis 


To help understand this definition, look at the function in Figure 1.22. 


Time of day Temperature (in degrees C) 


Set A is the domain. Set B contains the range. 
Inputs: 1, 2, 3,4, 5,6 Outputs: 9, 10, 12, 13, 15 
Figure 1.22 


This function can be represented by the ordered pairs {(1, 9°), (2, 13°), (3, 15°), 
(4, 15°), (5, 12°), (6, 10°) }. In each ordered pair, the first coordinate is the input 


and the second coordinate is the output. In this example, note the following char- 
acteristics of a function. 


1. Each element in A must be matched with an element of B. 

2. Some elements in B may not be matched with any element in A. 

3. Two or more elements of A may be matched with the same element of B. 
The converse of the third statement is not true. That is, an element of A. (the 


domain) cannot be matched with two different elements of B. In other words, 
each element of A must be matched with only one element of B. 


Kunio Owaki/The Stock Market 


Functions are commonly represented in four ways. 
1. Verbally by a sentence that describes how the input variable is related to the 
output variable 


2. Numerically by a table or a list of ordered pairs that matches input values with 
output values 


3. Graphically by points on a graph in a coordinate plane in which the input 
values are represented by the horizontal axis and the output values are 
represented by the vertical axis 


4. Algebraically by an equation in two variables 


In the following example, you are asked to decide whether the given relation is a 
function. To do this, you must decide whether each input value is matched with 
exactly one output value. If any input value is matched with two or more output 
values, the relation is not a function. 


EXAMPLE 1 


Decide whether the description represents y as a function of x. 


Testing for Functions 


a. The input value x is the number of representatives from a state and the output 
value y is the number of senators. 


Figure 1.23 


Solution 

a. This verbal description does describe y as a function of x. Regardless of the 
value of x, the value of y is always 2. Such functions are called constant 
functions. 

b. This table does not describe y as a function of x. The input value 2 is mapped 
to two different y-values. 

c. The graph in Figure 1.23 does describe y as a function of x. No input value is 
mapped to two output values. 


Representing functions by sets of ordered pairs is common in discrete mathemat- 
ics. For instance, a function that relates the number of units produced or sold in 
business to the profit could be represented by sets of ordered pairs. In algebra, 
however, it is more common to assume that the variables can be any real value 
and represent functions by equations or formulas involving two variables. 
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Library of Functions 


Many functions do not have 
simple mathematical formulas but 
are defined by real-life data. Such: 


functions arise when you are 


using collections of data to model 
real-life applications. You will see 


that it is often convenient to 


approximate the data using a 


mathematical model or formula. 


Consult the Library of Functions 
Summary inside the front cover 
for a description of functions 
used to model data. 


hep 


1 of a function j is s not the! same as 


the use of range relating to the 


viewing window. . 
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For instance, the equation 
SS age y is a function of x. 


represents the variable y as a function of the variable x. In this equation, x is the 
independent variable and y is the dependent variable. The domain of the func- 
tion is the set of all values taken on by the independent variable x, and the range 
of the function is the set of all values taken on by the dependent variable y. 


EXAMPLE 2 _ Testing for Functions Represented Algebraically 


Which of the equations represents y as a function of x? 
a. x?7+y=1 beta | 


Solution | 
To determine whether y is a function of x, try to solve for y in terms of x. 
a. Solving for y yields 


Kot yk Write original equation. 
eh eee Solve for y. 
To each value of x there corresponds exactly one value of y. So, y is a func- 


tion of x. 


b. Solving for y yields 
Se ieee ih Write original equation. 
y2=14+% Add x to each side. 
y= +/1 + x. Solve for y. 


The + indicates that for a given value of x there correspond two values of y. 
So, y is not a function of x. 


Function Notation 


When an equation is used to represent a function, it is convenient to name the 
function so that it can be referenced easily. For example, you know that the equa- 
tion y = 1 — x? describes y as a function of x. Suppose you give this function the 
name “‘f”’ Then you can use the following function notation. 


Input Output Equation 
x f(x) A) ee: 


The symbol f(x) is read as the value of f at x or simply f of x. The symbol f(x) 
corresponds to the y-value for a given x. So, you can write y = f(x). Keep in mind 
that fis the name of the function, whereas f(x) is the output value of the function 
at the input value x. In function notation, the input is the independent variable and 
the output is the dependent variable. For instance, the function f(x) = 3 — 2x has 
function values denoted by f(—1), (0), f(2), and so on. To find these values, 


substitute the specified input values into the given equation. 
Forx=—1, f(—1) =3 -2(-1)=34+2=5. 
For x = 0, f Q)= 3: 2(0) 3 1.0 a 
For x = 2, f(Q) =8 = 22) =3)' = 44 


The /nteractive CD-ROM and Internet 
versions of this text offer a built-in graph- 
ing calculator, which can be used with 
the Examples, Explorations, and 
Exercises. 


STUDY TIP 


You can use a graphing utility to 
evaluate a function. On the 
website college.hmco.com, you 
will find the graphing utility | 
program EVALUATE. The 
program will prompt you fora 
value of x, and then evaluate the — 
expression in the equation editor | 
for that value of x. Try using the 
program to evaluate several dif- 
ferent functions of x. 


Although fis often used as a convenient function name and x is often used as the 


independent variable, you can use other letters. For instance, 
uss x — 4x + 7, f(t) = t? — 4t + 7, and g(s) =s?-—45 +7 


all define the same function. In fact, the role of the independent variable is that of 
a “placeholder.” Consequently, the function could be described by 


j\ fun) = (GRRE)? — 4( BR) + 7. 


EXAMPLE 3 _ Evaluating a Function 


Let g(x) = —x? + 4x + 1 and find 


a. 9(2) b. g(t) c. g(x + 2). 


Solution 
a. Replacing x with 2 in g(x) = —x? + 4x + 1 yields the following. 


eee) Oye —4 48 +1=5 
b. Replacing x with ¢ yields the following. 
gi) = -(? +40) +1 =-0? + 44+ 1 
c. Replacing x with x + 2 yields the following. 
g(x + 2) = —(@ + 2)? + 4+ 2) + 1 
Stet 4x Ait 4n+ 84+ 1 


Substitute x + 2 for x. 


Multiply. 


ae yea Ay 8 t+ Distributive Property 


Ea eS ie Simplify. 
In Example 3, note that g(x + 2) is not equal to g(x) + g9(2). In general, 
g(u + v) # g(u) + g(r). 

Sometimes a function is defined by more than one equation. An illustration 
of this is given in Example 4. 


EXAMPLE 4 A Piecewise-Defined Function 


Evaluate the function when x = —1, 0, and 1. 
x? + 1,—-x < 0 
fod= fe en) 
Solution | 
Because x = —1 is less than 0, use f(x) = x? + | to obtain 


fie) = (dy 1 = 2. 

For x = 0, use f(x) = x — 1 to obtain 
0) = (0) 1 = 1. 

For x = 1, use f(x) = x — | to obtain 


f(D) = (1)-—1=0. 
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Library of Functions 


The function in Example 4 is a 
piecewise-defined function. This 
means that the function is defined 
by two or more equations over a 
specified domain. In Example 4, 
you use the top equation for all 
x-values less than 0, and the 
bottom equation for all x-values 
greater than or equal to 0. 


Consult the Library of Functions 
Summary inside the front cover 
for a description of the piecewise- 
defined function. 


STUDY TIP 


Most graphing utilities can 
graph functions that are defined 
piecewise. For instructions on 
how to enter a piecewise- 
defined function into your 
graphing utility, consult your 
user’s manual. You may find it 
helpful to set your graphing util- 
ity to dot mode before graphing. 
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The Domain of a Function 


The domain of a function is the set of all values of the independent variable for 
which the function is defined. If x is in the domain of f, fis said to be defined at 
x. If x is not in the domain of f, fis said to be undefined at x. 

The domain of a function can be described explicitly or it can be implied by 
the expression used to define the function. The implied domain is the set of all 
real numbers for which the expression is defined. For instance, the function 


Domain excludes x-values that 
x2 — 4 result in division by zero. 


f(x) = 


has an implied domain that consists of all real x other than x = +2. These two 
values are excluded from the domain because division by zero is undefined. 
Another common type of implied domain is that used to avoid even roots of neg- 
ative numbers. For example, the function 


Domain excludes x-values that result 
in even roots of negative numbers. 


f(x) = Vx 


is defined only for x > 0. So, its implied domain is the interval [0, oo). In gener- 
al, the domain of a function excludes values that would cause division by zero or 
result in the even root of a negative number. 


EXAMPLE 5 Finding the Domain of a Function 


Find the domain of each function. 
a. ie ease 0), = re 4), (0, 2) (2, 2), (4, = 1)} 


b. g(x) = —3x? + 4x 4+ 5 


c. A(x) = —; 
e. k(x) = V4 -— 3x 


d. Volume of a sphere: V = $77 

Solution 

a. The domain of f consists of all first coordinates in the set of ordered pairs. 
Domain = {—3, —1, 0, 2, 4}. 

b. The domain of g is the set of all real numbers. 


c. Excluding x-values that yield zero in the denominator, the domain of h is the 
set of all real numbers x # —5S. 


d. Because this function represents the volume of a sphere, the values of the 
radius r must be positive. So, the domain is the set of all real numbers r such 
that r > 0. 


e. This function is defined only for x-values for which 
Ae 3x 2:0) 


The domain of k is all real numbers that are less than or equal to = 


In Example 5(d), note that the domain of a function may be implied by the phys- 
ical context. For instance, from the equation V = far, you would have no rea- 


son to restrict r to positive values, but the physical context implies that a sphere 
cannot have a negative or zero radius. 


Library of Functions 


The square root function 

f(x) = Vx is not defined for 

x <0. This means that you must 
be careful when analyzing the — 
domain of complicated functions 
involving the square root symbol. 


Consult the Library of Functions 


Summary inside the front cover 
for a description of the square 
root or radical function. 


STUDY TIP 


In Example S(e), 4 — 3x = Ois 
a linear inequality. For help 
with solving linear inequalities 
see Appendix C. You will study 
more about inequalities in 
Section 2.5. 
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Applications 


EXAMPLE 6 The Dimensions of a Container 


You work in the marketing department of a soft-drink company and are experi- 
menting with a new soft-drink can that is slightly narrower and taller than a 
standard can. For your experimental can, the ratio of the height to the radius is 4, 
as shown in Figure 1.24. 


a. Express the volume of the can as a function of the radius r. 
b. Express the volume of the can as a function of the height h. 
Solution 


The volume of a right circular cylinder is V = ar-h. 
a. To write the volume as a function of the radius, use the fact that h = 4r. 


Vir) —ar-h = ar24r) = 40r Write V as a function of r. 
b. To write the volume as a function of the height, use the fact that r = h/4. Figure 1.24 
h\2 he 
V(h) = rh = n(“) h= Ae Write V as a function of h. 


EXAMPLE 7 The Path of a Baseball 


A baseball is hit at a point 3 feet above ground at a velocity of 100 feet per second 
‘and an angle of 45°. The path of the baseball is given by the function 


x)= = 0:0032x7 + x-+ 3 
where y and x are measured in feet. Will the baseball clear a 10-foot fence locat- 


ed 300 feet from home plate? 


Algebraic Solution Graphical Solution 


Use a graphing utility to graph the function 
y = —0.0032x? + x + 3, as shown in Figure 1.25. 


The height of the baseball is a function of the horizontal 
distance from home plate. When x = 300, you can find 
the height of the baseball as follows. 


he ee opal =—0.0032x2+x+3 
f(x) = —(0.0032x2 +.x+3 Write original 100 E tints 


equation. 


fOn X. 


(G00) = —0.0032(300)*F 300 + 3 Substitute 300 


= 15 Simplify. 


When x = 300, the height of the baseball is 15 feet, so the 


baseball will clear a 10-foot fence. 0 400 


0 
Figure 1.25 


Use the value feature or zoom and trace features of the 
graphing utility to estimate that y = 15 when x = 300. 
So, the ball will clear a 10-foot fence. 
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EXAMPLE 8 _ Direct Mail Advertising 


The money C (in billions of dollars) spent for direct mail advertising in the United 
States increased in a linear pattern from 1990 to 1992, as shown in Figure 1.26. 
Then, in 1993, the money spent took a jump and, until 1996, increased in a, 
different linear pattern. These two patterns can be approximated by the function 


Ct) = 2340 + 01. (0 Ss ts 2 
We toss 4 2 0s = 7 <6 
where t = 0 represents 1990. Use this function to approximate the total amount 


spent for direct mail advertising between 1990 and 1996. (Source: McCann- 
Erickson) 


Solution 
From 1990 to 1992, use the formula C(t) = 23.40 + 1.011. 


$23.40, $24.41, $25.42 


= eS Se 
1990 1991 1992 


From 1993 to 1996, use the formula C(t) = 19.85 + 2.50r. 
$27.35, $29.85, $32.35, $34.85 


eS eS EE 
1993 1994 1995 1996 


The total of these seven amounts is $197.63, which implies that the total amount 
spent was approximately $197,630,000,000. 
One of the basic definitions in calculus employs the ratio 


Teh) = f() 


h #0. 
h 


This ratio is called a difference quotient, as illustrated in Examples 9 and 10. 


i” 


EXAMPLE 9 _ Evaluating a Difference Quotient 
fx + h) = FO). 


For f(x) = —2x + 4, find 


h 
| Solution 
f(x +h) —f() — [-2@ + A) + 4] - (-2x + 4) 
= Substitute x + h for x. 
h h 
20 — Zhe a Oe 

= h Distributive Property 
ee ee Simplify and divide out 
ei ih wae ome 7°) common factor. 


The symbol Jy indicates an example or exercise that highlights algebraic techniques specifically 
used in calculus. 


Direct-Mail Advertising 


Money spent 
(in billions of dollars) 


Figure 1.26 


STUDY TIP | 


Notice in Example 9 thath —~ 
cannot be zero in the original 
expression. So, you must restrict 
the domain of the simplified 
expression by adding h # 0 so 
that the simplified expression is 
equivalent to the original 
expression. 
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EXAMPLE 10 _ Evaluating a Difference Quotient 


fle +h) ~ FO) 


For f(x) = x2 — 4x + 7, find 


Solution 
Hix Fh) — f(x) a [(@ + h)? — 4% + h) + 7) — (x?-4x + 7) 
h h 


x? + 2xh + h? — 4x -4h4+7-—x24+4x-7 
h 


xh he Ah 
h 
hQx + h— 4) 
Ta een int h#0 


: Bancion: A function | is a je anoaaip ponveen two abe such that to” 
each value of the independent variable there ‘corresponds es one value of 
=the dependent variable. Rea ee es 


Function Notation: y= fh 
f is the name of the function. 
_ y is the dependent variable, or output value, 
id is the independent variable, or we value. 
f(x) is the value of the function at x. a 


~The Granger Collection 


Domain: The domain of a function is the set of all he (inputs) of the inde 
pendent variable for which the function i is defined. ipa es 


Range: The range of a function i is the set of all values (outputs) ee by 
the dependent variable (that is, the set of all function values). — 


phen Domain: If f is defined by an algebraic expression and the domain is 
_ not specified, the implied domain consists of all real numbers for which the 
expression is defined. . 


The table at the left shows the monthly revenue y (in thousands of dollars) 
for one year of a landscaping business, with x = 1 representing J: uke 
A mathematical model that represents this data is 
1O7x 26.33 
| ke ee S14r+ 631 7 | | 
; 4| 33 7 101 69 - What is the domain of each part of the piecewise- -defined function? How can 
fe — oe you tell? Explain your reasoning. 
| 5 | 1h5-fe E 4.5 “Find f(5) and f(11), and interpret your pesuled in the context of the 
: eh 15.8 | 1% | 37 4 people 18 do these model values compare with the actual data values? 


100 
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In Exercises 1-4, is the relationship a function? 


(1) Domain — Range 2. Domain Range 
ate 
Se 5 yee rai ce 
—1 6 =1 4 
0 7 Rees 
pe 
1 8 1 
2 » 
3. Domain Range 4, Domain Range 


(Year) (North Atlantic 


; Cubs 
National ; : 
Pirates tropical storms 
League 


Dodgers and hurricanes) 
1989 T 
| 1990 8 Yeu. 
American 7 Ot0les 1991 Ne 
Teague <ankees 1992 13 
Twins 1993 14 
1994 19 
1995 
1996 


In Exercises 5—8, does the table describe a function? 
Explain your reasoning. 


> | Input Value Ol te 
Output Value oj 18 

* [inputWaiue Jo [1.2/1] 0] ,) 
Output Value | —4/ -2] 0/2) 4] 


7) Input Value | 10 7 3 4 
| Output Value {3 | 


Input Value 3| 9 | 
‘Output Value : ep bank i 3 | [es 


In Exercises 9 and 10, which sets of ordered pairs 
represent function(s) from A to B? Explain. 


9, A = {0,1, 2,3} and B = {—2, -1,0, 1,2} 
(a) {(0, 1), 1, —2), (2, 0), (3, 2)} 


(b) {(0, —1), (2, 2); (1,22) 350), Cee 
(c) {(0, 0), (1, 0), (2, 0), (3, O)} 
(DLO 22) (370) Cet) 
10. A = {a, b,c} and B = {0, 1, 2, 3} 
(a) {(a, 1), (¢, 2), (ce, 3), (b, 3)5 
(b) {(a,-1),(6, 2), 463) 5 
(c) {(1, a), (0, a), (2, c), (3, b)} 
(d) {(c, 0), (b, 0), (a, 3)} 


Circulation of Newspapers In Exercises 11 and 12, 
use the graph, which shows the circulation (in 
millions) of daily newspapers in the United States. 
(Source: Editor & Publisher Company) 


Circulation (in millions) 


1989 


1991 1993 


Year 


1995 1997 


11. Is the circulation of morning newspapers a function 
of the year? Is the circulation of evening newspapers 
a function of the year? Explain. 


12. Let f(x) represent the circulation of evening news- 
papers in year x. Find f(1994). 


In Exercises 13-24, determine if the equation repre- 
sents y as a function of x. 


13.) x? + y* = 14.5 =57 9.3 ut 
15. x7 + y=4 16. x + y*=4 

17.) 2x + 3y = 4 18. x= —-y+5 

19. y2=x2-1 20. y= J/x +5 
21.) y = |4 — x| 22. |y| =4-—<x 
23,x = 4 24. y= -2 


In Exercises 25 and 26, fill in the blanks using the 
specified function and the given values of the inde- 
pendent variable. Simplify the result. 


25. 


26. 


1 
Pha) 


(a) f(4) = 


(b) f(0) = 


(c) f(4t) - (1 
(d) fect ic) tem 


Ca 2 

(a) 2(2) = (Me) 2( a) 
(b) g(—3) = (eB) 
(c) g(t + 1) = ( 
(@) g(x + 0) =( 


In Exercises 27-38, evaluate the function at each spec- 
ified value of the independent variable and simplify. 


27. 


28. 


34. 


ake 


f(x) = 2x — 3 

(a) f(1) (b) ef (==3) (hafe*1) 

fy) = 3y 

(a) 20) —v) g(3) (c) g(s + 2) 
.) A(t) = 1? — 2t 

(a) A(2) (b) h(1.5) (c) A(x + 2) 
« V(r) = jar 

(a) V3) ~—(b) -V(3) (c) V(2r) 
. f(y) =3 - Vy 

(a) f(4) (b) f(0.25) (c) f (4x?) 

= e+ 8 +2 

(a) f(-8)  (b) FC) () f(x - 8) 
+ q(x) = eo KEG 

(a) gO) —(b) (3) (c) gy + 3) 

2t7 SiS 

q(t) = 3 

(a) q(2)—(b) (0) (c) q(~x) 

fo) =" 

(a) f(2) (by) f(—2) (Gages! 
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36. f(x) = |x| + 4 
(a) f(2) (b) f(—2) Cr) 
< Dye se Il ea) 
37, fo) “ls oS 0 
Omic (b) f(0) (c) f(2) 
x7 HD, oS 1 
(a) f(- “ (b) f(1) (jaft2) 


In Exercises 39-44, complete the table. 
39) ae 
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In Exercises 45-52, find all real values of x such that 
f(x) =0. 
45.\ f(x) = 15 — 3x 46. f(x) =5x+ 1 
ye a! (0 ae 
5 5 
AQP) x2 "9 50. f(x) =~ -—x 
51. fa) = /2 — 16 


In Exercises 53-56, find the value(s) of x for which 
f(x) = g(x). 

53x) = 22, eG) =x +2 

54.5 f(x) = x7 + 2x 4.1, 2(0) = 3x + 3 

55. f(x) = /3x+1, g(x) =x+1 

56.0) (=o oan ex) = 2x7 


47. f(x) = 


In Exercises 57-70, determine the domain of the 
function. 


57 Vio + 2x — 1 | 58) eG) — 22 
4 3 
59\ h(t) = — 60. s(y) = 


Ah, A= TO oeye Sara 
63.7) =e 64. f(x) = A/a? + 3x 


+ 
Nn 


i capes’ E10 

65.) g(x) = iy Rac a2 66. h(x) = so 

67) f(s) = _ 68. f(x) = vis 
BW ie Bien 

69.\ f(x) = = a 70. f(x) = Seay 


In Exercises 71-74, assume that the domain of /f is 
the set A = {—2, —1, 0,1, 2}. Determine the set of 
ordered pairs representing the function f. 

Dis 
2 72. — 
F(x) Xe ae 
74, f(x) = |x + 1 


hl, Aas 
73, (= ./ x + 2 


ee 


Exploration In Exercises 75-78, select a function 
from f(x) = cx, g(x) = cx?, h(x) = c./\x!, or r(x) = 
c/x and determine the value of the constant c such that 
the function fits the data given in the table. 


1B) 


In Exercises 79-86, find the difference quotient and 
simplify your answer. 


flee a mn iC?) : 

g(x + h) — g(x) 
h 

Sc z st Fy ni 


fies: 2 Sie). = 


Cc 


fer We i 


79. ) fx) = 2x, +0 


$0. ea) =3x% — 1, ,h#0 
SI) (Gy =a = x 0 
82. fG) = 5x — x, 


83.) f(x) = x°, #0 


84. f(x) = bx h 0 
sot ig onal) 

85. f(t) =, ay et ttl 

86. f(x) = —. Aas) Biot) 


87. Geometry Express the area A of a circle as a func- 
tion of its circumference C. 


88. Geometry Express the area A of an equilateral 
triangle as a function of the length s of its sides. 

89. Geometry Express the area A of an isosceles right 
triangle as a function of the length s of one of its two 
equal sides. 


90. Geometry Express the area A of an equilateral 
triangle as a function of the height of the triangle. 


The symbol CAL indicates an example or exercise that highlights algebraic techniques specifically 


used in calculus. 


91. Exploration An open box of maximum volume 


is to be made from a square piece of material, 24 
centimeters on a side, by cutting equal squares from 
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(c) Use the value feature or zoom and trace features 
of the graphing utility to approximate P when 
x = 120, 130, and 140. 


the corners and turning up the sides. ps (d) Verify your answers to part (c) algebraically. 


(93. ‘Geometry A right triangle is formed in the first 
___/quadrant by the x- and y-axes and a line through the 
point (2, 1). Write the area of the triangle as a func- 

tion of x, and determine the domain of the function. 


(a) Use the table feature of a graphing utility to 
complete six rows of the table. Use the result to 
guess the maximum volume. 


SEEN ELE Og SEY Sees 


1[24 — 2(1)P = 484 
24 — 2(2) | 2[24 — 2(2)P = 800 | 


(b) Write the volume V as a function of x, and deter- 
mine its domain. Use a graphing utility to graph 
the function. 


(c) Use the value feature or zoom and trace features 
of the graphing utility to approximate V when 
x = 9 and when x = 10. 


94. Geometry A rectangle is bounded by the x-axis 
and the semicircle y = 36 — x?. Write the area of 
the rectangle as a function of x, and determine the 


(d) Verify your answers to part (c) algebraically. ; : 
domain of the function. 


im—— 24 — 2x ——" x 


/95./Geometry A rectangular package to be sent,by the 
—/” USS. Postal Service can have a maximum combined 
length and girth (perimeter of a cross section) of 

108 inches. 


92. Exploration The cost per unit of a certain radio 
model is $60. The manufacturer charges $90 per unit 
for orders of 100 or less. To encourage large orders, 
the manufacturer reduces the charge by $0.15 per 
radio for each unit ordered in excess of 100 (-.e., 
there would be a charge of $87 per radio for an order 
size of 120). 


(a) Use the table feature of a graphing utility to 
complete six rows of the table. Use the result to 
estimate the maximum profit. 


90 — 10(0.15) | xp — 110(60) 
90 — 20(0.15) | xp — 120(60) 


(a) Write the volume of the package as a function of x. 
(b) What is the domain of the function? 


(c) Use a graphing utility to graph the function. Be sure 
to use the appropriate viewing window. 


(b) Write the profit P as a function of x, and deter- 
mine its domain. Use a graphing utility to graph 
the function. 


(d) What dimensions will maximize the volume of the 
package? Explain your answer. 


104 


96. Mobile Home Prices 


97. Business 


98 


Mobile home price (in thousands of dollars) 


Chapter 1 ¢ Functions and Their Graphs 


The average price p (in thou- 
sands of dollars) of anew mobile home in the United 
States from 1974 to 1997 can be approximated by 
the model 


oe 17.27 + 1.0361, =16 
PY) ~ |) 4.807 + 2.882 + 0.01122, 12 


IA 


is 11 
Pis17 


lA 


where t = 0 represents 1980. Use a graphing utility 
to graph this model. Then use the value feature or 
zoom and trace features to find the average price of a 
mobile home in 1978, 1988, 1993, and 1997. (Source: 
U.S. Bureau of the Census, Construction Reports) 


UGE 


Sis Oda cd Fesei tear iacasiealeD 


Eee ee Sepeec Lesvos tsar sey erehe as heals eeest= ag ceae 


4 In 
ee wow 


Re EIT SE SSE SET STE EE 


Year (0 < 1980) 


A company produces a toy for which the 
variable cost is $12.30 per unit and the fixed costs 
are $98,000. The toy sells for $17.98. Let x be the 
number of units produced and sold. 


(a) Write the total cost C as a function of the num- 
ber of units produced. 


(b) Write the revenue R as a function of the number 
of units sold. 


(c) Write the profit P as a function of the number of 
units sold. (Note: P = R — C.) 


Business The inventor of a new game believes that 
the variable cost for producing the game is $0.95 per 
unit and the fixed costs are $6000. The inventor sells 
each game for $1.69. Let x be the number of games 
sold. 


(a) Write the total cost C as a function of the number 
of games sold. 


(b) Write the average cost per unit C = C/x as a 
function of x. 


99, Charter Bus Fares 


100. Physics 


For groups of 80 or more 
people, a charter bus company determines the rate 
per person according to the formula 


Rate = 8 — 0.05(n — 80), n = 80 
where the rate is given in dollars and n is the 
number of people. 


(a) Express the revenue R for the bus company as a 
function of n. 


(b) Use the function from part (a) to complete the 
table. What can you conclude? 


100 | 110 | 120 | 130 | 140 150 | 
Me | 


(c) Use a graphing utility to graph R and determine 
the number of people that will produce a maxi- 
mum revenue. Compare the result with your 
conclusion from part (b). 


 & 


The force F (in tons) of water against the 


face of a dam is a function F(y) = 149.76/ 10y°/?, 
where y is the depth of the water in feet. Complete 
the table. 


(a) What can you conclude from the table? 

(b) Use a graphing utility to graph the function. 
Describe your viewing window. 

(c) Use the table to approximate the depth at which 
the force against the dam is 1,000,000 tons. 
How could you find a better estimate? 


(d) Verify your answer in part (c) graphically. 


101. Height of a Balloon A balloon carrying a trans- 


mitter ascends vertically from a point 3000 feet 
from the receiving station. 


(a) Draw a diagram to represent the problem. Let h 
represent the height of the balloon and let d 
represent the distance between the~balloon and 
the receiving station. 


(b 


a 


Express the height of the balloon as a function 

of d. What is the domain of the function? 

(c) Use a graphing utility to graph the function in 
part (b). Describe your viewing window. 

(d) Graphically find the height of the balloon 


when d= 10,000 feet. Verify your answer 
algebraically. 


102. Biology The graph below shows the lynx popula- 
tion from 1988 through 1995 in a 350-square- 
kilometer region of the Yukon territory in Canada. 
Let f(t) represent the number of lynx in year f. 
(Source: Kluane Boreal Forest Ecosystem Project) 


f(t) 


Number of lynx 


1989 199] 1993 1995 
Year 
(a) Find f(1992). 
__ (1994) — f(1991) 
a 
MD nS 10041-91991 


and interpret the result in the context of the 
problem. 


— 


(c) An approximate model for the function is 


434t + 4387 
~~ A542 — 55¢ + 100 


N(t) 


where N is the number of lynx and ¢ is the time 
in years, with t = O corresponding to 1990. 
Complete the table and compare the result with 
the data. Use a graphing utility to graph the 
model and data in the same viewing window. 
Comment on the validity of the model. 


_ 
1996-1991 


1993 | 1994 | 1995 
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Synthesis 


True or False? In Exercises 103 and 104, determine 
whether the statement is true or false. Justify your 
answer. 


103. The domain of the function f(x) = x*+— 1 is 
(— 00, oo), and the range of f(x) is (0, 00). 

104. The set of ordered pairs {(—8, —2), (—6, 0), 
(=4).0), (= 2)2)) (0/4) (2342) brepresentsma 
function. 


105. Think About It Does the relationship shown in 
the figure represent a function from set A to set B? 
Explain. 


\ oo 
ey 
= 


106. Writing In your own words, explain the meaning 
of domain and range. 


107. Think About It Describe an advantage of func- 
tion notation. 


Review 


In Exercises 108-111, perform the operations and 
simplify. 


108. lZ= 245 


3 in x 
wex-—20 x +4e—-—5 
Oy oom LIX. ON x +10 
5x 22 + 5x — 3 
el ee ee 
A(x —9) 2x — 9) 


109. 


110 


111. 


In Exercises 112-115, sketch the graph of the equa- 
tion using the point-plotting method. 


112 y= 2h 5 1 Ue Wt wi oe a 
114. y = /x — 6 152 y =x —2 
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The Graph of a Function 


In Section 1.3 functions were represented graphically by points on a graph ina 
coordinate plane in which the input values are represented by the horizontal axis 
and the output values are represented by the vertical axis. The graph of a func- 
tion f is the collection of ordered pairs (x, f(x)) such that x is in the domain of f. 
As you study this section, remember the following geometrical interpretation of 
x and f(x). 


x = the directed distance from the y-axis 
f(x) = the directed distance from the x-axis 


Example | shows how to use the graph of a function to find the domain and range 
of the function. 


EXAMPLE 1 Finding the Domain and Range of a Function 


Use the graph of the function f shown in Figure 1.27 to find (a) the domain of f 
| (b) the function values f(— 1) and f(2), and (c) the range of f. 


Solution 

a. The closed dot (on the left) indicates that x = — 1 is in the domain of f, where- 
as the open dot (on the right) indicates that x = 4 is not in the domain. So, the 
domain of f is all x in the interval [—1, 4). 


b. Because (— 1, —5) is a point on the graph of f, it follows that 


fas = 
Similarly, because (2, 4) is a point on the graph of f, it follows that 
(oa 
c. Because the graph does not extend below f(— 1) = —5 orabove f(2) = 4, the 


range of f is the interval | —5, 4]. 


Figure 1.27 


The use of dots (open or closed) at the extreme left and right points of a graph 
indicates that the graph does not extend beyond these points. If no such dots are 
shown, assume that the graph extends beyond these points. 


You Should Learn: 

e How to find the domains and 
ranges of functions 

e How to use the Vertical Line 
Test for functions 

© How to determine intervals on 
which functions are increas- 
ing or decreasing 

e How to determine relative 
maximum and relative mini- 
mum values of functions 

e How to identify and graph 
step functions and other 
piecewise-defined functions 

e How to identify even and odd 
functions 


You Should Learn It: 


Graphs of functions provide a 
visual relationship between two 
variables. Exercise 87 on page 
116 shows how the graph of a 
step function can represent the 
cost of a telephone call. 


Jeff Gre berg/Peter Arn ld, Inc. 
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EXAMPLE 2 Finding the Domain and Range of a Function 
Find the domain and range of f(x) = /x — 4. 


Algebraic Solution Graphical Solution 

Because the expression under a radical Use a graphing utility to graph the equation y = ./x — 4, as shown in 
cannot be negative, the domain of Figure 1.28. Use the trace feature to determine that the x-coordinates of 
f(x) = Vx — 4 is the set of all real points on the graph extend from 4 to the right. When x is greater than or 
numbers such that x — 4 > 0. Solve this equal to 4, the expression under the radical is nonnegative. So, you can 
linear inequality for x as follows. (For conclude that the domain is the set of all real numbers greater than or 
help with solving linear inequalities, see equal to 4. From the graph, you can see that the y-coordinates of points 
Appendix C.) on the graph extend from 0 upwards. So you can estimate the range to 


be the set of all nonnegati : 
x= 4 > 0 Write original inequality. ee ave mea nucibey> 


x24 Add 4 to each side. a ee 


So, the domain is the set of all real num- 
bers greater than or equal to 4. Because 
the value of a radical expression is never 
negative, the range of f(x) = \/x — 4 is 
the set of all nonnegative real numbers. 


Figure 1.28 


By the definition of a function, at most one y-value corresponds to a given 
x-value. It follows, then, that a vertical line can intersect the graph of a function 
at most once. This leads to the Vertical Line Test for functions. 


Verti 


ee <4 — = =. (a) 


EXAMPLE 3 Vertical Line Test for Functions 


Which of the graphs in Figure 1.29 represent y as a function of x? 


Solution 
a. This is not a graph of y as a function of x because you can find a vertical line (b) 


that intersects the graph twice. 

b. This is a graph of y as a function of x because every vertical line intersects the 
graph at most once. 

c. This is a graph of y as a function of x. (Note that if a vertical line does not 
intersect the graph, it simply means that the function is undefined for that 
particular value of x.) 


Most graphing utilities are designed to graph functions of x more easily than other 
types of equations. For instance, the graph shown in Figure 1.29(a) represents the 
equation x — (y — 1)? = 0. To use a graphing utility to duplicate this graph you 
must first solve the equation for y to obtain y = 1 + /x, and then graph the two 
equations y, = 1 + x and ye 1 ./x in the same viewing window. 


(c) 
Figure 1.29 
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Increasing and Decreasing Functions 


The more you know about the graph of a function, the more you know about the 
function itself. Consider the graph shown in Figure 1.30. Moving from left to 
right, this graph falls from x = —2 to x = 0, is constant from x = 0 to x = 2, 
and rises from x = 2 tox = 4. 


nstant Functions 


and x, in the interval, 
x, in the interval, 


e interval, — 


EXAMPLE 4 Increasing and Decreasing Functions 
In Figure 1.31, determine the open intervals on which each function is increasing, 
decreasing, or constant. 


Solution 

a. Although it might appear that there is an interval in which this function is 
constant, you can see that if x, < x,, then (x,)?<(x,)3, which implies that 
f(x,) < f(x). So, the function is increasing over the entire real line. 


b. This function is increasing on the interval (—oo, — 1), decreasing on the interval 
(—1, 1), and increasing on the interval (1, 00). 


c. This function is increasing on the interval (—oo, 0), constant on the interval 
(0, 2), and decreasing on the interval (2, 00). 


=3 


@) (b) 
| Figure 1.31 


Figure 1.30 
t+l, t<0O 
HOS ¢ 5, OSSD? 
—t+3, t>2 
2 


=) 
(c) 


Relative Minimum and Maximum Values 


The points at which a function changes its increasing, decreasing, or constant 
behavior are helpful in determining the relative maximum or relative minimum 
values of the function. 


Figure 1.32 shows several different examples of relative minimums and relative 
maximums. In Section 3.1, you will study a technique for finding the exact points 
at which a second-degree polynomial function has a relative minimum or relative 
maximum. For the time being, however, you can use a graphing utility to find 
reasonable approximations of these points. 


EXAMPLE 5 = Approximating a Relative Minimum 


Use a graphing utility to approximate the relative minimum of the function 
Hale ox Ax 2. 
Solution 


The graph of f is shown in Figure 1.33. By using the zoom and trace features of 
a graphing utility, you can estimate that the function has a relative minimum at 


the point 
(0.67, —3,33). Approximate relative minimum 


Later, in Section 3.1, you will be able to determine that the exact point at which 
the relative minimum occurs is z, + ci 


Figure 1.33 
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n Relative 
maximums 


i 


Relative minimums 


Figure 1.32 


| 


a! 
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EXAMPLE 6 Approximating Relative Minimums and Maximums 


Use a graphing utility to approximate the relative minimum and relative 
maximum of the function f(x) = —x? + x. 


Solution 

A sketch of the graph of f is shown in Figure 1.34. By using the zoom and trace 
features of the graphing utility, you can estimate that the function has a relative 
minimum at the point 


(—0.58, —0.38) Approximate relative minimum 
and a relative maximum at the point 
(0.58, 0.38). Approximate relative maximum 


If you go on to take a course in calculus, you will learn a technique for finding 
the exact points at which this function has a relative minimum and a relative 
maximum. 


EXAMPLE 7 Bowling Equipment Sales 


During the 1990s, the sales of bowling equipment in the United States increased 
and then decreased according to the model 


G0 16562-47167 + 100.6¢ — 303.1; Ors) 016 


where C is the sales of bowling equipment (in millions of dollars) and ¢ represents 
the year, with t = 8 corresponding to 1988. According to this model, during 
which years were bowling equipment sales increasing? During which years were 
bowling equipment sales decreasing? Approximate the maximum amount of 
bowling equipment sales between 1988 and 1996. (Source: National. Sporting 
Goods Association) 


Solution 

To solve this problem graph the function, as shown in Figure 1.35. From the 
graph, you can see that the bowling equipment sales increased from 1988 until 
1992. Then, from 1992 to 1996, the sales decreased. The maximum amount 
of bowling equipment sales during the 8-year period was approximately $158 
million. 


0.16513 — 7.1677 + 100.6t — 303.1 


Ic 

n 

BUR eS 
3°43 180 
25 
oD | 
ae 
SF 140 
n 
75 

0 120 
ae 100 
ce Oi2=4 6 8 10 12 14 16 16 


Year (8 < 1988) 
| Figure 1.35 


Figure 1.34 


STUDY TIP 


Some graphing utilities have 
built-in programs that will find 
minimum or maximum values. 
If your graphing utility has such 
features, try using them to 
rework Example 6. 


Graphing Step Functions and Piecewise-Defined Functions 
The greatest integer function is denoted by |x] and is defined by 
f (x) = [x] = the greatest integer less than or equal to x. 


The graph of this function is shown in Figure 1.36. 


Figure 1.36 


The graph of the greatest integer function jumps vertically one unit at each inte- 
ger and is constant (a horizontal line segment) between each pair of consecutive 
integers. Because of these jumps, the greatest integer function is an example of a 
step function whose graph resembles a set of stair steps. Some values of the 
greatest integer function are as follows. 


= PA os t_(35i- —2 [=1t="1 
[-0.5] = —-1 [o] =0 [0.5] = 0 
[ij =1 [1.5] =1 [2] =2 


The range of the greatest integer function is the set of all integers. 

In Section 1.3, you learned that a piecewise-defined function is a function 
that is defined by two or more equations over a specified domain. To sketch the 
graph of a piecewise-defined function, you need to sketch the graph of each equa- 
tion on the appropriate portion of the domain. 


EXAMPLE 8 Graphing a Piecewise-Defined Function 


weap 3, se Sl 


Sketch the graph of f(x) = ee Sine StF 


Solution 

This piecewise-defined function is composed of two linear functions. To the left 
of x = 1, the graph is the line given by y = 2x + 3. To the right of x = 1, the 
graph is the line given by y = —x + 4 (see Figure 1.37). Notice that the point 
(1, 5) is a solid dot and the point (1, 3) is an open dot. This is because f(1) = 5. 


Figure 1.37 
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Library of Functions 


The greatest integer function has 
an infinite number of breaks or 
steps—one at each integer value 
in its domain. Could you describe 
the greatest integer function using 
a piecewise-defined function? — 
How does the graph of the great- 
est integer function differ from 
the graph of a line with zero 
slope? 


Consult the Library of Functions 
Summary inside the front cover 
for a description of the greatest 
integer function. 


- sTUDY TIP_ 


Most graphing utilities display 
graphs in connected mode, 
which means that the graph has 
no breaks. When you are sketch- 
ing graphs that do have breaks, 

it is better to use dot mode. 

Graph the greatest integer 
function [often called Int (x)] in 
connected and dot modes, and 
compare the two results. 
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Even and Odd Functions (0) 


A graph has symmetry with respect to the y-axis if whenever (x, y) is on the graph, A computer animation of this concept 
so is the point (—x, y). A graph has symmetry with respect to the origin if when- —_ 4ppears in the Interactive CD-ROM and 
ever (x, y) is on the graph, so is the point (—x, —y). A graph has symmetry with —/”!¢"e! versions OEIC 

respect to the x-axis if whenever (x, y) is on the graph, so is the point (x, —y). A 

function whose graph is symmetric with respect to the y-axis is an even function. 

A function whose graph is symmetric with respect to the origin is an odd func- STUDY TIP 
tion. The graph of a (nonzero) function cannot be symmetric with respect to the 


x-axis. These three types of symmetry are illustrated in Figure 1.38. The \/ -shaped graph in 


Example 9 is a graph of the 

absolute value function. It was 

| produced using the abs key ona © 
graphing utility and the standard © 

(x, y) viewing window. 


Library of Functions 


The absolute value function can 
be expressed as a piecewise- 
defined function. 


1 
i 
| 
| 
> xX 
| 
| 
i 
1 


(x, -y) (x, -y) 


Symmetric to y-axis Symmetric to origin Symmetric to x-axis 
Even function Odd function Not a function ix = ie x0 
Figure 1.38 x, i) 


Use this definition to show that 
|-5| = 5 and || =0. 

Consult the Library of Functions 
Summary inside the front cover 


A function fi is odd a for ee x in the domain ¢ of a / (-2) = = (x). for a description of the absolute 
value function. 


| EXAMPLE 9 Testing for Evenness and Oddness 


Is the function f(x) = |x| even, odd, or neither? 


| Algebraic Solution Graphical Solution 
This function is even because Use a graphing utility to graph y = |x|, as shown in Figure 1.39. You can see that the 
ee pies graph appears to be symmetric about the y-axis. So, the function is even. 
= || 
= f(x). 


Figure 1.39 


1.4 °¢ Graphs of Functions 113 


EXAMPLE 10 Even and Odd Functions 

Determine whether each function is even, odd, or neither. 

a. g(x) =x —x b. A(x) =x? 4+ 1 C/G) =x — | 
Algebraic Solution Graphical Solution 


a. This function is odd because 


Se (3) —(—x) 


a. In Figure 1.40(a), the graph is symmetric with respect to the origin. So, 
this function is odd. 


b. In Figure 1.40(b), the graph is symmetric with respect to the y-axis. So, 


ares aes this function is even. 
=x 4) c. In Figure 1.40(c), the graph is neither symmetric to the origin nor to the 
rey) y-axis. So, this function is neither even nor odd. 


b. This function is even because 


Wx) =(—x)? +1 


=x?+1 
= h(x), 
c. Substituting —x for x produces 
f(-x) = (-x? - 1 
Sap Aad b 


Because f(x) = x° — 1 and —f(x) = 
—=% al, you can conelude that 
Sie a fG)-and f{(—x) # —f@). 
So, the function is neither even nor 
odd. 


-apl escribing three different functions that Boa 
a 98 > and 2000. Pomp one oy updecreassd cee this 
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In Exercises 1-6, find the domain and range of the 
function. 


Ls iGe eh ie pAe PACS cetera 
2 5 


| 
Qo 
N 


=f 


In Exercises 7-12, use a graphing utility to graph the 
function and estimate its domain and range. Then 
find the domain and range algebraically. 


Tea ey =e ore + 8 SiS Si 
Ey at ere al 10. A(t) = 7 4.—-t? 
11. f(x) = |x + 3| 12. f(x) = —j|x — 5] 
In Exercises 13-18, use the Vertical Line Test to deter- 


mine whether y is a function of x. Describe how you 
can use a graphing utility to produce the given graph. 


13x" 14, y = 4x3 


7 5 
5 5 
eA 4 
= —5 


Ee 16) x2 + y2 = 2 
6 
ae -—6 
17x? S_2xy— 1 18. x = |y +2| 
4 5 
4 5 


In Exercises 19-22, (a) determine the intervals over 
which the function is increasing, decreasing, or con- 
stant and (b) determine whether the function is even, 
odd, or neither. 


19. f(x) = 3x 


20. f(x) = x? — 4x 


=5 


In Exercises 23-30, (a) use a graphing utility to graph 
the function; (b) determine the intervals over which 
the function is increasing, decreasing, or constant; 
and (c) determine whether the function is even, odd, 
or neither. 


23. f(x) = 3x* — 6x? 24. fi 
25 Cece 26. f' 


— 


x) = —x® — 2x4 


x) = —x3/4 


— 


VA boon AW) bczte eas ee os) 28. f(x) = x(x2 + 1)! 
29. (f(x) eet te l—1| 
30. fit. = le 1| 


In Exercises 31-36, use a graphing utility to approxi- 
mate (to two decimal places) any relative minimum or 
maximum values of the function. 


31. f(x) = x? — 6x 32) = xt x 5 
Sey 2 Ox — toy S40 ye x 6x 15 
35. h(x) = (x — 1)/x 36. 9(x) =xJV4—x 


In Exercises 37-42, (a) approximate the relative min- 
imum or maximum values of the function by sketch- 
ing its graph using the point-plotting method, (b) use 
a graphing utility to approximate (to two decimal 
places) any relative minimum or maximum values, 
and (c) compare your answers from parts (a) and (b). 


Sige ax — 4x — 5 SSG oe — 12 
39.< f(x)? = 8x AOL (x) tte 47x 
ater = (x 4)7/" ADO) = A) 4 1 


In Exercises 43-46, use a graphing utility to graph the 
piecewise-defined function. 


Tee =e By oe rent) 

43. flO) =), 2 pears 
11 we FeV x2 + 5, eS I 
ei Mer —x2+4x+3, x>1 

45. f(x) ae m0 

x) = 

"= fA se ay a) 
fy 1), xs 2 
2 Fm yes x>2 


In Exercises 47-54, algebraically determine whether 
the function is even, odd, or neither. Verify your 
answer using a graphing utility. 

a7. fit ES AS. (it) =x = 2 
49. 2(x) = x? — 5x Lt Tot 1 ees 5 Se 
Si fx) = xy 1 x 
BSS Ase 


Think About It In Exercises 55-60, find the coordi- 
nates of a second point on the graph of a function f if 
the given point is on the graph and the function is (a) 
even and (b) odd. 


55. (—3, 4) 56. (—3, -7) 
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57. (4, 9) 
59a 9) 


58. (5, —1) 
60. (2a, 2c) 


In Exercises 61-72, use a graphing utility to graph the 
function and determine whether it is even, odd, or 
neither. Verify your answer algebraically. 


61. f(x) =5 62. f(x) = - 
63. f(x) = 3x — 2 64. f(x) = 5 — 3x 
65. h(x) = x2 -— 4 66. fa) = 71 — 8 
67. fix)= JL = % 68. e(t) = tr —1 
69. f(x) = |x + 2| 70.3) le 15 
ear Sy = =O 
TAs 35 Of aga 2 
Page hye ase Des 7) 
Dee MN, 86 Se Il 
ca an ei eal 


In Exercises 73-82, graph the function and determine 
the interval(s) (if any) on the real axis for which 
f(x) = 0. Use a graphing utility to verify your results. 


Tal 48 14. Ax) = 4x 2 
152 ikea 76. f(x) =x? — 4x 
Tei T aC See 7 Sop a= ead 


792i (= W/ a2 S0a7 =e 8 
81. f(x)=—(1 + |a|) 82. fla) = 32 + |a/) 


In Exercises 83 and 84, use a graphing utility to graph 
the function. State the domain and range of the func- 
tion. Describe the pattern of the graph. 


83. s(x) = 2(4x = [ix]) 84. e(x) = 2(¢x — [a] 
85. Geometry The perimeter of a rectangle is 100 


meters. 


(a) Show that the area of the rectangle is 
A = x(50 — x), where x is its length. 


(b) Use a graphing utility to graph the area function. 


(c) Use a graphing utility to approximate the maxi- 
mum area of the rectangle and the dimensions 
that yield the maximum area. 
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Business The marketing department of a company 
estimates that the demand for a product is 


p = 100 — 0.0001x 


where p is the price per unit and x is the number of 
units. The cost of producing x units is 


C = 350,000 + 30x 
and the profit for producing and selling x units is 
PR Cap: 2A. 


Use a graphing utility to graph the profit function 
and estimate the number of units that would produce 
a maximum profit. 


Communications The cost of using a telephone 
calling card is $1.05 for the first minute and $0.38 
for each additional minute. 


(a) Which of the following is the appropriate model 
for the cost C of a telephone call lasting t min- 
utes? Explain. 


C, (0) = 105 O.58t 1h 
C,(t) = 1.05 — 0.38[-( — 1)] 


(b) Use a graphing utility to graph the appropriate 
model. Use the value feature or zoom and trace 
features to estimate the cost of a call lasting 18 
minutes and 45 seconds. 


88. Delivery Service Suppose that the cost of sending 


an overnight package from New York to Atlanta is 
$9.80 for under one pound and $2.50 for each addi- 
tional pound. Use the greatest integer function to 
create a model for the cost C of overnight delivery of 
a package weighing x pounds where x > 0. Sketch 
the graph of the function. 


CP) In Exercises 89-92, write the height h of the rectangle 
as a function of x. 


89. 


91. 


In Exercises 93 and 94, write the length L of the 
rectangle as a function of y. 


93. 


95. Data Analysis The table shows the amount y (in 
billions of dollars) of the merchandise trade balance 
of the United States for the years 1990 through 1997. 
(Source: U.S. International Trade Administration) 


1990 | 1991 | 1992 | 1993 
S707 Neogene | = 115.6 


1995 1996 


(a) Use the regression capabilities of a graphing 
utility to find a cubic model for the data. Let x be 
the time (in years), with x = O corresponding to 
1990. 

(b) What is the domain of the model? 


(c) Use a graphing utility to graph the data and the 
model on the same viewing window. 


(d) For which year does the model most accurately 
estimate the actual data? During which year is it 
least accurate? 


(e) If this model remained valid in the future, would 
the economy show improvement? Explain your 
answer. 


96. Fluid Flow The intake pipe of a 100-gallon tank 
has a flow rate of 10 gallons per minute, and two 
drain pipes have a flow rate of 5 gallons per minute 
each. The graph shows the volume V of fluid in the 
tank as a function of time t. Determine the pipes in 
which the fluid is flowing in specific subintervals of 
the 1 hour of time shown on the graph. (There are 
many correct answers.) 


Volume (in gallons) 


10 


DO S040) 2 50 
Time (in minutes) 


60 


Synthesis 


True or False? In Exercises 97 and 98, determine 
whether the statement is true or false. Justify your 
answer. 
97. A function with a square root cannot have a domain 
that is the set of all real numbers. 
98. It is possible for an odd function to have the inter- 
val [0, oo) as its domain. 
99. Prove that a function of the following form is odd. 
y= oh eg sea i ee in tate 45a 5 de ak alk a,x 
100. Prove that a function of the following form is even. 
Bie I2 lls a 


St ae soe mene yee Sit Sa Ny 


101. If f is an even function, determine if g is even, odd, 
or neither. Explain. 
(a) g(x) = —f(x) 
(co) g) =f @) 2 


= f(=x) 
= fe - 2) 


(b) g(x) 
(d) g(x) 
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102. Think About It Does the graph of x — y? = 


represent x as a function of y? Explain. 


103. Think About It Does the graph of x* + y? = 25 


represent x as a function of y? Explain. 


Review 


In Exercises 104-107, find (a) the distance between 
the two points and (b) the midpoint of the segment 
joining the points. 
104. (—2, 7), (6, 3) 
106. (3, -1), (—3,4) 
In Exercises 108-111, evaluate the function at each 


specified value of the independent variable and 
simplify. 


108. f(x) = 5x — 1 


105. (—5, 
107. (—6, 


(a) f(6) (b) f(-1) et a) 
109; fx) = —x — x23 

(a) f(4) (b) f(—2) Crp 22) 
110. f(x) = xJ/x — 3 

(a) f(3) (b) f(12) (c) f(6) 
111. f(x) = —3x|x + 1 

@ f(-4) ©) 00  @r(=4) 


In Exercises 112 and 113, find the difference quotient. 


ie HOG 


12 A= Ox 49) 


ISS) 1S Hex =i; 
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I.S  Shifting,.Betlecting,.and.Stretching.Graphs 
eae 


Summary of Graphs of Common Functions 


One of the goals of this text is to enable you to build your intuition for the basic 
shapes of the graphs of different types of functions. For instance, from your study 
of lines in Section 1.2, you can determine the basic shape of the graph of the lin- 
ear function f(x) = mx + b. Specifically, you know that the graph of this func- 
tion is a line whose slope is m and whose y-intercept is b. 

The six graphs shown in Figure 1.41 represent the most commonly used 
functions in algebra. Familiarity with the basic characteristics of these simple 
graphs will help you analyze the shapes of more complicated graphs. 


6) 3 
= a 
(a) Constant Function (b) Identity Function 
6 
-1 is) 
_{ se 
(c) Absolute Value Function (d) Square Root Function ° 
* 
.s 
, leas , oe 
-3 3 
= 3 3 
4 = 
(e) Quadratic Function (f) Cubic Function 


Figure 1.41 


Many functions have graphs that are simple transformations of the common 
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Vertical and Horizontal Shifts 


A computer animation of this concept 


graphs summarized in Figure 1.41. For example, you can obtain the graph of appears in the Interactive CD-ROM and 
Internet versions of this text. 


Was x + 2 


by shifting the graph of f(x) = x? up two units, as shown in Figure 1.42. In 
function notation, / and f are related as follows. 


Rix) =x? + 2 
= J ix)et 2 Upward shift of 2 
Similarly, you can obtain the graph of 
g(x) = (x — 2? 


by shifting the graph of f(x) = x? to the right two units, as shown in Figure 1.43. 
In this case, the functions g and f have the following relationship. 


g(x) = (x — 2 
= ee) Right shift of 2 


=3 La 2 


Figure 1.42 Vertical shift upward: two units Figure 1.43 Horizontal shift to the right: two units 


The following list summarizes this discussion about horizontal and vertical shifts. 


In items 3 and 4, be sure you see that h(x) = f(x — c) corresponds to a right shift 
and h(x) = f(x + c) corresponds to a left shift for c > 0. 
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EXAMPLE 1 Shifts in the Graph of a Function 


Compare the graph of each function with the graph of f(x) = x°. 

ae) = 2 —1 b. A(x) = & —1)? Ca) a(x + 2) 

Solution 

a. Graph f(x) = x* and g(x) = x° — 1 [see Figure 1.44(a)]. You can see that you 
can obtain the graph of g by shifting the graph of f one unit down. 

b. Graph f(x) = x° and h(x) = (x — 1)? [see Figure 1.44(b)]. You can obtain the 
graph of h by shifting the graph of f one unit to the right. 

c. Graph f(x) = x3 and k(x) = (x + 2)? + 1 [see Figure 1.44(c)]. You can see 


that you can obtain the graph of k by shifting the graph of f two units to the 
left and then one unit up. 


(a) Vertical shift: one unit down (b) Horizontal shift: one unit right (c) Two units left and one unit up 


Figure 1.44 


EXAMPLE 2 Finding Equations from Graphs 


The graphs shown in Figures 1.45 (b) and (c) are shifts of the graph of f(x) = x? 
shown in Figure 1.45 (a). Find equations for g and h. 


6 ies 6 Fre) 6 Eee 
6 -6 6 -6 : 6 
-2 -2 -2 
(b) ( 


Cc) 


[o> 


(a) 
Figure 1.45 


Solution 
a. The graph of g is a vertical shift of four units upward of the graph of f(x) = x2. 
So, the equation for g is g(x) = x2 + 4. 


b. The graph of / is a horizontal shift of two units to the left of the graph of 
f(x) = x? and one unit downward. So, the equation for h is h(x) = (x + 2)? — 1. 
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Reflecting Graphs 


The second common type of transformation is called a reflection. For instance, 
if you consider the x-axis to be a mirror, the graph of A(x) = —x? is the mirror 
image (or reflection) of the graph of f(x) = x? (see Figure 1.46). 


A computer animation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


1. Reflection in the x-axis: 


EXAMPLE 3 Finding Equations from Graphs 


Each of the graphs shown in Figure 1.48 is a transformation of the graph of 
f(x) = x* (see Figure 1.47). Find an equation of each function. 


3 
3 3 ee 
= 
Figure 1.47 
Solution 
a. The graph of g is a reflection in the x-axis followed by an upward shift of two 
units of the graph of f(x) = x4. So, the equation for g is g(x) = —x* + 2. 5 


b. The graph of h is a horizontal shift of three units to the right followed by a Figure 1.48 
reflection in the x-axis of the graph of f(x) = x*. So, the equation for h is 


Ba) — (= 3)". 
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EXAMPLE 4 Reflections and Shifts 

Compare the graph of each function with the graph of f(x) = Vx. 
a. g(x) = —V/x b. h(x) = /-x ce. k(x) = -—Vx +2 
Algebraic Solution Graphical Solution 


a. Use a graphing utility to graph f and g in the same viewing window. From 
the graph in Figure 1.49(a), you can see that the graph of g is a reflection of 
the graph of f in the x-axis. 


a. Relative to the graph of f(x) = 
/x, the graph of g is a reflec- 
tion in the x-axis because 

b. Use a graphing utility to graph f and h in the same viewing window. From 
the graph in Figure 1.49(b), you can see that the graph of h is a reflection of 

= — f(a). the graph of f in the y-axis. 

b. The graph of / is a reflection of 
the graph of f(x) = \/x in the 
y-axis because 


h(x) = J/-x 

= ihe) 

c. From the equation 
K(x) = —~J/x+2 
yl 2) 


you can conclude that the graph 
of k is a left shift of two units, 
followed by a reflection in the 
X-axis. 


c. Use a graphing utility to graph f and k in the same viewing window. From 
the graph in Figure 1.49(c), you can see that the graph of k is a left shift of 
the graph of f of two units, followed by a reflection in the x-axis. 


(b) 
(a) 


=3 


(c) 
Figure 1.49 


When sketching the graphs of functions involving square roots, remember that 
the domain must be restricted to exclude negative numbers inside the radical. For 
instance, here are the domains of the functions in Example 4. 


Domain of g(x) = —/x: re) 
Domain of h(x) = /—x: a 
Domain of k(x) = —\/x +2: x 


IA 
=) 


IV 
| 
N 
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Nonrigid Transformations 


Horizontal shifts, vertical shifts, and reflections are called rigid transformations 

because the basic shape of the graph is unchanged. These transformations change 

only the position of the graph in the xy-plane. Nonrigid transformations are 

those that cause a distortion—a change in the shape of the original graph. For 

_ instance, a nonrigid transformation of the graph of y = f(x) is represented by 

\__y = cf(x), where the transformation is a vertical stretch if c > 1 and a vertical 
“shrink if 0 < ¢ < 1. 


EXAMPLE 5 Nonrigid Transformations 


(uy G 
a. h(x) = 3]x|_ eg ey = 3h 


Compare the graph of each function with the graph of f(x) = |x|. 


Solution 
a. Relative to the graph of f(x) = |x|, the graph of 
h(x) = 3|x| 


= 3f(x) 
is a vertical stretch (multiply each y-value by 3) of the graph of f. 


b. Similarly, the equation 
(x) = SIs 
x) = s|x 
See 
] 
zal (x) 
indicates that the graph of g is a vertical shrink (multiply each y-value by i) of 


the graph of f. 
The graphs of all three functions are shown in Figure 1.50. 


EXAMPLE 6 — Sequences of Nonrigid Transformations 


Use a graphing utility to graph the two functions 
a(x) = 5G4—72) and h(x), = 5x? — 2 


in the same viewing window. Describe how each function was obtained from 
f(x) = x? as a sequence of shifts and stretches. 


Solution 

Notice that g(x) and A(x) in Figure 1.51 are different. The graph of g is a down- 
ward shift of f of two units followed by a vertical stretch, whereas / is a vertical 
stretch of f followed by a downward shift of two units. So, the order of applying 
the transformations that include nonrigid transformations is important. 


A computer animation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


ax) =4xj] (Isa) (2.4) 


(b) 
Figure 1.50 


9(x) = 5(x2— 2) [a= 5x22 | 


Figure 1.51 


124 = Chapter 1 ¢ Functions and Their Graphs 


In Exercises 1-12, sketch the graphs of the three 
functions by hand on the same rectangular coordinate 


system. Verify your result with a graphing utility. 


(1) fQ) = x 
= ea) =a — 4 
ee) = ahs 
3. f(x) = x? 
g(x) = x7 +2 
olG oF 
( 5. | f(x) = -x? 
ek) = al 
h(x) = —(@ — 2)? 
ek) x 
PO) = ae 
_ A(x) = 2x? 
/>) #0) = |21 
2 Slat 
h(x) = |x — 3| 
11. f(x) = Vx 
g(x) = Vx +1 
h(x) = Vx -24+1 


2. f(x) = 3x 
gx) = Bx +2 
h(x) = 3(x — 2) 
4. f(x) = x? 
BC) a 


h(x) = (x + 2)? +1 
Gran (2) ae) 

ex) — a2) 

h(x) = -—@ — 2)? + 4 


8. f(x) = x? 

g(x) =9x +2 

h(x) = —}° 
10. f(x) = |z| 

g(x) = 2|x| 

h(x) = —2|x + 2| - 1 
12x) = 

g(x) = 3x 

A(x) = -3V/x +4 


13. Use the graph of f to sketch each graph. 


Oe Sea see 
(Die) 
Cr Ses) 
(diy =f + 3) 
(e) y = 2f() 
(Oe Sey) 


14. Use the graph of f to sketch each graph. 


Ory )s at 
(Diya file 1) 
(Cyt = 1) 
(ey 2) 
Cy ai 3) 

(f) y = af (x) 


In Exercises 15-26, identify the common function and 
the transformation shown in the graph. Write the 
formula for the graphed function. 


15. 


‘ler 


193 


21, 


23. 


25. 


-3 


AY 


| 
ibe) 


=Th 


foe) 


ine) 


ao 


e at 


-3 


| 
ie . 
wo 


| 
as 


16. 


_ 
Sad 


S 
oa 


S 
ee 


tv 
a 


26. 


-8 


11 


oe 
3 
2 
=10 
3 
‘i nee 
=4 
; 
=o 


In Exercises 27-32, compare the graph of the function 
with the graph of f(x) = x. 


, hed aire aaael” 28. y= —-V/x-1 
29 y= Vx — 2 30. y = Vx + 3 
Bley = 25/% 32. y= J/—-x + 3 


In Exercises 33-38, compare the graph of the func- 
tion with the graph of f(x) = |x|. 


(33) y = |x + 2| 34. y = |x| — 3 
35. y = —|x| 36. y = |—x| 
37.) y = 3[2| 38. y = |x| 


In Exercises 39-44, specify the sequence of transfor- 
mations that will yield the graph of the given function 
from the graph of the function f(x) = x*. 

B92) = 4 — x 400 2x) = —(4 — 4° 

41) h(x) = 4(x + 2) 42. h(x) = —2(x — 1)3 + 3 
43. p(x) =4x°+2 44. p(x) = [3(x — 2)P 

In Exercises 45-48, use a graphing utility to graph the 


three functions in the same viewing window. Describe 
the graphs of g and h relative to the graph of f. 


45.) f(x) = x3 — 3x? 46. f(x) = x9 — 3x? +2 


Poe Ott) gx) af" 1) 
h(x) = 3flx) h(x) = 2f(x) 
AT lx) = — 3x" 48. f(x) = x? —-3x7 + 2 
a(x) = —3f() git = fe) 
h(x) = f(—x) Aoi (=x) 


In Exercises 49 and 50, use the graph of 
f(x) = x? — 3x? (see Exercise 45) to write a formula 
for the function g shown in the graph. 


49. 2 


(2, 1) 


(4, -3) 


In Exercises 51-74, g is related to one of the six com- 
mon functions on page 118. (a) Identify the common 
function f. (b) Describe the sequence of transforma- 
tions from f to g. (c) Sketch the graph of g. (d) Use 
function notation to write g in terms of the common 
function f. 
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51. (x) = 12 — 52 o(x) = 8)? 

53. e(x) =2—(x+ 5)? 54. g(x) = —@+ 10)? +5 
55. 2(x) = 3 + 2x — 4)? 

56. g(x) = —H(x + 2)? -2 

S722) =o ea 58a cre x al 

59) 2x) =| @ — 1h +2 60% eG) =—Ge 3) 10 
61. g(x) = 3(x — 2)3 62. g(x) = —5(x + 13 — 5 
63. g(x) = —|x| — 2 64. g(x) = 6 — |x + 5| 

65. g(x) = —|x + 4| + 8 66. g(x) = |-x + 3] + 9 
67. g(x) = —2|x-1| 68. g(x) = 3|x — 2| - 3 
69. g(x) = Vx —9 70. g(x) = Vx +4+8 
71. g(x) = J/7—x-2 72. g(x) =-Vxt+1-6 
73. g(x) =4/x-1 

74. g(x) = -3V/x 43-1 


75. Profit The profit P per week on a certain product is 
given by the model 


P(x) = 80 + 20x — 0.5x?, 00 = 20 


where x is the amount spent on advertising. In this 

model, x and P are both measured in hundreds of 

dollars. 

(a) Use a graphing utility to graph the profit function. 

(b) The business estimates that taxes and operating 
costs will increase by an average of $2500 per 
week during the next year. Rewrite the profit 
equation to reflect this expected decrease in prof- 
its. Identify the type of transformation applied to 
the graph of the equation. 


(c) Rewrite the profit equation so that x measures 
advertising expenditures in dollars. [Find P(25).1 
Identify the type of transformation applied to the 
graph of the profit function. 


76. Automobile Aerodynamics The number of horse- 
power H required to overcome wind drag on a 
certain automobile is approximated by 


H(x) = 0.002x? + 0.005x — 0.029, 10 <x < 100 


where x is the speed of the car in miles per hour. 

(a) Use a graphing utility to graph the power function. 

(b) Rewrite the power function so that x represents 
the speed in kilometers per hour. [Find 


H(x/1.6).] Identify the type of transformation 
applied to the graph of the power function. 
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77. Energy The amount of fuel F (in billions of 
gallons) used by trucks from 1980 through 1996 can 
be approximated by the function 


F(t) = 20.46 + 0.047 


where t = O represents 1980. (Source: U.S. Federal 
Highway Administration) 


(a) Describe how F can be obtained from the com- 
mon function f(x) = x. Then sketch the graph 
over the interval 0 < t < 16. 


(b) Rewrite the function so that t = 0 represents 
1990. Explain how you got your answer. 


78. Finance The amount of mortgage debt outstanding 
M (in billions of dollars) in the United States from 
1985 through 1997 can be approximated by the func- 
tion 


M(t) = 1.5 V/t — 1.25 


where t = 5 represents 1985. (Source: Board of 
Governors of the Federal Reserve System) 


(a) Describe how M can be obtained from the com- 
mon function f(x) = \/x. Then sketch the graph 
over the interval 5 < t < 17. 


(b) Rewrite the function so that t = 5 represents 
1995. Explain how you got your answer. 


79. Graphical Reasoning An electronically controlled 
thermostat in a home is programmed to automatically 
lower the temperature at night (see figure). The 
temperature in the house 7, in degrees Fahrenheit, is 
given in terms of f, the time (in hours) on a 24-hour 
clock. 


(a) Explain why T is a function of t. 

(b) Approximate 7(4) and T(15). 

(c) Suppose the thermostat were reprogrammed to 
produce a temperature H where H(t) = T(t — 1). 


How would this change the temperature in the 
house? Explain. 


(d) Suppose the thermostat were reprogrammed to 
produce a temperature H where H(t) = T(t) — 1. 
How would this change the temperature in the 
house? Explain. 


Synthesis 


True or False? In Exercises 80 and 81, determine 
whether the statement is true or false. Justify your 
answer. 


80. The graphs of f(x) = |x| — 5 and g(x) = |—x| — 5 
are identical. 

81. If the graph of the common function f(x) = x? is 
moved 6 units to the right, 3 units up, and reflected 
in the x-axis, then the point (— 1, 28) will lie on the 
graph of the transformation. 


82. Exploration Use a graphing utility to graph each 
function. Describe any similarities and differences 
you observe among the graphs. 


(ay 2 Omid Ol ees 
Diy ee eye xe @) y=x° 

83. Conjecture Use the results of Exercise 82 to make 
a conjecture about the shapes of the graphs of y = x7 
and y = x®. Use a graphing utility to verify your 
conjecture. 


X 


84. Use the results of Exercise 82 to sketch the graph of 
y = (x — 3)? by hand. Use a graphing utility to 
verify your graph. 

85. Use the results of Exercise 82 to sketch the graph of 
y = (x + 1)? by hand. Use a graphing utility to 
verify your graph. 


Conjecture In Exercises 86-89, use the results of 
Exercise 82 to make a conjecture about the shape of 
the graph of the function. Use a graphing utility to 
verify your conjecture. 


86. f(x) = x?(x — 6)? 
88. f(x) = x(x — 6)3 


87. f(x) = (x — 6) 
89. f(x) = 3(x — 6)3 


Review 


In Exercises 90-93, find the domain of the function. 


90. fle) == 91. fx) = 2 


92. f(x) = 4100 — x 93. f(x) = ¥16 — x 

In Exercises 94-99, sketch a graph of the equation. 
Use a graphing utility to verify your graph. 

94 = eh OS oy =O Ay 

96. y = x? — 4x 97. y= —-x -—B 

98. y= 7/9 =x 997 = 5234 


1.6 © Combinations of Functions 127 


1.6 Sombinations,ofEuncti 


Arithmetic Combinations of Functions 


Just as two real numbers can be combined by the operations of addition, subtrac- 
tion, multiplication, and division to form other real numbers, two functions can 
be combined to create new functions. If f(x) = 2x — 3 and g(x) = x2 — lL you 
can form the sum, difference, product, and quotient of f and g as follows. 


Mer (x) — (233 3) (x2 — 1) 


=x2 42-4 Sum 
Fix) — 2G) = Cx — 3) -— @? - 1) 
=e x 2 Difference 
ls)» g(a) = 2x ~ 3)62 = 1 
Se Sperry Product 
S = — x#+1 Quotient 


The domain of an arithmetic combination of functions fand g consists of all real 
numbers that are common to the domains of f and g. In the case of the quotient 
if ) / g(x), there is the further restriction that g(x) # 0. 


- cas ae Ne) IW) a a0) 
2 iowa | x fe a) = f(x) = g(x) es 
ai ' see fle) Se 


A computer animation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


EXAMPLE 1 Finding the Sum of Two Functions 


Find (f + g)(x) for the functions f(x) = 2x + 1 and g(x) = x? + 2x — 1. Then 
evaluate the sum when x = 2. 


Solution 
(f+ g)(x) = f(x) + g(x) 
SC) +x? + 2x — 1) 
=i Ay 
When x = 2, the value of this sum is (f + g)(2) = 27+4(2) = 12. 


Superstock 
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EXAMPLE 2 Finding the Difference of Two Functions 


Evaluate (f — g)(x) for the functions 
ee ae andre jee? + 2x — 91 


when x = 2. 


Algebraic Solution 


The difference of the functions f and g is 

(f — g(x) = f(x) — ga) 
(2x + 1) — (x? + 2x — 1) 
= —x?4 2. 


When x = 2, the value of this difference is 
G2 =— 2) 2 
= -2. 


Note that (f — g)(2) can also be evaluated as 
follows. 


(f= g)(2) = f2) = 22) 
= [2(2) + 1] — 2?+2(2) - 1] 
=5-7 
=-2 


Graphical Solution 


You can use a graphing utility to graph the difference of two func- 
tions. Enter the functions as follows. 


y, = 20a 
y, See ara 
J3. =) hee 2 
Graph y, as shown in Figure 1.52. Then use the value feature or 


zoom and trace features to estimate that the value of the difference 
when x = 21s —2. 


Figure 1.52 


In Examples 1| and 2, both f and g have domains that consist of all real numbers. 
So, the domain of both (f + g) and (f — g) is also the set of all real numbers. 
Remember that any restrictions on the domains of f or g must be taken into 
account when forming the sum, difference, product, or quotient of f and g. For 
instance, the domain of f(x) = 1/x is all x # 0, and the domain of g(x) = \/x is 
[0, co). This implies that the domain of f + g is (0, 00). 


EXAMPLE 3 Finding the Product of Two Functions 


Given the functions f(x) = x? and g(x) = x — 3, find the product of f and g. 
Then evaluate the product when x = 4. 


Solution 
(fg)(x) = f(x)g (x) 
=) aes) 
= ph ae hee 


When x = 4, the value of this product is 
(2) (ee — 34)? 
= 16. 
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EXAMPLE 4 Finding the Quotient of Two Functions 


Find (E)ee and (S)o9 for the functions f(x) = /x and g(x) = /4 — x2. 
Then find the domains of f/g and ¢/f. 


Solution 
The quotient of f and g is 


(88 «a 


and the quotient of g and f is 
(: J = 22 - oe 
f(x) ay 
The domain of f is [0, 00) and the domain of g is [—2, 2]. The intersection of 
these domains is [0, 2]. So, the domains for f/g and g/f are as follows. 


Domain of - [0, 2) Domain of e (0, 2] Figure 1.53 


Can you see why these two domains differ slightly? You can confirm the domain 
of f/g in Example 4 with your graphing utility by entering the three functions 


Yun Vo (4 — x") y, = 


M5) 


and graphing y, as shown in Figure 1.53. 

Use the trace feature to determine that the x-coordinates of points on the 
graph extend from 0 to 2 but do not include 2. So, you can estimate the domain 
of f/g to be [0, 2). You can confirm the domain of g/f in Example 4 by entering 
y, = y>/y, and graphing y, as shown in Figure 1.54. Use the trace feature to 
determine that the x-coordinates of points on the graph extend from 0 to 2 but do 


not include 0. So, you can estimate the domain of g/f to be (0, 2]. Figure 1.54 

Compositions of Functions (6) 

Another way of combining two geacions is to form the composition of one with , compute oanaeonint tas entice 
the other. For instance, if f(x) = x* and g(x) =x + 1, the composition of f appears in the Interactive CD-ROM and 
with g is Internet versions of this text. 


Fela) = fG-+T) = (x + 1/. 


This composition is denoted as f° g. 


Ay 6 
Definition of Composition of Two Functions 
“The composition of the function f with gis oo - ae eX 

(fe g(a) = = (gl) a : = ee : a an 7 Domain of g 


D in of 
‘The domain of fe gis thes set of all xin the domain of g such that ee is in the CERES: 


domain of f (See Figure L 55) Figure 1.55 
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EXAMPLE 5 Forming the Composition of fwith g 


Find (f © g)(x) for f(x) = Vx, x = 0, and 2G) = 1,x = 1. If possible, find 


(f° g)(2) and(feg)0). 


Solution 
(f° g)(x) = f(g(x)) Definition of f° g 
= f(x = 1) Definition of g(x) 


=afx si), x 2 1 Definition of f(x) 
The domain of fog is [1, 00). So, (f°g)(2) = “2 — 1 = 1 is defined, but 
(f° g)(0) is not defined because 0 is not in the domain of f° g. 


The composition of f with g is generally not the same as the composition of g with 
f. This is illustrated in Example 6. 


EXAMPLE 6 Compositions of Functions 


Given f(x) = x + 2 and g(x) = 4 — x’, evaluate the following when x = 0, 1, 2, and 3. 


a. (fogs) be (g =f \(x) 


Algebraic Solution Numerical Solution | 
a. (f° g)(x) = f(g(x)) Definition of f° g a. You can use a table to evaluate f° g when x = 0, 1, 2, and 
% G 3. First evaluate g(x) for the values of x in the table. Then 
= 4 = = 
Ree) Defaee, She) evaluate f(g(x)) for the values of g(x) in the table. 
= (Ane Xe ed 2 Definition of f(x) 
— 7 6 


(fe g)0)=—0? +6 =6 
(feg)l) = -12+6=5 
(f°9)2) = —2?46=2 
(f°8)3) = -3?+6 = —3 


b. (g °f)(x) = (f(x) Definition of g °f b. To evaluate g ° f when x = 0, 1, 2, and 3, first evaluate f(x) 
for the values of x in the table. Then evaluate g(f(x)) for the 


= g(x + 2) Penman os 1) values of f(x) in the table. 
ee ee) Definition of g(x) 

= 4 — (x? + 4x + 4) 

Sy Ax 


= —32 — 4(3) = -21 From the tables you can see that 


) 
Note that (f° g)(x) # (g °f)(x). (f° g(x) # (g flO). 
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To determine the domain of a composite function f° g, you need to restrict the 
outputs of g so that they are in the domain of f. For instance, to find the domain 
of f° g given that f(x) = 1/x, and g(x) = x + 1, consider the outputs of g. These 
can be any real number. However, the domain of f is restricted to all real num- 
bers except 0. So, the outputs of g must be restricted to all real numbers except 0. 
This means that g(x) = x + 1 # 0, or x # —1. So, the domain of f © g is all real 


numbers except x = — 1. 


EXAMPLE 7 Finding the Domain of a Composite Function 


Find the domain of the composition (f ° g)(x) for the functions 
f(x) = x? = 9 and Ot) =x. 
Graphical Solution 


Algebraic Solution 


The composition of the functions is 
as follows. 


Soa) 

= (/o— 2) -9 
=9—x77=9 
a 2 


From this, it might appear that the 
domain of the composition is the 
set of all real numbers. This, how- 
ever, is not true because the domain 
Oiegniss —3 =. %'S 3. So, the 
domain’ of- fe ¢ is —3' < x <°3. 


You can use a graphing utility to graph the composition of the functions 
(f° g)(x) asy = (Y9 = xe) — 9. Enter the functions as follows. 


Ve = (Oe) 
yo = y —9 


Graph y, as shown in Figure 1.56. Use the trace feature to determine that the 
x-coordinates of points on the graph extend from —3 to 3. So, you can graphi- 
cally estimate the domain of (f ¢ g)(x) to be —3 < x < 3. 


0 
-4 4 


y=(Vo-2) -9) 


Figure 1.56 


EXAMPLE 8 A Case in Which fo g = gof 

Given f(x) = 2x + 3 and g(x) = 5(x — 3), find the following. STUDY TIP 
a. (feg)(x) db. (g °f)(x) 
Solution 

a. (f° g(x) = fle(x)) 


In Example 8, note that the two _ 
composite functions f ° g and 


i (ols = Cies g ef are equal, and both repre- 
te °-G) = s'F@)) sent the identity function. That 
=eg(2x + 3) is, 
= (2x + 3) — 3) alec? 
(2 °f)G) =o. 
ss doy You will study this special case 
2 in the next section. 
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In Examples 5, 6, 7, and 8 you formed the composition of two given functions. In 
calculus, it is also important to be able to identify two functions that make up a 
given composite function. For instance, the function h 


h(x) = Gx — 5)? 
is the composition of f with g, where f(x) = x? and g(x) = 3x — 5. Thatis, - 
hie Gx = 5)? = [e)P = f(e@)). 


Basically, to “decompose” a composite function, look for an “inner” and an 
“outer” function. In the function h above, g(x) = 3x — 5 is the inner function and 
f(x) = x is the outer function. 


ry 


EXAMPLE 9 Identifying a Composite Function 


Express the function 


eal ti 
(x — 2) 
as a composition of two functions. 


Solution 
One way to write h as a composition of two functions is to take the inner func- 
tion to be g(x) = x — 2 and the outer function to be 


h(x) = 


Then you can write 


1 =P = ooo 
A(x) = as (y= 2)? = fa — 2) = figayy 
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Application 


EXAMPLE 10 Bacteria Count 
The number of bacteria in a refrigerated food is 
N(T) = 20T? — 80T + 500, 25547 = 14 


where T is the temperature of the food in degrees Celsius. When the food is 
removed from refrigeration, the temperature is 


TQ) = 4t + 2, Oss i 5 
where f is the time (in hours). Find the following. 


a. The composite N(7(t)). What does this function represent? 
b. The number of bacteria in the food when t = 2 hours 


c. The time when the bacterial count reaches 2000 

Solution 

a. N(T(0)) = 20(4t + 2)? — 80(4r + 2) + 500 
= 20(16r2-+ 16¢ + 4) — 320¢ — 160 + 500 
=e 07 SJE ta) — 3208 — 160 + S00 
= 320r? + 420 


This composite function M(7(t)) represents the number of bacteria as a func- 
tion of the amount of time the food has been out of refrigeration. 


b. When ¢t = 2, the number of bacteria is 
N = 320(2)? + 420 = 1280 + 420 = 1700. 


c. The bacterial count will reach N = 2000 when 320r? + 420 = 2000. You can 
solve this equation for t algebraically as follows. 


320t7 + 420 = 2000 


320t? = 1580 
bi 1580 79 2500 
320 = 16 
V79 


f= 2227 T 
4 ours 


So, the count will reach 2000 when t ~ 2.2 hours. When you solve this 
equation, note that the negative value is rejected because it is not in the domain 
of the composite function. You can use a graphing utility to approximate the 
solution, as shown in Figure 1.57. Figure 1.57 
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In Exercises 1-8, find the following. 
(a) (f+ g)(x) (b) (f - g)@) 
(c) (fg) = @) (Fig) @) 
(e) the domain of f/g 
Teaco ly el) et 
Sof d) ig alo Saba as Ia 
bul EDS ei eee eae. 7c 
5 Cy) SEP Baa = ©) 
. fix) =x2 +5, say= V1 —x 


CM Pd 96) SI 


xe ae Ml 


nn b&b WwW Ww 


7. f)== @0) = 


oO 


bs) = eee 12 cece 


Xx 
x+1 
In Exercises 9-22, evaluate the indicated function for 
f(x) =x? +1 and g(x) =x —-4 algebraically. If 
possible, use a graphing utility to verify your answer. 


9 ilifete2)(3) LOM ese) (= 2) 
11. (f — g)(0) 12. (fF + 3)()) 
13. (fg)(4) 14. (fg)(—6) 
af s 
15. (Z)os 16. (Jo 
tT ah = g)(20) 18. (f + g)(t — 4) 
19. (fg)(—5t) 20. (fg)(307) 
iN es os 
21. (£) t) iD, (Eli FD) 


In Exercises 23-26, use the graphs to graph 
h(x) = (f + g)(). 


23. 4 24. 


In Exercises 27-30, graph the functions f, g, and 
f + g in the same viewing window. 


27. f(x) = Sx, g(x) =x-1 
28. f(x) =4x, g(x) =—x+4 
29. $C) = a(x) ee 
30-f(x) = 4 — x7, ex) =x 


In Exercises 31-34, use a graphing utility to sketch the 
graphs of f, g, and f + g in the same viewing window. 
Which function contributes more to the magnitude of 
the sum when 0 < x < 2? Which function contributes 
more to the magnitude of the sum when x > 6? 


x 


31. f(x) = 3x, g(x) = —75 


Cane 


is) 


In Exercises 35-38, find (a) f° g and (b) g ef. 


35. f(x) =x, ge) =x-1 
36. fx) =x — 1e()tene + 1 
37. fe) = 3x45, 2(x) 5x 


38. f(x) =x, e(x)-= a 


In Exercises 39-44, (a) find f°g and g -f. (b) Usea 
graphing utility to graph f°g and g °f. Determine 
whether feg = g ef. 

39. f(x) = Vx +4, g(x) = x? 

40. f(x) = ¥x4+1, ex) = x3 -1 

41. f(x) ix = 3,5 50s) =o 

42. f(x) = Vx, g(x) = Vx 

43. f(x) =x) eG ae 

44. f(x) 


In Exercises 45-50, (a) find (f © g)(x) and (g © f)(x), (b) 


: : 66. 
determine algebraically whether (f © g)(x) = (g f)(x), 
and (c) verify your answer to part (b) by comparing a 
table of values for each composition. 67. 
45. f(x) =5x+4, efx) =4-x 68, 
46. f(x) = Hx = 1), eG) =4e-—1 
47. fix) = Vx +6, g(x) =x? —-5 69 
48. f(x) =x -— 4, g(x) = ¥x+ 10 
49. f(x) = |- glx). = 2x — 1 70. 
50. f(x) = Ea) x 


3x — 5° 


& Average Rate of Change 
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LOSS eG) = 
fQ) == s=243 
fls) = 1 glx) = 5 
fx) = a es) = 4-1 
BS 
f(x) -= 7 elx) = x +1 


In Exercises 71-78, find the 


difference quotient 


In Exercises 51-56, use the graphs of f and g to eval- 


uate the functions. fx +h) — f(x) 
h 
y and simplify your answer. 
4 
z 71. f(x) = 3x -4 72. f(x) = 5x +1 
3-- T3% FG dee xe 74. f(x) = 22 +4 
Lapse 4 2 
' I Ss f(x) =Syiny 76. f(x) 4a 
ba citer aha ~ x 
ni ee ea eae 77. f(x) = /2x +1 78. f(x) = —/4x 
q aria Aging 
79. Stopping Distance A car traveling x miles per hour 
Bl. @) + 2)3) (b) (f/2)(2) stops quickly. The distance a car travels during the 
driver’s reaction time is given by R(x) = ax, che dis- 
52. (a) Ces g)(1) (b) (fg)(4) tance traveled while braking is given by B(x) = = x. 
53. (a) (f° 8)(2) (b) (g °f)(2) (a) Find the stopping-distance function T. 
54. (a) (f° g)(1) (b) (g °f)(3) (b) Use a graphing utility to graph the functions R, 
55. (a) (f° f)(3) (b) (fe f)(4) B, and T in the interval 0 < x < 60. 
56. (a) (g °g)(1) (b) (g ° g)(0) (c) Which function contributes most to the magni- 
tude of the sum at higher speeds? Explain. 
In Exercises 57-64, find two functions f'and g such that 80. Business You own two restaurants. From 1995 to 


(f °g)(x) 
Steonx) = 
59. h(x) = 


61. h(x) = 


63. 
64. 


h(x) = 
h(x) = 


= h(x). (There are many correct answers.) 


(2x + 1)? 58. nlx) = U1 =x)? 
ag Dy 60. h(x) = /9 — x 
1 4 
OS 62. h(x) = (5x + 22 
Git 4)? + 24+ 4) 

(x + 3)3/2 


In Exercises 65-70, determine the domains of (a) f, 


(b) g, and 


(c) feg. Use a graphing utility to verify 


your answer. 


65. f(x) 


Vx, 


ex) =a + 1 


2000, the sales R, (in thousands of dollars) for one 
restaurant can be modeled by 


R, = 480 — 8t — 0.827, t = 0, 1, 2, 3,4,5 


where ¢ = 0 represents 1995. During the same 
6-year period, the sales R, (in thousands of dollars) 
for the other restaurant can be modeled by 


R, = 254 + 0.78¢, t = 0, 1, 2, 3, 4, 5. 


(a) Write a function R, that represents the total sales 
for the two restaurants. 

(b) Use a graphing utility to graph R,, R5, and R,; 
(the total sales function) in the same viewing 
window. 
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Data Analysis In Exercises 81 and 82, use the 
table, which gives the total amount spent (in billions 
of dollars) on health services and supplies in the 
United States and Puerto Rico for the years 1990 
through 1996. The variables y,, y,, and y, represent 
out-of-pocket payments, insurance premiums, and 
other types of payments, respectively. (Source: U.S. 
Health Care Financing Administration) 


1991 | 1992 | 1993 | 1994 |1995 | 1996 


144.4 151.6| 159.5| 163.6| 164.8 | 166.7 | 171.2 
yaaa 


259.4 | 282.5} 303.3 | 315.6 | 326.9 | 337.3 
24.0 25.10 27.3)| 29:69 31.7 32.4 


81. Use a graphing utility to find a mathematical model 
for each of the variables. Let t = 0 represent 1990. 
Find a quadratic model (y = ax? + bx + c) for y, 
and linear models (y = ax + b) for y, and yy. 


82. Use a graphing utility to graph y,, y,, y3, and 
y, + yy + y3 in the same viewing window. Use the 
model to estimate the total amount spent on health 
services and supplies in 2000. 


83. Ripples A pebble is dropped into a calm pond, 
causing ripples in the form of concentric circles. The 
radius (in feet) of the outer ripple is r(t) = 0.6r, 
where ¢ is the time (in seconds) after the pebble 
strikes the water. The area of the circle is A(r) = ar?. 
Find and interpret (A ° r)(t). 


84. Geometry A square concrete foundation was pre- 
pared as a base for a large cylindrical gasoline tank. 


(a) Express the radius r of the tank as a function of 
the length x of the sides of the square. 


(b) Express the area A of the circular base of the 
tank as a function of the radius r. 


(c) Find and interpret (A  r)(x). 


Ne 


Xx 
FIGURE FOR 84 


85. Business The weekly cost of producing x units in 
a manufacturing process is C(x) = 60x + 750. The 
number of units produced in ¢ hours is x(t) = SOr. 


(a) Find and interpret (C ° x)(t). 
(b) Use a graphing utility to graph the cost as a func- 
tion of time. Use the trace feature to estimate (to 


two-decimal-place accuracy) the time that must 
elapse until the cost increases to $15,000. 


86. Air Traffic Control An air traffic controller spots 
two planes at the same altitude flying toward each 
other. Their flight paths form a right angle at point P. 
One plane is 150 miles from point P and is moving 
at 450 miles per hour. The other plane is 200 miles 
from point P and is moving at 450 miles per hour. 
Write the distance s between the planes as a function 
of time f. 


100 


Distance (in miles) 


P 100 300 
Distance (in miles) 

87. Business You are a sales representative for an auto- 
mobile manufacturer. You are paid an annual salary 
plus a bonus of 3% of your sales over $500,000. 
Consider the two functions f(x) = x — 500,000 and 
g(x) = 0.03.x. If x is greater than $500,000, which of 
the following represents your bonus? Explain. 


(a) f(g(x)) (b) g(f(x)) 


88. Exploration The suggested retail price of a new 
car is p dollars. The dealership advertised a factory 
rebate of $1200 and an 8% discount. 


(a) Write a function R in terms of p, giving the cost 
of the car after receiving the rebate from the 
factory. 


(b) Write a function S in terms of p, giving the cost 
of the car after receiving the dealership discount. 


(c) Form the composite functions (R °S)(p) and 
(S © R)(p), and interpret each. 

(d) Find (R @ S)(18,400) and (S ° R)(18,400). Which 
yields the lower cost for the car? Explain. 

89. Data Analysis The data in the table shows the 

circulations of morning and evening newspapers in 

the United States for the years 1988 through 1997. 

The variables y, and y, represent the circulations in 

millions of the morning and evening papers, respec- 

tively. (Source: Editor & Publisher Co.) 


1991 1992 
41.5 | 42.4 
fo 220 1756 
1996'191997 
44.8 | 45.4 
te 2) aLi3 


Use a graphing utility to create a scatter plot of each 
data set. What type of model would best fit the data? 
Use the regression capabilities of a graphing utility 
to find models for y, and y, (use t = 8 to represent 
1988). Graph the models for y,, y, and y, — yp, in 
the same viewing window. What does the graph of 
the difference of the functions indicate about news- 
paper circulation in general? 


Synthesis. 


True or False? In Exercises 90 and 91, determine 
whether the statement is true or false. Justify your 
answer. 


90. If f(x) = x + 1 and g(x) = 6x, then 
(f g(x) = (g °f)(). 
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91. If you are given two functions f(x) and g(x), you 
can calculate (f ° g)(x) if and only if the range of g 
is a subset of the domain of f. 


92. Think About It Prove that the product of two odd 
functions is an even function and the product of two 
even functions is an even function. 


93. Conjecture Use examples to hypothesize whether 
the product of an odd function and an even function 
is even or odd. Then prove your hypothesis. 


94. Given a function f, prove that g(x) is even and h(x) 
is odd where 
a(x) = aL f(x) + f(—x)] and 
h(x) = af) — f(-2)]. 

95. Use the result of Exercise 94 to prove that any 
function can be written as a sum of even and 


odd functions. (Hint: Add the two equations in 
Exercise 94.) 


96. Use the result of Exercise 95 to write each function 
as a sum of even and odd functions. 


(@) f@)=x2= 241 (b) fo) = —— 


oo el 
Review 
In Exercises 97-100, find three points that lie on the 
graph of the equation. 
98. y=38-424+1 


x 
x*-—5 


97. y= xX XS 


99, x? + y? = 24 100. y = 


In Exercises 101-104, find an equation of the line that 
passes through the two points. 

101 —45—2), 3, 8) 102 aes) 

103. (3, -1), (—4, 4) 104. (0, 1.1), (—4, 3.1) 


In Exercises 105-110, use the graph of f to sketch the 
graph of the specified function. 

105. f(x — 4) 
106. f(x + 2) 
107. f(x 
108. f(x 
109. 2f(x) 
110. 3 f(x) 
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F.7 ADVLSQoFUIGLIOIS scsinsnnnnnninnnionnn 


The Inverse of a Function 


Recall from Section 1.3 that a function can be represented by a set of ordered 
pairs. For instance, the function f(x) = x + 4 from the set A = {1, 2, 3, 4} to the 
set B = {5, 6, 7, 8} can be written as follows. 


f(x) =x + 4: {(1, 5), (2, 6), (3, 7), (4, 8)} 


In this case, by interchanging the first and second coordinates of each of these 
ordered pairs, you can form the inverse function of f, which is denoted by f~!. 
It is a function from the set B to the set A, and can be written as follows. 


mel) a a {(5, 1); (6, 2) (7, 3), (8, 4)} 


Note that the domain of f is equal to the range of f~', and vice versa, as shown 
in Figure 1.58. Also note that the functions fand f~! have the effect of “undoing” 
each other. In other words, when you form the composition of f with f~! or the 
composition of f~! with f, you obtain the identity function. 


f(f@) =f@-4)=@-4)+4=x 
fOG¢Q@) =fG@+4=+@+4-4=x 


Figure 1.58 


EXAMPLE 1 Finding Inverse Functions Informally 


Find the inverse of f(x) = 4x. Then verify that both f(f~ '!(x)) and f~'(f(x)) are 
equal to the identity function. 


Solution 
The given function multiplies each input by 4. To “undo” this function, you need 
to divide each input by 4. So, the inverse function of f(x) = 4x is 


You can verify that both f(f~ '(x)) and f~'(f(x)) are equal to the identity func- 
tion as follows. 


sf Tigges) = i") = 4(*) aS 


David J. Sams/Stock Boston 
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EXAMPLE 2 _ Finding Inverse Functions Informally 


Find the inverse of f(x) = x — 6. Then verify that both f(f~!(x)) and f~ (f(x) 
are equal to the identity function. 


_ Solution 
The given function subtracts 6 from each input. To “undo” this function, you need 
to add 6 to each input. So, the inverse function of f(x) = x — 6 is 


f-"() =x+6. 


You can verify that both f(f-\(x)) and f~'(f(x)) are equal to the identity func- 
tion as follows. 


ia) eco) = (x +6) — 6 = x 
ee Ale 0) — (x— 6) +6 = x 


A table of values can help you understand inverse functions. For instance, the 
following table shows several values of the function in Example 2. Interchange 
the rows of this table to obtain values of the inverse function. 


In the table at the left, each output is 6 less than the input, and in the table at the 
right, each output is 6 more than the input. 


ihe mat definition of the inverse of a function is as follows. 


If the function g is the inverse of the function f, it must also be true that the func- 
tion f is the inverse of the function g. For this reason, you can say that the func- 
tions f and g are inverses of each other. 
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EXAMPLE 3 _ Verifying Inverse Functions Algebraically 


Show that the functions are inverses of each other. 


ee ee rena (:) = [2 


Solution 


x x+1\3 
aid =F ae - i 


Sevens 
=x 
2x agenk) ty 
e( fo) = ge - 1) = 
Me 
= 3/— 
2 
ORE 


EXAMPLE 4 _ Verifying Inverse Functions Algebraically 
5 


Which of the functions is the inverse of f(x) = 2 


53) 


ajo ena ho) =2 +2 


Solution 
By forming the composition of f with g, you have 


f( g(x) =} So: ee # x. 


i er 
r o% x n 
5 


Because this composition is not equal to the identity function x, it follows that g 
is not the inverse of f. By forming the composition of f with h, you have 


f(A(x)) =¥(2 4 >) so ee 


5 aa Bix = x. 
x 


-+2-2 


So, it appears that h is the inverse of f. You can confirm this by showing 
that the composition of h with fis also equal to the identity function. 
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The Graph of an Inverse Function 


The graphs of fand f~' are related to each other in the following way. If the point 
(a, b) lies on the graph of f, then the point (b, a) lies on the graph of f~! and vice 
versa. This means that the graph of f~! is a reflection of the graph of f in the line 
y = x, as shown in Figure 1.59. 


oS Fig Ses. 


0] 
pat 
Niner en ao =. 


ee aia 
2 A 
Pe Ren ie Sharia queue 


(ESE i Te 


A computer animation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


Figure 1.59 


EXAMPLE 5 Verifying Inverse Functions Graphically and Numerically 


Example 3 shows how to verify algebraically that the functions 


Taal — 1" and ete) = of 


are inverses of each other. Verify that f and g are inverses of each other graphi- 
cally and numerically. 


Graphical Solution Numerical Solution 


You can numerically verify that fand g are inverses of 
each other by creating two tables as shown below. 


You can graphically verify that f and g are inverses of each 
other by using a graphing utility to graph fand g in the same 
viewing window. (Be sure to use a square setting.) From the 
graph in Figure 1.60, you can verify that the graph of g is 
the reflection of the graph of fin the line y = x. 


15 


15 


Note that the entries in the tables are the same except 
that their rows are interchanged. From the tables, you 
can verify that f and g are inverses of each other. 


Figure 1.60 
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The Existence of an Inverse Function 


A function need not have an inverse function. For instance, the function f(x) = x? 
has no inverse [assuming a domain of (— 00, 00) ]. You can observe this numeri- 
cally in the table at the right. 

When you interchange the rows of the tables, you can find two different out- 


“es 
— 
olf 
— — 
cS) 


puts correspond to the same input. For example, the input 4 corresponds to two | 
different outputs, —2 and 2. So, the bottom table does not represent a function, 
and therefore f(x) = x? does not have an inverse. 

To have an inverse, a function must be one-to-one, which means that no two 
elements in the domain of f correspond to the same element in the range of f. 


From its graph, it is easy to tell whether a function of x is one-to-one. Simply 
check to see that every horizontal line intersects the graph of the function at most 
once. For instance, Figure 1.61 shows the graph of y = x*. On the graph, you can 
find a horizontal line that intersects the graph twice. 

Two special types of functions that pass the Horizontal Line Test are those 
that are increasing or decreasing on their entire domains. 


1. If f is increasing on its entire domain, f is one-to-one. Figure 1.61 f(x) = x4 is not one-to-one, 


2. If f is decreasing on its entire domain, f is one-to-one. 


EXAMPLE 6 Testing for One-to-One Functions 
Is the function f(x) = /x + 1 one-to-one? 
Algebraic Solution Graphical Solution 


Let a and b be nonnegative real numbers with 


f(a) = fle). 
Jat+1=/b+1 Set f(a) = f(b). 
Ja= Jb 
a=b 


Use a graphing utility to graph the function y = \/x + 1. 
From Figure 1.62, you can see that a horizontal line will 
intersect the graph at most once. So, f is one-to-one. 


Therefore, 


implies that 
a= b. 


So, fis one-to-one. ; 
Figure 1.62 
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Finding Inverse Functions Algebraically 


For simple functions (such as the ones in Examples | and 2) you can find inverse 


STUDY TIP 


functions by inspection. For instance, the inverse of f(x) = 8x is f~'(x) = x/8. Many graphing utilities have a 
For more complicated functions, however, it is best to use the following proce- built-in feature to draw the 
dure for finding the inverse of a function. inverse of a function. To see 


how this works, consider the 

function f(x) = \/x. The 

inverse of f is f(x) = x”, 

x 2 0. Enter the function 

y, = \/x. Then graph it in the 

1. Use the Horizontal Line Test to decide whether f has an inverse. standard viewing window and 
. In the equation for f(x), replace f(x) by y. . : use the draw inverse feature. 

You should obtain the figure 


below, which shows both f and 
. Replace y by f~ '(x) in the new equation. its inverse f7!. 


Finding the Inverse of a Function 
To find the inverse of f, use the following steps. 


2 
3. Interchange the roles of x and y, and solve for y. 
4 
5 


. Verify that f and f~! are inverses of each other by showing that 
HF 1) = x and f 1 f()) = x. fG)= e720 


It is important to note that in Step 1 above, the domain of fis assumed to be the 
entire real line. The domain of f may be restricted so that f does have an inverse. 
For instance, if the domain of f(x) = x? is restricted to the nonnegative real num- 
bers, then f does have an inverse. 


EXAMPLE 7 _ Finding the Inverse of a Function 


rsx. 
Find the inverse (if it exists) of f(x) = 5 
Solution 
The graph of fin Figure 1.63 passes the Horizontal Line Test, so you can see that 
f is one-to-one, and therefore has an inverse. 
f(x) = z = a Write original equation. 
SP cone 4 
a 5 Replace f(x) by y. 
Seaeoy 
NaS 5 Interchange x and y. 
Figure 1.63 
20 — 3 y Multiply each side by 2. 
By =5- pass Isolate the y-term. 
os: ae 
yi 3 olve for y. 
y= 2 
f '(x) = 3 = Replace y by f(x). 


The domain and range of both f and f~! consist of all real numbers. Verify that 


f(f-1@)) = x and f-'(f@)) = x. 
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EXAMPLE 8 Finding the Inverse of a Function 


Find the inverse of f(x) = 2x — 3 and sketch the graphs of f and f~!. 


Solution 
The graph of fin Figure 1.64 passes the Horizontal Line Test, so you can see that 
f is one-to-one and therefore has an inverse. 


f(x) =n) 2k 3 Write original equation. 
= \/ 2x = 93 Replace f(x) by y. 
X= -/ 2) 3 Interchange x and y. 
5 PA ead) 
Nie ae 
eta 
SS Solve for y. 
2 
s, 243 
ff °@= > aan) Replace y by f-!(x). 


The graph of f~! in Figure 1.64 is the reflection of the graph of f in the line 
y = x. Note that the range of f is the interval [0, co), which implies that the 
domain of f~! is the interval [0, co). Moreover, the domain of f is the interval 
(3, oo), which implies that the range of f~! is the interval 2, oe) 


fC) Sy 20 = 


Figure 1.64 


paragraph describing why the follnins functions do or do not 
erse functions. Give a numerical example for each. 


Your hourly wage is $7. 50 plus $0. 90 for each unit x produced per hou 


tf (x) represent your weekly se for 40 hours of work. Does Le 
Hon have an inverse? 


o ‘represent the retail price oe an item un dollars) and ie f (x) repre- a 
the sales tax on the item. Assume that the sales tax is 7% of the retail 
and that the sales tax is rounded to the nearest cent. Does this func- 
n have é an inverse? (Hint: Can you undo this function? For instance, a 


yO know that the sales tax 1s me 14, can 1 you determine exactly w what at th 
ail se is) . Ba 


ate eae at 
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In Exercises 1-4, match the graph of the function 
with the graph of its inverse. [The graphs of the 
inverse functions are labeled (a), (b), (c), and (d).] 


(a) (b) 


= = tal 


In Exercises 5-12, find the inverse of f informally. 
Verify that f(f—'(x)) = x and f~'(f(x)) = x. 


SEF (x) =: 8x 6. f(x) = =x 
7. f(x) =x + 10 Saya) =< 5 
ofa) Sar +1 10. f(x) = = 
it! (@) = 2/e 12 fee 


In Exercises 13-16, show that f and g are inverse 
functions (a) algebraically and (b) graphically. 


132 70) — 2x, 2G) a 


Saree x — 54 expe x +5 


15. f(x) =5x+1, g(x) = “= 


3) = Jf 
4 


16. f(x) =3 — 4x, g(x) = 


In Exercises 17-22, show that f and g are inverse func- 
tions algebraically. Use a graphing utility to graph f 
and g in the same viewing window. Describe the rela- 
tionship between the graphs. 


17. f) =23, g(a) = Ye 
18. fx) =, 9) =~ 


1952 7 a io x a 0) 
2009 f Gr OS, xe SOF eG) SN Oy 
Day Ol re (ae ey 


1—- 
22. f(x) = ae gyv= —— 0 et 
i 


il se 38 


In Exercises 23-28, (a) show that f and g are inverse 
functions algebraically and (b) verify that f and g are 
inverses numerically by creating a table of values for 
each function. 


23. f(x) = —fn — 3, g(x)= — 2 2 
24. f(x) =~ ; Se) eee 


2500 (X= -5, -o(x) = aS 
26. fl) ==, glx) = YS 
27. fix) =x 8 


28. fy =~ 3x10, se(x) = ve 


ox) 8 ex8, K=.0 


In Exercises 29-42, use a graphing utility to graph the 
function and use the Horizontal Line Test to deter- 
mine whether the function is one-to-one. 


Al = iy 
6 


29. f(x) =3 - 3x S0.72(4) = 


2 


31. h(x) = 32. f(x) = g(x + 2)? - 1 


x2 +1 
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33. A(x) = 16 — x? 34, f(x) = —2x/16 — x? 
35. f(x) = Vx —2 36. f(x) = 4 - 3x2 

37. f(x) = 10 38. f(x) = —0.65 
B9MeG)e= (x + 5) AO f(x) Se = 7 
Alentxp= 0 2 4 =" 4) 

a) -E r : 


In Exercises 43-54, find the inverse of the function f. 
Use a graphing utility to graph both f and f~! in 
the same viewing window. Describe the relationship 
between the graphs. 


43. f(x) = 2x — 3 44, f(x) = 3x 

45. f(x) =x 46. f(x) =x° + 1 

ATs f(x) = ~/x 48. fG@) = x2, “x 20 
49. FG) = Ale. (0 SS 2 

50. f(x) = /16 — x, -4<x<0 

SL flx=a/x- 1 Ey ies) = 
Korii on eiepen ie 


In Exercises 55-68, determine algebraically whether 
the function is one-to-one. If it is, find its inverse. 
Verify your answer graphically. 

| 


Pad 


55: f(xy =x 56. f(x) = 


57. f(x) = 


> 
SOT al= (+ 3)?, x 23 
60F g(x) = (x — 5)?, x <5 


58. f(x) = 3x +5 


61. h(x) = 
62. f(x) = |x-2|, x<2 

63. f(x) = 2x +3 64. f(x) = /x - 2 
65. g(x) = x2 — x4 


67. 1s) = ax +, a0 
68. f(x) =c 


Think About It In Exercises 69-72, delete part of the 
graph of the function so that the part that remains is 
one-to-one. Find the inverse of the remaining part and 
give the domain of the inverse. (There are many cor- 
rect answers.) 


65) FGPG 2? 70. fx) =1—x4 


8 3 


Sat a 


In Exercises 73 and 74, use the graph of the function 
f to complete the table and sketch the graph of f~'. 


EScaSSSSTASIacl] SIGRID a eGR 

T3: 5 Thr a 
(ese Fabs Su, | fy-) 

' 7: i Dee) ay VA) 


74. 


Graphical Reasoning In Exercises 75-78, (a) use a 
graphing utility to graph the function, (b) use the 
draw inverse feature of the graphing utility to draw 
the inverse of the function, and (c) determine whether 
the graph of the inverse relation is an inverse func- 
tion, explaining your reasoning. 


US AC ee ee el 16. h(x) =x/4—%2 
3x? Ax 


ive g(x) = oni 78. f(x) = n/a 


In Exercises 79-84, use the functions f(x) = a eo 
and g(x) = x? to find the indicated value or function. 


79. (f-teg)(1) baie om yor) 
States <7 (6) 82. (g-!eg1)(—4) 
83. (f eg)! 84. g lofi! 


In Exercises 85-88, use the functions f(x) = x + 4 
and g(x) = 2x — 5 to find the specified functions. 


85. glo ft! 86. foleg! 
87. (f eg)! 88. (g°f)"! 


89. Hourly Wage Your wage is $8.00 per hour plus 
$0.75 for each unit produced per hour. So, your 
hourly wage y in terms of the number of units pro- 
duced is y = 8 + 0.75x. 

(a) Determine the inverse of the function. What does 
each variable in the inverse function represent? 

(b) Use a graphing utility to graph the function and 
its inverse. 

(c) Use the trace feature of your graphing utility to 


find the hourly wage if 10 units are produced per 
hour. 

(d) Use the trace feature of your graphing utility to 
find the number of units produced when your 
hourly wage is $22.25. 

90. Diesel Engine The function 


y = 0.03x? + 254.50, OF »1<0100 


approximates the exhaust temperature y of a diesel 

engine in degrees Fahrenheit, where x is the percent 

load on the engine. 

(a) Determine the inverse of the function. What does 
each variable in the inverse function represent? 

(b) Use a graphing utility to graph the inverse 
function. 

(c) Determine the percent load interval if the exhaust 
temperature of the engine must not exceed 
500°F. 

91. Transportation The total value of new car sales 
f (in billions of dollars) in the United States from 
1992 through 1997 is shown in the table. The time 
(in years) is given by t, with t = 2 corresponding to 
1992. (Source: National Automobile Dealers 
Association) 
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o 2 |3 |4--|[5 [6 |7 
| fl) | 333.8 | 377.3 | 430.6 | 456.2 | 490.0 | 507.5 


(a) Does f+ exist? 


(b) If f~! exists, what does it mean in the context 
of the problem? 


(c) If f-! exists, find f~'(456.2). 


(d) If the table above was extended to 1998 and if 
the total value of new car sales for that year was 
$430.6 billion, would f~! exist? Explain. 


Synthesis 


True or False? In Exercises 92 and 93, determine 
whether the statement is true or false. Justify your 
answer. 
92. If f is an even function, f~! exists. 
93. If the inverse of f exists, the y-intercept of f is an 
x-intercept of f~!. 
94. Prove that if f and g are one-to-one functions, 
(Heed all) ine Sepaieh oa! 
95. Prove that if f is a one-to-one odd function, f~! is 
an odd function. 


96. Think About It The function 
flat) me Kua, 8) 


is one-to-one and f~!(3) = —2. Find k. 
Review 


In Exercises 97-100, write the rational expression in 
simplest form. 


Te 5x2y 
‘ == 
| Bx ‘ eee SN 
x2 — 36 x2 + 3x — 40 
99, paely 100. Sen Ty 


In Exercises 101-104, evaluate the combination of 
functions when f(x) = 2x? — 5 and g(x) =x — 3 at 
the indicated value of x. 

101. (f + g)(—x) when x = —2 

102. (f — g)(x) when x = 4 

103. (fg)(—x) when x = —3 


N |W 


104. a when x = 
§ 
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What did you learn? 


Section 1.1 Review Exercises 
O How to sketch graphs of equations by point plotting and by using a 
graphing utility 1-22 
1 How to use graphs of equations in real-life problems 23, 24 
Section 1.2 
(1 How to find the slopes of lines 25-34 
11 How to write linear equations given points on lines and their slopes 35-46 
L) How to use slope-intercept forms of linear equations to sketch graphs 47-58 
of lines 
(1 How to use slope to identify parallel and perpendicular lines 59-62 


Section 1.3 


L] How to decide whether relations between two variables are functions 63-68 
1) How to use function notation and evaluate functions 69, 70 
L] How to find the domains of functions 71-76 
L} How to use functions to model and solve real-life problems 77, 78 


Section 1.4 


L1 How to find the domains and ranges of functions and use the Vertical 


Line Test for functions 79-86 
L] How to determine intervals on which functions are increasing or decreasing 87-90 
CL} How to determine relative maximum and relative minimum values 91-94 
of functions 
L] How to graph step functions and other piecewise-defined functions 95, 96 
L} How to identify even and odd functions 97, 98 
Section 1.5 
CL] How to recognize graphs of common functions 99-102 
L] How to use vertical and horizontal shifts and reflections to sketch graphs 
of functions 103-118 
L] How to use nonrigid transformations to sketch graphs of functions 119-126 
Section 1.6 
L] How to add, subtract, multiply, and divide functions 127-132 
L] How to find compositions of one function with another function 133-136 


L] How to use combinations of functions to model and solve real-life problems 137, 138 
Section 1.7 


L] How to find inverse functions informally and verify that two functions are 
inverses of each other 139-142 


CL] How to use graphs of functions to decide whether functions have inverses 143-150 
L] How to find inverse functions algebraically 151-156 


e Review Exercises 149 


1.1 In Exercises 1 and 2, complete the table. Use the 
resulting solution points to sketch the graph of the 
equation. Use a graphing utility to verify the graph. 


if, Se eee 


oe -2| 0 oh eeu pe 
|| 


era a 3X 


fx|-1 [0/1] 2]3 
y ie 


In Exercises 3-12, sketch the graph of the equation by 
hand. Use a graphing utility to verify the graph. 


Say 2x 3 = 0 4. 3x-+ 2y +6=0 
Sat 0 6. y=8 — |x| 
Tl. y=J/5-—x 8. -y = Vx +12 
9 oy + 2x7 = 0 10. y =x? — 4x 
ll.x+y= 1 Se ae en) 


In Exercises 13-20, use a graphing utility to graph the 
equation. Approximate any intercepts. 


13. y = }(x + 1)3 14. y=4- (x —4) 
15. y = 4x4 — 2x? 16. y = 4x3 — 3x 

17-y =xV/9 — x? 18. y= x~/2 ~ 3 

19. y= |x — 4| -4 PX EP 6 a ed ie eee 4 
In Exercises 21 and 22, find a viewing window on a 


graphing utility such that the graph of the equation 
agrees with the graph shown. 


21. y = 0.002x2 — 0.06x — 1 


Vina 
Nay 


22, y = 10x? — 2ix2 


Data Analysis In Exercises 23 and 24, (a) use a 
graphing utility to plot the data; (b) use the regression 
capabilities of a graphing utility to find the best- 
fitting linear model (let ¢ = 2 correspond to 1992); 
(c) graph the model in the same viewing window with 
the data; and (d) use the model to estimate the values 
of y for the years 2000 and 2002. 


23. The average expenditures y for automobile insurance 
per insured vehicle from 1992 through 1996 are 
shown in the table. (Source: National Association 
of Insurance Commissioners) 


| 1992 1993 | 1994 | 1995 | 1996 


638 | Gai lieco? mines. 


24. The total number y of Coast Guard personnel on 
active duty (in thousands) from 1992 through 1997 
are shown in the table. (Source: U.S. Department 
of Transportation) 


x | 1992 | 1993 
-y | 39.4 | 39.2 


1994 | 1995 | 1996 | 1997 
37.8 | 36.7 | 35.2 | 349 


= In Exercises 25-30, plot the two points and find 
the slope of the line that passes through the points. 
25 on = 3.2 )mer 2) 74 Sa eet a ed Wl) 

27. (3, 1), (5.3) 28. (—3, 6), @, -3) 

PSB et ES) a Oe) 

SO — 2575 — 6:3) ee) 


In Exercises 31-34, use the concept of slope to find ¢ 
such that the three points are collinear. 


B18 (2,5): (09), (UAL) 3251(6, 1), (190); (10, 5) 
33. (1, —4), @ 3), (5,10) 34. (—3, 3), (¢, —1), (8, 6) 
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In Exercises 35-46, (a) find an equation of the line 
that passes through the given point and has the speci- 
fied slope, and (b) find three additional points 
through which the line passes. 


Point Slope 
S552" —1) m=4 
36. (—3, 5) m= —3 
S7 Ov) m=3 
38. (3, 0) m= —% 
39. (—6, —5) m= -—2 
40. (—7, 2) m= 
41. (4, -5) m=-1 
42. (0, z) i —2 
43. (—2, 6) m=0 
44. (—8, 8) nO 
45. (10, —6) m is undefined. 
46. (5, 4) m is undefined. 


In Exercises 47-52, (a) find an equation of the line (in 
slope-intercept form) that passes through the points 
and (b) sketch the graph of the equation. 


AT eon alae) 48. (0, 0), (0, 10) 
49. (2, 1), (14, 6) 50. 2,2) (3,00) 
HE Oe) 52. (1,6), (4,2) 


Rate of Change In Exercises 53 and 54, you are 
given the dollar value of a product in 2000 and the 
rate at which the value of the item is expected to 
change during the 5 years following. Use this infor- 
mation to write a linear equation that gives the dollar 
value V of the product in terms of the year ¢. (Let 
t = 0 represent 2000.) 


2000 Value Rate 
53. $12,500 


54. $72.95 


$850 increase per year 


$5.15 increase per year 


Exploration In Exercises 55 and 56, find a relation- 
ship between x and y such that (x, y) is equidistant 


from the two points. 
55. (—2, —5), (6, 3) 56. (1,4), (5, 0) 


57. Business During the second and third quarters of 
the year, a business had sales of $160,000 and 


$185,000, respectively. If the growth of sales follows 
a linear pattern, estimate sales during the fourth 
quarter. 

58. Dollar Value The dollar value of a product in 2000 
is $85, and the product will increase in value at an 
expected raté of $3.75 per year. 


(a) Write a linear equation that gives the dollar value 
V of the product in terms of the year ¢. (Let t = 0 
represent 2000.) 


(b) Use a graphing utility to graph the sales equation. 
(c) Use the value or trace feature of your graphing 


utility to estimate the dollar value of the product 
in 2005. 


In Exercises 59-62, write equations of the lines 
through the point (a) parallel to the given line and (b) 
perpendicular to the given line. Verify your result 
with a graphing utility (use a square setting). 


Point Line 

59. (3, = 5x = 4y ='8 
0. (—8, 3) 2x + 3y =5 
L. (—6,.2) x = A 

62. (3,-4) y=2 


= In Exercises 63 and 64, determine which of the 
sets of ordered pairs represents a function from A to 
B. Give reasons for your answers. 
63. A = {10, 20, 30, 40} and B = {0, 2, 4, 6} 

(a) {(20, 4), (40, 0), (20, 6), (30, 2)} 

(b) {(10, 4), (20, 4), (30, 4), (40, 4)} 

(c) {(40, 0), (30, 2), (20, 4), (10, 6)} 

(d) {(20, 2), (10, 0), (40, 4)} 
64. A = {u, v, w} and B = {—2, —1, 0, 1, 2} 

(a) {(v, —1), (u, 2), (w, 0), (u, —2)} 

(by (2) vf 2), (w, 1)} 

(c) {(u, 2), (v, 2), (w, 1), (w, 1)} 

(d) {(w, —2), fy 0), (w, 2)} 


In Exercises 65-68, determine if the equation repre- 
sents y as a function of x. 


65. 16x — y* = 0 
O7 yl lex 


665.2% yo — 
68. |y) =x +2 


In Exercises 69 and 70, evaluate the function at each 
value of the specified variable. Simplify your answers. 


69. f%) =x24+1 


(a) f(2) (b) f(—4) 

(c) f(t?) (dl) 71a) 
7T0ne(x) — x-/2 

(a) g(8) (b) g(t + 1) 

¢) =e ) g(x) 


In Exercises 71-76, determine the domain of the 
function. Verify your result with a graphing utility. 


PIA FO 1X12) F2 f(x) i? 4x 32 
Pa) 25 x 74, f(x) = Vx? + 8x 
15. (8) = = 76. f() = 


77. Business A company produces a product for which 
the variable cost is $5.35 per unit and the fixed costs 
are $16,000. The company sells the product for 
$8.20 and can sell all that it produces. 

(a) Find the total cost as a function of x, the number 
of units produced. 


(b) Find the profit as a function of x. 
78. Boating The retail expenditures B (in billions of 
dollars) on boating in the United States from 1985 to 
1996 can be represented by the piecewise-defined 
function 
B= =—(0.631F — 2.8451 + 14.160, — 
~ (2.0887 + 5.768, 


where t = 0 represents 1990. Use a graphing utility 
to graph the model and find the amount spent on boat- 
ing in 1985, 1990, and 1995. (Source: National 
Marine Manufacturers Association) 


EX) In Exercises 79-82, find the domain and range 
of the function. 

TRG Aba eee ed Oe 
SIH) = 3/36 = x 
In Exercises 83-86, (a) use a graphing utility to graph 


the equation and (b) use the Vertical Line Test to 
determine whether y is a function of x. 


24.3 
83. y == ; = 


85. 3x + y? = 


80. f(x) = V 2x? = 1 
82. g(x) = |x + 5] 


84. y= —3|x + 5| 


86. x2 + y? = 49 
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In Exercises 87-90, determine the open intervals over 
which the function is increasing, decreasing, or 
constant. 


87. f(x) =x — 3x 88. f(x) = Vx? —9 


(dao 
2 

Graphical Analysis In Exercises 91-94, use a 
graphing utility to approximate (to two-decimal-place 
accuracy) any relative maximum or minimum values 
of the function. 

91. f(x) = @? —4)2 

93. h(x) = 4x3 — x4 


89. f(x) =x/x — 6 90. f(x) = 


Qf kee =i 
94. f(x) = 3° = 4x4 ok 


In Exercises 95 and 96, sketch the graph of the 
piecewise-defined function by hand. Verify using a 
graphing utility. 


Bn ae SD, oe KO 
*: core i 20 

x2 4+ 7, 6 eal 
ao fn fag al 


In Exercises 97 and 98, determine whether the func- 
tion is even, odd, or neither. 


97. f(x) = (@? — 8)? 98. f(x) = 2x3 — x? 

=" In Exercises 99-102, the graph is related to one 
of the common functions on page 118. Identify the 
common function and describe the transformation 
shown in the graph. Write the equation for the 
graphed function. 


99, : 100. : 
A 
it 5 
popped 4 
=gip0_ {iL 1ae3 ; 
2-- 
Bae jae 
-44 opp tet petem a 
ets 32-91 1 2 3 
101. ; iN 
t 
tf} te x 
2 6 
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In Exercises 103-126, sketch the graph of the function 
by hand. 


103. f(x) =x? — 6 104. fx)=@ — 3) 2 
105. f@) =@— 1) +7 106. fF) = (& + 2)? +5 
107. f(x) = /x — 5 108. f(x) = Vx +5 +4 
109. f(x) =7 + |x| 110. f(x) = |x + 8] - 1 
11. f(x) = -x? -3 

11256 f Ge 82) 8 

113. f(x) = —(x + 53 -— 6 

114. f(x) =3 — 115. f(x) = -Vx +4 - 3 
116. f(x) = J/-x—1+7 

1975 7G) = = |k 42| =" 

118. f(x) = 1 — |-x| 

119. f(x) = -2x2 +3 120. f(x) = 50 — 3) +6 


121. f(x) = —j(1 — x3 - 2 
22570) — sa — 1)? — 5 


123. f(x) = —5|x/+9 124. f(x) = -2|-x - 4] 
125. f ie 3) 64 


126. f(x) =4Vx+1-8 


iJ In Exercises 127-136, let f(x) = 3 — 2x, g(x) = 


Ws and h(x) = 3x? + 2, and find the indicated 
values. 


127. (f — g)(4) 128. (f + n)(5) 
129. (f + g)(25) 130. (g — h)(1) 
131. (fh)(1) 132. (2) 

133. ie > g)(7) 134. (g °f)(—2) 
135. (f°h)(—4) 136. (g ¢h)(6) 


Data Analysis In Exercises 137 and 138, use the 
table, which shows the total value (in billions of 
dollars) of U.S. imports from China and Taiwan for 
the years 1992 through 1997. The variables y, and y, 
represent the total value of imports from China and 
Taiwan, respectively. 
Census) 


(Source: U.S. Bureau of the 


1993 | 1994 | 1995 | 1996 | 1997 | 
31.5 | 38.8 | 45.5 | 51.5 | 62.6 
25.1 | 26.7 | 29.0 | 299 | 32.6 


137. Use the regression capabilities of a graphing utility 
to find quadratic models for each of the variables. 
Let t = 2 represent 1992. 

138. Use a graphing utility to graph y,, y, and y; + y, in 
the same viewing window. Use the model to esti- 
mate the total value of U.S. imports from China and 
Taiwan in 2002. 


EX@ In Exercises 139-142, find the inverse of f infor- 
mally. Verify that f(f—'(x)) = f-(f(x)) = x. 

139. f(x) = 6x 140. f(x) = $x 

141. f(x) =x-7 142. f(x) =x+5 


In Exercises 143-146, (a) find f~', (b) graph f and 
f—' in the same viewing window, and (c) verify that 


f-\(F(x)) = x and f( f(x) = x. 


143. f(x) =4x-3 144. f(x) =5x—7 
145. f(x) = /x +1 146. f(x) =x3 +2 


In Exercises 147-150, restrict the domain of the 
function f to an interval over which the function is 
increasing, and determine f —! over that interval. Use 
a graphing utility to graph f and f~! in the same 
viewing window. 


147. f(x) = 2(x - 4)? 
149. f(x) = |x -2| 150. f(x) = 4|x + 4 


In Exercises 151-156, find the inverse of f algebrai- 
cally. 


eats saa 7x 
IE Hes) 152. f(x) = — 
153. f(x) = 4x3 — 3 154, f(x) = 3-2 
155. f(x) = Vx + 10 156. f(x) =4/6—x 
Synthesis 


True or False? In Exercises 157-159, determine 
whether the statement is true or false. Justify your 
answer. 


157. Relative to the graph of f(x) = \/x, the function 
h(x) = —J/x + 9 — 13 is shifted 9 units to the left 
and 13 units down, then reflected in the x-axis. 


158. If f(x) = x" where n is odd, f~! exists. 
159. There exists no function f such that f = f~!. 


160. Explain why not all equations of lines are functions. 
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Chapter Project Modeling the Area of a Plot 


Many real-life problems can be analyzed from a graphical, a numerical, and an 
algebraic perspective. In this project, you will use all three strategies to determine 
the maximum size of a rectangular plot that can be enclosed by a fixed amount of 
fencing. 

You have 100 meters of fencing material to enclose a rectangular plot. Your 
goal is to determine the dimensions of the plot such that you enclose the maxi- 
mum area possible. 


a. Express the area A(x) of the rectangular plot as a function of the length x of 
one side, as shown in the figure below. 


Oe oa 


b. Analyze the problem numerically by completing the table. 


According to this table, what do you think the dimensions of the plot should 
be to enclose the maximum area? Explain. 

c. Use a graphing utility to graph the area function. What is the domain of the 
function? Solve the problem graphically by using the trace feature of your 
graphing utility to find the value of x that yields the maximum area. 


d. Solve the problem algebraically by showing that the area function can be 
written as A(x) = 625 — (x — 25)*. How does this form of the function 
allow you to find the dimensions that produce a maximum area? 


e. Discuss the strengths and weaknesses of the three strategies used in parts (b), 


(c), and (d). 
Ql u estions for Further Exploration 3. Suppose the rectangular plot runs along a building, 
L so that you need to fence only three sides. What 
ae Suppose you were not restricted to a rectangular dimensions will now yield a maximum area with 100 
plot. Would you be able to use 100 meters of fencing _ meters of fencing? 


~ to enclose a greater area? Explain. 


2. In the project above, you found the maximum area 

— that can be enclosed in a rectangular plot using 100 

meters” of fencing. If you doubled the amount of 
2 fencing, « could you enclose twice as much area? Use 

. numerical, graphical, and algebraic pee and 

explain your reasoning. 
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Take this test as you would take a test in class. After you are done, check your 
work against the answers in the back of the book. 


In Exercises 1-6, use the point-plotting method to graph the equation and 
identify any intercepts. Verify your results using a graphing utility. 


1. y=4- Zz ea eee 3. yas ae 
4 y= —x + 2x — 4 Sy =a 6. y = 5xV/x + 3 


7. A line passes through the point (3, —1) with slope m = 
additional points on the line. Then sketch the line. 


8. Find the x- and y-intercepts of the graph of 3x — 2y — 9 = 0. 


9. Find an equation of the line that passes through the point (0, 4) and is 
perpendicular to the line 5x + 2y = 3. 


10. Does the graph at the right represent y as a function of x? Explain. 


In Exercises 11-14, use the function f(x) = 10 — /3 — x. 
11. Evaluate: f(—6) 12. Simplify: f(t — 3) 


f) = FQ) 


13. Simplify: =i 


14. Determine the domain of f. 


15. A company produces a product for which the variable cost is $5.60 and the 
fixed costs are $24,000. The product sells for $9.20. Write the total cost C as 
a function of x. Write the profit P as a function of x. 


In Exercises 16 and 17, find the open intervals for which the function is 
increasing, decreasing, or constant. 

16. h(x) = jx4 — 2x? 17. g(t) = |t + 2| — |r -2| 

In Exercises 18 and 19, use a graphing utility to approximate (to two 
decimal places) any relative minimum or maximum function values. 

18.. f(x) = =x — 5x7 + 12 19.0F (x) =H 398 =e 2 

In Exercises 20-22, (a) identify the common function, (b) describe the trans- 
formation, and (c) sketch the graph of the function. 
207k) = 2 = 5) 3 20. (x) = a 22.) eee 
23. Use the functions f(x) = x? and g(x) = \/2 — x to find the specified func- 


tion and its domain. 


(SMX AIBN 10) (F Jia Ce Oe ae 


24. A wire 100 inches long is to be cut into four pieces to form a rectangle whose 
shortest side has a length of x. Express the area A of the rectangle as a func- 
tion of x. Determine the domain of the function and graph the function over 
that domain. Approximate the maximum area of the rectangle. 


The Interactive CD-ROM and Internet 
versions of this text provide answers to 
the Chapter Tests and Cumulative Tests. 
They also offer Chapter Pre-Tests (that 
test key skills and concepts covered in 
previous chapters) and Chapter Post- 
Tests, both of which have randomly 
generated exercises with diagnostic 
capabilities. 
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Intercepts, Zeros, and 
Solutions 


2.1 Modeling with Linear Equations 2.4 Solving Equations Algebraically 


2.2 Solving Equations Graphically 2.5 Solving Inequalities Algebraically and Graphically 
2.3 Complex Numbers 


sa 


ress pee 
pee 


i J ole katie pad 5 pole 
_ equations, ‘equations involving radicals, 
equations involving f fractions, and 
equations piers. absolute values. 
—— Soe involving olute ie palyaen 
' inequalities, and rational inequalities. 


Bob Krist/Tony Stone Images 


The key and action combination of a piano contains more than 9000 parts. The combined tension of 
the more than 200 strings is greater than 18 tons. 


Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and its definition to your notebook glossary. 


® equation (p. 156) © jmaginary unit 7 (p. 180) ® second-degree polynomial equation 
© solutions (p. 156) ® complex number (p. 180) in x (p. 188) 
© linear equation in one variable x ® complex conjugates (p. 183) ® position equation (p. 197) 

(p. 156) © fractal geometry (p. 184) ® solutions of an inequality (p. 205) 
© extraneous (p. 157) © complex plane (p. 184) ® graph of an inequality (p. 205) 
® mathematical modeling (p. 157) ® imaginary axis (p. 184) © properties of inequalities (p. 205) 
© formulas (p. 160) ® real axis (p. 184) ® equivalent inequalities (p. 205) 
e fitting a line to data (p. 162) e fractals (p. 184) © linear inequality (p. 206) 
® x-intercept (p. 169) © Mandelbrot Set (p. 184) © double inequality (p. 207) 
 y-intercept (p. 169) ® bounded (p. 184) ® critical numbers (p. 209) 
® zero (p. 170) © unbounded (p. 184) ® test intervals (p. 209) 
© point of intersection (p. 173) © quadratic equation in x (p. 188) 


Additional Resources Text-specific additional resources are available to help you do well in this course. See page xvi for details. 
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Equations and Solutions of Equations 


An equation is a statement that two algebraic expressions are equal. For example, 
3) =x ee 6 = 10 rand /2x = 4 are equations. To solve an equation 
in x means to find all values of x for which the equation is true. Such values are 
solutions. For instance, x = 4 is a solution of the equation 3x — 5 = 7, because 
3(4) — 5 = 7 is a true statement. 

The solutions of an equation depend on the kinds of numbers being consid- 
ered. For instance, in the set of rational numbers, x? = 10 has no solution because 
there is no rational number whose square is 10. However, in the set of real 
numbers the equation has the two solutions \/10 and — 10. 

An equation that is true for every real number in the domain of the variable 
is called an identity. For example, x? — 9 = (x + 3)(x — 3) is an identity 
because it is a true statement for any real value of x, and x/(3x?) = 1/(3x), where 
x # 0, is an identity because it is true for any nonzero real value of x. 

An equation that is true for just some (or even none) of the real numbers in 
the domain of the variable is called a conditional equation. For example, the 
equation x* — 9 = 0 is conditional because x = 3 and x = —3 are the only 
values in the domain that satisfy the equation. The equation 2x + 1 = 2x — 3 
is also conditional because it is not true for any value of x. Learning to solve 
conditional equations is the primary focus of this chapter. 

A linear equation in one variable x is an equation that can be written in the 
standard form ax + b = O, where a and D are real numbers, with a # 0. For a 
review of solving one- and two-step linear equations, see Appendix C. 

To solve an equation involving fractional expressions, find the least common 
denominator of all terms in the equation and multiply every term by this LCD. 
This procedure clears the equation of fractions. 


EXAMPLE 1 Solving an Equation Involving Fractions 


PhotoEdit 


a a 3x 5 ; 

= —= Original equation | 

oA g | ie 
a She mie 

2) (12) —— = (12)2 Multiply by the LCD. 

3 4 

4x + 9x = 24 Simplify and multiply. 

Sire = 24! Combine like terms. 
24 
a6 = B Divide each side by 13. 


Check 
After solving an equation, check the solution in the original equation. 
24 24 

By Ane 


i), Substitute i for x. 


S) + 


2 =D Solution checks. vA 
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When multiplying or dividing an equation by a variable expression, it is 
possible to introduce an extraneous solution—one that does not satisfy the orig- 
inal equation. The next example demonstrates the importance of checking your 
solution when you have multiplied or divided by a variable expression. 


EXAMPLE 2 = An Equation with an Extraneous Solution 


Solve the equation for x. 


1 3 6x 


Pe x2 4 
Algebraic Solution Graphical Solution 
In this case, the LCD is 

eee Ax 2 )(x — 2). 


Use a graphing utility to graph the left and right sides of 

the equation in the same viewing window as the functions 
5 6x 

Fires ae ere oe | 


1 
y= saz and y= 


Multiplying each term by the LCD and simplifying ) 


produces the following. 
as shown in Figure 2.1. The graphs of the functions do 


not appear to intersect. This means that there is no point 
for which the left side of the equation 1/(x — 2) is equal 
to the right side of the equation 


3} A 6x 
Koti 2a. x2 =A 


So, the equation appears to have no solution. 


4x = -8 
LS a2 
A check of x = —2 in the original equation shows that it 
yields a denominator of zero. So, x = —2 is extraneous, 


and the equation has no solution. 


Figure 2.1 


Using Mathematical Models to Solve Problems 


One of the primary goals of this text is to learn how algebra can be used 
to solve problems that occur in real-life situations. This procedure is called math- 
ematical modeling. 

A good approach to mathematical modeling is to use two stages. Begin by 
using the verbal description of the problem to form a verbal model. Then, after 
assigning labels to the quantities in the verbal model, form a mathematical model 


or algebraic equation. 


Verbal 
model 


Algebraic 
equation 


Verbal 
description 


When you are trying to construct a verbal model, it is helpful to look for a 
hidden equality—a statement that two algebraic expressions are equal. These two 
expressions might be explicitly stated as being equal, or they might be known to 
be equal (based on prior knowledge or experience). 
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EXAMPLE 3 Finding the Dimensions of a Room 


A rectangular family room is twice as long as it is wide, and its perimeter is 84 


feet. Find the dimensions of the family room. 


Solution 
For this problem, it helps to draw a diagram, as shown in Figure 2.2. 


Verbal ae ; 
VEGEE 2- Length + 2- Width Perimeter 
Labels: Perimeter = 84 
Width = w 
Length = / = 2w 
Equation: 2(2w) + 2w = 84 Write original equation. 
6w = 84 Group like terms. 
w= 14 Divide each side by 6. 


Because the length is twice the width, you have 


1 =2w Length is twice width. 


Se ha Substitute 14 for w and simplify. 


So, the dimensions of the room are 14 feet by 28 feet. 
You can check that the dimensions are correct as follows. 


2- Peng + 2 - Width: = Perimeter 


9 
Do ORS se WO 4) = oyal Substitute. 


84 = 84 Solution checks. Y 


(feet) 
(feet) 
(feet) 


EXAMPLE 4 A Distance Problem 


A plane is flying nonstop from New York to San Francisco, a distance of about 
2700 miles, as shown in Figure 2.3. After 15 hours in the air, the plane flies over 
Chicago (a distance of 800 miles from New York). Estimate the time it will take 


the plane to fly from New York to San Francisco. 


Solution 
Verbal ; : 
Model: Distance = Rate : Time 
Labels: Distance = 2700 
Time = t 
Roe Distance to Chicago _ 800 
Time to Chicago 1.5 
Equation: 2700 = a 
5) 
5.06 = t 


The trip will take about 5.06 hours or about 5 hours and 4 minutes. 


(miles) 
(hours) 


(miles per hour) 


Figure 2.3 
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To measure the height of the twin towers of the World Trade Center, you 
measure the shadow cast by one of the buildings and find it to be 170.25 feet long, 
as shown in Figure 2.4. Then you measure the shadow cast by a 4-foot post and 
find it to be 6 inches long. Estimate the building’s height. 


Solution 
To solve this problem, you use a result from geometry that states that the ratios 
of corresponding sides of similar triangles are equal. 


Verbal Height of building 
Model: DP 
Length of building’s shadow 


EXAMPLE 5 Height of a Building 


Height of post 


Length of post’s shadow 


Labels: Height of building = x (feet 
Length of building’s shadow = 170.25 
Height of post = 4 feet = 48 inches 


Length of post’s shadow = 6 
Lee tS 


7025 ="6 
x = 1362 
So, the World Trade Center is about 1362 feet high. 


Equation: 


EXAMPLE 6 An Inventory Problem 


A store has $30,000 of inventory in 12-inch and 19-inch color televisions. The 
profit on a 12-inch set is 22% and the profit on a 19-inch set is 40%. The profit for 
the entire stock is 35%. How much was invested in each type of television? 


Solution 
Verbal Profit from Profit from ks Total 
Model: 12-inch sets 19-inch sets profit 
Labels: Inventory of 12-inch sets = x (dollars) 
Inventory of 19-inch sets = 30,000 — x (dollars) 
Profit from 12-inch sets = 0.22x (dollars) 
Profit from 19-inch sets = 0.40(30,000 — x) (dollars) 
Total profit = 0.35(30,000) = 10,500 (dollars) 
Equation: 0.22x + 0.40(30,000 — R= AO 500 
—0.18x = — 1500 
x = 8333.33 


30,000 — x ~ 21,666.67 


So, about $8333.33 is invested in 12-inch sets and about $21,666.67 is invested 
in 19-inch sets. 
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Figure 2.4 


( ko 
The Interactive CD-ROM and Internet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions to 
additional examples. Integrated Examples 
are related to several concepts in the 
section. 
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Common Formulas 


Many common types of geometric, scientific, and investment problems use 
ready-made equations, called formulas. Knowing these formulas will help you 
translate and solve a wide variety of real-life applications. 


Common Formulas for Area A, Perimeter P, Circumference €, and Volume V 


| Rectangle Circle Triangle 
1 
A= arr A= ae 
C =2ar =atbt+e 


aN 


Rectangular Solid Circular Cylinder 


ov = wh V = ar-h 


9 
Temperature: Fe 5 (Oke eee Fe F = degrees Fahrenheit, C = degrees Celsius 


Simple Interest: I = Prt J = interest, P = principal, r = annual interest rate, t = time in years 


nt 
Compound Interest: A = Pl fe *) A = balance, P = principal, r = annual interest rate, 


n = compoundings per year, tf = time in years 
Distance: d=rt d = distance traveled, r = rate, t = time 
When working with applied problems you often need to rewrite one of the 


common formulas. For instance, the formula for the perimeter of a rectangle, 
P = 21 + 2w, can be solved for w as w = 5(P — 2). 
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EXAMPLE 7 Height of a Can 


A cylindrical can has a volume of 300 cubic centimeters (cm?) and a radius of 3 
centimeters (cm), as shown in Figure 2.5. Find the height of the can. 


Solution 
The formula for the volume of a cylinder is V = zr2h. To find the height of the 
can, solve for h as h = V/ar?. 


= 


Then, using V = 300 cm? and r = 3 cm, find the height. 


300 300 
h= =-—— = 1.6] 
q(3)2 Oar 


You can use unit analysis to check your answer: 


Fitting a Line to Data 


300 em 


Oa cri? 


= 10.61 cm. 


A emcee : ; ‘ Figure 2.5 
Many real-life situations involve finding relationships between two variables, ; 


such as the year and the number of people in the labor force. In a typical situa- 
tion, data is collected and written as a set of ordered pairs. The graph of such a 
set, a scatter plot, was discussed briefly in Section P.5. 


EXAMPLE 8 Constructing a Scatter Plot +f TAU eile g ape Reetaegi 


(Nn grays, eile ge ieee, Cia a a 


The data in the table shows the number of people P (in millions) in the United #90) 932 35>) = - 


States who were part of the labor force from 1987 through 1997. In the table, ¢ sie graphing edie hace 
represents the year, with f = 7 corresponding to 1987. Sketch a scatter plot of the built-in statistical Spuateds that 
data. (Source: U.S. Bureau of Labor Statistics) can create scatter plots. Mirys) 
using your graphing utility to 
plot the points shown in the — 


&£ ; st [12 [13 | i4 [is [ie [17 | table atthe eft 


- 120 | 122 | 124 | 126 | 126 | 128 | 129 | 131 | 132 | 134 | 136 | 


Solution 
Begin by representing the data with a set of ordered pairs. 


(7, 120), (8, 122), (9, 124), (10, 126), (11, 126), (12, 128), 
(13, 129), (14, 131), (15, 132), (16, 134), (17, 136) 140 


Then plot each point in a coordinate plane, as shown in Figure 2.6. 


People 
(in millions) 
S 


From the scatter plot in Figure 2.6, it appears that the points describe a 
relationship that is nearly linear. The relationship is not exactly linear because the 


labor force did not increase by precisely the same amount each year. Ca a he ee ea 


. : ; Year (7 <> 1987 
A mathematical equation that approximates the relationship between ¢ and P is a car ( ) 


mathematical model. When developing a mathematical model to describe a set of Figure 2.6 
data, you strive for two (often conflicting) goals—accuracy and simplicity. For 

the data above, a linear model of the form P = at + b appears to be best. It is 

simple and relatively accurate. 
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Finding a linear model to represent the relationship described by a scatter plot is 
called fitting a line to data. You can do this graphically by simply sketching the 
line that appears to fit the points, finding two points on the line, and then finding 


the equation of the line that passes through the two points. 
Fitting a Line to Data 


Find a linear model that relates the year with the number of people in the United 
States labor force. (See Example 8.) 


EXAMPLE 9 


15 
132 


Tomat7 


7 |[s jo ji [uu [i |13 |i 
134 | 136 


= 120 | 122 | 124 | 126 | 126 | 128 | 129 | 131 


Solution 
After plotting the data in the table, draw the line that you think best represents the 
data, as shown in Figure 2.7. Two points that lie on this line are (7, 120) and 
(17, 136). Using the point-slope form, you can find the equation of the line to be 

P(t — 7) + 120). 


Linear model 


n | CO 


Once you have found a model, you can measure how well the model fits the data 
by comparing the actual values with the values given by the model, as shown in 
the following table. 


P= S(¢—-7)+ 120 


People 
(in millions) 


L391 Seley 


: 4k 9 
Year (7 © 1987) 


i! 


Figure 2.7 


STUDY TIP 


The model in Example 9 is 
based on the two data points 
chosen. If different points were 
chosen, the model may change 
somewhat. For instance, if you 
choose (10, 126) and (15, 132), 
the new model is 

= 2(¢ — 10) + 126. 


8 | 9 | 10 | lie 12 | 135 eh 14 | 15 joules 
Actual 122 | 124) 126~ }-1268-4-128-|- 129 | 131 132 aaa 
Model 121.6 | 123.2 | 124.8 | 126.4 | 128 | 129.6 | 131.2 | 132.8 | 134.4 | 136 


If you use the regression capabilities of a graphing calculator or computer 
program to find a linear model for the data in Example 9, you will notice that the 
program may also output a value of r ~ 0.995. This number is the correlation 
coefficient of the data. Correlation coefficients vary between —1 and 1. 
Basically, the closer |r| is to 1, the better the points can be described by a line. 
Three examples are shown in Figure 2.8. 

18 


18 


obs 
0 


r = 0.983 
Figure 2.8 
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EXAMPLE 10 = A Mathematical Model 


The average number of students s out of one thousand 11th- and 12th-grade stu- 
dents who took advanced placement exams for the years 1984 through 1995 are 
shown in the table. (Source: U.S. National Center for Education Statistics) 


| 1985 1986 1987 | 1988 | 1989 
oe | a ee =| 


oe, | 39 44 


1993} 1994. | 1995 
62 60 66 


a. Use the regression capabilities of a graphing utility to find a linear model for 
the data. Let ¢ represent the year with t = 4 corresponding to 1984. 


b. How closely does the model represent the data? 


Graphical Solution Numerical Solution 

a. Using the regression capabilities of a graphing utili- a. Using the regression capabilities of a graphing utili- 
ty, you can find that a linear model for the data is ty, you can find that a linear model for the data is 
s = 3.8t + 9.5. S = "3.81 Ff 95. 

b. You can use a graphing utility to graph the actual b. You can see how well the model fits the data by com- 
data and the model in the same viewing window. paring the actual values of s with the values of s given 
From Figure 2.9, it appears that the model is a “good by the model, which are labeled s* in the table below. 


fit’ for the actual data. This is verified by the fact 
that the graphing utility outputs a value of 
r = 0.994. 


1985 | 1986 | 1987 | 1988 | 1989 | 
OO MeN ra3h 136-8 we20 tka | 
28.5 | 32.3 | 36.1 | 39.9 | 43.7 | 


199 1) 992 We L993, We O04 a e19O5 


5auel-s7m Go © weommnae 
BI bse] sen on 66S 


Figure 2.9 
From the table, you can see that the model appears to be 


a good fit for the actual data. 
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In Exercises 1-6, determine whether the given values 
of x are solutions of the equation. 


Equation Values 
12-233 (@)x=-} (b)x=4 
Qx=0 @ax=; 
ge Oe © 
2 ore ies = =] 
1b Sob So (a)x=-2 (b)x 
© x=5 (d) x =7 
1 
eee = — =—2 
2h) ares 4 (a) x i AG ze 
(c) x = 0 Oe] > 
4, BHD) _ a4 (a)x=-3 (b)x=-2 
(©) = 7 (d) x =9 
st 2 43-4 As= 8 ore aw 
(c)x=21 (d) x= 32 
a ee oe a a 
i, eee (a) x=—-16 (b) x=0 


(c) x =9 (d) x = 16 


In Exercises 7-12, determine whether the equation is 
an identity or a conditional equation. 
Te Qe — = 2x = 2 
Se (4 37 x) 
Oe Oa ua 4) 11 
10. x? + 2(3x — 2) =x? + 6x -—4 
1 4x 5 
x 


11. 3 + —— = 12. 
ger Il ge ae I 


In Exercises 13 and 14, solve the equation in two 
ways. Then explain which way was easier for you. 


3x 4x Be 8 
13. —-—== 14, —-+~ =6 
8 2 8 10 
(0) The Interactive CD-ROM and Internet versions of this text 
; contain step-by-step solutions to all odd-numbered Section 
and Review Exercises. They also provide Tutorial 
Exercises, which link to Guided Examples for additional 
help. 


In Exercises 15-30, solve the equation (if possible). 
Then use a graphing utility to verify your solution. 


Sve il 1 Die ge 
4 lay — 16. =——=3 
Ie 5 56 5 het 
17. 3(z + 5) — H(z + 24) =0 
3% 1 
a a0 
18 5 rhc ) 
100 — 4u Su+6 
= +6 
? 3 4 
+ 
59, eee ED aT 
y yi 
= 1 6 
Pee a BS el sey Phat 
Sygare aE BG BG 
Pt alee «itl 
“¥-3 x+3 x7-9 
twice: 
“x-2 x4+3 2x+2x-6 
oh 8x 
=-4 
2 Disease Il Dse == || 
af Ah ve dani eae 
“u-1 3ut1 3ut+1 
6 2 SiGe Se 5) 
Fy sata, ry rh oe mela, 
x ox = 5 x x+3 x(x +3) 
3 4 1 
a 
Mx = 3) eens 
Sh, Sb == 2 se Z 
ee i aD 


In Exercises 31-34, solve for the indicated variable. 


31. Area of a Triangle 
Solve for h: A = 3bh 
32. Investment at Compound Interest 
nt 
Solve for P: A = Pl of 4 
nN 
33. Area of a Trapezoid 
Solve for b: A = 3(a + b)h 
34. Geometric Progression 
db Gi 
ral 


Solve for r; S = 


Human Height In Exercises 35 and 36, use the 
following information. The relationship between 
the length of an adult’s thigh bone and the height of 
the adult can be approximated by the linear equations 


= 0.432x — 10.44 Female 
y = 0.449x — 12.15 Male 


where y is the length of the femur (thigh bone) in inch- 
es and x is the height in inches (see figure). 


35. An anthropologist discovers a thigh bone belonging 
to an adult human female. The bone is 16 inches 
long. Estimate the height of the female. 

36. From the foot bones of an adult human male, an 
anthropologist estimates that the height of the male 
was 69 inches. A few feet away from the site where 
the foot bones were discovered, the anthropologist 
discovered a male adult thigh bone that was 19 
inches long. Is it possible that both the foot bones 
and the thigh bone came from the same person? 


37. Operating Cost A delivery company has a fleet of 
vans. The annual operating cost per van is 


C = 0.32m + 2500 


where m is the number of miles traveled by a van in 
a year. What number of miles will yield an annual 
operating cost of $10,000? 


38. Dimensions of a Room A room is 1.5 times as 
long as it is wide, and its perimeter is 25 meters. 


(a) Draw a diagram that gives a visual representation 
of the problem. Identify the length as / and the 
width as w. 

(b) Write / in terms of w and write an equation for 
the perimeter in terms of w. 


(c) Find the dimensions of the room. 
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39. Dimensions of a Picture Frame A picture frame 
has a total perimeter of 3 meters. The height of the 
frame is times its width. 


(a) Draw a diagram that gives a visual representation 
of the problem. Identify the width as w and the 
height as h. 


(b) Write / in terms of w and write an equation for 
the perimeter in terms of w. 


(c) Find the dimensions of the picture frame. 


40. Course Grade _ To get an A in a course, you must 
have an average of at least 90 on four tests of 100 
points each. The scores on your first three tests were 
87, 92, and 84. 


(a) Write a verbal model for the test average for the 
course. 


(b) What must you score on the fourth test to get an 
A for the course? 


41. Course Grade Suppose you are taking a course 
that has four tests. The first three tests are 100 points 
each and the fourth test is 200 points. To get an A in 
the course, you must have an average of at least 90% 
on the four tests. Your scores on the first three tests 
were 87, 92, and 84. What must you score on the 
fourth test to get an A for the course? 


42. Travel Time Suppose you are driving on a 
Canadian freeway to a town that is 300 kilometers 
from your home. After 30 minutes you pass a free- 
way exit that you know is 50 kilometers from your 
home. Assuming that you continue at the same con- 
stant speed, how long will it take for the entire trip? 


43. Travel Time On the first part of a 317-mile trip, a 
salesman averaged 58 miles per hour. He averaged 
only 52 miles per hour on the last part of the trip 
because of an increased volume of traffic. Find the 
amount of time at each of the speeds if the total time 
was 5 hours and 45 minutes. 


44. Travel Time ‘Two families meet at a park for a 
picnic. At the end of the day one family travels east 
at an average speed of 42 miles per hour and the 
other travels west at an average speed of 50 miles per 
hour. Both families have approximately 160 miles to 
travel. 


(a) Find the time it takes each family to get home. 


(b) Find the time that will have elapsed when they 
are 100 miles apart. 

(c) Find the distance the eastbound family has to 
travel after the westbound family has arrived 
home. 
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45. Average Speed A truck driver traveled at an aver- 


46. 


47. 


48. 


49. 


50. 


age speed of 55 miles per hour on a 200-mile trip to 
pick up a load of freight. On the return trip (with the 
truck fully loaded), the average speed was 40 miles 
per hour. Find the average speed for the round trip. 


Wind Speed An executive flew in the corporate jet 
to a meeting in a city 1500 kilometers away. After 
traveling the same amount of time on the return 
flight, the pilot mentioned that they still had 300 
kilometers to go. If the air speed of the plane was 
600 kilometers per hour, how fast was the wind 
blowing? (Assume that the wind direction was paral- 
lel to the flight path and constant all day.) 


Speed of Light Light travels at the speed of 
3.0 x 108 meters per second. Find the time in min- 
utes required for light to travel from the sun to the 
earth (a distance of 1.5 x 10!! meters). 


Radio Waves_ Radio waves travel at the same speed 
as light, 3.0 x 10% meters per second. Find the time 
required for a radio wave to travel from mission 
control in Houston to NASA astronauts on the 
surface of the moon 3.86 x 10° meters away. 


Height of a Tree To obtain the height of a tree, you 
measure the tree’s shadow and find that it is 8 meters 
long. You also measure the shadow of a 2-meter 
lamppost and find that it is 75 centimeters long. How 
tall is the tree? 


(not to scale) 


Height of a Building To obtain the height of a 
building, you measure the building’s shadow and 
find that it is 80 feet long. You also measure the 
shadow of a 4-foot stake and find that it is 35 feet 
long. 


(a) Draw a diagram to represent the problem. Let h 
represent the height of the building. 


(b) Find the height of the building. 


) k 


52. 


53: 


54. 


Dos 


56. 


ST: 


Height of a Flagpole A person who is 6 feet tall 
walks away from a flagpole toward the tip of the 
shadow of the pole. When the person is 30 feet from 
the pole, the tips of the person’s shadow and the 
shadow cast by the pole coincide at a point 5 feet in 
front of the person. 


(a) Draw a diagram to represent the problem. Let h 
represent the height of the pole. 


(b) Find the height of the pole. 


Investment You plan to invest $12,000 in two 
funds paying 45% and 5% simple interest. (There is 
more risk in the 5% fund.) Your goal is to obtain a 
total annual interest income of $560 from the invest- 
ments. What is the smallest amount you can invest in 
the 5% fund in order to meet your objective? 


Investment You plan to invest $25,000 in two funds 
paying 3% and 45% simple interest. (There is more 
risk in the 45% fund.) Your goal is to obtain a total 
annual interest income of $1000 from the invest- 
ments. What is the smallest amount you can invest in 
the 43% fund in order to meet your objective? 


Investment Suppose you invested $12,000 in a fund 
paying 33% simple interest and $10,000 in a fund with 
a variable interest rate. At the end of the year you were 
notified that the total interest for both funds was 
$870. Find the equivalent simple interest rate on the 
variable-rate fund. 


Investment Suppose you have $10,000 on deposit 
earning simple interest with the interest rate linked to 
the prime rate. Because of a drop in the prime rate, 
the rate on your investment dropped by 15% for the 
last quarter of the year. Your annual earnings on the 
fund were $387.50. Find the interest rate for the first 
three quarters of the year and the interest rate for the 
last quarter. 


Mixture Problem A grocer mixes two kinds of 
nuts that cost $2.49 per pound and $3.89 per pound, 
respectively, to make 100 pounds of a mixture that 
costs $3.19 per pound. How much of each kind of 
nut is put into the mixture? 


Production Limit A company has fixed costs of 
$10,000 per month and variable costs of $8.50 per 
unit manufactured. The company has $85,000 avail- 
able to cover the monthly costs. How many units can 
the company manufacture? (Fixed costs are those 
that occur regardless of the level of production. 
Variable costs depend on the level of production.) 


Statics Problems In Exercises 58 and 59, suppose 
you have a uniform beam of length L with a fulcrum 
x feet from one end. If objects with weights W, and W, 
are placed at opposite ends of the beam, the beam will 
balance if 


W,x = W,(L — x). 


Find x such that the beam will balance. 


|<. ¢« ——_____ > |<_____] — » ——_ > 


58. Two children weighing 50 pounds and 75 pounds are 
going to play on a seesaw that is 10 feet long. 

59. A person weighing 200 pounds is attempting to 
move a 550-pound rock with a bar that is 5 feet long. 


In Exercises 60-63, use the formulas on page 160. 


60. Dimensions of a Sail A triangular sail has an area 
of 182.25 square feet. The sail has a base of 13.5 
feet. Find the height of the sail. 

61. Dimensions of a Package The volume of a rectan- 
gular package is 2304 cubic inches. The length of the 
package is 3 times its width, and the height is one 
and a half times its width. 

(a) Draw a diagram to represent the problem. Label 
the height, width, and length accordingly. 
(b) Find the dimensions of the package. 

62. Geometry The volume of a globe is about 
47,712.94 cubic centimeters. Use a graphing utility 
to find the radius of the globe. Round your result to 
two decimal places. 

63. Temperature The line graph shows the tempera- 
tures (in degrees Fahrenheit) on a particular day from 
10:00 A.M. to 6:00 p.m. Create a new line graph 
showing the temperatures throughout the day in 
degrees Celsius. 


64. 


65. 
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Temperature (°F) 
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FIGURE FOR 63 


Quiz Scores The following ordered pairs give the 
scores of two consecutive 15-point quizzes for a 
class of 18 students. 


(7;,13)..(9, 7), (145.14) 1 Sako) Oni ays 
(9, 7), (14, 11), (14, 15), (8, 10), (9, 10), 
(15; 9), (10, es ra eels 

(11, 10), (14, 11), (10, 15), (9, 6) 


(a) Create a scatter plot for the data. 


(b) Does the relationship between consecutive quiz 
scores appear to be approximately linear? If not, 
give some possible explanations. 


Dentists The data in the table shows the number of 
dentists D (in thousands) in the United States from 
1985 through 1996. In the table, t represents the year, 
with t = 5 representing 1985. 


187 | 191 | 194 | 196 


(a) Sketch a scatter plot of the data. 


(b) Find the equation of the line that seems to best fit 
the data. 

(c) Use the regression capabilities of a graphing 
utility to find a linear model for the data. 
Compare with your answer to part (b). 

(d) Use the model from part (c) to estimate the 
number of dentists in the United States in 2000, 
2002, and 2005. 
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66. Consumerism The data in the table shows the per 
capita consumption W (in gallons) of bottled water 
in the United States from 1988 through 1996. In the 
table, f represents the year, with t = 0 representing 
1990. (Source: U.S. Department of Agriculture) 


| -2 SMe 

wi 65 74/8) 8 8.2 
a Ae oy) 
10.7 | 11.6 | 12.4 | 


(a) Sketch a scatter plot of the data. 
(b) Find the equation of a line that best fits the data. 
(c) Use the regression capabilities of a graphing 


utility to find a linear model for the data. 
Compare with your answer to part (b). 


(d) Use the model from part (c) to estimate the per 
capita consumption in 2000, 2004, and 2007. 


67. Advertising and Sales The table shows the 
advertising expenditures x and sales volume y for a 
company for seven randomly selected months. Both 
are measured in thousands of dollars. 


ee oe ee 


4 24 | 1.6 2 OMI2 Gull id el d6nh 2.0 
202 | 184 | 220 | 240 | 180 | 164 | 186 


(a) Use the regression capabilities of a graphing util- 
ity to find a linear model for y as a function of x. 

(b) Use a graphing utility to plot the data and graph 
the model. 


(c) Interpret the slope in the context of the problem. 


(d) Use the model to estimate sales for advertising 
expenditures of $1500. 


68. World Food Production The data in the table shows 
the world production P (in millions of metric tons) 


of vegetables (including melons) for 1990 through 
1997. (Source: U.S. Department of Agriculture) 


7 


Year | 1990 | 1991 | 1992 | 1993 
P| 4614 | 462.41 478.6 | 509.5 


=| 


— 


1997 | 
559.9 | 589.1 | 505.6 


Year | 1994 | 1995 | 1996 
Pe 532.9 


(a) Use the regression capabilities of a graphing 
utility to find a linear model for the data. 


(b) Use a graphing utility to graph the actual data 
and the model in the same viewing window. How 
closely does the model represent the data? 


(c) Create a table showing the actual values of P and 
the values of P given by the model. 


Synthesis 


True or False? In Exercises 69 and 70, determine 
whether the statement is true or false. Justify your 
answer. 


69. The volume of a cube with a side length of 9.5 inches 
is greater than the volume of a sphere with a radius 
of 5.9 inches. 


70. If the correlation coefficient for a set of data with 
respect to a linear least squares regression model is 
—0.9824, you can conclude that the data points 
cannot be described by a linear model. 


In Exercises 71 and 72, write a linear equation that 
has the given solution. (There are many correct 
answers.) 


7h ae ls) Poi 


#iI- 


73. Think About It What is meant by equivalent equa- 
tions? Give an example of two equivalent equations. 


74. Writing In your own words, describe how to clear 
an equation of fractions. 


Review 


In Exercises 75-80, sketch the graph of the equation 
by hand. Verify using a graphing utility. 


= 5 


75. y = 3x -—2 16. ee 
77. y=(x-3 +7 78. y = 3x2 -4 
79, y= -3]x+4|-1 80. y=|x—-2] +10 


In Exercises 81-84, evaluate the combination of 
functions for f(x) = —x? + 4 and g(x) = 6x — 5. 

81. (7 + g)(=3) B25 (gs eal) 

83. (f° g)(4) 84. (g °f)(2) 


Intercepts, Zeros, and Solutions 


In Section 1.1, you learned that the intercepts of a graph are the points at which 


the graph intersects the x- or y-axis. 


Sometimes it is convenient to denote the x-intercept as simply the x-coordinate of 
the point (a, 0) rather than the point itself. Unless it is necessary to make a 
distinction, “intercept” will be used to mean either the point or the coordinate. 

It is possible that a particular graph will have no intercepts or several 
intercepts. For instance, consider the four graphs in Figure 2.10. 


y y 
x a X 
Three x-Intercepts No x-Intercepts 
One y-Intercept One y-Intercept 
y y 
— »> X x 
No Intercepts One x-Intercept 
Iwo y-Intercepts 


Figure 2.10 
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EXAMPLE 1 Finding x- and y-Intercepts 


Find the x- and y-intercepts of the graph of 2x + 3y = 5. 


Solution 
To find the x-intercept, let y = 0. This produces ; 


= 
Figure 2.11 


which implies that the graph has one x-intercept: (3, 0). To find the y-intercept, let 
x = 0. This produces 


II 
Nn 


3y 
which implies that the graph has one y-intercept: (0, 3), See Figure 2.11. 


A zero of a function y = f(x) is a number a such that f(a) = 0. So, to find the 
zeros of a function, se must solve the SaaOU flx) = 0. ; ’ The Interactive CD-ROM and Internet 
The concepts of x-intercepts, zeros of functions, and solutions of equations are yersjons of this text offer a built-in 


closely related. In fact, the following statements are equivalent. graphing calculator, which can be used 
: ; 4 with the Examples, Explorations, and 
1. The point (a, 0) is an x-intercept of the graph of y = f(x). os 


2. The number a is a zero of the function f. 


3. The number a is a solution of the equation f(x) = 0. 


EXAMPLE 2 Verifying Zeros of Functions 


Verify that the real numbers —2 and 3 are zeros of the function 
to) — tax 6, 


Algebraic Solution Graphical Solution 
To verify that —2 is a zero of f, check that f(—2) = 0. Use a graphing utility to graph y = x* — x — 6. 
; is a 
Fee ee ert son From the graph in Figure 2.12, it appears that the 
function has x-intercepts (where y is zero) when 
f(—2) = (—2)? -— (-2) -6 Substitute —2 for x. x = —2 and when x = 3. So, you can approxi- 
Dey: Simpify mate the zeros of the function to be —2 and 3. 


= —2 is a solution. J 


To verify that 3 is a zero of f(x) = x2 — x — 6, check that 


OP: 


f(x) =x -—x-6 Write original equation. 
f(3) = (3)? a (3) = 16) Substitute 3 for x. 
aa) aoa 10 Simplify, 
= (0) 3 is a solution. A Figure 2.12 


Note that the graph of y = x? — x — 6 in Figure 2.12 has x-intercepts of (3, 0) 
and (—2, 0) because the equation 0 = x? — x — 6 has the solutions x = 3 and 
Nasco 
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This close connection among x-intercepts, zeros, and solutions described on page 
170 is crucial to our study of algebra, and you can take advantage of this con- 
nection in two basic ways. You can use your algebraic “equation-solving skills” 
to find the x-intercepts of a graph and your “graphing skills” to approximate the 
solutions of an equation. 


Finding Solutions Graphically 


Polynomial equations of degree 1 or 2 can be solved in relatively straightforward 
ways. Polynomial equations of higher degrees can, however, be quite difficult, 
especially if you rely only on algebraic techniques. For such equations, a graph- 
ing utility can be very helpful. 


In Chapter 3 you will learn techniques for determining the number of solutions of 
a polynomial equation. For now, you should know that a polynomial equation of 
degree n cannot have more than n different solutions. 


EXAMPLE 3 Finding Solutions of an Equation Graphically 


Use a graphing utility to approximate the solutions of 2x* — 3x + 2 = 0. 


Solution 

Begin by graphing the function y = 2x* — 3x + 2, as shown in Figure 2.13. You 
can see from the graph that there is only one x-intercept. It lies between — | and 
—2 and is approximately — 1.5. By using the zero or root feature of a graphing 
utility you can improve the approximation. To three-decimal-place accuracy, the 
solution is x + — 1.476. Check this approximation on your calculator. You will 
find that the value of y is y = 2(— 1.476)? — 3(— 1.476) + 2 ~ —0.003. 


Figure 2.13 
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You can also use a graphing calculator’s zoom and trace features to approximate 
the solution of an equation. Here are some suggestions for using the zoom-in 
feature of a graphing utility. 


1. With each successive zoom-in, adjust the x-scale (if necessary) so that the 
resulting viewing window shows at least the two scale marks between which 
the solution lies. 

2. The accuracy of the approximation will always be such that the error is less 
than the distance between two scale marks. 


3. If you have a trace feature on your graphing utility, you can generally add one 
more decimal place of accuracy without changing the viewing window. 


Unless stated otherwise, this book will approximate all real solutions with an 


error of at most 0.01. STUDY Tle 


Remember that the more deci- 
mal places in the solution, the 
more accurate it is. You can 

Use a graphing utility to approximate the solutions of x7 + 3 = 5x. reach the desired accuracy when 
zooming in as follows. 


EXAMPLE 4 Approximating Solutions of an Equation Graphically 


Solution 


: Ate ¢ To approximate the z 
In general form, this equation is PP ee 


the nearest hundredth, set the 


eon 3 = 0) Equation in general form x-scale to 0.01. 
So, you can begin by graphing * To approximate the zero to 
’ the nearest thousandth, set 
Se = Shari) Function to be graphed the x-scale to 0.001. 


as shown in Figure 2.14(a). This graph has two x-intercepts, and by using the 
zoom and trace features you can approximate the corresponding solutions to be 
x ~ 0.70 and x ~ 4.30, as shown in Figures 2.14(b) and 2.14(c). 


-10 


X= .69723404 Y=-3.49E-5 
0.01 -0.01 


(a) 
; (b) 
Figure 2.14 te) 


The built-in zero or root programs of a graphing utility will approximate solu- 
tions of equations or approximate x-intercepts of graphs. If your graphing utility 
has such features, try using them to approximate the solutions in Example 4. 
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Points of Intersection of Two Graphs 


An ordered pair that is a solution of two different equations is called a point 
of intersection of the graphs of the two equations. For instance, in Figure 2.15 
you can see that the graphs of the following equations have two points of 
intersection. 


a Equation 1 


y=x*>—2x-—2 Equation 2 


The point (— 1, 1) is a solution of both equations, and the point (4, 6) is a solution 
of both equations. To check this algebraically, substitute —1 and 4 into each 
equation. 


Figure 2.15 


Check that (— 1, 1) is a solution. 
Equation 1: y= —-1+2=1 Solution checks. / 
Equation 2: y = (— 1)? — 2(—1) — 2 

= | Solution checks. / 
Check that (4, 6) is a solution. 
Equation 1: y=4+2 


=6 Solution checks. J 
Equation 2: y = (4)? — 2(4) — 2 
=6 Solution checks. / 


To find the points of intersection of the graphs of two equations, solve each 
equation for y (or x) and set the two results equal to each other. The resulting 
equation will be an equation in one variable, which can be solved using standard 
procedures, as shown in Example 5. 


EXAMPLE 5 Finding Points of Intersection 


Find the points of intersection of the graphs of 2x — 3y = —2 and 4x — y = 6. 
Algebraic Solution Graphical Solution 


To begin, solve each equation for y to obtain y, = oy as 3 
and y, = 4x — 6. Then use a graphing utility to graph 
both equations in the same viewing window. In Figure 
2.16, the graphs appear to have one point of intersection. 
Use the intersect feature of the graphing utility to 
approximate the point of intersection to be (2, 2). 


To begin, solve each equation for y to obtain 


pi 2 
=-x+- and = 4x — 6. 
y 3 3 yy 
Next, set the two expressions for y equal to each other and 
solve the resulting equation for x, as follows. 


a oe 2 = 4x —-6 Equate expressions for y. 
3 3 
2x +2 = 12x — 18 Multiply each side by 3. 
—10x = —20 Subtract 12x and 2 from each side. 
x=2 Divide each side by — 10. 


When x = 2, the y-value of each of the given equations is 
2. So, the point of intersection is (2, 2). 
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Another way to approximate points of intersection of two graphs is to graph both 
equations and use the zoom and trace features to find the point or points at which 
the two graphs intersect. 


EXAMPLE 6 Approximating Points of Intersection Graphically 


Approximate the point(s) of intersection of the graphs of the following equations. 


y= a = x) 4 Equation 1 (quadratic function) 
y= x? + 3x? — 2x -— 1 Equation 2 (cubic function) 
Solution 


Begin by using a graphing utility to graph both functions, as shown in Figure 
2.17. From this display, you can see that the two graphs have only one point of 
intersection. Then, using the zoom and trace features, approximate the point of 
intersection to be (— 2.17, 7.25). To test the reasonableness of this approximation, 
you can evaluate both functions when x = —2.17. 


Quadratic Function: 

We=rigeeale) 22 (2 iy) 4 
fea? 

Cubic Function: 


Woe att a Ol a (= Ol ed 


oI D5 
Because both functions yield approximately the same y-value, you can conclude 
that the approximate coordinates of the point of intersection are x ~ —2.17 and 
SE Wess 


The method shown in Example 6 gives a nice graphical picture of the points of 
intersection of two graphs. However, for actual approximation purposes, it is 
better to use the algebraic procedure described in Example 5. That is, the point of 
intersection of y = x? — 3x — 4and y = x3 + 3x? — 2x — 1 coincides with the 
solution of the equation 


x + 3x? — 2x —1 =x? — 3x —4 Equate y-values. 
ee ON ere ech Gu 0), Write in general form. 


By graphing y = x? + 2x* + x + 3 ona graphing utility and using the zoom and 
trace features (or the zero or root feature), you can approximate the solution of 
this equation to be x ~ —2.17. The corresponding y-value for both of the 
functions given in Example 6 is y ~ 7.25. 


y=x3+ 3x2-2x-1 


Figure 2.17 
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EXAMPLE 7 A Historical Look at Recorded Music 


Between 1990 and 1997, the number of compact discs sold each year in the 
United States was increasing and the number of cassettes was decreasing. Two 
models that approximate the sales § are 


Se—i209:6071+ 78.66f, 0 sat = 7 Compact discs 
Set le 3 546r, OS tS Cassettes 


where t = 0 represents 1990. According to these two models, when would you 
expect the sales of compact discs to have exceeded the sales of cassettes? 


(Source: Recording Industry Association of America) 


; Algebraic Solution 


Both equations are solved for S. So, set the two expressions for 
S equal to each other and solve the resulting equation for f, as 
follows. 


279.67 + 78.66t = 442.14 — 35.46t — Equate expressions for S. 


ae Subtract 279.67 from and 
114.121 = 162.47 add 35.461 to each side. 
p= eA? Use a calculator. 


So, from the given models, you would expect that compact 
disc sales exceeded cassette sales sometime during 1991. 


Graphical Solution 


Use a graphing utility to graph both equations in 
the same viewing window. From Figure 2.18, the 
graphs appear to have one point of intersection. 
Use the intersect feature of the graphing utility to 
approximate the point of intersection to be 
(1.42, 391.66). So, you would expect that compact 
disc sales exceeded cassette sales sometime during 
19918 


S =279.67 + 78.66 
500 


S = 442.14 — 35.46t 


Intersection 
=1.4236768 Y=391.65642 


~200 
Figure 2.18 


Suppose you are solving the equation 


se 
a= te: 100 
for x, and you obtain x = —99.1 as your solution. Substituting this value 


back into the equation produces 


2 © 7 = 9.00000009 = 9.99 x 1078 ~-0. 
001-251, 100 


Does this mean that —99.1 is a good approximation to the solution? Write a 


short paragraph explaining why or why not. 
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In Exercises 1-12, find the x- and y-intercepts of the 
graph of the equation. 


1 y= x)=) 2. y= —3x -3 


9. y= |x-2|-4 
eae le) 
Ay Ay () 


10. y=3-—3|x+1| 


In Exercises 13-18, the zero(s) of the function 
are given. Verify the zero(s) both algebraically and 
graphically. 

Function Zero(s) 
135 fx) = 12 — 4x x=3 
14. f(x) = 3@@ — 5) + 9 x=2 


Function Zero(s) 
159 (@) =x" — 227-6 tS 14 
16.0 f(x) = 4 Ox 7 18% x= 03,6 
5 is ae Sa 9 | 
. fo) = - af =] 
17.9 f(x) 3 2 ve 
10 
18. fla hesitate xi 


Graphical Analysis In Exercises 19-22, use a graph- 
ing utility to graph the equation and approximate 
any x-intercepts. Set y = 0 and solve the resulting 
equation. Compare the results with the x-intercepts of 
the graph. 


19. y=2%Ax-—1)-4 
21. y = 20 — (3x — 10) 


20. y=4x+2 
22. y= 10 + 2x 22) 


In Exercises 23-34, solve the equation algebraically. 
Then write the equation in the form f(x) = 0 and use 
a graphing utility to verify the algebraic solution. 
23.°2)-— Ax = We 24. 3.5x — 8 = 0.5x 

25. 25% — 3) = 12@ 42) =.10 

26. 1200 = 300 + 2(« — 500) 


Big 1 
21. ay ap 4% =) 2) =10 
28. 0.60x + 0.40(100 — x) = 50 
2 = = 
50 ee 0. Le eee 
3 x 25 12 
3 4 6 8 
31. = i) SY, = SF = 
Se oe Pe Be af BR AE DS 2 


33. 3 + 3) = 50 —xJ—1 
34. (wv + 1)? +.2(@@— 2) = (@+ 1G 2) 


In Exercises 35—46, use a graphing utility to approxi- 
mate any solutions (accurate to three decimal places) 
of the equation. [Remember to write the equation in 
the form f(x) = 0.] 


35. (x2 — 10x + 17) =0 36. —2(x2 — 6x + 6) = 0 
37, 8B +x+4=0 38. oS +x+4=0 


39. 2x3 — x2 -— 18x +9 =0 
40. 4x7 + 12x? — 26x — 24 =0 
Alex = 2x | 42. xP =3+ 2x3 


pe 5 3 
43. =e 4 
Kee a bei ees 
45. |x — 3) =4 46. /x-—2=3 


47. Exploration 
(a) Use a graphing utility to complete the table. 


(b 


— 


Use the table in part (a) to determine the inter- 
val in which the solution to the equation 
3.2x — 5.8 = 0 is located. Explain your reason- 
ing. 

(c) Use a graphing utility to complete the table. 


(d) Use the table in part (c) to determine the inter- 
val in which the solution to the equation 
3.2x — 5.8 = 0 is located. Explain how this 
process can be used to approximate the solution 
to any desired degree of accuracy. 

(e) Use a graphing utility to verify graphically the 
solution to 3.2x — 5.8 = 0 found in part (d). 

48. Exploration Use the procedure of Exercise 47 to 
approximate the solution of the equation 


03G— 1.5) —2=0 
accurate to two decimal places. 
In Exercises 49-54, determine any point(s) of inter- 


section algebraically. Then verify your result numeri- 
cally by creating a table of values for each function. 


49, y=2-x 
y= 2x 
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51. 2x+ y=6 
—-x+y=0 


S20 a Vee 4 
Cy ae) 


53. 54. 


In Exercises 55-62, use a graphing utility to approxi- 
mate any points of intersection (accurate to three 
decimal places) of the graphs of equations. Verify 
your results algebraically. 


55. y=9 — 2x 56. y=4x+2 
y=x-3 yr ay 11 
57. y= 4 — x7 58. y=x3-3 
Vo 2k — 1 i) Se ae 
59. y=8 60. y = 32 
y = 3x? + 2x Seay 
61. y = 2x? 62. y = —x 
y = x4 — 2x? y = 2x — x? 


In Exercises 63 and 64, evaluate the expression in two 
ways. (a) Calculate entirely on your calculator by stor- 
ing intermediate results and then rounding the final 
answer to two decimal places. (b) Round both the 
numerator and denominator to two decimal places 
before dividing, and then round the final answer to two 
decimal places. Does the method in part (b) decrease 
the accuracy? Explain. 


ty 2073205 
1F=*0.73205 


1 + 0.86603 


or * 1 — 0.86603 
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65. 


66. 


67. 


68. 
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Travel Time On the first part of a 280-mile trip, a 
sales person averaged 63 miles per hour. The sales 
person averaged only 54 miles per hour on the last 
part of the trip because of an increased volume of 
traffic. 


(a) Express the total time for the trip as a function of 
the distance x traveled at an average speed of 63 
miles per hour. 

(b) Use a graphing utility to graph the time function. 
What is the domain of the function? 

(c) Approximate the number of miles traveled at 63 
miles per hour if the total time was 4 hours and 
45 minutes. 


Production Limit A company has fixed costs of 
$25,000 per month and a variable cost of $18.65 per 
unit manufactured. (Fixed costs are those that occur 
regardless of the level of production.) 


(a) Write the total monthly costs C as a function of 
the number of units x produced. 


(b) Use a graphing utility to graph the cost function. 
Approximate the number of units that can be 
produced per month if total costs cannot exceed 
$200,000. Verify algebraically. Is this better 
solved algebraically or graphically? Explain. 


Mixture Problem A 55-gallon barrel contains a 
mixture with a concentration of 33%. You remove x 
gallons of this mixture and replace it with 100% 
concentrate. 


(a) Write the amount of concentrate in the final mix- 
ture as a function of x. 


(b) Use a graphing utility to graph the concentration 
function. What is the domain of the function? 


(c) Approximate (accurate to one decimal place) the 
value of x if the final mixture is 60% concentrate. 

Geometry A rectangular region with a perimeter of 

230 meters has a length of x. 

(a) Draw a diagram to represent the problem. 

(b) Express the rectangle’s area as a function of x. 

(c) Use a graphing utility to graph the area function. 


Because area is nonnegative, what is the domain 
of the function? 


(d) Approximate (accurate to one decimal place) 
the dimensions of the region if its area is 2000 
square feet. 


Geometry In Exercises 69 and 70, (a) write a func- 
tion for the area of the region, (b) use a graphing 
utility to graph the function, and (c) approximate the 
value of x if the area of the region is 200 square units. 


69. «4 70. 
x 
u 2x 
x 
iG 
8 


71. Volume Consider the swimming pool in the figure 
below. (When finding its volume, use the fact that the 
volume is the area of the region on the vertical side- 
wall times the width of the pool.) 


x+1 


wo[tv 


(a) Find the volume of the pool. 


(b) Find an equation of the line representing the base 
of the pool. 


(c) If the depth of the water at the deep end of the 
pool is d, show that the volume of water is 
ae 80d?, Osidiso 
800d — 2000, SR a! 
(d) Graph the volume function. 
(e) Use a graphing utility to complete the table. 


Ba3|5|7/9 
| | 


(f) Approximate the depth of the water at the deep 
end if the volume is 4800 cubic feet. 


(g) How many gallons of water are in the pool? 
(There are 7.48 gallons of water in | cubic foot.) 


72. Negative Income Tax The following information 
describes a possible negative income tax for a fami- 
ly consisting of two adults and two children. The 
plan would guarantee the poor a minimum income 
while encouraging a family to increase its private 
income (0 < x < 20,000). 

Family’s earned income: J = x 

Subsidy: S = 10,000 — }x 

Total income: T=] + S$ 

(a) Express the total income T in terms of x. 


(b) Use a graphing utility to find the earned income 
x if the subsidy is $6600. Verify your answer 
algebraically. 

(c) Use a graphing utility to find the earned income 
x if the total income is $13,800. Verify your 
answer algebraically. 


(d) Find the subsidy S$ graphically if the total income 
is $12,500. 


73. Labor Force The number of married women y in 
the civilian work force (in millions) in the United 
States from 1990 to 1997 can be approximated by 
the model 


y = 0.46x + 30.81 


where ¢ = O represents 1990. According to this 
model, during which year did this number reach 33 
million? Explain how to answer the question graphi- 


cally and algebraically. (Source: U.S. Bureau of 


Labor Statistics) 

74. Recommended Weight The median recommended 
weight of women of small frame who are 25 to 59 
years old can be approximated by the mathematical 
model 


Pet 4 2297+ 113,639, 58s x s 72 


where y is the median recommended weight in 
pounds and x is the height in inches. Suppose you are 
an insurance agent. After taking information from a 
female client, you compute her recommended weight 
to be 123 pounds. Later, when you are filling out her 
paperwork, you are unable to remember her height. 
Use the model and a graphing utility to estimate your 
client’s height based on her recommended weight. 
(Source: Metropolitan Life Insurance Company) 
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75. Per Capita Utilization The per capita utilization (in 
pounds) of nectarines and peaches N, and cucumbers 
C, from 1991 through 1996 can be modeled by 


N = —0.37t + 6.88 

C = 0.27t + 4.42 

where ¢ = 1 represents 1991. (Source: U.S. De- 
partment of Agriculture) 


(a) What does the intersection of the graphs of these 
equations represent? 


(b) Find the point of intersection of the graphs alge- 
braically. 


(c) Verify your answer to part (b) using the zoom 
and trace features of a graphing utility. 


Synthesis 


True or False? In Exercises 76-78, determine 
whether the statement is true or false. Justify your 
answer. 


76. To find the y-intercept of a graph, let x = 0 and solve 
the equation for y. 


77. Every linear equation has at least one y-intercept or 
x-intercept. 


78. Two linear equations can have either one point of 
intersection or no points of intersection. 


Review 


In Exercises 79-82, rationalize the denominator. 


12 4 
79, —— $0. ———— 
eee Vso 

3 14 
31. ——— 2. 
ey al 10 I 


In Exercises 83-88, find the product. 

$3.1 4-6) (3% 25) $4.°(3x 4+ 13)(4e="7) 
85. (2x — 9)(2x + 9) 86. (4x + 1)? 

87. (237 — y\(Gx? - 4y) SS ey 30 ay) 


In Exercises 89 and 90, determine the open intervals 
over which the function is increasing, decreasing, or 
constant. 


S98 f= as 90) i) = 
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The Imaginary Unit / 


Some quadratic equations have no real solutions. For instance, the quadratic 
equation x? + 1 = 0 has no real solution because there is no real number x that 
can be squared to produce —1. To overcome this deficiency, mathematicians 
created an expanded system of numbers using the imaginary unit 7, defined as 


any — | 


Imaginary unit 


where i2 = —1. By adding real numbers to real multiples of this imaginary unit, 
you obtain the set of complex numbers. Each complex number can be written 
in the standard form a + bi. For instance, the standard form of the complex 
number \/—9 — 5 is —5 + 3i because 


Vi Os = 3/37 Ii = 3 / = lt Si. 


In the standard form a + bi, the real number a is called the real part of the 
complex number and the number bi (where b is a real number) is called the imag- 
inary part of the complex number. 


The set of real numbers is a subset of the set of complex numbers, as shown in 
Figure 2.19. This is true because every real number a can be written as a complex 
number using b = 0. That is, for every real number a, you can write a = a + Oi. 


Real 
numbers 


Complex 
numbers 
Imaginary 
numbers 


Figure 2.19 


You Should Learn: es 


e How to use the imaginary unit 
i to write complex numbers 

e How to add, subtract, and 
multiply complex numbers 

e How to use complex conju- 
gates to divide complex 
numbers 

e How to plot complex numbers 
in the complex plane 


You Should Learn It: 


Complex numbers are used to 
model numerous aspects of the 
natural world, such as the imped- 
ance of an electrical circuit, as 
shown in Exercise 83 on page 
187. 


Phil Degginger/Tony Stone Images 


Operations with Complex Numbers 


To add (or subtract) two complex numbers, you add (or subtract) the real and 
imaginary parts of the numbers separately. 


The additive identity in the complex number system is zero (the same as in 
the real number system). Furthermore, the additive inverse of the complex num- 
ber a + biis 


=(a + bi) = —a — bi. Additive inverse 
So, you have 


(a + bi) + (—a — bi) = 0+ 01 = 0. 


EXAMPLE 1 = Adding and Subtracting Complex Numbers 


Ae (2+ 331i) = 3 — i + 2 + 3i Remove parentheses. 
aot 2 — i + 3i Group like terms. 
Soar 2) (1 43)i 
=a 5) 21 Write in standard form. 
b. 2i + (—4 — 2i) = 2i-—- 4 - 2i Remove parentheses. 
Sd) sh 2 PA Group like terms. 
= -4 Write in standard form. 


Get 2 i) H(—S DH 3+ 2-3-5 +i 
Ss SP ee aed ei 
=0 — 2i 
= —2i 

decries 7 i= 3+ 2i+4-i-7T-1t 
as Ae tess 
=0 + 0i 
=0 


In Examples 1(b) and 1(d) note that the sum of complex numbers can be a real 
number. 
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Corbis-Bettmann 
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Many of the properties of real numbers are valid for complex numbers as well. 
Here are some examples. 


Associative Property of Addition and Multiplication 
Commutative Property of Addition and Multiplication 
Distributive Property of Multiplication over Addition 


Notice how these properties are used when two complex numbers are multiplied. 


(a + bi)(c + di) = a(c + di) + bi(c + di) Distributive Property 
= ac + (ad)i + (be)i + (bd)i? Distributive Property 
= ac + (ad)i + (bc)i + (bd)(—1) i2=-1 
= ac — bd + (ad)i + (be)i Commutative Property 
= (ac — bd) + (ad + be)i Distributive Property 


Rather than trying to memorize this multiplication rule, you should simply 
remember how the distributive property is used to multiply two complex num- 
bers. The procedure is similar to multiplying two polynomials and combining like 
terms (as in the FOIL Method) shown in Section P.3. 


EXAMPLE 2 Multiplying Complex Numbers 


as (1)(— 31) = — 312 Multiply. 
= —3(-1) ?=-1 
= 3 Simplify. 
b. /—4 + /—16 = (21)(4i) Write each factor in standard form. 
= Oe Multiply. 
= 3") 2=-] 
= -—8 Simplify. 
c. (2 — i(4 + 3i) = 8 + 61 — 4i — 37? Product of binomials 
6 A 3( 1) es 
= seo 4i Group like terms, 
= 11+ 21 Write in standard form. 
d. 3 + 2G — 21) = 9 — 6i + 6i — 4i2 Product of binomials 
= 9 —- 4(-1) ?=-1 
=9+4 Simplify. 
= 13 Write in standard form. 
e. (3 + 21)? = 9 + 6 + 6i + 472 Product of binomials 
=9+ 4(—1) + 12i i= il 
=e 127 Simplify. 


= 5 se Dy Write in standard form. 
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Complex Conjugates and Division 


Notice in Example 2(d) that the product of two complex numbers can be a real 
number. This occurs with pairs of complex numbers of the form a + bi and 
a — bi, called complex conjugates. 


(a + bi)(a — bi) = a? — abi + abi — b*i? 
=a? — b*(-1) 
=a?+ bb 


To find the quotient of a + bi and c + di where c and d are not both zero, 
multiply the numerator and denominator by the conjugate of the denominator to 
obtain 


at bi aabenrd 
C= Oh Car eH 


(ac + bd) + (bc — ad)i 
Cu as ‘ 


cd 


Ree piyeree aa 
HAS eee Press eetey PIS PEEE ey 
A ‘ # 


| BY 2 
oa. al 
+ 
&. 
od 


EXAMPLE 3 _ Dividing Complex Numbers 


1 1 ( rae Multiply numerator and denominator 


7 
&. 


(ity 1 ehh by conjugate of denominator. 
6 ees | acme 
= jae xpand. 
et 
= sa 
ier 1) 
a Simplifi 
= implify. 
2: 
aikee Te 
np ee Write in standard form. 
ae 2 


EXAMPLE 4 _ Dividing Complex Numbers 


eit 2 ifaw 21 Multiply numerator and denominator 
a by conjugate of denominator. 


4-21 4-2i\4+ 2i 
8 + 4i + 12i + 677 
= a ae Expand. 
8-6 + 16i a 
SO i= 
16+ 4 
= ewe Simplify. 
= es + —j Write in standard form. 
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Applications ae 
Most applications involving complex numbers are either theoretical or very tech- 
nical, and are therefore not appropriate for inclusion in this text. However, to give 
you some idea of how complex numbers can be used in applications, we give a 
general description of their use in fractal geometry. : 

To begin, consider a coordinate system called the complex plane. Just as 
every real number corresponds to a point on the real number line, every complex 
number corresponds to a point in the complex plane, as shown in Figure 2.20. In 
this figure, note that the vertical axis is the imaginary axis and the horizontal axis 
is the real axis. The point that corresponds to the complex number a + bi is 
(a, b). 


(a,b) Gat bi 


Figure 2.20 
EXAMPLE 5 Plotting Complex Numbers 
Plot each complex number in the complex plane. 
Imaginary 
fils. yee oy yy =tl se DB axis 
c. 4 d. —3i sy 
----@ 
Solution -14+2i 


a. To plot the complex number 2 + 37, move (from the origin) two units to the 
right on the real axis and then three units up, as shown in Figure 2.21. In other 
words, plotting the complex number 2 + 3/7 in the complex plane is compara- 
ble to plotting the point (2, 3) in the Cartesian plane. 


b. The complex number —1 + 2i corresponds to the point (— 1, 2), as shown in me 
Figure 2.21. oe 
c. The complex number 4 corresponds to the point (4, 0), as shown in Figure =i) 
JE oA Figure 2.21 
d. The complex number — 3i corresponds to the point (0, 3), as shown in Figure 
PRONG 


In the hands of a person who understands fractal geometry, the complex plane can 
become an easel on which stunning pictures, called fractals, can be drawn. The 
most famous such picture is called the Mandelbrot Set, named after the Polish- 
born mathematician Benoit Mandelbrot. To draw the Mandelbrot Set, consider 
the following sequence of numbers. 


Crem Olew + ce (cw cy? + cl? +c... 


The behavior of this sequence depends on the value of the complex number c. For 
some values of c this sequence is bounded, which means that all elements in the 
sequence are less than some fixed number N. For other values it is unbounded, 
which means that the elements in the sequence become infinitely large. If the 
sequence is bounded, the complex number c is in the Mandelbrot Set; if the 
sequence is unbounded, the complex number c is not in the Mandelbrot Set. 
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EXAMPLE G Members of the Mandelbrot Set 


a. The complex number —2 is in the Mandelbrot Set because for c = oe 
the corresponding Mandelbrot Sequence 1S" — 2, 250,37, 2. = which is 
bounded. 


b. The complex number i is also in the Mandelbrot Set because for c = i, the 
corresponding Mandelbrot sequence is 


1, ==) Se ah, ==), =|) se =I, = Il Se i. 
which is bounded. 


c. The complex number 1 + 7 is not in the Mandelbrot Set because for 
c = | + i, the corresponding Mandelbrot sequence is 


Leaast: 131, = hit Lie 97 73 = 940 Fi 1935, 
88454401 + 3631103i, 


which is unbounded. 


With this definition, a picture of the Mandelbrot Set would have only two colors: 
one color for points that are in the set (the sequence is bounded), and one for 
points that are outside the set (the sequence is unbounded). Figure 2.22 shows a 
black and yellow picture of the Mandelbrot Set. The points that are black are in 
the Mandelbrot Set and the points that are yellow are not. 


Imaginary axis 


Real axis 


American Mathematical Society 


Figure 2.23 


American Mathematical Society 


Figure 2.22 


To add more interest to the picture, computer scientists discovered that the points 
that are not in the Mandelbrot Set can be assigned a variety of colors, depending 
on “how quickly” their sequences diverge. Figure 2.23 shows three different 
appendages of the Mandelbrot Set. (The black portions of the picture represent 
points that are in the Mandelbrot Set.) 


Figures 2.24 shows another type of fractal. From this picture, you can see why 
fractals have fascinated people since their discovery (around 1980). The fractal 


shown was produced on a graphing calculator. Figure 2.24 A Fractal Fern 


185 
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In Exercises 1—4, solve for a and b. 
lat+b=-9+4i 2.4a+ b6=12 451 
3. (a-—1) + (b+ 3)i=5 + 8i 
Ad (a + 6) + 21 = 6 — di 


In Exercises 5-14, write in standard form. 


5.4+ /-25 6. 3+ /-9 
ih W 8. 42 

9, —5i + i? 10. —3i2 +i 
i. (/—75)° 12. (/—4) -7 
13. /—0.09 14. ./—0.0004 


In Exercises 15-24, perform the addition or subtrac- 
tion and write the result in standard form. 

TE (Ee) se Gl = a) 1S AE Sg ee) 
17. (=14 /=8) + (8— /=50) 

18. (7 + /—18) — (3 + 3V/2i) 

19513; = (4s) 20m? -(—5 + 8s) 10; 
a. —(2+3/)+(24+4) 22. -24+3)- 
DEY, (WG sie aay Seay ey) 

24, —(-3.7 — 12.81) — (6.1 — /—245) 


In Exercises 25-36, perform the operation and write 
the result in standard form. 


25. /-6->/—2 26. /-5- /—10 
27. (./—10)” 28. (/—75)° 

29. (1 + i)(3 — 21) 30. (6 — 2i)(2 — 3i) 
31. 6i(5 — 2i) 32. —8i(9 + 4i) 


33. (V14 + /10i)(/14 — 10%) 
34. (3 + /—5)(7 — /—10) 
ahh (Chaney 36. (1 — 2’)? — (1 + 23) 
37. Error Analysis Describe the error. 
V=6V=6 = V-0-6) = V6 =6 X 
38. Error Analysis Describe the error. 
(V4 - 1) = -(4i-1) X 
= —4—j 


= 


In Exercises 39-46, find the product of the number 
and its conjugate. 


39. 4 + 3i 40. 8 — 12i 
41. -6— J/5i 42. -3+ /2i 
43. 22i 44. /-13 
45.3 — /-2 46. 1+ /-8 


In Exercises 47—58, perform the operation and write 
the result in standard form. 


47. £ 48. = 
i i 
4 
49. - 50. : z 
A) == Si) [h 
Decl y = We 
51. 52. 
B= ji = 2 
O= 7 + 201 
53, Ti 54. 8 ca 
1 2i 
| (2 — 3i)(Si) 
5 5 oe SSS 
(4 — Si)? 2+ 3i 
g) 3 Di 5 
Sie = 58. + 
1+i ih—= 7 eset BS ji 


In Exercises 59-66, simplify the complex number and 
write it in standard form. 


59. —613 + i? 60. 4i2 — 273 

61. —5i9 62. (-i)3 

63. (./—75)° 64. ( /—2)° 
1 

65. — i 


ie (i)? 
In Exercises 67-70, determine the complex number 
shown in the complex plane. 


67. Imaginary 68. 


Imaginary 


axis axis 


69. Imaginary 70. 


Imaginary 
axis axis 

é +++ Real 
5 v3 4g axis 

A 

2 

1 

: Real 7 

123456 axis * 


In Exercises 71-74, plot the complex number in the 
complex plane. 


1A. 4 — Si Peel 
12 —6 U = =e?) 


Fractals In Exercises 75-80, find the first six terms 
in the following sequence. 
Cporticalc? + c)2-+ ¢, ((e? +c)? + cl? + ¢,... 


From these terms, do you think the given complex 
number is in the Mandelbrot Set? Explain your 
reasoning. 


75. c=0 76. c=2 
Te =At 78. c= -i 
79. ¢=1 80. c = —-1 


81. Cube each complex number. What do you notice? 
mee el a 32) (c) -1— "3: 

82. Raise each number to the fourth power. 
(a) 2 (b)e=2 (G) 21 (d) —2i 

83. Impedance _ The opposition to current in an electri- 


cal circuit is called its impedance. The impedance in 
a parallel circuit with two pathways satisfies the 


equation 

joel! 1 
Ne 2s = 
ae A eS) 


when z, is the impedance (in ohms) of pathway | and 
Zy is the impedance (in ohms) of pathway 2. Use the 
table to determine the impedance of each parallel cir- 
cuit. (Hint: You can find the impedance of each path- 
way by adding the impedance of each component in 
the pathway.) 
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(b) 


Synthesis 


True or False? In Exercises 84-86, determine 
whether the statement is true or false. Justify your 
answer. 


84. There is no complex number that is equal to its 


conjugate. 
85. —i/6 is a solution of x4 — x? + 14 = 56. 
86. i44 + [150 — [74 — 109 4 jo = —] 


87. Express each of the following powers of i as i, —i, 1, 
Obs als 
(a) j70 (b) {2 (c) j>0 (d) {97 

88. Prove that the sum of a complex number a + bi and 
its conjugate is a real number, and that the difference 
of a complex number a + bi and its conjugate is an 
imaginary number. 


89. Prove that the product of a complex number a + bi 
and its conjugate is a real number. 


Review 


In Exercises 90-93 perform the operations and write 
the result in standard form. 

90. (4 + 3x) + (8 — 6x — x?) 

91. (x? — 3x7) — (6 — 2% — 4x7) 

92. (3x — 3)(x + 4) 

93; (2x "= 5)2 


In Exercises 94-97, find the x- and y-intercepts of the 
graph of the equation. 


94. y=- +6 eh ewe a) git 
96. y= |x-4| + 1 97. y= |x| — 1 


98. Mixture Problem A 5-liter container contains a 
mixture with a concentration of 50%. How much of this 
mixture must be withdrawn and replaced by 100% 
concentrate to bring the mixture up to 60% 
concentration? 
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24 


Quadratic Equations 


A quadratic equation in x is an equation that can be written in the general form 


2+ bx +c=0 


where a, b, and c are real numbers with a # 0. Another name for a quadratic 
equation in x is a second-degree polynomial equation in x. You should be famil- 


iar with the following four methods for solving quadratic equations. 


oe 


Completing the Square: If xe + bx = C then 


i ay 
rahe 
x x + |, oe 

: b\2 b2 
+=| =c+—. 
(: oa 
_ Example: “0 by = 5S 
Ao 6x 4d 37 = 5 4 3? 


(x + 3)? = 14 
oo = 4/14 
R= 3 + 714 
Gone = Qs 
Quadratic Formula: If ax? + bx + c = 0, then x = eae 
a 


Example: 2x? + 3x — 1 =0 


_-3+ J? =40)C1) _ -3 + J17 
a 4 


You Should Learn: 

° How to solve quadratic equa- 
tions by factoring, extracting 
square roots, completing the 
square, and using the 
Quadratic Formula 

° How to solve polynomial 
equations of degree three or 
greater 

° How to solve equations 
involving radicals 

°® How to solve equations 
involving fractions or absolute 
values 

® How to use quadratic equa- 
tions to model and solve 
real-life problems 


You Should Learn It: 


Knowing how to solve quadratic 
and other types of equations 
algebraically can help you solve 
real-life problems, such as 
Exercise 132 on page 203, where 
you determine the greatest dis- 
tance a car can travel on a tank of 
fuel. 


Paul Souders/Tony Stone Images 
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EXAMPLE 1 Solving a Quadratic Equation by Factoring 


Solve each quadratic equation by factoring. 


Pig layed 2h b. 9x? — 6x + 1=0 


Solution 
a. 6x? = 3x Write original equation. 
Ox — 3x = 0 Write in general form. 
3x(2x — 1) = 0 Factor. 
3x = 0 x=0 Set Ist factor equal to 0. 
20 e— 0 x= : Set 2nd factor equal to 0. 
bz.9x*—"6x + 1 =:0 Write original equation. 
(3 1) =.0 Factor. 


Set repeated factor equal to 0. 


Wil 


jae 1 —a() => x= 


Throughout the text, when solving equations, be sure to check your solutions 
either algebraically by substituting in the original equation or graphically. 


Check 
ator” = 3x Write original equation. 
6(0)? = 3(0) Substitute 0 for x. 
0=0 Solution checks. / 
6(4)° e 3(4) Substitute 3 for x. 
° a : Solution checks. / 
Dee ox — 6c + 1 = 0 Write original equation. 
9(4)? v3 6(+) ex = 0 Substitute ; for x. 
In 2 th is 0 Simplify. 
0=0 Solution checks. / 


Similarly, you can approximate the solutions using the graphs in Figure 2.25 to 
graphically check your solutions. 


= 
eg 
om 
cae 
3 


Sie: 
mere 
Sits 

sey 


ae 


Figure 2.25 
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Solving a quadratic equation by extracting square roots is an efficient method to 
use when the quadratic equation can be written in the form ax? + c = 0, as 
shown in Example 2. 


EXAMPLE 2 Extracting Square Roots 


Solve each quadratic equation. 


a. 4x? = 12 biG 3)2 = 7 


Solution 
a, 4x2 = 12 Write original equation. 
cos Divide each side by 4. 
i8 = sexs} Take square root of each side. 
b. @— 3) =7 Write original equation. 
Nile Saat i Take square root of each side. 
a GES) Add 3 to each side. 


The graphs of y = 4x? — 12 and y = (x — 3)? — 7, as shown in Figure 2.26, 
verify the solutions graphically. 


y=4x2—-12 


y=(x-3)?-7 


(a) (b) 
Figure 2.26 


Note that the solutions shown in Example 2 are listed in exact form. Most graph- 
ing utilities produce decimal approximations of solutions rather than exact forms. 
For instance, if you solve the equations in Example 2 using a graphing utility, you 
will obtain x ~ 41.732 in part (a) and x ~ 5.646 and x ~ 0.354 in part (b). 

Some graphing utilities have symbolic algebra programs that can list the 
exact form of a solution. 

Completing the square can be used to solve any quadratic equation, but it is 
best suited for quadratic equations in general form ax? + bx + c = O witha = 1 
and b an even number. If the leading coefficient of the quadratic is not 1, divide 
each side of the equation by this coefficient before completing the square, as 
shown in Example 3. 


Solution 
3x* — 4x = 5 =0 
By? — Ax = 5 
4 5 
Deore! = 
Be ae 3 
e-2r+(5) =2+(5) 
3 3 3 3 
(ar or) 
( 2\2 19 
eran ee eae 
3 9 
2 JS 19 
—— = 
3 3 
D /19 
soa al res 
3 3 


Using a calculator, the two solutions are approximately 2.11963 and — 0.78630, 
which agree with the graphical solution shown in Figure 2.27. 


\ A computer animation of this example appears in the 2.4 © Solving Equations Algebraically 191 
Interactive CD-ROM and Internet versions of this text. 


EXAMPLE 3 Completing the Square: Leading Coefficient Is Not 1 


Solve 3x? — 4x — 5 = 0 by completing the square. 


Write original equation. 


Add 5 to each side. 


Divide each side by 3. 


Add Gy to each side. 


Take square root of each side. 


Solutions 


EXAMPLE 4 Quadratic Formula: Two Distinct Solutions @): computer animation of this example 
Xo appears in the Interactive CD-ROM and 
Solve x? + 3x = 9 using the Quadratic Formula. Internet versions of this text. 


Graphical Solution 


Algebraic Solution 


x= 3x =9 
x? +3x-9=0 


=saed E OR 


Write original equation. Use a graphing utility to graph y, = x? + 3x and 
y, = 9 in the same viewing window. Use the inter- 
sect feature of the graphing utility to approximate 
the points where the graphs intersect. From Figure 


2.28, it appears that the graphs intersect when 


Write in general form. 


Quadratic Formula 


2a 
x ~ 1.85 and x ~ —4.85. These x-coordinates of the 
ae ee ee) ene ae os intersection points are solutions of the equation 
2(1) eat + 3x=9, 
=o 45 hae 
SS Se ew Simplify. 
2 
x= as Simplify radical. 
x = 1.85 or —4.85 Solutions 
The equation has two solutions: x ~ 1.85 and x ~ —4.85. 


Check these solutions in the original equation. 


Figure 2.28 
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EXAMPLE 5 Quadratic Formula: One Repeated Solution 
Solve 8x2 — 24x + 18 = 0. 
Algebraic Solution 


This equation has a common factor of 2. To simplify things, first 
divide each side of the equation by 2. 


8x2 — 24x + 18 = 0 


Write original equation. 


4x? — 12x + 9 =0 Divide each side by 2. 
= bite b> — 4ac 
ae Quadratic Formula 
2a 
aie) / (12)? = 449) 
; 2(4) 
122+ /0 3 
26 = Cerne, = > Repeated solution 


This quadratic equation has only one solution: 2. Check this 
solution in the original equation. 


EXAMPLE 6 Complex Solutions of a Quadratic Equation 
Solve 3x2 — 2x + 5 =0. 


Algebraic Solution 


By the Quadratic Formula, you can write the solutions as follows. 


Oty et = () 


Write original equation. 


=D =/b- — Aac 
= an ee Quadratic Formula 
us =(= 2) a5 =) (— 2)? = 4(3)(5) Substitute —2 for b, 
it 2(3) 3 for a, and 5 for c. 

De f= 3G 
a) | ian am Simplify. 

6 

2, te De Mead 
= airs the | Simplify radical. 
aa rela, 

se 1 Solutions 


The equation has no real solution, but it has two complex 


solutions: 4(1 ais J/14i) and *(1 = /14i). 


Graphical Solution 


Use a graphing utility to graph 
y = 8x2 — 24x + 18. 


Use the zoom and trace features of the graphing 
utility to approximate the values of x for which 
the function is equal to zero. From the graph in 
Figure 2.29, it appears that the function is equal 
to zero when x = 2 This is the only solution of 
the equation 8x7 — 24x + 18 = 0. 


y = 8x2- 24x 4+ 18 


Figure 2.29 


Graphical Solution 
Use a graphing utility to graph 

Vo Sa Des: 
Note in Figure 2.30 that the graph of the function 
appears to have no x-intercepts. From this you can 
conclude that the equation 3x7 — 2x + 5 = 0 has 


no real solution. You can solve the equation 
algebraically to find the complex solutions. 


y= 3x2-2x45 


Figure 2.30 
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Polynomial Equations of Higher Degree 


The methods used to solve quadratic equations can sometimes be extended to 
polynomial equations of higher degree, as shown in the next two examples. 


EXAMPLE 7 Solving an Equation of Quadratic Type 


Solve the equation x* — 3x? + 2 = 0. 


Solution 

The expression x+ — 3x? + 2 is said to be in quadratic form because it is written 
in the form au? + bu + c, where u is any expression in x, namely x2. You can use 
factoring to solve the equation as follows. 


etek ear) Write original equation. 
(2) 2 eS (x7). 2 = 0 Write in quadratic form in x2. 
cil (eye iD) "0 Partially factor. 
tec 1)(x?— 2) = 0 Factor, 
x+1=0 x=-1 
c= l=0 x=] 
x27-2=0 x=+/2 


The equation has four solutions: — 1, 1, \/2, and — \/2. Check these solutions in 


the original equation. The graph of y = x*+ — 3x? + 2, as shown in Figure 2.31, Figure 2.31 
verifies the solutions graphically. 
EXAMPLE 8 Solving a Polynomial Equation by Factoring 
Solve the equation 2x? — 6x? — 6x + 18 = 0. 
Solution 
This equation has a common factor of 2. To simplify things, first divide each side 
of the equation by 2. ee sar ay ey 
2 — 6x- — 6x + 18 = 0 Write original equation. 
eo oer 9 = 0 Divide each side by 2. 
x(x — 3) — 3(x — 3) = 0 Group terms. 
(x — 3)\(x2 — 3) =0 Factor by grouping. 
a3 = 0 x=3 
x7 -3=0 x=+t/3 


Figure 2.32 


The equation has three solutions: 3, oy and — \/3. Check these solutions in the 
original equation. The graph of y = 2x* — 6x? — 6x + 18, as shown in Figure 
2.32, verifies the solutions graphically. 
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Equations Involving Radicals 


An equation involving a radical expression can often be cleared of radicals by 
raising both sides of the equation to an appropriate power. When using this pro- 
cedure, remember to check for extraneous solutions. 


EXAMPLE 9 Solving an Equation Involving a Radical 
Solven/ 2x47 = x = 2. 
Algebraic Solution Graphical Solution 


First rewrite the equation as /2x + 7 — x — 2 = 0. Then 


ah Pe SD Write original : Ey 
es if i use a graphing utility to graph y= J2x + y aie 2 - 
shown in Figure 2.33(a). Notice that the domain is x 2 —3 
Vix +7 =x +2 Isolate radical. because the expression under the radical cannot be nega- 
x47 = 724+ 444+ 4 Square each tive. There appears to be one solution near x = 1. Use the 
side. zoom and trace features, as shown in Figure 2.33(b), to 
approximate the only solution to be x = 1. 
Kole 0 Write in PP y a 
general form. 
yew hed / == 2. ye ae 
(«+ 3)@—-1)=0 Factor. 


gar 3=0 Set 1st factor 


equal to 0. 


g = =O 


Set 2nd factor 
equal to 0. 


By substituting into the original equation, you can 
determine that — 3 is extraneous, whereas | is valid. So, 
the equation has only one real solution: x = 1. 


(a) 
Figure 2.33 


EXAMPLE 10 Solving an Equation Involving Two Radicals 


Solve the equation /2x +6 — /x +4 = 1. 


Solution 
/2x +6-JSx+4=1 Write original equation. 
J2x +6 =" “ce a Isolate radical. 
ax+6=1+2/x4+4+4+ (x + 4) Square each side. 
rece il = )4/ eee Isolate radical. 
Au Qn 1 = Aly + 4) Square each side. | Pe an +6 sya FA 1 
x 2x — 15 = "0 Write in general form. T ef 
Le SEE Wy 6) Factor. 
A | 5 
x=) = 0 x=5 Set Ist factor equal to 0. ; 
par = i Set 2nd factor equal to 0. 
By substituting into the original equation, you can determine that — 3 is extrane- =o 


ous, whereas 5 is valid. Figure 2.34 verifies that x = 5 is the only solution. Figure 2.34 
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EXAMPLE 11 Solving an Equation with Rational Exponents 
Solve (x + 1)? = 4, 


Algebraic Solution Graphical Solution 


(x +173 =4 Write original Use a graphing utility to graph y, = ¥/(x + 1)* and y, = 4 
equation. in the same viewing window, as shown in Figure 2.35. Use 
ety A Rawat aioe the intersect feature of the graphing utility to approximate 
sign. the solutions to be x = —9 and x = 7. 
(x + 1)? = 64 Cube each side. 
= Take square root of 
=+ 
x+1 +8 each side. 
ae a Subtract | from each 
a ata i: Atom side. 
Substitute x = —9 and x =7 into the original 


equation to determine that both are valid solutions. 
Figure 2.35 


Equations Involving Fractions or Absolute Values 


As demonstrated in Section 2.1, you can algebraically solve an equation involv- 
ing fractions by multiplying both sides of the equation by the least common 
denominator of each term in the equation to “clear an equation of fractions.” 


EXAMPLE 12 Solving an Equation Involving Fractions 


Solve — = ssl; 
ee ua 


Solution 
For this equation, the least common denominator of the three terms is x(x — 2), 
so you can begin by multiplying each term in the equation by this expression. 


Ao 
+ Ge 
2 3 
ie — 2) — = xe 2) cea x(x = 2)(1) 
hanes Ip 
We — 2) = 3x — x(x — 2), 2a Opa ihe {P. | 
« 2 
ee = A= 0 _ Graphs 
-variab 
(x — 4)(« + 1) =0 “tricky 
r= 4=0 MD x=4 ing 
Xa = 0 x= “You 


53. : and 


The equation has two solutions: 4 and — 1. Check these solutions in the original 
equation. Use a graphing utility to verify these solutions graphically. 


Ee 
ix} 
QF 
3 
Lae 


So 
pe 


S eo Sy 
5S Sabre a Linke 
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EXAMPLE 13 — Solving an Equation Involving Absolute Value 


Solve |x? — 3x| = —4x + 6. 


Solution 
Begin by writing the equation as |x? — 3x| + 4x — 6 = 0. From the graph of 
y = |x? — 3x| + 4x — 6 in Figure 2.36, you can estimate the solutions to be —3 
and 1. These can be verified by substitution into the equation. To solve alge- 
braically an equation involving an absolute value, you must consider the fact that 
the expression inside the absolute value symbols can be positive or negative. This 
consideration results in two separate equations, each of which must be solved. 


First Equation: 
3k = = ar 16 Use positive expression. 
a2 te — 61 0 Write in general form. 
(Ca 3) Ge 2) = 0 Factor. 
x+3=0 x= =3 Set Ist factor equal to 0. 
x-2=0 x=2 Set 2nd factor equal to 0. 
Second Equation: 
(ye 23x) =" 4x0 Use negative expression. 
x? —7x+6=0 Write in general form. 
G—1@— 6) =0 Factor. 
x-1=0 x= 1 Set Ist factor equal to 0. 
Figure 2.36 
x-6=0 x=6 Set 2nd factor equal to 0. 
Check 
oy 3(aa) dealt 6 Substitute =3 for x. 
18 = 18 —3 checks. / 
(22> 3(2)| = —4(2) + 6 Substitute 2 for x. 
2#-2 2 does not check. 
ie Aa Saas Gp uteueme tier 2 
2=2 1 checks. / 
|G? === 316) ts —4(6) + 6 Substitute 6 for x. 
18 # —18 6 does not check. 


The equation has only two solutions: —3 and 1, just as you obtained by 
graphing. 


In Figure 2.36, the graph of y = |x? — 3x| + 4x — 6 appears to be a straight line 
to the right of the y-axis. Is it? Explain how you decided. 
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Applications 


A common application of quadratic equations involves an object that is falling (or 
projected into the air). The general equation that gives the height of such an object 
is called a position equation, and on earth’s surface it has the form 


Seaae LOl--t Vi +S. 


In this equation, s represents the height of the object (in feet), v) represents the 
original velocity of the object (in feet per second), sy represents the original 
height of the object (in feet), and t represents the time (in seconds). Note that this 
position equation ignores air resistance. 


EXAMPLE 14 Falling Time 


A construction worker on the 24th floor of a building project (see Figure 2.37) 
accidentally drops a wrench and yells, “Look out below!” Could a person at 
ground level hear this warning in time to get out of the way? 


Solution 

Assume that each floor of the building is 10 feet high, so that the wrench is 
dropped from a height of 240 feet. Because sound travels at about 1100 feet 
per second, it follows that a person at ground level hears the warning within 
1 second of the time the wrench is dropped. To set up a mathematical model for 


the height of the wrench, use the position equation 
pee LO FH iyar + So. 


Position equation 


Because the object is dropped rather than thrown, the initial velocity is vy, = 0. 
So, with an initial height of 5, = 240 feet, you have the following model. 


= —16t? + 240 
After falling for 1 second, the height of the wrench is 
— 16(1)? + 240 = 224. 
After falling for 2 seconds, the height of the wrench is 
— 16(2)? + 240 = 176. 


To find the number of seconds it takes the wrench to hit the ground, let the height 
s be zero and solve the equation for ¢. 


Se= — 1677 -& 240 Position equation 
0. = —16r? + 240 Substitute 0 for s. 
16t? = 240 Add 16f? to each side. 
p= 15 Divide each side by 16. 
Lo R15 = 3.87 Extract positive square root. 


The wrench will take about 3.87 seconds to hit the ground. If the person hears the 
warning 1 second after the wrench is dropped, the person still has almost 
3 more seconds to get out of the way. 
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Figure 2.37 
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EXAMPLE 15 Quadratic Modeling: Internet Use 


From 1992 to 2000, the number of hours spent annually per person using the 
Internet in the United States closely followed the quadratic model 


Hours = 0.3922 + 0.26t¢ — 1.12 


where t = 2 represents 1992. The number of hours per year is shown graphically 
in Figure 2.38. According to this model, in which year will the number of hours 
spent per person reach or surpass 100? (Source: Veronis, Suhler, & Associates) 


Hours per person 


Year (2 © 1992) 


Figure 2.38 


Solution 
To find when the number of hours spent per person will reach 100, you need to 
solve the equation 


0.3927 + 0.26¢ — 1.12 = 100 

To begin, write the equation in general form. 
0397 + 0.267 — 101,12 = 0 

Then apply the Quadratic Formula. 


a2 Oran (0.26)2 1 4(0,39)(— 101.12) 


2(0.39) 


Because time is nonnegative, choose the positive solution 


, = 20.26 + V (0.26? = 4(0.39)(= 101.12) 
2(0.39) 


Because t = 2 corresponds to 1992, it follows that ¢ = 15.8 must correspond to 
some time in 2005. So, the number of hours spent annually per person using the 
Internet should reach 100 during 2005. 


= h:5. 


You can solve Example 15 with your graphing utility by graphing the two 
functions 


y, = 0.397 + 0.26t — 1.12 
y, = 100 


in the same viewing window and finding their point of intersection. You should 
obtain x ~ 15.8, which verifies the answer obtained analytically. 
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Another type of application that often involves a quadratic equation is one 
dealing with the hypotenuse of a right triangle. These types of applications often 
use the Pythagorean Theorem, which states that 


OO SEI Re Pythagorean Theorem 


where a and b are the legs of a right triangle and c is the hypotenuse, as indicated 
in Figure 2.39. 


b 
Figure 2.39 


EXAMPLE 16 Cutting Across the Lawn 


Your house is on a large corner lot. Several of the children in the neighborhood 
cut across your lawn, as shown in Figure 2.40. The distance across the lawn is 32 
feet. How many feet does a person save by walking across the lawn instead of 
walking on the sidewalk? 


Solution 

In Figure 2.40, let x represent the length of the shorter part of the sidewalk. Using 
a ruler, you can find that the length of the longer part of the sidewalk is twice 
the shorter, so you can represent its length by 2x. Now, using the Pythagorean 
Theorem, you have 


ap = c* Pythagorean Theorem 
x? + (2x) = 32? Substitute for a, b, and c. 
5x2 = 1024 Combine like terms. 
x = 204.8 Divide each side by 5. 
x = +/204.8 Take square root of each side. 


Choose the positive square root. The total distance on the sidewalk is 


er ox = 3x — 3/2046 = 42.9 feet: 


Cutting across the lawn saves a person about 42.9 — 32 or 10.9 feet. Figure 2.40 
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In Exercises 1-4, write the quadratic equation in 
general form. 

2x2 = 3 — 5x 

3. £(3x2 — 10) = 12x 


2 = 
4, x(x + 2) = 3x2 + 1 


In Exercises 5-14, solve the quadratic equation by 
factoring. Check your solutions in the original 
equation. 


5. 6x2 + ox = 0 6. 9x7 -1=0 
Ibe =O = 3 Sy) 8. x? — 10x +9 =0 
9. 3 + 5x — 2x2 =0 10. 2x? = 149% + 33 
UG ie = A lee 123 og 2 
13. «+ a)? — b?=0 1495-4 2axn 4 a = 0 


In Exercises 15-22, solve the equation by extracting 
square roots. List both the exact solution and the 
decimal solution rounded to two decimal places. 

15, x? = 16. 9x? = 25 

V7 een 2) — 1S 18.. (x — 5)? = 20 

199( 20 1) = 18 20. (4x + 7)? = 44 

21a sad) 0 (3)? Dem (a 5) 42 


In Exercises 23-30, solve the quadratic equation by 
completing the square. Verify your answer graphically. 


BY, BE) a ENG > BOW) 24,5 x7 = 2x — 3 =0 

De a OatEe Ok () 26. x7 + 8x + 14=0 
2189x7 — 18x + 3 = 0 28. 9x? — 12x — 14 =0 
JME vd Sp ABS ee oe) 30. 4x7 — 4x — 99 = 0 


Graphical Reasoning In Exercises 31-38, (a) use a 
graphing utility to graph the equation, (b) use the 
graph to approximate any x-intercepts, (c) set y = 0 
and solve the resulting equation, and (d) compare the 
result with the x-intercepts of the graph. 

31. y = (x + 3)? -—4 32. y=1—(- 2) 
33. y = —4x?4+ 4x +3 34. y=x?24+ 3x-4 
35. y = 7(4x2 — 20x + 25) 36. y = —(x2 — 4x + 3) 
Sia — 4x5) | 38, y = AG ee) 


In Exercises 39-44, use a graphing utility to deter- 
mine the number of real solutions of the quadratic 
equation. 

395 "Sy 4 = 0 40; 2x2 x 1 
41, x? + $x -8 =0 42. $x? — 5x + 25=0 
43, 4:7 2.9% — La 0 

44. 9 + 2.4x — 8.3x? 


In Exercises 45-52, use the Quadratic Formula to 
solve the equation. Use a graphing utility to verify 
your solutions graphically. 
45.2 + 2x —x?=0 

Al Ke 8x 4 @ 

49, 28x — 49x77 =4 

51. 42.4 16% + 15.—0 


46. x? — 10x + 22 =0 
48. 4x2 — 45 —-4=9 

50.9x? + 24x + 16 =0 
525 Ort — Ox) eed 


In Exercises 53-60, solve the equation by any 
convenient method. 


53. x2 -2x-1=0 54. 11x? + 33x = 0 
55 (x + 3)? = 81 56. x2 — 14x + 49 =0 
§7,.2-x-}=0 58. x2 + 3x -2=0 
59. (ek 1) = 60. a2x? — b> =0,a #0 


In Exercises 61-76, find all solutions of the equation. 
Use a graphing utility to verify the solutions graphi- 
cally. 

61. 4x* — 18x? = 0 62. 20x37 — 125x = 0 
63. x* — 81=0 64. x° — 64 =0 

65. 5x" > 30K + 45x. =U 

66. 9x* — 24° + 16x? ='0 

G7. 8 Bx eee 0 

68.04% 2x? = 8x = 16 = 0 

69504 Ant 35.0 TO saXburtoS 4 7iee Sousa) 
71. 4x4 — 65x7+16=0 72. 36¢4 + 2912 --7=0 


1 8 
ERD oop oro aiey 


74 (5) +(—) Gl=30 
aa sl . 


75. 2x + 9/x-—5=0 76. 3x'/3 + 2723 = 5 


Graphical Analysis In Exercises 77-80, (a) use a 
graphing utility to graph the equation, (b) use the 
graph to approximate any x-intercepts of the graph, 
(c) set y = 0 and solve the resulting equation, and (d) 
compare the result with the x-intercepts of the graph. 

lca vaa ey i 3x 

78. y = 2x4 = 152° + 18x2 

79. y = x* — 10x + 9 

80. y = x* — 29x? + 100 


In Exercises 81-90, find all solutions of the equation 
algebraically. Check your solutions both algebraically 
and graphically. 
81. /x — 10-4=0 
Sie ee le 37 — | 
Sieve anys = 5o= 
S7atc =)" = 16 
88. G2 — x —-22)4 = 16 
89. 3x(x — 1)!/2 + 2(x — 1)3/2 =0 
90. 4x2(x — 1)!/3 + 6x(x — 1)4/3 = 0 


82. 32x +5+3=0 
84. /x+5= /x-5 
86. /x + /x — 20 = 10 


Graphical Analysis In Exercises 91-94, (a) use a 
graphing utility to graph the equation, (b) use the 
graph to approximate any x-intercepts of the graph, 
(c) set y = 0 and solve the resulting equation, and (d) 
compare the result with the x-intercepts of the graph. 


Sieg = iy = 0 92. = 2x 1. A 
Sy = ie 30 — ox + 16 — 2 


4 
sa ia 


In Exercises 95-104, find all solutions of the equation. 
Use a graphing utility to verify your solutions graph- 
ically. 


BY) = xe 4 eee: 
95, = =x 96. Boye 
1 1 3 1 
a = : + = 3 
big Pa | : oF py eee AM) og 2 
3 
ay iene i 100. 4x + 1 =- 
bee 5 


102. [3x + 2| =7 
104. |x — 10| = x? — 10x 


101. |2x — 1] =5 
103. |x| =x? +x -3 
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Graphical Analysis In Exercises 105-108, (a) use a 
graphing utility to graph the equation, (b) use the 
graph to approximate any x-intercepts of the graph, 
(c) set y = 0 and solve the resulting equation, and (d) 
compare the result with the x-intercepts of the graph. 

1 


4 y 
10 rene ae 6! L062 =) St oar eae 


107. y= |x + 1|—2 108. y = |x — 2| — 3 


In Exercises 109-116, find an equation having the 
given solutions. (There are many correct answers.) 


109. —6,5 110. 0, 4,7 

7 6 1 4 
11). 11 aia 
113. /2, —/2,4 11402, /5,-— 75 
IS, =2, 2. i, =i 116. 47, —4i, 6, —6 


Think About It In Exercises 117 and 118, find x such 
that the distance between the points is 13. 


LL s2)5 Gn 10) 118. (—8, 0), (x, 5) 


In Exercises 119 and 120, solve for the variable. 


119. Surface Area of a Cone 
Solve fork: S = amra/r- 
120. Inductance 


1 
Solve for Q: i = ee ZG 


121. Floor Space The floor of a one-story building is 
14 feet longer than it is wide. The building has 1632 
square feet of floor space. 


(a) Draw a diagram to represent the floor space. 
Represent the width as w and show the length in 
terms of w. 

(b) Write a quadratic equation in terms of w. 

(c) Find the length and width of the building floor. 


122. Packaging An open box with a square base is to 
be constructed from 84 square inches of material. 
What should the dimensions of the base be if the 
height of the box is to be 2 inches? (Hint: The sur- 
face area is S = x? + 4xh.) 


202. Chapter 2 ¢ Intercepts, Zeros, and Solutions 


123. Packaging An open box is to be made from a 
square piece of material by cutting 2-centimeter 
squares from each corner and turning up the sides. 
The volume of the finished box is to be 200 cubic 
centimeters. Find the size of the original piece of 
material. 


124. Exploration A rancher has 100 meters of fencing 
to enclose two adjacent rectangular corrals as 
shown in the figure. 

(a) Write the area of the enclosed region as a func- 
tion of x. 

(b) Use a graphing utility to generate additional 
rows of the table. Use the table to estimate the 
dimensions that will produce a maximum area. 


| 4 | 28 | 224 


(c) Use a graphing utility to graph the area function, 
and use the graph to estimate the dimensions 
that will produce a maximum area. 


(d) Use the graph to approximate the dimensions 
such that the enclosed area will be 350 square 
meters. 


(e) Find the required dimensions of part (d) 
algebraically. 


In Exercises 125-128, use the position equation on 
page 197 as the model for the problem. 


125. CN Tower At 1821 feet tall, the CN Tower in 
Toronto, Ontario, is the world’s tallest self-support- 
ing structure. Suppose an object were dropped from 
the top of the tower. 


(a) Find the position equation 
5s = —16P + vot 155: 


(b) Complete the table. 


(c) From the table of part (b) you know the time 
until the object reaches ground level is greater 
than how many seconds? Find the time 
algebraically. 

126. Warfare A cargo plane flying at 8000 feet over 
level terrain drops a 500-pound supply package. 

(a) How long will it take until the package strikes 
the ground? 

(b) If the plane is flying at 600 miles per hour, how 
far will the package travel horizontally during 
its descent? 

127. World Trade Center Suppose you drop a penny 
from the top of One World Trade Center in New 

York City. The building has a height of 1368 feet. 


(a) Use the position equation to write a mathemat- 
ical model for the height of the penny. 


(b) Find the height of the penny after 4 seconds. 


(c) How long will it take before the penny strikes 
the ground? 

(d) Use a graphing utility with the appropriate view- 
ing window to verify your answer in part (c). 

128. Baseball You throw a baseball straight up into the 

air at a velocity of 45 feet per second. You release 

the baseball at a height of 5.5 feet and are going to 

catch it when it falls back to a height of 6 feet. 


(a) Use the position equation to write a mathemat- 
ical model for the height of the baseball. 


(b) Find the height of the baseball after 0.5 seconds. 
(c) How many seconds will the baseball be in the 
air? 


(d) Use a graphing utility to verify your answer in 
part (c). 


129. 


130. 


131. 


Airline Traffic The total number y of annual air- 
craft departures in the United States from 1990 
through 1996 can be approximated by the mathe- 
matical model 


y = 0.0367 + 0.0324 + 6.839, 0<1<6 


where y is in millions and f is the year, with t = 0 

corresponding to 1990. (Source: Air Transport 

Association of America) 

(a) Determine algebraically when the number of 
departures reached 8 million. 


(b) Verify your answer to part (a) by creating a 
table of values for the model. 

(c) Use a graphing utility to graph the model. 

(d) Use the zoom and trace features of a graphing 
utility to find the year in which the total num- 
ber of departures reached 7.0 million. 

(e) Verify your answer to part (d) algebraically. 

Boating The total number of dollars spent on 


boating in the United States from 1991 through 
1996 can be approximated by the model 


S = 0237 + 0.088 + 9.75, lesen 6 


where S is the spending (in billions of dollars) 

and ¢ is the time, with t = 0 corresponding to 

1990. (Source: National Marine Manufacturers 

Association) 

(a) Use a graphing utility to graph the model. 

(b) Extend the model past 1996. Does the model 
predict that sales ever exceed 25 billion dollars? 
If so, estimate the year. 

Biology The metabolic rate of ectothermic 

organisms increases with increasing temperature 

within a certain range. Experimental data for oxy- 

gen consumption (microliters per gram per hour) of 

a beetle for certain temperatures yielded the model 


Ao ea Lear Une 10 5X15. 25 


where x is the air temperature in degrees Celsius. 

(a) Use a graphing utility to graph the consumption 
function over the specified domain. 

(b) Use the graph to approximate the air tempera- 
ture resulting in oxygen consumption of 150 
microliters per gram per hour. 

(c) If the temperature is increased from 10 to 20 
degrees, the oxygen consumption is increased 
by approximately what factor? 


132. 


133. 


134. 
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Fuel Efficiency The distance d (in miles) a car 

can travel on one tank of fuel is approximated by 

d=——0,0245 4 174555 49431.5 forn:0 esis 75, 

where s is the average speed of the car in mph. 

(a) Use a graphing utility to graph the distance 
function over the specified domain. 

(b) Use the graph to determine the greatest distance 
that can be traveled on a tank of fuel. How long 
will the trip take? 


(c) Determine the greatest distance that can be 
traveled in this car in 8 hours with no refueling. 
How fast should the car be driven? [Hint: The 
distance traveled in 8 hours is 8s. Graph this 
expression in the same viewing window as the 
graph in part (a) and approximate the point of 
intersection. | 


Saturated Steam The temperature 7 (in degrees 
Fahrenheit) of saturated steam increases as pressure 
increases. This relationship is approximated by 


T= F5.89.— Oil ly eg ey ee 0 


where x is the absolute pressure in pounds per 

square inch. 

(a) Use a graphing utility to graph the temperature 
function over the specified domain. 

(b) The temperature of steam at sea level 
(x = 14.696) is 212°F. Evaluate the model at 
this pressure and verify the result graphically. 


(c) Use the model to approximate the pressure for 
a steam temperature of 240°F. 


Exploration A meteorologist is positioned 100 

feet from the point where a weather balloon is 

launched. When the balloon is at height h, the dis- 

tance d between the meteorologist and the balloon is 

d = /100? + h. 

(a) Use a graphing utility to graph the equation. 
Use the trace feature to approximate the value 
of h when d = 200. 


(b) Complete the table. Use the table to approxi- 
mate the value of h when d = 200. 


h 160 saloon ViOo 7S L830. 185 


a 


(c) Find h algebraically when d = 200. 

(d) Compare the results of each method. In each 
case, what information did you gain that wasn’t 
revealed by another solution method? 
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135. 


136. 
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138. 


139. 


140. 
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Economics The demand equation for a certain 
product is p = 20 — 0.0002x, where p is the price 
per unit and x is the number of units sold. The total 
revenue for selling x units is 


Revenue = xp = x(20 — 0.0002x). 


How many units must be sold to produce a revenue 
of $500,000? 


Economics The demand equation for a certain 
product is p = 60 — 0.0004x, where p is the price 
per unit and x is the number of units sold. The total 
revenue for selling x units is 


Revenue = xp = x(60 — 0.0004). 


How many units must be sold to produce a revenue 
of $220,000? 


Geometry The hypotenuse of an isosceles right 
triangle is 5 centimeters long. How long are its right 
sides? 

Geometry An equilateral triangle has a height of 
10 inches. How long are each of its sides? (Hint: 
Use the height of the triangle to partition the trian- 
gle into two congruent right triangles.) 


Flying Speed ‘Two planes leave simultaneously 
from the same airport, one flying due north and the 
other due east. The northbound plane is flying 50 
miles per hour faster than the eastbound plane. 
After 3 hours the planes are 2440 miles apart. Find 
the speed of each plane. 


N 


2440 miles 


S 


Flying Distance A small commuter airline flies 
to three cities whose locations form the vertices of 
a right triangle. The total flight distance (from City 
A to City B to City C and back to City A) is 1400 
kilometers. It is 600 kilometers between the two 
cities that are farthest apart. Approximate the other 
two distances between cities. 


FIGURE FOR 140 


Synthesis 

True or False? In Exercises 141-143, determine 
whether the statement is true or false. Justify your 
answer. 


141. The quadratic equation —3x* — x = 10 has two 
real solutions. 

142°1f Ox 3a 5) Ss: 
x+5=8. 

143. An equation can never have more than one extrane- 
ous solution. 


then 2x —3=8 or 


144, Exploration Solve the equation 3(x + 4)? + 
(x + 4) — 2 = 0 in two ways. 


(a) Let u = x + 4, and solve the resulting equation 
for u. Then find the corresponding values of x 
that are solutions of the original equation. 


(b) Expand and collect like terms in the original 
equation, and solve the resulting equation for x. 


(c) Which method is easier? Explain. 


145. Exploration Given that a and b are nonzero real 
numbers, determine the solutions of the equations. 


(a).ax? + bx = 0 (b), ax? = an = 0 


Review 


In Exercises 146-149, completely factor the expression 
over the real numbers. 


146. x° — 27x? 
148. x° + 5x? — 2x -— 10 


147. x° — 5x2 -— 14x 
149. S(x + 5)x/> 4+ 4x43 


In Exercises 150-155, determine whether y is a func- 
tion of x. 

150. 5% 46) — 41 
152i ays 
154. y = |x — 3] 


Sy ee 
133. 2y = / tik 
155.9 \y| =i 
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Properties of Inequalities 


Simple inequalities were reviewed in Section P.1. There, the inequality symbols 
<, S, >, and 2 were used to compare two numbers and to denote subsets of real 
numbers. For instance, the simple inequality x > 3 denotes all real numbers x 
that are greater than or equal to 3. In this section you will study inequalities that 
contain more involved statements such as 


aye = 7 sso ahe abe and =3 6 Ge = i < 3, 


As with an equation, you solve an inequality in the variable x by finding all val- 
ues of x for which the inequality is true. These values are solutions of the inequal- 
ity and are said to satisfy the inequality. For instance, the number 9 is a solution 
of the first inequality listed above because 


5(9) —7 > 399) + 9 
B30>36. 
On the other hand, the number 7 is not a solution because 
52). = 74: 3(7) 49 
28 4 30. 


The set of all real numbers that are solutions of an inequality is the solution set 
of the inequality. 

The set of all points on the real number line that represent the solution set is 
the graph of the inequality. Graphs of many types of inequalities consist of 
intervals on the real number line. 

The procedures for solving linear inequalities in one variable are much like 
those for solving linear equations. To isolate the variable you can make use of the 
properties of inequalities. These properties are similar to the properties of equal- 
ity, but there are two important exceptions. When both sides of an inequality are 
multiplied or divided by a negative number, the direction of the inequality sym- 
bol must be reversed. Here is an example. 


=) ce) Write original inequality. 
oe 3)(- 2) SS 3)(5) Multiply each side by —3 and reverse inequality. 
6-15 New inequality 


Two inequalities that have the same solution set are equivalent inequalities. The 
properties listed at the top of the next page describe operations that can be used 
to create equivalent inequalities. 
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Properties of Inequalities 
Let a, b, c, and d be real numbers. 
1. Transitive Property 
a< bandb<c a << 
2, Addition of Inequalities 
a< bandc < d at+c<b+d 


3. Addition of a Constant 


a<b 


Va tic = bor ¢ 
4. Multiplying by a Constant 


Force >.0,a@ <b ac-< be 


Fore < 0,a =< b ac > De 


Each of the properties above is true if the symbol < is replaced by < and > is 
replaced by >. For instance, another form of Property 3 would be as follows. 


a<b BOOED AT 


Solving a Linear Inequality 


The simplest type of inequality to solve is a linear inequality in a single variable, 
such as 2x + 3 > 4. (See Appendix C for help with solving one-step linear 
inequalities. ) 


EXAMPLE 1 


Solve the inequality 


Solving a Linear Inequality 


se WS Bye ar ©, 


Solution 
Spe = 7 S Bye de® 


Write original inequality. 


Str ove 16 Add 7 to each side. 
oye he ee IN Subtract 3x from each side. 
Pee ANG Combine like terms. 
eee Xe 


Divide each side by 2. 


So, the solution set consists of all real numbers that are greater than 8. The inter- 


val notation for this solution set is (8, oo). The number line graph of this solution 
set is shown in Figure 2.41. 


Note that the five inequalities forming the solution steps of Example 1 are all 
equivalent in the sense that each has the same solution set. 


how the answer to 
can be used to sol 


Figure 2.41 Solution interval: (8, o0) 


STUDY TIP 


Checking the solution set of an 
inequality is not as simple as 
checking the solution of an 
equation because there are 
simply too many x-values to 
substitute into the original 
inequality. However, you can 
get an indication of the validity 
of the solution set by substitut- 
ing a few convenient values of 
x. For instance, in Example 1 
try substituting x = 5 and 

x = 10 into the original 
inequality. 
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EXAMPLE 2 Solving an Inequality 


Solve 1 - = > Fe ah, 


Algebraic Solution Graphical Solution 


Use a graphing utility to graph y, = 1-— (3x)/2 and 
y, = x — 4 in the same viewing window. In Figure 2.43, you 
can see that the graphs appear to intersect at the point (2, —2). 
Use the intersect feature of the graphing utility to confirm this. 
The graph of y, lies above the graph of y, to the left of their 


Poa x — A Write original inequality. 


Multiply each side by the 


= 2s _ i : : : 3 : 5 
3x 2 2x — 10 Subtract 2 from each side. point of intersection, which implies that y, > y, for all x < 2. 
ox 10) Subtract 2x from each side. 
pe? Divide each side by —5 


and reverse inequality. 


The solution set consists of all real numbers that 
are less than or equal to 2. The interval notation 
for this solution set is (— 00, 2]. The number line 
graph of this solution set is shown in Figure 2.42. 


Figure 2.43 


Figure 2.42 Solution interval: (— 00, 2} 


Sometimes it is possible to write two inequalities as a double inequality. For 
instance, you can write the two inequalities —4 < 5x — 2and5x — 2 < 7 more 
simply as —4 < 5x — 2 < 7, so you can solve the two inequalities together. 


EXAMPLE 3 Solving a Double Inequality 
SOLVE we oe ae OX eit 


Algebraic Solution Graphical Solution 


Use a graphing utility to graph y, = 6x — 1, y. = —3, and 


—3< = i iginal i lity. ; Coeds ; : 
ee me ee pel meqiality y3 = 3 in the same viewing window. In Figure 2.45, you can see 


2-5 6x =< 4 Add 1 to all three parts. that the graphs appear to intersect at the points (-4, —3) and 
1 ) (2, 3), Use the intersect feature of the graphing utility to confirm 
rea Ss 3 Divide by 6 and simplify. this. The graph of y, lies above the graph of y, to the right of 


(—4 = 3) and the graph of y, lies below the graph of y, to the 

2; ar} 5 1 D 

The solution set consists of all real numbers that left of (3, 3). This implies that y) < y, < y,; when —3 < x < §. 

are greater than or equal to 5 and less than 3. 

The interval notation for this solution set is 

—i, 2) The number line graph of this solution set 
is shown in Figure 2.44. 


Intersection- ; | 2 
X=.66666667 Y=3_ Bue 
-7 


Figure 2.44 Solution interval: | —1, 2 | 
: ) Figure 2.45 
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Inequalities Involving Absolute Value 


EXAMPLE 4 Solving Absolute Value Inequalities 


Solve each inequality. 
amir 502 
Algebraic Solution 
Ame | 
SS P< aie ee 
eee Ouse) << Data 


ba e5 +2 


Write original inequality. 
Equivalent inequalities 
Add 5 to all three parts. 
Bice Kot | Simplify. 


The solution set is all real numbers that are greater than 3 and less 
than 7. The interval notation for this solution set is (3, 7). The 
number line graph of this solution set is shown in Figure 2.46. 

b. The absolute value inequality |x — 5| > 2 is equivalent to the 
following compound inequality. 


emt 8) eels Xk seu be 
Solve first inequality: x — 5 < —2 Write first inequality. 
pikes Add 5 to each side. 


Solve second inequality: x — 5 > 2 Write second inequality. 


Sees Add 5 to each side. 


The solution is all real numbers that are less than —3 or greater than 
7. The interval notation for this solution set is (— °°, 3) U (7, 00). 
The symbol U is called a union symbol and is used to denote the 


combining of two sets. The number line graph of this solution set is 
shown in Figure 2.47. 


2units 2 units 2 units 2 units 
SS = — oo 
38 ai 
2 Sa) @ 4 8 2 3 4 5 G Ff 8 


Figure 2.46 |x — 5| < 2 Figure 2.47 |x — 5| > 2 


Graphical Solution 


a. Use a_ graphing utility to graph 


y, = |x — 5| and y, = 2 in the same view- 
ing window. In Figure 2.48, you can see 
that the graphs appear to intersect at the 
points (3,2) and (7, 2). Use the intersect 
feature of the graphing utility to confirm 
this. The graph of y, lies below the graph of 
y, when 3 < x < 7. So, you can approxi- 
mate the solution set to be all real numbers 
greater than 3 and less than 7. 


=3 
Figure 2.48 


. In Figure 2.48, you can see that the graph 


of y, lies above the graph of y, when x < 3 
or when x > 7. So, you can approximate 
the solution set to be all real numbers that 
are less than 3 or greater than 7. 
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Polynomial Inequalities 


To solve a polynomial inequality such as x2 — 2x — 3 < 0, use the fact that a 
polynomial can change signs only at its zeros (the x-values that make the poly- 
nomial equal to zero). Between two consecutive zeros a polynomial must be 
entirely positive or entirely negative. This means that when the real zeros of a 
polynomial are put in order, they divide the real number line into intervals in 
which the polynomial has no sign changes. These zeros are the critical numbers 
of the inequality, and the resulting open intervals are the test intervals for the 
inequality. For instance, the polynomial 


Be a at ik ioe SCL (x13) 


has two zeros, x = —1 and x = 3, which divide the real number line into three 
test intervals: (—oo,—1), (—1,3), and (3,00). To solve the inequality 
x? — 2x — 3 < 0, you only need to test one value from each test interval. 


Finding Test Intervals for a Polynomial — 
To determine the intervals on which the values of a polynomial are entirely 
negative or entirely positive, use the following steps. 


1. Find all real zeros of the polynomial, and arrange the zeros in increasing 
order. The zeros of a polynomial are its critical numbers. 


2. Use the critical numbers of the polynomial to determine its test intervals. 


3. Choose one representative x-value in each test interval and evaluate the 
polynomial at that value. If the value of the polynomial is negative, the 
polynomial will have negative values for every x-value in the interval. If the 
value of the polynomial is positive, the polynomial will have positive 
values for every x-value in the interval. 


Investigating Polynomial Behavior 


EXAMPLE 5 


To determine the intervals on which x* — x — 6 is entirely negative and those on 
| which it is entirely positive, factor the quadratic as 


x? —x—6= (x + 2)(x — 3). 


The critical numbers occur at x = —2 and x = 3. So, the test intervals for the qua- 
dratic are (—0oo, —2), (—2,3), and (3,00). In each test interval, choose a 
| representative x-value and evaluate the polynomial, as shown in the table. 


(—c0, -2) | x= -3 | (=3)? — (-3) -6 =6 
(0)? — (0) — 6 = -6 
(52 — (5) -6=14 


Value of Polynomial Sign of Polynomial 


Positive 


Negative 


Positive 


| The polynomial has negative values for every x in the interval (—2, 3) and 
| positive values for every x in the intervals (—oo, —2) and (3, 00). This result is 
| shown graphically in Figure 2.49. 
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STUDY TIP 


Some graphing utilities will 
produce graphs of inequalities. 
For instance, you can graph 

2x? + 5x > 12 by setting the 
graphing utility to dot mode and 
entering y = 2x? + 5x > 12: 
Using —10 < x < 10 and 

—4 < y < 4, your graph should 
look like the graph shown 
below. Solve the problem 
algebraically to verify that the 
solution is (— 00, — 4) U (3, 00). 


5 6 


Figure 2.49 
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To determine the test intervals for a polynomial inequality, the inequality must 
first be written in general form with the polynomial on one side. 


EXAMPLE 6 Solving a Polynomial Inequality 
Sra kyooue? 22 whe ey 17. 


Algebraic Solution Graphical Solution 


First write the polynomial inequality 2x7 + 5x > 12 as 
2x2 + 5x — 12 > 0. Then use a graphing utility to graph 
y = 2x? + 5x — 12. In Figure 2.50, you can see that the graph 
is above the x-axis when x is less than —4 or when x is greater 
than 2. So, you can graphically approximate the solution set to 
be (— 00, —4) U (3, 00). 


Dye 5x > 12 Write original inequality. 
Die Se Tope = 12 Ssh) Write in general form. 


(ei A)\(Qx==-3) > 0 Factor. 


Critical Numbers: x = —4,x = 


Test Intervals: (—00, —4), (—4, 3), (3, 00) 

Test: Is (x + 4)(2x — 3) > 0? 

After testing these intervals, you can see that the 
polynomial 2x? + 5x — 12 is positive in the open 
intervals (—00, —4) and (3,00). Therefore, the 
solution set of the inequality is 


(—co, —4) U (3, 00). 


Figure 2.50 


EXAMPLE 7 Solving a Polynomial Inequality 
Solvecx — 3x- — 32x > —48 


Solution 
Begin by writing the inequality in general form. 
Dee? — Byes ene ey hs} Write original inequality. STUDY Tip 
ee on 327 148 Write in general form. ‘ : 
(2x — 3) — 16(2x — 3) > 0 Fe toniby grouping MR Nae aU ele 


inequality, be sure you have 
(x? — 16)(2x — 3) > 0 Distributive Property accounted for the particular type 


(x — 4)(x + 4)(2x — 3) >0 Factor difference of two squares. of inequality symbol given in 
= : the inequality. For instance, in 
The critical mumibers are x = —4,x = 5, and x = 4; and the test intervals are Example 7, note that the origi- 
(7.00,.—4), (-4, 3), (3, 4), and (4, 00). nal inequality contained a 
Interval x-Value Polynomial Value Conclusion ENS ene lists 


solution consisted of two open 


at pe — = Se \o. == ae V2 re = = — 1 

( y Aya x 5 2(—5) 3(—5) 32(—5) + 48 = -117 Negative intervals. If the original 

(—4,5) x=0 2(0)3 — 3(0)? — 32(0) + 48 = 48 Positive inequality had been 

(3,4) x=2  2(2)3 — 3(2)? — 32(2) + 48 = -12 Negative 2x* — 3x? + 32x = — 48, 

(4, co) ~=5 2(5)3 — 3(5)2 — 32(5) + 48 = 63 Positive the solution would have consist- — 


ed of the closed interval [—4, 3 


From this you can conclude that the polynomial 2x3 — 3x? — 32x + 48 is posi- and the interval [4, 00) 


tive on the open intervals (—4, 3) and (4, oo). Therefore, the solution set consists 
of all real numbers in the intervals (—4, 3) and (4, co). 
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EXAMPLE 8 — Unusual Solution Sets 


a. The solution set of 


aay a ASH) 


consists of the entire set of real numbers, (— 00, 00). In other words, the qua- 
dratic x? + 2x + 4 is positive for every real value of x, as indicated in Figure 
2.51(a). (Note that this quadratic inequality has no critical numbers. In such a 
case, there is only one test interval—the entire real number line.) 


b. The solution set of 
eo as egos Neel) 
consists of the single real number —1, because the graph touches the x-axis 
only at — 1, as shown in Figure 2.51(b). baie Meee pane 
c. The solution set of eae ee y te 


x? + 3x+5<0 


is empty. In other words, the quadratic x? + 3x + 5 is not less than zero for 
any value of x, as indicated in Figure 2.51(c). 


d. The solution set of 


2—4>¥+4>0 


consists of all real numbers except the number 2. In interval notation, this solu- 
tion set can be written as (—0o, 2) U (2, co). The graph of x? — 4x + 4 lies 
above the x-axis except at x = 2, where it touches it, as indicated in Figure 
2.51(d). 


(b) 


| 
oa 
wo 


(c) (d) 
Figure 2.51 
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Rational Inequalities 


The concepts of critical numbers and test intervals can be extended to inequalities 
involving rational expressions. To do this, use the fact that the value of a rational 
expression can change sign only at its zeros (the x-values for which its numerator 
is zero) and its undefined values (the x-values for which its denominator is zero). 
These two types of numbers make up the critical numbers of a rational inequality. 


EXAMPLE 9 Solving a Rational Inequality 


2X a ws 
Solve SS), 
=5 
Algebraic Solution Graphical Solution 
7 7 Use a graphing utility to graph 
a 
< Write original inequality. pris 
Ys _ 2x | ens 
I i eee and y, = 3 
2 Nese a 
a 7 3<0 MYERS ES ORSON in the same viewing window. In Figure 
2.52, you can see that the graphs appear to 
2x — 7 — 3x + 15 <0 Wiican fection intersect at the point (8, 3). Use the inter- 
a) sect feature of the graphing utility to con- 
ae eer" firm this. The graph of y, lies below the 
F <0) Simplify. graph of y, in the intervals (—oo, 5) and 
oa 


Now, in standard form you can see that the critical numbers are 5 and 


8, and you can proceed as follows. 


Critical Numbers: x = 5,x = 8 


Test Intervals: (— oo, 5), (5, 8), (8, co) 


Test: Is a : < 0? 
Interval x-Value Polynomial Value Conclusion 
(—co, 5) x=0 —— = -: Negative 
(5, 8) a6 = _ : = 2. Positive 
(8, co) x=9 — “ : = -5 Negative 


By testing these intervals, you can determine that the rational 


expression (—x + 8)/(x — 5) is 


negative in the open intervals 


(—o0, 5) and (8, 00). Moreover, because (—x + 8)/(x — 5) = 0 when 
x = 8, you can conclude that the solution set of the inequality is 


(co 5) U1 8% 00); 


[8, co). So, you can graphically approxi- 
mate the solution set to be all real numbers 
less than 5 or all real numbers greater than 
or equal to 8. 


Intersection 
X=8 
—4 


Figure 2.52 


Note in Example 9 that x = 5 is not included in the solution set because the 
inequality is undefined when x = 5. 
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Applications 


In Section 1.3 you studied the implied domain of a function, the set of all x-values 
for which a function is defined. A common type of implied domain is that used 
to avoid even roots of negative numbers, as shown in Example 10. 


EXAMPLE 10 Finding the Domain of an Expression 


Find the domain of 


~/ 64 — 4x2. 


Solution 
Because ./64 — 4x? is defined only if 64 — 4x? is nonnegative, the domain is 
given by 64 — 4x? > 0. 


Ot Axe 0 Write in general form. 
16 x 210 Divide each side by 4. 
(4 —x)(4 +x) 20 Factor. 


The inequality has two critical numbers: —4 and 4. A test shows that 
64 — 4x? > 0 in the closed interval [—4, 4]. The graph of y = \/64 — 4x2, Figure 2.53 
shown in Figure 2.53, confirms that the domain is [—4, 4]. 


EXAMPLE 11 The Height of a Projectile 


A projectile is fired straight upward from ground level with an initial velocity of 
384 feet per second. During what time period will its height exceed 2000 feet? 


Solution 
In Section 2.4 you saw that the position of an object moving vertically can be 
modeled by the position equation 


s= —16t7+v,t+ S,, 
a sooo [°= 2000] [s=-1672 + 384r 


where s is the height in feet and f is the time in seconds. In this case, 5) = 0 and 
Vo = 384. So, you need to solve the inequality — 167 + 384t > 2000. Using a 
graphing utility, graph s = —16r? + 384t and s = 2000, as shown in Figure 
2.54. From the graph, you can determine that — 16t? + 384r > 2000 for t 
between approximately 7.6 and 16.4. You can verify this result algebraically as 
follows. 


—16t? + 384¢ > 2000 Write original inequality. 25 
t2 — 24t < —125 Divide by — 16 and reverse inequality. Figure 2.54 
ba 2At + 125 <0 Write in general form. 


By the Quadratic Formula the critical numbers are 12 — /19 and 12 + /19, or 
approximately 7.64 and 16.36. A test will verify that the height of the projectile 
will exceed 2000 feet when 7.64 < t < 16.36, that is, during the time interval 
(7.64, 16.36) seconds. 
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In Exercises 1—4, match the inequality with its graph. 
[The graphs are labeled (a), (b), (c), and (d).] 


(a) —,—___fF__ > 
4 5 6 7 8 

(b) —,—_F___+}_______+}___+_} + « 
“1 0 2 3 4 5 


() fe 


ee Oe om 3 4 5G 

(4d) —_+_—___+ + p——> x 
2 3 4 5 6 

Toy ease Jy SiN 

3. -3<x< 4 Aw <tg2) 


In Exercises 5-8, determine whether each given value 
of x is a solution of the inequality. 


Inequality Values 

5. 5x —12 > 0 (a) #=3 (b).x=-3 
Qx=3  “Wa=> 

6. -S5<2-1<1 (a)x=-} (b)x=-3 
() x =a (d) x =0 

J. -1<7 21 (a)x=0 (b) x= V5 
(©) x= 1 (dy = 5 

8. |x — 10| > 3 (a)x=13 (b)x=-1 
(c)x=14 (dd) x=9 


In Exercises 9-18, solve the inequality and sketch the 
solution on the real number line. Use a graphing 
utility to verify your solution graphically. 
9. —10x < 40 V10. 2x > 3 
11. 4¢ + 1) < 2x +3 Lax tf <3 
¥13.1<2x+3<9 14 De ee) 
[Sie Sesele oi 28013 
7 16. 0'= 2x4 4) < 20 


Mies 3 


17 dhe 4 18.0< 
3 2 


<} 


if 
V 29. 


Graphical Analysis In Exercises 19-24, use a 
graphing utility to approximate the solution. 

19.0 6 20, 23% le Sao 

2125 — 2) om 22. Sie | arses 
ON ete tenn Hl ca. 24. 10 = 4a 


In Exercises 25-28, use a graphing utility to graph the 
equation and graphically approximate the values of x 
that satisfy the specified inequalities. Then solve each 
inequality algebraically. 


Equation Inequalities 
2559 =i2%5-3 (a) y2 1 (b) ys O 
26. y=Gx4+1 (a)y <5 (b) y> 0 
27. y= —-3x +2 (a) 0< y< 3 (b) y> 0 
28. y = —3x+ 8 (a) -l<s y<3 (b)y<0 


In Exercises 29-36, solve the inequality and sketch the 
solution on the real number line. 


5x| S—il0 30./ 7 = 20/4 
Seba nadine \AstonlX tap 20l ena 
53 pee a aie 

ooh Chee 36. 3/4 — Sx| < 9 


In Exercises 37 and 38, use a graphing utility to graph 
the equation and graphically approximate the values 
of x that satisfy the specified inequalities. Then solve 
each inequality algebraically. 


Equation Inequalities 
37, y= |e 3! (a) _y SoZ (by) yi A 
A8. y = |x + 1 (ajys4 (b)y21 


In Exercises 39-44, use absolute value notation to 
define each interval (or pair of intervals) on the real 
number line. 
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41. <—}—+—+—+—_+_+__+—+—_+—_++_+-_-_ 
(eeeeoe 72 8 9 10 1 1213 14 


42. 1 + +$_ +++] > 


—7 -6 -5 -4 -3 -—2 -l 0 1 2 3 


43. All real numbers within 10 units of 12 


yy“. All real numbers whose distances from —3 are more 
than 5 


In Exercises 45-50, solve the inequality and graph the 
solution on the real number line. Use a graphing util- 
ity to verify your solution graphically. 


45... (x.+.2)2..<.25 46. (x + 6) < 8 
AT. x2? ++ 4x +429 48. x* —6x +9 < 16 
AQ exh; 4x > 0 50. x4(~ — 3) < 0 


In Exercises 51-54, use a graphing utility to graph the 
equation and graphically approximate the values of x 
that satisfy the specified inequalities. Then solve each 
inequality algebraically. 


Equation Inequalities 
Sivy.=0— 42 & 2x3 (a) y< 0 (b) y2=3 
52. y = 5x2 - 2x +1 (ayeyeet. (by 277 
Py Gr aX (a) y2>0 (b) y <6 


Raya ex aor + 16° (a) y Ss 0 (ob) y= 36 
In Exercises 55—58, solve the inequality and graph the 
solution on the real number line. Use a graphing 
utility to verify your solution graphically. 


1 
re 0 56. = 4 () 
x 53 
x+ 6 x+12 
— 58. —320 
ol shen Ze) ne 


In Exercises 59-62, use a graphing utility to graph the 
equation and graphically approximate the values of x 
that satisfy the specified inequalities. Then solve each 
inequality algebraically. 


Equation Inequalities 
oe fs 0 by 26 
Vege es 
ye 
9, ae lay S/0 (Dv ueas 
et 
2 
2 ean Gyre +O) <2 


62. y = (a) pre 1 (b) eyes, 0 


xo 


In Exercises 63-68, find the domain of x in the 
expression. 


63. /x —5 64. ./x? — 4 
65. 3/6 -—x 66. 3/2x? — 8 
67. 2/6x + 15 68. 4/4 — x? 


69. Data Analysis You want to determine whether 
there is a relationship between an athlete’s weight x 
(in pounds) and the athlete’s maximum bench-press 
weight y (in pounds). The table shows a sample of 12 
athletes. 


184 | 150 | 210 | 196 | 240 
185 1 200 2551 205516295 


TM | 
x | 202 | 170 | 185 | 190 | 230 | 160 
Fy | 190] 175 | 195 | 185 | 250 | 155 


(a) Use a graphing utility to plot the data. 

(b) A model for this data is y = 1.266x — 35.766. 
Use a graphing utility to graph the equation on 
the same display used in part (a). 

(c) Use the graph to estimate the values of x that 
estimate a maximum bench-press weight of at 
least 200 pounds. 


(d) Use the graph to write a statement about the 
accuracy of the model. If you think the graph 
indicates that an athlete’s weight is not a partic- 
ularly good indicator of the athlete’s maximum 
bench-press weight, list other factors that may 
influence an individual’s maximum bench-press 
weight. 


70. Educational Degrees The number D (in thou- 
sands) of earned degrees conferred annually in the 
United States from 1950 to 1995 is approximated by 
the model 


D = —0.0977 4°47.1174¢ 4°291'5651 

where .¢=0 represents 1950. (Source: U.S. 
National Center for Education Statistics) 

(a) Use a graphing utility to graph the model. 


(b) According to this model, estimate when the 
number of degrees will exceed 2,500,000. 
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Height The height / of two-thirds of the members 
of a certain population satisfies the inequality 


he768) 
2h 


Les 


where fh is measured in inches. Determine the inter- 
val on the real number line in which these heights lie. 


Meteorology A certain electronic device is to be 
operated in an environment with relative humidity h 
in the interval defined by 


|a — 50| < 30. 


What are the minimum and maximum relative 
humidities for the operation of this device? 


Music Michael Kasha of Florida State University 
used physics and mathematics to design a new clas- 
sical guitar. He used the model for the frequency of 
the vibrations on a circular plate 


_26 fz 
v Pp 5 


where v is the frequency, ¢ is the plate thickness, d is 
the diameter, E is the elasticity of the plate material, 
and p is the density of the plate material. For fixed 
values of d, E, and p, the graph of the equation is a 
line, as shown below. 


Frequency 
(vibrations per second) 


1 2 3 4 
Plate thickness (millimeters) 


(a) Estimate the frequency if the plate thickness is 2 
millimeters. 


(b) Estimate the plate thickness if the frequency is 
600 vibrations per second. 


(c) Approximate the interval for the plate thickness 
if the frequency is between 200 and 400 vibra- 
tions per second. 


(d) Approximate the interval for the frequency if the 
plate thickness is less than 3 millimeters. 


Synthesis 


True or False? 


In Exercises 74 and 75, determine 


whether the statement is true or false. Justify your 
answer. 


74. 


jhe 
76. 


Te 


If a,b, and c are real numbers, and a < b, then 
ac Ss be. 


If'—10 <'x <8) ther 10> —x and -—x 2 


Identify the solution of the inequality |x — a| = 2. 


(a) --——4-: (b) + + 
a—) eel, A= 2, AGG? 


(c) ~~} + --» (d) f-—— 
EW OR RG) 2-a 2 2+a 


Consider the polynomial (x — a)(x — b) and the real 
number line (see figure). 


—________—_@—________e_______> 
a b 


(a) Identify the points on the line where the polyno- 
mial is zero. 

(b) In each of the three subintervals of the line, write 
the sign of each factor and the sign of the 
product. 


(c) For which x-values does a polynomial possibly 
change signs? 


Review 


In Exercises 78-81, find the distance between each 
pair of points. Then find the midpoint of the line 
segment joining the points. 


78. 
80. 


(= 42) Cle 1D) 
(396) (= 5a 8) 


79. (2) 0R) 
$1. (0, —3), (—G, 9) 


In Exercises 82-87, sketch a graph of the function. 


82. 
84. 
86. 
87. 


f(x) = -2 +6 83. f(x) = 3(x — 5) 
fx) =—|x+5|-6 85. fa) =4/=xh=4 
f(x) = -2V/x -3 +7 
fx) = /4—x- 10 


In Exercises 88-91, find the inverse of the function. 


88. y = 12x 89. y=5x+8 
0. y= +7 91. y= Yx-7 


¢ Chapter Summary 217 


What did you learn? 


Section 2.1 Review Exercises 
LI] How to solve equations involving fractional expressions 1-6 

L] How to write and use mathematical models to solve real-life problems 7-13 

L] How to use common formulas to solve real-life problems 14, 15 


L] How to use scatter plots and a graphing utility to find linear models for data ‘16, 17 


Section 2.2 
CL] How to find x- and y-intercepts of graphs of equations 18-23 
L] How to find solutions of equations graphically 24-29 
L] How to find the points of intersections of two graphs 30-33 
Section 2.3 
L] How to use the imaginary unit i to write complex numbers 34-37 
L] How to add, subtract, and multiply complex numbers 38-45 
L] How to use complex conjugates to divide complex numbers 46-49 
L] How to plot complex numbers in the complex plane 50-53 
Section 2.4 
L] How to solve quadratic equations by factoring, extracting square roots, 54-63 
completing the square, and using the Quadratic Formula 
L] How to solve polynomial equations of degree three or greater 64-67 
L) How to solve equations involving radicals 68-77 
CL) How to solve equations involving fractions or absolute values 78-85 
CL) How to use quadratic equations to model and solve real-life problems 86, 87 
Section 2.5 
C1 How to use properties of inequalities to solve linear inequalities 88-91 
C1 How to solve inequalities involving absolute values 92-97 
CL) How to solve polynomial inequalities 98-101 
CL] How to solve rational inequalities 102-105 


OC How to use inequalities to model and solve real-life problems 106, 107 
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In Exercises 1 and 2, determine whether each 


given value of x is a solution of the equation. 


1 


In 


Equation Values 

frais (a) x=5 (b) x =0 
x—-4 
(C) 4 = — 2 Od) x = 1 
2 6x + 1 

= i b = -3 
Oia tes 3 (a) x a) a) 3 
(c) x =0 CS 


Exercises 3—6, solve the equation (if possible) and 


use a graphing utility to verify your solution. 


5 


10. 


ee 0 re pe ee 

r= xe og 

Ox 4 

a 
5 Lem £2 

x—-5 xt+5 22 —25 


3 


. Monthly Profit In October, a company’s total prof- 
it was 12% more than it was in September. The total 
profit for the two months was $689,000. Find the 
profit for each month. 


. Discount Rate The price of a television set has 
been discounted $85. The sale price is $340. What is 
the percent discount? 


. Mixture Problem A car radiator contains 10 liters 
of a 30% antifreeze solution. How many liters will 
have to be replaced with pure antifreeze if the result- 
ing solution is to be 50% antifreeze? 


Starting Positions A fitness center has two running 
tracks around a rectangular playing floor. The tracks 
are 1 meter wide and form semicircles at the narrow 
ends of the rectangular floor. Determine the distance 
between the starting positions if two runners must 
run the same distance to the finish line in one lap 
around the track. 


Finish Start 


11. 


12. 


13. 


14. 


15. 


16. 


Cost Sharing A group of farmers agree to share 
equally in the cost of a $48,000 piece of machinery. 
If they could find two more farmers to join the group, 
each person’s share of the cost would decrease by 
$4000. How many farmers are presently in the group? 


Venture Capital An individual is planning on start- 
ing a small business that will require $90,000 before 
any income can be generated. Because it is difficult 
to borrow for new ventures, the individual wants a 
group of friends to divide the cost equally for future 
shares of the profit. Some are willing, but three more 
are needed so that the price per person will be $2500 
less. How many investors are needed? 


Average Speed You drove 56 miles one way on a 
service call. On the return, your average speed was 8 
miles per hour greater and took 10 fewer minutes. 
What was your average speed on the return trip? 


Geometry A triangle whose area is 80 square 
inches has a base that is two and a half times its 
height. Find the base and height of the triangle. 


Geometry A basketball and a baseball have cir- 
cumferences of 30 inches and 94 inches, respectively. 
Find the volume of each. 


Sales The sales manager of a company wants to 
determine whether there is a relationship between 
sales and years of experience for sales personnel 
who have been with the company 4 or fewer years. 
The table shows the years of experience x for eight 
of the firm’s sales personnel and monthly sales y (in 
thousands of dollars). 


10:9 })0:3 cs 

S29 elo 2 ea G4 
me 4.0 | 0.5 | 2.5 1.8 
fe 51.2 | 28.5 | 53.4 | 35.5 


(a) Use the regression capabilities of a graphing 
utility to find a linear model for the data. 

(b) Use a graphing utility to plot the data and graph 
the model. Interpret the slope of the model in the 
context of the problem. 


(c) Use the model to estimate monthly sales of a 
salesperson with 5 years of experience. 


17. Stress Test A machine part was tested by bending 
it x centimeters 10 times per minute until it failed 
(y = time to failure, in hours). The results are 
recorded in the table. 


loves 
55 | 48 
27 | 30 
44 | 23 


(a) Use the regression capabilities of a graphing util- 
ity to find a linear model for the data. 

(b) Use a graphing utility to plot the data and graph 
the model. 

(c) Use the graph to determine if there may have 
been an error made in conducting one of the tests 
or in recording the results. If so, eliminate the 
point and find the model for the remaining data. 


~) In Exercises 18-21, determine the x- and y- 
intercepts of the graph of the equation algebraically. 
Use a graphing utility to verify your answer. 
19. x — 5y = 20 
21. y= 25 


18. -x+y=3 
26. y =x? — 9x +8 


In Exercises 22 and 23, use a graphing utility to graph 
the equation and approximate the x- and y-intercepts. 


22eyy aia |x Ae) a2 23inyeme Gite 216 a3 | 


In Exercises 24-29, use a graphing utility to approxi- 
mate any solutions (accurate to three decimal places) 
of the equation. 

Daeoix 2) a1 =() eel 2= 5{— 7) = 0 
26. 3x3 — 2x + 4=0 27. 43 —x+4=0 
28. 4 — 3x +1=0 29. 6 — 4x2 + 2x4 = 


In Exercises 30-33, determine algebraically any 
points of intersection of the graphs of the equations. 
Use a graphing utility to verify your answer(s). 


30. 3x+5y=-7 Sle Gy 
= ey eS 24+ y= 12 
32. x2 + 2y = 14 3355] oh 


3x + 4y = 1 y= 2p x +9 
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In Exercises 34-37, write in standard form. 


34.5078 = 25 35.9) lee 
36. — 217-75 37,, t= Ar 


In Exercises 38-49, perform the operations and write 
the result in standard form. 


38. (7 + 5i) + (-—4 + 2i) 


ye S/O BARE 
Pe ee z ou : i: ‘ oe 
40. 5i(13 — 81) 41. (1 + 6i)(5 — 2i) 
42. (10 — 81)(2 — 3i) 43, 1(6 4 i)(3.— 23) 
44. (3 + 71)? + GB — 7i)? 45.4 —1)? — (4 17 
46. ° ss 47. bea 

i 5 sey 

1 

48. mae: 49, Q+ 


In Exercises 50-53, plot the complex number in the 
complex plane. 


50.2251 S14; 
320 OF SSemet 
& 


=" In Exercises 54-63, use any method to solve the 
equation. Use a graphing utility to verify your solu- 
tion(s). 


54. 6x = 3x7 55.15 ee 0 
56. (x + 4)2 = 18 57. 16x2 = 25 

58. x* — 12x + 30 = 0 UE ge a rtohs = oe) 
60. 2x? 42 9x = 5 = 0 61. —x? —x+15=0 
628K = Ae 00 63.0 2x 113x = 0 


In Exercises 64-85, solve the equation (if possible) 
and use a graphing utility to verify your solution. 
64. 3x? — 26x? + 16x = 0 65. 216x4 —x =0 
66.0% 6 alee) 67. 4x° — 6x7 = 0 


68. /x+4=3 69. /x —=2 -—8 =0 
70. 2/x —5 =0 WN. /3t = 4 
10%) Xi Oke ae Bas Sipe eee) 


Ste ee el ==.6 

Taney 95 = 0, . 975. (e227 
76. (x + 4)'/2 + 5x(x + 4)9/2 = 0 

77. 8x2(x2 — 4)42 + G2? — 4/42 = 0 


220 Chapter 2 ¢ Intercepts, Zeros, and Solutions 
i 1 
‘ ii 79 = 3 
be i( 5) bias 
4 i 
80. = | $1. -——_> = 
(Ce) (ee 1) 
82. |x — 5| = 10 $3. |2x + 3] =7 
84. |x? — 3] = 2x 85. 0x96 = 
86. Population The population P of Wyoming (in 


87. 


thousands) from 1990 through 1997 can be approxi- 
mated by the model 


P = —0.43572 + 7.125t + 452.542 
U.S. Bu- 


where t = 0 represents 1990. (Source: 

reau of the Census) 

(a) Use a graphing utility to graph the model. 

(b) Use the zoom and trace features of a graphing 
utility to determine when the population exceed- 


ed 465,000. 


(c) According to the model, when will the popula- 
tion reach 490,000? 

(d) Verify your answer to part (c) numerically by 
creating a table of values for the model. 

(e) Do you think this is an accurate model for the 
population? Explain. 

Life Insurance The number y of life insurance 


companies in the United States from 1989 through 
1996 can be modeled by 


= 730 — 127.71 + 2164.4 


where ¢ = 0 represents 1990. (Source: American 
Council of Life Insurance) 

(a) Use a graphing utility to graph the model. 

(b) Use the model to determine the year when there 


were about 2000 life insurance companies. 


(c) Is this model accurate for predicting the number of 


life insurance companies in the future? Explain. 


4 In Exercises 88-105, solve the inequality and 
graph the solution on the real number line. Use a 
graphing utility to verify your solution. 


88. 
90. 
91, 
92. 
94. 
96. 


8x — 3 < 6x + 15 89. 5(3 — x) > 3(2 — 3x) 
ae cet) 
—6<3-2%%-—5)< 14 

boat 93. |x| <4 

|x — 3] > 3 95. |x — 3| > 4 

4|3 — 2x| < 16 97, |x + 9] +7 > 19 


98. 
100. 


102. 


104. 


106. 


107. 


be Pao a) 99, 4x?" = 92351506 
16x 2-0 101. 12x° = 20x? <0 
eae, Z 3 

7 < 
eee Sees ea 
chan vite! ‘ x nS 

: = Dea 
a3 <4 105 rr < 
Accuracy of Measurement The side of a square 


is measured as 20.8 inches with a possible error of 
re inch. Using these measurements, determine the 
interval containing the area of the square. 


Fuel Consumption The total fuel consumption F 
(in billions of gallons) in the United States from 
1985 through 1996 can be approximated by the 
model 


F = 0.107#2 — 0.235t + 122.446 


where ¢ is the time in years, with t = 5 correspond- 
ing to 1985. (Source: U.S. Federal Highway 
Administration) 


(a) Use a graphing utility to graph the model over 
the indicated years. 


(b) According to this model, estimate the year of an 
annual fuel consumption of more than 165 
billion gallons. Solve algebraically and 
graphically. 


Synthesis 


True or False? 


In Exercises 108-110, determine 


whether the statement is true or false. Justify your 


answer. 

108. The graph of a function may have two distinct 
y-intercepts. 

109. The sum of two complex numbers cannot be a real 
number. 

110. The sign of the slope of the regression line is 
always positive. 

111. In your own words, explain the difference between 
an identity and a conditional equation. 

112. Describe the relationship among the x-intercepts of 
a graph, the zeros of a function, and the solutions of 
an equation. 

113. Consider the linear equation ax + b = 0. 


(a) What is the sign of the solution if ab > 0? 
(b) What is the sign of the solution if ab < 0? 
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Music and mathematics have always been closely related. In this project, 


you will discover a curious relationship between the structure of 
Mozart’s (1756-1791) piano sonatas and Euclid’s (ca. 300 B.c.) famous 
golden ratio. (Source: John F. Putz, Mathematics Magazine, October 
1995) 

Sonatas can be naturally divided into two parts: the exposition, me tee ase yee eh Nan eA 
which introduces the musical theme, and the development and recapitu- 280, I 88 56 | 330,11 | 103 | 68 
lation, which develop and repeat the theme. The data at the right shows eS A la 
all of Mozart’s piano sonata movements that have these two parts. The lect Ses Meet) er s 
first column identifies the sonata movement. The second column, 280) TE P2135) O77" S325 P1555 190 
labeled x, identifies the length of the development and recapitulation in 281.1 69 40 | 333,1 102 | 63 
measures. The third column, labeled y, identifies the length of the expo- 
sition in measures. 281, Il 60 46 3335 TI 50 Si 
a. Enter the points (x, y) in a graphing utility and sketch a scatter plotof | 282,1 | 18 | 15 | 457,1 | 93 | 74 

the points. Describe the relationship between x and y. — 
se 2 aes 282, 1 | 63 739 9) 533,179) 102 
b. Use the statistical capabilities of a graphing utility to find the least 
squares regression line for the data. How well does the line fit the 283,1 | 67 | 53. | 533, | 76 | 46 
data? Explain. Interpret the meaning of the slope and the y-intercept. Oxi 23 14.3) S450 ol.45 0628 
c. The golden section was defined by Euclid as the point B on a line 293,11 | 171 | 102 | 547a,.r | 118 | 78 
segment AC such that 
AB _ BC 284, I 76 51 S70), I SOR MS 
. Assume that AC = 1 and BC = r. 58 
BO) AC: 
: ; : = 
Then this proportion can be written as = A 
: 
Use a graphing utility to graph y, = ——— and y,= 
and approximate their point of intersection in Quadrant I. This value 
is called the golden ratio. How does it compare to the line in part (b)? 
Ser 


Questions for Further Exploration 


WI 


Ww 
rs 


1. Use the data for Mozart’s sonatas to complete a table 


that calculates ratios of the form x/(x + y). How do 
- these ratios compare with the golden ratio? 


2. The Fibonacci Sequence is given by 1, 1, 2, 3, 5, 8, 
13021 34) 4. 
(a) Explain how to generate succeeding terms in the 
sequence. 
-(b) Complete and expand the table, which shows 
decimal approximations of ratios of ow 
‘terms in the sequence. 


What can you conclude about the ratios? 


3. Research Project Obtain a copy of the article “The 
Golden Section and the Piano Sonatas of Mozart,” 
John F. Putz, Mathematics Magazine, Vol. 68, No. 4, 
October 1995, pp. 275-282. Read the article and 
write a short paper about other aspects of Mozart’s 
sonatas and the golden ratio. 
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Take this test as you would take a test in class. After you are done, check your 
work against the answers in the back of the book. 


In Exercises 1 and 2, solve the equation and use a graphing utility to verify 
your solution. 


pil eee 4 Ox ; 


ae x a 3X ae, he ap 2 me The /nteractive CD-ROM and /nternet 
versions of this text provide answers to 
the Chapter Tests and Cumulative Tests. 
They also offer Chapter Pre-Tests (which 


In Exercises 3-8, perform the operation. 


(= 5) ep) A. (10 4 /—20) iy (4 the /=74) test key skills and concepts covered in 
‘ : a \ previous chapters) and Chapter Post- 
Se Ae) O ge 2) (bl Che aie lied ison), Tests, both of which have randomly 
Qk Sy i Si generated exercises with diagnostic 
1 ee 8 pata ey capabilities. 


In Exercises 9-12, use a graphing utility to graph the equation. Determine 
the number of x-intercepts of the graph and compare these intercepts with 
the real zeros of the function. 

9. y= 3x7 + 1 10. y= x +x 
Ley ee — 452 5x iy 2 or 


In Exercises 13-16, use any method to solve the equation. Check your solu- 
tions algebraically and graphically. 


13-2 10x 49 =_0 14. x7 + 12x -2=0 
15. 4x7 — 81 =0 16. 5x? + 14% = =40 


In Exercises 17-20, find all real solutions of the equation. Check your solu- 
tion(s) algebraically and graphically. 


17. 3x3 — 4x2 — 12x + 16 = 0 18. x + /22 — 3x = 6 
19, (x2 + 6)/3 = 16 20. |8x — 1| = 21 


In Exercises 21-23, solve the inequality and sketch the solution on the real 
number line. Use a graphing utility to verify your solution. 


cee oks oe 
"2+ 3x 
24. The table shows the number of local telephone calls C (in billions) in the 1 | 416 
United States from 1989 through 1996, where t = 0 represents 1990. Use the 
regression capabilities of a graphing utility to find a linear model for the data. 


Determine algebraically and graphically when the annual number of local 
calls will be about 600 billion. (Source: U.S. Federal Communications 777 


Dime 25) 222|n—8| = 1G 23 


2 


Commission) 4 | 465 
25. You buy a bag of tomatoes for $1.62 per pound. The weight that is listed on 5 | 484 
| eee 


the bag is 4.55 pounds. The scale is accurate to within 1 ounce. How much 
might you have been undercharged or overcharged? Dene 
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Take this test to review the material from earlier chapters. After you are 
done, check your work against the answers in the back of the book. 


In Exercises 1-3, simplify the expression. 


14x2y-3 
: 32x by? As OE = 2QANE5 = fil 3}, OOK 


In Exercises 4-6, perform the operations and simplify the result. 


2 i 
AFay— | 2eera3(2 = x Ry RR Nee Pe pec oc) 6. = 
[2x + 52-2] 5. (x — 2x? +x - 3) Pe 
In Exercises 7-9, factor the expression completely. 
th DS See Ne 8.0 526 054 ee 16x° 


10. Find the midpoint of the line segment connecting the points (—2 4) and 
(6.5, —8). Then find the distance between the points. 


11. Find the standard form of the equation of a circle with center at (- S ee 8) and 
radius of 2. 


In Exercises 12-14, use point plotting to sketch a graph of the equation. 
12,2 3y4- 12°= 0 13. y=x?-9 14. y= /4-x 


In Exercises 15-17, (a) find the equation of the line that satisfies the given 
conditions and (b) find three additional points that lie on that line. 


7 
15. The line contains the points (—5, 8) and (3, —6). 
16. The line contains the point (-4, 1) and has a slope of —2. 
17. The line has an undefined slope and contains the point (-3, ). s : 
18. Does the graph at the right represent y as a function of x? Explain. ~ 


FIGURE FOR 18 
In Exercises 19 and 20, evaluate the function at each specified value of the 


independent variable and simplify. 

x 3x — 8 x<-2 

19. ————— 20. = : 3 

fix) = awe fs) ee + 9x -— 8, x>-3 
(a) f(6) (b) f(2) () fls+2) (a) fl—3) (&) f(-1) ©) FO) 

21. Use a graphing utility to graph the function f(x) = 2|x — 5| — |x + 5]. 
Then determine the open intervals over which the function is increasing, 
decreasing, or constant. 


22. Compare the graphs of each function with the graph of y = NES 
! 
(a) r(x) = 5 ve (beni vee (Cc) (x) = 2/x +.2 
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In Exercises 23-26, evaluate the indicated function for 

f(x) = -x?+3x-10 and g(x) =4r +1. 

23. (f+ g(-4) 24. (g—f)G) 25. (eg -f)(-2) 26. (¥g)(-1) 
27. Plot the complex number —5 + 47 in the complex plane. 


28. Write the quadratic equation 9x(x — 1) = —4x? — 6 in general form. 


In Exercises 29-32, use a graphing utility to graph the equation and approx- 
imate any x-intercepts of the graph. Find any x-intercepts algebraically and 
compare your results to those you approximated graphically. 


DOME Ax 1 ee Ox, 30. y = 12% — 84x* 4 120% 

31.8y = \|2% =.3| +5 a9 yar titan —9 

In Exercises 33 and 34, solve the equation for the indicated variable. 
k 

33. Solve forX: Z = ./R* — X? 34. Solve for p: L = ane 


In Exercises 35 and 36, find the constant C such that the ordered pair is a 
solution point of the equation. 


35. y= CVx + 1, G,8) 36. x + C(y + 2) =0, (4,3) 


In Exercises 37-39, use a graphing utility to approximate the solution to the 
inequality. Verify your answer algebraically. 


37. cae sa 38. 2x2+x2>15 39. (x—4)|x| >0 

40. The total sales S (in millions of dollars) for the Cooper Tire and Rubber 
Company from 1989 through 1998 is shown in the table, where t = 0 repre- 
sents 1990. Use the regression capabilities of a graphing utility to find a lin- 
ear model that represents the data. Estimate algebraically the total sales for 
2000, 2002, and 2004. - (Source: Cooper Tire and Rubber Company) 


7-1 |o 1 2 3 | 4 5 6 | 7 | 8 


& 


s | 866.8 | 895.9 | 1001.1 | 1174.7 1193.6 1403.2 | 1493.6 1619.3 | 1813.0 | 1876.1 


41. A bowling ball has a volume of about 332.38 cubic inches. Find the radius of 
the bowling ball (accurate to three decimal places). 


42. A rectangular plot of land with a perimeter of 546 feet has a width of x. 
(a) Express the area of the plot as a function of x. 


(b) Use a graphing utility to graph the area function. What is the domain of 
the function? 


(c) Approximate the dimensions of the plot if its area is 15,000 square feet. 


Polynomial and 
Rational Functions 


3.1 Quadratic Functions 3.4 The Fundamental Theorem of Algebra 
3.2 Polynomial Functions of Higher Degree 3.59 Rational Functions and Asymptotes 
3.3 Real Zeros of Polynomial Functions 3.6 Graphs of Rational Functions 


Pictures Colour Library Ltd./Leo de Wys 


U.S. wheat production increased from 2183 million bushels in 1995 to 2527 million bushels in 1997, 
while the price per bushel dropped from $4.55 to $3.45. (Source: U.S. Department of Agriculture) 


Important Vocabulary 
As you encounter each new vocabulary term in this chapter, add the term and its definition to your notebook glossary. 
© polynomial function of x with degree © extrema (p. 240) © Rational Zero Test (p. 256) 
n (p. 226) © relative minimum (p. 240) © upper bound (p. 258) 
® constant function (p. 226) e relative maximum (p. 240) @ lower bound (p. 258) 
linear function (p. 226) © repeated zero (p. 242) © Fundamental Theorem of Algebra 
© quadratic function (p. 226) © multiplicity (p. 242) (p. 264) 
® parabola (p. 226) e Intermediate Value Theorem (p. 244) e Linear Factorization Theorem (p. 264) 
© axis of symmetry (p. 227) e long division of polynomials (p. 250) ® conjugates (p. 266) 
@ vertex (p. 227) e Division Algorithm (p. 251) © rational function (p. 271) 
e standard form of a quadratic function @ synthetic division (p. 253) @ vertical asymptote (p. 272) 
(p. 229) ® Remainder Theorem (p. 254) ® horizontal asymptote (p. 272) 
® continuous (p. 237) e Factor Theorem (p. 254) e slant (or oblique) asymptote (p. 284) 


e Leading Coefficient Test (p. 239) 


Additional Resources Text-specific additional resources are available to help you do well in this course. See page xvi for details. 
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The Graph of a Quadratic Function 


In this and the next section, you will study the graphs of polynomial functions. 


Polynomial functions are classified by degree. For instance, the polynomial 
function 


f(x) =a, a0 Constant function 


has degree 0 and is called a constant function. In Chapter 1, you learned that the 
graph of this type of function is a horizontal line. The polynomial function 


fa) =mx +b, m#+0 Linear function 


has degree | and is called a linear function. You also learned in Chapter | that 
the graph of the linear function f(x) = mx + b is a line whose slope is m and 
whose y-intercept is (0, b). In this section you will study second-degree polyno- 
mial functions, which are called quadratic functions. 


Mary K. Kenny/PhotoEdit 


Let a, b, and c be real numbers with a # 
f(x) =ax2+bxe+c Quadratic function 


is called a quadratic function. 


Often real-life data can be modeled by quadratic functions. For instance, the table 
shows height h (in feet) of a projectile fired from a height of 6 feet with an initial 
velocity of 256 feet per second at any time ¢ (in seconds). A quadratic model for 
the data in the table is h(t) = — 162 + 256t + 6for0 < t < 16. 


Die oa 8 | 10 | 12 | 14 | 16 
454 714 | 966 1030 | 966 | 774 | 454 | 6 


The graph of a quadratic function is a special type of U-shaped curve called a 
parabola. Parabolas occur in many real-life applications—especially those 


involving reflective properties, such as satellite dishes or flashlight reflectors. You 
will study these properties in Section 8.1. 


All parabolas are symmetric with respect to a line called the axis of symmetry, 
or simply the axis of the parabola. The point where the axis intersects the parab- 
ola is the vertex of the parabola, as shown in Figure 3.1. If the leading coefficient 
a is positive, the graph of f(x) = ax? + bx + c is a parabola that opens upward; 
and if the leading coefficient a is negative, the graph of f(x) = ax? + bx + cis 
a parabola that opens downward. 


$j 
Vl 


Opens upward 


f(x) = ax2+bx+c,a<0 


| Vertex is 
high point 


Axis 
SS 


Vertex is _ 
low point |f() = ax* + bx+c,a>0 


Figure 3.1 


Opens downward 


The simplest type of quadratic function is 


f(x) = ax?. 


Its graph is a parabola whose vertex is (0, 0). If a>, the vertex is the minimum 
point on the graph; and if a < 0, the vertex is the maximum point on the graph, as 
shown in Figure 3.2. 


een cx) ax*,a>0 y 
. af 


iy f(x) = ax?,a<0 


Figure 3.2 


When sketching the graph of f(x) = ax?, it is helpful to use the graph of y = x? 
as a reference, as discussed in Section 1.5. There you saw that when a > 1, the 
graph of y = af(x) is a vertical stretch of the graph of y = f(x). When0 <a < 1, 
the graph of y = af(x) is a vertical shrink of the graph of y = f (x). This is demon- 
strated again in Example 1. 
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Library of Functions 


The graph of a quadratic function 
is called a parabola. Graph 

y, = x? and y, = |x| in the same 
viewing window. Zoom in near 
the origin and compare the shape 
of the two graphs. Which graph 
grows faster as x gets larger and 
larger? Why does the definition 
of a quadratic function require 
that a # 0? : 


Consult the Library of Functions 
Summary inside the front cover 
for a description of the quadratic 
function. 
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EXAMPLE 1 Graphing Simple Quadratic Functions 


Describe how the graph of each function is related to the graph of y = sce 


a. f(x) = =” b. g(x) = 2x? 


c. A(x) = —x24+ 1 dk tx + 2)? —3 


Solution 

a. Compared with y = x”, each output of f “shrinks” by a factor of 2 The result 
is a parabola that opens upward and is broader than the parabola represented 
by y = x’, as shown in Figure 3.3(a). 

b. Compared with y = x7, each output of g “stretches” by a factor of 2, creating 
a narrower parabola, as shown in Figure 3.3(b). 


c. With respect to the graph of y= x’, the negative coefficient in 
h(x) = —x* + 1 reflects the graph downward and the positive constant term 
shifts the vertex up one unit. The graph of h is shown in Figure 3.3(c). 

d. With respect to the graph of y = x?, the graph of k(x) = (x + 2)? — 3 is 
obtained by a horizontal shift two units to the left and a vertical shift three 
units down, as shown in Figure 3.3(d). 


(b) 


[k(x) = (x+2)?- 3], 


(c) (d) 
Figure 3.3 


Recall from Section 1.5 that the graphs of y = f(x +c), y=f(x) +c, 
y = —f(x), and y = f(—x) are rigid transformations of the graph of y = f(x) 


y= lex ae c) Horizontal shift v= — f(x) Reflection in x-axis 


ys f(x) ar © Vertical shift y= fi=x) Reflection in y-axis 


STUDY TIP | 


In Example 1, note that the 
coefficient a determines how 
widely the parabola given by 
f(x) = ax? opens. If |a| is small, 
the parabola opens more widely 
than if |a| is large. 


The /nteractive CD-ROM and Internet 
versions of this text show every example 
with its-solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions to 
additional examples. Integrated Examples 
are related to several concepts in the 
section. 
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The Standard Form of a Quadratic Function 
The equation in Example 1(d) is written in the standard form 
f(x) = a(x —h)? +k. 


This form is especially convenient for sketching a parabola because it identifies 
the vertex of the parabola as (h, k). 


EXAMPLE 2 Identifying the Vertex of a Quadratic Function 


Describe the graph of 
PACA as ete de | 


and identify the vertex. 


Solution 
Write the quadratic function in standard form by completing the square. Recall 
that the first step is to factor out any coefficient of x? that is different from 1. 


TQ) ae Ox 7 Write original function. 
ere 4x) 7 Factor 2 out of x-terms. 
=n ay a — 4) 7 Because b = 4, add and subtract 


(b/2)? = 4 within parentheses. 


= 2(x? + 4x + 4) — 2(4) +7 Regroup terms. 
=2¢4- 2)? — 1 Write in standard form. 


From the standard form, you can see that the graph of f is a parabola that opens 
upward with vertex (—2, —1), as shown in Figure 3.4. 


Figure 3.4 
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To find the x-intercepts of the graph of f(x) = ax? + bx + c, solve the equation 
ax2 + bx + c = 0. If ax? + bx + c does not factor, you can use the Quadratic 
Formula to find the x-intercepts, or a graphing utility to approximate the x- 
intercepts. Remember, however, that a parabola may have no x-intercept. 


EXAMPLE 3 Writing a Quadratic Function in Standard Form 


Describe the graph of f(x) = —x? + 6x — 8. Identify any x-intercepts. 
Solution 


fej=——x" + On — 18 
= She ase ee 
= —(x? — 6x +9 — 9) —8 


(oot 

(3) 
= —(x2 — 6x + 9) — (-9) —8 
= Aas) ee 


Write original function. 
Factor — 1 out of x-terms. 


Because b = 6, add and subtract 
(b/2)* = 9 within parentheses. 


Regroup terms. 
Write in standard form. 


The graph of f is a parabola that opens downward with vertex at (3, 1), as shown 
in Figure 3.5. The x-intercepts are determined as follows. 


sx 6x = 8. =0 
i= OX. 6 = 0 
SW 

x=2,x=4 


So, the x-intercepts are (2, 0) and (4, 0), as shown in Figure 3.5. 


EXAMPLE 4 Finding the Equation of a Parabola in Standard Form 


Find the standard form of the equation for the parabola that has its vertex at (1, 2) 
and passes through the point (3, —6), as shown in Figure 3.6. 


Solution 


Because the parabola has a vertex at (h, k) = (1, 2), the equation has the form 
f(x) = a& — 1)? +2. 


Standard form 


Because the parabola passes through the point (3, —6), it follows that f(3) = —6. 
So, you obtain 


—6 = a3 — 1)? +2 
—6=4a+2 
—2=a. 


The equation in standard form is f(x) = —2(x — 1)? + 2. Try graphing f(x) = 
—2(x — 1)? + 2 with a graphing utility to confirm that its vertex is (1, 2) and that 
it passes through the point (3, —6). 


Figure 3.5 


Figure 3.6 
STUDY T!P 


In Example 4, there are infi- 
nitely many different parabolas 
that have a vertex at (1, 2). Of 
these, however, the only one 
that passes through the point 
(3, —6) is the one given by 


f@) = —2(% — 1)? + 2. 


3.1 © Quadratic Functions 231 


Applications 


Many applications involve finding the maximum or minimum value of a quad- 
ratic function. By writing the quadratic function f(x) = ax? + bx + c in stan- 
dard form, 


b \? b 
=a\x+—) +[e-— 
Pex) a(x (« = 
you can see that the vertex occurs at x = —b/(2a), which implies the following. 
1. Ifa > 0, f has a minimum that occurs at 


ees 
2a 


2. Ifa < 0, f has a maximum that occurs at 


EXAMPLE 5 The Maximum Height of a Baseball 
A baseball is hit 3 feet above ground at a velocity of 100 feet per second and at 


: : A computer simulation of this example 
nel 45 d with respect to level ground. The path of the baseball ox P 
an angle of 45 degrees saben cs aa P 2 taseells appears in the /nteractive CD-ROM and 


given by the function f(x) = —0.0032x* + x + 3, where f(x) is the height of the —_;,,,6+net versions of this text 
baseball (in feet) and x is the horizontal distance from home plate (in feet). What 
is the maximum height reached by the baseball? (See Example 7 in Section 1.3.) 


Algebraic Solution Graphical Solution 


Use a graphing utility to graph y = —0.0032x? + x + 3 so 
that you can see the important features of the parabola. In 
Figure 3.7 the graph appears to have a maximum near 
x = 150. Use the maximum feature of the graphing utility or 
the zoom and trace features to approximate the maximum 
height on the graph to be y = 81.125 feet at x ~ 156.25. 
Note that when using the zoom and trace features of a graph- 
ing utility, you might have to change the y-scale in order to 
avoid a graph that is “‘too flat.” 


For this quadratic function, you have 
f(@) =ax7 + be +c 
= Ouse +x + 3 


which implies that a = —0.0032 and b = 1. Because 
the function has a maximum when x = —b/(2a), 
you can conclude that the baseball reaches its maxi- 
mum height when 


b 
ee 
2a y =—0.0032x? + x +3 
a SS 
2(— 0.0032) < 
= 156.25 feet = 
Ree 
from home plate. At this distance, the maximum = 
height is 100 200 300 400 
iia.23) —=1—0.0032(156.25)*.+.156.25 + 3 Distance (in feet) 
= 81.125 feet. Figure 3.7 
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EXAMPLE 6 Charitable Contributions 


According to a survey conducted by Independent Sector, the percent of their 
income that Americans give to charities is related to their household income. For 
families with an annual income of $100,000 or less, the percent is approximately 


P = 0.0014x? — 0.1529x + 5.855, > Sa S100 


where P is the percent of annual income given and x is the annual income (in 
thousands of dollars). According to this model, what income level corresponds to 
the minimum percent of charitable contributions? 


Algebraic Solution Graphical Solution 


Use a graphing utility to graph 
y, = 0.0014x? — 0.1529x + 5.855 


Use the fact that the minimum 
point of the parabola occurs when 
x = —b/(2a). For this function, 
you have a=0.0014 and 
D = —01529. So; 


for 5 < x < 100, as shown in Figure 3.8. The graph appears to have a minimum 
near x = 55. Use the minimum feature of the graphing utility or the zoom and 
trace features to approximate the minimum point of the parabola to be x ~ 54.6. 


b sone d 
=e So, the minimum point corresponds to an income level of about $54,600. 
a 
-0.1529 P =0.0014x? — 0.1529x + 5.855 
( 
2(0.0014) eis 
~ 54.6, ey 
ee 
From this x-value, you can con- So 
clude that the minimum percent © 1 lMindanim 


X=54.607148 Y=1.6802839) 
20 40 60 80 100 120 


Income 
Gin thousands of dollars) 


corresponds to an income level of 
about $54,600. 


Figure 3.8 


The parabola in the figure below has an equation of the form 
y = ax? + bx — 4, 
Find the equation for this parabola in two different ways, by hand and with 


_ technology (graphing utility or computer software). Write a paragraph de- 
) scribing the methods you used and comparing the results of the two methods. 
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In Exercises 1-8, match the quadratic function with 
the correct graph. [The graphs are labeled (a), (b), (c), 
(d), (e), (£), (g), and (h).] 


(a) 3 (b) 


(e) 6 (f) 


5 4 
0 
(g) 5 (h) 
-3 6 
a4 -2 

i FAC WEN CROW Ay 2. f(x) =@ + 4) 
34 f(xi=x27 Ay f(x)-=3.— x? 
Bey 6. f= ee 1)? — 2 
Fan AC) ele eee) Six) = G4) 


Exploration In Exercises 9-12, use a graphing util- 
ity to graph each equation. Describe how the graph of 
each equation is related to the ante of y= x. 


9. (a) y= 2x (b) y= — 3? 
(Oy = ot (d) y = —3x? 
10. (a) y=x’? +1 Cn ee | 

(Cy =a" +3 (d) y=x?-3 


11 (ayy a I (b) dy Ga 1)2 


(c) y=@ -3/ (d) y= @ + 3P 
12. (a) y= —3(x —2)2 +1 (b) y=3(x - 2) +1 
(Cavite 2a (Ny) ed 


In Exercises 13-26, sketch the graph of the quadratic 
function. Identify the vertex and intercepts. Use a 
graphing utility to verify your results. 


13. fl =Ss= te 14, fix) =x -—7 
15. f(x) = 4x2 -4 16. f(x) = 16 — 42 
17. fx) =@+4?-3 18. {G) = @ —6) > 3 


19. h(x) = x? — 8x + 16 20. g(x) = x2 +20 + 1 
21. f(x) =x? -x +2 22. f(x) =x? + 3x+4 
23) f) = 57 re eA eel 
25, hG)= 4x7 4x 21 26. faye 


In Exercises 27-34, use a graphing utility to graph the 
quadratic function. Identify the vertex and intercepts. 
Then check your results algebraically by completing 
the square. 

04 bd Ai eosin ae Ded 38 
28 FX) ee 30) 
29. 9(x) =x? + 8x + 11 

$1. (G) 20 aon 3 
32. fix) ar + 24x — 41 
33. g(x) = 3(x? + 4x — 2) 


30. f(x) =22 + 10x + 14 


34. f(x) = 202 + 6x — 5) 


In Exercises 35-38, find an equation for the parabola. 
Use a graphing utility to graph the equation and 
verify your result. 


35. 


The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all odd-numbered Section and 
Review Exercises. They also provide Tutorial Exercises, which link to Guided Examples for additional help. 
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Sie 


In Exercises 39-46, find the quadratic function that 
has the indicated vertex and whose graph passes 
through the given point. Confirm your result with a 
graphing utility. 


39. Vertex: (—2, 5); Point: (0, 9) 
40. Vertex: (4, —1); Point: (2, 3) 
41. Vertex: (3, 4); Point: (1, 2) 
42. Vertex: (2, 3); Point: (0, 2) 


43. Vertex: (—2, —2); Point: (—1, 0) 


44, Vertex: (—4, 3); Point. (=2, 0) 
45. Vertex: (3, —3): Point: (—2, 4) 
46. Vertex: (-3 0): Point: (—2, —18) 


Graphical Reasoning In Exercises 47-50, determine 
the x-intercepts of the graph visually. How do the 
x-intercepts correspond to the solutions of the qua- 
dratic equation when y = 0? 


47. 48. 
ao rors 
y=x"— 16 i gloat Oxtae 
=10) 10 H 
~18 =i 
49. 50. 
y=x2-4x-5 y=2x*+5x-3 


10 3 
6 4 
-8 12 
=10 7 


In Exercises 51-56, use a graphing utility to graph the 
quadratic function. Find the x-intercepts of the graph 
and compare them with the solutions of the corre- 
sponding quadratic equation when y = 0. 


52. oy Sa 
54, y = 42 + 25x — 21 
7) 56. y = (2 + 12x — 45) 


51. y=x*—-4x 
53.) y= ee OO 
55. y = —3(x? — 6x 


In Exercises 57-60, find two quadratic functions, one 
that opens upward and one that opens downward, 
whose graphs have the given x-intercepts. (There are 
many correct answers.) 


57. (—1, 0), (3, 0) 
59. (—3, 0), (—4, 0) 


58. (0,0), (10, 0) 
60. (—3, 0), (2, 0) 


In Exercises 61-64, find two positive real numbers 
whose product is a maximum. 

61. The sum is 110. 62. The sum is S. 

63. The sum of the first and twice the second is 24. 

64. The sum of the first and 3 times the second is 42. 


Maximum Area In Exercises 65 and 66, consider a 
rectangle of length x and perimeter P. 


(a) Express the area A as a function of x and deter- 
mine the domain of the function. 


(b) Use a graphing utility to graph the area function. 


(c) Use the graph to approximate the length and 
width of the rectangle of maximum area, and ver- 
ify algebraically. 


65. P = 100 feet 66. P = 36 meters 


67. Geometry An indoor physical fitness room consists 
of a rectangular region with a semicircle on each end. 
The perimeter of the room is to be a 200-meter 
running track. 


(a) Draw a diagram to represent the problem. Let x 
and y represent the length and width of the rec- 
tangular region. 


(b 


— 


Determine the radius of the semicircular ends of 
the track. Determine the distance, in terms of y, 
around the two semicircular parts of the track. 


(c) Use the result of part (b) to write an equation, in 
terms of x and y, for the distance traveled in one 
lap around the track. Solve for y. 


(d) Use the result of part (c) to write the area A of 
the rectangular region as a function of x. 


(e) Use a graphing utility to graph the area function 
of part (d). Use the graph to approximate the 
dimensions that will produce a maximum area of 
the rectangle. 


68. 


69. 


70. 


Numerical, Graphical, and Analytical Analysis A 
rancher has 200 feet of fencing to enclose two adja- 
cent rectangular corrals. Use the following methods 
to determine the dimensions that will produce a 
maximum enclosed area. 


—_ ; wane. 


(a) Complete six rows of a table such as the one 
below. (The first two rows are shown.) 


| 4 | 4[200 - 4(4)) | Oxy = 491 


(b) Use a graphing utility to generate additional 
rows of the table in part (a). Use the table to 
estimate the dimensions that will produce the 
maximum enclosed area. 

(c) Write the area A as a function of x. 


(d 


— 


Use a graphing utility to graph the area function. 

Use the graph to approximate the dimensions 

that will produce the maximum enclosed area. 

(e) Write the area function in standard form to find 
algebraically the dimensions that will produce 
the maximum area. 

(f) Compare your results from parts (b), (d), and (e). 


Business A manufacturer of lighting fixtures has 
daily production costs of 


C = 800 — 10x + 0.25x" 


where C is the total cost (in dollars) and x is the 
number of units produced. How many fixtures 
should be produced each day to yield a minimum 
cost? 

Business A textile manufacturer has daily produc- 
tion costs of 


Ce 10.000 — 110% + 045%? 


where C is the total cost (in dollars) and x is the 
number of units produced. How many units should 
be produced each day to yield a minimum cost? 


71. 


72. 


TED 


74. 
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Business The profit P (in dollars) for a company is 


P = —0.0002x? + 140x — 250,000 
where x is the number of units sold. What sales level 
will yield maximum profit? 


Business The profit P (in hundreds of dollars) that 
a company makes depends on the amount x (in hun- 
dreds of dollars) the company spends on advertising 
according to the model 


P= 2308) 20r— 0Sx= 


What expenditure for advertising results in the max- 
imum profit? 

Trajectory of a Ball The height y (in feet) of a ball 
thrown by a child is 

y= ore +2x+4 


where x is the horizontal distance (in feet) from 
where the ball is thrown. 


<< >| 


l=? _ «§ ——____——__ >] 


(a) Use a graphing utility to graph the path of the ball. 

(b) How high is the ball when it leaves the child’s 
hand? (Hint: Find y when x = 0.) 

(c) How high is the ball when it is at its maximum 
height? 

(d) How far from the child does the ball strike the 
ground? 

Maximum Height of a Dive The path of a diver is 

y= $x? iy ay a 12 

where y is the height (in feet) and x is the horizontal 

distance (in feet) from the end of the diving board. 

What is the maximum height of the dive? Verify your 

answer using a graphing utility. 
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75. Forestry The number of board feet V in a 16-foot 
log is approximated by the model 


Vi Ota | O29 Sh) SAY) 


where x is the diameter (in inches) of the log at the 
small end. (One board foot is a measure of volume 
equivalent to a board that is 12 inches wide, 12 inch- 
es long, and | inch thick.) 


(a) Use a graphing utility to graph the function. 
(b) Estimate the number of board feet in a 16-foot 


log with a diameter of 16 inches. Use a graphing 
utility to verify your answer. 


(c) Estimate the diameter of a 16-foot log that scaled 
500 board feet when the lumber was sold. Use a 
graphing utility to verify your answer. 


76. Automobile Aerodynamics The number of horse- 
power y required to overcome wind drag on a certain 
automobile is approximated by 


y = 0.0025? + 0.005s — 0.029, 0<s < 100 


where s is the speed of the car in miles per hour. 

(a) Use a graphing utility to graph the function. 

(b) Graphically estimate the maximum speed of the 
car if the power required to overcome wind drag 


is not to exceed 10 horsepower. Verify your 
result algebraically. 


77. Graphical Analysis For certain years from 1950 to 
1990, the average annual per capita consumption C 
of cigarettes by Americans (18 and older) can be 
modeled by C = 3248.89 + 108.64¢ — 2.9777 for 
0 < t < 40, where ¢ is the year, with t = 0 corre- 
sponding to 1950. (Source: U.S. Department of 
Agriculture) 

(a) Use a graphing utility to graph the model. 

(b) Use the graph of the model to approximate 
the maximum average annual consumption. 
Beginning in 1966, all cigarette packages were 
required by law to carry a health warning. Do 
you think the warning had any effect? Explain. 


(c) In 1960, the U.S. population (18 and over) was 
116,530,000. Of those, about 48,500,000 were 
smokers. What was the average annual cigarette 
consumption per smoker in 1960? What was the 
average daily cigarette consumption per smoker? 


78. Data Analysis The number y (in millions) of VCRs 
in use in the United States for the years 1987 through 
1996 are shown in the table. The variable f represents 
time (in years), with t = 7 corresponding to 1987. 


Wy7 [8s [9 | 10] a] 12 | 13 | 14] 15 | 16 
/y | 43] 51 | 58] 63] 67 | 69 | 72] 24] 77 | 79 


(Source: Television Bureau of Advertising, Inc.) 


(a) Use a graphing utility to sketch a scatter plot of 
the data. 

(b) Use the regression capabilities of a graphing 
utility to fit a quadratic model to the data. 

(c) Use a graphing utility to graph the model in the 
same viewing window as the scatter plot. 


(d) Do you think the model can be used to estimate 
VCR utilization in the year 2005? Explain. 


Synthesis 


True or False? In Exercises 79 and 80, determine 
whether the statement is true or false. Justify your 
answer. 


79. The function f(x) = —12x? — 1 has no x-intercepts. 


80. The graphs of f(x) = —4x* — 10x + 7 and g(x) = 
12x? + 30x + | have the same axis of symmetry. 


81. Think About It The profits P (in millions of dol- 
lars) for a company are modeled by a quadratic func- 
tion of the form P = at? + bt + c, where t repre- 
sents the year. If you were president of the company, 
which of the models would you prefer? Explain your 
reasoning. 

(a) ais positive and t > —b/(2a). 

(b) ais positive and t < —b/(2a). 

(c) ais negative and t > —b/(2a). 

(d) ais negative and t < —b/(2a). 
Review 


In Exercises 82-85, determine algebraically any 
points of intersection of the graphs of the equations. 
Verify your results using the intersect feature of a 
graphing utility. 


82. x+y=8 83. y = 3x — 10 
= Sct yee vie et 
84. y=9 - x $5.) yy 8 Heel 
\e=eare ys 


In Exercises 86-89, perform the operation and write 
the result in standard form. 


86. (6 —7)"—"(2pere 1) 
88. (31 + 7)(—4i +.1) 


87. (2i + 5)? — 21 
89. (4 — i)3 


You should be able to sketch accurate graphs of polynomial functions of degrees 
0, 1, and 2. The graphs of polynomial functions of degree greater than 2 are more 
difficult to sketch by hand. However, in this section you will learn how to recog- 
nize some of the basic features of the graphs of polynomial functions. 

The graph of a polynomial function is continuous. Essentially, this means 
that the graph of a polynomial function has no breaks, holes, or gaps, as shown 
in Figure 3.9. Another feature of the graph of a polynomial function is that it has 
only smooth, rounded turns, as shown in Figure 3.10(a). It cannot have a sharp, 
pointed turn such as the one shown in Figure 3.10(b). 


(a) Polynomial functions have continuous 
graphs. 
Figure 3.9 


(a) Polynomial functions have smooth, 
rounded graphs. 


Figure 3.10 


S ~ 
hy een ad ak Vigtaeagee 
oe 0 & 


Graphs of Polynomial Functions  # .§«€= |  YowShouldleam: 
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° How to use transformations to 
sketch graphs of polynomial 
functions 

® How to use the Leading 
Coefficient Test to determine 
the end behavior of graphs of 
polynomial functions 

° How to find and use zeros of 
polynomial functions to 
sketch their graphs 

® How to use the Intermediate 

y Value Theorem to help locate 

zeros of polynomial functions 


You Should Learn It: 


You can use polynomial functions 
to model various aspects of 
nature, such as the growth of a 

# red oak tree, as shown in Exercise 
98 on page 248. 


(b) Functions with graphs that are not 
continuous are not polynomial functions. 


Sharp turn 


(b) Graphs of polynomial functions cannot 
have sharp turns. 


The Granger Collection 


Informally, you can say that a function is continuous if its graph can be drawn 
with a pencil without lifting the pencil from the paper. 
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The polynomial functions that have the simplest graphs are monomials of the 
form f(x) = x", where n is an integer greater than zero. 


If nis even, the graph of y = x" If nis odd, the graph of y = x" crosses the 
fouches the axis at the x-intercept. axis at the x-intercept. 
Figure 3.11 


In Figure 3.11, you can see that when n is even the graph is similar to the graph 
of f(x) = x*, and when n is odd the graph is similar to the graph of f(x) = x°. 
Moreover, the greater the value of n, the flatter the graph is on the interval 


(= Tei): 


EXAMPLE 1 Sketching Transformations of Polynomial Functions 


Sketch the graph of each polynomial function. 
an f()= =x Deee(ii=oe er | co h(x) = (x + 1 


Solution 

a. Because the degree of f(x) = —x° is odd, the graph is similar to the graph of 
y = x. Moreover, the negative coefficient reflects the graph in the x-axis, as 
shown in Figure 3.12(a). 


b. The graph of g(x) = x+ + 1 is an upward shift, by one unit, of the graph of 
y = x+, as shown in Figure 3.12(b). 

c. The graph of A(x) = (x + 1)*isa left shift, by one unit, of the graph of y = x4, 
as shown in Figure 3.12(c). 


(a) 
Figure 3.12 


es 
\ & 


The Jnteractive CD-ROM and Jnternet 
versions of this text offer a built-in 
graphing calculator, which can be used 
with the Examples, Explorations, and 
Exercises. 
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The Leading Coefficient Test 


In Example 1, note that all three graphs eventually rise or fall without bound as x 
moves to the right. Whether the graph of a polynomial eventually rises or falls can 
be determined by the function’s degree (even or odd) and by its leading coeffi- 
cient, as indicated in the Leading Coefficient Test. 


Leading Coefficient Test 


As x moves without bound to the left or to the right, the graph of the polyno- 
mial function f(x) = a,x" +: - - + a,x + ap eventually rises or falls in the 
following manner. 


1. When n is odd: 


If the leading coefficient is If the leading coefficient is 
positive (a, > 0), the graph falls negative (a, < 0), the graph rises 
to the left and rises to the right. to the left and falls to the right. 


2. When 7 is even: 


f(x) > °° 
as vcs cos J) 
as x > co 


id 


! 
I 
! 
! 
i] 
! 
! 


If the leading coefficient is If the leading coefficient is 
positive (a, > 0), the graph negative (a, < 0), the graph falls 
rises to the left and right. to the left and right. 


Note that the dashed portions of the graphs indicate that the test determines 
only the right and left behavior of the graph. 


Exploration 


Library of Functions — 


The graphs of polynomials of 
degree | are lines, and those of 
degree 2 are parabolas. The = 
graphs of polynomials of higher 
degree are smooth and continu: 
ous. The ‘graphs eventually rise Or 
fall without bound as x moves to — 
the right (or left). 


Consult the Library of Functions 
Summary inside the front cover 
for a description of the polyno- : 
mial function. 
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EXAMPLE 2 Applying the Leading Coefficient Test 


Use the Leading Coefficient Test to determine the left and right behavior of the 
graph of each polynomial function. 


a. fix) = —x + 4x ber) x* — 5x? +4 Cf (x)= xe 


Solution 
a. Because the degree is odd and the leading coefficient is negative, the graph 
rises to the left and falls to the right, as shown in Figure 3.13(a). 


b. Because the degree is even and the leading coefficient is positive, the graph 
rises to the left and right, as shown in Figure 3.13(b). 


c. Because the degree is odd and the leading coefficient is positive, the graph 
falls to the left and rises to the right, as shown in Figure 3.13(c). 


f(x) =x4— 5x44 


—3|- 


(a) (b) 
Figure 3.13 


In Example 2, note that the Leading Coefficient Test only tells you whether the 
graph eventually rises or falls to the right or left. Other characteristics of the 
graph, such as intercepts and minimum and maximum points, must be determined 
by other tests. 


Zeros of Polynomial Functions 


It can be shown that for a polynomial function f of degree n, the following 
statements are true. 


1. The graph of f has at most n real zeros. (This result is discussed in detail in 
Section 3.4.) 


2. The function f has at most n — | relative extrema (relative minimums or 
maximums). 


Recall that a zero of a function fis a number x for which f(x) = 0. Finding the 
zeros of polynomial functions is one of the most important problems in algebra. 
You have already seen that there is a strong interplay between graphical and alge- 
braic approaches to this problem. Sometimes you can use information about the 
graph of a function to help find its zeros. In other cases you can use information 
about the zeros of a function to find a good viewing window. 
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Finding zeros of polynomial functions is closely related to factoring and finding atl 
x-intercepts, as demonstrated in Examples 3, 4, and 5. “te ican Ee 


— *resu 


EXAMPLE 3 Finding Zeros of a Polynomial Function 


Find all real zeros of f(x) = x3 — x? — 2x. 


Algebraic Solution Graphical Solution 


te fo OX Write original function. Use a graphing utility to graph y = x3 — x? — 2x. 
me In Figure 3.14, the graph appears to have the 
x — > — 2x Sub 0 for f(x). : 

eee Sey Buy x-intercepts (0, 0), (2, 0), and (— 1, 0). Use the zero or 
= x(x? —'x — 2) ei aa root feature, or the zoom and trace features, of the 
hing utility to verify these intercepts. Note that 

= x(x — 2)(x+1 Factor ¢ ae 
xx Ya ) ee this third-degree polynomial has two relative extrema. 

So, the real zeros are x = 0, x = 2, and x = —1, and the 


corresponding x-intercepts are (0, 0), (2, 0), and (—1, 0). 
Check 
(0)? — (0)? — 2(0) = 0 x =Oisazero. J 
(2)? — (2)? — 2(2) = 0 x = 2isazero. A 
eat) 2-1-0 x 


— | is a zero. J 


Figure 3.14 


EXAMPLE 4 Analyzing a Polynomial Function 


Find all real zeros and relative extrema of f(x) = —2x* + 2x?. 
Solution. 
(x)= 2x 2x? Write original function. 
= —2x* + 2x Substitute 0 for f(x). 
i oe inal a1) Remove common monomial factor. 
eee) (x +> 1) Factor completely. 
So, the real zeros are x = 0, x = 1, and x = —1, and the corresponding 


x-intercepts are (0, 0), (1,0), and (—1, 0), as shown in Figure 3.15. Using the 
minimum and maximum features of a graphing utility, you can approximate the 
three relative extrema to be (— 0.7071, 0.5), (0, 0), and (0.7071, 0.5). 


Figure 3.15 
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In Example 4, the real zero x = 0 arising from —2x? = 0 is a repeated zero. In 
general, a factor of (x — a)* yields a repeated zero x = a of multiplicity k. If k is 
odd, the graph crosses the x-axis at x = a. If k is even, the graph touches (but does 
not cross) the x-axis at x = a, as shown in Figure 3.15. 


EXAMPLE 5 Finding Zeros of a Polynomial Function 


Find all real zeros of f(x) = x° — 3x? — 4° = 44 — 1, 


Solution f(x) = x9 — 3x3 — x2 -— 4x = 
Use a graphing utility to obtain the graph shown in Figure 3.16. From the graph, 8 

you can see that there are three zeros. Using the zero or root feature, you can 

determine that the zeros are approximately x ~ —1.861, x ~ —0.254, and 

x = 2.115. It should be noted that this fifth-degree polynomial factors as -3 3 


Fis) ee Sei eae tata 5 
= (x2 + 1)(x3 — 4x — 1). 


=12 


The three zeros obtained above are the zeros of the cubic x* — 4x — 1 (the quad- 
ratic x7 + | has two complex zeros and, so, no real zeros). Figure 3.16 


EXAMPLE 6 Finding a Polynomial Function with Given Zeros 


Find polynomial functions with the following zeros. (There are many correct 
solutions.) 


1 
Cig ota al bee IRA b. i. Code win) 12 = / a 


Solution 
a. For each of the given zeros, form a corresponding factor. For instance, the zero 
given by x = —2 corresponds to the factor (x + 2). So, you can write 


FO) = Gis Qe UG = lx = 2) 
Paes: ee a 54, 


b. Note that the zero x = —5 + corresponds to either (x te 4) or (2x + 1). To avoid 
fractions, choose the second factor and write 


f(x) = Qx + 1) - 3) 
pL) ox 9) 8 eal Ieee 


c. For each of the given zeros, form a corresponding factor and write 


FO = ake = (2 + Silk = (2 — 14) 
= (x — 3)[( — 2) — /i][@ - 2) + Vii] 
= (x af - 2) - ( Vin) 
= (x — 3)(x2 — 4x + 4 - 11) 
= (x — 3)(x? — 4x — 7) = x3 — 7x2 + 5x 4+ 21. 
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EXAMPLE 7 Sketching the Graph of a Polynomial Function 
Sketch the graph of f(x) = 3x+ — 4x3 by hand. 


Solution 


1. 


2 


So 


> 


Apply Leading Coefficient Test. Because the leading coefficient is positive 
and the degree is even, you know that the graph eventually rises to the left and 
to the right [see Figure 3.17(a)]. 


Find the Zeros of the Polynomial. By factoring 
FQ) = 3x4 — 4° 
x3(3x — 4) 


you can see that the zeros of f are x = 0 (of odd multiplicity 3) and x = : (of 
odd multiplicity 1). So, the x-intercepts occur at (0, 0) and (3, 0). Add these 
points to your graph, as shown in Figure 3.17(a). 


Plot a Few Additional Points. To sketch the graph by hand, find a few addi- 
tional points, as shown in the table. Be sure to choose points between the zeros 
and to the left and right of the zeros. Then plot the points [see Figure 3.17(b)]. 


| 
id 
He 
f(x) 


Draw the Graph. Draw a continuous curve through the points, as shown in 
Figure 3.17(b). If you are unsure of the shape of the portion of the graph, plot 
some additional points. 


Se 
ios) 


| 
— 
apa 
| 
Se 
as 
TT 
$19. 
x 
>a) 


aN & 


ee eS 


eee | 


S$ 


(a) 
Figure 3.17 


“you Ra entered ihe 


WE 4-2 Shee & 
ROE Fs 2e 


eae is as ie = 


at 


3x 


pie geee 
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EXAMPLE 8 Sketching the Graph of a Polynomial Function 
Sketch the graph of f(x) = —2x? + 6x? — 5 
Solution 


1. Apply Leading Coefficient Test. Because the leading coefficient is negative 
and the degree is odd, you know that the graph eventually rises to the left and 
falls to the right [see Figure 3.18(a)]. 


2. Find the Zeros of the Polynomial. 
f(x) = —2x3 + 62 — dx = —}x(4x? — 12x + 9) = 


By factoring 
Pn ea) 
you can see that the zeros of f are 


x = 0 (of odd multiplicity 1) and x = 3 (of even multiplicity 2). 


So, the x-intercepts occur at (0, 0) and 3, 0). Add these points to your graph, 
as shown in Figure 3.18(a). 

3. Plot a Few Additional Points. To sketch the graph by hand, find a few addi- 
tional points, as shown in the table. Then plot the points [see Figure 3.18(b)]. 


ce 


4. Draw the Graph. Draw a continuous curve through the points, as shown in 
Figure 3.18(b). Notice that the graph crosses the x-axis at (0, 0) and touches 
(but does not cross) the x-axis at 3, 0). 


The Intermediate Value Theorem 


The Intermediate Value Theorem concerns the existence of real zeros of 
polynomial functions. The theorem states that if (a, f(a)) and (b, f(b)) are two 
points on the graph of a polynomial function such that f(a) # f(b), then for any 
number d between f(a) and f(b) there must be a number c between a and b such 
that f(c) = d. (See Figure 3.19.) 


‘Intermediate Value Theorem 


Let a and b be real numbers such that a < b. If fisa Harvarnial fnenon Se 
that f(a) # f(b), then in the interval [a, b], f takes on every value between 
f(a) and f(b). 


This theorem helps locate the real zeros of a polynomial function in the follow- 
ing way. If you can find a value x = a where a polynomial function is positive, 
and another x = b where it is negative, you can conclude that the function has at 
least one real zero between these two values. For example, the function 
f(x) = x7 + x? + 1 is negative when x = —2 and positive when x = —1. 
Therefore, it follows from the Intermediate Value Theorem that f must have a real 
zero somewhere between —2 and — 1. 


Be 

6 

5 

Le 
Up to left 37- Down to right 


2 


(0, 0) 


(a) 


f(x) =-2x3 + 6x?- 3x 


(b) 
Figure 3.18 


Figure 3.19 
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EXAMPLE 9 = Approximating the Zeros of a Function 


Find three intervals of length 1 in which the polynomial 


f(x) = 12x3 — 32x2 + 3x +5 


is guaranteed to have a zero. 


Graphical Solution Numerical Solution 
Use a graphing utility to graph Use the table feature of a graphing utility to create a table that 
Peete, 32375 shows the function values for —20 < x < 20 as shown in 
Figure 3.21. 


as shown in Figure 3.20. 


= 3 Figure 3.21 
7 Scroll through the table looking for consecutive function 
Figure 3.20 values that differ in sign. For instance, from the table you can 


see that f(—1) and f(0) differ in sign. So, you can conclude 
from the Intermediate Value Theorem that the function has a 
From the figure, you can see that the graph crosses zero between — | and 0. Similarly, f(0) and f(1) differ in sign, 


the x-axis three times—between — 1 and 0, between so the function has a zero between 0 and 1. Likewise, f(2) and 
0 and 1, and another between 2 and 3. So, you can f(3) differ in sign, so the function has a zero between 2 and 3. 
conclude that the function has zeros in the intervals So, you can conclude that the function has zeros in the 
(—1, 0), (0, 1), and (2, 3). intervals (— 1, 0), (0, 1), and (2, 3). 


The graphs of cubic polynomials can be categorized according to the four 

basic shapes below. Match the graph of each function with one of the basic 
shapes and write a short paragraph describing how you reached your conclu- _ 
sion. Is it possible for a polynomial of odd degree to have no real zeros? 

_ Explain. : 


© ore 


3 fo) = 8 : . : : A fs) = — 4x i 
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In Exercises 1-8, match the polynomial function with 
its graph. [The graphs are labeled (a) through (h).] 


(a) 5 (b) 10 


(g) 7 (h) 5 


In Exercises 9-12, sketch the graphs of y = x” and 
each specified transformation. 


9, y=x3 
(a) f(x) =(e-2)3  —b) f(x) = x3 -2 
Oma. (d) f@) = - 2-2 
10. y=x° 


(by A) => 3 


(a) f(x) = (& + 3)° 
: (d) f(x) = —Z(x + 135 


(oy ES a 


11. y = x4 
(a) f(x). = & + 5)* 
CO yn Caer e 
120" 
(a) f(x) = — yx 
OM 7 


(b) f(x) =x4- 5 
() efile). ol tecatle 


(b) f(x) =x° —4 
dd) f/@l= G24 


Graphical Analysis In Exercises 13-16, use a graph- 
ing utility to graph the functions f and g in the same 
viewing window. Zoom out sufficiently far to show 
that the right-hand and left-hand behavior of f and g 
appear identical. Show the graphs. 

136 f(x) =3 — 9x 41, ee 

14. f(x) = -403 — 3x42), g(x) =—}x 
15. f(x) = —@*— 40° + 160) ee) 
16.. f(x) = 3x* — 6x2, (x) = 3x* 


3 


4 


In Exercises 17-26, use the Leading Coefficient Test 
to determine the right-hand and left-hand behavior 
of the graph of the polynomial function. Verify your 
result by using a graphing utility to graph the 
function. 
17. f(x) = 2x2 —3x+1 18. f(x) = 4x3 + 5x 
19. g(x) =5 — dy — 372 20. Ax) =e 
21) f(x) = =21x 4x — 2 
22. f i) ss Rx? S5x TS 
23. f(x) = 6 — 2x + 4x? — 5x8 
2h ree 
24. f(x) = Sut = 2x +5 
4 
25. h(t) = —3(t? — 5t + 3) 
26. f(s) = —7(53 + 5s% — 7s + 1) 


In Exercises 27-36, find all the real zeros of the 
polynomial function. Verify your result by using a 
graphing utility to graph the function. 

27, fix) =x — 25 28. f(x) = 49 — x? 

29. h(t) = t? — 6 + 9 30. f(x) = x2 + 10x + 25 
31. f(x) =x? +x—2° 32. f(x) = 2 — lax 
SER s aa He + 4t 34. f(x) = x4 — x3 — 20x? 


35. f(x) =p? +3x-F5 36. fx) = 22+ 8-4 


Graphical Analysis In Exercises 37-48, (a) use a 
graphing utility to graph the function, (b) use the 
graph to approximate any zeros, and (c) find the 
zeros algebraically. 

37. f(x) = 3x2 — 12x + 3 
38. e(x) = 5(x? — 2x — 1) 
30a) sinks oa 

41. f(x) = x5 + x3 — 6x 
43. f(x) = 2x* — 2x2 — 40 
44. f(x) = 5x*+ + 15x? + 10 
45. f(x) = x? — 4x2 — 25x + 100 
A6.y = Ay? + 4x* — 7x.+ 2 
47. y = 4x3 — 20x? + 25x 


40. y= £x3(x? — 9) 
42. g(t) = t° — 63° + OF 


ASH = x? — 5x? + 45 


In Exercises 49-52, use a graphing utility to graph the 
function and approximate (accurate to three decimal 
places) any relative extrema. 

Ao jeer or 

50.37 a= 8 4 st ix 3 

Ble Si ok — xt 6 

52. f(x) = —yxt4 - 8 +2245 


In Exercises 53-64, find a polynomial function that 
has the given zeros. (There are many correct answers.) 


53. 0 ie 54. 0, —8 
Dee, a O 56. —4,5 
Sti 4s per NOE are 2 
59.4) =3,3}:0 OO 2h £0,092 


CY ee 62°G 3.6 3 
635 2A a 54/5 Ns Sa a gy ERI | 


In Exercises 65-78, sketch the graph of the function 
by (a) applying the Leading Coefficient Test, (b) find- 
ing the zeros of the polynomial, (c) plotting sufficient 
solution points, and (d) drawing a continuous curve 
through the points. 

65. f(x) = x — 9x 

66. g(x) = x4 — 4x 

67. f(t) = 4(t? — 2t + 15) 

682 2(x) = —x7 + 10x — 16 

69. f(x) = x — 3x 

“As (Cae oe Bees 
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71. f(x) = 3x3 — 15x? + 18x 
72. f(x) = —4x? + 4x2 + 15x 
73. f(x) = —x? — 5x? 

74. f(x) = 3x4 — 48x2 

Te f X= (x — A) 

76. h(x) = 4x3(x — 4) 

77. g(t) = —4(t — 2)°(t + 2) 
78. 2a a(x a lAx.— 3)2 


In Exercises 79-82, (a) use the Intermediate Value 
Theorem and a graphing utility to find intervals of 
length 1 in which the polynomial function is guaran- 
teed to have a zero, (b) use the root or zero feature of 
a graphing utility to approximate the zeros of the 
function, and (c) verify your answers in part (a) by 
using the éable feature of a graphing utility. 

79: () =x oe 8 

$0. f(x) = 0.11x3 — 2.07x2 + 9.81x — 6.88 
S1'eG)= 3x 4x7 =3 

SZ. = a One 


In Exercises 83-86, use a graphing utility to graph 
the function. Describe a viewing window that gives a 
good view of the basic characteristics of the graph. 
(There are many correct answers.) 

83. f(x) = —} 

84. h(x) = 3x — 3 

85. f(t) = (2 — 4¢ + 21) 

86. g(x) = —x* + 9x — 14 


In Exercises 87—94, use a graphing utility to graph the 
function. Identify any symmetry with respect to the 
x-axis, y-axis, or origin. Determine the number of 
x-intercepts of the graph. 

87. f(x) = x7(x + 6) 

$8. A(x) = x°& — 4)? 

89. o(t) = —4(t — 4)°(r + 4)? 


90. g(x) = a + 1)2(x — 3)3 

OT a) = a 4x 

92 it a 

93. g(x) = (x + 1)*(x — 3)(2x — 9) 
94. h(x) = 4(x + 2)?(3x — 5) 
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95. Numerical and Graphical Analysis 


96. 
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An open box 


is to be made from a square piece of material 36 
centimeters on a side by cutting equal squares from 
the corners and turning up the sides. 


(b) Use a graphing utility to generate additional 
rows of the table. Use the table to estimate a 
range of dimensions within which the maximum 
volume is produced. 


(c) Verify that the volume of the box is 
V(x) = x(36 — 2x)?. Determine the domain of 
the function. 

(d) Use a graphing utility to graph V, and use the 
range of dimensions from part (b) to find the x- 
value for which V(x) is maximum. 


Geometry An open box with locking tabs is to be 
made from a square piece of material 24 inches on a 
side. This is done by cutting equal squares from the 
corners and folding along the dashed lines, as shown 
in the figure. 


(a) Show that the volume of the box is 
Vix) = 8x(6 — x)(12 — x). 
(b) Determine the domain of the function V. 


(c) Sketch the graph of the function and estimate the 
value of x for which V(x) is maximum. 


97: 


98. 


99. 


Business The total revenue R (in millions of 
dollars) for a company is related to its advertising 
expense by the function 


1 


R= 0 < x < 400 
100,000 


(—x? + 600x7), 
where x is the amount spent on advertising (in tens of 
thousands of dollars). Use the graph of the function 
shown in the figure to estimate the point on the graph 
at which the function is increasing most rapidly. This 
point is called the point of diminishing returns 
because any expense above this amount will yield 
less return per dollar invested in advertising. 


R 

& 

= 

oS 
o VU 
aS 
> n 
es 

Ss 

ash xX 

100 200 300 400 
Advertising expense 
(in tens of thousands of dollars) 

Environment The growth of a red oak tree is 


approximated by the function 
G = —0.0038 + 0.1377 + 0.458t — 0.839 


where G is the height of the tree (in feet) and t 
(2 < t < 34) is its age (in years). Use a graphing 
utility to graph the function and estimate the age of 
the tree when it is growing most rapidly. This point 
is called the point of diminishing returns because 
the increase in growth will be less with each addi- 
tional year. (Hint: Use a viewing window in which 
—10 S x4 = 40 Ando <7) OU) 

Data Analysis The vertical deflection y of a 4- 
meter beam is measured in +-meter intervals x. The 
measurements are given by the following ordered 
pairs. 


(0,0), (0.5,,0.06), (1, OLE De (1.5, 0.15) 25016) 
(2.5, 0.15), (3, 0.11), (3.5, 0,06), (4, 0) 


100. 


Data Analysis 


(Sources: 


mial) equation to the data. 


Explain. 


(a) Use the regression capabilities of a graphing 
utility to fit a quartic (fourth-degree polyno- 


(b) Use a graphing utility to graph the data and 
the regression equation in the same viewing 
window. How do they compare? 


(c) Because y = 0 when x = 0, what should the 
constant term in the model be? Does your 
answer agree with the result of part (a)? 


The table gives the median values 
of new privately owned U.S. homes for 1983 
through 1997. In the table, t is the time (in years), 
with t = 3 corresponding to 1983, and y, and y, are 
the median prices (in thousands of dollars) 
in the Northeast and the South, respectively. 
U.S. Bureau of the Census; 
Department of Housing and Urban Development) 


5: GEE 
103.3 | 125 | 140 | 149 
Tee 80.2. | 88 | 92 
fmt 12 | 13 
159 | 155.9 | 169 | 162.6 


| 


99 | 100 | 105.5 115 


m4 | 1s | 16 


ie 


1169 | 180 | 186 


190 


| 
116.9 | 124.5 | 126.2 | 129.6 


of homes in the Northeast. 


of homes in the South. 


regions. 


(a) Use the regression capabilities of a graphing 
utility to fit a cubic model to the median prices 


(b) Use the regression capabilities of a graphing 
utility to fit a cubic model to the median prices 


(c) Use the graphs of the models in parts (a) and (b) 
to write a short paragraph about the relationship 
between the median prices of homes in the two 


US: 
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Synthesis 


True or False? In Exercises 101 and 102, determine 
whether the statement is true or false. Justify your 
answer. 


101. A fourth-degree polynomial can have four turning 
points. 


102. The graph of the function 


FA) 0 es ey) 
rises to the left and falls to the right. 


103. Graphical Reasoning Use a graphing utility to 


graph the function f(x) = x*. Explain how the 
graph of g differs (if it does) from the graph of f 
and confirm your result with a graphing utility. 
Determine whether g is odd, even, or neither. 


(a) gx) =f) +2 — (b) g(x) = f(x + 2) 
(c) g(x) = f(—x) (a) g(x) = —f(x) 
(e) g(x) = (5x) (f) e(x) = 3f(0) 
(g) g(x) = f(x) (h) gx) = (fe f)@) 


Review 


In Exercises 104-109, let f(x) = 14x — 3, and 
g(x) = 8x”. Find the indicated value. 


104. (f + g)(—4) 105. (g — f)(3) 
106. (re)(-3) 107. (E15) 
108. (f° ¢)(-1) 109. (¢ °f)(0) 


In Exercises 110-113, solve the inequality and sketch 
the solution on the real number line. Use a graphing 
utility to verify your solution graphically. 


110. 36-5) 4 7 ieee | 


5x — 2 
112 eer 4 lis ei 2 8) 1 215 
2 Galera 


In Exercises 114-117, find the quadratic function that 
has the indicated vertex and whose graph passes 
through the given point. 


114. Vertex: (3, —6); Point: (—1, 2) 
115. Vertex: (0,—8); Point: (5, 9) 
116. Vertex: (4,-—4); Point: (1, 10) 
117. Vertex: (—5, —2); Point: (0, 3) 
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3.3 RealZeros.ot,Polynomial.Functions 


Long Division of Polynomials 
Consider the graph of 
fies = Wa? = ee ale 21, 


Notice in Figure 3.22 that x = 2 appears to be a zero of f. Because f(2) = 0, you 
know that x = 2 is a zero of the polynomial function f, and that (x — 2) is a factor 
of f(x). This means that there exists a second-degree polynomial q(x) such that 
f(x) = (x — 2) + q(x). To find q(x), you can use long division of polynomials. 


fix) = 6x3 — 19x? + 16x — 4 | 


-0.5 
Figure 3.22 


EXAMPLE 1 Long Division of Polynomials 


Divide f(x) = 6x? — 19x? + 16x — 4 by x — 2, and use the result to factor the 
function f completely. 


Stephen Ferry/Liaison International 


Solution 
Partial quotients 
f + 4 
Oe ee Xe ae 
x — 2)6x3 — 19x? + 16x — 4 
OXe ell 2x2 Multiply: 6x2(x — 2). 
ape se Rebs Subtract. 
Sikora lax Multiply: —7x(x — 2). 
Dig = ih Subtract. 
Ph Sime) Multiply: 2(« — 2). 
0 Subtract. 


You can see that 
6x7 — 19x? + l6x — 4.= (% = 2)(6x? — Fut 2) 
= (x — 2)(2x — 1)(3x — 2). 


Note that this factorization agrees with the graph of f (Figure 3.22) in that the 


three x-intercepts occur at x = 2, x = 5, and x = 3. 


— 
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In Example 1, x — 2 is a factor of the polynomial 6x3 — 19x? + l6x — 4, and 
the long division process produces a remainder of zero. Often, long division will 

_ produce a nonzero remainder. For instance, if you divide x2 + 3x + 5 Dyex eae 
you obtain the following. 


ie ae D Quotient 
Divisor rsa ) x2 Shere) Dividend 
bapa 3 
PE ae 
2x +2 
3 Remainder 


In fractional form, you can write this result as follows. 


Dividend Remainder 
——————. Quotient | 
eax +5. 2 
a a 

ae. x+1 

U_~, ead, 

Divisor Divisor 

This implies that 


Bo ox 5 = (x + 1)(x + 2) + 3 


which illustrates the following well-known theorem called the Division 
Algorithm. 


The Division Algorithm can also be written as 


PO) _ ga) + ® 


d(x) d(x) 


In the Division Algorithm, the rational expression f(x)/d(x) is improper because 
the degree of f(x) is greater than or equal to the degree of d(x). On the other hand, 
the rational expression r(x)/d(x) is proper because the degree of r(x) is less than 
the degree of d(x). 


291 
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EXAMPLE 2 Long Division of Polynomials 
Dividexs by 


Solution 
Because there is no x2-term or x-term in the dividend, you need to line up the sub- 
traction by using zero coefficients (or leaving spaces) for the missing terms. 


5 ae ee ie | 
x —1)x3+ 0x? + 0x - 1 
xe x? 
ee 
yo 
= Il 
= 
0 
So, x — 1 divides evenly into x* — 1, and you can write 
3—] 
Z =x*+x+4 1, ieee sl, 
ie = il 


You can check the result of a division problem by multiplying. For instance, in 
Example 2, try checking that 


(x — I(x? +x4+ 1) =x3- 1. 


EXAMPLE 3 Long Division of Polynomials 


Wividewner: 4x. —— 5x? 4+93x — "2 by ot 5: 


Solution 


A computer animation of this example 
appears in the /nteractive CD-ROM and 
Oe a 


Internet versions of this text. 


x* + 2x — 3) 2x4 + 4x3 — 5x2 + 3x - 2 
2x4 + 4x3 — 6x? 


x7 +3x-2 
x2 + 2x -— 3 
ar I 


Note that the first subtraction eliminated two terms from the dividend. When this 
happens, the quotient skips a term. You can write the result as 
Deh al UES yc has 9) x+1 


a 2 ——____—___—_—_. 
x7 + 2x -3 oe | oy aeseaea 
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Synthetic Division 


There is a nice shortcut for long division of polynomials by divisors of the form 
x — k. The shortcut is called synthetic division. The pattern for synthetic divi- 
sion of a cubic polynomial is summarized as follows. (The pattern for higher- 
degree polynomials is similar.) 


Note that synthetic division works only for divisors of the form x — k. 
[Remember that x + k = x — (—k).] You cannot use synthetic division to divide 
a polynomial by a quadratic such as x? — 3. 


EXAMPLE 4 _ Using Synthetic Division 


Use synthetic division to divide x* — 10x? — 2x + 4 by x + 3. 


Solution 
You should set up the array as follows. Note that a zero is included for each miss- 


ing term in the dividend. 


253 


Then, use the synthetic division pattern by adding terms in columns and multi- Gominuter antoaduion et tars exara mle 
plying the results by —3. appears in the Interactive CD-ROM and 


Internet versions of this text. 
Divisor: x + 3 Dividend: x* — 10x? — 2x + 4 


~— Remainder: | 


@Qilotientes. = 3x> — 7 tal 


So, you have 


x* — 10x? — 2x + 4 
x+3 x+3 
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The Remainder and Factor Theorems 


The remainder obtained in the synthetic division process has an important inter- 
pretation, as described in the Remainder Theorem. (A proof of this theorem is 
given in Appendix A.) 


The Remainder Theorem tells you that synthetic division can be used to evaluate 
a polynomial function. That is, to evaluate a polynomial function f(x) when x = k, 
divide f(x) by x — k. The remainder will be f(k), as illustrated in Example 5. 


EXAMPLE 5 — Using the Remainder Theorem 


Use the Remainder Theorem to evaluate the following function at x = —2. 
jie She! ae ies oe oye? 
Solution 


Using synthetic division, you obtain the following. 


we |i.3 8 Dae]. 


3 2 1p =9 
Because the remainder is r = —9, you can conclude that 
f(-2) = -9, 


This means that (—2, —9) is a point on the graph of f. You can check this by 
substituting x = —2 in the original function. 


Check 

f(—2) = 3(-2)3 + 8(—2)? + 5(-2) -7 
3(—8) + 8(4) — 10-7 
—24+32-10-7 
—9 


Another important theorem is the Factor Theorem, which is stated below. This 
theorem states that you can test to see whether a polynomial has (o—="K) asca 
factor by evaluating the polynomial at x = k. If the result is 0, (x — &) is a factor. 
For a proof of the Factor Theorem, see Appendix A. 
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EXAMPLE 6 Factoring a Polynomial: Repeated Division 
Show that (x — 2) and (x + 3) are factors of 
f(x) = 2x4 + 7x3 — 4x2 — 27x — 18. 


Then find the remaining factors of f(x). 
Algebraic Solution Graphical Solution 


Using synthetic division with 2 and —3 grec you 
obtain the following. 
Ae i i eee 18 
Uae 36 18 


The graph of a polynomial with factors of (x — 2) 

and (x + 3) has x-intercepts at x = 2 and x = —3. 

Use a graphing utility to graph 
Va DAS: 


0 remainder 
(@ —=2)'is 
a factor. 


y = 2x4 + 7x3 — 4x? — 27x — 18 


© 15 9 
2, 5 3 0 0 remainder 
(x + 3) is 
a factor. 


Because the resulting quadratic factors as 

ee) From Figure 3.23, you can see that the graph appears to 
cross the x-axis in two other places, near x = —1 and 
x= —3. Use the zero or root feature or the zoom and 
trace shares to approximate the other two intercepts 
to be x = —1 and x = -3 . So, the factors of f are 


(x — 2), (v + 3), (x + 3), and (x + 1). You can rewrite 
the factor (x + 3) as (2x + 3), so the complete factor- 
ization of f is f(x) = (x — 2)( + 3)(2x + 3)(x + 1). 


the complete factorization of f(x) is 


ey (2) (3) Ox 93) (x 1). 


Throughout this text, the importance of developing several problem-solving 
strategies has been emphasized. In the exercises for this section, try using more 
than one strategy to solve several of the exercises. For instance, if you find that 
x — k divides evenly into f(x), try sketching the graph of f. You should find that 
(k, 0) is an x-intercept of the graph. 
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The Rational Zero Test 


The Rational Zero Test relates the possible rational zeros of a polynomial 
(having integer coefficients) to the leading coefficient and to the constant term of 
the polynomial. 


‘The Rational Zero Test | : 


If the polynomial 


Oe 
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: 2 
te A5X 4 Oh 1 Oy 


has integer coefficients, every rational zero of f has the form 


: Pp 
Rational zero = q 


where p and g have no common factors other than 1, p is a factor of the 
constant term dy, and q is a factor of the leading coefficient a,,. 


To use the Rational Zero Test, first list all rational numbers whose numerators are 
factors of the constant term and whose denominators are factors of the leading 
coefficient. 


factors of constant term 


Possible rational zeros = : ae 
factors of leading coefficient 


Now that you have formed this list of possible rational zeros, use a trial-and-error 
method to determine which, if any, are actual zeros of the polynomial. Note that 
when the leading coefficient is 1, the possible rational zeros are simply the fac- 
tors of the constant term. This case is illustrated in Example 7. 


| EXAMPLE 7 Rational Zero Test with Leading Coefficient of 1 
Find the rational zeros of f(x) = x3 + x + 1. 


| Solution 
' Because the leading coefficient is 1, the possible rational zeros are simply the fac- 
| tors of the constant term. 


Possible Rational Zeros: +1 

By testing these possible zeros, you can see that neither works. 
1) = (12 +i+1=3 

HOWE Wage 


So, the polynomial has no rational zeros. Note from the graph of fin Figure 3.24 
| that f does have one real zero (between — | and 0). However, by the Rational Zero 
* Test, you know that this real zero is not a rational number. 


STUDY TIP 


Graph the polynomial 

Y Sx = 5307 0s 

in the standard viewing window. 
From the graph alone, it appears 
that there is only one zero. From 
the Leading Coefficient Test, 
you know that because the 
degree of the polynomial is odd 
and the leading coefficient is 
positive, the graph falls to the 
left and rises to the right. So, the 
function must have another zero. 
From the Rational Zero Test, 
you know that +51 might be 
zeros of the function. If you 
zoom out several times, you will 
see a more complete picture of 
the graph. Your graph should 
confirm that x = 51 is a zero 


of f 


c f@)=xXP+x41 


= 
Figure 3.24 


3.3 ¢ Real Zeros of Polynomial Functions 


If the leading coefficient of a polynomial is not 1, the list of possible rational 

zeros can increase dramatically. In such cases the search can be shortened in 

several ways. 

1. A programmable calculator can be used to speed up the calculations. 

2. A graphing utility can give a good estimate of the locations of the zeros. 

3. The Factor Theorem and synthetic division can be used to test the possible 
rational zeros. 


Finding the first zero is often the most difficult part. After that, the search is sim- 
plified by working with the lower-degree polynomial obtained in synthetic division. 


EXAMPLE 8 Using the Rational Zero Test 


Find the rational zeros of 


PAG) to 20 Re StS, 


Solution 
The leading coefficient is 2 and the constant term is 3. 


Possible Rational Zeros: 


Bactors.oL3 1,43 
FAIS OF 2 ~spilyesy 


° 


1 
at fo +3 + — 
=H! +3, £5, 


N | 


By synthetic division, you can determine that x = | is a zero. 
fie, 3s 8 3 
2 le 
2S f= 3 0 
So, f(x) factors as 
oe irial re Sx — 3) 
= (x — 1)(2x — 1)(x + 3) 


1 
and you can conclude that the rational zeros of f are x = 1,x = > and x = —3, 
as shown in Figure 3.25. 


| fl) = 2x3 + 3x2 8x +3 


Figure 3.25 
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A graphing utility can help you determine which possible rational zeros to test, 
as demonstrated in Example 9. 


EXAMPLE 9 Finding Real Zeros of a Polynomial Function 
Find all the real zeros of f(x) = 10x? — 15x? — 16x + 12. 


Solution 
Because the leading coefficient is 10 and the constant term is 12, there is a long 
list of possible rational zeros. 


Possible Rational Zeros: 


Factors|o12 gel bl oped: SE(6), S217) 

Factors of 10 sell, ae, ae5), 2210) 
With so many possibilities (32, in fact), it is worth your time to use a graphing 
utility to focus on just a few. From Figure 3.26, it looks like three reasonable 


choices would be x = —§ x= oh and x = 2. Synthetic division shows that only 
x = 2 works. (You could also use the Factor Theorem to test these choices.) 


2m OE 152 16 12 
20 LO 2 


10 5 —6 0) 
So, x = 2 is one zero and you have 
ich = (xi—-2)( 10x24 5x06), 


Using the Quadratic Formula, you find that the two additional zeros are irrational 
numbers. 
gradi ST ae 8) oo op 


70 = 0.5639 and x = aac == 1.0639 


Bounds for Real Zeros of Polynomial Functions 


The third test for zeros of a polynomial function is related to the sign pattern in 
the last row of the synthetic division tableau. This test can give you an upper or 
lower bound of the real zeros of f, which can help you eliminate possible real 
zeros. 


x 


A real number b is an upper bound for the real zeros of f if no zeros are greater 
than b. Similarly, b is a lower bound if no real zeros of f are less than b. 


Upper and Lower Bound Rule 


Let f (x) be a polynomial with real coefficients and a positive leading coeffi- 
cient. Suppose f(x) is divided by x — c, using synthetic division. 

aL tics 0 and each number in the last row is either positive or zero, c is an 

_ upper bound for the real zeros of f. 


2. If e< O and the numbers in the last row are alternately positive and negative 
__ (Zero entries count as positive or negative), c is a lower bound for the real 
| zeros Of ff 


STUDY TIP 


You can use the table feature of 
a graphing utility to test the 
possible rational zeros of the 
function in Example 9, as 
shown below. The table should 
be set to begin at — 12, increase 
by increments of 0.1, and end at 
12. Look through the table to 
determine the values of x for 
which y, is 0. 


Figure 3.26 
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EXAMPLE 10 Finding the Zeros of a Polynomial Function 


Find the real zeros of f(x) = 6x3 — 4x2 + 3x — 2. 


Solution 

The possible real zeros are as follows. 
Factors of 2 _ Se ||, ai) ae rel gl me 42 ny) 
Pactors.0@6 bl 2) 3h 6—— ene 3 6 3 


Trying x = 1 produces the following. 


Oma + se 
Oe, = 


6 Be Io 3 


So, x = 1 is not a zero, but because the last row has all positive entries, you know 
that x = 1 is an upper bound for the real zeros. Therefore, you can restrict the 
search to zeros less than 1. By testing the possible rational zeros less than 1, you 
can determine that x = : is a zero. So, 


2 
iix)= (x — =) + 3). 
Because 6x” + 3 has no real zeros, it follows that x = é is the only real zero. 


Before concluding this section, two additional hints that can help you find the real 
zeros of a polynomial are listed below. 


1. If the terms of f(x) have a common monomial factor, it should be factored out 
before applying the tests in this section. For instance, by writing 


Peete on Ka ke = x(x 5x? 3x + 1) 
you can see that x = 0 is a zero of f and that the remaining zeros can be 


obtained by analyzing the cubic factor. 


2. If you are able to find all but two zeros of f(x), you can always use the 
Quadratic Formula on the remaining quadratic factor. For instance, if you 
succeeded in writing 


ae) = xe Saxe 3x8 ee = xe —' 1)? — 4x — 1) 


you can apply the Quadratic Formula to x? — 4x — | to conclude that the two 
remaining zeros are x = 2 + J/5 and x =2- J5. 


A computer animation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 
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Graphical Analysis In Exercises 1-6, use a graphing 
utility to graph the two equations in the same viewing 
window. Use the graphs to verify that the expressions 
are equivalent. Verify the results algebraically. 


Tee en foe 
ats 4 a2 x—1 
ahs ato 

~ Vy Gee ae 2 a 

x 4 
: ; 2+ 
Se x+2 ues Bar D 

x4 — 3x2 -— 1 39 
a ies xe+5 V2 Bal ae aes 

x — 3x3 4x 
Bie orn a a ear 240 
; en aes) ot BS 2(x + 4) 
eS Paw EP egal 


In Exercises 7-18, divide using long division. 


TaDIViGoOx eel 0r 12. by x a83: 

Sm DiVvide xl x91 2:by xa. 

OM Dividersx ve — 1Ix as by 4x +5, 
10S Wivide yar ox + O17 — x — 2 byt 2. 
11. Divide 7x + 3 by x +2. 

T2DIVide Sx-— > Dy 2x4 1, 
13. (6x3 + 10x? + x + 8) + (2x2 + 1) 
14, (x3 — 9) + (x? + 1) 


xt + 3x2 +1 pee | 
15, ——————_ : 

x? —2x +3 18 x- 1 

9x3 — Where 4 
7. x 4x ibgece 5) 18. Ey 


ae)? (x — 1)3 


In Exercises 19-28, divide using synthetic division. 
TOM een Oxo 12 222) (y= 4) 

20. (2x3 + 6x? — 14x + 9) + (x - 1) 

DUG nix x 4 26) = (x73) 

22. (2x3 + 14x? — 20x + 7) + (x + 6) 

235 (9% = 18x27 — 16x + 32) = @& — 2) 

24. (5x3 + 6x + 8) + (x + 2) 


3 3 — 729 
ng eee pgigtanttl Es 
x+8 =e 
3 2— — 15 3x3 — 4x2 + 5 
37. 4x 16x a 1 28. Bs is 
Tier 5: Yama) 


In Exercises 29-34, express the function in the form 
f(x) = & — k)g(x) + r(x) for the given value of k. Use 
a graphing utility to demonstrate that f(k) = r. 


Function Value of k 
29.0 f CO = ad Ae k=4 
30. f(x) = 15x4+ 1038-62414 k= -3 
31. f(x) = x3 + 3x? — 2x — 14 k= /2 
32. f(x) = x3 + 2x2 -5x-4 pas 
33. f(x) = 4x3 — 6x? — 12x -— 4 k=l 
34. f(x) = —3x3 + 8x7 + 10x — 8 aay 


In Exercises 35-38, use synthetic division to find each 
function value. Use a graphing utility to verify your 
result. 


35. f(x) = 4x3 — 13x + 10 


(a) fl) (b) f(-2) © £3) =—@ FO) 
36. g(x) = x© — 4x4 + 3x2 +2 

(a) g(2) (6b) g(-4) ~—s (©) (3) ~—s @) g(—1) 
37. h(x) = 3x3 + 5x2? -— 10x + 1 

(a) h(3)— (b) AG) © ~A(=2) @ A(-5) 
38. f(x) = 0.4x4 — 1.6x3 + 0.7x2 — 2 

(fll) (b) fl—2)F = ef Gy aa 16) 


In Exercises 39-44, use synthetic division to show that 
x is a solution of the third-degree polynomial equation, 
and use the result to factor the polynomial completely. 
List all the real zeros of the function. 


Polynomial Equation Value of x 
39. = 1s + 6 = 0 x=2 
40. x° — 28x — 48 = 0 x=-4 
41. 2x3 — 15x? + 27x — 10 =0 ee 
42. 2° + 2x? — 3x =6=0 xiS—2 
A353)? +9) x=-2 
44, 0° — x? —13x —-3 =0 x=-3 


In Exercises 45-50, (a) verify the given factors of the 
function f, (b) find the remaining factors of f, (c) use 
your results to write the complete factorization of f, 
(d) list all real zeros of f, and (e) confirm your results 
by using a graphing utility to graph the function. 


Function Factors 
45. f(x) = 2x3 + x? -—5x4+2 (x + 2), — 1) 
46. f(x) = 3x3 + 2x2 — 19x + 6 (x + 3), (x — 2) 


47. f(x) = x4 — 423 — 15x (x — 5), @ + 4) 
+ 58x — 40 

48. f(x) = 8x4 — 143 — 71x? (x + 2), (x — 4) 
= il@kese We 


Oger axe Ox 814 (2x + 1), (3x — 2) 
50. f(x) = 2x3 -22-10x+5 (2x—1),(x + V5) 
In Exercises 51—54, use the Rational Zero Test to list 


all possible rational zeros of f. Verify that the zeros of 
f shown on the graph are contained in the list. 


Sie or Sx 3 
5 


6 4 
—5 
B27 (x) Se 4x — Ax + 16 
18 
=4 6 
-6 


Sey Ie ox Ox 45 


BAN fbn) Stdx 8a Ox? + Oct eee 
2 
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In Exercises 55-62, (a) list the possible rational zeros 
of f, (b) use a graphing utility to graph f so that some 
of the possible zeros in part (a) can be disregarded, 
and (c) determine all the real zeros of f. 


Sk) =x Pax ae 4 

56. f(x) = —3x? + 20x? — 36x + 16 

57. f(x) =— 4x? = 15x? — 8x — 3 

58. f(x) = 4x3 — 12x? —x + 15 

59, f(x) = =2x4 + 13x3 — 21x? + 2x + 8 

60. fx) = 4 4 

61. f(x) = 60° — x? — 13x + 8 

62. f(x) =) 4x2 ell — 18 

In Exercises 63-68, find all the real solutions of the 
polynomial equation. 

6352) 7 

G4 Nees whe ede de Uk) 

65350 791387 1 

66.72)" | fy .— 267 "+4207 0 =U 

61.020 = Ll Gr Oe 

OS Ok 

Graphical Analysis Yn Exercises 69-74, (a) use the 
zero or root feature of a graphing utility to approxi- 
mate (accurate to three decimal places) the zeros of 
the function, (b) determine one of the exact zeros and 


use synthetic division to verify your result, and (c) fac- 
tor the polynomial completely. 


69. isla Sx S60 

HOQmox) = a tO 

Teh) = = te ie 

Toefl (S)e= Ss al 2s 40S — 24 

Tome) ieee dee lO) alae eae. 
TA. fo(a)i=voxt os) Viet 5 1X Ae 00n 07 


In Exercises 75-78, use synthetic division to verify the 
upper bound and lower bound of the zeros of f. 


VE Rs (05 eer Sc mlls 

Upper bound: x = 4; Lower bound: x = —1 
16. fithia tte Ota 12a48 

Upper bound: x = 4; Lower bound: x = —3 
Tie ei a liGy 16 

Upper bound: x = 5; Lower bound: x = —3 
78. f(x) = 2x* — 8x + 3 

Upper bound: x = 3; Lower bound: x 


| 
| 
aS 
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In Exercises 79-82, find the rational zeros of the 
polynomial function. 

79. P(x) = x4 — 2x2 + 9 = 5(4x4 — 25x? + 36) 

80. f(x) =2x3 — 3x2 — Fx + 6 = (2x3 — 3x2 — 23x +12) 


81. f(x) = 28 —t2-x4+5 = 440 - x? - 4x + 1) 
1 


SIE) = ee — $ =4(6z3 + I1z2 — 3z — 2) 


In Exercises 83-86, match the cubic function with the 
correct number of rational and irrational zeros. 

(a) Rational zeros: 0; Irrational zeros: 1 

(b) Rational zeros: 3; Irrational zeros: 0 

(c) Rational zeros: 1; Irrational zeros: 2 

(d) Rational zeros: 1; Irrational zeros: 0 


83. f(x) =x37- 1 
85. f(x) =x° =x 


84.9 f @)=2? — 2 
86. fG) =H = 2% 


87. Data Analysis The average monthly basic rates R 
for cable television in the United States for the years 
1988 through 1997 are given in the table, where ¢ 
represents the time (in years), with t = 0 corre- 
sponding to 1990. (Source: Paul Kagan Associates, 
Inc.) 


(a) Use a graphing utility to sketch a scatter plot of 
the data. 

(b) Use the regression capabilities of a graphing 
utility to find a cubic model for the data. Then 
graph the model in the same viewing window 
as the scatter plot. Compare the model with the 
data. 


(c) Use a graphing utility and the model to create a 
table of estimated values of R. Compare the 
estimated values with the actual data. 


(d) Use the Remainder Theorem to evaluate the 
model for the year 2002. Even though the 
model is relatively accurate for estimating the 
given data, do you think it is accurate to predict 
future cable rates? Explain. 


88. Data Analysis The number of United States military 
personnel M (in thousands) on active duty for the 
years 1989 through 1996 is shown in the table, where 
t represents the time (in years), with t = 0 corre- 
sponding to 1990. (Source: U.S. Department of 
Defense) 


0 1 2 
2044 | 1986 | 1807 


4 5 6 
1611 | 1518 pe 


(a) Use a graphing utility to sketch a scatter plot of 
the data. 


(b) Use the regression capabilities of a graphing 
utility to find a cubic model for the data. Then 
graph the model in the same viewing window 
as the scatter plot. Compare the model with the 
data. 


(c) Use a graphing utility and the model to create a 
table of estimated values of M. Compare the 
estimated values with the actual data. 


(d) Use the Remainder Theorem to evaluate the 
model for the year 2001. Even though the 
model is relatively accurate for estimating the 
given data, would you use this model to predict 
the number of military personnel in the future? 
Explain. 

89. Geometry An open box is to be made from a 
rectangular piece of material 15 centimeters by 9 
centimeters by cutting equal squares from the 
corners and turning up the sides. 


(a) Let x represent the length of the sides of the 
squares. Draw a diagram showing the squares 
removed from the original piece of material and 
the resulting dimensions of the open box. 


(b 


ma 


Use the diagram in part (a) to write the volume 
V of the box as a function of x. Determine the 
domain of the function. 

(c) Use a graphing utility to graph the function and 
approximate the dimensions of the box that 
yield maximum volume. 

(d) Find values of x such that V = 56. Which of 

these values is a physical impossibility in the 

construction of the box? Explain. 


90. Geometry A rectangular package sent by a 
delivery service can have a maximum combined 
length and girth (perimeter of a cross section) of 
120 inches. 


(a) Show that the volume of the package is 
Vix) = 4x2(30 — x). 


(b) Use a graphing utility to graph the function and 
approximate the dimensions of the package that 
yield a maximum volume. 


(c) Find values of x such that V = 13,500. Which of 


these values is a physical impossibility in the 
construction of the package? Explain. 


91. Automobile Emissions The number of parts per 
million of nitric oxide emissions y from a certain car 
engine is approximated by the model 


Wier 00% rohit 36.411.25, 13 <xs.18 


where x is the air-fuel ratio. 

(a) Use a graphing utility to graph the emissions 
function. 

(b) It is observed from the graph that two air-fuel 
ratios produce 2400 parts per million of nitric 
oxide, with one being 15. Use the graph to 
approximate the second air-fuel ratio. 


(c) Algebraically approximate the second air-fuel 
ratio that produces 2400 parts per million of 
nitric oxide. (Hint: Because you know that an 
air-fuel ratio of 15 produces the specified nitric 
oxide emission, you can use synthetic division.) 

92. Advertising Costs A company that manufactures 
bicycles estimates that the profit for selling a partic- 
ular model is 


Pia 45 x49 2500x7 — 275,000, 0 <x 550 


where P is the profit (in dollars) and x is the adver- 
tising expense (in tens of thousands of dollars). 
According to this model, find the smaller of two 
advertising amounts that yield a profit of $800,000. 
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Synthesis 


True or False? In Exercises 93-95, determine 
whether the statement is true or false. Justify your 
answer. 


93. If (7x + 4) is a factor of some polynomial function 
f, then 4 is a zero of f. 
Koes ae LOM 


94. Th ional i 
e rational expression 52d, SD is 


improper. 
95. (2x — 1) is a factor of the polynomial 
OX te Moe 920 ASS BAy Canes 


Think About It Yn Exercises 96 and 97, perform the 
division by assuming that n is a positive integer. 
Ko Ok etal ete 
MM pale 3 
x37 ad 3,22 + 5x” — 6 


=D) 


96. 


97. 


98. Think About It What does it mean for a divisor to 
divide evenly into a dividend? 


99. Writing Write a short paragraph explaining 
how you can check polynomial division. Give an 
example. 


Review 


In Exercises 100-103, perform the operations and 
write the result in standard form. 


100012 4 er si) sr) 
101. = 8: — (2-4, 31) 


102. (—3 — 81)? 13 


1-—4i 


In Exercises 104-107, find a polynomial function that 
has the given zeros. 
104. 0, —12 

106. 0, —1, 2,5 


105. 1, —3,8 
10780. 3D = 8/8 
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You Should Learn: 
The Fundamental Theorem of Algebra jy ey ie eee 
You have been using the fact that an nth-degree polynomial can have at most n Theorem of Algebra to deter- 
real zeros. In the complex number system, this statement can be improved. That mine the number of zeros of 
is, in the complex number system, every nth-degree polynomial function has pre- polynomial functions 
cisely n zeros. This important result is derived from the Fundamental Theorem © How to find all zeros of poly- 
of Algebra, first proved by the famous German mathematician Carl Friedrich nomial functions, including 
Gauss (1777-1855). complex zeros 


® How to find conjugate pairs 
of complex zeros 

° How to find zeros of polyno- 
mials by factoring 


complex: number system. 


rl You Should Learn It: 


Using the Fundamental Theorem of Algebra and the equivalence of zeros and fac- Being able find Sout of poly- 
tors, you obtain the Linear Factorization Theorem. nomial functions is an important 


part of modeling real-life prob- 
lems. For instance, Exercise 65 
on page 270 shows how to deter- 


mine whether a ball thrown with 
a plex) is a polynomial of f degree n | where n 20 f has. precisely n “linear a given velocity can reach a 


factors — 


fl) = a(x - egies oD coe 


where 0,05"... care complex numbers. 


certain height. 


(A proof of the Linear Factorization Theorem is found in Appendix A.) 

Note that neither the Fundamental Theorem of Algebra nor the Linear 
Factorization Theorem tells you how to find the zeros or factors of a polynomial. 
Such theorems are called existence theorems. To find the zeros of a polynomial 
function, you still must rely on other techniques. 

Remember that the n zeros of a polynomial function can be real or complex, 
and they may be repeated. Examples 1| and 2 illustrate several cases. 


Jed acobsohn/Allsport 


EXAMPLE 1 Real Zeros of Polynomial Functions 


| a. The first-degree polynomial f(x) = x — 2 has exactly one zero: x = 2. 


b. Counting multiplicity, the second-degree polynomial function 
(LEIS NIE ee ONE = 3) 


has exactly two zeros: x = 3 and x = 3. 


Note in Example 1 that you can use a graphing utility to verify graphically the 
zeros of the polynomial functions. 
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EXAMPLE 2 Real and Complex Zeros of Polynomial Functions 


Le fp = 33 + 4x 


a. The third-degree polynomial function 


f(x) = x9 + 4x = x(x? + 4) = x(x — 2i)(x + 23) 


has exactly three zeros: x = 0, x = 2i, and x = —2i. In the graph in Figure 
3.27(a), only the real zero x = 0 appears as an intercept. 


b. The fourth-degree polynomial function 
f(x) =x* =1=(@-1@+ D)@-D)a+i) 


(a) 


has exactly four zeros: x = 1,x = —1,x =i, and x = —i. In the graph in 
Figure 3.27(b), only the real zeros x = —1 and x = 1 appear as x-intercepts. 


Example 3 shows how to use the methods described in Sections 3.2 and 3.3 (the 
Rational Zero Test, synthetic division, and factoring) to find all the zeros of a 
polynomial function, including complex zeros. 


(b) 
EXAMPLE 3 Finding the Zeros of a Polynomial Function Figure 3.27 
Write 

Pept xt Dx? — 120-4 8 


as the product of linear factors, and list all of its zeros. 


Solution 
The possible rational zeros are +1, +2, +4, and +8. The graph shown in Figure 


3.28 indicates that 1 and —2 are good guesses, and that | is possibly a repeated 
zero because it touches the x-axis. 
Using synthetic division, you can determine that —2 is a zero and | is a 


repeated zero of f. So, you have 
ee ere lx? 12x + 8 
= (x — 1) — 1)(x + 2)(x? + 4). 


| fo) = x5 + x3 + 2x? 12 +8 


By factoring x* + 4 as a6 
x? — (-4) = (x - J—4)[x + V—4) = @ — 2i(x + 28) 
you obtain 


Fink =e 1) — 1) + 2)@ — 21) + 2i) 


which gives the following five zeros of f- 


ik OU ee es an 


Note from the graph of fshown in Figure 3.28 that the real zeros are the only ones Figure 3.28 


that appear as x-intercepts. 
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Conjugate Pairs 


In Example 3, note that the two complex zeros are conjugates. That is, they are 
of the form a + bi anda — bi. 


Be sure you see that this result is true only if the polynomial function has real 
coefficients. For instance, the result applies to the function f(x) = x* + 1, but not 
to the function g(x) = x — i. 


EXAMPLE 4 Finding a Polynomial with Given Zeros 


Find a fourth-degree polynomial function, with real coefficients, that has — 1, 
— 1, and 3i as zeros. 


Solution 

Because 3i is a zero and the polynomial is stated to have real coefficients, you 
know that the conjugate —3i must also be a zero. So, from the Linear 
Factorization Theorem, f(x) can be written as 


SCR == loess Case Neg Byaleg ae cih 


STUDY TIP 


For simplicity, let a = 1, to obtain 


f(x) = (x? + 2x + 1)(X2 + 9) Some graphing utilities can find 

Pie eee (eco, both real and complex zeros of a 
function. For instance, to find 
all the zeros of 


Factoring a Polynomial f) oot — spans 


The Linear Factorization Theorem shows that you can write any nth-degree : He ee 7a 
polynomial as the product of n linear factors. 


II 


use the graphing utility’s solve 

F(x) = ala — cy) — cx — €3)+ + -&— c, feature. if aan utility 
However, this result includes the possibility that some of the values of c; are can find complex zeros, you will 

complex. The following theorem says that even if you do not want to get involved obtain the following solutions. 

with “complex factors,” you can still write f(x) as the product of linear and/or x=1+3i x=1-3i 


quadratic factors. 
HAS. KS =D 


actors fave no real zeros. 


(For a proof of this theorem, see Appendix A.) 


The Fogg Art Museum 
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A quadratic factor with no real zeros is said to be irreducible over the reals. Be 
sure you see that this is not the same as being irreducible over the rationals. For 
example, the quadratic 


x = (x = ix + 7) 


is irreducible over the reals (and therefore over the rationals). On the other hand, 
the quadratic 


x2—-2=(x- V2)\(x + 2) 


is irreducible over the rationals, but reducible over the reals. 


EXAMPLE 5 Factoring a Polynomial 


Write the polynomial 
ee Xe” > 20 


a. as the product of factors that are irreducible over the rationals, 


b. as the product of linear factors and quadratic factors that are irreducible over 
the reals, and 


c. in completely factored form. 


Solution 
a. Begin by factoring the polynomial into the product of two quadratic 
polynomials. 


xt — x? — 20 = (x2 — 5)(x? + 4) 
Both of these factors are irreducible over the rationals. 
b. By factoring over the reals, you have 
x4 — x2 — 20 = (x + J/5)(x — /5)(x? + 4) 
where the quadratic factor is irreducible over the reals. 


c. In completely factored form, you have 


Roe kg = (x ‘3 J5 \(x =e J5\(x Stee 21) 


In Example 5, notice from the completely factored form that the fourth-degree 
polynomial has four zeros. 

Throughout this chapter, the results and theorems have basically been stated 
in terms of zeros of polynomial functions. Be sure you see that the same results 
could have been stated in terms of solutions of polynomial equations. This is true 
because the zeros of the polynomial function 

Bi Gene re a ee aul 
are precisely the solutions of the polynomial equation 


nd ei me OX re ta U. 
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EXAMPLE 6 Finding the Zeros of a Polynomial Function 


Find all the zeros of 


ae She Sie Gene) 


given that 1 + 37 is a zero of f. 
Algebraic Solution 


Because complex zeros occur in conjugate pairs, you know that 
1 — 3 is also a zero of f. This means that both 


x — (1 + 3i) and x= (131) 
are factors of f(x). Multiplying these two factors produces 
[x — (1 + 30x — (1 — 31] = [@ — 1) — il — 1) +: 33] 
= (al ae ho 
=x? —2x 4 10. 
Using long division, you can divide x? — 2x + 10 into f(x) to 
obtain the following. 
NP ee 0 
i 10) xy Ge 0 
Aaa ore LO 
ex? ie 2n, 
See ees Se 


—6x2 + 12x — 60 
—6x? + 12x — 60 
0 


Therefore, you have 
f(x) = &? — 2x + 10)(x? — x — 6) 
= (x2 — 2x + 10)(x — 3)@ + 2) 


and you can conclude that the zeros of f are 1 + 3i, 1 
a2 


ot. On and 


Graphical Solution 


Because complex zeros always occur in conju- 
gate pairs, you know that 1 — 37 is also a zero 
of f. Because the polynomial is a fourth-degree 
polynomial, you know that there are at most 
two other zeros of the function. Use a graphing 
utility to graph 


y= or Oe er eon 


as shown in Figure 3.29. 


[y=x4— 3x3 + 6x? + 2x - 60 


Figure 3.29 


You can see that — 2 and 3 appear to be x-inter- 
cepts of the graph of the function. Use the zero 
or root feature or the zoom and trace features 
of the graphing utility to confirm that x = —2 
and x = 3 are x-intercepts of the graph. So, 
you can conclude that the zeros of f are 


Lr 31, Li StS sane 


In Example 6, if you had not been told that 1 + 3i is a zero of f, you 
could still find all zeros of the function. You could use synthetic division to 
find the real zeros —2 and 3. Then, you could factor the polynomial as 
(x + 2)(x — 3)(x? — 2x + 10). Finally, by using the Quadratic Formula, you 
St oh, 


could determine that the zeros are | + 3i, 1 


“nique ue rite a paragraph aiscice when the use 
. _ appropriate. Se ES 


x Qf each technique is is 
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In Exercises 1-8, find all the zeros of the function. 
1. f(x) = x(x — 6)? 
~ f(x) = x2 + 3)? —- 1) 
. g(x) = (* — 2)%+4) 4 f(x) =(@4+5)(x-8) 
. fx) = & + 6) + DO — i) 
. A(t) = (t — 3)(t — 2)(t — 3i)(t + 3i) 
f(x) =(@ = 2+ 3 —5)@+3 + 5i) 
. h(m) = (m — 4)?(m — 2 + 4i)(m — 2 —- 47) 


eon N mH WwW WY 


Graphical and Analytical Analysis In Exercises 9-12, 
find all the zeros of the function. Is there a relation- 
ship between the number of real zeros and the 
number of x-intercepts of the graph? Explain. 


Oia) = x — 4x7 
+x-4 


108 f(x) x — 4x" 
= 4x +016 


eee axe 4 12. 


In Exercises 13-32, find all the zeros of the function 
and write the polynomial as a product of linear factors. 
Use a graphing utility to graph the function to verify 
your results graphically. (If your graphing utility can 
find complex zeros, use it to verify the complex zeros.) 
13..h)=x7—4x +1 14. e(x) = x7. + 10x + 23 
15e7G) =x — 12x + 2616. f(x) =x? + 6x - 2 
Lee) =x? P25 18. f(x) Sex =X 56 
19. f(x) = x* — 81 20. f(y) = y* — 625 
Deis) = = 22 + 2 

Oo ei ee — ox a 2 

Daf = 173i? — 15¢ + 125 


24. f(x) =x? + Tine Sr 39x 4.29 

25. f(x) = 16x? — 20x7 — 4% + 15 

26. f(s) = 2s? = S570 2 see 

27.. f(x) = x* + 10x? + 9 

28. f(x) = x* + 29x? + 100 

29. o(x) = x* — 4x? + 8x? — 16x + 16 

30.. h(x) = x* + 6x? + 10x? + 6x + 9 

31. f(x) = 2x4 + 5x9 + 4x2 + 5x +2 

32) os) =e 8x Sx On 2 04 


In Exercises 33-40, (a) find all zeros of the function, 
(b) write the polynomial as a product of linear 
factors, (c) use your factorization to determine the 
x-intercepts of the graph of the function, and (d) use 
a graphing utility to verify that the real zeros are the 
only x-intercepts. 


33.. f(x) = x7 — [4a AG 34557 x a 4 


35. f(x) = x2 + ld eee ee eee 
37. f(x) = © = Wiel50 

38.. fi) = & oe Ooo aes 

39. fa) = eos eae 

40. f(x) = x — Sie oro 


In Exercises 41-48, find a polynomial function with 
integer coefficients that has the given zeros. (There 
are many correct answers.) 
41.41.30 at 

43. 2,44 1,4-i 

AS nin= 120tae Ot 
ATS) yOu 


42. 4, 3i, -3i 
44. 6,-5 + 2i, -5 — 2i 
46. 2,2, 2, 4i, —4i 

48. 0,0,4,1 + /2i 


In Exercises 49-52, write the polynomial (a) as the 
product of factors that are irreducible over the 
rationals, (b) as the product of linear and quadratic 
factors that are irreducible over the reals, and (c) in 
completely factored form. 


AQ) = On — 0 ey ey a One 27 
Sine eee eee eo te i IS 
(Hint: One factor is x? — 6.) 


Se) Cees tert ore x ear 2x20 
(Hint: One factor is x? + 4.) 
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In Exercises 53-60, use the given zero to find all the 
zeros of the function. 


Function Zero 
BS fina Ae 0X eo 5i 
54. Sali x) ke Axe 4 i 
RO ke a a KT 5 i 
56.4) = 4° + 23x2 + 34x — 10 SSP sul: 
57. h(x) = 3x3 — 4x2 + 8x + 8 1- J3i 
58. f(x) = x + 4x? + 14x + 20 a ey 
59. h(x) = 8x3 — 14x2 + 18x — 9 (1 — /5i) 
60. f(x) = 25x? — 55x2-— 54x18 4(-2 + V2i) 


Graphical Analysis In Exercises 61-64, (a) use the 
zero or root feature of a graphing utility to approxi- 
mate the zeros of the function accurate to three 
decimal places, (b) determine one of the exact zeros 
and use synthetic division to verify your result, and 
(c) find the exact values of the remaining zeros. 


Gleeiiy) Xt OX Ok a 
C2) ae ee A 0 

63. h(x) = 8x? — 14x? + 18x — 9 

64. f(x) = 25x3 — 55x2 — 54x — 18 


65. Maximum Height A baseball is thrown upward 
from ground level with an initial velocity of 48 feet 
per second, and its height h (in feet) is 


h= —16t2+ 48% O< ¢ <3 


where f is the time (in seconds). Suppose you are 
told that the ball reaches a height of 64 feet. Is this 
possible? Explain. 


66. Profit The demand equation for a microwave is 
p = 140 — 0.0001x 


where p is the unit price (in dollars) of the 
microwave and x is the number of units produced and 
sold. The cost equation for the microwave is 


C= 80%4 150/000 


where C is the total cost (in dollars) and x is the num- 
ber of units produced. The total profit obtained by 
producing and selling x units is 


P=IR- C= op — C. 


Suppose you are working in the marketing depart- 
ment that produces this microwave, and you are 
asked to determine a price p that would yield a profit 
of 9 million dollars. Is this possible? Explain. 


Synthesis 


True or False? In Exercises 67 and 68, decide 
whether the statement is true or false. Justify your 
answer. 


67. It is possible for a third-degree polynomial function 
with integer coefficients to have no real zeros. 

68. If x = 4 + 37 is a zero of the function f(x) = 
XO Te = 13x" + 205% OU are eae oe tes 
must also be a zero of f. 

69. Exploration Use a graphing utility to graph the 
function f(x) = x4 — 4x? + k for different values 
of k. Find values of k such that the zeros of f satisfy 
the specified characteristics. (Some parts have many 
correct answers.) 

(a) Four real zeros 

(b) Two real zeros each of multiplicity 2 
(c) Two real zeros and two complex zeros 
(d) Four complex zeros 

70. Think About It Will the answers to Exercise 69 
change for the function g? 

(a) gx) =f(x-— 2) — (b)- ax) = f(2x) 
71. Find a quadratic function f (with integer coeffi- 


cients) that has +./bi as zeros. Assume that b is a 
positive integer. 


72. Find a quadratic function f (with integer coeffi- 
cients) that has a + bi as zeros. Assume that D is a 
positive integer. 


Review 


In Exercises 73-76, simplify the rational expression. 


x? — 8x + 15 x7 -— 4x -— 12 
> — oe 
x? -—9 1h x? — 36 
x? — 9x2 + 20x x3 — 6x2 — 5x + 30 
75. = SSS SSS SS 
x? — 4x tp 2 =) 3x%— 18x 


In Exercises 77-80, sketch the graph of the function. 
Identify the vertex and any intercepts. Use a graphing 
utility to verify your results. 
Ted ae ea — § 
f(x) = —-x? +x+6 

) 

) 


ane = 6x? + 5x — 6 
80. f(x) = 4x? + 2x -— 12 


3.5 ¢ Rational Functions and Asymptotes 27 


3.5 RationalEunctions,ands Asymptote 


What | 


Introduction to Rational Functions 


A rational function can be written in the form 


ne) 


Cas G 


where M(x) and D(x) are polynomials and D(x) is not the zero polynomial. In this 
section it is assumed that N(x) and D(x) have no common factors. 

In general, the domain of a rational function of x includes all real numbers 
except x-values that make the denominator zero. Much of the discussion of ratio- 
nal functions will focus on their graphical behavior near these x-values. 


EXAMPLE 1 Finding the Domain of a Rational Function 


Find the domain of f(x) = 1/x and discuss the behavior of f near any excluded 
x-values. 


Solution 

Because the denominator is zero when x = 0, the domain of f is all real numbers 
except x = 0. To determine the behavior of f near this excluded value, evaluate 
f (x) to the left and right of x = 0, as indicated in the following tables. 


26.1 | 2601 | “0001/30 
aii | =100 | —1000 mee 


0.001 a es! 
1000 | 100 are 


Note that as x approaches 0 from the left, f(x) decreases without bound. In con- 
trast, as x approaches 0 from the right, f(x) increases without bound. The graph 
of f is shown in Figure 3.30. 


David Woodfull/Tony Stone Images 


Figure 3.30 
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Horizontal and Vertical Asymptotes 


In Example 1, the behavior of f(x) = 1/x near x = 0 is denoted as follows. 


f(x) > -—coas x07 f(x) > co as x 3 0F 

SF eee So 

f(x) decreases without bound as f(x) increases without bound as . 
x approaches 0 from the left. x approaches 0 from the right. 


The line x = 0 is a vertical asymptote of the graph of f as shown in Figure 3.31. 
The graph of f also has a horizontal asymptote—the line y = 0. This means the 
values of f(x) = 1/x approach zero as x increases or decreases without bound. 


f(x) 0 asx —00 f(x) 30 as x00 
SS ey ————————— 
f(x) approaches 0 as x f(x) approaches 0 as x 
decreases without bound. increases without bound. 


Horizontal asymptote: x-axis 
Figure 3.31 


Definition of Vertical and Horizontal Asymptotes im 


1. The line x = a is a vertical asymptote of the graph of f if f(x) 00 or 


f(x) > — 00 as xa, either from the right or from the left. Or 
2. The line y = b is a horizontal asymptote of the graph of f if f(x) > bas ey —10 | -100 | 108) 


X=? COOL N= = 00- 


Eventually (as x oo or x — 00), the distance between the horizontal asymp- 
tote and the points on the graph must approach zero. Figure 3.32 shows the 
horizontal and vertical asymptotes of the graphs of three rational functions. 


Horizontal | fps 2) Vertical 
asymptote: y = 2 (x-1)?] 4 [asymptote: x= 1 
mS 3 -3 5 
: = = = 
Vertical Horizontal " Horizontal 
asymptote: x =—1 asymptote: y = 0 asymptote: y = 0 


Figure 3.32 
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A ‘cress JAY Function 


_ wher 2 N(x) and DQ) have no common ae 


The graph of f has vertical asymptotes at the ZeTOS of Dia 


The graph of f has at most one horizontal as oe by com: 
paring the degrees of Mca) and D(x). 


oa. lin, <m, the line -y = 0 (the x-axis) i is a horizontal asymptote. 


be Tfn: =m, the line y = a,/b,, isa horizontal asymptote. 


c. Ifn S ™, the graph of f has no. horizontal asymptote. 


EXAMPLE 2 Finding Horizontal Asymptotes 
a. The graph of 


foe 


2% 
Sy a 
has the line y = O (the x-axis) as a horizontal asymptote, as shown in Figure 


3.33(a). Note that the degree of the numerator is /ess than the degree of the 
denominator. 


S 


The graph of 

Boi oe 
ax I 
has the line y = < as a horizontal asymptote, as shown in Figure 3.33(b). Note 
that the degree of the numerator is equal to the degree of the denominator, and 
the horizontal asymptote is given by the ratio of the leading coefficients of the 
numerator and denominator. 


g(x) = 


The graph of 
Dx 
aes be cael 
has no horizontal asymptote because the degree of the numerator is greater 
than the degree of the denominator. See Figure 3.33(c). 


Cc 


Although the graph of the function in part (c) does — have a horizontal 
asymptote, it does have a slant asymptote—the line y = 3x. You will study slant 
asymptotes in the next section. 


Horizontal 
asymptote: 
y=0 


Horizontal 
asymptote: 


y= 


(b) 


-1.5 


(c) 
Figure 3.33 
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EXAMPLE 3 Finding a Function’s Domain and Asymptotes 


For the function f, find (a) the domain of f, (b) the vertical asymptote of f, and 


(c) the horizontal asymptote of f. 


Gye es aa 
Ba 458175 
Algebraic Solution Numerical Solution 
a. Because the denominator is zero when a. Because the denominator is zero when — 4x? + 5 = 0, solve 
—4x3 + 5 = 0, solve this equation to determine this equation to determine that the domain of f is all real 
that the domain of f is all real numbers except numbers except x = ae 
== 3/5 
x= V4. b. Because the denominator of f has a zero at x = ae the 
b. Because the denominator of f has a zero at graph of f has the vertical asymptote x = 3/5 ~ 1.08, as 
x= qo and ae is not a zero of the numerator, shown in Figure 3.34. 


2 a h in Fj 334 c. You can create tables like those shown in Figure 3.35 to 
Wt Mien eae estimate that the graph of f has a horizontal asymptote at 
c. Because the degrees of the numerator and denom- y= —} because the values of f(x) become closer and closer 


inator are the same, the horizontal asymptote is to —? as x becomes increasingly large or small. 
given by the ratio of the leading coefficients. 


the Es of f has the vertical asymptote 


leading coefficient of numerator 3 
Ae : = : = 
“leading coefficient of denominator 4 
The horizontal asymptote of f| y = —? is 


shown in Figure 3.34. 


X Increases Without Bound X Decreases Without Bound 
Figure 3.35 


fa)= 3x3 + 7x2 +2 
—4x3 + 5 


Figure 3.34 


EXAMPLE 4 A Graph with Two Horizontal Asymptotes 


A function that is not rational can have two horizontal asymptotes—one to the left 
and one to the right. For instance, the graph of 


ae 10) 
= a —————— 
FU ae 
is shown in Figure 3,36. It has the line y = —1 as a horizontal asymptote to the 


left and the line y = 1 as a horizontal asymptote to the right. You can confirm this 
by rewriting the function as follows. 


xe 10 ; 
an ahgy c= 10 es) = —aatine se << (0 
f(x) = a 
Xa LO : 
X= 0) |x| = x forx = 0 Figure 3.36 


ee oe 
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Applications 


There are many examples of asymptotic behavior in real life. For instance, 
Example 5 shows how a vertical asymptote can be used to analyze the cost of 
removing pollutants from smokestack emissions. 


EXAMPLE 5 Cost-Benefit Model 


A utility company burns coal to generate electricity. The cost of removing a 
certain percent of the pollutants from the smokestack emissions is typically not 
a linear function. That is, if it costs C dollars to remove 25% of the pollutants, 
it would cost more than 2C dollars to remove 50% of the pollutants. As the 
percent of removed pollutants approaches 100%, the cost tends to become pro- 
hibitive. Suppose that the cost C (in dollars) of removing p% of the smokestack 


pollutants is 
80,000 
Bre Se Spe" 100. 
LOO = p 


Sketch the graph of this function. Suppose you are a member of a state legislature 
that is considering a law that would require utility companies to remove 90% of 
the pollutants from their smokestack emissions. If the current law requires 85% 
removal, how much additional cost would there be to the utility company because 
of the new law? 


Solution 

The graph of this function is shown in Figure 3.37. Note that the graph has a ver- 
tical asymptote at p = 100. Because the current law requires 85% removal, the 
current cost to the utility company is 


80,000(85) ’ 
= Substitute 85 for p. 
1G0.— 85 


= $453,333. 


If the new law increased the percent removal to 90%, the cost to the utility 
company would be 


— 80,000(90) 
i100. 90 


= $720,000. 
So, the new law would require the utility company to spend an additional 


720,000 — 453,333 = $266,667. 


Substitute 90 for p. 
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EXAMPLE 6 Average Cost of Producing a Product 


A business has a cost function of C = 0.5x + 5000, where C is measured in 
dollars and x is the number of units produced. The average cost per unit is 


C _ 0.5x + 5000 
x X 


C= 


Find the average cost per unit when x = 1000, 5000, 10,000, and 100,000. What 
is the horizontal asymptote for this function, and what does it represent? 


Algebraic Solution 
When x = 1000, 


0.5(1000) + 5000 
1000 


When x = 5000, 


_ 0.5(5000) + 5000 
5000 


When x = 10,000, 


¥ 0.5(10,000) + 5000 
10,000 

When x = 90,000, 

0.5(90,000) + 5000 


CS re = a ne 
90,000 : 


= $5.50. 


>) 
Il 


OI 


= $1.50. 


>) 


= $1.00. 


Because the degree of the numerator and 


denominator are the same for 


0.5x + 5000 
& 


C= 


the horizontal asymptote is given by the ratio 
of the leading coefficients of the numerator 
and denominator. So, the graph has the line 
C = $0.50 as a horizontal asymptote. This 
line represents the least possible unit cost for 


the product. 


Graphical Solution 


Using a graphing utility to graph the function 


0.5x + 5000 
waa et a 


using a viewing window similar to the graph shown in Figure 3.38. 
Then use the trace or value feature to approximate the following. 


When x = 1000, y, = $5.50. When x = 5000, y, = $1.50. 
When x = 10,000, y, = $1.00. When x = 90,000, y, = $0.56. 


Continue to use the trace or value feature to approximate values of 
f(x) for larger and larger values of x. From this, you can estimate the 
horizontal asymptote to be y = $0.50. This line represents the least 
possible cost for the product. 


7 * 4 


ich 
2 


e} 
af 
x 
= 
in 
af 


Average cost 
(in dollars) 


Number of units 


Figure 3.38 
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3.5 


In Exercises 7-12, match the function with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


In Exercises 1-6, (a) complete each table, (b) deter- 
mine the vertical and horizontal asymptotes of the 


function, and (c) find the domain of the function. 


(b) 


(a) 


=D 
ye = al 


11. f@) = 


In Exercises 13-18, (a) find the domain of the func- 
tion, (b) identify any horizontal and vertical asymp- 
totes, and (c) verify your answer to part (a) both 


graphically by using a graphing utility and numeri- 


cally by creating a table of values. 
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Analytical and Numerical Explanation In Exercises 
19-22, (a) determine the domain of f and g, (b) find 
any vertical asymptotes of f, (c) complete the table, 
and (d) explain what your results suggest. 


o(x) =x 22 


Ne 


Dis = 2 


meee | 8!) eas 


22. f(x) = 


Exploration In Exercises 23-26, determine the value 
the function f approaches as the magnitude of x 
increases. Is f(x) greater than or less than this func- 
tional value when x is positive and large in magni- 
tude? What about when x is negative and large in 
magnitude? 


23 f(x — 4— - 24. f(x) =2+ : 2 ; 
2x — 1 = 
7B, MO sae 26. f(x) = = zi ; 


In Exercises 27-30, find the zeros (if any) of the 
rational function. Use a graphing utility to verify your 
answer. 


x2 — 9 x-— 8 
27. g(x) = = 28. a) = 
9) 4 
a h(x) = 6 + 
29. f(x) 1 woke 30. h(x) = 6 42 


31. Pollution The cost (in millions of dollars) for 
removing p% of the industrial and municipal 
pollutants discharged into a river is 

20 
SO 2 ie 100. 
100 =p 

(a) Find the cost of removing 10% of the pollutants. 

(b) Find the cost of removing 40% of the pollutants. 

(c) Find the cost of removing 75% of the pollutants. 


(d) Use a graphing utility to graph the cost function. 
Be sure to choose an appropriate viewing 
window. Explain why you chose the values that 
you used in your viewing window. 


(e) According to this model, would it be possible to 
remove 100% of the pollutants? Explain. 


32. Recycling In a pilot project, a rural township was 


given recycling bins for separating and storing recy- 
clable products. The cost (in dollars) for supplying 
bins to p% of the population is 


_ 25,000p 


= Poe) = 100 
100 — p’ i 


(a) Find the cost of giving bins to 15% of the popu- 
lation. 


(b) Find the cost of giving bins to 50% of the popu- 
lation. 


(c) Find the cost of giving bins to 90% of the popu- 
lation. 


(d) Use a graphing utility to graph the cost function. 
Be sure to choose an appropriate viewing win- 
dow. Explain why you chose the values that you 
used in your viewing window. 


(e) According to this model, would it be possible to 
supply bins to 100% of the residents? Explain. 


33. Data Analysis 


34 


Consider a physics laboratory 
experiment designed to determine an unknown mass. 
A flexible metal meter stick is clamped to a table 
with 50 centimeters overhanging the edge. Known 
masses M ranging from 200 grams to 2000 grams are 
attached to the end of the meter stick. For each mass, 
the meter stick is displaced vertically and then 
allowed to oscillate. The average time f in seconds of 
one oscillation for each mass is recorded in the table. 


400 | 600 "800 
0.597 | 0.721 | 0.831 


A model for the data is 


ce 38M + 16,965 
~ 10(M + 5000)’ 


(a) Use a graphing utility to create a table showing 
the estimated time based on the model for each 
of the masses shown in the table. What can you 
conclude? 

(b) Use the model to approximate the mass of an 
object if the average for one oscillation is 1.056 
seconds. 

Data Analysis The endpoints of the interval over 

which distinct vision is possible are called the near 

point and far point of the eye. With increasing age 
these points normally change. The table gives the 
approximate near points y in centimeters for various 

ages x. 


10 | 20 30 | 40 | 50 


=E | 10 | 14 22 | 40 
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Object 
blurry 


Object 
clear 


Object 
blurry 


(a) Fit a rational model to the data. Take the recipro- 
cals of the near points to generate the points 
(x, 1/y). Use the regression capabilities of a 
graphing utility to fit a line to this data. The 
resulting line has the form 


1 
= == (ne ar Ia: 
ty 


Solve for y. 
(b 


— 


Use a graphing utility to create a table giving the 
predicted near point based on the model for each 
of the ages in the given table. 


(c) Do you think the model can be used to predict 
the near point for a person who is 60 years old? 
Explain. 


35. Deer Population The game commission intro- 


duces 100 deer into newly acquired state game lands. 
The population of the herd is 


20(5 + 31) 
a oe 
Netty 6 4g eee 


where ¢ is the time (in years). 
(a) Find the population when tf is 5, 10, and 25. 


(b) What is the limiting size of the herd as time 
increases? Explain your reasoning. 


205 + 31) 
= 1+0.04t | 


Deer population 
wo 
S 


~ 50 100 150 200 250 
Time (in years) 


280 


36. 


37. 
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Insects A biology class performs an experiment 
comparing the quantity of food consumed by a cer- 
tain kind of moth with the quantity supplied. The 
model for their experimental data is 


1.568x — 0.001 
6.300 xii al 


y= eel 

where x is the quantity (in milligrams) of food 
supplied and y is the quantity (in milligrams) eaten. 
At what level of consumption will the moth become 
satiated? 


_ 1.568x—0.001 
~  6.360x + 1 


Food eaten (in mg) 
(=) 


025 050 0.75 10 1.25 
Food supplied (in mg) 


Military The number of United States military 
reserve personnel M (in thousands) for the years 
1990 through 1997 is shown in the table. (Source: 
U.S. Department of Defense) 


LOOT 1992" 11993 
1786 | 1883 | 1867 
19954) 1996. 91997 
1659 | 1550 | 1461 


A model for the data is 


_ 1671.92 + 130.231 
| 002 0.002 


where f¢ is time (in years), with t = 0 corresponding 
to 1990. 


(a) Use a graphing utility to plot the data and graph 
the model in the same viewing window. 

(b) Use the model to estimate the number of military 
reserve personnel in 2002. 


(c) Would this model be useful for estimating the 
number of military reserve personnel for future 
years? Explain. 


Synthesis 


True or False? In Exercises 38 and 39, determine 
whether the statement is true or false. Justify your 
answer. 


38. A rational function can have infinitely many vertical 
asymptotes. 
39. f(x) = x8 — 2x? — 5x + 6 is a rational function. 


Think About It In Exercises 40-43, write a rational 

function f having the specified characteristics. (There 

are many correct answers.) 

40. Vertical asymptotes: x = —2,x = 1 

41. Vertical asymptote: None 
Horizontal asymptote: y = 0 

42. Vertical asymptote: None 
Horizontal asymptote: y = 2 

43. Vertical asymptotes: x = 0,x = 


Horizontal asymptote: y = —3 
Review 


In Exercises 44—49, find all solutions of the equation. 
44, 225x — 50x7 = 0 45. x(10 — x) = 25 

46. 277 — 37°— 35 = 0 47. t — 50t=0 

48. 27x°.— 147x = 0 49. x* — 225 =0 


In Exercises 50-53, divide using synthetic division. 


50. (x2 + 5x + 6) + (x — 4) 


51. (x? — 10x + 15) + (x — 3) 
52. (2x2 + x — 11) + (x + 5) 
53. (4x2 + 3x — 10) + & + 6) 


In Exercises 54-57, find a polynomial with integer 
coefficients that has the given zeros. (There are many 
correct answers.) 
54.5, tL 

Lib Oy.) ae th So = G 


Shy Glassy 
ot al ieee ia a2 i) 
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The Graph of a Rational Function 


To sketch the graph of a rational function, use the following guidelines. : graphs of rational functions 


° ee to ake md en 


© How to decide whether Bo 
of rational funetions have 
- oe ee 
oi] 


si eae 


‘faue behavior a a incon 
Exercise 75 on page | 288 models a 
the number of kidney transplants _ 

in the U, S., and Ly oe. 


Testing for symmetry can be useful, especially for simple rational functions. For 
example, the graph of f(x) = 1/x is symmetrical with respect to the origin, and 
the graph of g(x) = 1/x? is symmetrical with respect to the y-axis. 

Graphing utilities have difficulty sketching graphs of rational functions that 
have vertical asymptotes. Often, the utility will connect parts of the graph that are 
not supposed to be connected. For instance, Figure 3.39(a) shows the graph of 


1 
m= 
Notice that the graph should consist of two unconnected portions—one to the left 
of x = 2 and the other to the right of x = 2. To eliminate this problem, you can 
try changing the mode of the graphing utility to dot mode. The problem with this 
is that the graph is then represented as a collection of dots rather than as a smooth 


curve, as shown in Figure 3.39(b). 


5 


(a) Connected mode (b) Dot mode 
Figure 3.39 


Superstock 


282 Chapter 3 © Polynomial and Rational Functions 


EXAMPLE 1 Sketching the Graph of a Rational Function 


3 
Sketch the graph of g(x) = aol by hand. 


Solution 

y-Intercept: (0, —3), because 9(0) = —3. 
x-Intercept: None, because 3 # 0. 

Vertical Asymptote: x = 2, zero of denominator 

Horizontal Asymptote: y = 0, degree of N(x) < degree of D(x) 
Additional Points: 3 e 


By plotting the intercepts, asymptotes, and a few additional points, you can obtain 
the graph shown in Figure 3.40. Confirm this with a graphing utility. 


Note that the graph of g in Example 1 is a vertical stretch and a right shift of the 
graph of 


because 


g(x) = 5 = 3(—) = te - 2). 


EXAMPLE 2 Sketching the Graph of a Rational Function 


Sketch the graph of f(x) = relia 


by hand. 
Solution 
y-Intercept: None, because x = 0 is not in the domain. 
x-Intercept: (6, 0), because 2x — 1 = 0} orx = 5. 
Vertical Asymptote: x = 0, zero of denominator 


Horizontal Asymptote: y = 2, degree of N(x) = degree of D(x) 
Additional Points: - 


10) na 
Ie 2.25(3 | -2 1.75 | 


By plotting the intercepts, asymptotes, and a few additional points, you can obtain 
the graph shown in Figure 3.41. Confirm this with a graphing utility. 


} | | 


Figure 3.40 
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EXAMPLE 3 Sketching the Graph of a Rational Function 


Sketch the graph of f(x) = oe 
Raney oe 

Solution 
By factoring the denominator, you have 

x 

P(e) = Lee EM 
=; os 
(eal Ge = 2) 

y-Intercept: (0, 0), because f(0) = 0. 
x-Intercept: (0, 0) 
Vertical Asymptotes: | x = —1,x = 2, zeros of denominator 
Horizontal Asymptote: 
Additional Points: 


The graph is shown in Figure 3.42. 


EXAMPLE 4 Sketching the Graph of a Rational Function 


Zi 9 
Sketch the graph of f(x) = — 


Solution 
By factoring the numerator and denominator, you have 
m2 9) 
j= — 
- 2a 3) 3) a i i a 
eee 2) Seance 
9 Ee BESS 
y-Intercept: (0, 3), because f (0) = 5. were a 
snerceps: -3.0),(3.0) vaizall FV 
x-Intercepts: (=350)5 (3, ie ag 
Vertical Asymptotes: x = —2, x = 2, zeros of denominator psypiotet tn 
Horizontal Asymptote: y = 2, degree of N(x) = degree of D(x) imo | 
Symmetry: With respect to y-axis, because f(—x) = f(x). Pa 4 
Additional Points: 25 6 | ceatan duane 
SCI ist 
=2.44 | 1.69 | Seen 
E is ‘ 
The graph is shown in Figure 3.43. Figure 3.43 


(>) A computer animation of this example appears in the /nteractive CD-ROM 
9) and Internet versions of this text. 
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Vertical 
asymptote: 
x=-l 


Slant Asymptotes 


If the degree of the numerator of a rational function is exactly one more than the 
degree of its denominator, the graph of the function has a slant (or oblique) 
asymptote. For example, the graph of 


x*-—xXx 
gee Ml 


fx) = 


has a slant asymptote, as shown in Figure 3.44. To find the equation of a slant 
asymptote, use long division. For instance, by dividing x + 1 into x? — x, you 
have 


2 

in lies als! asymptote: 

are y=x-2 
2 5 Figure 3.44 
NS oe ea pee 
—————) 
Slant asymptote 
(merece 2) 


In Figure 3.44, notice that the graph of f approaches the line y = x — 2 as x 
moves to the right or left. 


EXAMPLE 5 A Rational Function with a Slant Asymptote 


x?-x-2 


Graph the function f(x) = 
Solution 
First write f(x) in two different ways. Factoring the numerator 


ey ee Ser!) 


R= ll 


igi | yeas 

allows you to recognize the x-intercepts, and long division 
oa ee 

x= sh 


—> Oasx +00 
x—] 5 Il 


allows you to recognize that the line y = x is a slant asymptote of the graph. 


y-Intercept: (0, 2), because f(0) = 2. 

x-Intercepts: (ST0)5 (2-0) 

Vertical Asymptote: x = 1, zero of denominator 

Slant Asymptote: 

Additional Points: Wwe 
0.5 | 1.5 3 Vertical 
PEAS asymptote: asymptote: 

VSr pail! 


The graph is shown in Figure 3.45. Figure 3.45 
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Application 


EXAMPLE 6 Finding a Minimum Area 


A rectangular page is designed to contain 48 square inches of print. The margins : y 
on each side of the page are each 15 inches. The margins at the top and bottom 
are each | inch. What should the dimensions of the page be so that the minimum 


amount of paper is used? 
Graphical Solution 


Let A be the area to be minimized. From Figure 
3.46, you can write 


A = (x + 3)(y + 2). 


The printed area inside the margins is modeled 
by 48 = xy or y = 48/x. To find the minimum 
area, rewrite the equation for A in terms of just 
one variable by substituting 48/x for y. 


A=(+3)(— +2] 
_ +3442) |. 
Ez 


The graph of this rational function is shown in 
Figure 3.47. Because x represents the width of 
the printed area, you need consider only the por- 
tion of the graph for which x is positive. Using 
a graphing utility, you can approximate the min- 
imum value of A to occur when x ~ 8.5 inches. 
The corresponding value of y is 48/8.5 ~ 5.6 
inches. So, the dimensions should be 


x + 3 = 11.5 inches by y + 2 ~ 7.6 
inches. 


a= (x+3)48+2%) 9 
120 — 2 


Figure 3.47 


Figure 3.46 
Numerical Solution 


Let A be the area to be minimized. From Figure 3.46, you can write 
= (x + 3)(y + 2). 


The printed area inside the margins is modeled by 48 = xy or 
y = 48/x. To find the minimum area, rewrite the equation for A in 
terms of just one variable by substituting 48/x for y. 


A=(r+3(" +2)= eas Gana), eri 


Xx 


Use the table feature of a graphing utility to create a table of values 
(or S48 2y) 


Xx 


for the function y, = beginning at x = 1, as 


shown in Figure 3.48. 


Figure 3.48 


From the table, you can see that the minimum value of y, occurs 
when x is somewhere between 8 and 9. To approximate the minimum 
value of y, to one decimal place, change the table to begin at 8 with 
an increment of 0.1. The minimum value of y, occurs when x ~ 8.5, 
as shown in Figure 3.49. The corresponding value of y is 
48/8.5 ~ 5.6 inches. So, the dimensions should be x + 3 ~ 11.5 
inches by y + 2 = 7.6 inches. 


¥1=87.9411764706 | 
Figure 3.49 


If you go on to take a course in calculus, you will learn an analytic technique for 
finding the exact value of x that produces a minimum area in Example 6. In this 


case, that value is x = 6572. =~ 8.485. 
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In Exercises 1-4, use a graphing utility to graph 
f(x) = 2/x and the function g in the same viewing 
window. Describe the relationship between the two 
graphs. 


Ise) = f(x) + 1 
3. glx) = —f(x) 


2:72) =f etl) 
4. g(x) = 5 f(x + 2) 


In Exercises 5-8, use a graphing utility to graph 
f(x) = 2/x? and the function g in the same viewing 
window. Describe the relationship between the two 
graphs. 


5. g(x) = fx) — 2 6. g(x) = —f(x) 
7. g(x) = f(x — 2) 8. g(x) = Zflx) 


In Exercises 9-12, use a graphing utility to graph 
f(x) = 4/x? and the function g in the same viewing 
window. Describe the relationship between the two 
graphs. 


9. 2(x) = f(x + 2) 10. 2(x) = f(x) + 1 
11. g(x) = —f(x) 12. g(x) = Zf() 


In Exercises 13-30, sketch the graph of the rational 
function by hand. As sketching aids, check for inter- 
cepts, symmetry, vertical asymptotes, and horizontal 
asymptotes. Use a graphing utility to verify your 
graph. 


13. f(x) = ae s 14of(x)\= ae 

15. C(x) = = 16. P(x) = — 
ees theses 

AE SC) are tahoe LB agai 

Loe 2a 4 20. hx) = = : 

21. f(x) = ar 220 e( - “ 3 

B.f=sG mf) = 
etre) Be a) 

25. g(x) = =a) 26. h(x) = Ze 

3x x 
27. f(x) = ae 28% f(x) = ss 


500 Fue -—* 207 (ayeoe 


=e 

2 a 
In Exercises 31-40, use a graphing utility to obtain 
the graph of the function. Give its domain and identi- 
fy any vertical or horizontal asymptotes. 


31. f(x) = ee 32. f(x) = : —- 
Bay) 34. h(x) = — : 

35, HO = a5, 36. sx) = —7 - a 
37. fa) == 38. fe) = 
eS s(, : 4 x : 5) 


Exploration In Exercises 41-46, use a graphing util- 
ity to obtain the graph of the function. What do you 
observe about its asymptotes? 


6x : 
41. h(x) = ioe 5 42. fix) = SH 
4ixn— 2 _8i3a0 
43. 9(x) = ak=7l 44. f(x) = E - aa 
A(x — 1)? 3x4 — 5x +3 
BO) 2 = 4 


In Exercises 47-54, sketch the graph of the rational 
function. As sketching aids, check for intercepts, sym- 
metry, vertical asymptotes, and slant asymptotes. 


2x* + 1 x2 + 
47. f(x) S - 48. @(x) = 3 | 
i x; 
JOM) ee x 
Ae Ga screenees lapis = ese 
ee x*-— 1 
51. 5 Se . 5 — 
8) = 728 eh arn 
Xe ty 2 2 
53. FCC) = oo at Aga 54 f (x) 2x7 — Sx +5 


2x? + 1 Be AS a 


Graphical Reasoning 


In Exercises 55-58, (a) use the 


graph to estimate any x-intercepts of the rational 
function and (b) set y = 0 and solve the resulting 
equation to confirm your result in part (a). 


Shs) 


ute ae! Dye 


56. y = 


In Exercises 59-62, use a graphing utility to graph the 
rational function. Give the domain of the function and 
identify any asymptotes. Then zoom out far enough so 
that the graph appears as a line. Identify the line. 


2x2 +x x7 + 5x+8 
eo 60. y = ———— 
aoc e ge ih y ae 8 
1 + 3x2 — x3 12 — 2x — x 
61. TaaNe SGSL Va: 62. y = 24 +x) 


Graphical Reasoning 


In Exercises 63-66, (a) use a 


graphing utility to graph the function and determine 
any x-intercepts, and (b) set y = 0 and solve the result- 
ing equation to confirm your result in part (a). 


oe ae 64 = 20/ ss -:) 
EES Ri Prer x =a Fate PA aX 
z 6 9 
65 y= x — —— 66. y=x-- 
7 xo Ih x 


67. Concentration of a Mixture A 1000-liter tank con- 


tains 10 liters of a 25% brine solution. You add x 
liters of a 75% brine solution to the tank. 


(a) Show that the concentration C of the final mix- 
ture is 


3x + 10 
A(x + 10)’ 


68. 


70. 


3.6 © Graphs of Rational Functions 287 

(b) Determine the domain of the function on the 
basis of the physical constraints of the problem. 

(c) Use a graphing utility to graph the function. As 
the tank is filled, what happens to the rate at 
which the concentration of brine increases? How 
close to the horizontal asymptote is the graph of 
C when the tank is full? 


Geometry A rectangular region of length x and 
width y has an area of 500 square meters. 


(a) Express the width y as a function of x. 

(b) Determine the domain of the function on the 
basis of the physical constraints of the problem. 

(c) Sketch a graph of the function and determine the 
width of the rectangle if x = 30 meters. 


. Page Design A page that is x inches wide and y 


inches high contains 30 square inches of print. The 
margins at the top and bottom are 2 inches and the 
margins on each side are | inch. 


(a) Show that the total area A of the page is 
DeQye se 1 
ees 
58S 


Determine the domain of the function on the 
basis of the physical constraints of the problem. 


(b 


wa 


Use a graphing utility to graph the area function 
and approximate the page size such that the min- 
imum amount of paper will be used. Verify your 
answer numerically using the table feature of a 
graphing utility. 


(c) 


Minimum Area _ A right triangle is formed in the 
first quadrant by the x-axis, the y-axis, and a line 
segment through the point (3, 2). 


288 


AN. 


72. 


73. 
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(a) Show that an equation of the line segment is 


2) fae 
2 aS) a es 
a-3 


2 
ao 
(c) Use a graphing utility to graph the area function 

and estimate the value of a that yields a mini- 

mum area. Estimate the minimum area. Verify 


your answer numerically using the table feature 
of a graphing utility. 


(b) Show that the area of the triangle is A = 


Ordering and Transportation Cost The ordering 
and transportation cost C for the components used in 
manufacturing a certain product is 


c= 100 =P + es >] 
in Cah etB0)! nie 


where C is measured in thousands of dollars and x 
is the order size (in hundreds). Use a graphing utility 
to obtain the graph of the cost function and, from the 
graph, estimate the order size that minimizes cost. 


Average Cost The cost of producing x units of a 
product is C = 0.2x* + 10x + 5, and therefore the 
average cost per unit is 


ee GC 


Gis 0.2x2 + 10x + 5 


Xx Xx 


\ ge 0), 


Sketch the graph of the average cost function, and 
estimate the number of units that should be produced 
to minimize the average cost per unit. 


Medicine The concentration of a certain chemical 
in the bloodstream ¢ hours after injection into muscle 
tissue is 


3r7 + ¢ 


C= ; 
t?> + 50 


ii 2 


(a) Determine the horizontal asymptote of the func- 
tion and interpret its meaning in the context of 
the problem. 


(b) Use a graphing utility to graph the function and 
approximate the time when the bloodstream con- 
centration is greatest. 


(c) Use a graphing utility to determine when the 
concentration is less than 0.345. 


74. Numerical and Graphical Analysis _ A driver aver- 


TES 


aged 50 miles per hour on the round trip between 
home and a city 100 miles away. The average speeds 
for going and returning were x and y miles per hour, 
respectively. 

Zax 
i> 
(b) Determine the vertical and horizontal asymp- 

totes of the function. 


(a) Show that y = 


(c) Use a graphing utility to complete the table. 
What do you observe? 


55 | 60 


(d) Use a graphing utility to graph the function. 
(e) Is it possible to average 20 miles per hour in one 


direction and still average 50 miles per hour on 
the round trip? Explain. 


Comparing Models The number of kidney 


transplants K in the United States from 1987 
through 1996 is shown in the table. (Sources: U.S. 


Department of Health and Human Services; United 
Network for Organ Sharing) 


ie 1991 
9123 | 8890 | 9877 | 10,122 


"199 993 |1994 |1995 | 1996 
231 | 11,020 11,392 | 11,891 | 12.080 


For each of the following, let ¢ be the time (in years), 
with t = 7 corresponding to 1987. 


(a) A model for the data is 


oO) LO, Lisa 80s 
1 — 0.0447 


Use a graphing utility to plot the data points and 
graph the model in the same viewing window. 

(b) Use the regression capabilities of a graphing 
utility to fit a line to the data. 

(c) Use the regression capabilities of a graphing 
utility to fit a parabola to the data. 

(d) Which of the three models would you recom- 
mend as an estimator of the number of kidney 
transplants for the years following 1996? 
Explain your reasoning. 


76. Comparing Models The number N (in thousands) 
of insured commercial banks in the United States 
for the years 1988 through 1997 is shown in the 
table. (Source: U.S. Federal Deposit Insurance 
Corporation) 


1990" 1991") “1992 
7 
2 PLEO 1S 


OO Sl 99G 1 997 
9.9 Es) oh 


For each of the following, let t be the time (in years), 

with t = 8 corresponding to 1988. 

(a) Use the regression capabilities of a graphing util- 
ity to fit a line to the data. Use a graphing utility 
to plot the data points and graph the model in the 
same viewing window. 


(b) Fit a rational model to the data. Take the recip- 
rocal of N to generate the points (t, 1/N). Use 
the regression capabilities of a graphing utility to 
fit a line to this data. The resulting line has the 
form 


1 
= = wi sr la 
N 


Solve for N. Use a graphing utility to plot the 
data points and graph the rational model in the 
same viewing window. 


Use a graphing utility to create a table showing 
the predicted number of banks based on each 
model for each of the years in the given table. 
Which model do you prefer? Why? 


(c 


— 


Synthesis 


True or False? In Exercises 77 and 78, determine 
whether the statement is true or false. Justify your 
answer. 


77. If the graph of a rational function f has a vertical 
asymptote at x = 5, it is possible to sketch the graph 
without lifting your pencil from the paper. 

78. A rational function can never cross one of its asymp- 
totes. 


Think About It In Exercises 79 and 80, use a graph- 
ing utility to obtain the graph of the function. Explain 
why there is no vertical asymptote when a superficial 
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examination of the function may indicate that there 
should be one. 


Sa or ) 
= ie 80. g(x) = ed a 


79. h 
(x) = x= Il 


81. Writing Write a paragraph discussing whether 
every rational function has a vertical asymptote. 


Think About It In Exercises 82-85, write a rational 
function satisfying the following criteria. 
82. Vertical asymptote: x = 2 
Slant asymptote: y = x + 1 
Zero of the function: x = —2 
83. Vertical asymptote: x = —4 
Slant asymptote: y = x — 2 
Zero of the function: x = 3 
84. Vertical asymptote: x = —1 
Horizontal asymptote: y = 2 
Zero of the function: x = 3 
85. Vertical asymptote: x = 3 
Horizontal asymptote: y = —2 


Zero of the function: x = —6 
Review 


In Exercises 86-91, simplify the expression. 


Pale! 
86. (2) $72 (44) 
Bey (4x2)3/2 
88. 15a 89. 8,5 
37/6 ee 
90. 31/6 91. Pee 


In Exercises 92-97, sketch a graph of the equation by 
hand. Use a graphing utility to verify your graph. 

92, —y +13x4"8'=.0 93.40 Syi-2=0 
94. 7x +3=0 95. 4y —- 10 =0 
965% 7 = 1=0 oT 8x 2y = 0 


In Exercises 98-101, use a graphing utility to graph 
the function and find its domain and range. 


OSs fix) = /6 + x 99, f(x) = V121 — x 
100. f(x) = —|x + 9] 10 fal =e 
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What did you learn? 
Section 3.1 


C1 How to analyze graphs of quadratic functions 


OC How to write quadratic functions in standard form and use the results to 
sketch graphs of functions 


CJ How to use quadratic functions to model and solve real-life problems 


Section 3.2 
OC How to use transformations to sketch graphs of polynomial functions 


C1 How to use the Leading Coefficient Test to determine the end behavior of 
graphs of polynomial functions 


LC How to find and use zeros of polynomial functions to sketch their graphs 


LC] How to use the Intermediate Value Theorem to help locate zeros of 
polynomial functions 


Section 3.3 
L) How to use long division to divide polynomials by other polynomials 


L} How to use synthetic division to divide polynomials by binomials of the 
form (x — k) 


L) How to use the Remainder Theorem and the Factor Theorem 


L] How to use the Rational Zero Test to determine possible rational zeros of 
polynomial functions 


L} How to determine upper and lower bounds for zeros of polynomial functions 


Section 3.4 


CL] How to use the Fundamental Theorem of Algebra to determine the number 
of zeros of polynomial functions 


C1 How to find all zeros of polynomial functions, including complex zeros 
LC] How to find conjugate pairs of complex zeros 


L] How to find zeros of polynomials by factoring 


Section 3.5 
L] How to find domains of rational functions 


L] How to find horizontal and vertical asymptotes of graphs of rational 
functions 


L) How to use rational functions to model and solve real-life problems 


Section 3.6 


L] How to analyze and sketch graphs of rational functions 


L] How to decide whether graphs of rational functions have slant asymptotes 


L] How to use rational functions to model and solve real-life problems 


Review Exercises 
iP 
B=16 


17, 18 


19-22 
23-28 


29-36 
37—40 


41-48 
49-52 


53-58 
59-64 


65, 66 


67-70 


71-76 
71-82 
83-86 


87-90 
91-98 


99, 100 


101-110 


111-116 
117, 118 
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oo Graphical Reasoning In Exercises 1 and 2, use 
a graphing utility to graph each equation in the same 
viewing window. Describe how each graph differs 
from the graph of y = x?. 


1. (a) y = 2x? (b) y = —2x? 
(y= 2 (d) y= (@ + 2) 
2. (a) y=x>— 4 OB ex tarnes 


Ola Cen) (d) y= 35x? -1 


In Exercises 3-6, sketch the graph of the quadratic 
function. Identify the vertex and the intercepts. 
3. fe)=(x+3) +1 4 f@)=@-4)2-4 
5. f(x) = $(x2 + 5x — 4) 
Grp) = 3x 120 4+ 11 


In Exercises 7 and 8, find the quadratic function that 
has the indicated vertex and whose graph passes 
through the given point. 

7. Vertex: (1, —4); Point: (2, —3) 

8. Vertex: (2, 3); Point: (— 1, 6) 


In Exercises 9-16, find the maximum or minimum 
value of the quadratic function. 

9. 2(x) = x? — 2x 10° f(x) =e" 8x + 10 
Tie tx) =-6r — x V2) ee 
M307) =i 2t + 4t-+ 1 14, Aix) = 4x? + 4x + 13 
15, Ala) =x 54-4 , 16. f(x) =4x? +4x% +5 
17. Numerical, Graphical, and Analytical Analysis A 


rectangle is inscribed in the region bounded by the 
x-axis, the y-axis, and the graph of x + 2y — 8 = 0. 


(a) Complete six rows of a table like the one below. 


(b) Use a graphing utility to generate additional 
rows of the table. Use the table to estimate the 
dimensions that will produce the maximum area. 


(c) Write the area A as a function of x. Determine 
the domain of the function in the context of the 
problem. 

(d) Use a graphing utility to graph the function. Use 
the graph to approximate the dimensions that 
will produce the maximum area. 


(e) Write the area function in standard form to find 
algebraically the dimensions that will produce 
the maximum area. 


18. Maximum Profit Let x be the amount (in hundreds 
of dollars) a company spends on advertising, and let 
P be the profit, where 


P = 320 + 15x — 5x? 


(a) Use a graphing utility to graph the function. 


(b) Use the zoom and trace features of a graphing 
utility to estimate the vertex of the function. 


(c) Verify your answer in part (b) both algebraically 
and numerically by creating a table of values. 


(d) Explain what the vertex represents. 


5) In Exercises 19-22, sketch the graphs of y = x” 
and the specified transformations. 


19. y =x? 
(a) fa) =(e +5) (b) fd = 2x4 -4 
(©) fx) =3 4a) “sf 
20. y=x 
(a) f(x) = (x + 4p (6) f= 64a 
(c) f(x) = 3 - 3x5 (d) f(x) = 2(x + 3) 
21. y=x° 


(b) f(x) = —4x° 
QfG) =—G ee 71)o— 5 


(aay (tear ed 
(c) f(x) = —3x6 —5 
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225 = x! 
€) gi a ae} 
(©) fix) = -p7 +1 


(Sere 
(d) flx) = —(@ + 8)’ 


In Exercises 23-26, determine the right-hand and 
left-hand behavior of the graph of the polynomial 
function. 

23.0 (x)= i= x? Ox 9 

24. f(x) = 3x3 + 2x 

25. 2(x) = 3(,4 + 3x2 + 2) 

Doon) — x1 a 10K 


Graphical Analysis In Exercises 27 and 28, use a 
graphing utility to graph the functions f and g in the 
same viewing window. Zoom out far enough so that 
the right-hand and left-hand behavior of f and g 
appear identical. 


th iba) be aia 
282; xix 


1 
B(x) = 9x° 


g(x) = —x4 


In Exercises 29-34, (a) find the zeros of the function 
and (b) sketch its graph. 

IL ESC ae Sa 

30. A(x) = —2x3 — x2 +x 
AM (kG) a ey; 

SER GAS bP ee 


320 k= ea 0) = 6 
34, f(t) = t4 — 41? 
35. Volume A rectangular package can have a maxi- 


mum combined length and girth (perimeter of a cross 
section) of 216 centimeters. 


(a) Write the volume V as a function of x. 


(b) Use a graphing utility to graph the volume 
function, and then use the graph to estimate the 
dimensions of the package of maximum volume. 


cs <X—1 


~<— + >| 


36. Volume Rework Exercise 35 for a cylindrical pack- 
age. (The cross sections are circular.) 


In Exercises 37-40, (a) use the Intermediate Value 
Theorem and a graphing utility to find intervals of 
length 1 in which the polynomial function is guaran- 
teed to have a zero, and (b) use the zero or root feature 
of a graphing utility to approximate the zeros of the 
function. 


STi hae Hele a ead 
38. fx) = 024 — 2.67 = 14 
39. f(x) =x? =—6r —4 

40. f(x) = 2x4 + 33 - 2 


3.3 | Graphical Analysis In Exercises 41 and 42, use 
a graphing utility to graph the two equations in the 
same viewing window. Use the graphs to verify that 
the expressions are equivalent. Verify your results 
algebraically. 


In Exercises 43-48, divide by long division. 


ye = eas Ag 
AS ee ene sage 
Bye = 2 ye VY 

Dp eho mae Be 

45 ee ee Anes 


Jia 
tea te 2 
x? + 2x 
6x7 sh lO 132 ex ee 


2x2 — 1 


47. 


48. 


In Exercises 49-52, divide by synthetic division. 
49. (0.25x* — 4x3) + (x + 2) 

50. (0.1x° + 0.3x7 = 0.5) = @ — 5) 
51. (6x4 — 4x3 — 27x? + 18x) + (x - 3 
52. (2x3 + 2x2 —x+2)+ (x — ;) 


It 
— 


i) 


In Exercises 53 and 54, use synthetic division to decide 
whether the x-values are zeros of the function. 
53. f(x) = 2x3 + 3x2 — 20x — 21 

(a) x=4 (b) x= -1 


(Cc) — 0 


— 

Q. 

— 
Se 
II 


54. f(x) = 20x* + 9x3 — 14x? — 3x 
OSS 31 Ores 
(c) x=0 qd) x= 


In Exercises 55-58, find a polynomial with integer 
coefficients that has the given zeros. 

55. —1,-1,3,-3 

Shoe ~/2, 1.4.) 2 

See ey i 3 

eee tee Sole Di lt DT 


In Exercises 59-64, find all the zeros of the function. 
59. f(x) = 4x3 — 11x? + 10x — 3 

60. f(x) = 10x32 + 21x? — x -— 6 

GP by Or ax 24% )20 

G2 ee ae 1x +06 

G3 0k a 42 27m S18 

64. fix) = 5x* 4 -126x? + 25 


In Exercises 65 and 66, use synthetic division to verify 
the upper bound and lower bound of the zeros of f. 


Gott e a 43 
Upper bound: x = 1; Lower bound: x = —; 
662 f(x) = 2° — 5x? — 14x + 8 


Upper bound: x = 8; Lower bound: x 


lI 
ms 


In Exercises 67-70, use a graphing utility to (a) 
graph the function, (b) determine the number of real 
zeros of the function, and (c) approximate the real 
zeros of the function to the nearest hundredth. 

C7 sap Nt Oe 

O82) — x? = 3x? 43x + 2 

Canin) =x — Ox- + 12x — 10 

LO) = x 2x2 3x 20 


In Exercises 71-76, find all the zeros of the function 
and write the polynomial as a product of linear fac- 
tors. Use a graphing utility to verify your answer. 
isin) =x — 44 6x — 4 

Ty eee eee ae td 

Pay or + lie + 12 

Amy Olax Ox 220 — 30 
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75. f(x) = x* + 3422 + 225 
76. f(x) = x* + 10x? + 26x? + 10x + 25 


In Exercises 77-82, find a polynomial function with 
integer coefficients that has the given zeros. (There 
are many correct answers.) 
dds 2 Oat 

ID Ne =A OF 

81. —3,-1,3+ V2i 


ah 4 OO 
80. 3,6 +i 
$2. =4,-4,1 4+ i 


In Exercises 83-86, write the polynomial (a) as the 
product of factors that are irreducible over the ra- 
tionals, (b) as the product of linear and quadratic 
factors that are irreducible over the reals, and (c) in 
completely factored form. 
33. fo) =—x1 +2 8 
$4. f(x) = x4 — x ie & 20 

(Hint: One factor is x? — 5.) 
85. f(x) = 4 = 2 ea ee 

(Hint: One factor is x7 + 9.) 
86.. f(x) = x4 — 497 +) 3x7 + 8x — 16 

(Hint: One factor is x* — x — 4.) 


= In Exercises 87-90, find the domain of the 
function and identify any horizontal and vertical 
asymptotes. 


x-—8 203 
. 2 eye es 
89. flx) = x* — 3x — 18 dei wr+x+3 


In Exercises 91-98, determine the horizontal asymp- 
totes of the function. 


Risa ey SRO Ser 
D7 ft) a 98. f(x) = cee 
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99. Average Cost A _ business has a cost of 
C = 0.5x + 500 for producing x units. The average 


cost per unit is 
GR 10520217500 


C=-— SEM 
4 B5 


(a) Use a graphing utility to graph the function. 
(b) Find the average cost of producing x = 50, 
100, 1000, and 10,000 units. 


(c) Determine the average cost per unit as x 
increases without bound. (Find the horizontal 
asymptote.) 


100. Seizure of Illegal Drugs The cost in millions of 
dollars for the U.S. government to seize p% of a 
certain illegal drug as it enters the country is 


Pe s28p 

~ 100 —p’ 
(a) Find the cost of seizing 25%. 
(b) Find the cost of seizing 50%. 
(c) Find the cost of seizing 75%. 


0 <p < 100. 


(d) Use a graphing utility to graph the function. 


(e) According to this model, would it be possible to 
seize 100% of the drug? 


3.6 | In Exercises 101-110, sketch the graph of the 
rational function. As a sketching aid, check for inter- 
cepts, symmetry, vertical asymptotes, and horizontal 
asymptotes. Use a graphing utility to verify your 
graph. 


101. f(x) = ar 102. f(x) = : = ; 

103. f(x) = = ; 104. f(x) = maa 

105. f(x) = — 106. f(x) = ak 1 

UAE sO : ip 108 : Ue 
109. f(x) = SS 110. f(x) = Ss 


In Exercises 111-116, sketch the graph of the ra- 
tional function. As a sketching aid, check for inter- 
cepts, symmetry, vertical asymptotes, horizontal 
asymptotes, and slant asymptotes. Use a graphing 
utility to verify your graph. 

ae 3 


+1 UE HB) = 3x2 — 6 


111. f(x) = 


3 fl) eee en gr 

113. fix) = 3 » f(x ey 
bigamy _ Dek ate 

11S Gs oie 


117. Population of Fish The Parks and Wildlife 
Commission introduces 80,000 fish into a large 
human-made lake. The population of the fish in 
thousands is 


_ 20(4 + 32) 


1 0.05¢- 


where f is time in years. 

(a) Sketch the graph of the function by hand. Use a 
graphing utility to verify your graph. 

(b) Find the populations when ¢ is 5, 10, and 25. 

(c) What is the maximum number of fish in the 
lake as time increases? Explain your reasoning. 

118. Numerical and Graphical Analysis _ A right trian- 

gle is formed in the first quadrant by the x- and 

y-axes and a line through the point (2, 3). 

(a) Draw a diagram that illustrates the problem. 
Label the known and unknown quantities. 


(b) Verify that the area of the triangle is 


3x? 


A 
= OF eae 


(c) Use a graphing utility to generate a table giving 
the area for values of x. Start the table with 
x = 2.5 and x-increments of 0.5. Continue until 
you can approximate the dimensions of the tri- 
angle of minimum area. 


(d 


wa 


Use a graphing utility to graph the area function. 
Use the graph to approximate the dimensions of 
the triangle of minimum area. 

(e) Determine the slant asymptote of the area func- 
tion. Explain its meaning. 


Synthesis 


True or False? In Exercises 119 and 120, determine 
whether the statement is true or false. Justify your 
answer. 


3 


Xie 


120. The graphs of f(x) = (3x? — 10)/x? and f(x) = 
= (3x? — 10)/|x?| are the same, with both having a 
horizontal asymptote at x = 3. 


119. The graph of f(x) = has a slant asymptote. 
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You can use the zoom feature of a graphing utility to approximate the points of 
intersection of the graphs of equations. 


In this project you will find the points of intersection of the circle and parabola 
given by 


A ey 3x Sy l= 0) and y= x2 — 4x 45. 


a. Begin by writing the circle as the union of two functions. Identify the func- 
tions that represent the top half and the bottom half of the circle. 


b. Use a graphing utility to graph all three functions in the same viewing win- 


dow, as shown in Figure 3.50. Use the intersect feature of the graphing utility 
to estimate the points of intersection. 


Figure 3.50 


Questions for Further Exploration 


1. Using a window setting of 1.05 < x < 1.06 and 
1.89 < y < 1.90, graph the top half of the circle 


and the parabola in the example on the same screen. 
Then use the trace or value feature to approximate 
(accurate to three decimal places) the y-coordinate 
of the point of intersection that is shown on the 


_ screen. 
. Another method for finding the points of intersec- 
tion is to substitute x7 — 4x + 5 for y in the equa- 


tion of the circle to get a fourth-degree polynomial 
equation. Graph this polynomial function. 


_ (a) Finda setting that allows you to approximate the 


solution x ~ 1.055 of the polynomial equation 
to two more decimal places. 


: (b) Find a setting that allows you to approximate the 


solution x ~ 2.841 to two more decimal places. 


«Use a graphing utility to find the points of intersec-_ 


tion of the circle and the parabola given by 
My oe ty 10 
y= 3x 2. 


4. Market Equilibrium The market equilibrium of a 


commodity is the quantity (and corresponding price) 
at which the supply of the commodity and the 
demand for the commodity are equal. The supply 
and demand curves for a business dealing with 
wheat are 


Supply: p = 1.45 + 0.00014x? 
Demand: p = (2.388 — 0.007x)? 


where p is the price (in dollars) per bushel and x is 
the quantity (in bushels per day). Use a graphing 
utility to graph the supply and demand equations and 
find the market equilibrium. (Hint: The market equi-_ 
librium is the point of intersection of the graphs for 
SO.) 
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Take this test as you would take a test in class. After you are done, check your 
work against the answers in the back of the book. : 
1. Describe how the graph of g differs from the graph of f(x) = x 
Hs 2 
(a) g@)=2-2% — (b) ae) = - 3) 
2. Identify the vertex and intercepts of the graph of y = x* + 4x + 3. 
3. Find an equation of the parabola shown at the right. 


4. The path of a ball is given by y = = 35x? + 3x + 5, where y is the height in 
feet and x is the horizontal distance in feet. 


(a) Find the maximum height of the ball. 


(b) Which term determines the height at which the ball was thrown? Does 
changing this term change the coordinates of the maximum height of the 
ball? Explain. 


5. Divide using long division: (3x3 + 4x — 1) + (x? + 1). 
6. Divide using synthetic division: (2x4 — 5x2 — 3) + (x — 2): 
In Exercises 7 and 8, list all the possible rational zeros of the function. Use a 
graphing utility to graph the function and find all the rational zeros. 
Ta eit phot al on 24 S$, AG) 30 or 
In Exercises 9 and 10, use the zero or root feature of a graphing utility to 
approximate (accurate to three decimal places) the real zeros of the function. 
DX) ted 105 f(x) =93x7 4 2x* — 125 — 8 
In Exercises 11-13, find a polynomial function with integer coefficients that 
has the given zeros. 


iy (0) Sh, BIE FA a) 12122 13. 0,-5,1+i 


In Exercises 14-16, sketch the graph of the rational function. As a sketching 
aid, check for intercepts, symmetry, vertical asymptotes, horizontal 
asymptotes, and slant asymptotes. Use a graphing utility to verify your graph. 


+2 2x2 +9 
16. f(x) = 
T= 5 


4 
14. h(x) == - 1 15. = 
()=5 g(x) =~ 
17. Find a rational function with vertical asymptotes at x = +3 and a horizontal 
asymptote at y = 4. 


18. The average age of the groom in a wedding for a given age of the bride can 
be approximated by the model 
ean U.00428x" +) | 440 3 136) ee 5 


where y is the age of the groom and x is the age of the bride. For what age of 
the bride is the average age of the groom 30? (Source: U.S. National Center 
for Health Statistics) 


The Interactive CD-ROM and Internet 
verions of this text provide answers to the 
Chapter Tests and Cumulative Tests. They 
also offer Chapter Pre-Tests (that test key 
skills and concepts covered in previous 
chapters) and Chapter Post-Tests, both of 
which have randomly generated exercises 
with diagnostic capabilities. 


FIGURE FOR 3 


Exponential and 
Logarithmic Functions 


4.1 Exponential Functions and Their Graphs 4.4 Solving Exponential and Logarithmic Equations 
4.2 Logarithmic Functions and Their Graphs 4.5 Exponential and Logarithmic Models 
4.3 Properties of Logarithms 


Louise Gubb/The Image Works 


Personal savings as a percent of disposable income was 3.994 in 1997 and disposable per capita 
income was $21,969. So, the per capita personal savings was $856.79. (Source: U.S. Bureau of 
Economic Analysis) 


Important Vocabulary 

As you encounter each new vocabulary term in this chapter, add the term and its definition to your notebook glossary. 

@ algebraic functions (p. 298) © common logarithmic function ® logistic growth model (p. 340) 

© transcendental functions (p. 298) (p. 312) ® logarithmic models (p. 340) 

® exponential function with base a ® natural logarithmic function (p. 315) ® normally distributed (p. 344) 
(p. 298) © change-of-base formula (p. 322) ® bell-shaped curve (p. 344) 

® natural base (p. 302) ® exponential growth model (p. 340) ® logistic curve (p. 345) 

® natural exponential function (p. 302) ® exponential decay model (p. 340) ® sigmoidal curve (p. 345) 

© logarithmic function with base a © Gaussian model (p. 340) 
(p. 311) 


Additional Resources Text-specific additional resources are available to help you do well in this course. See page xvi for details. 
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4.1 .£xponential..Functions.and.Their.Graphs 


What i 


Exponential Functions 


So far, this text has dealt mainly with algebraic functions, which include poly- * 
nomial functions and rational functions. In this chapter you will study two types 
of nonalgebraic functions—exponential functions and logarithmic functions. 
These functions are examples of transcendental functions. 


Definit 


Note that in the definition of an exponential function, the base a = | is excluded 
because it yields f(x) = 1* = 1. This is a constant function, not an exponential 
function. 

You already know how to evaluate a* for integer and rational values of x. For 
example, you know that 4° = 64 and 4!/? = 2. However, to evaluate 4* for any 
real number x, you need to interpret forms with irrational exponents. For the pur- 
poses of this text, it is sufficient to think of 


av? (where \/2 ~ 1.41421356) 


as the number that has the successively closer approximations 


a. hde Coe qi alae. nae Lares 


Example | shows how to use a calculator to evaluate an exponential expression. 


EXAMPLE 1 Evaluating Exponential Expressions 


Use a calculator to evaluate each expression. 


a2, ee Dea 2ee Calo! d. (0.6)°/? 


Jenny Hager/T! he Image Works 


Solution 

Number Graphing Calculator Keystrokes Display 
ao! 2 Sal 0.1166291 
Deed 2 4) ©) a [ENTER 0.1133147 
C12 12 5&7 5.8998877 


d. (0.6)°/ 6 BZ 0.4647580 
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Graphs of Exponential Functions 


The graphs of all exponential functions have similar characteristics, as shown in 
Examples 2, 3, and 4. 


EXAMPLE 2 Graphs of y = a” 


In the same coordinate plane, sketch the graph of each function. 
as fix)= 2° b. g(x) = 4 


Solution 

The table below lists some values for each function, and Figure 4.1 shows the 
graphs of both functions. Note that both graphs are increasing. Moreover, the 
graph of g(x) = 4" is increasing more rapidly than the graph of f(x) = 2°. 


The table in Example 2 was evaluated by hand. You could, of course, use a graph- 
ing utility to construct tables with even more values. 


EXAMPLE 3 Graphs of y = a-* 


In the same coordinate plane, sketch the graph of each function. 
Hee (a) = 2 beGae=4— 


Solution 

The table below lists some values for each function, and Figure 4.2 shows the 
graphs of both functions. Note that both graphs are decreasing. Moreover, the 
graph of G(x) = 4~ is decreasing more rapidly than the graph of F(x) = 2™*. 


[o|4 2 
1/3/34 
1}a td 


In Example 3, note that the functions F(x) = 2~* and G(x) = 4“ can be rewrit- 
ten with positive exponents. 


fit) = 2.*= (3) nde) = 42 ( 1 ) 


In general, 


Figure 4.1 


Ai a 


(AGS) = ee 


Figure 4.2 
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Comparing the functions in Examples 2 and 3, observe that 
F(x) =2*%=f(-x) and G(x) = 4% = g(—-x). 


Consequently, the graph of F is a reflection (in the y-axis) of the graph of f, as 
shown in Figure 4.3(a). The graph of G and g have the same relationship, as 
shown in Figure 4.3(b). 


Figure 4.3 


The graphs in Figures 4.1 and 4.2 are typical of the exponential functions a* and 
a *. They have one y-intercept and one horizontal asymptote (the x-axis), and 
they are continuous. The basic characteristics of these exponential functions are 
summarized in Figure 4.4. 


Graph of y = a*,a> 1 Graph ofy =a*,a>1 
¢ Domain: (— 09, 00) * Domain: (— 09, 00) 
° Range: (0, 00) * Range: (0, 00) 
¢ Intercept: (0, 1) * Intercept: (0, 1) 
¢ Increasing ¢ Decreasing 
* x-axis is a horizontal asymptote * x-axis 1s a horizontal asymptote 
(a*—>0 as x —co) (a-*— 0 as x00) 
¢ Continuous ¢ Continuous 
y y 
(0, 1) (0, 1) 
Xx x 


Figure 4.4 
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In the following example, notice how the graph of y = a* can be used to sketch 
the graphs of functions of the form 


Fob ate, (0) 


A computer animation of this example 
appears in the Interactive CD-ROM and 


EXAMPLE 4 Transformations of Graphs of Exponential Functions ee a 


Each of the following graphs is a transformation of the graph of f(x) = 3*, as 
shown in Figure 4.5. 


a. Because g(x) = 3**! = f(x + 1), the graph of g can be obtained by shift- 
ing the graph of f one unit to the left. 


b. Because h(x) = 3* — 2 = f(x) — 2, the graph of h can be obtained by shift- 
ing the graph of f down two units. 

c. Because k(x) = —3* = —f(x), the graph of k can be obtained by reflecting the 
graph of f in the x-axis. 


d. Because j(x) = 3-* = f(—x), the graph of j can be obtained by reflecting the 
graph of f in the y-axis. 


(a) (b) 


(c) zi (d) 
Figure 4.5 


In Figure 4.5, notice that the transformations in parts (a), (c), and (d) keep the 
x-axis as a horizontal asymptote, but the transformation in part (b) yields a new 
horizontal asymptote of y = —2. Also, be sure to note how the y-intercept is 
affected by each transformation. 
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The Natural Base ¢ 


For many applications, the convenient choice for a base is the irrational number 


C= 2 NS28e 


This number is called the natural base. The function f(x) = e* is the natural 
exponential function. Its graph is shown in Figure 4.6. Be sure you see that for 
the exponential function f(x) = e*, e is the constant 2.71828 . . ., whereas x is 
the variable. 


Domain: (— oo, co) 
Range: (0, co) 
Intercept: (0, 1) 


Figure 4.6 The Natural Exponential Function 


In Example 5, you will see that the number e can be approximated by the 
expression 


( + 1) for large values of x. 


EXAMPLE 5 = Approximation of the Number ¢ 


Evaluate the expression [1 + (1/x)}* for several large values of x to see that the 
values approach e ~ 2.71828 as x increases without bound. 


Graphical Solution Numerical Solution 


Create a table of values for the function y = [1 + (1/x)}, beginning 
at x = 10 and increasing the x-values as shown in the table below. 


| 100 1000 
: 2.59374 | 2.70481 | 2.71692 


| 10,000 100,000 | 1,000,000 
2.71815 Bc: 


From the table, it seems reasonable to conclude that 


Use a graphing utility to graph 
De Let (1x)! sands 4, = ¢ 


in the same viewing window, as shown in 
Figure 4.7. Use the trace feature of the graph- 
ing utility to verify that as x increases, the 
graph of y, gets closer and closer to the line 


My ee 


] OX 
Figure 4.7 (: ae 1) —>e as X00. 
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EXAMPLE 6 Evaluating the Natural Exponential Function 


Use a calculator to evaluate each expression. 


ae. b. eT! ce? d. e? 
Solution 

Number Graphing Calculator Keystrokes Display 
qe? 2 0.1353353 
hive 1 0.3678794 
Ce 1 2.7182818 
d. e? 2 7.3890561 


EXAMPLE 7 — Graphing Natural Exponential Functions 
Sketch the graph of each natural exponential function. 
i, gl C8) SS er Dee(x) = Se7 058 


Solution 
To sketch these two graphs, you can use a calculator to construct a table of values, 
as shown below. 


After constructing the table, plot the points and connect them with smooth curves, 
as shown in Figure 4.8. Note that the graph in part (a) is increasing, whereas the 
graph in part (b) is decreasing. Use a graphing calculator to verify these graphs. 


©) 


The Interactive CD-ROM and Internet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions to 
additional examples. Integrated Examples 
are related to several concepts in the 
section. 


bei 
| 


Figure 4.8 
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Compound Interest 


One of the most familiar examples of exponential growth is that of an investment 
earning continuously compounded interest. Suppose a principal P is invested at 
an annual interest rate r, compounded once a year. If the interest is added to the 
principal at the end of the year, the balance is P,) = P + Pr = P(1 + r). This: 
pattern of multiplying the previous principal by | + r is then repeated each suc- 
cessive year, as shown in the table. 


To accommodate more frequent (quarterly, monthly, or daily) compounding of 
interest, let n be the number of compoundings per year and let t be the number of 
years. (The product nt represents the total number of times the interest will be 
compounded.) Then the interest rate per compounding period is r/n, and the 
account balance after f years is 


nt 
A= Pi le *) ; Amount with n compoundings per year 
nN 


If you let the number of compoundings n increase without bound, you approach 
continuous compounding. In the formula for n compoundings per year, let 
m = n/r. This produces 


r nt 1 mrt il mrt 
cae aie 2) Sr eee 
n m m 


As m increases without bound, you know from Example 5 that [1 + (1/m)]”" 
approaches e. So, for continuous compounding, it follows that 


a|(1 + “| + Pleyr 


and you can write A = Pe”. This result is part of the reason that e is the “natural” 
choice for a base of an exponential function. 


Formulas for Compound Interest 


After t years, the balance A in an account with principal P and annual interest 
rate r (expressed as a decimal) is given by the following formulas. 


oe s : nt 
1. For n compoundings per year: A = (1 ce 4 
=f 


2. For continuous compounding: A = Pe't 


STUDY TIP 


The interest rate r in the for- 
mula for compound interest 
should be written as a decimal. 
For example, an interest rate of 
7% would be written r = 0.07. 


©@) 


A computer simulation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 
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EXAMPLE 8 Finding the Balance for Compound Interest 


A sum of $9000 is invested at an annual interest rate of 8.5%, compounded 
annually. Find the balance in the account after 3 years. 


Algebraic Solution Graphical Solution 
In this case, 


P = 9000, r = 8.5% = 0.085, n = 1, t = 3. 


Substitute values for P, r, and n into the formula for compound 
interest with n compoundings per year as follows. 


nt 
compoundings per year, you have fe 
n 0.085 \# 
A= Pl dee ce, Formula for = 9000( 1 a 4 Substitute values for P, r, and n. 
- compound interest 1 
— t . . 
A= so0o( 2 “ye Substitute values SURUEL SeUKUeS)) Simply 

| for P, r,n, and t. Use a graphing utility to graph y = 9000(1 + 0.085)*, as shown 
= 9000(1.085)° Simplify. in Figure 4.9. Using the value feature or zoom ane trace features, 
you can approximate the value of y when x = 3 to be about 
= $11,495.60. Use a calculator. 11,495.60. So, the balance in the account after 3 years will be 


So, the balance in the account after 3 years will CETERA 


be about $11,495.60. 


Figure 4.9 


EXAMPLE 9 Finding Compound Interest 


A total of $12,000 is invested at an annual interest rate of 9%. Find the balance 
after 5 years if it is compounded 


a. quarterly. b. monthly. c. continuously. 


Solution 
a. For quarterly compoundings, n = 4. So, in 5 years at 9%, the balance is 


ae 0.09\*© 
A= (i ce 4 = 12,000( 1 a ) = os 726.11, 
n 
b. For monthly compoundings, n = 12. So, in 5 years at 9%, the balance is 
Oy 9 12(5) 
u = $18,788.17. 


7s 


nt 
hE Pi = *) 2 12,000( 1 +. 
n 


c. For continuous compounding, the balance is 
A = Pe™ = 12,000e° = $18,819.75. 


Note that continuous compounding yields more than quarterly or monthly 
compounding. 
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Other Applications 


Exponential functions are used in various other applications. 


EXAMPLE 10 Radioactive Decay 


Let y represent the mass of a quantity of a radioactive element whose half-life is 
. t 

25 years. After ¢ years, the mass (in grams) is y = 10(3) ; 

a. What is the initial mass (when t = 0)? 


b. How much of the initial mass is present after 80 years? 


Algebraic Solution Graphical Solution 
Pye Use a graphing utility to graph y = 10(3)'”*. 
a. y = 10/= Write original equation. 
2 a. Use the value feature or zoom and trace features of the 
1 \0/25 : graphing utility to determine that the value of y when 
a 10() Substitute 0 for 1. x = 0 is 10, as shown in Figure 4.10. So, the initial mass 
is 10 grams. 
= 10 Simplify. 


b. Use the value feature or zoom and trace features of the 


So, the initial mass is 10 grams. graphing utility to determine that the value of y when 


1 \1/25 x = 80 is about 1.088, as shown in Figure 4.11. So, about 
bye 1o(; Write original equation. 1.088 grams is present after 80 years. 
1 80/25 
= 10(3) Substitute 80 for f. ia = 
1 32. 
= 1o(5 Simplify. 
= 1.088 Use a calculator. 


So, about 1.088 grams is present after 80 years. Figure 4.10 Figure 4.11 


EXAMPLE 11 Population Growth 


The approximate number of fruit flies in an experimental population after ¢ hours is 


Do) =e eae: 


a. Find the initial number of fruit flies in the population. O(t) = 2029-7, +3 0 


b. How large is the population of fruit flies after 72 hours? 


oa. 160 

c. Sketch the graph of Q. 5 = 120 
2 ~ 

Solution fe 
. ORG al 

a. To find the initial population, evaluate Q(t) at t = 0. : = 

Q(0) = 20e° =20e° = 20(1) = 20 flies ef Rs hed 
Time (in hours) 
b. After 72 hours, the population size is F 
Figure 4.12 


QO(72) = 20e°3() = 206216 = 173 flies. 
¢c. The graph of Q is shown in Figure 4.12. 
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In Exercises 1-10, use a calculator to evaluate the 
expression. Round your result to three decimal places. 


1. (3.4)68 2. 5000(2-!5) 
3. 627 ty So 

Bea 2/J493 6. 1002 

7. et/2 8. e 3/4 

9, e9 10. 2°-"® 


Think About It In Exercises 11-14, use properties of 

exponents to determine which functions (if any) are 

the same. 

dey) i= 37"? 
8) 
n(x) = $(3" 

13. f(x) = 16(47%) 


125 fle) =f4e 49 12 
g(x) = 22+6 
h(x) = 64(4*) 
14. f(x) =57*+3 
BR) aa 
hy =" 5°" 
In Exercises 15-22, match the exponential function 


with its graph. [The graphs are labeled (a), (b), (c), 
(d), (e), (f), (g), and (h).] 


(a) 2 _ (bd) 


(c) 8 (d) 8 
6 —r 4 -5 5 
a9 -2 


(f) 


= ae 


Labs epi oh 
17. f(x) =2> 
19. f(x) =2°-4 
21. f(x) = —2"-2 


16. f(x) = —2* 
1807 
20. f(x) = 27 1 
22. f(x) = 2-2 


In Exercises 23-26, use the graph of f to describe the 
transformation that yields the graph of g. 
234, f(%) = St oC) = Bes > 
24 oii le— aa aa oe 
eo x+4 
25. f(x) = (5)", g@) = —() 
26. fx) = 0.3% sx)" 047 = 


In Exercises 27-34, graph the exponential function by 
hand. Identify the following features of the graph. 

(a) Asymptotes 

(b) Intercepts 


(c) Increasing or decreasing 


27. g(x) = 5 28. f(x) = (3)" 

29. fx) =()'=5-~ 30. At) = (3) * 

31. h(x) = 5*~? 32. a(x) =(3) 7 
33. g(x) =5-* — 3 34, f(x) = (3) * +2 


In Exercises 35-44, use a graphing utility to construct 
a table of values for the function. Then sketch the 
graph of the function. 


a5. f(x) = G) 36 Ces ek 

ey Aan 69 Bead oe 88a) 

39. f(x) = 37*2 A0s Fix) = e™ 

41. f(x) = 3e*4 42. f(x) = 2e°- 9 
TV) eas ON ee oe 44, fa) =4e? +3 


The Interactive CD-ROM and Jnternet versions of this text contain step-by-step solutions to all odd-numbered Section and 
Review Exercises. They also provide Tutorial Exercises, which link to Guided Examples for additional help. 
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In Exercises 45-52, use a graphing utility to graph the 
exponential function. Identify any asymptotes of the 
graph. 


45. y= 2-2 46. y = 37h 

AT; yieae 7s) 48. y=47!-2 
49. y = 1.08°* SQ) ee 
Sivs(t) = 36,2 52, elx)— 1) ew 


53. Exploration Consider the functions f(x) = 3* and 
Avil Oe 
(a) Use a graphing utility to complete the table, and 
use the table to estimate the solution of the 
inequality 4* < 3”. 


-05| 0) 05) 1 


(b 


wa 


Use a graphing utility to graph f(x) and g(x) in 
the same viewing window. Use the graphs to 
solve the inequalities. 

Ch caeahe (ii) 4* > 3* 


54. Be Consider the functions f(x) = (Gy 
and g(x) = 


(a) Usea fepbee utility to complete the table, and 
use the table. to estimate the solution of the 
inequality (4 ) =<) e 


0.5 | 1 


(b) Use a graphing utility to graph f(x) and g(x) in 
the same viewing window. Use the graphs to 
solve the inequalities. 


0G <@)  w G > Q 


In Exercises 55-58, use a graphing utility to (a) graph 
the function and (b) find any asymptotes numerically 
by creating a table of values for the function. 


8 8 
55. ee Roh std 
f(x is | 4: 2 =O 56. g(x Vee j[ oe e70-5/x 
oe Me 6 
Shy MeO reesemer 58. f(x) = >— aap 


In Exercises 59-62, (a) use a graphing utility to graph 
the function, (b) use the graph to find the open inter- 
vals on which the function is increasing and decreas- 
ing, and (c) approximate any relative maximum or 
minimum values. 


59. f(x) = x7e™ 
61. f(x) = x2?) 


60. f(x) = 2x7e**! 
62. f(x) = —(}x)3*+4 
Compound Interest In Exercises 63-66, complete 


the table to determine the balance A for P dollars in- 
vested at rate r for ¢ years and compounded n times 


per year. 


12 | 365 | Continuous 


63. P = $2500, r = 8%, t = 10 years 
64. P = $1000, r = 6%, t = 10 years 
65. P = $2500, r = 8%, t = 20 years 
66. P = $1000, r = 6%, t = 40 years 


Compound Interest In Exercises 67-70, complete the 
table to determine the balance A for $12,000 invested 
at a rate r for ¢ years. 


‘4 | 1] 10] 20 | 30 | 40] so 
ea || 


67. r = 8%, compounded continuously 


68. r = 6%, compounded continuously 
69. r = 6.5%, compounded monthly 
70. r = 7.5%, compounded daily 


71. Demand Function The demand equation for a 
certain product is 


4 
Pian 5000( “ Mit am) 


where p is the price and x is the number of units. 


(a) Use a graphing utility to graph the demand func- 
tion for x > O and p > 0. 


(b) Find the price p for a demand of x = 500 units. 


(c) Use the graph in part (a) to approximate the 
highest price that will still yield a demand of at 
least 600 units. 


(d) Verify your answers to parts (b) and (c) numeri- 
cally by creating a table of values for the function. 


72. 


73. 


74. 


7S. 


Graphical Reasoning There are two options for 

investing $500. The first earns 7% compounded 

annually, and the second earns 7% simple interest. 

The figure shows the growth of each investment over 

a 30-year period. 

(a) Identify the two types of investments in the 
figure. Explain your reasoning. 

(b) Verify your answer in part (a) by finding the 
equations that model the investment growth and 
using a graphing utility to graph the models. 


5000j-— 


OT 


4000p 
3000 |- 
2000 
1000+ 


Dollars 


Sop OM a 20.059599530 
Year 


Bacteria Growth A certain type of bacteria 
increases according to the model 


P(t) = | 00e°-2 197t 


where f is the time in hours. 

(a) Use a graphing utility to graph the model. 

(b) Use a graphing utility to approximate P(0), P(5), 
and P(10). 

(c) Verify your answers in part (b) algebraically. 

Population Growth The population of a town 

increases according to the model 

P(t) = 2500¢°-9793" 

where f¢ is the time in years, with t = 0 correspond- 

ing to 1990. 

(a) Find the population in 1992, 1995, and 1998. 


(b) Use a graphing utility to graph the function for 
the years 1990 through 2015. 

(c) Use a graphing utility to approximate the popu- 
lation in 2005 and 2010. 

(d) Verify your answers in part (c) algebraically. 


Radioactive Decay Let Q (in grams) represent the 
mass of a quantity of radium 226, which has a half- 
life of 1620 years. The quantity of radium present 
after ¢ years is 


We asia yner 

= d 

(a) Determine the initial quantity (when t = 0). 

(b) Determine the quantity present after 1000 years. 
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76. 


Th 


78. 


(c) Use a graphing utility to graph the function over 
the interval t = 0 to t = 5000. 


(d) When will the quantity of radium be 0 grams? 
Explain. 


Radioactive Decay Let Q (in grams) represent the 
mass of a quantity of carbon 14, which has a half-life 
of 5730 years. The quantity present after t years is 
oe oe 

(a) Determine the initial quantity (when t = 0). 

(b) Determine the quantity present after 2000 years. 


(c) Sketch the graph of the function over the interval 
-= Oto ="10000: 


Data Analysis To estimate the amount of defolia- 
tion caused by gypsy moths, a forester counts the 
number x of egg masses on 7 of an acre (circle 
of radius 18.6 feet) during the fall. The percent of 
defoliation y the next spring is shown in the table. 
(Source: USDA Forest Service) 


25 | 50 | 75 100 
44 | 81 | 96 | 99 


(a) Use a graphing utility to plot the data points. 
300 

By alls 17e7 9.065x * 

Use a graphing utility to graph the model in the 

same viewing window used in part (a). How well 

does the model fit the data? 


(c) Use a graphing utility to create a table comparing 
the model with the sample data. 


(b) A model for the data is y = 


(d) Estimate the percent of defoliation if 36 egg 
masses are counted on i acre. 


(e) Use the graph to estimate the number of egg 
3 . 2 
masses per 6 acre if approximately 7 of the for- 
est is defoliated the next spring. 


Data Analysis A cup of water at an initial temper- 
ature of 78°C is placed in a room at a constant 
temperature of 21°C. The temperature of the water is 
measured every 5 minutes for a period of 5 hour. The 
results are recorded in the table, where f¢ is the time 
(in minutes) and T is the temperature (in degrees 
Celsius). 


5 | 10 }15 | 20 | 25 30 
66.0° 57.5° | §1.2° 46.3° | 42.5° | 39.6° 
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(a) Use the regression capabilities of a graphing 
utility to fit a line to the data. Use the graphing 
utility to plot the data points and the regression 
line in the same viewing window. Does the data 
appear linear? Explain. 

(b) Use the regression capabilities of a graphing util- 

ity to fit a parabola to the data. Use the graphing 

utility to plot the data points and the regression 
parabola in the same viewing window. Does the 
data appear quadratic? Even though the quad- 
ratic model appears to be a “good” fit, explain 
why it may not be a good model for predicting 
the temperature of the water when ¢ = 60. 


wa 


(Cc 


wa 


The graph of the model should be asymptotic 
with the temperature of the room. Subtract the 
room temperature from each of the temperatures 
in the table. Use a graphing utility to fit an 
exponential model to the revised data. Add the 
room temperature to this regression model. Use a 
graphing utility to plot the original data points 
and the model in the same viewing window. 

(d 


wa 


Explain why the procedure in part (c) was 

necessary for finding the exponential model. 

79. Inflation If the annual rate of inflation averages 
4% over the next 10 years, the approximate cost C of 
goods or services during any year in that decade will 
be C(t) = P(1.04)', where ¢ is the time (in years) 
and P is the present cost. Assume the price of an oil 
change for your car is presently $23.95. 

(a) Use a graphing utility to graph the function. 

(b) Use the graph in part (a) to approximate the price 
of an oil change 10 years from now. 

(c) Verify your answer in part (b) algebraically. 

80. Depreciation After t years, the value of a car that 

costs $20,000 is V(t) = 20,000( 3)’ 

(a) Use a graphing utility to graph the function. 

(b) Use a graphing utility to create a table of values 
that shows the value V for t = 1 to 10 years. 


Synthesis 


True or False? Yn Exercises 81 and 82, determine 
whether the statement is true or false. Justify your 
answer. 


81. The x-axis is an asymptote for the graph of 
Fig) 610 
271,801 


SAC “551060 


83. Exploration Use a graphing utility to graph 
y, = e* and each of the functions y, = x*, y3 = , 
y, = Vx, and ys = |x|. 

(a) Which function increases at the fastest rate for 
“large” values of x? 

(b) Use the result of part (a) to make a conjecture 
about the rates of growth of y, = e* and y = x” 
where n is a natural number and x is “large.” 

(c) Use the results of parts (a) and (b) to describe 
what is implied when it is stated that a quantity 
is growing exponentially. 

84. Conjecture Use a graphing utility to graph 
f(x) = (1 + 0.5/x)* and g(x) = e®> in the same 
viewing window. 

(a) What is the relationship between f and g as x 
increases without bound? 

(b) Use the result of part (a) to make a conjecture 
about the value of (1 + r/x)* as x increases 
without bound. 

85. Think About It Without a graphing utility, explain 
why you know 2v? is greater than 2, but less than 4. 

86. Think About It Which functions are exponential? 
Why? 

(a) 3x (Bax (c) 937 (d)} 3275 

87. Pattern Recognition Use a graphing utility to 
compare the graph of the function y = e* with the 
graphs of the following functions. 


oF 38 Xm 
2) D4 Sakae SD Sa is. Ps 
© dee Ldurietiionaliags 


In your opinion, which function is the best approx- 
imation of y = e*? 


Review 


In Exercises 88-91, determine whether the function 
has an inverse. If it does, find f~!. 


88. f(x) = 5x -7 89. f(x) = -ix +3 
90. f(x) = Sx +8 91. f(x) = M2 +6 


In Exercises 92-95, sketch the graph of the rational 
function. 


92. f(x) = = ae 93. f(x) = uss 
od (dw ore jee 
94. f(x) = rd Livan. Od 95. Ta) = Ge 2? 
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4.4 ..Logarithmic.Functions.and.Their. Graphs......... 


Ta 


Logarithmic Functions 


In Section 1.7, you studied the concept of the inverse of a function. There, you 
learned if a function has the property such that no horizontal line intersects its 
graph more than once, the function must have an inverse. By looking back at the 
graphs of the exponential functions introduced in Section 4.1, you will see that 
every function of the form 


=a a>. a= I 


passes the Horizontal Line Test and therefore must have an inverse. This inverse 
function is called the logarithmic function with base a. 


The equations 
y = log, x Logarithmic form 


and 


55 0h Exponential form 


are equivalent. The first equation is in logarithmic form and the second is in expo- 
nential form. 

When evaluating logarithms, remember that a logarithm is an exponent. This 
means that log,x is the exponent to which a must be raised to obtain x. For 
instance, log, 8 = 3 because 2 must be raised to the third power to get 8. 


EXAMPLE 1 _ Evaluating Logarithms 


Evaluate each expression. 


a. log, 32 b. log; 27 c. log,2 
d. logo iad e. log, 1 f. log, 2 
Solution 

a. log,32=5 because 2° 
blog,27 = 3 "because 3° = 27. f. log,2=1 because 2' = 2. 
oss because 41/2 = \/4 = 2. 


d. 10g 4 c00 = —2 because 10°? = 7 = ino: 


32 e. log,1=0 because 3° = 1 


Mark Richards/PhotoEdit 
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The logarithmic function with base 10 is called the common logarithmic func- 
tion. On most calculators, this function is denoted by [LOG]. Because log, x is the 
inverse function of a*, it follows that the domain of log,x is the range of a’, 
(0, co). In other words, log, x is defined only if x is positive. 


EXAMPLE 2 Evaluating Logarithms on a Calculator 


Use a calculator to evaluate each expression. 


aelog Omen Deo logo eemenC.; 102 ,4(— 2) 


Solution 

Number Graphing Calculator Keystrokes Display 
a. log,, 10 (LOG) 10 (ENTER) 1 
b. 2log19 2.5 2 (LOG) 2.5 (ENTER) 0.7958800 
Clog i= 2) (LOG] ((-)) 2 (ENTER) ERROR 


Note that the calculator displays an error message when you try to evaluate 
log, (—2). The reason for this is that the domain of every logarithmic function is 
the set of positive real numbers. In this case, there is no real power to which 10 
can be raised to get —2. 


The following properties follow directly from the definition of the logarithmic 
function with base a. 


EXAMPLE 3 Using Properties of Logarithms 


Solve each equation for x. 


a. log, x = log, 3 

b. log, 4 = x 

Solution 

a. Using the One-to-One Property (Property 4), you can conclude that x = 3. 
b. Using Property 2, you can conclude that x = 1. 


implies that log, 1 = 0. 


Summary inside the front cover 


| Library of Functions 


The logarithmic function is the 

inverse of the exponential fine pee 
tion. Its domain is the set of posi-_ 
tive real numbers and its range is 

the set of allrealnumbers. 
Because of the inverse properties — 
of logarithms and exponents, the _ 
exponential equationa® = 1 


Consult the Library of Functions i 


for a description of the logari 
mic function. 
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Graphs of Logarithmic Functions 


To sketch the graph of y = log, x, you can use the fact that the graphs of inverse 
functions are reflections of each other in the line y = x. 


EXAMPLE 4 _ Graphs of Exponential and Logarithmic Functions 


In the same coordinate plane, sketch the graph of each function. 
a. f(x) =2*  b. g(x) = log, x 


Solution 
a. For f(x) = 2*, construct a table of values. 


By plotting these points and connecting them with a smooth curve, you obtain 
the graph of f(x) shown in Figure 4.13. 

b. Because g(x) = log, x is the inverse of f(x) = 2*, the graph of g is obtained 
by plotting the points (2*, x) and connecting them with a smooth curve. The 
graph of g is a reflection of the graph of f in the line y = x, as shown in Figure 
4.13. 


Before you can confirm the result of Example 4 using a graphing utility, you need 
to know how to enter log, x. You will learn how to do this using the change-of- 
base formula discussed in Section 4.3. 


EXAMPLE 5 = Sketching the Graph of a Logarithmic Function 


Sketch the graph of the common logarithmic function f(x) = logy) x. 


Solution 

Begin by constructing a table of values. Note that some of the values can be 
obtained without a calculator using the Inverse Property of logarithms. Others 
require a calculator. Next, plot the points and connect them with a smooth curve, 


as shown in Figure 4.14. 


In Example 5, you can also sketch the graph of f(x) = log,)x as follows. 
Evaluate the inverse of f, g(x) = 10% for several values of x. Plot the points, 
sketch the graph of g, then reflect the graph in the line y = x to obtain the graph 


of f. 


A computer animation of this example 
appears in the Jnteractive CD-ROM and 
Internet versions of this text. 


Fate 4. 19 


Figure 4.14 


STUDY IES 


Compare Figure 4. 14 aah that Pas: 

obtained using a graphing — oer i. 

utility. Note that the domain pares 
“is (0, oo) and the ese is 

(= 00,90). 
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The nature of the graph in Figure 4.14 is typical of functions of the form 
f(x) = log,x,a > 1. They have one x-intercept and one vertical asymptote. 
Notice how slowly the graph rises for x > 1. In Figure 4.14, you would need to 
move out to x = 100 before the graph rose to y = 2, and x = 1000 before the 
graph rose to y = 3. The basic characteristics of logarithmic graphs are summa- 
rized in Figure 4.15. 


Graph of y = log, x, a > 1 


Domain: (0, co) 


Range: (—©o, 00) 
¢ Intercept: (1, 0) 
¢ Increasing 


* y-axis is a vertical asymptote 
(log, x > —ooasx > 0*) 


Continuous 


Reflection of graph of y = a* in 
the line y = x 


Figure 4.15 


In Figure 4.15, the vertical asymptote occurs at x = 0, where log, x is undefined. 


EXAMPLE 6 Transformations of Graphs of Logarithmic Functions 


The graph of each of the following functions is similar to the graph of 
f(x) = log), x, as shown in Figure 4.16. 


a. Because g(x) = log,)(x — 1) = f(x — 1), the graph of g can be obtained by 
shifting the graph of f one unit to the right. 


b. Because h(x) = 2 + log,)x = 2 + f(x), the graph of h can be obtained by 
shifting the graph of f two units up. 


4 h(x) = 2 + logy x 


(a) (b) 
Figure 4.16 


In Figure 4.16, notice that the transformation in part (b) keeps the y-axis as a 


vertical asymptote, but the transformation in part (a) yields the new vertical 
asymptote x = |. 


© 


A computer animation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 
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The Natural Logarithmic Function 


The most widely used base for logarithmic functions is the number e, where 


€= 2718201828... . 


The logarithmic function with base e is the natural logarithmic function and is 
denoted by the special symbol In x, read as “the natural log of x” or “el en of x.” 


The Interactive CD-ROM and Internet 
versions of this text offer a built-in graph- 
ing calculator, which can be used with 
the Examples, Explorations, and 


Exercises. 


On most calculators, the natural logarithm is denoted by (LN), as illustrated in 
Example 7. 


EXAMPLE 7 _ Evaluating the Natural Logarithmic Function 


Use a calculator to evaluate each expression. 


ae in2 b. In 0.3 Colne: d. In(—1) 


Solution 

Number Graphing Calculator Keystrokes Display 
a. In 2 g 0.6931472 
b. In 0.3 2 — 1.2039728 
c. In e? DY 2 
d. In(— 1) i ERROR 


In Example 7, be sure you see that In(— 1) gives an error message on most calcu- 
lators. This occurs because the domain of In x is the set of positive real numbers. 
So, In(— 1) is undefined. 

The four properties of logarithms listed on page 312 are also valid for natural 
logarithms. 
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EXAMPLE 8 Using Properties of Natural Logarithms 


Use the properties of natural logarithms to rewrite each expression. 


a. In a b. In e? c. Ine? d. 2 Ine 
(Za 
Solution 
a. In zi =Ine = —|1 Inverse Property 
é Figure 4.17 
b. Ine? = 2 Inverse Property 
c. ne = Property | 


II 
~~) 


do? Ine 21) Property 2 

The graph of the natural logarithmic function is shown in Figure 4.17. Try using a 
graphing utility to confirm this graph and to verify that the domain of the natural 
logarithmic function is (0, 00). 


EXAMPLE 9 Finding the Domains of Logarithmic Functions 


Find the domain of each function. 


a. f(x) = In@ — 2) b. 2%) = InQ2 — x) c. A(x) = In x7 
Algebraic Solution Graphical Solution 


a. Because In(x — 2) is 
defined only if 


ge 2 SOL 


a. Use a graphing utility to graph the equation y = In(x — 2) using a decimal setting, as 
shown in Figure 4.18. Use the trace feature to see that the x-coordinates of the points 
on the graph appear to extend from the right of 2 to +oo. So, you can estimate the 
domain to be (2, co). 

it follows that the 


; : b. Use a graphing utility to graph the equation y = In(2 — x) using a decimal setting, as 
domain of f is (2, co). 


shown in Figure 4.19. Use the trace feature to see that the x-coordinates of the points 
on the graph appear to extend from —oo to the left of 2. So, you can estimate the 
domain to be (— 00, 2). 


b. Because In(2 — x) is 
defined only if 


2-x>Q0, c. Use a graphing utility to graph the equation y = In x? using a decimal setting, as shown 
in Figure 4.20. Use the trace feature to see that the x-coordinates of the points on the 
graph appear to include all real numbers except x = 0. So, you can estimate the domain 


to be all real numbers except x = 0. 


it follows that the 
domain of g is 
(= 09;-2). 

c. Because In x? is 
defined only if 


ou. Wri 
it follows that the 
domain of / is all real eX 
numbers except : ce : : 
He Figure 4.18 Figure 4.19 Figure 4.20 


x=0. 


In Example 9, suppose you had been asked to analyze the function 
h(x) = In|x — 2|. How would the domain of this function compare with the 
domains of the functions given in parts (a) and (b) of the example? 
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Application 


Exponential and logarithmic functions are used to model many situations in real 
life, as shown in the next example. 


EXAMPLE 10 Human Memory Model 


Students participating in a psychological experiment attended several lectures on 
a subject. At the end of the last lecture, and every month for the next year, the stu- 
dents were tested to see how much of the material they remembered. The average 
scores for the group were given by the human memory model 


f(t) = 75 — 6in(t + 1), Ora at? 
where f is the time in months. 


a. What was the average score on the original (t = 0) exam? 
b. What was the average score at the end of t = 2 months? 


c. What was the average score at the end of t = 6 months? 


Algebraic Solution Graphical Solution 


Use a graphing utility to graph the function y = 75 — 6In(x + 1) as 
shown in Figure 4.21. Then use the value or trace feature to approximate 
the following. 


a. The original average score was 
f(0) = 75 — 6In1 
= 75 — 6(0) 
= 75. 


a. When x = 0, y = 75. So, the original average score was 75. 


b. When x = 2, y ~ 68.4. So, the average score after 2 months was 


b. After 2 months, the average score was about 68.4. 


f(2) = 75 — 61n3 
= 75 — 6(1.0986) 
~ 68.4. 


c. When x = 6, y ~ 63.3. So, the average score after 6 months was 
about 63.3. 


c. After 6 months, the average score was 
f(6) = 75 — 61n7 
= 75 — 6(1.9459) 
me O3.3, 
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In Exercises 1-8, write the logarithmic equation in 
exponential form. For example, the exponential form 
of log, 25 = 2 is 5? = 25. 


1. log, 64 = 3 2. log, 81 = 4 

3. log, a5 = —2 4. logio ass 
5. log,, 4 =? 6. log), 8 = - 

7. Inl=0 8. In 4 = 1.386. 


In Exercises 9-18, write the exponential equation in 
logarithmic form. 


OWS 125 10. 82 = 64 

Wes nee 12. 93/2 = 27 
13.62=2 14. 10-3 = 0.001 
15. e3 = 20.0855. 16. e° = 4 

17. €26 = 13.463. 18. e7 = 23.140... 


In Exercises 19-24, evaluate the expression without 
using a calculator. 


19. log, 16 20-mlog;, 9 
21. log,«(;) 22. log,(5) 
23. log,, 0.01 24. log), 0.1 


In Exercises 25-30, solve the equation for x. 


25. log, x = log,9 26. log.5 = x 
27, Ine? = x 28. Inl = Inx 
29. log, 67 = x 30. log, 2>'=x 


In Exercises 31-42, use a calculator to evaluate the 
logarithm. Round to three decimal places. 


31. log, 345 32. log,, 145 

33. log (3) 34. login: 

35. In(4+ J/3) 36. In(/5 — 2) 
Uh line 29) 38. In /752 

39. 6 log,, 14.8 40. —3 log, 0.09 
41. 121n6.4 42. —5.51n34 


In Exercises 43-46, describe the relationship between 
the graphs of f and g. What is the relationship 
between the functions f and g? 


43. fi) = 3* 44, f(x) = 5* 
g(x) = log, x g(x) = logs x 

45. f(x) =e 46. f(x) = 10% 
g(x) = Inx g(x) = log,)x 


In Exercises 47-52, use the graph of y = log,x to 
match the given function with its graph. [The graphs 
are labeled (a), (b), (c), (d), (e), and (f).] 


OQ 5 (b) 5 
s 3 
= 
(c) (d) 5 
5 5 
=5 
(e) 4 (f) 5 
a 4 9 
=6 5 
AT et) = JOR, x tee 48. f(x) = —log, x 
49. f(x) = —log,(x +2) 50. f(x) = log,(x — 1) 
51. f(x) = log,(1 — x) 52. f(x) = log.) 


In Exercises 53-60, find the domain, vertical asymp- 
tote, and x-intercept of the logarithmic function, and 
sketch its graph by hand. Verify using a graphing 
utility. 

53. f(x) = log, x 

55. h(x) = log,(x — 3) 

Dis Y= lOve kee 

59. f(x) = 6 logs) 
60. f(x) = —log,(x + 2) -— 4 


54. g(x) = log. x 
56. f(x) ="log(a 42) 
33.) = logy — 1) ea 


In Exercises 61-66, use a graphing utility to graph the 
logarithmic function. Determine the domain and 
identify any vertical asymptote and x-intercept. 


61. y = loz) 62. y = log,o(—x) 
63. f(x) = In(x — 2) 
65. g(x) = In(—x) 


64. h(x) = In(x + 1) 
66. f(x) = In — x) 


In Exercises 67-70, (a) use a graphing utility to graph 
the function, (b) find the domain, (c) use the graph to 
determine the intervals in which the function is in- 
creasing and decreasing, and (d) approximate any rel- 
ative maximum or minimum values of the function. 


Pall 
68. g(x) = — 


67. f(x) = ; — n> 


70. f(x) =—— 


69. h(x) = 4xInx = 
In x 


71. Population Growth The population of a town will 


double in 
; 10 In2 
a o ars. 
bg Lan 
Find tf. 


72. Work The work (in foot-pounds) done in com- 
pressing an initial volume of 9 cubic feet of air at a 
pressure of 15 pounds per square inch to a volume of 
3 cubic feet is W = 19,440(In 9 — In 3). Find W. 

73. Human Memory Model Students in a mathematics 
class were given an exam and then tested monthly 
with an equivalent exam. The average score for the 
class was given by the human memory model 


Fe 80g Viloeiit ts Ls, 0. <f <.12 


where f¢ is the time in months. 

(a) What was the average score on the original exam 
(i= 0)? 

(b) What was the average score after 4 months? 

(c) What was the average score after 10 months? 

(d) Verify your answers in parts (a), (b), and (c) 
using a graphing utility. 

74. Investment Time A principal P, invested at 55% 
and compounded continuously, increases to an 


amount K times the original principal after t years, 
where t = (In K)/0.055. 
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Sib 


76. 


(a) Complete the table and interpret your results. 


Ki1)2) + | 8] 10 | 12 
mm | | | 


(b) Use a graphing utility to graph the function. 


Data Analysis The table shows the temperatures 
T (in °F) at which water boils at selected pressures 
p (in pounds per square inch). (Source: Standard 
Handbook of Mechanical Engineers) 


+ 


££ 10 14.696 (1 atm) 
| 162.24° | 193.21° | 212.00° 

/p | 20 30 40 

T | 227.96° | 250.33° | 267.25° 

Paessaey | 

p | 60 80 100 

F7) 292.71° | 312.03° | 327.81° 


A model that approximates this data is 
T = 87.97 + 34.96 Inp + 7.91V/p. 


(a) Use a graphing utility to plot the data points and 
graph the model in the same viewing window. 
How well does the model fit the data? 

(b) Use the graph to estimate the pressure required 
for the boiling point of water to exceed 300°F. 

(c) Calculate T when the pressure is 74 pounds per 
square inch. Verify your answer graphically. 


Data Analysis A meteorologist measures the 
atmospheric pressure P (in Pascals) at altitude h (in 
kilometers). The data is shown below. 


5 poe 
P| 101,293 | 54,735 | 23,294 | 12,157 | 5069 


A model for the data is 
P = 102,303¢e70-8™, 


(a) Use a graphing utility to plot the data points and 
graph the model in the same viewing window. 
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(b) Use a graphing utility to plot the points (A, In P). 
Use the regression capabilities of the graphing 
utility to fit a regression line to the revised data 
points. 

(c) The line in part (b) has the form In P = ah + b. 
Write the line in exponential form. 

(d) Verify graphically and algebraically that the re- 
sult of part (c) is equivalent to the given expo- 
nential model for the data. 


World Population Growth The time f in years for 
the world population to double if it is increasing at a 
continuous rate of r is 


In 2 
,S=, 
r 


Complete the table. What do your results imply? 


/r | 0.005 | 0.010 | 0.015 | 0.020 | 0.025 | 0.030 | 


Tractrix A person walking along a dock (the y- 
axis) drags a boat by a 10-foot rope. The boat travels 
along a path known as a tractrix. The equation of this 
path is 


10/100 =e 
ee iti 
aS 


y= ro 


(a) Use a graphing utility to obtain a graph of the 
function. What is the domain of the function? 
(b) Identify any asymptotes of the graph. 


(c) Determine the position of the person when the 
x-coordinate of the position of the boat is x = 2. 


(d) Let (0, p) be the position of the person. Determine 
p as a function of x, the x-coordinate of the posi- 
tion of the boat. 


(e) Use a graphing utility to graph the function p. 
When does the position of the person change 
most for a small change in the position of the 
boat? Explain. 


Sound Intensity The relationship between the 
number of decibels B and the intensity of a sound / 
in watts per square meter is 


(a) Determine the number of decibels of a sound 
with an intensity of | watt per square meter. 


(b) Determine the number of decibels of a sound 
with an intensity of 10~? watt per square meter. 


(c) The intensity of the sound in part (a) is 100 times 
as great as that in part (b). Is the number of deci- 
bels 100 times as great? Explain. 

Ventilation Rates Yn Exercises 80 and 81, use the 
model 


y = 80.4-—11Inx, 100 <x < 1500 


which approximates the minimum required ventila- 
tion rate in terms of the air space per child in a public 
school classroom. In the model, x is the air space per 
child (in cubic feet) and y is the ventilation rate (in 
cubic feet per minute). 


80. Use a graphing utility to graph the function and 
approximate the required ventilation rate if there is 
300 cubic feet of air space per child. 


81. A classroom is designed for 30 students. The air- 
conditioning system in the room has the capacity to 


move 450 cubic feet of air per minute. 


(a) Determine the ventilation rate per child, assum- 
ing that the room is filled to capacity. 


(b) Use the graph of Exercise 80 to estimate the air 
space required per child. 


(c) Determine the minimum number of square feet 
of floor space required for the room if the ceiling 
height is 30 feet. 


Monthly Payment In Exercises 82-85, use the model 


t = 16.625 in( x > 750 


“7 
x — 750)’ 
which approximates the length of a home mortgage of 
$150,000 at 6% in terms of the monthly payment. In 
the model, ¢ is the length of the mortgage in years and 
x is the monthly payment in dollars. 


t= 16,625 In (<=50) | 


— 
- 


if 
i) 
' 
i 
if 
i 
i) 
| 
Ly 


Number of years 


2,000 6,000 10,000 
Monthly payment (in dollars) 


82. Use the model to approximate the length of a 
$150,000 mortgage (at 6%) if the monthly payment 
is $897.72. 


83. Use the model to approximate the length of a 
$150,000 mortgage (at 6%) if the monthly payment 
is $1659.24. 


84. Approximate the total amount paid over the term 
of the mortgage in Exercise 82 with a monthly 
payment of $897.72. What amount of the total is 
interest costs? 


85. Approximate the total amount paid over the term 
of the mortgage in Exercise 83 with a monthly 
payment of $1659.24. What amount of the total is 
interest costs? 


Synthesis 


True or False? In Exercises 86 and 87, determine 
whether the statement is true or false. Justify your 
answer. 


86. You can determine the graph of f(x) = log,x by 
graphing g(x) = 6 and reflecting it in the x-axis. 

87. The graph of f(x) = log,x contains the point (27, 3). 

88. Exploration The table of values was obtained by 


evaluating a function. Determine which of the state- 
ments may be true and which must be false. 


(a) y is an exponential function of x. 
(b) y is a logarithmic function of x. 
(c) x is an exponential function of y. 
(d) y is a linear function of x. 


89. Exploration Use a graphing utility to compare the 
graph of the function y = In x with the graphs of the 
following functions. 

Gy yal 
(b) y = (@ — 1) — 3 - 1 
Op Cao 1) + 30 — 1)° 

90. Finding a Pattern Identify the pattern of succes- 
sive polynomials given in Exercise 89. Extend the 
pattern one more term and compare the graph of the 
resulting polynomial function with the graph of 
y = In x. What do you think the pattern implies? 
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91. Numerical and Graphical Analysis (a) Use a 
graphing utility to complete the table for the function 


(b) Use the table to determine what f(x) approaches 
as x increases without bound. 


(c) Use a graphing utility to check the result of part 
(b). 


Review 


In Exercises 92-95, find the vertical and horizontal 
asymptotes of the rational function. 


Sie 
92. f(x) = = : 93. fx) = = = : 

2 = 
24 10) po ar 


In Exercises 96-99, evaluate the expression. Round 
your answer to three decimal places. 


96. e!2 97. 7/2 
98. e> 99. 6e°8 
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4.3 ,Properties.ot.Logarithms... 


Change of Base 


Most calculators have only two types of log keys, one for common logarithms 
(base 10) and one for natural logarithms (base e). Although common logs and 
natural logs are the most frequently used, you may occasionally need to 
evaluate logarithms to other bases. To do this, you can use the following change- 
of-base formula. 


Pama 
aes 


One way to look at the change-of-base formula is that logarithms to base a are 
simply constant multiples of logarithms to base b. The constant multiplier is 
1/ (log, a). 


EXAMPLE 1 Changing Bases Using Common Logarithms 


log) 30 


ae log x 
a. log, 30 = ee eae 
ee logio4 nap log a 
m2 a. 
0.60206 se a calculator. 
~ 2.4534 Use a calculator. 
lo 1 
b. log,x = set SU pei NE 3.3219 logigx 


logi92 9.30103 


EXAMPLE 2 Changing Bases Using Natural Logarithms 


ny In x 
a. log, 30) = ai ce Bs 
_ 3.40120 
1.38629 Use a calculator. 
~= 2.4535 eee aie 
In x Inx 
iN pe ame anette 


In2 0.693147 


In Examples 1 and 2, the result is the same whether common logarithms or nat- 
ural logarithms are used in the change-of-base formula. 


Gary Conner/PhotoEdit 
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Properties of Logarithms 


You know from the previous section that the logarithmic function with base a is 
the inverse of the exponential function with base a. So, it makes sense that the 
properties of exponents should have corresponding properties involving loga- 
rithms. For instance, the exponential property a° = 1 has the corresponding 
logarithmic property log,1 = 0. 


ry 
og? ae 
‘Se Neb 


* 
pS 


Pt Laie 
ECOG sare 
Pies 2 

on te 

Le 


2) cece pm 
Wien we 
ee 
fade 


ee 


aes. 
& 


For a proof of Property 1, see Appendix A. 


EXAMPLE 3 Using Properties of Logarithms 
Write the logarithm in terms of In 2 and In 3. 
a. In6 b. In Bs 
27 
Solution 
a. n6 = In(2 - 3) Rewrite 6 as 2 + 3. 
=In2+1In3 Property 1 
b. In ey = In2 — In 27 Property 2 
2} 
= Ini2i— In 3° Rewrite 27 as 3°, 
=In 2 — 3.1n3 Property 3 


EXAMPLE 4 — Using Properties of Logarithms 


Use the properties of logarithms to verify that —In = In2. 
Solution 
—In} = —In(27!) Rewrite 5 as 2~!, 
= —(—1)In2 Property 3 
= in2 Simplify. 


Try checking this result on your calculator. 


The Granger Collection 
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Rewriting Logarithmic Expressions 


The properties of logarithms are useful for rewriting logarithmic expressions in 
forms that simplify the operations of algebra. This is true because they convert 
complicated products, quotients, and exponential forms into simpler sums, 
differences, and products, respectively. ‘ 


EXAMPLE 5 — Expanding the Logarithm of a Product 


Use the properties of logarithms to expand log ,,5x°y. 


Solution 
log.) 5x7y = logig 5 + logy, x*y Property 1 
=logig > + logig x? + log. y Property 1 
= log,,5 + 3 log;ox + logigy Property 3 


EXAMPLE 6 — Expanding the Logarithm of a Quotient 


Use the properties of logarithms to expand In va? 
Solution 
B/ ox = 5 es = | 
Des IN Rewrite rational exponent. 
7 7 
= In(3x — 5)!/2 — In7 Property 2 
1 

= 5 In(3x — 5) — In7 Property 3 


In Examples 5 and 6, the properties of logarithms were used to expand 
logarithmic expressions. In Example 7, this procedure is reversed and the proper- 
ties of logarithms are used to condense logarithmic expressions. 


EXAMPLE 7 Condensing a Logarithmic Expression 


Use the properties of logarithms to condense each logarithmic expression. 


a. slog, )x + 3 log,o(x + 1) b. 2 In(x + 2) — Inx 
Solution 
a. 5 logy)x + 3 log,(x + 1) = logiox'/2 + log, o(x + 1)° Property 3 
= log yo Vx -(+ 1)3] Property 1 
b. 2 In + 2) — Inx = In(x + 2)? — Inx Property 3 
(x + 2) 
= 1 -——— 


Pp 
e roperty 2 
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Application 


EXAMPLE 8 Finding a Mathematical Model 


The table shows the mean distance from the sun x and the orbital period y of the 
six planets that are closest to the sun. In the table, the mean distance is given in 
terms of astronomical units (where the earth’s mean distance is defined as 1.0), 
and the period is given in terms of years. Find an equation that expresses y as a 
function of x. 


Earth | Mars | Jupiter | Saturn | 
1.0 | 1.524 | 5.203 | 9.539 
1.881 | 11.862 | 29.458 


| Mercury | Venus 


Figure 4.22 


Algebraic Solution Graphical Solution 


The points in the table are plotted in Figure 
4.22. From this figure it is not clear how to find 
an equation that relates y and x. To solve this 
problem, take the natural log of each of the x- 
and y-values shown in the table. This produces 
the following results. 


The points in the table are plotted in Figure 4.22. From this figure it 
is not clear how to find an equation that relates y and x. To solve this 
problem, take the natural log of each of the x- and y-values given in 
the table. This produces the following results. 


| : Mercury | Venus | Earth Mars | Jupiter | Saturn 


aietes'y J 


“| -0.949 ]-0.324| 0.0 | 0.421 | 1.649. | 2.255 
: —1.423 |-0.486 | 0.0 | 0.632 | 2.473. | 3.383 


Now, by plotting the points in the table, you can see that all six of 
the points appear to lie in a line, as shown in Figure 4.23. 


[a [sei [ Sm 


| 0.632 | 2.473 


Now, by plotting the points in the table, you 
can see that all six of the points appear to lie in 
a line. 

Choose any two points to determine the 
slope of the line. Using the two points 


(0.421, 0.632) and (0, 0), you can determine the Figure 4.23 
] f the line. 
tie Using the regression features of a graphing utility, you can find a 
Pe 0.632 — 0 _ ae 3 linear model for the data Y = 1.5X = 3X, where Y = Iny and 
0.421 70r = “inl 2 X = In x. From the model, you can see that the slope of the line is 


3 ag 
By the point-slope form, the equation of the 2. So, you can conclude that In y = 3 In x. 


fine is: Y= og where Y = In y and X A In x. 
You can therefore conclude that In y = 3 In x. 


In Example 8, try to convert this to y = f(x) form. You will get a function of the 
form y = ax”, which is a power model. 


326 Chapter 4° Exponential and Logarithmic Functions 


In Exercises 1 and 2, use a graphing utility to graph 
the two functions in the same viewing window. What 
do the graphs suggest? Explain your reasoning. 


1. f(x) = logy x 
In x 


sx) = 159 


2. f(x) = Inx 
logy) x 
AG kets 
0810 & 


In Exercises 3-10, evaluate the logarithm using the 
change-of-base formula. Round your result to three 


decimal places. 


3. log, 7 

5. log; /.4 
7. log,(0.8) 
9. log,; 1460 


4. log, 4 

6. log, /.64 

8. log, ,(0.015) 
10. logs) 135 


33. In Vz 34. In 3/t 
35. In xyz 36. n= 
x= 4 
SM Mitta = 1, as Il 38. In 3 Pp eal 
a 
39. ln zz, ee 40. In es 
3./2 x 
41. ng/ 42. In Fay 
yy 
43. In—; 44. In V/x-@e 4 2) 
Zz 
2 Jxy" 
45. l08p 5,273 46. log, | 


Graphical Analysis 


In Exercises 47 and 48, use a 


In Exercises 11-18, rewrite the logarithm as a multi- 
ple of (a) a common logarithm and (b) a natural 
logarithm. 


11. log; x 12. log, x 
13. log,/5x 14. log, 3x 
153 log, 16. log, 3 
17. log, x 18. log, , x 


In Exercises 19-26, use the change-of-base formula to 
rewrite the logarithm as a multiple of a logarithm. 
Then use a graphing utility to sketch the graph. 


19. f(x) = log, x 20. f(x) = log, x 
21 FO) = log, x 22. f(x) = logy 4x 
23. f(x) = log,,.x 24. f(x) = logs. 4x 


25. f(x) = log, x! 26. fix) = logs 


In Exercises 27-46, use the properties of logarithms 
to write the expression as a sum, difference, and/or 
constant multiple of logarithms. (Assume all variables 
are positive.) 


27. 10849 5% 28. log,, 10z 
: y 

29. logioT 30. logio 5 

31. log, x* 32: 10g. Zee 


graphing utility to graph the two equations in the 
same viewing window. What do the graphs suggest? 
Explain your reasoning. 
47. y, = Infxt(x.+ 4)], 

SS 


ys = 3Inx + In + 4) 


y, =$Inx — In(x — 2) 


48. y, = inf - = 


In Exercises 49-68, write the expression as the loga- 
rithm of a single quantity. 


49. Inx + In4 50. Iny + Inz 
51. log,z — logyy 52. log, 8 — logs t 
53. Zlogs(xrt 3) 54. —6 log, 2x 
55. 4 log, 7x 56. 3 log,(z — 4) 
Sy, i xo Inte, seh) 582) in S45 In 


59. In(x — 2) — In@ + 2) 

60. 3Inx + 2Iny —4I1nz 

61. Inx — 2[In(x + 2) + In — 2)] 
62. 4[In z + In(z + 5)] — 2In(z — 5) 
63. 3[2 In(x + 3) + Inx — InG2 — 1)] 
64. 2[In x — In(x + 1) — In(x — 1)] 
65. 4[Iny + 2In(y + 4)] — In(y — 1) 
66. 5[In(x + 1) + 2In(x — 1)] + 3Inx 
67. 21n3 — }In(x? + 1) 

68. 3In5¢° —3in¢4 


Graphical Analysis In Exercises 69 and 70, use a 
graphing utility to graph the two equations in the 
same viewing window. What do the graphs suggest? 
Verify your conclusion algebraically. 


K 64 
OSE AN Penh (es ae 0) een Ll reeeTe| 


70. y, =Inx+3In(x +1), y, = In{x3/x + 1) 
Think About It In Exercises 71 and 72, use a graph- 
ing utility to graph the two equations in the same 
viewing window. Are the expressions equivalent? 
Explain. 


71. y, = Inx?, y, = 2Inx 
72. y, =4ln[x4(x? + 1], yy =Inx + {In(e? + 2) 
In Exercises 73-86, find the exact value of the 
logarithm without using a calculator. (If this is not 
possible, state the reason.) 


73. log, 9 74. log, 3/6 

75. log, 16°4 76. log.(43) 

77. log,(—4) 78. log,(— 16) 

79. logs 75. — log, 3 80. log, 2 + log, 32 
81. Ine? — Ine’ 82. 3 Inet 

83. log), 0 84. In 1 

85. Ine*> 86. In 3/e 


In Exercises 87-94, use the properties of logarithms to 
simplify the logarithmic expression. 


87. log,8 88. log.(+) 

89. log, 70 90. log,(42 - 34) 
9 

91. logs(a50) 92. log (00) 


6 
93. In(5e°) 94. In— 


e 


95. Sound Intensity The relationship between the 
number of decibels 6 and the intensity of a sound / 
in watts per square meter is 


I 
B = 10 loa ns) 


(a) Use the properties of logarithms to write the for- 
mula in a simpler form. 


96. 


oF? 
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(b) Use a graphing utility to complete the table. 


(c) Verify your answers in part (b) algebraically. 


Human Memory Model Students participating in a 
psychological experiment attended several lectures. 
After the last lecture, and every month for the next 
year, the students were tested to see how much of the 
material they remembered. The average scores for 
the group were given by the memory model 


f@ =90— 15log,,¢ + 1), O<¢s 12 


where f is the time (in months). 

(a) Use a graphing utility to graph the function over 
the specified domain. 

(b) What was the average score on the original exam 
(t = 0)? 

(c) What was the average score after 6 months? 

(d) What was the average score after 12 months? 


(e) When would the average score have decreased 
to 75? 


Comparing Models A cup of water at an initial 
temperature of 78°C is placed in a room at a constant 
temperature of 21°C. The temperature of the water is 
measured every 5 minutes during a half-hour period. 
The results are recorded as ordered pairs of the form 
(t, 7), where tf is the time (in minutes) and T is the 
temperature (in degrees Celsius). 


(0, 78.0°), (5, 66.02 eA 1ORS7 52) (host). 
(20, 46.3°), (25, 42.5°), (30, 39.6°) 


(a) The graph of the model for the data should be 
asymptotic with the temperature of the room. 
Subtract the room temperature from each of the 
temperatures in the ordered pairs. Use a graphing 
utility to plot the data points (t,7) and 
fey AGM 

(b) Use the regression capabilities of a graphing 
utility to fit an exponential model to the revised 
data. This model will be of the form 


T=21="ab". 
Solve for T and graph the model. Compare the 
result with the plot of the original data. 


(c) Take the natural logarithms of the revised tem- 
peratures. Use a graphing utility to plot the 
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points (t, In(7 — 21)) and observe that the points 
appear linear. Use the regression capabilities of a 
graphing utility to fit a line to this data. The 
resulting line has the form 


In(T — 21) = at + b. 


Use the properties of logarithms to solve for 7. 
Verify that the result is equivalent to the model in 
part (b). 

Fit a rational model to the data. Take the recip- 
rocals of the y-coordinates of the revised data to 
generate the points 


(7a) 
tel) 


Use a graphing utility to plot these points and 
observe that they appear linear. Use the regres- 
sion capabilities of a graphing utility to fit a line 
to this data. The resulting line has the form 


(d 


— 


1 
err. 
Ta i aie 
Solve for T, and use a graphing utility to graph 
the rational function and the original data points. 
98. Writing Write a short paragraph explaining why 
the transformations of the data in Exercise 97 were 
necessary to obtain the models. Why did taking the 
logarithms of the temperatures lead to a linear scat- 


ter plot? Why did taking the reciprocals of the tem- 
peratures lead to a linear scatter plot? 


Synthesis 


True or False? In Exercises 99-104, determine 
whether the statement is true or false given that 
f(x) = Inx. Justify your answer. 
99. f(0) =0 
100. flax) = f(a) +f), a>0,x>0 
101 fe 2) = f(x) — #2), x22 
102. Jf(x) = 3f@) 
103. If f(u) = 2f(v), then v = w2. 
104. If f(x) < 0, then0 < x < 1, 


105. Think About It Use a graphing utility to graph 


Inx 


—, Aix) =Ite—<In2 
In 2 


fo) =In=, g(x) = 


On 
in the same viewing window. Which two functions 
have identical graphs? Explain why. 


106. Exploration Approximate the natural logarithms 
of as many integers as possible between | and 
20, given that In2 ~ 0.6931, In3 ~ 1.0986, and 
In5 =~ 1.6094. (Do not use a calculator.) 


107. Prove that log, — = log, u — log, v. 
VY 

108. Prove that log, uv" = n log, u. 

Review 


In Exercises 109-112, simplify the expression. 
DAV a 

16x~3y By 

111. (18x7y4)-3(18x3)4)3_ 112. x(x + yu)! 


109. 110. ( 


In Exercises 113-118, find all solutions of the equa- 
tion. Be sure to check all your solutions. 

113. x7 > 6r +2 = 0 114. 2° + 20x? + 50x = 0 
115. x* = 19x? + 48 ="0" "116. 9x*— 3 
117. 2 — 6 —4x 7 24 — 0 

118. 9x4. — 226x7 + 25 = 0 


In Exercises 119-126, use a calculator to evaluate the 
expression. Round the result to three decimal places. 


119. 1.6-27 120. 3/8251 
121. 260¥3 122. 170(4-!) 
123. log,o(220) 124. log, (2) 
125. In 2.008 126. In(s — /7) 
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4.4 .Solving.Exponential.and,Logarithmic Equations. 


Introduction 


So far in this chapter, you have studied the definitions, graphs, and properties of 
exponential and logarithmic functions. In this section, you will study procedures 
for solving equations involving exponential and logarithmic functions. 

There are two basic strategies for solving exponential or logarithmic equa- 
tions. The first is based on the One-to-One Properties and the second is based on 
the Inverse Properties. For a > 0 and a # 1, the following properties are true for 
all x and y for which log,x and log, y are defined. 


One-to-One Properties 
a*=a’ ifandonlyif x= y. 
log,x =log,y ifandonlyif x=y. 


Inverse Properties 


Ga x = x 


log-a* = 


EXAMPLE 1 Solving Simple Exponential and Logarithmic Equations 


Original Rewritten 

Equation Equation Solution Property 
a. 2* = 32 2*>=2° x=5 One-to-One 
b. Inx — In3 =0 Inx = In3 x=3 One-to-One 
c. 4) =9 3 = 3? x=-2 One-to-One 
d. e* =7 In e* = In7 x =In7 Inverse 
Coin = 3 err= e x=e3 Inverse 
f. logx = —1 10'%e* = 107! x= 101 =%5 Inverse 


The strategies used in Example 1 are summarized as follows. 


Strategies for Solving Exponential and 
Logarithmic Equations 
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Solving Exponential Equations 


EXAMPLE 2 Solving Exponential Equations 
Solve each equation. ewe, bes?) — 4) : 
Graphical Solution 


Algebraic Solution 
a e~=72 Write original equation. a. Use a graphing utility to graph the left- and right- 
hand sides of the equation as y, = e* and y, = 72 
ee ae ee eae in the same viewing window. Use the intersect fea- 
x = 1n72 Inverse Property ture or the zoom and trace features of the graphing 
utility to approximate the intersection point, as 
x = 4.277 Use a calculator. - PP P 


shown in Figure 4.24. So, the approximate solution 
is 4.277. 


b. Use a graphing utility to graph y, = 3(2*) and 


The solution is In 72 ~ 4.277. Check this solution in the 
original equation. 


ba 2) 2 Write original equation. yy = 42 in the same viewing window. Use the inter- 
. ae ; sect feature or the zoom and trace features to 
2*= 14 Divide each side by 3. ; : : / ; 
approximate the intersection point, as shown in 
log, 2* = log, 14 Take log (base 2) of each side. Figure 4.25. So, the approximate solution is 3.807. 
x = log, 14 Inverse Property 
In 14 
i Change-of-base formula 
In 2 
x = 3.807 Use a calculator. 


Intersection 
X=3.80 9 


The solution is log, 14 ~ 3.807. Check this solution in 


the original equation. Figure 4.24 Figure 4.25 


EXAMPLE 3 Solving an Exponential Equation 


Solve 4e* = 5. 
Algebraic Solution Graphical Solution 
pgs See ai ! ; 
der ts Write original equation. Rather than graph both sides of the equation you are solving as sep- 
ieee arate graphs, as you did in Example 2, another way to graphically 
ey == Divide each side by 4. : : a = aaa : 2x 
4 solve the equation is to first rewrite the equation as 4e* — 5 = 0, 
5 then use a graphing utility to graph y = 4e** — 5. Use the zero or 
In e2* = In ji Take logarithm of each side. root feature or the zoom and trace features of the graphing utility to 
approximate the value of x for which y = 0. From Figure 4.26, you 
pele Pied can see that the zero occurs when x ~ 0.112. So, the approximate 
4 Dee ren solution is 0.112. 
Rete) 
iE 2 In a Solve for x. 


x = 0.112 Use a calculator. 


The solution is 5In} ~ 0.112. Check this 
solution in the original equation. 
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EXAMPLE 4 Solving an Exponential Equation 
Solve 2(327-5) — 4 = 11. 


Solution 
Deer) —-4=11 Write original equation. 
PCa )k— 15 Add 4 to each side. 
oe 3 Divide each side by 2. 
log, 37’~> = log, i Take log (base 3) of each side. 
2t — 5 = log, 8 Inverse Property 
2t Ser log. 15 Add 5 to each side. 
p= 3 + $log,7.5 Divide each side by 2. 
t = 3.417 Use a calculator. 


The solution is : ae Slog, 7.5 ~ 3.417. Check this in the original equation. 


When an equation involves two or more exponential expressions, you can still 
use a procedure similar to that demonstrated in the previous three examples. 
However, the algebra is a bit more complicated. 


EXAMPLE 5 Solving an Exponential Equation in Quadratic Form 
Solve e* — 3e* + 2 =—0. 


Algebraic Solution Graphical Solution 


Use a graphing utility to graph y = e* — 3e* + 2. 


Dee x 4 = 5 5 a aoa 
y se oa? ee nee eten Use the zero or root feature or the zoom and trace 
(e*)? — 3e° + 2=0 Write in quadratie form. features of the graphing utility to approximate the 
values of x for which y = 0. In Figure 4.27, you can 
(e* — 2)(e*— 1) = 0 Factor. see that the zeros occur when x = 0 and when 
pi) = () Set Ist factor equal to 0. x ~ 0.693. So, the approximate solutions are 0 and 
0.693. 
ex =2 Add 2 to each side. 
x = In2 Inverse Property 
eo Le= 10. Set 2nd factor equal to 0. 
ev = 1 Add | to each side. 
x =In1l Inverse Property 
x=0 Simplify. 


Figure 4.27 


The solutions are In2 ~ 0.693 and 0. Check these in the 
original equation. 
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Solving Logarithmic Equations 


To solve a logarithmic equation, you can write it in exponential form. 


Inx = 3 Logarithmic form 
eee Exponentiate each side. 
2 Se Exponential form 


This procedure is called exponentiating both sides of an equation. It is applied 
after the logarithmic expression has been isolated. 


EXAMPLE 6 Solving Logarithmic Equations 


Solve each logarithmic equation. 


auinet 2a b-alog,(5x — 1) = log.(x + 7) 


Solution 
a. Inx =2 Write original equation. 
CBee Exponentiate each side. 
ne" Inverse Property 
x = 7.389 Use a calculator. 


The solution is e? ~ 7.389. Check this in the original equation. 


b. log,(5x — 1) = log,(x + 7) Write original equation. 
Oke levee One-to-One Property 
4x = 8 Add —x and | to each side. 
x=2 Divide each side by 4. 


The solution is 2. Check this in the original equation. 


EXAMPLE 7 Solving a Logarithmic Equation 
SOMWwe S ae Ziinge = 4) 


Algebraic Solution Graphical Solution 
ae 2 Ibn e = 4! Write original equation. 
2Inx = —-1 Subtract 5 from each side. 
Inx = —5 Divide each side by 2. 


5 ' 
enw = ¢ 1/2 Exponentiate each side. 


eter = Inverse property 
x = 0.607 Use a calculator. 


The solution is e~!/2 ~ 0.607. Check this in the 
original equation. 


Use a graphing utility to graph y, = 5 + 2Inx and y, = 4 in 
the same viewing window. Use the intersect feature or the zoom 
and trace features to approximate the intersection point, as 
shown in Figure 4.28. So, the approximate solution is 0.607. 
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EXAMPLE 8 Solving a Logarithmic Equation 
Solve 2 log; 3x = 4. 


Solution 
2 log, 3x = 4 Write original equation. 1f 
reas ion 
log, 3x = 2 Divide each side by 2. ; 
Sloss i 52 Exponentiate each side (base 5). Figure 4.29 
3x = 25 Inverse Property. 
5 
a z Divide each side by 3. 


The solution is ra Check this in the original equation. Or, perform a graphical 
check by graphing 


log 3x 


1 Ogs 3x 2 logo 5 


and y, =4 
in the same viewing window. The two graphs should intersect when x = 23 and 
y = 4, as shown in Figure 4.29. 


Because the domain of a logarithmic function generally does not include all real 
numbers, you should be sure to check for extraneous solutions of logarithmic 
equations, as shown in the next example. 


EXAMPLE 9 Checking for Extraneous Solutions 


Solve for x in the equation In(x — 2) + In(2x — 3) = 2 Inx. 


Algebraic Solution Graphical Solution 
- ee First rewrite the original equation as 
In(x — 2) + In(2x — 3) = 2 Inx Bene In(x — 2) + In(2x — 3) — 2Inx = 0. Then 
use a graphing utility to graph y= 
In[ (x — 2)(2x — 3)] = In x? Use properties of In(x — 2) + In(2x — 3) — 2Inx, as shown 
gears. in Figure 4.30. Use the zero or root feature or 
In(2x2 — 7x + 6) = In x? the zoom and trace features of the graphing 
utility to determine that 6 is an approximate 
ea 6 =x? One-to-One Property solution. You can verify that 6 is an exact 
solution by substituting x = 6 in the original 

x2 — Txt 6=_0. Write in general form. equation. 
(x mg 6)(x = 1) = 0 Factor. 


y=In(«-2) +1In Qx—-3)-2 Inx 


Set Ist factor equal 
x=6 i 4 


ce 0 =U) to 0. 


Set 2nd factor 
equal to 0. 


— 


x= 1 =0 a 


Finally, by checking these two “solutions” in the original equation, 
you can conclude that x = 1 is not valid. This is because when x = It 
In(x — 2) + In(2x — 3) = In(—1) + In(—1), which is invalid be- 
cause — | is not in the domain of the natural log function. So, the only 
solution is 6. 
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EXAMPLE 10 = The Change-of-Base Formula 


log, x 


Prove the change-of-base formula: log, x = ; 
log, a 


Solution 
Begin by letting y = log,.x and writing the equivalent exponential form a” = x. 
Now, taking the logarithms with base b of both sides produces the following. 
log, a = log, x 
ylog,a = log,x 
log, x 
,= SS 
log, a 
_ log, x 


] = 
a log, a 


Approximating Solutions 


Equations that involve combinations of algebraic functions, exponential func- 
tions, and/or logarithmic functions can be very difficult to solve by algebraic 
procedures. Here again, you can take advantage of a graphing utility. 


EXAMPLE 11 = Approximating the Solution of an Equation 


Approximate the solution of In x = x? — 2. 


| Solution 
To begin, write the equation so that all terms on one side are equal to 0. 


ina = 4° 2 ="0 
Then use a graphing utility to graph 
yi In x 


as shown in Figure 4.31. From this graph, you can see that the equation has two 
solutions. Next, using the zero or root feature or the zoom and trace features, you 
can approximate the two solutions to be 0.138 and 1.564. 


Check 
Ini x2. = 2 Write original equation. 
In(0.138) E (0.138)? — 2 Substitute 0,138 for x. 
— 1.9805 ~ — 1.9810 Solution checks. / 
In(1.564) Z (1.564)? — 2 Substitute 1.564 for x. 
0.4472 ~ 0.4461 Solution checks. / 


So, the two solutions 0.138 and 1.564 seem reasonable. 


STUDY TIP 


To solve exponential equations, 
it is useful to first isolate the 
exponential expression, then 
take the logarithm of both sides 
and solve for the variable. 


To solve logarithmic equations, 
condense the logarithmic part 
into a single logarithm, then 
rewrite in exponential form and 
solve for the variable. 


Q y= —xe4 2 ln x 


=8 
Figure 4.31 


4.4 ¢ Solving Exponential and Logarithmic Equations —_ 335 


Applications 


Doubling an Investment 


EXAMPLE 12 Doubling an Investment 


= 
= 
S 
i=) 


You have deposited $500 in an account that pays 6.75% interest, compounded 
continuously. How long will it take your money to double? 


Solution 
Using the formula for continuous compounding, you can find that the balance in 
the account is 


A = Pe™ 


= 500 e2:0675¢, 


\o 
S 
oO 


| 
S 
S 


Nn 
S 
Ss 


300 


Account balance (in dollars) 


100 


P 4 6 ce 10) 


To find the time required for the balance to double, let A = 1000, and solve the Time (in years) 
resulting equation for t. : 
Figure 4.32 
500e° "= 1000 Substitute 1000 for A. 
C2 Divide each side by 500. 
Ine eo — In? Take natural log of each side. 
0.0675t = In2 Inverse Property 
: In 2 
= Divide each side by 0.0675. 
0.0675 4 


ip 2 MOT Use a calculator. 


The balance in the account will double after approximately 10.27 years. This 
result is demonstrated graphically in Figure 4.32. 


EXAMPLE 13 Consumer Price Index for Sugar 


From 1970 to 1997, the Consumer Price Index (CPI) value y for a fixed amount 
of sugar for the year t can be modeled by the equation 


y= —171.8 + 87.1Int 


where t = 10 represents 1970 (see Figure 4.33). During which year did the price 
of sugar reach 4.5 times its 1970 price of 28.8 on the CPI? (Source: U.S. Bureau 
of Labor Statistics) 


Cost of Sugar 
Solution 

=t7458-+- 87.1 nt = y Write original equation. 8 
=171.8 + 87.1 Int = 1296 Substitute (4.5)(28.8) = 129.6 for y. : . 
87.1 Int = 301.4 Add 171.8 to each side, é 2 
Int = 3.460 Divide each side by 87.1. : = 

ene te 00 Exponentiate each side. Ss) 

t~ 31.8 Inverse Property 


Year (10 < 1970) 


The solution is 31.8 years. Because t = 10 represents 1970, it follows that the Figure 4.33 
price of sugar reached 4.5 times its 1970 price in late 1991. 
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In Exercises 1-8, determine whether each x-value is a 
solution of the equation. 


1464 D8 2a 32 
(a) x=5 (ay x = =—1 
(b) x = 2 (b) x = 2 

3. 3e%*? = 75 4. —4e"' = —60 


(eo = = 2 (a) x =1+4in1I5 


(b) x= =2 42 In 25 (b) x ~ 3.7081 
(Cer = 12189 (c) x = In 16 

5. log,(3x) = 3 6. log.(2x) = 2 
(a) x = 20.3560 (a) x ~ 20.2882 
(b) x= -4 OO} ace 
Oxn== (Cy 7 


Th Ge = = es 
(a) x=1+4+ 638 
(b) x = 45.7012 
(c) x= 1 In 3.8 


$5 in? 22%) = 
@ x= e =2 
(b) x ~ 405 


ClsS5 


In Exercises 9-14, use a graphing utility to graph f 
and g in the same viewing window. Approximate the 
point of intersection of the graphs of fand g. Then 
solve the equation f(x) = g(x) algebraically. 


9. f(x) = 2 10. f(x) = 27° 
Peas glx) =o 

11. f(x) = log, x 12. f(x) = 3 logsx 
giei= 2 g(x) = 6 

13. f(x) = In — 4) 14. fo) =iIne * 
g(x) = 0 e(x) = 3x + 2 


In Exercises 15-36, solve for x. 


15. 4" = 16 16. 3* = 243 

17. 5* = 625 18272 = 75 

19, 8 =4 20. (5) = 32 

21. (4)' = 64 22. (3) = 2 
BES 27 24. Inx —In2=0 
25. Inx —In5=0 26. e* = 

27. ex = jes hives = Il 

29. Inx = —7 30. log,x = 3 


31. log,.625 = 4 32 logijx —2=0 


33, logigt =i 
35. In(2x — 1) =0 


34. logig>x = —3 
36. In(3x + 5) = 8 


In Exercises 37—42, simplify the expression. 


37. Ine* 38. Ine2*~! 
39, elnGx+2) 40. —1 + Ine 
41, ene 42. —8 + ex 


In Exercises 43-60, solve the exponential equation 
algebraically. Round your result to three decimal 
places. Use a graphing utility to verify your answer. 


43. 10* = 570 44. 6* = 3000 
45. e* = 10 46. 4e* = 40 
AT 5-9? = 020 AS AS 0.10 
ADR 9565 50.-$=2 > = 451 
51. 500e~* = 300 522 1000és- 2 5 
By = er = 5 545— 14, 3e> — i 
55 eae = 0 56en)—5e* -- 60 
57. 50(120 — e*/2) = 600 58. oe = 275 
(hapa 

Ong t= 0.878 \" 

59. (1 +920) =2 60. [16 + 5) = 30 


In Exercises 61-64, let f(x) represent the left side of 
the equation. Complete the table to obtain a rough 
estimate of the solution, and then use a graphing 
utility to graph both sides of the equation to obtain a 
better estimate of the solution. Round your result to 
three decimal places. 
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63. 20(100 — e*/?) = 500 


In Exercises 65-74, use the zero or root feature or the 
zoom and trace features of a graphing utility to find an 
approximate solution of the exponential equation 
accurate to three decimal places. 


65. 23* = 50 66. 4-*/2 = 0.10 
67. 2-3" = te 68. 8(10%) = 12 
69. 5(10"~6 70. 8(3°-*) = 40 
0.065 \365 2.471\% 
71. (1+ os iD. (4 - 2471) = 21 
3000 119 
ea. ih Serer ee 


In Exercises 75-78, use a graphing utility to graph the 
function and approximate its zero accurate to three 
decimal places. 

Tenet) toe 2) 
Det) te ie 78. 


6. f(x) = 3e3*/2 — 962 
A(t) = e125 — 8 


In Exercises 79-98, solve the logarithmic equation 
algebraically. Round the result to three decimal 
places. Verify your answer using a graphing utility. 


79. Inx = —3 80. Inx = 2 

81. In 4x = 2.1 82. In 4x = 1 

83. 2 In 3x = 19 84. 2Inx =7 

85. log, )(z — 3) = 2 86. log,,x? = 6 

87. 7 log,(0.6x) = 12 88. 4 log,.(x — 6) = 11 
89. Inv/x+2=1 90. In /x — 8 =5 


91. In(x + 1)? = 

92. In(x? + 1) = 8 

93. log,x — log,(x — 1) = 5 
94. log, x + log,(x? — 8) = 
95. In(x + 5) = In(x — 1) — Ine + 1) 
96. In(x + 1) — In(x — 2) = In x? 


log, 8x 


log, o( 1 ai /x) = 
log;o(12 + Vx) = 


In Exercises 99-102, let f(x) represent the left side of 
the equation. Complete the table to obtain a rough 
estimate of the solution, and then use a graphing 
utility to graph both sides of the equation to obtain a 
better estimate of the solution. Round your result to 
three decimal places. 


OY, hat Doe == 2) Al 


97. log 75 8x — 
98. logig 4x — 


Eas iperareas eo) 


boo P12] 13 | 14 


In Exercises 103-110, use the zero or root feature or 
the zoom and trace features of a graphing utility to 
find an approximate solution of the logarithmic 
equation accurate to three decimal places. 


103. log, (z — 4) = 1 104, log,)x? = 4 


105. 3Inx =5 106. In 4x = 3 
107. Inx + In@ — 3) = 1 

108. log, x + log,(x + 5) = log,(x + 4) 
109. In(x — 5) = In(x — 3) — In@ + 3) 


110. Inx + In@? + 4) = 10 


In Exercises 111-116, use a graphing utility to 
approximate the point of intersection of the graphs. 
Round your result to three decimal places. 
111. y, =7 112. y, = —4 

Waa a 5 ee ee 
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113. y, = 8 114. y, = 500 

Y> = 4e7 02 is 1500e~*/2 
115. y, = 3 116. y, = 10 

yy = Inx y, = 41In@ — 2) 


Compound Interest n Exercises 117 and 118, find the 
time required for a $1000 investment to (a) double at 
interest rate r, compounded continuously, and (b) 
triple at interest rate r, compounded continuously. 


117. r = 0.085 118. r = 0.12 

119. Average Heights The percentages of American 
males and females between the ages of 18 and 24 
who are at least x inches tall are 


100 


m(x) = 1 + e70.6114(x- 69.71) Males 


100 
i (x) = 1 + e70-66607(«— 64.51) 


Females 


where m and f are the percentages and x is the 

height in inches. (Source: U.S. National Center 

for Health Statistics) 

(a) Use a graphing utility to graph the two func- 
tions in the same viewing window. 

(b) Use the graph to determine the horizontal 
asymptotes of the functions. 


(c) What is the median height for each sex? 


120. Human Memory Model In a group project in 
learning theory, a mathematical model for the 
proportion P of correct responses after n trials was 


found to be 
0.83 
1 + e/ 0-2n 


(a) Use a graphing utility to graph the function. 


(b) Use the graph to determine the horizontal 
asymptotes of the function. Interpret the mean- 
ing of the upper asymptote in the context of the 
problem. 


(c) After how many trials will 60% of the responses 
be correct? 


121. Demand Function The demand equation for a 
camera is 


p = 500 — 0.5(¢9.004), 


Find the demands x for prices of (a) p = $350 and 
(b) p = $300. 


122. 


123. 


124. 


125. 


Demand Function The demand equation for a 
camcorder is 


Al Ae <x} 

Find the demands x for prices of (a) p = $600 and 
(b) p = $400. 

Forest Yield The yield V (in millions of cubic feet 
per acre) for a forest at age t years is 


(Late os 


p= 5000( 1 


(a) Use a graphing utility to graph the function. 

(b) Determine the horizontal asymptote of the 
function. Interpret its meaning in the context of 
the problem. 


(c) Find the time necessary to obtain a yield of 1.3 
million cubic feet. 


Trees per Acre The number of trees per acre N of 
a certain species is approximated by the model 


N= 6800 °*), 5 = x <0 


where x is the average diameter of the trees (in 
inches) three feet above the ground. Use the model 
to approximate the average diameter of the trees in 
a test plot when N = 21. 


Data Analysis An object at a temperature of 
160°C is removed from a furnace and placed in a 
room at 20°C. The temperature T of the object is 
measured each hour / and recorded in the table. 


— 
NM 
1oS) 
aS 
Nn 


907) S62 R38 OME ZO te ag 


A model for this data is 

T= 200+ 72-4), 

(a) Use a graphing utility to plot the data points and 
graph the model in the same viewing window. 


(b) Use the graph to identify the horizontal asymp- 
tote of the model and interpret the asymptote in 
the context of the problem. 


(c) Approximate the time when the temperature of 
the object is 100°C. 


126. 


127. 
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Automobiles Automobiles are designed with 
crumple zones that help protect their occupants in 
crashes. The crumple zones allow the occupants to 
move short distances when the automobiles come to 
abrupt stops. The greater the distance moved, the 
less g’s the crash victims experience. (One g is equal 
to the acceleration due to gravity. For very short 
periods of time, humans have withstood as much as 
40 g’s.) In crash tests with vehicles moving at 90 
kilometers per hour, analysts measured the number 
of g’s experienced during deceleration y by crash 
dummies that were permitted to move x meters dur- 
ing impact. The data is shown in the table. 


| 02 |04] 06] 08/1 | 
‘y | 158 | 80 | 53 | 40 | 32 | 


(a) Use the regression capabilities of a graphing 
utility to find a natural logarithmic model for 
the data. A second model for the data is 


y = —3.00 £11.88 Inx + (36.94/x). 


Graph both models with the data points in the 
same viewing window. Which model do you 
think is a better choice? Comment on accuracy 
and simplicity. 

(b) Use both models to estimate the distance 
traveled during impact if the passenger deceler- 
ation must not exceed 30 g’s. Comment on the 
difference in distances traveled given by the 
two models and the practical implications of 
choosing a model when designing the crumple 
zones. 

Comparing Mathematical Models ‘The table 

shows the number y (in millions) of single compact 

discs (CDs) shipped annually by manufacturers 
from 1993 through 1997, where x = 3 represents 

1993. (Source: Recording Industry Association 

of America) 


aS ai 


y | 78 | 9.3 | 21.5 | 43.2 | 66.7 


(a) Create a scatter plot of the data. Find a linear 
model for the data, and add its graph to your 
scatter plot. Using this model, approximate the 
year that corresponds to an annual shipment of 
single CDs of 100 million. 


(b) Create a new table giving values for Inx and 
In y and create a scatter plot of this transformed 
data. Use the method illustrated in Example 8 in 
Section 4.3 to find a model for the transformed 
data, and add its graph to your scatter plot. 
According to this model, approximate the year 
that corresponds to an annual shipment of single 
CDs of 100 million. 


(c) Solve the model in part (b) for y, and add its 
graph to your scatter plot in part (a). Which 
model better fits the original data? Which 
model will better predict future shipping levels? 
Explain. 


Synthesis 


True or False? In Exercises 128 and 129, determine 
whether the statement is true or false. Justify your 
answer. 


128. You can approximate the solution to the equation 
2 2 
3e° = 42 by graphing y = 3e* — 42 and finding its 
x-intercept. 


129. A logarithmic equation can have, at most, one 
extraneous solution. 


130. Think About It Is the time required for an invest- 
ment to quadruple twice as long as the time for it to 
double? Give a reason for your answer and give an 
example to verify your answer algebraically. 


131. Writing Write a paragraph explaining whether or 
not the time required for an investment to double is 
dependent on the size of the investment. 


Review 


In Exercises 132-135, sketch the graph of the 
function. 

132, 0) Sen 
1340 (Xx) = 25 = 6 


133. f(x) = —3-°-3 + 5 
135. f(x) = (4) * +3 


In Exercises 136-139, evaluate the logarithm using 
the change-of-base formula. Round your result to 
three decimal places. 
136. log, 11 
138. log,6 


137. log, 22 
139. log,, 140 
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Introduction 


The five most common types of mathematical models involving exponential func- 


tions and logarithmic functions are as follows. 


1. 
2. 
3: 


4. 


Sh 


Exponential growth model: 
Exponential decay model: 
Gaussian model: 


Logistic growth model: 


Logarithmic models: 


b>0 


y= "ae o", b>0 


= ae™*, 


2 


Lhe ae~&*— 4) /c 


- a 
v1 + be 
y=atbinx, y=art blogox 


The basic shapes of these graphs are shown in Figure 4.34. 


Logistic Growth Model 
Figure 4.34 


Gaussian Model 


Natural Logarithmic Model 


Common Logarithmic Model 


You can often gain quite a bit of insight into a situation modeled by an exponen- 
tial or logarithmic function by identifying and interpreting the function’s asymp- 
totes. Use the graphs in Figure 4.34 to identify the asymptotes of each function. 


You Should Learn: 

® How to recognize the five 
most common types of 
models involving exponential 
or logarithmic functions 

® How to use exponential 
growth and decay functions to 
model and solve real-life 
problems 

° How to use Gaussian func- 
tions to model and solve real- 
life problems 

° How to use logistic growth 
functions to model and solve 
real-life problems 

®. How to use logarithmic 
functions to model and solve 
real-life problems 

° How to fit exponential and 
logarithmic models to sets of 
data 


You Should Learn It: 


Exponential and logarithmic 
functions can be used to model 
and solve a variety of business 
applications. In Exercise 44 on 
page 350, you will compare an 
exponential decay model and a 
linear model for the depreciation 
of a computer over three years. 
rey | 
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EXAMPLE 1 Population Growth 


Estimates of the world population (in millions) from 1992 through 2000 are 
shown in the table. The scatter plot of the data is shown in Figure 4.35. (Source: 
U.S. Bureau of the Census) 


_| 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 
n_| 5445 | 5527 | 5607 | seas | 5767 | 5847 | 5926 | 6005 | 6083 


An exponential growth model that approximates this data is 
Pr 530360015838", 2usat 10 


where P is the population (in millions) and t = 2 represents 1992. Compare the 
values given by the model with the estimates given by the U.S. Bureau of the 
Census. According to this model, what year corresponds to a world population of 
6.5 billion? 


Algebraic Solution 


The following table compares the two sets of population figures. 


To find the year for which the world population is 6.5 billion, let P = 6500 
in the model and solve for ¢. 


5303e0.013838 — p 
5303¢0-013838" = 6500 
0.013838 ~ 1 9957 
In ¢9-0138381 =~ Jn 1.2257 
0.013838t ~ 0.2035 
t = 14.71 


Write original model. 

Substitute 6500 for P. 

Divide each side by 5303. 

Take natural log of each side. 

Inverse Property 

Divide each side by 0.013838. 

According to the model, the year 2004 corresponds to a population of 


6.5 billion. 


An exponential model increases (or decreases) by the same percent each year. 
What is the annual percent increase for the model above? 


Population Increase 


Population (in millions) 


4 
Year (2 © 1992) 


Figure 4.35 


Graphical Solution 


Use a graphing utility to graph the 
model y = 5303e%9!3838 and the data 
in the same viewing window. You can 
see in Figure 4.36 that the model 
appears to closely fit the data. 


y= 5303 e0-013838x 


as 


Use the zoom and trace features of the 
graphing utility to find that the 
approximate value of x for which 
y = 6500 is x ~ 14.71. So, according 
to the model, the year 2004 corre- 
sponds to a world population of 6.5 
billion. 
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In Example 1, you were given the exponential growth model. But suppose this 
model had not been given; how could you have found such a model? One 
technique for doing this is demonstrated in Example 2. 


EXAMPLE 2 Modeling Population Growth 


In a research experiment, a population of fruit flies is increasing in accordance 
with the law of exponential growth. After 2 days there are 100 flies, and after 4 
days there are 300 flies. How many flies will there be after 5 days? 


Solution 

Let y be the number of flies at time ¢. From the given information, you know that 
y = 100 when t = 2 and y = 300 when ¢ = 4. Substituting this information into 
the model y = ae?’ produces 


100 = ae” and B00 ae, 
To solve for b, solve for a in the first equation. 


_ 100 


100 = ae” pan 


Solve for a in the first equation. 


Then substitute the result into the second equation. 


300 = ae*” Write second equation. 
100 
300 = ( = ~ et Substitute 100/e2’ for a. 
e* 
300, - 
100 =€ Divide each side by 100. 
300 a 
In 00 = Ine Take natural log of each side. 
In3 = 2b Inverse Property 
1 
~In3 =b Solve for b. 


Ms 


Using b = 5 In 3 ~ 0.5493, you can determine that 


100 l 
(Oh eA/2)In 3] Substitute 5 In 3 for b. 
_ 100 Pace. 
= pins Simplify. 
— 100 
= eo Inverse Property 
22933133 Simplify. 


So, the exponential growth model is 


y= 33.33¢°°793", 


as shown in Figure 4.37. This implies that after 5 days, the population is 
y = 33.33¢e954) = 520 flies. 


@ 


Population 
o>) 
S 
o 


Figure 4.37 


Fruit Flies 


By = 33.3320 


Time (in days) 
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In living organic material, the ratio of the content of radioactive carbon (carbon 
14) to the content of nonradioactive carbon (carbon 12) is about 1 to 10!2. When Oe 
organic material dies, its carbon 12 content remains fixed, whereas its radioactive 
carbon 14 begins to decay with a half-life of about 5700 years. To estimate the 
age of dead organic material, scientists use the following formula, which denotes 
the ratio of carbon 14 to carbon 12 present at any time f (in years). 


Re 1 71/8223 50 5.000 
10/2 Time (in years) 


Figure 4.38 


The graph of R is shown in Figure 4.38. Note that R decreases as f increases. 


EXAMPLE 3 Carbon Dating 


The ratio of carbon 14 to carbon 12 in a newly discovered fossil is 


aiieal 
R= To." 
Estimate the age of the fossil. 


Algebraic Solution Graphical Solution 


Use a graphing utility to graph the formula for the ratio 
of carbon 14 to carbon 12 at any time f¢ as 


In the carbon dating model, substitute the given value of R 
to obtain the following. 


1 ; 
apeaeiia =R Write original formula. Viz 102 Ties eas 
e 1/8223 1 ce In the same viewing window, graph y, = 1/(10!%). Use 
102. 1033 Bubsminte To OS the intersect feature or the zoom and trace features of the 
graphing utility to estimate that x ~ 18,934 when 
i a 13 : A 
71/8223 = ri Multiplyeaek aide BY"102 y = 1/(10!3), as shown in Figure 4.39. 
ine? = In 10 Take natural log of each side. 
t 
~ 9993 = = 2.3026 Inverse Property 
t ~ 18,934 Multiply each side by — 8223. 


0 
Figure 4.39 
So, to the nearest thousand years, you can estimate the age 


| of the fossil to be 19200 years. So, to the nearest thousand years, you can estimate the 


age of the fossil to be 19,000 years. 


The carbon dating model in Example 3 assumed that the carbon 14 to 
carbon 12 ratio was 1 part in 10,000,000,000,000. Suppose an error in measure- 
ment occurred and the actual ratio was only 1 part in 8,000,000,000,000. The 
fossil age corresponding to the actual ratio would then be approximately 17,000 
years. Try checking this result. 
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Gaussian Models 
As mentioned at the beginning of this section, Gaussian models are of the form 
y = We Cae 


This type of model is commonly used in probability and statistics to represent, 
populations that are normally distributed. For standard normal distributions, the 
model takes the form 


—x2/20 2 


Sie == 


where a is the standard deviation (o is the lowercase Greek letter sigma). The 
graph of a Gaussian model is called a bell-shaped curve. Try assigning a value 
to o and sketching a normal distribution curve with a graphing utility. Can you 
see why it is called a bell-shaped curve? 


EXAMPLE 4 SAT Scores 


In 1997, the Scholastic Aptitude Test (SAT) math scores for college-bound 
seniors roughly followed the normal distribution 


y = 0.0036e~*~511)7/25,088 200 < x < 800 


where x is the SAT score for mathematics. Use a graphing utility to graph this 
function. From the graph, estimate the average SAT score. (Source: College 
Board) 


Solution 

The graph of the function is given in Figure 4.40. On this bell-shaped curve, the 
maximum value of the curve represents the average score. Using the maximum 
feature or the zoom and trace features, you can see that the average mathematics 
score for college-bound seniors in 1997 was 511. 


y = 0.00360 — 511)7/25,088 


0.003 


Distribution 
oS 
oS 
(=) 
ie) 


0.001 


00 300 400 500 600 700 800 
Score 


Figure 4.40 


In Example 4, note that 50% of the seniors who took the test received a score 
lower than 511. 
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Logistic Growth Models rf 


Some populations initially have rapid growth, followed by a declining rate of 
growth, as indicated by the graph in Figure 4.41. One model for describing this 
type of growth pattern is the logistic curve given by the function 


Decreasing 
rate of 
growth 


a 


TT pe 


Increasing 
‘ : ; rate of 

where y is the population size and x is the time. An example is a bacteria culture growth 
allowed to grow initially under ideal conditions and then under less favorable 


conditions that inhibit growth. A logistic growth curve is also called a sigmoidal 


curve. Figure 4.41 Logistic Curve 


EXAMPLE 5 = Spread of a Virus 


On a college campus of 5000 students, one student returns from vacation with a 
contagious flu virus. The spread of the virus is modeled by 
te 5000 
YT + 4999¢-08"” 


where y is the total number infected after t days. The college will cancel classes 
when 40% or more of the students are ill. 


2 


a. How many students are infected after 5 days? 


b. After how many days will the college cancel classes? 


Graphical Solution 


Algebraic Solution 


a. After 5 days, the number infected is F a 5000 
a.Usea graphing utility:to graphy = ==>, =e: 
5000 5000 MAES ga SG 
~ 54. Use the value feature or zoom and trace features of the graph- 


5 =0.8(5) Bae 
1 + 4999¢e-936) | + 4999e-4 ing utility to estimate that y = 54 when x = 5. So, after 5 


b. In this case, the number of infected students is 
(0.40)(5000) = 2000. Therefore, you solve for 
t in the following equation. 


2000 ae 
~~ 1 + 4999e- 0.8 
1 + 4999¢-08' = 2.5 
1.5 
fal Phy ee ee 
: 4999 
1.5 
—0.8t — 
Ine In 7999 
1.5 
0.81 ~ In 7555 
Jae 
7 =~ 9.8 4999 
t~ 10.14 


So, after about 10 days, at least 40% of the students 
will be infected, and classes will be canceled. 


oe 


days, about 54 people will be infected. 


. In this case, the number infected must be (0.40)(5000) = 2000 


to cancel classes. Use a graphing utility to graph 


_ 5000 
1 + 4999¢~ 08%" 


in the same viewing window. Use the intersect feature or the 
zoom and trace features of the graphing utility to find the 
point of intersection of the graphs. In Figure 4.42, you can see 
that the point of intersection occurs near x ~ 10.14. So, a 
short time after 10 days, at least 40% of the students will be 
infected, and the college will cancel classes. 


Yi and y, = 2000 


6000 


, = 5000 
“1h 1+4999e~°-8 


Intersection 
10.139411 Y=200011114) 99 
0 


Figure 4.42 
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Logarithmic Models 


EXAMPLE 6  Magnitudes of Earthquakes 


On the Richter scale, the magnitude R of an earthquake of intensity / is 


Chip Hires/Liaison International 


I 
R = 1ogjo 7. 
0 


where J, = 1 is the minimum intensity used for comparison. Find the intensities per ore than 15,000 people were 
unit of area for the following earthquakes. (Intensity is a measure of the wave  ki/led in the 7.4 magnitude earth- 
energy of the earthquake.) quake in Izmit, Turkey, on August 
a. Tokyo and Yokohama, Japan, in 1923; R = 8.3 17, 1999. 

b. Izmit, Turkey, in 1999; R = 7.4 


Solution 
a. Because [, = 1 and R = 8.3, you have 
8.5 = logig! 
T= 10% = 199,526,000. Intensity 


b. For R = 7.4, you have 7.4 = log,,/, and J = 10’4 ~ 25,119,000. 


Note that an increase of 0.9 units on the Richter scale (from 7.4 to 8.3) represents 
an intensity change by a factor of 

199,526,000 _ 

25,119,000 


_ In other words, the earthquake in 1923 had a magnitude about 8 times greater 
than that of the 1999 quake. 


Fitting Models to Data 


EXAMPLE 7 _ Fitting a Logarithmic Model 


The data in the table gives the yield y (in milligrams) of a chemical reaction after 
xX minutes. 


E | 3 4 aiiise eles 7 8 0 


| 74 | 10.2 | 13.4 | 15.8 | 16.3 | 182 | 183 Figure 4.43 


Use a graphing utility to fit a logarithmic model to the data. 


Solution 
Enter the data in the table into a graphing utility. Use the regression capabilities 
of the graphing utility to find the following logarithmic model. 


y = 1.538 + 8.373 Inx 


When you graph the data and the model in the same viewing window, as shown 
in Figure 4.43, you can see that the model is a good fit to the data. 
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EXAMPLE 8 Fitting an Exponential Model 


The total amount A (in billions of dollars) spent on health care in the United 
States in the years 1970 through 1996 are shown below. Find a model for the data, 
and use the model to estimate the amount spent in 2004. In the list of data points 
(t, A), t represents the year, with t = 0 corresponding to 1970. (Source: U.S. 
Health Care Financing Administration) 


(0, 74.3), (1, 82.2), (2, 92.3), (3, 102.4), (4, 115.9), (5, 132.6), 

(Gy 151-9) 7; 172.6). (8, 193-2), (9,218.3), (10, 247.3), (11, 29174); 

(12, 328.2), (13, 360.8), (14, 396.0), (15, 428.7), (16, 466.0), (17, 506.2), 
(18, 562.3), (19, 623.9), (20, 699.5), (21, 766.8), (22, 836.6), (23, 895.1), 
(24, 945.7), (25, 991.4), (26, 1035.1) 


Solution 


Enter the data into a graphing utility. Then graph the data, as shown in Figure 
4.44. From the scatter plot, it appears that an exponential model is a good fit. Use 
the regression capabilities of the graphing utility to find the following exponen- 
tial model. 


A= 81.10(1.11)' or A = 81.10¢1044 


From the model, you can see that the amount spent on health care from 1970 
through 1996 had an average annual increase of 10%. From this model, you can 
estimate the 2004 amount to be 


A = 81.10(1.11)*4 ~ 2818.4 billion dollars 


which is more than twice the amount spent in 1996, 


be. 
enn 
Be 

e 


Kaew, 
i’ 


ee 
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*? j 
<4 


Figure 4.44 
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In Exercises 1-6, match the function with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) y (b) y 


(e) 5 (f) 


= =O 


eyes 2.09 = bere 
3. y=6+ logi(x +2) 4. y = 3c @-2¥/9 
4 
5. y = In(x + = 
y = In(@x + 1) 6. y eee 


In Exercises 7-14, determine whether the scatter plot 
could best be modeled by a linear model, a quadratic 
model, an exponential model, a logarithmic model, a 
Gaussian model, or a logistic model. 


In Exercises 15-18, sketch a scatter plot of the data. 
Decide whether the data could best be modeled by a 
linear, an exponential, or a logarithmic model. 

15, (1; 2.0), (1.5; 3.5), (2, 4.0), (425.8)5 (Gad. O) sees 
16. (1, 11.0), (1.5, 9.6), (2, 8.2), (4, 4.5), (6, 2.5), (8, 1.4) 
17. (1,-7.5). (1.5.7.0), (2.6.8).14 2-50) (Gases als coe 
18. (1, 5.0), (1.5, 6.0), (2, 6.4), (4, 7.8), (6, 8.6), (8, 9.0) 


Compound Interest In Exercises 19-26, complete the 
table for a savings account in which interest is 
compounded continuously. 


Initial Annual Time to | Amount After 
Investment % Rate Double 10 Years 
19. $1000 12% 
20. $20,000 105% 
21. $750 73 yr 
22. $10,000 Ld yr 
23. $500 $1292.85 
24. $600 $1505.00 
25: 4.5% $10,000.00 
26. 8% $20,000.00 


27. 


28. 


29. 


30. 


Compound Interest (a) Complete the table for the 
time ft necessary for P dollars to triple if interest is 
compounded continuously at rate r. 


ie ae 6% | 8% | 10% 12% 


(b) Draw a scatter plot of the data in part (a). Use 
the regression capabilities of a graphing utility 
to find a model for the data. 

Compound Interest (a) Complete the table for the 

time f necessary for P dollars to triple if interest is 

compounded annually at rate r. 


2% | 4% | 6% | 8% | 10% | 12% 


(b) Draw a scatter plot of the data in part (a). Use 
the regression capabilities of a graphing utility 
to find a model for the data. 

Comparing Investments If $1 is invested in an 

account over a 10-year period, the amount in the 

account, where f represents the time in years, is 


A=1+0.075[¢] or A =e? 


depending on whether the account pays simple inter- 
est at 75% or continuous compound interest at 7%. 
Use a graphing utility to graph each function in the 
same viewing window. Which grows at a faster rate? 


Comparing Investments If $1 is invested in an 
account over a 10-year period, the amount in the 
account, where ¢ represents the time in years, is 


ae 


= =(1+ 
A=1+0.06[t] or A ( ee 


depending on whether the account pays simple inter- 
est at 6% or compound interest at 55% compounded 
daily. Use a graphing utility to graph each function in 
the same viewing window. Which grows at a faster 
rate? 


In Exercises 31-34, complete the table for the given 
radioactive isotope. 


SI 
32. 


Half-Life Initial Amount After 
Isotope (years) Quantity 1000 Years 
226Ra 1620 10¢ 
24° RA 1620 1.5¢ 


33. 
34. 


35. 


36. 


37. 


38. 
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Half-Life Initial Amount After 
Isotope (years) Quantity 1000 Years 
26: 5730 3g 
220P Hn 24,360 0.4 ¢ 
Population The population P of a city is 


P = 105,300e°9!>" 

where ¢ = 0 represents 2000. According to this 
model, when will the population reach 150,000? 
Population The population P of a city is 

P = 240,360e°°!" 

where ¢ = 0 represents 2000. According to this 
model, when will the population reach 275,000? 
Population The population P of a city is 


P = 2500e 


where t = 0 represents 2000. In 1945, the population 
was 1350. Find the value of k, and use this value to 
estimate the population in the year 2010. 


Population The table shows the population (in mil- 
lions) of a country in 1997 and the projected popula- 
tion (in millions) for the year 2020. (Source: U.S. 
Bureau of the Census) 


Country 1997 2020 
Croatia 5.0 4.8 
Mali 9.9 20.4 
Singapore oe) 4.3 
Sweden 8.9 9.5 


(a) Find the exponential growth model y = ae” for 
the population in each country by letting t = 0 
correspond to 1997. Use the model to estimate 
the population of each country in 2030. 


(b) You can see that the populations of Mali and 
Sweden are growing at different rates. What 
constant in the equation y = ae” is determined 
by these different growth rates? Discuss the rela- 
tionship between the different growth rates and 
the magnitude of the constant. 


(c) You can see that the population of Singapore is 
increasing while the population of Croatia is 
decreasing. What constant in the equation 
y = ae” reflects this difference? Explain. 


350 


39: 


40. 


41. 


42. 


43. 


44. 
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Bacteria Growth The number of bacteria N in a 
culture is given by the model 


N = 100e** 


where ¢ is the time (in hours). If MN = 300 when 
t = 5, estimate the time required for the population 
to double in size. Verify your estimate graphically. 


Bacteria Growth The number of bacteria NV in a 
culture is given by the model 


N = 250e* 


where ¢ is the time (in hours). If N = 280 when 
t = 10, estimate the time required for the population 
to double in size. Verify your estimate graphically. 


Radioactive Decay The half-life of radioactive 
radium (radium 226) is 1620 years. What percent of 
a present amount of radioactive radium will remain 
after 100 years? 


Radioactive Decay Carbon 14 dating assumes that 
the carbon dioxide on earth today has the same 
radioactive content as it did centuries ago. If this is 
true, the amount of carbon 14 absorbed by a tree that 
grew several centuries ago should be the same as the 
amount of carbon 14 absorbed by a tree growing 
today. A piece of ancient charcoal contains only 15% 
as much radioactive carbon as a piece of modern 
charcoal. How long ago was the tree burned to make 
the ancient charcoal if the half-life of carbon 14 is 
5730 years? 


Depreciation A car that cost $22,000 new has a 
book value of $13,000 after 2 years. 


(a) Find the linear model V = mt + Db. 
(b) Find the exponential model V = ae“. 


(c) Use a graphing utility to graph the two models in 
the same viewing window. Which model depre- 
ciates faster in the first 2 years? 


(d) Use each model to find the book values of the car 
after 1 year and after 3 years. 


(e) Interpret the slope of the linear model. 


Depreciation A computer that cost $4600 new has 
a book value of $3000 after 2 years. 


(a) Find the linear model V = mt + b. 
(b) Find the exponential model V = ae“. 


(c) Use a graphing utility to graph the two models in 
the same viewing window. Which model depre- 
ciates faster in the first year? 


(d) Use each model to find the book values of the 
computer after 1 year and after 3 years. 


45. 


46. 


47. 


(e) Interpret the slope of the linear model. 

Sales The sales S (in thousands of units) of a new 

product after it has been on the market t-years are 

S(t) =100(1 se). 

Fifteen thousand units of the new product were sold 

the first year. 

(a) Complete the model by solving for k. 

(b) Use a graphing utility to graph the model. 

(c) Use the graph to estimate the number of units 
sold after 5 years. 

Sales and Advertising The sales S (in thousands of 

units) of a product after x hundred dollars is spent on 

advertising is 


S = 101 =e"). 

When $500 is spent on advertising, 2500 units are 
sold. 

(a) Complete the model by solving for k. 


(b) Estimate the number of units that will be sold if 
advertising expenditures are raised to $700. 
Learning Curve The management at a factory has 
found that the maximum number of units a worker 
can produce in a day is 30. The learning curve for the 
number of units N produced per day after a new 

employee has worked f days is 


N = 30(1 — e*), 
After 20 days on the job, a new employee produces 


19 units. 


N= 30(1 — e**) 


Units produced 


2) BLOTS F220 255530) 
Days 


(a) Find the learning curve for this employee (first 
find the value of k). 


(b) How many days should pass before this employ- 
ee is producing 25 units per day? 


(c) Is the employee’s production increasing at a linear 
rate? Explain your reasoning. 


48. Endangered Species A conservation organization 
releases 100 animals of an endangered species into a 
game preserve. The organization believes that the 
preserve has a carrying capacity of 1000 animals and 
that the growth of the herd will follow the logistic 
curve 

1000 
PU) = Ty 9016564 


where f is measured in months. 


(a) Use a graphing utility to graph the function. Use 
the graph to determine the horizontal asymptotes 
and interpret the meaning of the larger asymptote 
in the context of the problem. 


(b) Estimate the population after 5 months. 
(c) When will the population reach 500? 


Earthquake Magnitudes In Exercises 49 and 50, use 
the Richter scale (see page 346) for measuring the 
magnitudes of earthquakes. 


49. Find the magnitude R of an earthquake of intensity / 
(let J) = 1). 
(a) Taiwan in 1999, J = 39,811,000 
(b) Hector Mine, California, in 1999, 
I = 12,589,000 
50. Find the intensity / of an earthquake measuring R on 
the Richter scale (let J, = 1). 
(a) Chile in 1906, R = 8.6 
(b) Los Angeles in 1971, R = 6.7 


Intensity of Sound In Exercises 51-54, use the 
following information. For Exercises 51 and 52, deter- 
mine the level of sound (in decibels) for the given 
sound intensity. 

The level of sound £ (in decibels) with an intensity 
T is B(1) = 10 log, (Z/Ip), where I) is an intensity of 
10-'? watt per square meter, corresponding roughly 
to the faintest sound that can be heard by the human 
ear. 


51. (a) J = 10~!° watt per m? (faint whisper) 
(b) J = 10~> watt per m? (busy street corner) 
(c) J = 10° watt per m? (threshold of pain) 

52. (a) 1 = 103° watt per m? (jet 4 miles from takeoff) 
(b) J = 10-3 watt per m? (diesel truck at 25 feet) 
(c) J = 10~!° watt per m? (auto horn at 3 feet) 


53. Noise Level As a result of the installation of noise 
suppression materials, the noise level in an audito- 
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rium was reduced from 93 to 80 decibels. Find the 
percent decrease in the intensity level of the noise 
due to the installation of these materials. 


54. Noise Level As aresult of the installation of a muf- 
fler, the level of noise emitted by an engine was 
reduced from 88 to 72 decibels. Find the percent 
decrease in the intensity level of the noise due to the 
installation of the muffler. 


Acidity In Exercises 55-58, use the acidity model 
given by pH = —log, [H+], where acidity (pH) is a 
measure of the hydrogen ion concentration [H*] 
(measured in moles of hydrogen per liter) of a solution. 


55. Find the pH if (HH: |=" 23.10; = 
56. Compute [H*] for a solution in which pH = 5.8. 


57. A certain fruit has a pH of 2.5, and an antacid tablet 
has a pH of 9.5. The hydrogen ion concentration of 
the fruit is how many times that of the tablet? 


58. If the pH of a solution is decreased by one unit, the 
hydrogen ion concentration is increased by what 
factor? 


59. Finance A $120,000 home mortgage for 30 years 
at 75% has a monthly payment of $839.06. Part of 
the monthly payment goes for the interest charge on 
the unpaid balance, and the remainder of the 
payment is used to reduce the principal. The amount 
that goes for interest is 


Pr p \12 
Te == IME SW 3 NI I se SS 
Wy 12 


and the amount that goes toward reduction of the 
principal is 


(w- Fea) 
De Ve Se ah 
i) WD 


In these formulas, P is the size of the mortgage, r is 

the interest rate, M is the monthly payment, and f is 

the time (in years). 

(a) Use a graphing utility to graph each function in 
the same viewing window. (The viewing window 
should show all 30 years of mortgage payments.) 


(b) In the early years of the mortgage, the larger part 
of the monthly payment goes for what purpose? 
Approximate the time when the monthly pay- 
ment is evenly divided between interest and 
principal reduction. 


(c) Repeat (a) and (b) for a repayment period of 20 
years (M = $966.71). What can you conclude? 
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60. Finance The total interest wu paid on a home mort- 
gage of P dollars at interest rate r for ¢ years is 


rt 


il 12t 
: = a 


Consider a $120,000 home mortgage at 75%. 


(a) Use a graphing utility to graph the total interest 
function. 


= Li. 


= 
II 
3S) 


(b) Approximate the length of the mortgage when 
the total interest paid is the same as the size of 
the mortgage. Is it possible that a person could 
pay twice as much in interest charges as the size 
of one’s mortgage? 


In Exercises 61-64, find the exponential model 
y = ae™* that fits the points given in the graph or 
table. 


61. 


63. 


65. Data Analysis The time ft (in seconds) required to 
attain a speed of s miles per hour from a standing 
start for a particular car is given in the table. 
(Source: Road & Track, March 1995) 


AQ) 30° "607)°70 80 90 
S207 0) Os Nae Oe 5.8200) 


Two models for this data are as follows. 
6, = 40.757 + 0.556s — 15.817 Ins 
by = 1.2259 + 0.002357 


(a) Use a graphing utility to fit a linear model t, and 
an exponential model t, to the data. 


(b) Use a graphing utility to graph the data points 
and each model. 


66. 


(c) Create a table to compare the data with estimates 
obtained from each model. 


(d) Use the results of part (c) to find the-sum of the 
absolute values of the differences between the 
data and the estimated values given by each 
model. Based on the four sums, which model do 
you think best fits the data? Explain. 


Comparing Models Suppose that in 1995 a car had 
a retail price of $21,800. A local dealership used the 
following guide for the approximate value of the car 
for the years 1995 through 2000. 


| 1995 1996 1997 
| $21,800 | $19,530 | $19,210 


5 1998 £999 2000 
1e | $17,945 | $17,120 $16,080 


Let V represent the value of the automobile in the 
year t, with t = 0 corresponding to 1995. 


(a) Use the regression capabilities of a graphing util- 
ity to find linear and quadratic models for the 
data. Use the graphing utility to plot the data and 
graph the models in the same viewing window. 


(b) What does the slope represent in the linear 
model in part (a)? 

(c) Do you think the quadratic model is realistic? 
Explain. 


(d) Use the regression capabilities of a graphing util- 
ity to fit an exponential model to the data. Use 
the graphing utility to plot the data and graph the 
model in the same viewing window. How well 
does the model fit the data? 


(e) Fit a rational model to the data. Take the recipro- 
cal of the depreciated values of the automobile to 
generate the points (7, 1/V). Use the regression 
capabilities of a graphing utility to fit a line to 
this data. The resulting line has the form 


1 

vee at + b. 

Solve for V and use the graphing utility to graph 
the rational function and the original data points 
in the same viewing window. How well does the 
model fit the data? 


(f) Determine the horizontal asymptotes of the 
exponential and rational models. Interpret their 
meanings in the context of the problem. 


67. 


68. 


69. 


Forensics At 8:30 A.M., a coroner was called to the 
home of a person who had died during the night. In 
order to estimate the time of death, the coroner took 
the person’s temperature twice. At 9:00 A.M. the tem- 
perature was 85.7°F, and at 9:30 A.M. the tempera- 
ture was 82.8°F. From these two temperatures the 
coroner was able to determine that the time elapsed 
since death and the body temperature were related by 
the formula 


{ea 18, 


(2 it 
98.6 = 70 


where ¢ is the time (in hours elapsed since the 
person died) and 7 is the temperature (in degrees 
Fahrenheit) of the person’s body. Assume the person 
had a normal body temperature of 98.6°F at death, 
and the room temperature was a constant 70°F. (This 
formula is derived from a general cooling principle 
called Newton’s Law of Cooling.) Use the formula to 
estimate the time of death of the person. 


Foreign Travel The numbers of United States 
citizens y (in millions) who traveled to foreign 
countries in the years 1988 through 1996 are shown 
in the table, where t = 8 represents the year 1988. 
(Source: U.S. Travel and Tourism Administration, 
U.S. Department of Commerce) 


43.9 


(a) Use the regression capabilities of a graphing 
utility to find an exponential model that fits 
the data. 

(b) Use the graphing utility to plot the data and 
graph the model in the same viewing window. 

(c) Use the model to estimate the number of foreign 
travelers in the year 2005. 

World Population The world population y (in 

billions) for the years 1987 through 1998 is shown 

in the table, where x = 7 corresponds to 1987. 

(Source: U.S. Bureau of the Census) 


70. 


7A. 
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5 16 17 18 
Se, 


(a) Use the regression capabilities of a graphing 
utility to fit a linear model to the data. 


(b) Use the regression capabilities of a graphing 
utility to fit an exponential model to the data. 


(c) Population growth is often exponential. For the 
12 years of data in the table, is the exponential 
model better than the linear model? Explain. 


(d) Use each model to estimate the population in the 
year 2005. 


Atmospheric Pressure The atmospheric pressure 
decreases with increasing altitude. At sea level, the 
average air pressure is 1.033227 kilograms per 
square centimeter, and this pressure is called one 
atmosphere. Variations in weather conditions cause 
changes in the atmospheric pressure of up to +5 
percent. The table shows the pressures p (in atmos- 
pheres) at given altitudes h (in kilometers). 


2B 


viet 
ee SH 


igs = 
maa Pacers 
fete fateh 


0.55 | 0.25 | 0.12 | 0.06 | 0.02 


(a) Use a graphing utility to attempt to find the 
logarithmic model p = a + bInh for the data. 
Explain why the result is an error message. 

(b) Use a graphing utility to find the logarithmic 
model h = a + bln p for the data. 

(c) Use a graphing utility to plot the data and graph 
the logarithmic model. 

(d) Use the model to estimate the altitude at which 
the pressure is 0.75 atmosphere. 


(e) Use the graph to estimate the pressure at an alti- 
tude of 13 kilometers. 

National Health Expenditures The table shows 
the national health expenditures y (in billions of dol- 
lars) for the years 1987 through 1996. The years are 
represented by x, where x = 7 corresponds to 1987. 
(Source: U.S. Health Care Financing Admin- 
istration) 
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72. 
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Po 7 8 9 10 11 
}y | 500.1 | 559.6 | 622.0 | 699.5 | 766.8 
Ar 
14 5 16 
945.7 | 991.4 | 1035.1 


(a) Use a graphing utility to find an exponential 
model for the data. Use the graphing utility to 
plot the data and graph the exponential model in 
the same viewing window. 


(b 


~~ 


Use a graphing utility to find a logarithmic 

model for the data. Use the graphing utility to 

plot the data and graph the logarithmic model in 
the same viewing window. 

(c) Use the graphs plotted in parts (a) and (b) to 
determine which model is better. If the rate of 
growth of health care costs could be slowed, 
which model may be better for the future? 
Explain. 

Comparing Models ‘The amounts y (in billions of 

dollars) donated to charity (by individuals, founda- 

tions, corporations, and charitable bequests) in the 
years 1987 through 1996 in the United States are 
shown in the table, where x = 7 corresponds to 


1987. (Source: AAFRC Trust for Philanthropy) 
| 8 9 10 11 
y 90,093: La L067, lol Lt Sall 1.17.2 
fa i2 [13 fia fis | 16 
ry 20, allel. | 140.5 | 150.7 


(a) Use the regression capabilities of a graphing 
utility to find the following models for the data. 


y, =ax+b 
y, =at binx 


(b) Use the graphing utility to graph the data and 
each of the models. Use the graphs to select the 
model that you think best fits the data. 


73. 


(c) For each of the models y, (i = 1, 2, and 3), com- 
plete the table. 


7 | 90.0 

g | 98.1 | 

9 | 106.7 

10 | 111.5 a 
11 | 117.2 
12 | 1214 

Eines | 
1 14] 1293 

15 | 140.5 

16 | 150.7 


(d) For each model, find the sum of the entries in the 
last column of the table in part (c). Use the 
results to select the best model for the data. 


(e) Explain what the sums in part (d) represent. 
Comparing Models A V-8 car engine is coupled to 
a dynamometer, and the horsepower y is measured at 


different engine speeds x (in thousands of revolu- 
tions per minute). The results are shown in the table. 


(a) Use the regression capabilities of a graphing 
utility to find the following models for the data. 


pester tbywreckat ha 
y, =a+t+ binx 
y3 = ab 


(b) Use the graphing utility to graph the data and 
each of the models. Use the graphs to select the 
model that you think best fits the data. 


(c) For each of the models y; (¢= 1, 2,,and 3), com- 
plete the table. 


1 | 40 

Dues 

3 | 140 
ae 

4 | 200 

ai 225 

6 | 245 


(d) For each model, find the sum of the entries in the 
last column of the table in part (c). Use the 
results to select the best model for the data. 


(e) Explain what the sums in part (d) represent. 
Synthesis 


True or False? In Exercises 74-78, determine 
whether the statement is true or false. Justify your 
answer. 


74. The domain of a logistic growth function cannot be 
the set of real numbers. 

75. The graph of a logistic growth function will always 
have an x-intercept. 

76. The graph of a Gaussian model will never have an 
x-intercept. 

77. The graph of a Gaussian model will always have a 
maximum point. 


78. The graph of 


4 


= + 
ie Gen 2 


f(x) 


is the graph of 


pete hh 
1 + 6e°2 


f(x) = 


shifted to the right five units. 
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Review 
In Exercises 79-84, match the equation with its 


graph, and identify any intercepts. [The graphs are 
labeled (a), (b), (c), (d), (e), and (f).] 


= 


Ao: axe —s3yt— 97) 


80. 2x + 5y — 10 = 0 


81. y = 25 — 2.25x S20 
any : > On 
83. y-—3=0 84.x+2=0 


In Exercises 85-88, divide using synthetic division. 
Ange -b in i= 3941036 

; xt 4 
Sixes OAL 


2 Gos 


85 


86 


hey ies) 


87. (2x? — 8x2 + 3x — 9) + & - 4) 
88. G4 — 3x + 1) + @+ 5) 


In Exercises 89-92, graph the exponential function. 


89. f(x) = 27-145 90. f(x) = -2-*-!- 1 
91. f(x) = 3* — 4 92. f(x) = -3* +4 
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What did you learn? 
Section 4.1 


C1 How to recognize and evaluate exponential functions with base a 


LC) How to graph exponential functions 
C1 How to recognize, evaluate, and graph exponential functions with base e 


C1 How to use exponential functions to model and solve real-life problems 


Section 4.2 

L) How to recognize and evaluate logarithmic functions with base a 

L] How to graph logarithmic functions 

CL] How to recognize, evaluate, and graph natural logarithmic functions 


OC How to use logarithmic functions to model and solve real-life problems 


Section 4.3 
CL) How to rewrite logarithmic functions with different bases 


L] How to use properties of logarithms to evaluate or rewrite logarithmic 
expressions 


L) How to use properties of logarithms to expand or condense logarithmic 
expressions 


L] How to use logarithmic functions to model and solve real-life problems 


Section 4.4 
L) How to solve simple exponential and logarithmic equations 
L] How to solve more complicated exponential equations 


CL] How to solve more complicated logarithmic equations 


LI] How to use exponential and logarithmic equations to model and solve 
real-life problems 


Section 4.5 


L] How to recognize the five most common types of models involving 
exponential or logarithmic functions 


L] How to use exponential growth and decay functions to model and 
solve real-life problems 


How to use Gaussian functions to model and solve real-life problems 
How to use logistic growth functions to model and solve real-life problems 
How to use logarithmic functions to model and solve real-life problems 


How to fit exponential and logarithmic models to sets of data 


ie (a a esl a 


Review Exercises 
1-4 

5-26 

27-30 

31-34 


35-44 
45-56 
57-60 
61, 62 


63-66 


67-74 


75-86 
87, 88 


89-94 
95-104 
105-116 


LEA TLS 


119-124 


125-127 
128 
129 
130 
131-136 
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In Exercises 1-4, use a calculator to evaluate 
the expression. Round your answer to three decimal 
places. 


1. (1.45)?7 2. 3/6240 
3. 1.59-2¥3 4, 136(5~!) 


In Exercises 5-10, match the function with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) (b) 


(f) 


= 


De f(x) =4 6. f(x) = fie 
2 ee aa 8. flx) = 4% + 1 
9% f(xy) =47-1 10.4f(x)"=14S*! 


In Exercises 11-20, sketch the graph of the function. 
Use a graphing utility to verify your graph. 


ll. f@~=6 12. f(x) = 0.3" 

13. g(x) = 6* 14. o(x) = 0.3 

15. h(x) = e7*/? 16. fa)=e" 

17. h(x) = 2 - e7*?? Vs i th 


19697) = 4¢7/4 7. >. 0 20" f(x) = bers x > 0 


In Exercises 21-26, use a graphing utility to graph the 
function. Identify any asymptotes. 


21. g(t) = 8 — 0.5e-*/4 
23. g(x) = 200e4/* 


25x) ee 


22. h(x) = 12(1 + e-*/2) 
24. f(x) = —8e>4/* 


10 12 
26597 (x) = Sey 


In Exercises 27-30, use a calculator to evaluate the 
expression. Round your result to three decimal places. 
27. .e-8/2 28. ev> 

29. 6e+!2 30: —3e73/ 


In Exercises 31 and 32, complete the table to deter- 
mine the amount of money P that should be invested at 
rate r to produce a final balance of $200,000 in ¢ years. 


-#|1| 10] 20] 30 | 40 | so| 
mo | | Cl es; 


31. r = 8%, compounded continuously 


32. r = 10%, compounded monthly 


33. Depreciation After t years, the value of a car that 
originally cost $26,000 is 


vit) = 26,000( 2) . 


(a) Use a graphing utility to graph the function. 
(b) Find the value of the car 2 years after it was 
purchased. 


(c) According to the model, when does the car depre- 
ciate most rapidly? Is this realistic? Explain. 


34. Fuel Efficiency A certain automobile gets 28 
miles per gallon of gasoline for speeds up to 50 miles 
per hour. Over 50 miles per hour, the number of 
miles per gallon drops at the rate of 12% for each 
additional 10 miles per hour. If s is the speed and y 
is the number of miles per gallon, then 


be eS 2 OU. 


Use the model to complete the table. 


ps | 50 | 55 | 60| 65 | 70 
NE | 
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~ In Exercises 35-38, write the exponential equa- 
tion in logarithmic form. 
35. 43 = 64 

B75. ean 5 


36. 35 = 243 
38. 12-1 =% 


In Exercises 39-44, evaluate the expression without 
using a graphing utility. 
39 slog oro! 

41. log, 216 

43. logy & 


40. log, 1 
42. log, 1024 
44. log,, 0.001 


In Exercises 45-52, sketch the graph of the function. 
Use a graphing utility to verify your graph. 


45. be(x) = log, xa) 46. g(x) = log.(x — 3) 
47. f(x) = log,(x — 1) + 6 

48. f(x) = log.(x + 2) = 3 

49. f(x) =Inx + 3 SOx) =n 3) 


= 
51. h(x) = $Inx 52. f(x) =4lnx 


In Exercises 53-56, use a graphing utility to graph 
the function and determine its domain. 


54.%y ="—=2 log (4 — 2°) 
14 Inx 


53. y = log,(x2 + 1) 


55. y = \/xIn(x + 1) 56. y= 


In Exercises 57-60, evaluate the expression without 

using a graphing utility. 

Syne” 58. In | 

59. 6Ine-3 60. —3 Ine 19/1 

61. Climb Rate The time ft (in minutes) for a small 
plane to climb to an altitude of h feet is 


18,000 
= 30 10810 73 000 — ah 


where 18,000 feet is the plane’s absolute ceiling. 


(a) Determine the domain of the function appropri- 
ate for the context of the problem. 


(b) Use a graphing utility to graph the time function 
and identify any asymptotes. 
(c) As the plane approaches its absolute ceiling, 


what can be said about the time required to 
further increase its altitude? 


(d) Find the time for the plane to climb to an altitude 
of 4000 feet. 


62. Earthquake Magnitudes The magnitude M of an 
earthquake measured on the Richter scale can be 
found using the model 


M = 3(log,) E — 11.4) 


where E is the energy of the earthquake (in ergs). 
Use a graphing utility and the table shown below to 
find the ratio of the magnitudes of the earthquakes. 


Si Estee) 1906 | 7. 079 : x 1023 
Japan, 1933 5,023 0 kOe 
Armenia, 1988 3.981 x 107! 
Russia, 1995 6.31010" 
Indonesia, 1996 A AGT 102 


(a) Japan and San Francisco 
(b) Russia and Indonesia 


(c) Indonesia and Armenia 


In Exercises 63-66, evaluate the logarithm 
using the change-of-base formula. Do each problem 
twice, once with common logarithms and once with 
natural logarithms. Round the result to three decimal 
places. 


63. log, 9 
65. log, 200 


64. log, /.5 
66. log, 0.28 


In Exercises 67-70, rewrite the expression in terms of 
In 4 and In 5. 


67. In 20 
69. In& 


68. In 45 — 21n3 
70. In 
In Exercises 71-74, approximate the logarithm using 


the properties of logarithms, given that log,2 = 
0.3562, log, 3 ~ 0.5646, and log, 5 = 0.8271. 


71. log, 25 72. log, (>) 
73. log, V3 74. log, 30 


In Exercises 75-80, rewrite the expression as a sum, 
difference, and/or multiple of logarithms. 


Res 


To lOg eon 76. log; 
Sa) x-1 
TT, 1op¢ —— 78. In{~ | 
a eat 


79. In[(x? + 1) — 1)] 


80. In 5 /4e —1 
4x? + 1 


In Exercises 81-86, write the expression as the loga- 
rithm of a single quantity. 
81. log, 5 + log, x 
83. 5 In|2x — 1] — 2In|x + 1| 
SA Aine tol eee Oact2,| e3 In| | 
85. In3 + + In(4 =x?) — In 
86. 3[In x — 2 In(x? + 1)] + 21n5 


82. log, y — 2 log, z 


87. Snow Removal The number of miles s of roads 
cleared of snow is approximated by the model 


_ 13 In(h/12) 
in seer 


where his the depth of the snow (in inches). 


s= 25 Wesson hese les) 


(a) Use a graphing utility to graph the function. 
(b) Complete the table. 


Th] 4 | 6 | 8 | 10 | 12 | 14 


(c) Using the graph of the function and the table, 
what conclusion can you make as the depth of 
the snow increases? 


88. Human Memory Model Students in a sociology 
class were given an exam and then were retested 
monthly with an equivalent exam. The average 
score for the class was given by the human memory 
model, f(t) = 85 — 14log,,(t+ 1), O<t< 4, 
where ¢ is the time in months. How did the average 
score change over the 4-month period? 


In Exercises 89-94, solve for x. 


89. 8* = 512 90. 3° = 729 
Nees 92. 6*-2 = 1296 
93. log, x = 4 94. log,.243 =5 


In Exercises 95-104, solve the exponential equation. 
Round the result to three decimal places. 


95. e* = 12 96. e* = 25 
Sime © 21137 98. 14e**? = 560 
99. e + 13 = 35 100. e* — 28 = —8 
101. —4(5*) = —68 102. 2(12*) = 190 


103. e — 7eX + 10 = 0 104. e2 — 6e* + 8 =0 
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In Exercises 105-116, solve the logarithmic equation. 
Round the result to three decimal places. 

105. In 3x = 8.2 106. In 5x = 7.2 

107. 2 In 4x = 15 108. 4 In 3x = 15 

109. Inx — In3 =2 110. In/x + 8 = 3 
111. n/x + 1=2 112. nx —In5 =4 
113. logig(x — 1) = log,olx — 2aedogigixe a2) 

114. log,o( + 2) — logy x = log, g(x + 5) 

115. log; (1 — x) = -1 116. log,)(—x — 4) = 2 
117. Finance You deposit $7550 into an account that 


pays 7.25% interest, compounded continuously. 
How long will it take the money to triple? 

118. Economics The demand equation for a certain 
product is modeled by. p = 500 — 0.5e°4*, Find 
the demand x that corresponds to a price of (a) 
p = $450 and (b) p = $400. 


,2) In Exercises 119-124, match the function on 
page 360 with its graph. [The graphs are labeled (a), 
(b), (c), (d), (e), and (f).] 


(a) y (b) y 
8 - ay 
Olin 6e4 
4+ 4 
mele Ai 
Neen i iG 
Spiro a4 2 |? Se pase 2 
(c) y (d) y 
gt 10 + 
6+ a 
mal 6 
4-+- 
2 5 
sp Spee Hoy 
seal Phe Els a) =ANe=9, an 2 6 
(e) y (f) y 
- sk 
5 
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119. 
121. 


123. 


125. 


126. 


127. 


128. 


129. 


130. 
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ye e3eue 120. y = 4e7 

y= Ine 3) 1227 y=7— loz na 3) 
= —(x+4)?/3 = AS. 

te eek ray 


Population The population of a town is modeled 
by 

P12 620e"°" 

where ¢ = 0 represents 2000. According to this 
model, when will the population reach 17,000? 


Radioactive Decay The half-life of radioactive 
uranium II (734U) is 250,000 years. What percent of 
the present amount of radioactive uranium II will 
remain after 5000 years? 


Compound Interest A deposit of $10,000 is made 

in a savings account for which the interest 1s com- 

pounded continuously. The balance will double in 

12 years. 

(a) What is the annual interest rate for this account? 

(b) Find the balance after | year. 

(c) The effective yield of a savings plan is the 
percent increase in the balance after 1 year. 
Find the effective yield. 


Test Scores The test scores for a biology test 
follow a normal distribution modeled by 
100400211) /128) 


(a) Use a graphing utility to graph the equation. 
(b) From the graph, estimate the average test score. 


Typing Speed Ina typing class, the average num- 
ber of words per minute N typed after t weeks of 
lessons was found to be 


157 
N =——___. 
1 + 5.4¢~0-121 


Find the time necessary to type (a) 50 words per 
minute and (b) 75 words per minute. 


Earthquake Magnitude On the Richter scale, the 
magnitude R of an earthquake / is 


if 
0 


where J, = | is the minimum intensity used for 
comparison. Find the intensity per unit of area for 
the following values of R. 


(a) R= 84 (b) R = 6.85 (c) R=9.1 


In Exercises 131-134, find the exponential function 
y = Ae that passes through the two points. 


131. (0, 2), (4, 3) 132. (0, 2), (5,1) 
133. (0,5), (5, 5) 134. (0, 4), (5, 5) 


135. Exponential Model Use a graphing utility 
to find an exponential model y = ab* through 
the points (0, 250), (4, 135), (6, 92), and (10, 67). 
Graph the data and the exponential model in the 
same viewing window. 

Net Profit The table shows the net profit P 
(in millions of dollars) of the Bristol-Myers Squibb 
Company for 1990 through 1998. (Source: 
Bristol-Myers Squibb Company) 


136. 


1991 1992 


2056.0 | 2108.0 | 2269.0 | 2330.6 
1996 | 1997 | 1998 | 
2850.0 | 3205.0 | 3141.0 | 


(a) Make a scatter plot of the data. Let t represent the 
year, with t = 0 corresponding to 1990. 


(b) Use a graphing utility to find an exponential 
model P = ab‘ for the data. Let t = 0 represent 
1990. 


Synthesis 


True or False? In Exercises 137-142, determine 
whether the equation or statement is true or false. 
Justify your answer. 


x 


137. log, b** = 2x 138, ex! == 
e 


139. In(x + y) =Inx + Iny 
140. In(x + y) = In(xy) 
10 
141. lose 27] = 1 — logiox 
142. The domain of the function f(x) = In x is the set of 


all real numbers. 


© Chapter Project 361 


Chapter Project A Graphi 


In this project, you will use a graphing utility to compare savings plans. For 

instance, suppose you are depositing $1000 in a savings account and are given the 

following options. 

* 6.2% annual interest rate, compounded annually 

* 6.1% annual interest rate, compounded quarterly 

* 6.0% annual interest rate, compounded continuously 

a. For each option, write a function that gives the balance as a function of the 
time ¢ (in years). 


b. Graph all three functions in the same viewing window. Can you find a viewing 
window that distinguishes among the graphs of the three functions? If so, 
describe the viewing window. 


. Find the balances for the three options after 25, 50, 75, and 100 years. Is the 


option that yields the greatest balance after 25 years the same option that 
yields the greatest balances after 50, 75, and 100 years? Explain. 


. The effective yield of a savings plan is the percent increase in the balance after 


1 year. Find the effective yields for the three options listed above. How can the 


effective yield be used to decide which option is best? 


Questions for Further Exploration 


1. You deposit $25,000 in an account to accrue interest — 


for 40 years. The account pays 4% compounded 
annually. Assume that the income tax on the earned 
interest is 30%. Which of the following plans pro- 
duces a larger balance after all income tax is paid? 
(a) Deferred The income tax on the interest that is 
earned is paid in one lump sum at the end of 40 
years. 
(b) Not Deferred The income tax on the interest 
that is earned each year is paid at the end of each 
year. 


. Which of the following would produce a larger 


balance? Explain. 


: (a) 4.02% annual interest rate, compounded monthly 


(b) 4% annual interest rate, compounded contin- 
uously 


3. You deposit $1000 in each of two savings accounts. 


The interest for the accounts is paid according to the 
two options described in Question 2. How long 
would it take for the balance in one of the accounts 
to exceed the balance in the other account by $100? 
By $100,000? 


. No income tax is due on the interest earned in some 


types of investments. You deposit $25,000 into an 


~ account. Which of the following plans is better? 


Explain. 

(a) Tax-Free The account pays 5%, compounded 
annually. There is no income tax on the earned 
interest. 


(b) Tax-Deferred The account pays 7%, com- 
pounded annually. At maturity, the earned inter- 
est is taxable at a rate of 40%. 
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Take this test as you would take a test in class. After you are done, check your 
work against the answers in the back of the book. aN 
The /nteractive CD-ROM and Internet 
1. Sketch the graph of the function f(x) = 2-**! — 3 by hand. versions of this text provide answers to 
the Chapter Tests and Cumulative Tests. 
They also offer Chapter Pre-Tests (that 
1000 test key skills and concepts covered in 
= 1 + 4e70-2% previous chapters) and Chapter Post- 
Tests, both of which have randomly 
3. Determine the principal that will yield $200,000 when invested at 8% com- generated exercises with diagnostic 


pounded daily for 20 years. capabilities. 


2. Use a graphing utility to graph f and determine its horizontal asymptotes. 


F(x) 


4. Write the logarithmic equation log, 64 = 3 in exponential form. 
5. Sketch the graph of the function g(x) = log,(x — 2) by hand. 


x2 
6. Use the properties of logarithms to expand in =}, 


Bye! aoa 
In Exercises 7 and 8, evaluate the expression without using a calculator. 


7. logs 25 8 —2Ine? +1 


In Exercises 9-11, solve the equation. Round to three decimal places. 


4t 
od = 3 18.65 In® +4) 


9. 8 + jev/2 = 450 10. (1 i 

12. A truck that costs $28,000 new has a depreciated value of $20,000 after 1 

year. Find the value of the truck when it is 3 years old by using the expo- 
nential model y = ae?*. 


13. The average time between incoming calls at a switchboard is 3 minutes. The 
probability of waiting less than t minutes for the next incoming call is 
approximated by the model F(t) = 1 — e~‘/?. If a call has just come in, find 
the probability that the next call will come within (a) ; minute, (b) 2 min- 
utes, and (c) 5 minutes. 

14. The population of a certain species ¢t years after it is introduced into a new 
1200 
Weir Sra 

(b) Determine the population after 5 years. (c) After how many years will 

the population be 800? 8 


habitat is p(t) = (a) Determine the initial size of the population. 


15. By observation, identify the equation that corresponds to the graph shown at 
the right. Explain your reasoning. 


(ayeyaoem (2 (by (c) y = 6(1 — e7**/2) 


ee re 
16. The numbers of cellular-phone subscribers y (in millions) for the years 1993 FIGURE FoR 15 
through 1997 are (3, 16.0), (4, 24.1), (5, 33.8), (6, 44.0), and (7, 55.3), where 
x is the time (in years) and x = 3 corresponds to 1993. Use a graphing util- 
ity to fit an exponential model to the data. Sketch a scatter plot of the data 
and graph the model in the same viewing window. (Source: Cellular 
Telecommunications Industry Association) 
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Take this test to review the material from earlier chapters. After you are 
done, check your work against the answers in the back of the book. 


In Exercises 1-3, sketch the graph of the function. Use a graphing utility to 
verify the graph. 


1. f(x) = —35(x? + 4x) 2. f(x) = dx(x — 2)? 3. fl) = 28 + 2x2 — Ox — 18 


4. Find all the zeros of f(x) = x3 + 2x2 + 4x + 8. 


5. Use a graphing utility to approximate any real zeros of g(x) = 
x> + 4x? — 11 to the nearest hundredth. 


6. Divide (4x? + 14x — 9) by (x + 3) using long division. 
7. Divide (2x* — 5x? + 6x — 20) by (x — 6) using synthetic division. 


8. Find a polynomial function with integer coefficients that has the zeros 
ao sleet 4/51. 


In Exercises 9-11, sketch the graph of the rational function. Be sure to label 
all asymptotes. Use a graphing utility to verify the graph. 


2x Sx x27 - 3x +8 
x—3 = Saree er: Tf) x-2 


9. fx) = 


12. Write a rational function that has no vertical asymptotes and a horizontal 
asymptote at y = 4. 


In Exercises 13-16, evaluate the expression without using a calculator. 


I 
13. log,64 14. log,(+) 15. Ine! 16. In 


In Exercises 17-20, use a calculator to evaluate the expression. Round your 
answer to three decimal places. 


172 185)>" 18. 58¥5 19a. 20. 4¢25 


In Exercises 21-24, sketch the graph of the function by hand. Use a graph- 
ing utility to verify the graph. 

21. f(x) ==3"*4 — 5 225): 3 

23a) = 4. login — 3) 24. fix) = in(4 — x) 


In Exercises 25-28, evaluate the logarithm using the change-of-base formula. 
Round your answer to three decimal places. 

25. log, 21 26. log, 6.8 27. log,,(8.61) 28. logzys (5) 

29. Write 2 In x — SIn(x + 5) as a logarithm of a single quantity. 

30. Expand the logarithmic expression: In(x ais 5). 
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In Exercises 31-36, solve the equation algebraically. Round your result to three 
decimal places. Use a graphing utility to verify your answer graphically. 


31. 6e7* = 72 32. 4e7- 3 2330 ” 933. “loggx logo s—"6 
34, —=3 + n4x = 0 95.4lna/% 7 213 36. In 4x? = 7 


win 
SES 


37. Find the exponential function y = ae’* that passes through the points (0, 
and (6, 14). 
38. The profit of a company is given by 


P = 230 + 20x — $x? 


where P is the profit (in thousands of dollars), and x is the amount (in hun- 
dreds of dollars) the company spends on advertising. What amount will yield 
a maximum profit? 


39. The average cost (in dollars) of recycling a waste product x (in pounds) is 


_ 450,000 + Sx 
x ? 


C(x) =10) 


Find the average cost of recycling x = 10,000 pounds, x = 100,000 pounds, 
and x = 1,000,000 pounds. According to this model, what is the limiting 
average cost as the number of pounds increases? 


40. You deposit $2500 in an account earning 7.5% interest, compounded contin- 
uously. Find the balance after 25 years. 


41. If the inflation rate averages 4.5% over the next 10 years, the approximate 
cost C of goods or services t years from now is 
C(t) = P(1.045)’ 
where P is the present cost. If the price of a tire is presently $69.95, estimate 
the price 10 years from now. 


42. The population P of a city is P = 135,200e°°!® where t = 0 represents 
1990. Use a graphing utility to graph the model and determine when the pop- 
ulation reaches 190,000. Verify your answer algebraically. 


43. The population of a certain species ¢ years after it is introduced into a new 
habitat is given by p(t) = 1200/(1 + 3e~*/*). 


(a) Determine the population size that was introduced into the habitat. 
(b) Determine the population after 5 years. 
(c) After how many years will the population be 800? 
44. The numbers of subscribers of cellular phones y (in millions) for the years 
1990 through 1997 are given by 
(0, 5.3), (1, 7.6), (2, 11.0), (3, 16.0), (4, 24.1), (5, 33.8), (6, 44.0), (7, 55.3) 


where x is the time (in years) with x = 0 corresponding to 1990. Use the 
regression capabilities of a graphing utility to fit an exponential model to the 
data. Sketch a scatter plot and graph the model in the same viewing window. 
(Source: Cellular Telecommunications Industry Association) 


Trigonometric Functions 


5.1 Angles and Their Measure 

3.2 Right Triangle Trigonometry 

5.3 Trigonometric Functions of Any Angle 
5.4 Graphs of Sine and Cosine Functions 
5.9 Graphs of Other Trigonometric Functions 
5.6 Inverse Trigonometric Functions 

5.7 Applications and Models 


Ron Watts/CORBIS 


The Mauna Loa Observatory in Hawaii conducts research to understand the global carbon cycle. It is 
located far from pollution sources that would affect the gases being measured. (Source: NOAA/Climate 
Monitoring and Diagnostic Laboratory) 


Important Vocabulary 

As you encounter each new vocabulary term in this chapter, add the term and its definition to your notebook glossary. 

e angle (p. 366) ® radian (p. 369) ® angle of elevation (p. 382) 

© initial side (p. 366) ® linear speed (p. 371) e angle of depression (p. 382) 

© terminal side (p. 366) e angular speed (p. 371) ® reference angles (p. 390) 

© vertex (p. 366) © hypotenuse (p. 377) ® period (pp. 395, 404) 

° positive angles (p. 366) ® opposite side (p. 377) ® sine curve (p. 401) 

® negative angles (p. 366) ® adjacent side (p. 377) ® one cycle (p. 401) 

© coterminal angles (p. 366) ® sine (p. 377) ; ® amplitude (p. 403) 

© degree (p. 367) ® cosecant (p. 377) ® phase shift (p. 405) 

¢ acute angles (p. 367) | © cosine (p. 377) © damping factor (p. 417) 

© obtuse angles (p. 367) ® secant (p. 377) ® inverse sine function (p. 423) 

© complementary angles (p. 368) ® tangent (p. 377) ® inverse cosine function (p. 425) 
® supplementary angles (p. 368) © cotangent (p. 377) ® inverse tangent function (p. 425) 


Additional Resources Text-specific additional resources are available to help you do well in this course. See page xvi for details. 
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Angles 


As derived from the Greek language, the word trigonometry means 
“measurement of triangles.” Initially, trigonometry dealt with relationships 
among the sides and angles of triangles and was used in the development of 
astronomy, navigation, and surveying. With the development of calculus and the 
physical sciences in the 17th century, a different perspective arose—one that 
viewed the classic trigonometric relationships as functions having the set of real 
numbers as their domains. Consequently, the applications of trigonometry 
expanded to include a vast number of physical phenomena involving rotations 
and vibrations, including sound waves, light rays, planetary orbits, vibrating 
strings, pendulums, and orbits of atomic particles. 

The approach in this text incorporates both perspectives, starting with angles 
and their measure. 


Vertex ——— 
Initial side 


(a) (b) 
Figure 5.1 


An angle is determined by rotating a ray (half-line) about its endpoint. The starting 
position of the ray is the initial side of the angle, and the position after rotation is 
the terminal side, as shown in Figure 5.1(a). The endpoint of the ray is the vertex 
of the angle. This perception of an angle fits a coordinate system in which the ori- 
gin is the vertex and the initial side coincides with the positive x-axis. Such an angle 
is in standard position, as shown in Figure 5.1(b). Positive angles are generated 
by counterclockwise rotation, and negative angles by clockwise rotation, as shown 
in Figure 5.2. Angles are labeled with Greek letters a (alpha), B (beta), and 6 
(theta), as well as uppercase letters A, B, and C. In Figure 5.3, note that angles a 
and £ have the same initial and terminal sides. Such angles are coterminal. 


y y 


Positive angle 
(counterclockwise) 


x 
Negative angle 
(clockwise) 


Figure 5.2 Figure 5.3 


Bob Martin/Allsport 


Degree Measure 


The measure of an angle is determined by the amount of rotation from the initial 
side to the terminal side. The most common unit of angle measure is the degree, 
denoted by the symbol °. A measure of one degree (1°) is equivalent to a rotation 
of 1/360 of a complete revolution about the vertex. To measure angles, it is con- 
venient to mark degrees on the circumference of a circle, as shown in Figure 5.4. tie : ts er oets ee seehe 
So, a full revolution (counterclockwise) corresponds to 360°, a half revolution to | ee eer | 


180°, a quarter revolution to 90°, and so on. 


y 90° = 4(360°) 
60°= 4 (360°) 
45°= 1(360°) 


Figure 5.4 


@ = 90° 
A 


Quadrant II 
90° < 8< 180° 


Quadrant I 
0°<@<90° 


OSS Oe a —l()e 


Quadrant II Quadrant IV 
S05 <6 =< 270 82702 <6! 3602 
e=27102 
Figure 5.5 
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c: ms 
‘T> mi: 


Sieiock 

erml al sides of the in pote 
angles” 0°, 90°, 180 ane | 
igs - a ov 0790 » 10) (Os 


2 
d = ee i 
: do nc t thi quadrants Jo tens: 
overul mult seem eigeers heeee 


roves enneeanspincn 


Recall that the four quadrants in a coordinate system are numbered I, II, III, and 
IV. Figure 5.5 shows which angles between 0° and 360° lie in each of the four 
quadrants. Figure 5.6 shows several common angles with their degree measures. 
Note that angles between 0° and 90° are acute and angles between 90° and 180° 


are obtuse. 


A 6 = 30° @ = 135° 
Gi= 90° 


Acute angle: Right angle: 

between 0° and 90° guarter revolution 
g=ns0e 

Straight angle: 

half revolution 

Figure 5.6 


Obtuse angle: 
between 90° and 180° 


6 = 360° 


(~— 


Full revolution 


Two angles are coterminal if they have the same initial and terminal sides. For 
instance, the angles 0° and 360° are coterminal, as are the angles 30° and 390°. 
You can find an angle that is coterminal to a given angle 6 by adding or subtract- 
ing 360° (one revolution), as demonstrated in Example 1. A given angle @ has 
many coterminal angles. For instance, 6 = 30° is coterminal with 


30° + n(360°) 


where n is an integer. 
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EXAMPLE 1 Sketching and Finding Coterminal Angles 


Find two coterminal angles (one positive and one negative) for the given angle. 


a. 390° b. 135° Cy 20" 


Solution 
a. For the positive angle 390°, subtract 360° to obtain a positive coterminal angle 
390° — 360° = 30°. See Figure 5.7(a). 


Subtract 2(360°) = 720° to obtain a negative coterminal angle 
390° = 7207 == 330". 
b. For the positive angle 135°, add 360° to obtain a positive coterminal angle 
135° + 360° = 495°. 
Subtract 360° to obtain a negative coterminal angle 
[go S60 t= — 225. See Figure 5.7(b). 
c. For the negative angle — 120°, add 360° to obtain a positive coterminal angle 
i Oe s00 =—240- See Figure 5.7(c). 
Subtract 360° to obtain a negative coterminal angle 
— 120° — 360° = —480°. 


S08 


SHOP 
0° 


270° 


(a) (b) (c) 
Figure 5.7 


270° 


Two positive angles a and 6 are complementary (complements of each other) if 
their sum is 90°. Two positive angles are supplementary (supplements of each 
other) if their sum is 180°. See Figure 5.8. 


EXAMPLE 2 Complementary and Supplementary Angles 
If possible, find the complement and the supplement of (a) 72° and (b) 148°. 


Solution 
a. The complement of 6 = 72° is 90° — @ = 90° — 72° = 18°. 
The supplement of 6 = 72° is 180° — 6 = 180° — 72° = 108°. 


b. Because 6 = 148° is greater than 90°, it has no complement. (Remember that 
complements are positive angles.) The supplement is 


S00 soe = 148" ——oo.e 


Complimentary angles 


Supplementary angles 
Figure 5.8 
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Radian Measure 


A second way to measure angles is in radians. This type of measure is especially 
useful in calculus. To define a radian, you can use a central angle of a circle, one 
whose vertex is the center of the circle, as shown in Figure 5.9. 


Because the circumference of a circle is 27rr, it follows that a central angle of one 
full revolution (counterclockwise) corresponds to an arc length of s = 27r. 
Therefore, 27 radians corresponds to 360°, 7 radians corresponds to 180°, and 
q/2 radians corresponds to 90°. Moreover, because 27 ~ 6.28, there are just 
over six radius lengths in a full circle, as shown in Figure 5.10. In general, the 
radian measure of a central angle @ is obtained by dividing the arc length s by r. 
That is, s/r = 0, where 6 is measured in radians. Because the units of measure 
for s and r are the same, this ratio is unitless—it is simply a real number. 


EXAMPLE 3 Complementary, Supplementary, and Coterminal Angles 
Find each of the following. 


a. The angle complementary to 77/12. 

b. The angle supplementary to 57/6. 

c. An angle coterminal with 1777/6. 

Solution 

a. The complement of 6 = 7/12 is 7/2 — 0, which is 


7 ar ae OTT, Teg BOT 


Pik 2ichdl 2 12), 
b. The supplement of 6 = 57/6 is 7 — 0, which is 


See Figure 5.11(a). 


7T—- —_— = TS See Figure 5.11(b). 


c. In radian measure, a coterminal angle is found by adding or subtracting 277. 
For 6 = 1777/6, subtract 27 to obtain a coterminal angle. 


5) 
Se aT zee = ed = ul See Figure 5.11(c). 
6 6 6 6 
x & x 
2 5a 2 Sn 2 5a 
{2 6 6 
us 0 0 1 0 
Le "Tr 17x 
12 6 mere 
3a 3a 3x 
ar 2 2 


(a) (b) (c) 
Figure 5.11 
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Are length = radius when @ = 1 radian. 
Figure 5.9 


Oe =) aad 


a 


5 
Sf? 


2 radians r— | radian 


Se 


3a 
radians 2 


r 


Me Q 
4 radians “\_ J yee 


y cae, 


5 radians 
Figure 5.10 
A computer animation of this example 


appears in the Interactive CD-ROM and 
Internet versions of this text. 
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Conversion of Angle Measure 


Because 27 radians corresponds to one complete revolution, degrees and radians 
are related by the equations 


360° = 2a rad and 180° = ar rad. 


From the second equation, you obtain 


7 180\° 
jo = == mad and trad = F\aee 
180 7 


which lead to the following conversion rules. 


EXAMPLE 4 _ Converting from Degrees to Radians 


Express each angle in radian measure. 


Ang 55: b. 540° Cae 210. 


Solution 
a7 rad Sle = 
amo) (155 aoa) aw. rad Multiply by 735: 
b. 540° = (540 aeg)( = 37 rad Multiply by on 
Cn a= (70 aeg)( =) be rad Multiply by 
180 deg 2 180 


EXAMPLE 5 Converting from Radians to Degrees 


Express each angle in degrees. 


ee radee Sb. 2rad 


) 
Solution 
T 7 180 deg 5 180 
ase a rad = is > raa)( 02) = —90 Multiply by oe 
180d 360 
heo.rad =. (2 rae) “OSE) = — = 114.59° Multiply by ee 
77 rad T 7 


Tf you have a calculator with a “radian-to-degree” conversion key, try using it to 
verify the result shown in part (b) of Example 5. 


B03 45° 
js EY 
60° 90° 
180° 360° 
Figure 5.12 


@) 


The Interactive CD-ROM and Internet 
versions of this text show every example 
with its solution; clicking on the Try /t/ 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions to 
additional examples. Integrated Examples 
are related to several concepts in the 
section. 
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Applications 


(9; 
The radian measure formula 6 = s/r can be used to measure arc length along a 4 computer simulation to accompany this 
circle. Specifically, for a circle of radius r, a central angle 6 intercepts an arc of  COM°ePt appears in the Interactive CD- 


length . given by —- ROM and /nternet versions of this text. 
hee S 
s=ré cin Length of circular arc 


where @ is measured in radians. 


EXAMPLE 6 Finding Arc Length 


A circle has a radius of 4 inches. Find the length of the arc intercepted by a cen- 
tral angle of 240°, as shown in Figure 5.13. 


Solution 


To use the formula s = r@, first convert 240° to radian measure. 


d 
240° = (240 dea) Convert from degrees to radians. 


Aq : bone 
= 3 radians Simplify. 


Then, using a radius of r = 4 inches, you can find the arc length to be 


s=ré Length of circular arc 
4 
=4 as Substitute for r and 6. 
167 per 
as implify. 
3 
— i lator. c 
16.76 inches. Use a calculator. Figure 5.13 a Prete 
Note that the units for r@ are determined by the units for r because 0 is given in rane 
radian measure and therefore has no units. Lita n spool = Ser 
The formula for the length of a circular arc can be used to analyze the motion of + 
a particle moving at a constant speed along a circular path. sal nhs Beal — oe 


Ea TN 


o mie: as a Za 
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EXAMPLE 7 Finding Linear Speed an 


eu) ‘A (¢ (th OVU tA 
The second hand of a clock is 10.2 centimeters long, as shown in Figure 5.14. 
Find the linear speed of the tip of this second hand. 


Solution 
In one revolution, the arc length traveled is 


s = 2ar 
= 2n(10.2) 
= 20.477 centimeters. 
The time required for the second hand to travel this distance is 
= 60 seconds 
= | minute. 


So, the linear speed of the tip of the second hand is 


; S 
Linear speed = F 


20.47 centimeters 
60 seconds 


1.068 cm/sec. 


ul 


EXAMPLE 8 Finding Angular and Linear Speed 


A 10-inch radius lawn roller makes 1.2 revolutions per second, as shown in 
Figure 5.15. 


a. Find the angular speed of the roller in radians per second. 
b. Find the speed of the tractor that is pulling the roller. 
Solution 


a. Because each revolution generates 27 radians, it follows that the roller turns 
(1.2)(27r) = 2.47 radians per second. In other words, the angular speed is 


0 
Angular speed = , 


2.47 radians 
| second 


2.47 rad/sec. 


II 


b. The linear speed is 
Linear speed = : =— 


— 10(2.47) inches 
| second 


=~ 75.4 in./sec. 


Figure 5.14 


Figure 5.15 
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In Exercises 1-4, estimate the number of degrees in 
the angle. 


In Exercises 5-8, determine the quadrant in which 
the angle lies. 


5. (a) 150° 2 (b) 282° 4 
6. (a) 7.9° | oy) 2515 
7. (a) —132°50’2 — (b) —336° 30’ 
8. (a) —260.25° 9 (b) -2.4° 4 


In Exercises 9-12, sketch the angle in standard 
position. 


9. (a) 60° (b) 150° 
10. (a) —270° (D2 = 120° 
11. (a) 405° (b) 780° 


12. (a) —450° (b) = 570° 


In Exercises 13-16, determine two coterminal angles 
in degree measure (one positive and one negative) for 
the given angle. 


13. (a) (b) 
G52" 

14. (a) (b) 
(ghee 1 ileeo 

15. (a) 300° (b) 230° 


16. (a) —445° (b) —740° 


In Exercises 17-20, use the angle-conversion capabil- 
ities of a graphing utility to convert the angle measure 
to decimal degree form. Round your answer to three 
decimal places if necessary. 
17. (a) 64° 45’ 

18. (a) 275° 10/7 

19a) eso 15 30. 

20: (a) need. 25536 4 


(b) —124° 30’ 

(b)s97 12" 

(b) —408° 16’25” 
(b)e3305255 

In Exercises 21-24, use the angle-conversion capabil- 


ities of a graphing utility to convert the angle measure 
to D° M’S” form. 


21. (a) 280.6° (Op Et de8- 
22. (a)=—345.12° (b) 310.75° 
23. (a) 4.5 (Bj —=3.98 
24. (a) —0.355 (b) 0.7865 


In Exercises 25-28, estimate the angle to the nearest 
one-half radian. 


25. \ 26. 4 . 
PMs eS) ees 28. * 


In Exercises 29-34, determine the quadrant in which 
the angle lies. (The angle is given in radian measure.) 


7 10 
29. (a) 5 (b) a 
1% lla 
30. (a) ri, (b) any 
T lla 
31. (a) 1D (b) eon 
S20(a) esl (ie 2 
33.. (ay"35 (b) 2.25 
34. (a) 5.63 (0) = 2S) 


> The Interactive CR-ROM and Jnternet versions of this text contain step-by-step solutions to all odd-numbered Section 
and Review Exercises. They also provide Tutorial Exercises, which link to Guided Examples for additional help. 
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In Exercises 35-38, sketch the angle in standard 
position. 


37 57 
ory ) > 
ir Wire 
36. (a) they (b) oe 
37. (a) = (b) 97 
38. (a) 4 (b) —3 


In Exercises 39-42, determine two coterminal angles 
in radian measure (one positive and one negative) for 
the given angle. 


39. (a) i (b) 5 
2 2 
3 oe 
On g=5 
1 0 1 0 
3h 3n 
p 2 
40. (a) 4 (b) F 
2 2 
_ 1h 
CSG 
1 0 
3n 
2 
11 
41. (a) Tae 
irs 87 
42. (a) 7% (b) 35 


In Exercises 43-46, find (if possible) the complement 
and supplement of the angle. 


43. (a) 24° (b) 126° 

44. (a) 87° (b) 167° 
7 37 

45. — = 
(a) 3 (b) % 
46. (a) 1 (b)e2 


In Exercises 47-50, express the angle in radian mea- 
sure as a multiple of 7. (Do not use a calculator.) 


47. (a) 30° (b) 150° 
48. (a) 315° (b) 120° 


(b) —240° 
(b) 144° 


49\(a)=20- 
50:A(a)e 200" 


In Exercises 51-54, express the angle in degree 
measure. (Do not use a calculator.) 


51. (a) = (b) -2 
52. (a) -3 (b) 3 

53. (a) = (b) 2 
54. (a) = (b) <= 


In Exercises 55-62, convert the angle measure from 
degrees to radians. Round your answer to three deci- 
mal places. 


BEE Liss 56.8361" 
5/2 1635, 58. —46.52° 
59. 642° 60. 0.54° 
61-35-0785" 62. 395° 


In Exercises 63-70, convert the angle measure from 
radians to degrees. Round your answer to three deci- 
mal places. 


ee (ae 

7 13 

25 
65, a Gite on 
GTi 4 en, 68. 4.8 
69. —2 70. —0.48 


In Exercises 71-74, find the angle in radians. 


id: & 6cm 72. in. 
73. 32 m 74, 
\ Jeo ft 


In Exercises 75-78, find the radian measure of the 
central angle of a circle of radius r that intercepts an 
arc of length s. 


Radius r Arc Length s 
75. 15 inches 8 inches 
76. 22 feet 10 feet 


35 centimeters 
160 kilometers 


77. 14.5 centimeters 
78. 80 kilometers 


In Exercises 79-82, find the length of the arc on a 
circle of radius r intercepted by a central angle 6. 


Radius r Central Angle 0 
79. 14 inches 180° 
80. 9 feet 60° 
81. 6 meters = radians 
i SaTt Ge 
82. 40 centimeters oP radians 


Distance Between Cities In Exercises 83 and 84, find 
the distance between the cities. Assume that the earth 
is a sphere of radius 4000 miles and the cities are on 
the same meridian (one city is due north of the other). 


City Latitude 
83. Miami 25 46’ 37-N 
Erie 42° 7715" N 
84. Johannesburg, South Africa 2601025 


Jerusalem, Israel 31°47'°N 

85. Difference in Latitudes Assuming that the earth is 
a sphere of radius 6378 kilometers, what is the dif- 
ference in latitude of two cities, one of which is 600 
kilometers due north of the other? 


86. Difference in Latitudes Assuming that the earth is 
a sphere of radius 6378 kilometers, what is the dif- 
ference in latitude of two cities, one of which is 800 
kilometers due north of the other? 

87. Instrumentation A voltmeter’s pointer is 6 cen- 


timeters in length. Find the angle through which it 
rotates when it moves 2.5 centimeters on the scale. 
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88. Electric Hoist An electric hoist is used to lift a 
piece of equipment | foot. The diameter of the drum 
on the hoist is 10 inches. Find the number of degrees 
through which the drum must rotate. 


\10 in. 


ee ee 
Sa 
=o 9 


89. Figure Skating The number of revolutions made 
by a figure skater for each type of axel jump is given. 
Determine the measure of the angle generated as the 
skater performs each jump. Give the answer in both 
degrees and radians. 

(a) single axel: i 
(b) double axel: 24 
(c) triple axel: 35 

90. Linear Speed of an Earth Satellite An earth 
satellite in circular orbit 1250 kilometers high makes 
one complete revolution every 90 minutes. What is 
its linear speed? Use 6400 kilometers for the length 
of a radius of the earth. 

91. Angular Speed A car is moving at a rate of 40 
miles per hour, and the diameter of its wheels is 2.5 
feet: 

(a) Find the rotational speed of the wheels in revolu- 
tions per minute. 

(b) Find the angular speed of the wheels in radians 
per minute. 

92. Circular Saw Speed The circular blade on a saw 
has a diameter of 7.5 inches and rotates at 2400 rev- 
olutions per minute. 

(a) Find the angular speed in radians per second. 


(b) Find the linear speed of the saw teeth (in feet per 
second) as they contact the wood being cut. 


= 
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93. Floppy Disk The radius of the magnetic disk in a 
3.5-inch diskette is 1.68 inches. Find the linear 
speed of a point on the circumference of the disk if 
it is rotating at a speed of 360 revolutions per 
minute. 


94. Speed of a Bicycle The radii of the sprocket 
assemblies on the pedal and the wheel of a bicycle 
are 4 inches and 2 inches, respectively. The radius 
of the rear wheel of the bicycle is 14 inches. If the 
cyclist is pedaling at a rate of 1 revolution per sec- 
ond, find the speed of the bicycle in (a) feet per sec- 
ond and (b) miles per hour. 


Synthesis 


True or False? In Exercises 95-97, determine 
whether the statement is true or false. Justify your 
answer. 


95. A degree is a larger unit of measure than a radian. 


96. An angle that measures — 1260° lies in Quadrant 
Il. 


97. The angles of a triangle can have radian measures 


98. Writing If the radius of a circle is increasing and 
the magnitude of a central angle is held constant, 
how is the length of the intercepted arc changing? 
Explain your reasoning. 


99. Writing Write a short paragraph defining and giv- 
ing examples of coterminal angles. 


100. Geometry Show that the area of a circular sector 
of radius r with central angle is A = 5720, where 
@ is measured in radians. 


Area of a Circular Sector In Exercises 101 and 102, 
use the result of Exercise 100 to find the area of the 
sector. 


101. 102. 12 ft 


10m 15 ft 


103. Graphical Reasoning The formulas for the area 
of a circular sector and arc length are A = sr? and 
s = r0, respectively. (r is the radius and 6 is the 
angle measured in radians.) 


(a) If 6= 0.8, express the area and arc length 
as functions of r. What is the domain of each 
function? Use a graphing utility to graph 
the functions. Use the graphs to determine 
which function changes more rapidly as r in- 
creases. Explain. 


(b) If r = 10 centimeters, express the area and arc 
length as functions of 6. What is the domain of 
each function? Use a graphing utility to graph 
and identify the functions. 


Review 


In Exercises 104-107, use a graphing utility to find a 
linear model that approximates the set of data. 


104. 


25 | 31 


33 | 40 | 45 | 47 


105. 


“| 3 ike 9 |e fia) Ogee ee 


106. 


0.05 | 1.24 | 3.33 | 4.14] 4.98 | 5.82 


107. 


my -1 [0 ef ie 3 aed] 


y | 246.22 | 174.58 | 142 112.95 | 82.46 52.61 


In Exercises 108-111, find all the real zeros of the 
polynomial function. 

108. f(x) = x2 + 1llx + 28 
110. f(x) = x3 + 3x? — 10x 
111. f(x) = 4x4 + 44.3 + 96x2 


109. f(x) = 54x? — 6x4 


5.2 ¢ Right Triangle Trigonometry 


The Six Trigonometric Functions 


Our first look at the trigonometric functions is from a right triangle perspective. 
Consider a right triangle, one of whose acute angles is labeled 6, as shown in 
Figure 5.16. Relative to the angle 6, the three sides of the triangle are the 
hypotenuse, the opposite side (the side opposite the angle @), and the adjacent 
side (the side adjacent to the angle 6). 


Side opposite 0 


Side adjacent to 
Figure 5.16 


Using the lengths of these three sides, you can form six ratios that define the six 
trigonometric functions of the acute angle 6. 


sine cosecant cosine secant tangent cotangent 


These six functions are normally abbreviated as sin, csc, cos, sec, tan, and cot, 
respectively. In the following definitions it is important to see that 0° < 6< 90° 
and that for such angles the value of each trigonometric function is positive. 


Right Triangle Definitions of Trigonometric 


Let @ be an acute angle of a right triangle. Then the six trigonometric functions 
of the angle @ are defined as follows. 


opp adj _ opp 
sin 0 = —— COS. 0. tan 9 = —-~ 
hyp hyp adj 

hyp hyp adj 

csc 0 = —— sec-0 = .-— COLO =a: 
opp. adj opp 


The abbreviations “opp,” “adj,” and “hyp” represent the lengths of the three 
sides of a right triangle. 


opp = the length of the side opposite 6 
adj = the length of the side adjacent to 0 


hyp = the length of the hypotenuse 


Note that the functions in the second row above are the reciprocals of the 
corresponding functions in the first row. 


“Vou Should Learn: 


° How to evaluate trigonometric 


functions of acute angles 


© How to use the fundamental 


trigonometric identities 

© How to use a calculator to 
evaluate trigonometric func- 
tions 

° How to use trigonometric 
functions to model and solve 
real-life problems — 


You Should Learn It: 


You can use trigonometry to ana- 


lyze all aspects of a geometric 
figure. For instance, Exercise 69 
on page 386 show you how 
trigonometric functions can be 


used to approximate the height of © 


a building. 


his concept 


T)ROM and 
CD-ROM and 
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EXAMPLE 1 Evaluating Trigonometric Functions 


Find the values of the six trigonometric functions of 0, as shown in Figure 5.17. 


es 
oy 
> 


s 


) 


3 
Figure 5.17 


Solution 
By the Pythagorean Theorem, (hyp)? = (opp)? + (adj)?, it follows that 


hyp = /4 + 3? = /25 =5. 


So, the six trigonometric functions of 6 are 


; opp 4 adj 3 opp 4 
sin 0 Eons cos 0 hypiees an adi 3 
h 5 dj g 

sprees ecg=—P == cot @=— ==. 
opp 4 adj 3 opp 4 


In Example 1, you were given the lengths of the sides of the right triangle but not 
the angle 6. A more common problem in trigonometry is finding the trigonomet- 
ric functions for a given acute angle 6. To do this, you can construct a right tri- 
angle having @ as one of its angles. 


EXAMPLE 2 _ Evaluating Trigonometric Functions of 45° 


Find the values of sin 45°, cos 45°, and tan 45°. 


Solution 


Construct a right triangle having 45° as one of its acute angles, as shown in Figure 
5.18. Choose 1 as the length of the adjacent side. From geometry, you know that 
the other acute angle is also 45°. So, the triangle is isosceles, and the length of the 
opposite side is also 1. Using the Pythagorean Theorem, you find the length of 
the hypotenuse to be \/2. 


sin 45° = PP — on coe 45 = Eee 
ih fp ey hyp. 6/20 
mie sa 
adj 1 


Figure 5.18 
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EXAMPLE 3 Evaluating Trigonometric Functions of 30° and 60° 


Use the equilateral triangle shown in Figure 5.19 to find the values of sin 60°, 
cos 60°, sin 30°, and cos 30°. 


Solution 

Try using the Pythagorean Theorem and the equilateral triangle to verify the 
lengths of the sides given in Figure 5.19. For 6 = 60°, you have adj = 1, 
opp = V3, and hyp = 2. Therefore, 


sin 60° = —PP — v3 
- hyp 2 
fa Figure 5.19 
cos 60° = eileh Ly 
hyp 2 
For 6 = 30°, adj = J/3, opp = 1, and hyp = 2. So, 
sin 30° = SPP — + 
hyp 2 
and 
cos 30° = call = ae 
hyp Zz 


Because the angles 30°, 45°, and 60° (2/6, 7/4, and 7/3) occur frequently in 
trigonometry, you should learn to construct the triangles shown in Figures 5.18 
and 5.19. 


A computer animation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 


In the box, note that sin 30° = ; = cos 60°. This occurs because 30° and 60° are 
complementary angles, and, in general, it can be shown from the right triangle 
definitions that cofunctions of complementary angles are equal. That is, if @ is an 
acute angle, the following relationships are true. 


sin(90° — 6) = cos 6 cos(90° — @) = sin 6 
tan(90° — 6) = cot 6 cot(90° — @) = tan 6 
sec(90° — 6) = csc 6 csc(90° — 6) = sec 0 
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Trigonometric Identities 


In trigonometry, a great deal of time is spent studying relationships between 
trigonometric functions (identities). 


Fundamental Trigonometric Identities 


_ Reciprocal Identities 

in 0 : 6 } tan 0 : 
“7 sc 0 a ‘sec 0 cot 6 

Q=- ee i 
Gee = COL == 
S sin 0 cos 6 tan 0 

Quotient Identities 
I 0 
ee sin 0 a 


cos 0 sin 0 
Pythagorean Identities : 
sin? @ + cos? 6 = | 
1 + tan? 0 = sec? 0 


1 + cot26 = csc? 6 


Note that sin? 6 represents (sin 6)? and not sin(@)*, cos? 6 represents (cos @)? and 
not cos(67), and so on. 


EXAMPLE 4 Applying Trigonometric Identities 


Let 6 be an acute angle such that sin 6 = 0.6. Using trigonometric identities, find 
the values of (a) cos 6 and (b) tan 0. 


Solution 
a. To find the value of cos 0, use the Pythagorean identity 
sin? @ + cos? 6 = 1. 
So, you have 
(0.6)? + cos? 6 = 1 
cos? 6 = 1 — (0.6)? = 0.64 
cos 6 = ./0.64 = 0.8. 


b. Now, knowing the sine and cosine of 0, you can find the tangent of 6 to be 


cos9 0.8 
Try using the definitions of cos @ and tan 6, and the triangle shown in Figure 5.20, oe || 
to check these results. 0.8 


Figure 5.20 
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EXAMPLE 5 Using Trigonometric Identities 


Use trigonometric identities to transform one side of the equation into the other. 


a. cos @sec 6 = 1 b. (sec 6 + tan 6)(sec 6 — tan 6) = 1 
Solution 
a. cos @sec d= 1 Write original equation. 
(see é=1 Reciprocal identity 
1=1 Divide out common factor. 
b. (sec 6 + tan 6)(sec 6 — tan 6) = 1 Write original equation. 


sec? 9 — sec Otan 6 + sec Otan 6 — tan? 9 = 1 Distributive Property 


sec? § — tan? 9 


1 Simplify. 
| = 1 Pythagorean identity 


Evaluating Trigonometric Functions with a Calculator 


When evaluating a trigonometric function with a calculator, you need to set the 
calculator to the desired mode of measurement (degrees or radians). 


Most calculators do not have keys for the cosecant, secant, or cotangent functions. 
To evaluate these functions, you can use the key with their respective recip- 
rocal functions sine, cosine, and tangent. For example, to evaluate csc(7r/8), use 
the fact that 

7 1 


aby Ss sin(7/8) 


and enter the following keystroke sequence in radian mode. 


a (=}8 ENTER Display 2.6131259 


EXAMPLE 6 Using a Calculator 


Function Mode Graphing Calculator Keystrokes Display 
a. sin 76.4° Degree 76.4 0.9719610 
b. cot 1.5 Radian 13 0.0709148 


When evaluating trigonometric functions with a calculator, remember to enclose 
all fractional angle measures in parentheses. For instance, if you want to evaluate 
sin 9 for 6 = 77/6, you should enter 


(=) 6 ENTER 
rather than 


(=) 6 (ENTER]. 


The first set of keystrokes yields the correct value of 0.5. The second set yields 
the incorrect value of 0. 
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Applications Involving Right Triangles 


Many applications of trigonometry involve a process called solving right 
triangles. In this type of application, you are usually given one side of a right tri- 
angle and one of the acute angles and asked to find one of the other sides, or you 
are given two sides and asked to find one of the acute angles. In Example 7, the- 
angle you are given is the angle of elevation, which denotes the angle from the hor- 
izontal upward to the object. In other applications you may be given the angle of 
depression, which denotes the angle from the horizontal downward to the object. 


Figure 5.21 


EXAMPLE 7 Solving a Right Triangle 


A surveyor is standing 50 feet from the base of a large tree, as shown in Figure 
5.21. The surveyor measures the angle of elevation to the top of the tree as 71.5°. 


How tall is the tree? 
Algebraic Solution 


From Figure 5.21, you can 
see that 


tan 71,5° = PP 


adj 


v 
x 


where x = 50 and y is the 
height of the tree. So, the 
height of the tree is 


y = x tan 71.5° 
50(2.98868) 
149.4 feet. 


ut 


ul 


EXAMPLE 8 Solving a Right Triangle 


A person is 200 yards from a river. Rather than walk directly to the river, the per- 
son walks 400 yards along a straight path to the river’s edge. Find the acute angle 
6 between this path and the river’s edge, as indicated in Figure 5.23. 


Solution 


From Figure 5.23, you can see that the sine of the angle @ is 


ne Opp _ 200 a Lb 
hyp 400 2 


Numerical Solution 


Use a graphing utility to create a table, as shown in Figure 5.22(a). The first column 
is the base of the triangle, x = 50. The second column is the height y, which varies 
from 10 to 200. The quotient y/x is shown in the third column. Because 


tan 71.5 = — = 2.9887 


al 


you can compare 2.9887 to the value of y/x in the table. Because 2.9887 is between 
2.8 and 3, the height y is between 140 and 150. Create a second table that shows the 
value of y/x when the values of y increase from 140 to 150. Because 2.9887 is between 


| 2.98 and 3, the height is between 149 and 150 feet, as shown in Figure 5.22(b). Repeat 


the process and create a table that shows values of y/x when the values of y increase 
from 149.1 to 150. The result is an estimate of the tree height of 149.4 feet. 


(a) (b) 
Figure 5.22 


Figure 5.23 


Now, you should recognize that 9 = 30°. 
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In Example 8, you were able to recognize that @ = 30° is the acute angle that 
satisfies the equation sin 6 = 5. Suppose, however, that you were given the 
equation sin 6 = 0.6 and asked to find the acute angle 6. Because 


>a =o aoe 
MEPs ge ty 


ag 


i 
mt 


1 
sin 30° = 5 = 0.5000 


fol 


5 


i 


and 


=e 
ohare 
Za 
or 


1 
sin'45° = —= = 0.7071, 
wo) 
you might guess that 6 lies somewhere between 30° and 45°. A more precise 


value of 6 can be found by using the inverse key on a calculator. To do this, you 
can use the following keystroke sequence in degree mode. 


.6 (ENTER Display 36.8699 


So, you can conclude that if sin 6 = 0.6, then 6 ~ 36.87°. 


EXAMPLE 9 Solving a Right Triangle 


Specifications for a skateboard ramp require a rise of one foot for each three feet 
of horizontal length. In Figure 5.24, find the lengths of sides b and c and find the 
measure of 6. 


Solution 


From the given specifications, you can write 


rise. 1. 
run 3 
4 
=—ft : 
b Figure 5.24 
which implies that b = 12 feet. Using the Pythagorean Theorem, you can write 
=u + be Pythagorean Theorem 
Cre AeA a Substitute for a and b. 
c? = 160 Simplify. 
c= 4/10. Extract positive square root. 


So, c = 4/10 = 12.65 feet. To solve for 0, you can write 


4 
tan 0.= D 


Then, using the calculator keystrokes 


1 (+) 3 
you obtain 0 ~ 18.43°. 
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In Exercises 1-6, find the exact values of the six 
trigonometric functions of the angle 0 given in the fig- 
ure. (Use the Pythagorean Theorem to find the third 
side of the triangle.) 


1. De “a 
5 : 5 
aN | 
wea a 
3: 4. 
aaa ’ 
24 
ee | 
15 
5 6 : 2,/109 
18 iar oth teas 
Aas 
(2 


In Exercises 7-10, find the exact values of the six 
trigonometric functions of the angle 0 for each of the 
triangles. Explain why the function values are the 
same. 


BS 


In Exercises 11-18, sketch a right triangle corre- 
sponding to the trigonometric function of the acute 


angle 0. Use the Pythagorean Theorem to determine 
the third side and then find the other five trigonomet- 
ric functions of 6. 


11. sin 0 = 2 12. cot 9 =5 
13. sec 0 = 4 14. cos 0 =3 
15. tan 0 = 3 16. csc 0 =] 
17. cot 6 = 3 18. sin'6 = 


In Exercises 19-24, use the given function value(s) 
and trigonometric identities to find the indicated 
trigonometric functions. 


19. sin 60° = v3 
2 
(a) tan 60° 


(c) cos 30° 


1 
A, sar S=, ian sly =— 
2 3 


(a) cse30° 
(c) cos 30° 


1 
OR Cl? == 


2 
(b) sin 30° 
(d) cot 60° 
ge 


(b) cot 60° 
(d) cot 30° 


Be 


Als COS 3. Se) = —— 


(a) sin 0 
(c) tan 0 


4 


(b) cos 6 
(d) sec(90° — 6) 


22. scc@=5, tannd=2//6 


(a) cos 0 

(c) cot(90° — @) 
23. cos a = } 

(a) seca 

(c) cota 
24. tanB=5 

(a) cot B 

(c) tan(90° — B) 


(b) cot é 
(d) sin @ 


(b) sin a 
(d) sin(90° — a) 


(b) cos B 
(d) cse B 


In Exercises 25-32, use trigonometric identities to 
transform one side of the equation into the other. 


25 taniocouoi—al 


27. tanacos a = sina 


26. csc @tan @ = sec @ 


28. cot asin a = cosa 


29. (1 + cos 0)(1 — cos 6) = sin? @ 


30. (csc 6 + cot 6)(csc 6 — cot 6) = 1 


31. sin@ cos @ 


3 = csc 6 sec 0 
cos@  sin@ 


tanB + cot B _ 
tan B 


32. csc? B 


In Exercises 33-38, evaluate the trigonometric func- 
tion by hand. 


33. (a) cos 60° 34. (a) csc 30° 
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52. (a) cot 6 = te 


(b) sec 0 = =D, 


In Exercises 53-56, find the value of 0 in degrees 
(0° < @< 90°) and radians (0 < 0< 7/2) by using a 


calculator. 

53. (a) sin 0 = 0.8191 
54. (a) cos 0 = 0.9848 
55. (a) tan 6 = 1.1920 
56. (a) sin 80 = 0.3746 


(b) cos 8 = 0.0175 
(b) cos 0 = 0.8746 
(b) tan 6 = 0.4663 
(b) cos 0 = 0.3746 


TT 
b) tan — 
Es 


T 
35: t— 
(a) co 4 
(b) cos 45° 
aii 
37. (a) cos 6 


(b) sec 60° 


7 
b) sin — 
USNs 


W 

36. in — 
(a) sin 3 
(b) csc 45° 

38. (a) tan — 


5 
(b) cot 30° 


In Exercises 39—46, use a calculator to evaluate each 
function. Round your answers to four decimal places. 
(Be sure the calculator is in the correct mode.) 


AOPi(ayasini2 >: 

40. (a) tan 18.5° 

41. (a) sec 42° 12’ 
AZ. GayeCOs6..90 25 


7 
43. | ies 
(a) co 16 


44. (a) sec 1.25 
45. (a) csc l 


46. (a) seo( = 1) 


(b) cos 65° 
(byecot7 1.3" 
(D)ecscas 7” 

(b) sec 8° 50’ 25” 


T 
b) tan — 
ye 


(b) cos 1.25 


(b) tan S 


ae a 
(b) coi(Z = 4 


In Exercises 47-52, find the value of @ in degrees 
(0° < 0 < 90°) and radians (0 < 0 < 7/2) without using 


a calculator. 


47. (a) sin 0 = ; 
2, 
48. (a) cos 6 = at 
D 

49. (a) sec 0 = 2 
50. (a) tan 0 = V3 


eaps} 
51. (a) oso 9 = 293 


(b) csc 9 = 2 
(b) tan 6 = 1 
(b) cot @ = 1 
(b) cos 0 = 4 
(b) sing =~? 


In Exercises 57-62, solve for x, y, or r, as indicated. 


57. Solve for y. 58. Solve for x. 


16 


L\ a 


Xx 


59. Solve for x. 60. Solve for r. 


38 r 20 


> 


ao a J 


61. Solve for y. 62. Solve for r. 


ya a 25 


63. Height A 6-foot person walked from the base of a 
broadcasting tower directly toward the tip of the 
shadow cast by the tower. When the person was 132 
feet from the tower and 3 feet from the tip of the 
tower’s shadow, the person’s shadow started to 
appear beyond the tower’s shadow. 

(a) Draw a right triangle to represent the problem. 
Show the known quantities on the triangle and 
use a variable to indicate the unknown height of 
the tower. 


386 


64. 


65. 


66. 


67. 
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(b) Write an equation for the unknown quantity. 
(c) What is the height of the tower? 


Length A 30-meter line is used to tether a helium- 
filled balloon. Because of a breeze, the line makes an 
angle of approximately 75° with the ground. 


(a) Draw a right triangle to represent the problem. 
Show the known quantities on the triangle and 
use a variable to indicate the unknown height of 
the balloon. 


(b) Use a trigonometric function to write an equa- 
tion involving the unknown quantity. 


(c) What is the height of the balloon? 


Width of a River A biologist wants to know the 
width w of a river in order to properly set instruments 
for studying the pollutants in the water. From point 
A, the biologist walks downstream 100 feet and 
sights to point C. From this sighting, it is determined 
that 6 = 58°. How wide is the river? Verify your 
result numerically using a graphing utility. 


eireasegss gis 


ee Cee a ee 


Distance From a 60-foot observation tower on the 
coast, a Coast Guard officer sights a boat in diffi- 
culty. The angle of depression of the boat is 4.5°. 
How far is the boat from the shoreline? Verify your 
result numerically using a graphing utility. 


Angle of Elevation A ee 20 feet in length rises 
to a loading platform that is ae feet off the ground. 


(a) Draw a right triangle to represent the problem. 
Show the known quantities on the triangle and 
use a variable to indicate the unknown angle of 
elevation of the ramp. 


68. 


69. 


70. 


ke 


(b) Use a trigonometric function to write an equa- 
tion involving the unknown quantity. 


(c) Find the angle of elevation of the-ramp alge- 
braically. 

(d) Use the table feature of a graphing utility to 
approximate the angle of elevation numerically. 


Duquesne Incline The track of the Duquesne 
Incline in Pittsburgh, Pennsylvania, is about 800 feet 
long, and the angle of elevation is 30°. The average 
speed of the cable cars is about 320 feet per minute. 


(a) How high does the Duquesne Incline rise? 


(b) What is the vertical speed of the cable cars (in 
feet per minute)? 


Jin Mao Building You are standing 75 meters 
from the base of the Jin Mao Building in Shanghai, 
China. You estimate that the angle of elevation to the 
top of the building is 80°. What is the approximate 
height of the building? Suppose one of your friends 
is at the top of the building. What is the distance 
between you and your friend? 


Machine Shop Calculations A steel plate has the 
form of one-fourth of a circle with a radius of 60 cen- 
timeters. Two 2-centimeter holes are to be drilled in 
the plate, positioned as shown in the figure. Find the 
coordinates of the center of each hole. 


56 60 


Machine Shop Calculations A tapered shaft has a 
diameter of 5 centimeters at the small end and is 15 
centimeters long . If the taper is 3°, find the diameter 
d of the large end of the shaft. 


72. Geometry Use a compass to sketch a quarter of a 
circle of radius 10 centimeters. Using a protractor, 
construct an angle of 20° in standard position. Drop a 
perpendicular from the point of intersection of the ter- 
minal side of the angle and the arc of the circle. By 
actual measurement, calculate the coordinates (x, y) of 
the point of intersection and use these measurements 
to approximate the six trigonometric functions of a 
20° angle. 


73. Geometry Repeat Exercise 72 using a 75° angle. 


Synthesis 


True or False? In Exercises 74-77, determine 
whether the statement is true or false. Justify your 
answer. 


74. sin 60° csc 60° = 1 
76. sin 45° + cos 45° = | 
Pye n0 2 -csc7 40) = — 1 
78. Exploration 


TBs See OF = (exe (G0 


(a) Use a graphing utility to complete the table. 
Round your results to four decimal places. 


—— 


20° | 40° | 60° | 80° 


(b) Classify each of the three trigonometric func- 
tions as increasing or decreasing for the table 
values. 

(c) For the values in the table, verify that the tangent 
function is the quotient of the sine and cosine 
functions. 

79. Exploration Use a graphing utility to complete the 
table and make a conjecture about the relationship 
between cos @ and sin(90° — 6). What are the angles 
6 and 90° — @ called? 
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20° | 40° | 60° | 80° 


| 
| 


80. Numerical Analysis A 3000-pound automobile is 
negotiating a circular interchange of radius 300 feet 
at a speed of s miles per hour. The relationship 
between the speed and the angle 6 (in degrees) at 
which the roadway should be banked so that no lat- 
eral frictional force is exerted on the tires is 
tan 6 = 0.672s57/3000. 


(a) Use a graphing utility to complete the table. 


s | 10 | 20 | 30 | 40 | 50 | 60 


(b) The speeds are incremented by 10 miles per hour 
in the table, but 6 does not increase by equal 
increments. Explain. 


Review 


In Exercises 81-84, sketch the graph of the equation 
and identify all x- and y-intercepts. 


Slee ek 0 82. 2x + y = 10 
83. —3x + 8y = 16 84. 12x — 7y = 22 


In Exercises 85—88, use a calculator to evaluate the 
expression. Round your result to three decimal places. 


$522165 86. 4°” 
87. 3/5286 88. 2/10,321 


In Exercises 89-92, determine the quadrant in which 
the angle lies. 
89. 146° 

91. — 310° 30° 


90. —290.8° 
92.122. 50" 


388 Chapter 5 ° Trigonometric Functions 


5.3 wditigonometric..Eunctions.of. Any. Angle... 


What . 


Introduction 


In Section 5.2, the definitions of trigonometric functions were restricted to acute 
angles. In this section, the definitions are extended to cover any angle. If 6 is an 
acute angle, the definitions here coincide with those given in the previous section. 


Because r = \/x? + y* cannot be zero, it follows that the sine and cosine func- 
tions are defined for any real value of 6. However, if x = 0, the tangent and secant 
of @ are undefined. For example, the tangent of 90° is undefined. Similarly, if 
y = 0, the cotangent and cosecant of 6 are undefined. 


EXAMPLE 1 Evaluating Trigonometric Functions 


Let (—3, 4) be a point on the terminal side of @. Find the sine, cosine, and 
tangent of 6. 


(-3, 4) 


8 =) il I 
Figure 5.25 


Solution 


Referring to Figure 5.25, you see that x = —3, y = 4, and 
r= J/x* +y? = /(-3)? + 4 = /25 = 5, 
4 


So, you have sin 96 =~ = —, cos 6 = = Ee a ato = 
ie eS) r 5 He 3 


| 
aS 


Henryk Kaiser/Leo de Wys 
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The signs of the trigonometric functions in the four quadrants can be determined 
easily from the definitions of the functions. For instance, because cos 6 = x/7, it 
follows that cos 6 is positive wherever x > 0, which is in Quadrants I and IV. 
(Remember, r is always positive.) You can verify the results shown in Figure 5.26 
in a similar manner. 


EXAMPLE 2 Evaluating Trigonometric Functions 


5 
Given tan 0 = 7 and cos 6> 0, find sin @ and sec 8. 


Solution 
Note that 6 lies in Quadrant IV because that is the only quadrant in which the tan- 
gent is negative and the cosine is positive. Moreover, using 


y 5 
tan 9@=-= —-— 
t x 4 
and the fact that y is negative in Quadrant IV, you can let y = —5 and x = 4. So, 
r= /16 + 25 = ,/41, and you have 
in 6 M = Exact val 
Se = xact value 
r 41 
= —().7809 Approximate value 
and 
sec 0 = 4 = sas Exact value 
x. 4 
= 1.6008. Approximate value 


EXAMPLE 3 _ Trigonometric Functions of Quadrant Angles 


TT 
Evaluate the sine and cosine functions at the four quadrant angles 0, > qT, 
d 37 
aldo 
2) 


Solution 
To begin, choose a point on the terminal side of each angle, as shown in Figure 
5.27. For each of the four given points, r = 1, and you have the following. 


ce clipe a= i (x, y) = (1, 0) 
a I ia | 
1 a 3 
‘ieee = Sees S SS —=-=-=(Q0 ay) = (0) 1) 
sin; 1 1 cos 7 . 1 x,y 
fe eas ee ee ae I Gry) (S150) 
r 1 1 
= || 0 
sin = 2 == -1 COS eit eg (x, y) = (0, -1) 
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Quadrant II Quadrant I 

sin 0: + sin 6: + 

cos 0: — cos 6: + 

tan 0: — tan 0: + 

x 

Quadrant II Quadrant IV 

sin 0: — sin 0: — 

cos 6: — cos 0: + 

tan 0: + tan 0: — 

T T 

a ie K< fy) 

5) O0<7 0<@ 5) 
GOREN px 0 
ee Ose ae oO 

> x 
ecw : oO 
y<0O © e® y<0 

3 3 
et a Sa ISS 
—™<O 7 5) 6<2n 
Figure 5.26 


Figure 5.27 


390 =©Chapter 5 ¢ Trigonometric Functions 


Reference Angles 


The values of the trigonometric functions of angles greater than 90° (or less than 
0°) can be determined from their values at corresponding acute angles called 
reference angles. 


nition of Reference Angle 


©) 


A computer simulation to accompany this 
concept appears in the Interactive CD- 
ROM and Jnternet versions of this text. 


Quadrant II | | 
Reference Q Pf) Reference 
angle: 0’ angle: @ 
Reference Quadrant ee 
angle: 0’ Il 
6’ = n— @ (radians) Q’ = 0-7 (radians) 0" = 27-6 (radians) 
6’ = 180° — 6 (degrees) 6’ = @— 180° (degrees) 0° = 360° — 6 (degrees) 


Figure 5.28 


EXAMPLE 4 Finding Reference Angles 

Find the reference angle 6’. 

a. 6 = 300° b. 6 = 2.3 c. O = — 135° 
Solution 


a. Because 300° lies in Quadrant IV, the angle it makes with the x-axis is 
0’ = 360° — 300° = 60°. Degrees 


b. Because 2.3 lies between 7/2 ~ 1.5708 and 7 ~ 3.1416, it follows that it is 
in Quadrant II and its reference angle is 


6°= 77 — 23 = 0:8416. Radians 


c. First, determine that — 135° is coterminal with 225°, which lies in Quadrant 
III. So, the reference angle is 


Ge—225 > "1801 = 452 Degrees 


Figure 5.29 shows each angle @ and its reference angle 0’. 


225° and =1357 
225° | are coterminal. 


Figure 5.29 
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To see how a reference angle is used to evaluate a trigonometric function, 
consider the point (x, y) on the terminal side of @ as shown in Figure 5.30. By def- 
inition, you know that 

y y 


Sin @) == and iin @) = = 
r 5 


noe = PP. Jol 


hyp r 
and 
tan 0’ = opp = lyl 
adj = |x| 


So, it follows that sin 6 and sin 6’ are equal, except possibly in sign. The same is 
true for tan @ and tan @’, and for the other four trigonometric functions. In all 


cases, the sign of the function value can be determined by the quadrant in which 
6 lies. 


By using reference angles and the special angles discussed in the previous 
section, you can greatly extend the scope of exact trigonometric values. For 
instance, knowing the function values of 30° means that you know the function 
values of all angles for which 30° is a reference angle. For convenience, the fol- 
lowing table gives the exact values of the trigonometric functions of special 
angles and quadrant angles. 


Trigonometric Values of Common Angles 


0 alu 


a 4 
Undetelno. | ts 


— 


(, y) 


Figure 5.30 
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EXAMPLE 5 _ Trigonometric Functions of Nonacute Angles 


Evaluate the trigonometric functions. 


a. gall b. tan(— 210°) c. Bree 
3) 4 
Solution 
a. Because 0 = 47/3 lies in Quadrant III, the reference angle is 0’= 
(4727/3) — a = 77/3, as shown in Figure 5.31(a). Moreover, the cosine is neg- 
ative in Quadrant III, so 


4 
608 = (—)cos = 
eel 
s 


b. Because —210° + 360° = 150°, it follows that —210° is coterminal with 
the second-quadrant angle 150°. Therefore, the reference angle is 0’ = 
180° — 150° = 30°, as shown in Figure 5.31(b). Finally, because the tangent 
is negative in Quadrant II, you have 


{an\— 210°) = {(— )tan 30° 


v3 
= 


c. Because (1172/4) — 27 = 3277/4, it follows that 1177/4 is coterminal with the 
second-quadrant angle 37/4. Therefore, the reference angle is 0’ = 
a — (3277/4) = 7/4, as shown in Figure 5.31(c). Because the cosecant is 
positive in Quadrant II, you have 


lla (+) 7 

ye — 

Cc 4 ose 7 
of 1 

sin( 7/4) 


= /2, 


(a) (b) (c) 
Figure 5.31 


The fundamental trigonometric identities listed in the previous section (for an 
acute angle 6) are also valid when @ is any angle in the domain of the function. 
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The Interactive CD-ROM and Internet 


EXAMPLE 6 Using Trigonometric Identities 


. - 1 5 
Let @ be an angle in Quadrant II such that sin @ = 3. Find (a) cos @ and __ versions of this text offer a built-in graph- 
(b) tan @ by using trigonometric identities. ing calculator, which can be used with 
the Examples, Explorations, and 
Solution Exercises. 


a. Using the Pythagorean identity sin? @ + cos? @ = 1, you obtain 


1 \2 
(5) “+ cos? 6 = I 


(ans 
COS Utne ree 
ys) 
Because cos @< 0 in Quadrant II, you can use the negative root to obtain 
ee vo 22 
V9 3 
b. Using the trigonometric identity tan 6 = sin 6/cos 0, you obtain 
tan 6 = wee 
—2/2/3 
-~ 1 
2/2 
petra 
4 
You can use a calculator to evaluate trigonometric functions, as shown in the next 
example. 


EXAMPLE 7 Using a Calculator 


a. Use a calculator to evaluate cot 410° and sin(—7). 


b. Use a calculator to solve tan 6 = 4.812, O< 0S 277. 


Solution 
Function Mode Graphing Calculator Keystrokes Display 
a. cot 410° Degree 410 0.8390996 
sin(—7) Radian 7 — 0.6569866 
b. To solve the equation tan @ = 4.812, you can use the inverse tangent key, as 
follows. 
Equation Mode_ Graphing Calculator Keystrokes Display 
tan = 4.812 Radian 4.812 1.365898912 


The angle @ ~ 1.366 lies in Quadrant I. A second value of @ lies in Quadrant 
III (tangent is positive) and is 


6= 7+ 1.366 = 4.507. 
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Trigonometric Functions of Real Numbers 


To define a trigonometric function of a real number (rather than an angle), let r 
represent any real number. Then imagine that the real number line is wrapped 
around a unit circle, as shown in Figure 5.32. Note that positive numbers corre- 
spond to a counterclockwise wrapping, and negative numbers correspond to a 
clockwise wrapping. 


Figure 5.32 


As the real line is wrapped around the unit circle, each real number ¢ will corre- 
spond with a central angle 6. Moreover, because the circle has a radius of 1, the 
arc intercepted by the angle 6 will have a length of t. The point is that if 6 is mea- 
sured in radians, then t = 6. So, you can define sin ¢ to be sin t = sin(t radians). 
Similarly, cos ¢ = cos(t radians), tan f = tan(t radians), and so on. 


EXAMPLE 8 _ Evaluating Trigonometric Functions 
Evaluate f(t) = sing for (a) f = 1, (b) ¢ = 377/2s and () t= 27. 


Algebraic Solution Graphical Solution 
a. f(1) = sin 1 Radian mode Use a graphing utility set in parametric and radian modes to graph 
= 0.841471 X1T = cos T and YiT = sin T using the following settings. 


Tmin =.0, Tmax = 6.3, Tstep = 0.1 


ai OT, ; 
b. Ae | = sin—  Commonangle Amin =€— 1.5.9 Ximaxss Lo, aXscli=al 


» 5) 
cs S Yormm ==, nex = il, Weel = il 
= =| 
a. Use the value or trace feature to estimate that sin 1 ~ 0.841471, as 
c. f(2a) = sin 27 Reference angle: 0’ = 0 shown in Figure 5.33. 


Figure 5.33 3 
b. Use the value or trace feature to estimate that sin ~ 


ania 4h = = IL. 


c. Use the value or trace feature to estimate that sin 27 ~ 
sin 6.3 ~ 0. 
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The domain of the sine and cosine functions is the set of all real numbers. To 
determine the range of these two functions, consider the unit circle shown in 
Figure 5.34. Because r = 1, it follows that sin t = y and cos t = x. Moreover, 
because (x, y) is on the unit circle, you know that —1 < y< 1 and —1<x<1.So, 
the values of sine and cosine also range between — 1 and 1. 


a lesaeye =< | and es 


—ls<sint<1l =| S6o9 <1 


You add 277 to each value of ¢ in the interval [0, 277], completing a second revo- 
lution around the unit circle, as shown in Figure 5.35. The values of sin(t + 277) 
and cos(t + 27) correspond to those of sin t and cos t. Similar results can be 
obtained for repeated revolutions (positive or negative) on the unit circle. This 
leads to the general result 


sin(t + 27m) = sint and cos(t + 2an) = cost 


for any integer n and real number f. Functions that behave in such a repetitive (or 
cyclic) manner are called periodic. 


0) Aye, 
_ Sn Sn Oe Ie! ry. Ie 
bee ca th on, t=, + 2a, +n, ... 
os hie he 3n 
t=, + 20,5 +44, 


From this definition it follows that the sine and cosine functions are periodic and 
have a period of 277. The other four trigonometric functions are also periodic, and 
more will be said about this in Section 5.5. 
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Recall from Section 1.4 that a function f is even if f(—1) = f(t) and is odd if 


fen 7): 


Even and Odd Trigonometric Functions 


The cosine and secant functions are even. 


cos(—t) = cost sec(—t) = sect 


The sine, cosecant, tangent, and cotangent functions are odd. 
sin(=t). = =sint escl=f) = —csct 


tan(--1) == tan ff COU 1) = colt 


At this point, you have completed your introduction to basic trigonometry. You 
have measured angles in both degrees and radians. You have defined the six 
trigonometric functions from a right triangle perspective and as functions of real 
numbers. In your remaining work with trigonometry, you should continue to rely 
on both perspectives. For instance, in the next two sections on graphing 
techniques, it helps to think of the trigonometric functions as functions of real 
numbers. Later, in Section 5.7, you will look at applications involving angles and 
triangles. 


For your convenience, a summary of basic trigonometry is included on the inside 
back cover of this text. 


Complete the following table. Then identify and write a short paragraph 
describing any inherent patterns in the trigonometric functions. What can 
you conclude? 


Sine 


Cosine 
Tangent 
Cosecant 


Secant 


| Cotangent 
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In Exercises 1—4, determine the exact values of the six 
trigonometric functions of the angle 0. 


1. (a) y (b) y 
(4,73) 
) 
6 ¥ P 
(—8, -15) 
2A ay y (b) y 
Gr 1) 
fa) 0 
(12, -5) 
ena) y (b) y 
2,2) 
6 ) 
CV3,-1) 
4. (a) ) (b) y 


(2, —4) 


In Exercises 5-12, the given point is on the terminal 
side of an angle in standard position. Determine the 
exact values of the six trigonometric functions of the 
angle. 


5, (7, 24) 6. (8, 15) Cee) 
8. (—24, 10) 9_(— 4-10) 10 — 5.6) 
11. (—2,9) 12. (6, —14) 


In Exercises 13-18, state the quadrant in which @ lies. 


13. sin 6 < Oandcos 6 < 0 
14. sin 6 > O and cos 6 > 0 
15. sin 6 > Oandtan 0 < 0 
16. sec 0 > O and cot 6 < 0 
17. cot 6 > Oandcos 0 > 0 
18. tan 6 > Oand csc 6 < 0 


In Exercises 19-26, find the values of the six trigono- 
metric functions of 6. 


Function Value Constraint 


19. sin 6 = : 6 lies in Quadrant II. 
20. cos 0 = = 6 lies in Quadrant II. 
21. tan i= —— sin 0 < 0 

22. csc 0 =4 cot 8d < 0 

23. sec 6 = —2 OSS rr 

24. cot 6 is undefined. ms Sl) 2 

25. sin 8d = 0 sec 0 = —1 

26. tan 0 is undefined. csc 0 = —1 


In Exercises 27-30, the terminal side of 0 lies on the 
given line in the specified quadrant. Find the values of 
the six trigonometric functions of 6. 


Line Quadrant 
21. y= =x Quadrant II 
28. y= 5x Quadrant III 
29. y = 2x Quadrant III 
30. 4x + 3y = 0 Quadrant IV 


In Exercises 31-38, evaluate the trigonometric func- 
tion of the quadrant angle. 


31. sec 7 32. tan > 
BE cot > 34. csc 7 
35; 5600) 36. csc 2 
37. cot a7 38. ese 


In Exercises 39-50, find the reference angle 0’ and 
sketch # and 6’ in standard position. 


39. 6 = 208° 40. 0 = 322° 
41. 6 = —245° 42. 9 = — 145° 
43. 9 = —292° 44. 6 = —95° 
Lain l7a 
as~ 0 = ar 46. 0= eee 
47. 6= 3.5 48. 0=4.8 
49. 6 = —3.68 50. 6 = —1.72 
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In Exercises 51-64, evaluate the sine, cosine, and tan- 
gent of the angle without using a calculator. 


Sil2255 52. 300° 
53. —750° 54. —495° 
55. —240° 56. —330° 
37 7 
Yo == Sh, = 
: 3 4 
7 7 
By = Qh == 
6 2 
lla 107 
= WY. == 
4 3 
71% 207 
=== “== 
63 6 3 


In Exercises 65-78, use a calculator to evaluate the 
trigonometric function. Round your answer to four 
decimal places. (Be sure the calculator is set in the 
correct mode.) 


65. sin 10° 66. sec 225° 
67. tan 240° 68. csc 330° 
69. cos(— 110°) 70. cot(— 220°) 
71. sec(— 280°) 72. sin{— 195°) 
73. sin 0.65 74. sin(—0.65) 
75. tan > 76. tan(- Z| 
87 157 
77. cso 9 78. cos( — 14 


In Exercises 79-84, find two solutions of the equation. 
Give your answers in degrees (0° < 0 < 360°) and radi- 
ans (0 < 0< 27). Do not use a calculator. 


79. (a) sin @ = : (b) sin 8 = —} 
80. (a) a (b) cos 8 = a2 
81. (a) ese 9 = 733 (b) cot d= —1 
82. (a) csc 9 = —/2 (b) csc 6 = 2 

83. (a) sec 0 = 2S (b) cos 6 = =e 
84. (a) cot dé = —/3 (b) sec 0 = 2 


In Exercises 85-96, use a calculator to approximate 
two values of 0 (0° < @< 360°) that satisfy the equa- 
tion. Round your answers to two decimal places. 


85. sin 6 = 0.8191 86. cos 6 = 0.8746 


87. tan 0 = 0.6524 88. cot 6 = 0.7521 
89. sec 9 = —1.2241 90. csc 0 = —1.0038 
91. sin 0 = —0.4793 "92. tan 0 — —_ 2 63 
93. cos 0 = 0.9848 94. sin 6 = 0.0175 
95. tan 6 = 1.192 96. cot 0 = 5.671 


In Exercises 97-102, find the indicated trigonometric 
value in the specified quadrant. 


Function Quadrant Trigonometric Value 
97 sin P= IV cos 0 
98. cold ==—3 I sin 6 
99 tang = : Ul sec 0 
100. csc 6 = —2 IV cot 6 
101. cos 0 = ‘ I sec 6 
102. sec 9 = —2 ron tan 6 


In Exercises 103-110, find the point (x, y) on the unit 
circle that corresponds to the real number ¢. Use the 
result to evaluate sin ¢, cos ¢, and tan ¢. 


10307 1040 
4 3 
5 

10542 106 oe 
6 4 
4 

10707 10S ee 
3 6 
3 

109. 1=— 110 


Estimation In Exercises 111 and 112, use the figure 
below and a straightedge to approximate the value of 
each trigonometric function. Check your approxima- 
tion using a graphing utility. 


111. (a) sin5 (b) cos2 112. (a) sin 0.75 (b) cos 2.5 


hgisy fT MISYO) « 
2.00 1.25 


PIPIS 


2.50 
0.50 
2.75 
0.25 
3.00 
3,250.8 6.25, 
3.50 6.00 


Estimation In Exercises 113 and 114, use the figure 
in Exercises 111 and 112 to approximate the solution 
of the equation where 0 < t < 27. Check your approx- 
imation using a graphing utility. 
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ing. What causes this decrease in maximum 
displacement in the physical system? What 
factor in the model measures this decrease? 


(d) Find the first two times that the weight is at the 


113. (a) sint = 0.25 (b) cos t = —0.25 equilibrium point (y = 0). 
114. (a) sint = —0.75 (b) cos t = 0.75 118. Harmonic Motion The displacement from equi- 
librium of an oscillating weight suspended by a 
115. Average Temper ature The average daily temper- spring and subject to the damping effect of friction is 
ature T (in degrees Fahrenheit) for a certain city is 
y(t) = 2e* cos 6f 
2a 
ta 4) = 23 cos] Sa =~ 32)| where y is the displacement (in centimeters) and f is 
365 : d : ; 
the time (in seconds). Find the displacement when 
where ¢ is the time in days, with t = | correspond- (a) t = 0, (b) ¢ = 1/4, and () 7 = 1/2. 
ing to January I. Find the average daily tempera- 119. Electric Circuits The initial current and charge in 
tures on the following days. an electric circuit are zero. The current when 100 
(a) January 1 volts is applied to the circuit is 
(b) July 4 (t = 185) I = 5e-~ sint 
(2) (CSIOES IES eg) where the resistance, inductance, and capacitance 
116. Sales A company that sells seasonal products are respectively 80 ohms, 20 henrys, and 0.01 farad. 
forecasts monthly sales over a 2-year period to be Approximate the current (in amperes) t = 0.7 sec- 
oot onds after the voltage is applied. 
te ha Sahel 120. Distance An airplane, flying at an altitude of 6 
where S is measured in thousands of units and f is One sells palanat eae cure ONCE ap 
: ; : 5 . observer. If 6 is the angle of elevation from the ob- 
the time (in months), with t = 1 representing : 
e : server to the plane, find the distance from the 
January 2000. Estimate sales for the following i 
ones observer to the plane when (a) 6 = 30°, (b) 
, 6 = 90°, and (c) 6 = 120°. 
(a) February 2000 (b) February 2001 
(c) September 2000 (d) September 2001 
117. Harmonic Motion The displacement from equi- 


librium of an oscillating weight suspended by a 
spring is 

y(t) = 2e* cos 6t 

where y is the displacement (in centimeters) and t is 
the time (in seconds). 

(a) What was the initial displacement (t = 0)? 

(b) Use a graphing utility to complete the table. 


Synthesis 


True or False? In Exercises 121-124, determine 
whether the statement is true or false. Justify your 
| | answer. 


OAL, sim TS? = Sin BO? pd, ein D4 = fan aye 


Tt lla 
123. eso( -72) = eso( = 6 

397 qT 
124. ~coi(*) = coi( 2) 


/t | 0.50 | 1.02 | 1.54 | 2.07 | 2.59 | 


eas 


(c) The approximate times when the weight is at its 
maximum distance from equilibrium are shown 
in the table in part (b). Explain why the magni- 
tude of the maximum displacement is decreas- 
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125. Exploration Use a graphing utility to complete 
the table to demonstrate the properties of even and 
odd functions. Identify each function as being 
either even or odd. 


20° | 40° | 60° | 80° 


126. Conjecture 
(a) Use a graphing utility to complete the table. 


40° | 60° 


(b) Make a conjecture about the relationship 
between sin 6 and sin(180° — 6). 


127. Conjecture 
(a) Use a graphing utility to complete the table. 


OB 0:0 1a 000M be2ai 1:5 


(b) Make a conjecture about the relationship be- 


377 ; 
tween cos oy = (6) |) einval tinny (7) 


128. Conjecture 
(a) Use a graphing utility to complete the table. 


(b) Make a conjecture about the relationship 


7 
between tan| 0 — 5 and —cot 6. 


129. Think About It Because f(t) = sint is an odd 
function and g(t) = cos f is an even function, what 
can be said about the function h(t) = f(a)g(t)? 


130. Writing Consider an angle in standard position 
with r = 12 centimeters, as shown in the figure. 
Write a short paragraph describing the change in 
the magnitudes of x, y, sin 0, cos 0, and tan @ as 6 
increases continually from 0° to 90°. 


uy 


Review 


In Exercises 131-134, sketch the graph of the func- 
tion. Identify any intercepts and asymptotes. 


131% f=)257 1} 132 =. 3° *2 
133. y = In(x —. 1) 134. y = In(x + 1) 


In Exercises 135-138, solve the equation. Round your 
answer to three decimal places. 


135... 4°-*, =.726 136. erally = 5() 
Al ste Ge 
137k 6 USSielny/ oo Oe — al 


In Exercises 139-142, sketch a right triangle corre- 
sponding to the trigonometric function of the acute 
angle @. Use the Pythagorean Theorem to determine 
the third side and then find the other five trigonomet- 
ric functions of 0. 


8 
139. cot d= 3 140. sec d= 8 
7 2 
141. == 4 == 
tan 6 >A 142. cos 6 9 
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Basic Sine and Cosine Curves 


In this section you will study techniques for sketching the graphs of the sine and 
cosine functions. The graph of the sine function is a sine curve. In Figure 5.36, 
the black portion of the graph represents one period of the function and is called 
one cycle of the sine curve. The gray portion of the graph indicates that the basic 
sine wave repeats indefinitely to the right and left. The graph of the cosine func- 
tion is shown in Figure 5.37. To produce these graphs with a graphing utility, 
make sure you have set the graphing utility to radian mode. 

Recall from Section 5.3 that the domain of the sine and cosine functions is 
the set of all real numbers. Moreover, the range of each function is the interval 
[—1, 1], and each function has a period of 27. Do you see how this information 
is consistent with the basic graphs given in Figures 5.36 and 5.37? 


Period: 27 
Figure 5.36 
y 

——s ‘ | 
Range: B 
> xX ist 
Fiat ae 20 5a 3 
oN 5 
n 
TT ere e 
Period: 27 ie 
Figure 5.37 : E 
The table below lists key points on the graphs of y = sin x and y = cos x. & 


wea | 32 ee 
31/2 4 e's 5 

D, 2 iz 2) 

1 i) 

= Mee til) Fl 
are D 


Note from Figures 5.36 and 5.37 that the sine graph is symmetric with respect to the 
origin, whereas the cosine graph is symmetric with respect to the y-axis. These 
properties of symmetry follow from the fact that the sine function is odd whereas the 


cosine function is even. 
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To sketch the graphs of the basic sine and cosine functions by hand, it helps to 
note five key points in one period of each graph: the intercepts, maximum points, 
and minimum points. See Figure 5.38 


Maximum Intercept Minimum Intercept 
i} 


Intercept Minimum Intercept Maximum 
l T 1 1 
Intercept ie . 1) 


(0, 1)| Maximum | (27, 1)! 


| ! 
| (32 \ 
‘ (10, 0) (po) 
— X } > xX 
0,0) Quarter Half (21, 0) Quarter 
period period Full period 
Period: 27 Three-quarter pence Period: 27 Half Three-quarter 
: : period 
period period 


Figure 5.38 


EXAMPLE 1 Using Key Points to Sketch a Sine Curve 


Sketch the graph of y = 2 sin x on the interval [— 7, 477]. 


Solution 
Note that 


= sine" (sin) 


indicates that the y-values for the key points will have twice the magnitude of the 
graph of y = sin x. Divide the period 27 into four equal parts to get the key points 
for y = 2 sin x. 


3 
(0, 0), (Z, 2), (z, 0), (=, -2}, and (27,0) 
By connecting these key points with a smooth curve and extending the curve in 
both directions over the interval [— 7, 47], you obtain the graph shown in Figure 
5.39. Use a graphing utility to confirm this graph. Be sure to set the graphing 
utility to radian mode. 


Figure 5.39 
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Amplitude and Period of Sine and Cosine Curves 


In the rest of this section you will study the graphic effect of each of the constants 
a, b, c, and d in equations of the forms 


y =d + asin(bx — c) 
and 
y = d+ acos(bx — c). 


A quick review of the transformations studied in Section 1.5 should help in this 
investigation. 


The constant factor a in y = a sin x acts as a scaling factor—a vertical stretch or 
vertical shrink of the basic sine curve. If |a| > 1, the basic sine curve is stretched, 
and if |a| <1, the basic sine curve is shrunk. The result is that the graph of 
y = asin x ranges between —a and a instead of between — | and 1. The absolute 
value of a is the amplitude of the function y = a sin x. The range of the function 
y =asinx is —aSy<a. 


ne Curves 


EXAMPLE 2 Scaling: Vertical Shrinking and Stretching 


On the same coordinate axes, sketch the graph of each function. 


1 
BS b. y = 3 cos x 
Solution | 
a. Because the amplitude of y = + cos X15 e the maximum value is 5 and the 


minimum value is — ae Divide one cycle, 0 <x < 27, into four equal parts to 
get the key points 


fo!) (Eh (n-2 CEs om Gnd) 


b. A similar analysis shows that the amplitude of y = 3 cos x is 3, and the key 
points are 


(0, 3), ( 0}, (1, -3), (=.0), 


> (27, a) 
2 


‘and 


The graphs of these two functions are shown in Figure 5.40. Use a graphing 
utility to confirm these graphs. 


403 


Bert 
ss 


OE ee 


mon 
Re BS as 


! Mites feo 8 onl 


» 


- graph, 
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You know from Section 1.5 that the graph of y = —f(x) is a reflection in the x- 
axis of the graph of y = f(x). For instance, the graph of 
y = =3 COS x 
is a reflection of the graph of 


y = 3 cosx, 


as shown in Figure 5.41. 


Because y = asin x completes one cycle from x = 0 to x = 27, it follows that Figure 5.41 
y = asin bx completes one cycle from x = 0 to x = 27/b. 


Note that if 0<b<1, the period of y = asin bx is greater than 27 and rep- = 
resents a horizontal stretching of the graph of y = a sin x. Similarly, if b > 1, the 

period of y = asin bx is less than 277 and represents a horizontal shrinking of the 

graph of y = asinx. If b is negative, the identities sin(—x) = —sinx and 

cos(—x) = cos x are used to rewrite the function. 


EXAMPLE 3 Scaling: Horizontal Stretching _ 


Sketch the graph of y = sin - 


Solution . 

The amplitude is 1. Moreover, because b = , the period is 
Dae 2 
UD cite 
b 3 


Now, divide the period-interval [0, 47] into four equal parts with the values 7, 
277, and 377, to obtain the key points on the graph 


(0, 0), (ar, 1), (277, 0), Gm—1): and (477, 0). 
The graph is shown in Figure 5.42. Use a graphing utility to confirm this graph. 
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Translations of Sine and Cosine Curves 


The constant c in the general equations 
y = asin(bx — c) and y= acos(bx — c) 


creates horizontal translations (shifts) of the basic sine and cosine curves. 
Comparing y = asin bx with y = asin(bx — c), you find that the graph of 
y = asin(bx — c) completes one cycle from bx — c = 0 to bx — c = 27. By 
solving for x, you can find the interval for one cycle to be 


Left endpoint Right endpoint 
=a aN 


C G 27 

= 1S 0) Si ae 

b b b 
———) 
Period 


This implies that the period of y = asin(bx — c) is 27/b, and the graph of 
y = asin bx is shifted by an amount c/b. The number c/b is the phase shift. 


EXAMPLE 4 Horizontal Translation 


1 7 
Analyze the graph of y = 3 sin(s = z) 


Algebraic Solution Graphical Solution 


Use a graphing utility set in radian mode to graph 
y = (1/2) sin(x — 7/3), as shown in Figure 5.43. 
Use the minimum, maximum, and zero or root features 
of the graphing utility to approximate the key points 
(1.047, 0), (2.618, 0.5), (4.189, 0), (5.760, —0.5), 
and (7.330, 0). 


The amplitude is : and the period is 277. By solving the equa- 
tions 


you see that the interval [ 7/3, 77/3] corresponds to one cycle 
of the graph. Dividing this interval into four equal parts pro- 
duces the following key points. 


T 5a 1 4a ( } (2 
a = rae hee = PDs ee 6 ==, 0 
ee es Caray 


Figure 5.43 
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EXAMPLE 5 Horizontal Translation 


Use a graphing utility to analyze the graph of y = —3 cos(2ax + 47). 
Solution 
The amplitude is 3 and the period is 277/27 = 1. By solving the equations 
2ax + 47 = 0 and 27x + 4a = 277 
27x = —47 20x = —27 
x=-2 x=-!] 


you see that the interval [—2,—1] corresponds to one cycle of the graph. 
Dividing this interval into four equal parts produces the key points 


(Ee) aa) WO) a3) 2) 3 )e ee Waa 4.0) ance nls): 
The graph is shown in Figure 5.44. 
The final type of transformation is the vertical translation caused by the 
constant d in the equations 

Y= a asinby — c) and id CON Deen) 


The shift is d units upward for d>0O and d units downward for d< 0. In other 
words, the graph oscillates about the horizontal line y = d instead of about the 
X-axis. 


EXAMPLE 6 Vertical Translation 


Use a graphing utility to analyze the graph of y = 2 + 3 cos 2x. 


Solution 
The amplitude is 3 and the period is zr. The key points over the interval [0, zr] are 
(0, 5), (17/4, 2), (7/2; — 1) (3ar/ 4,2), and = 9i(a7,,5). 


The graph is shown in Figure 5.45. Compared with the graph of f(x) = 3 cos 2x, 
the graph of y = 2 + 3 cos 2x is shifted upward two units. 


EXAMPLE 7 _ Finding an Equation for a Graph 


Find the amplitude, period, and phase shift for the sine function whose graph is 
shown in Figure 5.46. Write an equation for this graph. 


Solution 
The amplitude for this sine curve is 2. The period is 277, and there is a right phase 
shift of 7/2. So, you can write 


7 
CASI | Komen) 
eels) 


In Example 7, you can find a cosine function with the same graph. The amplitude 
for this cosine curve is 2. The period is 27, and there is a right phase shift of 7. 
So, you can write 


y = 2cos(x — 7). 


[y= -3 cos(2mx + 47) 


Figure 5.44 


©) 


A computer animation of this example 
appears in the Interactive CD-ROM and 


Internet versions of this text. 


Figure 5.45 


Figure 5.46 


4.72 
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Mathematical Modeling 


Sine and cosine functions can be used to model many real-life situations, includ- 
ing electric currents, musical tones, radio waves, tides, and weather patterns. 


EXAMPLE 8 Finding a Trigonometric Model 


Throughout the day, the depth of water at the end of a dock varies with the tides. 
The table shows the depths (in meters) at various times during the morning. 


Midnight | 2 A.M. | 4A.M.| 6A.M.| 8 A.M. | 10 A.M. | Noon 
| 2.55 3.80 | 4.40 | 3.80 | 2.55 | 1.80 } 2.27 


a. Use a trigonometric function to model this data. 
b. Find the depths at 9 a.m. and 3 P.M. 


c. A boat needs at least 3 meters of water to moor at the dock. During what times 
in the afternoon can it safely dock? 


Solution 
a. Begin by graphing the data, as shown in Figure 5.47. You can use either a sine 
or cosine model. Suppose you use a cosine model of the form 


i= a COs(Di —c) + d. 


The difference between the maximum height and minimum height of the graph 
is twice the amplitude of the function. So, the amplitude is 


a = 5{(maximum depth) — (minimum depth)] = 5(4.4 — 1.8) = 1.3. 
The cosine function completes one half of a cycle between when the maximum 
and minimum depths occur. So, the period is 

p = 2[(time of min. depth) — (time of max. depth)] = 2(10 — 4) = 12 


which implies that b = 277/p ~ 0.524. Because high tide occurs 4 hours after 
midnight, consider the left endpoint to be c/b = 4, so c ~ 2.094. Moreover, 
because the average depth is 5(4.4 + 1.8) = 3.1, it follows that d = 3.1. So, 
you can model the depth with the function 


y = 1,3 cos(0.524t — 2.094) + 3.1. 

b. The depths at 9 a.m. and 3 P.M. are as follows: 
y = 1.3 cos(0.524 - 9 — 2.094) + 3.1 ~ 1.97 meters 9 A.M. 
y = 1.3 cos(0.524 - 15 — 2.094) + 3.1 ~ 4.23 meters. 3 PM. 


c. Using a graphing utility, graph the model with the line y = 3, as shown in 
Figure 5.48. From the graph, it follows that the depth is at least 3 meters 
between 12:54 pM. (t ~ 12.9) and 7:06 P.M. (t ~ 19.1). 


Note that a sine model for the data in Example 8 is 
y = 1.3 sin(0.524t — 0.524) + 3.1. Can you see how to find this? 


Changing Tides 


Depth (in meters) 


Figure 5.47 


y = 1.3 cos (0.5241 — 2.094) + 3.1 


Figure 5.48 
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In Exercises 1-14, find the period and amplitude. 


1. yy ="3 sin 2x 2. y = 2 cos 3x 


& 
(ee) 


ou 3.14 
VA 


= 


: DK 
Te y= 7 sin x 1 alas apes 
; li 

9. y = 3 sin 6x 10. a 10x 
i Dig ie 
11. y=-— — 12. y=-— ee 
y 4 008 3 y 7 O08 7 

13. y =3sin4 14 a= Stes 

. y= 3sin . = = COS == 

‘ We a ee 


In Exercises 15-22, describe the relationship between 
the graphs of f and g. 
150 fo) ssi x 16. f(x) = cosx 


g(x) = sin(x — 7) e(x) = cos(x + 7) 


Acc Ee COR DY 18. f(x) = sin 3x 
g(x) = —cos 2x g(x) = sin(—3x) 

19 = cos 20; f(x) =sinx 
o(x)\= —5 cos.x g(x) = sin 3x 

Dia (p= sin 22.0) (x= Cos 4x 


g(x) = 4 + sin x g(x) = —6 + cos 4x 


In Exercises 23-26, describe the relationship between 
the graphs of f and g. 


23. 3 24. 2 
AN f 8 
6.28 EIS 6.28 6.28 6.28 
SY 
=3 2 
WD. 2 26. 4 
r WAN VAN 
2587 AlN 
-2 =9 


In Exercises 27-34, sketch the graphs of the two func- 
tions in the same coordinate plane. (Include two full 
periods.) 


27.4 fk) = Ses x 28. f(x) = sinx 


nee 
e(x) = sin : 
30. f(x) = 2 cos 2x 

e(x) = —cos 4x 


g(x) = 4sinx 


29. f(x) = cos x 
g(x) = 4 + cosx 


1 
31. f(x) = —5 sin = 


5 32. f(x) = 4 sin a 


1 : 
g(x) =5 - 5 sin = g(x) = 4sin mx — 1 


2 


33. f(x) =2'cos x 34. f(x) = —cosx 


g(x) = 2 cos(x + 77) g(x) = —cos(x = 2) 


Conjecture In Exercises 35-38, use a graphing util- 
ity to graph f and g in the same viewing window. 
(Include two full periods.) Make a conjecture about 
the functions. 


35. f(x) S0sin'x 


ex) = cos( —_ 4 
37. fix) = cos x 


36. f(x) = sinx 
eal = ~cos(2 + <| 
38. f(x) = cos x 


2(x) = -sin( x - 4 g(x) = —cos(x — 7) 


In Exercises 39-54, sketch the graph of the function 
by hand. Use a graphing utility to verify your sketch. 
(Include two full periods.) 


39. y = —2'sin 4x 40. y = —3 cos 2x 


5 x 
41. y = cos2m y= See 
ee TIX. TX 
43. y = —2 sin — 44, y = —10cos — 
a 6 
7 1 
45. y = sin{x -— — AG, Seine 
y sin( x =) 6. y 5 Sin(x 1) 
7 
47. y = 8cos(x + 7) 48. y= 6 cos(x + 2) 
1 
ag or OO 50. y= —4 + 5cos 


2 
51. aR erie 52. y =2cosx — 3 


2 E 
53.4 = — cos( 3 —- 2) 54) y = —3 cos(6x + 77) 


In Exercises 55-62, use a graphing utility to graph 
the function. (Include two full periods.) Identify the 
amplitude and period of the graph. 


2, 
55. y = —2 sin(4x + 7) 56. y= 4 sin( x =) 


3 
57. y= cos( 2m a z) a I 
ie aes 
58. y = 3 cos( + z) 53 


59) y= 5.sin(ar —22x) +10 
60. y=5 cos(a — 2x) +6 


61. y = yw sin 120m 62. y = —7H cos 50mt 


Graphical Reasoning In Exercises 63-66, find a and 
d for the function f(x) =acosx +d so that the 
graph of f matches the figure. 
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Graphical Reasoning In Exercises 67-70, find a, b, 
and c for the function f(x) = a sin(bx — c)so that the 
graph of f matches the figure. Beet 


67. 
-6.28 


4 68. 3 
NNN N20 Ae 
WW 62 -12.56 awiAwe 12.56 


70. 


3 
Ne ee 6.28 6.28 MYNP 6.28 


-3 


In Exercises 71-74, use a graphing utility to graph y, 
and y, for all real numbers x in the interval 
[—22, 277]. Use the graphs to find the real numbers x 
such that y, = y>. 


71. y, = sinx 72. y, = cosx 
= = oe 
TS) = COS 6 74, y, = sinx 
v2 V3 
Me) ae ieee Fe 


75. Respiratory Cycle For a person at rest, the velocity 
v (in liters per second) of air flow during a respira- 
tory cycle is 


Qa siae 
= We SI igen 
3 


where ¢ is the time (in seconds). (Inhalation occurs 
when v > 0, and exhalation occurs when v < 0.) 


(a) Use a graphing utility to graph v. 
(b) Find the time for one full respiratory cycle. 
(c) Find the number of cycles per minute. 


76. Respiratory Cycle The model in Exercise 75 is for 
a person at rest. How might the model change for a 
person who is exercising? Explain. 


Sales In Exercises 77 and 78, use a graphing utility 
to graph the sales function over 1 year, where S is the 
sales in thousands of units and ¢ is the time in months, 
with ¢ = 1 corresponding to January. Determine the 
months of maximum and minimum sales. 


Tt 
Wi S S223 = 3A a 


Pana b 
Th S = Wa) se 4S Sin Ws 
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79. 


80. 


81. 


82. 
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Ferris wheel You are riding a Ferris wheel. Your 
height h (in feet) above the ground at any time f (in 
seconds) can be modeled by 


ein Ta Sihee Oa 


The ferris wheel turns for 135 seconds before it stops 
to let the first passengers off. 


(a) Graph the model. 


(b) What are your minimum and maximum heights 
above the ground? 


Blood Pressure The pressure P (in millimeters of 
mercury) against the walls of the blood vessels of a 
certain person is modeled by 


JP = 100 = 20.668 2 


where f is the time (in seconds). Graph the model. If 
one cycle is equivalent to one heartbeat, what is the 
person’s pulse rate in heartbeats per minute? 


Fuel Consumption The daily consumption C (in 
gallons) of diesel fuel on a farm is modeled by 


C™7703 4216 in{ 7 + 109) 
= A AOE S Leesan : 
365 


where f is the time in days, with t = 1 corresponding 
to January 1. 


(a) What is the period of the model? Is it what you 
expected? Explain. 


(b) What is the average daily fuel consumption? 
Which term of the model did you use? Explain. 


(c) Use a graphing utility to graph the model. Use 
the graph to approximate the time of the year 
when consumption exceeds 40 gallons per day. 


Data Analysis The motion of an oscillating weight 
suspended by a spring was measured by a motion 
detector. The data was collected, and the approxi- 
mate maximum displacements from equilibrium 
(y = 2) are labeled in the figure. The distance y from 
the motion detector is measured in centimeters and 
the time ¢ is measured in seconds. 


(a) Is y a function of t? Explain. 

(b) Approximate the amplitude and period. 

(c) Find a model for the data. 

(d) Use a graphing utility to graph the model in 
part (c). Compare the result with the data in the 
figure. 


83. Data Analysis 


84. Data Analysis 


(0.375, 1.65) 


| (0.125, 2.35) 


=] FIGURE FOR 82 


The normal monthly precipitation p 
(in inches) for Seattle, Washington, for month ¢ is 
shown in the table, with t= 1 corresponding to 
January. (Source: National Climatic Data Center) 


Ds a) 4 3 6 
4.0. 1°3.8 Vee tte kas 


8 9 10° Lie? 
fem 0.9 | 1.2 | 19.) 3.31) 5.7 126.0 


(a) Find a trigonometric model for the normal 
monthly precipitation in Seattle. 

(b) Use a graphing utility to graph the data and the 
model found in part (a). How well does the 
model fit the data? 


The table shows the normal daily 


high temperatures for Honolulu H and Chicago C (in 
degrees Fahrenheit) for month t, with t = 1 corre- 
sponding to January. 


(Source: NOAA) 


5 6 
84.7 | 86.5 
70.1 | Tose 
11 12 
84.1 | 81.2 
| 48.4 34.0 


(a) A model for Honolulu is 
sel NUE 
H(t) = 84.40 + 4.28 sin( 2 + 3.86], 


Find a trigonometric model for Chicago. 


(b) Use a graphing utility to graph the data points 
and the model for the temperatures in Honolulu. 
How well does the model fit the data? 


(c) Use a graphing utility to graph the data points 
and the model for the temperatures in Chicago. 
How well does the model fit the data? 


(d) Use the models to estimate the average annual 
temperature in each city. Which term of the mod- 
els did you use? Explain. 


(e) What are the periods of the two models? Are they 
what you expected? Explain. 


(f) Which city has the greater variability in temper- 
ature throughout the year? Which factor of the 
models determines this variability? Explain. 


Synthesis 


True or False? In Exercises 85 and 86, determine 
whether the statement is true or false. Justify your 
answer. 
3 e) 
85. The graph of y = 6 — —sin = has a period of cals 
4 10 3 

86. The graph of y = —cos x is a reflection of the graph 
of y = sin(x + 7/2) in the x-axis. 

87. Writing Use a graphing utility to graph the func- 
tion y=asinx for a=3, a= 3 and a = —3. 
Write a paragraph describing the changes in the 
graph for the specified changes in a. 


88. Writing Use a graphing utility to graph the func- © 


tion y = d+ sinx ford = 2,d = 3.5,andd = —2. 
Write a paragraph describing the changes in the 
graph for the specified changes in d. 

89. Writing Use a graphing utility to graph the func- 
tion y = sin bx for b = 5, b= a and b = 4. Write a 
paragraph describing the changes in the graph for the 
specified changes in b. 

90. Writing Use a graphing utility to graph the func- 
fieney)— in, 9c) for c= 1c = 3, and c = —2, 
Write a paragraph describing the changes in the 
graph for the specified changes in c. 

91. Exploration In Section 5.3 it was shown that 
f(x) = cos x is an even function and g(x) = sin x is 
an odd function. Use a graphing utility to graph h 
and use the graph to determine whether h is even, 
odd, or neither. 


(a) h(x) = cos? x 
(b) A(x) = sin? x 


(c) h(x) = sinx cos x 
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92. Conjecture If fis an even function and g is an odd 
function, use the results of Exercise 91 to make a 
conjecture about the following. 


(a) A(x) = [FQ@)P 
(b) h(x) = [g(x)P 
(c) A(x) = f X)g(x) 
93. Graphical Reasoning The figure shows the 
graphs of the functions f(x) = 1— 4x? and 


g(x) = cos x. Identify the graphs and explain your 
reasoning. 


Review 


In Exercises 94-97, sketch the graph of the rational 
function and identify its asymptotes. Use a graphing 
utility to verify your results. 


2, 3) ee 
94. f(x) = eae. 95° f(x) = - 
10 x* — Ix + 12 
AES Ce ee balls xa 2 


In Exercises 98-101, convert the angle measure from 
radians to degrees. Round your answer to three deci- 
mal places. 


137 7 
98. 5 99, 9 
100. 8.57 101. —0.48 
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5.5 vitaphs,of,Other.Jrigonometric. Fu 


Graph of the Tangent Function 


Recall that the tangent function is odd. That is, tan(—x) = —tan x. Consequently, 
the graph of y = tan x is symmetric with respect to the origin. You also know 
from the identity tan.x = sinx/cosx that the tangent is undefined when 
cos x = 0. Two such values are x = +77/2 ~ +1.5708. 


[157 Ee is c 


tan x approaches oo as x 
approaches 7/2 from the left. 


tan x approaches — oo as x 


approaches — 7/2 from the right. 


As indicated in the table, tan x increases without bound as x approaches 7/2 from 
the left, and it decreases without bound as x approaches — 7/2 from the right. So, 
the graph of y = tan x has vertical asymptotes at x = 7/2 and — 7/2, as shown 
in Figure 5.49. Moreover, because the period of the tangent function is 77, verti- 
cal asymptotes also occur when x = 77/2 + nz, where n is an integer. The 
domain of the tangent function is the set of all real numbers other than 
x = 7/2 + nz, and the range is the set of all real numbers. 


T 
ry 
oO 
SS 
. 
i] 
Sk 
@ 
oS 
5 ia Px 


Period: a 


Domain: all x # > + na 


Sa 


Range: (— 00, 00) 


~ —t sail = 
a as a 
Figure 5.49 


Vertical asymptotes: x = > + na 


Sketching the graph of a function of the form y = a tan(bx — c) is similar to 
sketching the graph of y = a sin(bx — c) in that you locate key points that iden- 
tify the intercepts and asymptotes. Two consecutive asymptotes can be found by 
solving the equations bx — c = —7/2 and bx — c = 7/2. The midpoint 
between two consecutive asymptotes is an x-intercept of the graph. The period of 
the function y = a tan(bx — c) is the distance between two consecutive asymp- 
totes. The amplitude of a tangent function is not defined. After plotting the 
asymptotes and the x-intercept, plot a few additional points between the two 
asymptotes and sketch one cycle. Finally, sketch one or two additional cycles to 
the left and right. 


netions | 


A. Ramey/PhotoEdit 
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EXAMPLE 1 Sketching the Graph of a Tangent Function 


Sketch the graph of y = tan = 


Solution 
By solving the equations 


ag T d ie sc 
Skate an >=) 
Z 2 Oe iP 
x= -7 x=T7 

you can see that two consecutive asymptotes occur at x = —7 and x = 7. 


Between these two asymptotes, plot a few points, including the x-intercept, as 
shown in the table. Three cycles of the graph are shown in Figure 5.50. Use a 
graphing utility to confirm this graph. 


= = SS Ee eee ee ae a 


wy Figure 5.50 


EXAMPLE 2 Sketching the Graph of a Tangent Function <> 

a A computer animation of this example 
pn Baph.ot y ce. appears in the Jnteractive CD-ROM and 
Algebraic Solution : Graphical Solution Internet versions of this text. 


By solving the equations 2x = — 7/2 and 2x = 7/2, Use a graphing utility set in radian mode and dot mode to 
you can see that two consecutive asymptotes occur at | graph y = —3 tan 2x, as shown in Figure 5.52. Use the zero 
x = —7/4 and x = 7/4. Between these two asymp- or root feature or the zoom and trace features of the graphing 


totes, plot a few points, including the x-intercept, utility to approximate the key points as shown in the table. 
as shown in the table. Three complete cycles of the 


graph are shown in Figure 5.51. 


=) —0.7854 | —0.3927 | 0 | 0.3927 | 0.7854 
x | Undef. | 3 


LE v= 3 tani ak | ‘ei 


| 
eS ae 


| 
ae 


BE 


tT | eal let 
a ee 
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By comparing the graphs in Examples | and 2, you can see that the graph of 
y = atan(bx — c) is increasing between consecutive vertical asymptotes if a > 0 
and decreasing between consecutive vertical asymptotes if a < 0. In other words, 
the graph for a < 0 is a reflection in the x-axis of the graph for a > 0. 


Graph of the Cotangent Function 


The graph of the cotangent function is similar to the graph of the tangent func- 
tion. It also has a period of 77. However, from the identity 


COS Xx 


Y= es == 
sin x 


you can see that the cotangent function has vertical asymptotes x = na, where n 
is an integer, because sin x is zero at these x-values. The graph of the cotangent 
function is shown in Figure 5.53. 


EXAMPLE 3 Sketching the Graph of a Cotangent Function 
Sketch the graph of y = 2 cot = 


Solution 

To locate two consecutive vertical asymptotes of the graph, solve the equations 
x/3 = Oand x/3 = 7rto see that two consecutive asymptotes occur at x = 0 and 
x = 37. 


Then, between these two asymptotes, plot a few points, including the x-intercept, 
as shown in the table. Three cycles of the graph are shown in Figure 5.54. 
Use a graphing utility to confirm this graph. [Enter the function as 
y = 2/tan(x/3).] Note that the period is 37, the distance between consecutive 
asymptotes. 


Figure 5.54 


i 
Lait 
—a 
‘ 
af 


Period: ar 

Domain: allx # na 
Range: (— co, co) 
Vertical asymptotes: x = Nar 
Figure 5.53 
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Graphs of the Reciprocal Functions 


The graphs of the two remaining trigonometric functions can be obtained from 
the graphs of the sine and cosine functions using the reciprocal identities 


1 1 
csc xX = —— and sec x = : 
sin x cos x 


For instance, at a given value of x, the y-coordinate for sec x is the reciprocal of 
the y-coordinate for cos x. Of course, when cos x = 0, the reciprocal does not 
exist. Near such values of x, the behavior of the secant function is similar to that 
of the tangent function. In other words, the graphs of 


sin x 1 
and sec x = 
COs x cos x 


have vertical asymptotes at x = 7/2 + nz, where n is an integer and the cosine 
is zero at these x-values. Similarly, 
COS X 1 


cotx = — and Gyoug = 
sin x sin x 


have vertical asymptotes where sin x = 0, that is, at x = nz. 


To sketch the graph of a secant or cosecant function, you should first make a 
sketch of its reciprocal function. For instance, to sketch the graph of y = csc x, 
first sketch the graph of y = sin x. Then take reciprocals of the y-coordinates to 
obtain points on the graph of y = csc x. You can use this procedure to obtain the 
graphs shown in Figure 5.55. 


Period: 277 Period: 277 

Domain: all x # Nar Domain: all x # > + Nar 
Range: all y not in (—1, 1) Range; all y not in (—1, 1) 

Vertical asymptotes: X = nar Vertical asymptotes; x = a + Na 
Symmetry: origin Symmetry: y-axis 


Figure 5.55 
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In comparing the graphs of the secant and cosecant functions with those of the 
sine and cosine functions, note that the “hills” and “valleys” are interchanged. For 
example, a hill (or maximum point) on the sine curve corresponds to a valley 
(a local minimum) on the cosecant curve. Similarly, a valley (or minimum point) 
on the sine curve corresponds to a hill (a local maximum) on the cosecant curve, 
as shown in Figure 5.56. 


EXAMPLE 4 Comparing Trigonometric Graphs 


Use a graphing utility to compare the graphs of 


y=2 sin( x at 2) and y=2 cso(x oF | 


Solution 

The two graphs are shown in Figure 5.57. Note how the hills and valleys of the 
graphs are related. For the function y = 2 sin|x + (7/4)], the amplitude is 2 and 
the period is 27. By solving the double inequality 


Disses i Oa 


you can see that one cycle of the sine function corresponds to the interval from 
x = —7/4 to x = 77/4. The graph of this sine function is represented by the 
gray curve in Figure 5.57. Because the sine function is zero at the endpoints of 
this interval, the corresponding cosecant function 


y= 2ese{x +) = Geese) 


has vertical asymptotes at x = — 7/4, 37/4, 77/4, etc. The graph of the cose- 
cant function is represented by the black curve. 


EXAMPLE 5 Comparing Trigonometric Graphs 


Use a graphing utility to compare the graphs of 


y = cos 2x and y = sec 2x. 
Solution 
Begin by graphing y, = cos 2x and y, = sec 2x = 1/cos 2x in the same viewing 


window, as shown in Figure 5.58. Note that the x-intercepts of y = cos 2x 


(0 lesa ye® 


correspond to the vertical asymptotes 


7 7 377 
Pes eet ro eS ra OG 
4 fel ies 


of the graph of y = sec 2x. 


Cosecant: 
focal minimum 


——— 


' 
4 
1 
' 


LSine: | 


SZ maximum = 


ears 


} i 
‘Cosecant: 
local maximum 


Figure 5.56 


y=2sin(x +7) 


4 


y=2ese(x+4) 


Figure 5.57 


13.44 


y, = cos 2x 


Figure 5.58 
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Damped Trigonometric Graphs 


A product of two functions can be graphed using properties of the individual 
functions. For instance, consider the function 


LAs) ies ok Sitio 


as the product of the functions y = x and y = sin x. Using properties of absolute 
value and the fact that |sin x| < 1, you have 0 < |x| |sin x| < |x|. Consequently, 


= |x| Seosings. 44 


which means that the graph of f(x) = x sin x lies between the lines y = —x and 
y = x. Furthermore, because 


ye) = sesin = x at Ras tne 

f(x) =xsinx = 0 at x =nt 
the graph of f touches the line y = — x or the line y = x at x = w/2 + na and 
has x-intercepts at x = n7r. A sketch of f is shown in Figure 5.59. In the function aac aaa 
f(x) = x sin x, the factor x is called the damping factor. Figure 5.59 


EXAMPLE 6 Analyzing a Damped Sine Curve 


Analyze the graph of 
f(x) = e™ sin 3x. 


Solution 
Consider f(x) as the product of the two functions 


y=e~* and y = sin 3x 


each of which has the set of real numbers as its domain. For any real number x, 
you know that e~* >0 and |sin 3x| <1. Therefore, |e~*| |sin 3x| < e~*, which 
means that 


Cm Cacasinoxy Siem. 


Furthermore, because 


F(x) ae Mes 7 nT 
x) "er sin 3x = er a 38 eer a ee 
Coa? Figure 5.60 
and 
nt 
f(x) = e™ sin 3x = 0 at os ree 
wh a, gt aT 
the graph of f touches the curves y = —e * and y = e* at x = 6 a 3 and 


has intercepts at x = = The graph is shown in Figure 5.60. 
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Figure 5.61 summarizes the graphs, domains, ranges, and periods of the six basic 
trigonometric functions. 


Domain: all reals Domain: all reals 


Range: [—1, 1] Range: [—1, 1] Range: (— 00, 00) 
Period: 2 ar Period: 27 Period: zr 


Domain: allx # naw Domain: all x # . + Nia Domain: all x # naw 
Range; (— co, —1]} and [1, oo) Range: (— co, —1] and [1, o0) Range; (— co, 00) 
Period: 2ar Period: 2ar Period: a 

Figure 5.61 


- Recall from Section 1.6 that functions can be combined arithmetically. This 
_ also applies to trigonometric functions. For each of the functions 

h(x) = x + sin x and h(x) = cos x — sin 3x, (a) identify two simpler func- 
tions f and g that comprise the combination, (b) use a table to show how to 
obtain the numerical values of f(x) from the numerical values of f(x) and 

e g(x), and (co) use graphing utility graphs of f and g to show how h may be 
formed. — 

= Can: es find functions 


t (x) = id + a sin(bx - =¢) and gtx) = = a +a 1 cos(bx =} 


“such that f (x yt (x ) = 0 for all x? If so, write a short pareetr) explaining 
I how you found the functions. = . 
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In Exercises 1-8, match the function with its graph. 
State the period of the function. [The graphs are 
labeled (a), (b), (c), (d), (e), (f), (g), and (h).] 


(g) 


1 os Zoy > fan, 
3. y = tan 2x 4. y=2cscx 
ah y = cot— Mee cen 
’ 2 ae 2 
7. y = —cscx 8. y = —2 sec 27x 


In Exercises 9-30, sketch the graph of the function. 
(Include two full periods.) Use a graphing utility to 
verify your result. 


ye ‘tan x 10. y = ; tan 2x 

11. y = —2 tan 2x 12. y = —3 tan mx 

13 = —F sec x 14. y= i sec 2x 

15. y = —sec 7x 16. y = 2 sec 4x 

17. y= sec 7% —%S 18. y = —2sec 4x +2 
Be ae 

19. y = csc 5 20. y= oo, 

pA We, 5 ae 22. y= 360 


Jie gh: : 2 


23. y = 4 sec 2x 24. y = —} tan mx 
25. y=2 tan 26. y = sec(x + 7) 
27. y = csc(ar — x) 28. y = sec(a — x) 

1 
29. y=2 cot(x = 2) 30. y = peel ae 7) 


In Exercises 31-40, use a graphing utility to graph the 
function. (Include two full periods.) Describe your 
viewing window. 

1 


x 
31. y = —tan- 


3 3 32. y = —2 tan 27x 


1 
33. y = —2 sec 4x 34. y= q seo mH 


35. y= tan(x = 2) 36. y = —csc(4x — 7) 
1 7 TT 
37. y =—cot(x+— 38. y = 0.1 tan{— + = 
y pe (: 4 y=0 tan(# 4 
39 re ) 40 (= + = 
. y =—sec(2x — 7 y= —+— 
Os a Peary ee NS 


In Exercises 41-44, use a graph to solve the equation 
in the interval [—27, 27]. 


42. cokes = —./ 3 
44, cscx = 2 


A leetanexe—al 
43: secu == 2 


In Exercises 45 and 46, use the graph of the function 
to determine whether the function is even, odd, or 
neither. 


45. f(x) = secx 46. f(x) = tanx 

In Exercises 47-50, use a graphing utility to graph the 
two equations in the same viewing window. Use the 
graphs to lend evidence that the expressions are 
equivalent. Verify the results algebraically. 


AT. ¥,7=9sIn FCSCX. Vo. = | 

48. y, = sinxsecx, y, = tanx 
cos x 

49. WA = . ’ Vo = cot x 
sin x 

50. y, =sec?x—1, y, = tan?x 
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In Exercises 51-54, match the function with its graph. 
Describe the behavior of the function as x approaches 
zero. [The graphs are labeled (a), (b), (c), and (d).] 


(b) 


6.28 


(d) 


51. 7 (x)= x cos x 
53. 2(x) = |x| sinx 54. 9(x) = |x| cos x 


52. f(x) = |x sin x| 


Conjecture In Exercises 55-58, use a graphing util- 
ity to graph the functions f and g. Use the graphs to 
make a conjecture about the relationship between the 
functions. 


55.7 (x) = sin x + cos( x + 2), g(x) = 0 


56. (a) = sin x — cos(2 - z), g(x) = 2smx 
Si57 Oo) si x, 2x (1 "cos 24) 


1 
58. f(x) = re a(x) = 5 + cos 7x) 


In Exercises 59-62, use a graphing utility to graph 
the function and the damping factor of the function 
in the same viewing window. Describe the behavior 
of the function as x increases without bound. 


SO) ce” CHS.X 60. g(x) =e’? sin x 
61s fx) = 2 cos am 62.) = 27" sin x 


Exploration In Exercises 63-68, use a graphing util- 


ity to graph the function. Describe the behavior of the 
function as x approaches zero. 


6 
63. f(x) =—+cosx 64. f(x) = sinx — 2 
x 


ae 
65. f(x) = = 2 (tis tee Aas 
ah GO 68. f(x) = —— 


69. Distance A plane flying at an altitude of 5 miles 
over level ground will pass directly over a radar an- 
tenna. Let d be the ground distance from the antenna 
to the point directly under the plane and let x be the 
angle of elevation to the plane from the antenna. 
Write d as a function of x and graph the function over 
the interval 0 < x < 7. 


a 


Nn 
— 
z. 


70. Television Coverage A television camera is on a 
reviewing platform 36 meters from the street on 
which a parade will be passing from left to right. 
Express the distance d from the camera to a partic- 
ular unit in the parade as a function of the angle 
x, and graph the function over the interval 
— 7/2 <x < 7/2. (Consider x as negative when a 
unit in the parade approaches from the left.) 


71. Predatory-Prey Model Suppose the population of a 
certain predator at time ¢ (in months) in a region is es- 
timated to be P = 10,000 + 3000 sin (27/24) and 
the population of its primary food source (its prey) is 
estimated to be p = 15,000 + 5000 cos (271/24). 
Use the graph of the models to explain the oscilla- 
tions in the size of each population. 


Population 


10 20 30 40 50 60 70 80 90 
Time (in months) 


72. 


aS. 


74. 


Normal Temperatures The normal monthly high 
temperatures in degrees Fahrenheit for Erie, Penn- 
sylvania, are approximated by 


t 
H(0) = 154.33 — 20.38 cos os OPS Gon = 


and the normal monthly low temperatures are 
approximated by 


t t 
E(t) = 39.36 — 15.70 cos mic sin 7 


where f¢ is the time (in months), with tf = 1 corre- 

sponding to January. (Source: National Oceanic 

and Atmospheric Association) 

(a) Use a graphing utility to graph each function. 
What is the period of each function? 

(b) During what part of the year is the difference 
between the normal high and low temperatures 
greatest? When is it smallest? 


(c) The sun is the farthest north in the sky around 
June 21, but the graph shows the warmest tem- 
peratures at a later date. Approximate the lag 
time of the temperatures relative to the position 
of the sun. 

Harmonic Motion An object weighing W pounds 

is suspended from a ceiling by a steel spring. The 

weight is pulled downward (positive direction) from 
its equilibrium position and released. The resulting 
motion of the weight is described by the function 


1 
y= Sail cos 4t, t>0 


where y is the distance (in feet) and ¢ is the time (in 
seconds). 


(a) Use a graphing utility to graph the function. 
(b) Describe the behavior of the displacement func- 
tion for increasing values of time f. 


Sales The projected monthly sales S (in thousands 
of units) of a seasonal product is modeled by 


tt 
Sis AG Sas Sa iL ars 


where f is the time (in months), with ¢ = 1 corre- 
sponding to January. 
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(is 


76. 


ade 


(a) Graph the sales function over 1 year. Use a 
graphing utility to verify your graph. 

(b) Which month should have the greatest number 
of sales? Which month should have the least 
number of sales? Justify your answers. 


Sales The projected monthly sales S (in thousands 
of units) of a seasonal product is modeled by 


$= 52 + 5¢- 28 cos 


where f is the time (in months), with tf = 1 corre- 
sponding to January. 


(a) Graph the sales function over 1 year. Use a 
graphing utility to verify your graph. 

(b) Which month should have the greatest number 
of sales? Which month should have the least 
number of sales? Justify your answers. 


Data Analysis The motion of an oscillating weight 
suspended by a spring was measured by a motion 
detector. The data was collected, and the approxi- 
mate maximum (positive and negative) displace- 
ments from equilibrium are shown in the graph. The 
displacement y is measured in centimeters and the 
time f is measured in seconds. 


(a) Is y a function of ¢? Explain. 

(b) Approximate the frequency of the oscillations. 

(c) Fit a model of the form y = ab’ cos ct to the 
data. Use the result of part (b) to approximate c. 
Use the regression capabilities of a graphing util- 
ity to fit an exponential model to the positive 
maximum displacements of the weight. 

(d) Rewrite the model in the form y = ae™ cos ct. 


(e) Use a graphing utility to graph the model. 
Compare the result with the data in the graph. 


0, 12) (0.7622, 3.76) 
/(1.5476, 1.16) 
eo NeRNE G 
e. @ 
“+ 
_@ / _ 
(1.1549, —2.09) 
-8 
(0.3695, —6.78) (1.9403, —0.64) 
Writing Write a short paragraph describing the 
specified change in the physical system of Exercise 
76. 


(a) A spring of less stiffness is used, and so the 
length of time in each oscillation is greater. 


(b) The effect of friction is decreased. 
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78. Numerical and Graphical Reasoning A crossed 
belt connects a 10-centimeter pulley on an electric 
motor with a 20-centimeter pulley on a saw arbor. 
The electric motor runs at 1700 revolutions per 
minute. 

(a) Determine the number of revolutions per minute 
of the saw. 

(b) How does crossing the belt affect the saw in rela- 
tion to the motor? 

(c) Let L be the total length of the belt. Write L as a 
function of @, where ¢ is measured in radians. 
What is the domain of the function? (Hint: Add 
the lengths of the straight sections of the belt and 
the length of belt around each pulley.) 


(d) Use a graphing utility to complete the table. 


1s) 


(e) As ¢ increases, do the lengths of the straight sec- 
tions of the belt change faster or slower than the 
lengths of the belt around each pulley? 


(f) Use a graphing utility to graph the function over 
the appropriate domain. 


Synthesis 


True or False? In Exercises 79-81, determine 
whether the statement is true or false. Justify your 
answer. 


Xx 


79. The graph of y = el tan 5 


8 ++ n) has an asymptote 


atx = —37. 
80. The graph of y = —2 esos + z| has an asymptote 


Ae ee 
3° 


81. In the graph of y = 2* sin x, as x approaches — oo, y 
approaches (). 


82. Writing Describe the behavior of f(x) = tan x as 
x approaches 7/2 from the left and from the right. 


83. Writing Describe the behavior of f(x)-= csc x as x 
approaches 7r from the left and from the right. 
84. Graphical Reasoning Consider the two functions 
f(x) =2 sin x and g(x) =Fcsex on the interval 
(0, 77). 
(a) Use a graphing utility to graph f and g in the 
same viewing window. 
(b) Approximate the interval where f > g. 
(c) Describe the behavior of each of the functions as 
x approaches 77. How is the behavior of g related 
to the behavior of fas x approaches 7? 
85. Pattern Recognition 
(a) Use a graphing utility to graph each function. 


“(si lew 
V, = =| Sillteteee Si aEE 
or 3 


4 1 1 

y, = “(sin Wx + —sinsax = sin sm) 

Soest a 3) 5) 

(b) Identify the pattern in part (a) and find a function 
y, that continues the pattern one more term. Use 
a graphing utility to graph y3. 

(c) The graphs of parts (a) and (b) approximate the 
periodic function in the figure. Find a function y, 
that is a better approximation. 


Pe Re 
Y 
% 


Review 


In Exercises 86—89, determine whether the function is 
one-to-one. If it is, find its inverse. 


86. f(x) = —10 87. fix) = &=— 7)? +3 
ele @ one Serie mens 


In Exercises 90 and 91, find the exact values of the six 
trigonometric functions of the angle 0. 


90. O/T 91. 
: 9 
0 
14 
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Inverse Sine Function 


Recall from Section 1.7 that for a function to have an inverse, it must pass the 
Horizontal Line Test. From Figure 5.62 it is obvious that y = sin x does not pass 
the test because different values of x yield the same y-value. 


| 
1 
i} 
| 
1 
nd 


Sin x has an inverse 
on this interval. 


Figure 5.62 


However, if you restrict the domain to the interval — 77/2 < x < 7/2 (correspond- 
ing to the black portion of the graph in Figure 5.62), the following properties 
hold. 

1. On the interval [— 7/2, 7/2], the function y = sin x is increasing. 


2. On the interval [— 77/2, 7/2], y = sin x takes on its full range of values, 
SS sin eS. 


3. On the interval [— 7/2, 7/2], y = sin x passes the Horizontal Line Test. 


So, on the restricted domain — 7/2 <x < 7/2, y = sinx has a unique inverse 
called the inverse sine function. It is denoted by 


1 


y = arcsin x or y = sin‘ x. 


The notation sin-! x is consistent with the inverse function notation f~ !(x). 
The arcsin x notation (read as “the arcsine of x’) comes from the association 
of a central angle with its intercepted arc length on a unit circle. So, arcsin x 
means the angle (or arc) whose sine is x. Both notations, arcsin x and sin”! x, are 
commonly used in mathematics, so remember that sin”! x denotes the inverse 
sine function rather than 1/sin.x. The values of arcsin x lie in the interval 
—q/2 < arcsinx < 7/2. The graph of y = arcsin x is shown in Example 2. 


When evaluating the inverse sine function, it helps to remember the phrase “the 
arcsine of x is the angle (or number) whose sine is x.” 


Arlene Collins 
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Evaluating the Inverse Sine Function STUDY T!P 


| EXAMPLE 1 


_ If possible, find the exact value. As with the trigonometric func- 
1 2 tions, much of the work with the 
| a. aresin( — ;) basin, a= Cusine _ inverse trigonometric functions 
2 z can be done by exact calcula- 
| Solution tions rather than by calculator 
1 ; approximations. Exact calcula- 
a. Because sin(— 7/6) = — 5 for — 7/2 <y< 7/2, it follows that tions help to increase your 


understanding of the inverse 


aresin( — ;) ag cay [neisrrhescmine is = functions by relating them to 
| 2 6 the triangle definitions of the 
|b. Because sin(7/3) = /3/2 for — 7/2 < y < 77/2, it follows that trigonometric functions. 
| 2 7 F oe eS} 
SU paces ee Angle whose sine is ~~ : : 
aoe ied Library of Functions 


| c. It is not possible to evaluate y = sin-'x when x = 2 because there is The inverse trigonometric func- 
no angle whose sine is 2. Remember that the domain of the inverse sine func- _ tions are obtained from the 

tiomiss| <del) trigonometric functions in much 
the same way that the logarithmic 
function was developed from the 
exponential function. However, 
unlike the exponential function, 
the trigonometric functions are 
not one-to-one, and so it is neces- 
sary to restrict their domains to 

y = arcsin x and sin y = x regions that pass the Horizontal 
Line Test. Consult the Library of 
Functions Summary inside the 
front cover for a description of the 
inverse trigonometric functions. 


EXAMPLE 2 — Graphing the Arcsine Function 
Sketch a graph of y = arcsin x. 


| Solution 
_ By definition, the equations 


_ are equivalent for — 7/2 < y < 7/2. So, their graphs are the same. From the inter- 
| val [— 77/2, 7/2], you can assign values to y in the second equation to make a 
_ table of values. 


 i£ Dim 6 6 | 4 ke 
nos By | eZ! | Fete sng 
: : al ew Dal a 
Pe 
im 
3 
: y= arcsin xX 
_ The resulting graph for | ee 
y = arcsin x ee lr 


_ is shown in Figure 5.63. Note that it is the reflection (in the line y = x) of the 
| black portion of the graph in Figure 5.62. Use a graphing utility to confirm this 
| graph. Be sure you see that Figure 5.63 shows the entire graph of the inverse sine 
| function. Remember that the range of y = arcsinx is the closed interval — ~~~ — 
Pelee 7) 2577/2). Figure 5.63 


~~. 
1 | 
72) => tes 


Other Inverse Trigonometric Functions 


q 
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The cosine function is decreasing on the interval 0<x<7, as shown in 
Figure 5.64. 


Cos x has an inverse 
on this interval. 


Figure 5.64 


Consequently, on this interval the cosine function has an inverse function—the — gmain: [—1, 1]; Range: |-3. ;| 
inverse cosine function—denoted by 22 


y = arccos x or y =cos!x. 


Because these equations are equivalent for 0 < y < 7, their values are the same, 
as shown in the table below. 


_ Similarly, you can define an inverse tangent function by restricting the domain 
of y = tan x to the interval (— 7/2, 77/2). The following list summarizes the def- 
initions of the three most common inverse trigonometric functions. The remain- 
ing three are discussed in Exercises 80—82 in this section. 


Domain: [—1, 1]; Range: (0, zr} 


The graphs of these three inverse trigonometric functions are shown in Figure — Qgmain; (—o0, 00); Range: (-Z, | 
D.65— | 


A computer animation of this concept appears in the 
Interactive CD-ROM and Internet versions of this text. 


Figure 5.65 
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EXAMPLE 3 Evaluating Inverse Trigonometric Functions 


Find the exact value. 


a. arccos = b. arccos(— 1) c. arctan 0 d. arctan (—1) 


Solution 

a. Because cos(7/4) = \/2/2, and 7/4 lies in [0, zr], it follows that 
arccos = = 7 Angle whose cosine is & 

b. Because cos 7 = —1, and 7 lies in [0, 7], it follows that 
arccos(— 1) = 4 Angle whose cosine is — | 


c. Because tan 0 = 0, and 0 lies in (— 27/2, 7/2), it follows that 
arctan 0 = 0. Angle whose tangent is 0 
d. Because tan (— 7/4) = —1 and — 7/4 lies in (— 7/2, 7/2), it follows that 


T . 
arctan (= 1) = Ss, Angle whose tangent is — 1 


4 


You can use the (SIN=1), (COS=1), and (TAN-") keys on your calculator to mepproninats 
values of trigonometric functions. 


EXAMPLE 4 Calculators and Inverse Trigonometric Functions 


Use a calculator to approximate the value (if possible). 


a. arctan(— 8.45) b. arcsin 0.2447 c. arccos 2 


Solution 
Function Made Graphing Calculator Keystrokes 
a. arctan(— 8.45) Radian 8.45 
From the display, it follows that arctan(— 8.45) ~ — 1.453001. 
b. arcsin 0.2447 Radian 0.2447 
From the display, it follows that arcsin 0.2447 ~ 0.2472103. 
€arccos2 Radian D | 


In real number mode, the calculator should display an error message because the 
domain of the inverse cosine function is [—1, 1]. 


In Example 4, if you had set the calculator to degree mode, the display would 
have been in degrees rather than in radians. This convention is peculiar to calcu- 
lators. By definition, the values of inverse trigonometric functions are always in 
radians. 
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— Compositions of Functions 
Recall from Section 1.7 that inverse functions possess the properties 


FFG) =x and f-(f@)) =x. 


The inverse trigonometric versions of these properties are given below. 


¥ Keep in mind that these inverse properties do not apply for arbitrary values of x 
and y. For instance, 


Bees 3 
aesin sin 2 = arcsin(—1) = a =e ae 


In other words, the property 
arcsin(sin y) = y 


is not valid for values of y outside the interval [— 7/2, 7/2]. 


EXAMPLE 5 Using Inverse Properties 


If possible, find the exact value. 


a. tan[arctan(—5)] b. aresin( sin 2) c. cos(cos~! 7) 

Solution 

a. Because —5 lies in the domain of arctan x, the inverse property applies, and 
you have 


tan[arctan(—5)] = —5. 


b. In this case, 57/3 does not lie within the range of the arcsine function, 
— 7/2<y< 1/2. However, 57/3 is coterminal with 


which does lie in the range of the arcsine function, and you have 


n(n) = esas -3)] = — 3 
arcsin| sin 3 = arcsin} sin 3 3" 


c. The expression cos(cos~! 7) is not defined because cos~! zr is not defined. 
Remember that the domain of the inverse cosine function is [—1, 1]. 
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Example 6 shows how to use right triangles to find exact values of compositions 
of inverse functions. Then, Example 7 shows how to use triangles to convert a 
trigonometric expression into an algebraic expression. This conversion technique 
is used frequently in calculus. 


EXAMPLE 6 _ Evaluating Compositions of Functions 


Find the exact value of (a) tan arccos 2) and (b) cos ares (-2)| 


Algebraic Solution Graphical Solution 


a. Use a graphing utility set in radian mode to graph 
y = tan(arccos x), as shown in Figure 5.67(a). Use the 
value feature or zoom and trace features of the graphing 


a. If you let u = arccos * then cos u = - Because 
COS wu iS positive, u is a first-quadrant angle. You can 
sketch and label angle u as shown in Figure 5.66(a). 


Consequently, utility to find that the value of the composition of func- 

2 gee S2 tions when x = 3 ~ 0.66667 is y = 1.118 ~ V5/2. 
eee Sica Bip De b. Use a graphing utility set in radian mode to graph 
b. If you let uw = arcsin (—2) then sin u = -2, Bes y = cos(arcsin x), as shown in Figure 5.67(b). Use the 


value feature or zoom and trace features of the graphing 
utility to find that the value of the composition of func- 
A a Shae : at = 4 
tions when x = —5 = —0.6is y =0.8 = 5. 


cause sin u 1s negative, u is a fourth-quadrant angle. 
You can sketch and label angle u as shown in 
Figure 5.66(b). Consequently, 


cos|aresin( -2)] = cosu = adj = a2 
5 hyp 5S 


y = tan(arccos x) 


y = cos(arcsin x) 


-3 ee 


3 

2 (a) (b) 
(a) (b) Figure 5.67 
Figure 5.66 


EXAMPLE 7 Some Problems from Calculus 


Write each of the following as an algebraic expression in x. 


i 
b. cot(arccos 3x), O<x<- 


wl 
Ww 


a. sin(arcecos\ 4x), 0 Sx s 


Solution 1 
If you let u = arccos 3x, then cos u = 3x. Because cos u = 3x/1 = adj/hyp you 

can sketch a right triangle with acute angle u, as shown in Figure 5.68. From this 

triangle, you can easily convert each expression to algebraic form. 


Sl = (Gx)? 


a. sin(arccos 3x) = sinu = = = /1 — 9x2, Olea i Bis 
q P : : Figure 5.68 
adj Ds l 

b. cot(arccos 3x) = cot u = = : O<sx<- 
opp. ~ 1 aoe ae 3 


A similar argument can be made here for x-values lying in the interval [-4, 0. 
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1. Numerical and Graphical Analysis Consider the 
function y = arcsin x. 


(a) Use a graphing utility to complete the table. 


| —1| -08| -06 | -04 | -02 
: | | 


0.8 | 1 


(b) Plot the points from the table in part (a) and graph 
the function. (Do not use a graphing utility.) 

(c) Use a graphing utility to graph the inverse sine 
function and compare the result with your hand- 
drawn graph in part (b). 

(d) Determine any intercepts and symmetry of the 
graph. 

2. Numerical and Graphical Analysis Consider the 

function y = arccos x. 


(a) Use a graphing utility to complete the table. 


(b) Plot the points from the table in part (a) and graph 
the function. (Do not use a graphing utility.) 

(c) Use a graphing utility to graph the inverse cosine 
function and compare the result with your hand- 
drawn graph in part (b). 

(d) Determine any intercepts and symmetry of the 
graph. 

3. Numerical and Graphical Analysis Consider the 

function y = arctan x. 


(a) Use a graphing utility to complete the table. 


(b 


~— 


Plot the points from the table in part (a) and 
graph the function. (Do not use a graphing util- 
ity.) 

(c) Use a graphing utility to graph the inverse tan- 
gent function and compare the result with your 
hand-drawn graph in part (b). 

(d) Determine the horizontal asymptotes of the 

graph. 


In Exercises 4-7, write each trigonometric expression 
in inverse function form, or vice versa. For example, 


. 7 
arcsin 1 = 3 


Preah 
7. arcsin(—1) = 5 


In Exercises 8-15, evaluate the expression using a cal- 
culator. 


(b) arcsin 0 


(b) arccos 0 


8. (a) arcsin 4 


1 
9, (a) arccos 5 


3 
10. (a) arctan — (b) arctan | 


3 


11. (a) recs 2) (b) aresin(— 2) 
12. (a) arctan(—/3 ) (b) arctan V3 


( ) i » 


13. (a) arecos{- ;) 


430 


14. (a) wesin( “2 (b) arctan(- 4) 


15. (a) arcsin(—1) (b) arccos | 


In Exercises 16 and 17, determine the missing coordi- 
nates of the points on the graph of the function. 


16. ( J 
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il 
1) 


y = arccos x | 1 | 
, , 


1 
,@) 2 


In Exercises 18-23, use a calculator to approximate 
the value of the expression. (Round your answer to 
two decimal places.) 

18. 
19. 
20. 
21. 
Dee 
23. 


(a) arccos 0.22 
(a)i arcsin(— 0,75) 
(a) arctan(—6) 
(a) arcsin 0.41 
(a) arccos(—0.51) 
(a) arctan 0.98 


(b) arcsin 0.45 

(b) arccos(—0.7) 
(b) arctan 18 

(b) arccos 0.36 

(b) arcsin(— 0.125) 
(b) arctan 4.7 


In Exercises 24 and 25, use a graphing utility to graph 
J, g, and y = x in the same viewing window to verify 
geometrically that g is the inverse of f. (Be sure to 
properly restrict the domain of /.) 


24, f(x) =tan x, 
25 iA) SiN 3, 


g(x) = arctan x 


g(x) = arcsin x 


In Exercises 26-29, use an inverse trigonometric 
function to write @ as a function of x. 


26. 27. 


28. 29. 


x+1 


In Exercises 30-37, use the properties of inverse func- 
tions to evaluate the expression. 

30. sin(arcsin 0.7) 

32. cos[arccos(—0.3)] 


31. tan(arctan 35) 
33. sin[arcsin(—0.1)] 


Peas 17 
34. arcsin(sin 37) 35. arcoos( cos 7) 


36. arctan tan un 37. aesin sin 2 


6 


In Exercises 38-45, find the exact value of the expres- 
sion. Use a graphing utility to verify your result. 
(Hint: Make a sketch of a right triangle.) 


38. sin(arctan 5) ay} sec(aresin 2) 


2] 


43. ee fon ) 
( 


40. cos(aresin 4) 41. esc[arctan( — 
42. sec{arctan(— ) 


3 
5 
44, sin|arccos(—3)| cot\arctan £) 


In Exercises 46-53, write an algebraic expression that 
is equivalent to the expression. (Hint: Sketch a right 
triangle, as demonstrated in Example 7.) 

47. sin(arctan x) 

49. seclarcsin(x — 1)] 


46. cot(arctan x) 


48. sin(arccos x) 


50. tan(arceos *) 


1 
51. cot arctan *) 
XG 
5 
§2. eso arctan =) 


= x - ") 


In Exercises 54 and 55, use a graphing utility to graph 
f and g in the same viewing window to verify that the 
two are equal. Explain why they are equal. Identify 
any asymptotes of the graphs. 


SS: cos(aresin 


In Exercises 56-59, complete the equation. 


14 
56. arctan — = arcsin( ), 
x 


5) 


A 


6 


57. arcsin = arccos( 


SerMacs-res » 
x? — 2x + 10 


x- 


58. arccos = arcsin( ) 


59. arccos = arctan( |e eared aay 


In Exercises 60-67, use a graphing utility to graph 
the function. 


60. y = 2 arccos x 61. y= aresin 5 


62. f(x) = arcsin(x — 2) 
64. f(x) = arctan 2x 


63. g(t) = arccos(t + 2) 
65. f(x) = m+ arctan x 


66. h(v) = tan(arccos v) Cleat = arceos 


In Exercises 68 and 69, write the given function in 
terms of the sine function by using the identity 


A 
Acos wt + Bsinwt =A? + B2 sin(wt + arctan “). 


Use a graphing utility to graph both forms of the 
function. What does the graph imply? 


68. f(z) = 3.cos 2t + 3 sin 2t 
69. f(t) =4cos mt + 3 sin mt 


70. Docking a Boat A boat is pulled in by means of a 
winch located on a dock 10 feet above the deck of 
the boat. Let @be the angle of elevation from the 
boat to the winch and let s be the length of the rope 
from the winch to the boat. 


(a) Write 6 as a function of s. 
(b) Find 6 when s = 52 feet and when s = 26 feet. 


71. Photography A television camera at ground level 
is filming the lift-off of a space shuttle at a point 750 
meters from the launch pad. Let 6 be the angle of ele- 
vation to the shuttle and let s be the height of the 
shuttle. 

(a) Write @ as a function of s. 
(b) Find @ when s = 400 meters and when s = 1600 
meters. 
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FIGURE FOR 71 


72. Rock Salt Different types of granular substances 
naturally settle at different angles when stored in 
cone-shaped piles. This angle 6 is called the angle of 
repose. When rock salt is stored in a cone-shaped 
pile 11 feet high, the diameter of the pile’s base is 
about 34 feet. (Source: Bulk-Store Structures, Inc.) 


(a) Find the angle of repose for rock salt. 


(b) How tall is a pile of rock salt that has a base 
diameter of 40 feet? 


73. Granular Angle of Repose When whole corn is 
stored in a cone-shaped pile 20 feet high, the diame- 
ter of the pile’s base is about 82 feet. 


(a) Find the angle of repose for whole corn. 


(b) How tall is a pile of corn that has a base diame- 
ter of 100 feet? 


74. Photography A photographer is taking a picture of 
a 3-foot painting hung in an art gallery. The camera 
lens is 1 foot below the lower edge of the painting. 
The angle 6 subtended by the camera lens x feet 
from the painting is 


B = arctan Maa): 


03 
(a) Use a graphing utility to graph B as a function of 
x 
(b) Move the cursor to approximate the distance 
from the picture when 6 is maximum. 


(c) Identify the asymptote of the graph and discuss 
its meaning in the context of the problem. 
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PY 75. Area In calculus, it is shown that the area of 


the region bounded by the graphs of y = 0, 
y = 1/(x? + 1), x = a, and x = bis 

Area = arctan b — arctan a. 

Find the areas for the following values of a and b. 
(a) a=0,b=1 (b)a=—-1,b=1 

(c) a=0,b =3 (d)a=—-1,b=3 


76. Angle of Elevation An airplane flies at an altitude 
of 5 miles toward a point directly over an observer. 
Consider 6 and x as shown in the figure. 


(a) Write 6 as a function of x. 


(b) Find @ when x = 10 miles and x = 3 miles. 


77. Security Patrol A security car with its spotlight on 
is parked 20 meters from a long warehouse. Consider 
6 and x as shown in the figure. 
(a) Write 6 as a function of x. 


(b) Find 6 when x = 5 meters and when x = 12 
meters. 


a | 


Synthesis 


True or False? n Exercises 78 and 79, determine 
whether the statement is true or false. Justify your 
answer. 


78 in ee seed 

asi rs 5 6 
79. arctan x = ebtuS! 
arccos x 


80. Define the inverse cotangent function by restricting 
the domain of the cotangent function to the interval 
(0, 7), and sketch the inverse function’s graph. 

81. Define the inverse secant function by restricting the 
domain of the secant function to the intervals 
[0, w/2) and (2/2, zr], and sketch the inverse func- 
tion’s graph. 

82. Define the inverse cosecant function by restricting 
the domain of the cosecant function to the intervals 
[— 7/2, 0) and (0, 7/2], and sketch the inverse func- 
tion’s graph. 

83. Use the results of Exercises 80—82 to evaluate the 
following without using a calculator. 


(a) arcsec Agi 
(c) arccot(—/3 ) 


(b) arcsec 1 
(d) arccsc 2 


In Exercises 84-89, prove the identity. 


$4. arcsin(—x) = —arcsin x 
$52) arctan 7)" — arctan 6 


86. arccos(—x) = am — arccos x 


1 
87. arctan x + arctan—- = 

x: 
88. arcsin x + arccos x = 


89. arcsin x = arctan 


Review 


In Exercises 90-93, evaluate the sine, cosine, and tan- 
gent of the angle without using a calculator. 


90. 840° 91. —585° 
lia 197 
92. 3 93. ae 


In Exercises 94-97, sketch the graph of the function. 
(Include two full periods.) Use a graphing utility to 
verify your result. 


Le 
94. y= 5 Sint + 7) 95. y = 2 — cos(x + a) 


1 T 
96. y=—= = 
y 5 tan(x ++ z) 


1 
97. y= 4 cot 5x 
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Applications Involving Right Triangles 


In this section, the three angles of a right triangle are denoted by the letters A, B, 
and C (where C is the right angle), and the lengths of the sides opposite these 
angles by the letters a, b, and c (where c is the hypotenuse). 


EXAMPLE 1 Solving a Right Triangle 


Solve the right triangle shown in Figure 5.69. 


B 
. a 
va ida 
A b= 19.4 C 
Figure 5.69 
Solution 


Because C = 90°, it follows that A + B = 90° and B = 90° — 34.2° = 55.8°. To 
solve for a, use the fact that 


pba aS a = btanA. 
adj b 
So, a = 19.4 tan 34.2° = 13.18. Similarly, to solve for c, use the fact that 
dj b b 
cos A = aes E> c= : 
hyp se cos A 
SG.c= Bee 55 A6 
ecieaagse an 


Recall from Section 5.2 that the term angle of elevation denotes the angle from 
the horizontal upward to an object and that the term angle of depression denotes 
the angle from the horizontal downward to an object. An angle of elevation and 
an angle of depression are shown in Figure 5.70. 


Object _ Horizontal 


Observer 


Angle of 
elevation 


Horizontal 


Observer 


Object 


Figure 5.70 
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EXAMPLE 2 Finding a Side of a Right Triangle : 


A safety regulation states that the maximum angle of elevation for a rescue lad- 
der is 72°. If a fire department’s longest ladder is 110 feet, what is the maximum 
safe rescue height? 


Solution 
A sketch is shown in Figure 5.71. From the equation sin A = a/c, it follows that 


a=csinA = 110sin 72° = 104.6. 


So, the maximum safe rescue height is about 104.6 feet above the height of the 


fire truck. 
EXAMPLE 3 Finding a Side of a Right Triangle 


At a point 200 feet from the base of a building, the angle of elevation to the bot- 
tom of a smokestack is 35°, and the angle of elevation to the top is 53°, as shown 
in Figure 5.72. Find the height s of the smokestack alone. 


Solution 

Note from Figure 5.72 that this problem involves two right triangles. In the 
smaller right triangle, use the fact that tan 35° = a/200 to conclude that the 
height of the building is 


a = 200 tan 35°. 


Now, in the larger right triangle, use the equation 


Gar & 
200 


tan 53° = 


to conclude that s = 200 tan 53° — a. So, the height of the smokestack is 
s = 200 tan 53° — a = 200 tan 53° — 200 tan 35° ~ 125.4 feet. 


EXAMPLE 4 Finding an Angle of Depression 


A swimming pool is 20 meters long and 12 meters wide. The bottom of the pool 
has a constant slant so that the water depth is 1.3 meters at the shallow end and 4 
meters at the deep end, as shown in Figure 5.73. Find the angle of depression of 
the bottom of the pool. 


Solution 
Using the tangent function, you see that 
opp 2.7 


(ian Al = SS = S— = (15, 
adj 20 


So, the angle of depression is 


A = arctan 0.135 ~ 0.13419 radian ~ 7.69°. 


Figure 5.71 


Figure 5.72 


Angle of 
depression 


————— 20 m ————— 2.7 m 


Figure 5.73 


Trigonometry and Bearings 


In surveying and navigation, directions are generally given in terms of bearings. 
A bearing measures the acute angle a path or line of sight makes with a fixed 
north-south line, as shown in Figure 5.74. For instance, the bearing of S 35° E in 
Figure 5.74(a) means 35 degrees east of south. 


Saas 


Sop 2 N 80° W N45°E 


(a) (b) (c) 
Figure 5.74 


EXAMPLE 5 Finding Directions in Terms of Bearings 


A ship leaves port at noon and heads due west at 20 knots (nautical miles per 
hour). At 2 P.M. the ship changes course to N 54° W, as shown in Figure 5.75. Find 
the ship’s bearing and distance from the port of departure at 3 P.M. 


qd—_———---=<—————- 40 nm = 2(20 nm) —————————> 


Figure 5.75 


Solution 
In triangle BCD, you have B = 90° — 54° = 36°. The two sides of this triangle 
can be determined to be 


b = 20 sin 36° and d = 20 cos 36°. 
In triangle ACD, you can find angle A as follows. 


b  ___—-20 sin 36° 
d+ 40 20cos 36° + 40 


A = arctan 0.2092494 ~ 0.2062732 radian ~ 11.82° 


The angle with the north-south line is 90° — 11.82° = 78.18°. Therefore, the 
bearing of the ship is 


N 78.18° W. Bearing 
Finally, from triangle ACD, you have sin A = b/c, which yields 


tan A = = ().2092494 


b 20 sin 36° ; 
c= = = 57.4 nautical miles. Distance from port 


sina sin 11.82° 
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Harmonic Motion 


The periodic nature of the trigonometric functions is useful for describing the 
motion of a point on an object that vibrates, oscillates, rotates, or is moved by 
wave motion. 


For example, consider a ball that is bobbing up and down on the end of a spring, 
as shown in Figure 5.76. Suppose that 10 centimeters is the maximum distance 
the ball moves vertically upward or downward from its equilibrium (at-rest) posi- 
tion. Suppose further that the time it takes for the ball to move from its maximum 
displacement above zero to its maximum displacement below zero and back again 
is t = 4 seconds. Assuming the ideal conditions of perfect elasticity and no fric- 
tion or air resistance, the ball would continue to move up and down in a uniform 
and regular manner. 


Fquilibrium Maximum negative Maximum positive 
displacement displacement 
Figure 5.76 


From this spring you can conclude that the period (time for one complete cycle) 
of the motion is 


Period = 4 seconds 
and that its amplitude (maximum displacement from equilibrium) is 
Amplitude = 10 centimeters. 


Motion of this nature can be described by a sine or cosine function, and is called 
simple harmonic motion. 
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EXAMPLE 6 = Simple Harmonic Motion 


Write the equation for the simple harmonic motion of the ball illustrated in Figure 
5.76, where the period is four seconds. What is the frequency of this motion? 


Solution 
Because the spring is at equilibrium (d = 0) when t = 0, you use the equation 


d = asin at. 


Moreover, because the maximum displacement from zero is 10 and the period is 
4, you have 


Amplitude = |a| = 10 


Consequently, the equation of motion is 
nea 
d = 10 sin 5 ih 


Note that the choice of a = 10 or a = —10 depends on whether the ball ini- 
tially moves up or down. The frequency is 


@ 
Frequency = Figure 5.77 


er 
_ m/2 
20 


= 7 cycle per second. 


One illustration of the relationship between sine waves and harmonic motion is 
the wave motion that results when a stone is dropped into a calm pool of water. 
The waves move outward in roughly the shape of sine (or cosine) waves, as 
shown in Figure 5.77. As an example, suppose you are fishing and your fishing 
bob is attached so that it does not move horizontally. As the waves move outward 
from the dropped stone, your fishing bob will move up and down in simple har- 
monic motion, as shown in Figure 5.78. Figure 5.78 
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EXAMPLE 7 — Simple Harmonic Motion 


Given the equation for simple harmonic motion 


377 
Do 0 COS al 


find (a) the maximum displacement, (b) the frequency, (c) the value of d when 
t = 4, and (d) the least positive value of t for which d = 0. 


Algebraic Solution Graphical Solution 


The given equation has the form d = acos at, with Use a graphing utility set in radian mode to graph 
a = 6and w = 37/4. 
7 
a. The maximum displacement (from the point of via? SOS gies: 
equilibrium) is given by the amplitude. So, the 
maximum displacement is 6. 
wo 37/4 3 


b. Frequency = 5 hes ie 3 cycle per unit of 
7 7 


a. Use the maximum feature of the graphing utility to estimate 
that the maximum displacement from the point of equilib- 
rium y = 0 is 6, as shown in Figure 5.79(a). 

b. The period is the time for the graph to complete one cycle, 


which is x ~ 2.667, as shown in Figure 5.79(a). You can 
estimate the frequency as follows. 


time 


3 
B= 6 cos| “(4 = 6cosog — 6(-1) = —6 ; 
2.667 ~ 0.375 cycles per unit of time 
c. Use the value or trace feature to estimate that the value of 
y when x = 4is y = —6. 


Frequency ~ 

d. To find the least positive value of ¢ for which 
d = 0, solve the equation 

d = 6cos eke = () d. Use the zero or root feature to estimate that the least posi- 

a tive value of x for which y = 0 is x ~ 0.6667, as shown in 


to obtain Figure 5.79(b). 
3m _ 7 30 Sa 10 
4 ph 4) > y) > > a Vo o oo 


So, the least positive value of tis tf = fl 


(a) (b) 
Figure 5.79 


‘ seas different oh seal phenomena can ae ee by) wave motion. (a) 
These include electromagnetic waves such as radio waves, television waves, 
and microwaves. Radio waves transmit sound in two different ways. For an 

: AM station, the amplitude of the wave is modified to carry sound. The letters 
_AM stand for amplitude modulation. An FM radio signal has its frequency 

fg ified i in order to carry sound, hence the term frequency modulation. Of 
the two graphs at the left, one shows an AM wave and the other shows an FM 
. wa e Which is is which? Write a short paee oe your ee 


5.7 © Applications and Models _ 439 


In Exercises 1-10, solve the right triangle shown in 
the figure below. (Round your answers to two decimal 
places.) 


1. A = 25°, b= 10 2. B= 56°, c = 15 


3. B= 71°, b= 24 4.A=74°, a = 40.5 
5. @='6,/b = 16 6. a = 25, c = 35 
7. b= 18, c = 42 8. b = 1.72, c = 8.35 
9. A = 12°15’, c = 430.5 
10. B = 65° 12’, a= 14.2 

B 

“ c 

G b A 


In Exercises 11-14, find the altitude of the isosceles 
triangle shown in the figure below. (Round your 
answers to two decimal places.) 

11. 6 = 52°, b = 4 inches 

. §— 18>, b= 10 meters 

13. 0 = 41.6°, b = 14.2 feet 

14. 6 = 72.94°, b = 3.36 centimeters 


re Ta 


15. Length of a Shadow _ A shadow of length L is cre- 
ated by a 60-foot silo when the sun is 0° above the 
horizon. 


(a) Write L as a function of 0. 
(b) Use a graphing utility to complete the table. 


202 | 30° | 40° | .50° 


16. 


17. 


18. 


(c) The angle measure increases in equal incre- 
ments in the table. Does the length of the shadow 
change in equal increments? Explain. 


Length of a Shadow A shadow of length L is cre- 
ated by an 850-foot building when the sun is 6° 
above the horizon. 


(a) Write L as a function of 6. 


(b) Use a graphing utility to complete the table. 


30° 


40° | 50° 


(c) The angle measure increases in equal increments 
in the table. Does the length of the shadow 
change in equal increments? Explain. 

Height A ladder of length 20 feet leans against the 

side of a house. The angle of elevation of the ladder 

is. 

(a) Write the height / of the ladder as a function of 
0. 


(b) Use a graphing utility to complete the table. 


Height The length of a shadow of a tree is 130 feet 
when the angle of elevation of the sun is 0°. 


(a) Write the height h/ of the tree as a function of 0. 
(b) Use a graphing utility to complete the table. 
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19. 


20. 


21. 


22. 
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Height From a point 50 feet in front of a church, 

the angles of elevation to the base of the steeple 

and the top of the steeple are 35° and 47° 40’, respec- 

tively. 

(a) Draw right triangles that give a visual represen- 
tation of the problem. Label the known quantities 
and the unknown height of the steeple. 


(b) Use a trigonometric function to write an equa- 
tion involving the unknown quantity. 


(c) Find the height of the steeple. 


Height From a point 100 feet in front of a public 
library, the angles of elevation to the base of the flag- 
pole and the top of the flagpole are 28° and 39° 45’, 
respectively. The flagpole is mounted on the front of 
the library’s roof. Find the height of the pole. 


Depth of a Submarine The sonar of a navy cruiser 
detects a nuclear submarine that is 4000 feet from 
the cruiser. The angle between the water level and 
the submarine is 31.5°. How deep is the submarine? 


Height of a Kite A 100-foot line is attached to a 
kite. When the kite has pulled the line taut, the angle 
of elevation to the kite is approximately 50°. 
Approximate the height of the kite. 


23. Angle of Elevation An engineer erects a 75-foot 


vertical cellular-phone tower. Find the angle of ele- 
vation to the top of the tower from a point on level 
ground 95 feet from its base. 


24. Angle of Elevation The height of an outdoor bas- 


prrsp, 


26. 


Pe ks 


28. 


29. 


30. 


ketball backboard is 125 feet, and the backboard 
casts a shadow 195 feet long. 


(a) Draw aright triangle that represents the problem. 
Label the known and unknown quantities. 


(b) Use a trigonometric function to write an equa- 
tion involving the unknown quantity. 


(c) Find the angle of elevation of the sun. 


Angle of Depression A television satellite is trav- 
eling in a circular orbit 150 miles above the surface 
of the earth. Find the angle of depression from the 
television satellite to the horizon. Assume that the 
radius of the earth is 4000 miles. 


Orbit 


oo, Angle of 
depression 


Angle of Depression Find the angle of depression 
from the top of a lighthouse 250 feet above water 
level to the water line of a ship De miles offshore. 


Airplane Ascent When an airplane leaves the run- 
way, its angle of climb is 18° and its speed is 275 feet 
per second. Find the plane’s altitude after 1 minute. 


Airplane Ascent How long will it take the plane in 
Exercise 27 to climb to an altitude of 10,000 feet? 
16,000 feet? 


Mountain Descent A sign on the roadway at the 
top of a mountain indicates that for the next 4 miles 
the grade is 9.5°. Find the change in elevation for a 
car descending the mountain. 


Mountain Descent A road sign at the top of a 
mountain indicates that for the next 4 miles the grade 
is 12%. Find the angle of the grade and the change in 
elevation for a car descending the mountain. 


Si. 


32. 


SRE 


34. 


Navigation An airplane flying at 550 miles per 
hour has a bearing of N 58° E. After flying 1.5 hours, 
how far north and how far east has the plane traveled 
from its point of departure? 


Navigation A ship leaves port at noon and has a 
bearing of S 29° W. If the ship sails at 20 knots, how 
many nautical miles south and how many nautical 
miles west will the ship have traveled by 6:00 P.M.? 


Surveying A surveyor wishes to find the distance 
across a swamp. The bearing from A to B is N 32° W. 
The surveyor walks 50 meters from A, and at the 
point C the bearing to B is N 68° W. Find (a) the 
bearing from A to C and (b) the distance from A to B. 


Location of a Fire Two fire towers are 30 kilome- 


ters apart, tower A being due west of tower B. A fire . 


is spotted from the towers, and the bearings from A 
and B are E 14° N and W 34°N, respectively. Find 
the distance d of the fire from the line segment AB. 


oO. 


Navigation A ship is 50 miles east and 35 miles 
south of port. If the captain wants to sail directly to 
port, what bearing should be taken? 


36. 


ST. 


38. 


39. 


40. Height of a Mountain 
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Navigation A plane is 160 miles north and 85 
miles east of an airport. If the pilot wants to fly 
directly to the airport, what bearing should be taken? 


Distance Between Ships An observer in a light- 
house 350 feet above sea level observes two ships 
directly offshore. The angles of depression to the 
ships are 4° and 6.5°. How far apart are the ships? 


(not to scale) 


Distance Between Towns A passenger in an air- 
plane flying at an altitude of 10 kilometers sees two 
towns directly to the left of the plane. The angles of 
depression to the towns are 28° and 55°. How far 
apart are the towns? 


Altitude of a Plane 


A plane is observed approach- 
ing your home and you assume its speed is 550 miles 
per hour. If the angle of elevation of the plane is 16° 
at one time and 57° | minute later, approximate the 
altitude of the plane. 


While traveling across flat 
land, you notice a mountain directly in front of you. 
The angle of elevation to the peak is 2.5°. After 
you drive 18 miles closer to the mountain, the angle 
of elevation is 10°. Approximate the height of the 
mountain. 
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Geometry In Exercises 41 and 42, find the angle @ 
between two nonvertical lines L, and L,. The angle a 
satisfies the equation 


m,— Mm, 


tana = | 
1+ m,m, 


where m, and m, are the slopes of L, and L,, respec- 

tively. (Assume mm, # —1.) 

41. 3x — 2y =5 42. 2x+ y= 8 
totey =-1 x—S5y=-4 


43. Geometry Determine the angle between the diago- 
nal of a cube and the diagonal of its base, as shown 
in the figure. 


FIGURE FOR 43 FIGURE FOR 44 


44. Geometry Determine the angle between the diago- 
nal of a cube and its edge, as shown in the figure. 


45. Wrench Size Express the distance y across the flat 
sides of a hexagonal nut as a function of r, as shown 
in the figure. 


~«<————_. \ ——__ >| 


x 


46. Bolt Circle The figure shows a circular sheet of 
diameter 40 centimeters. The sheet contains 12 
equally spaced bolt holes. Determine the straight- 
line distance between the centers of the bolt holes. 


47. Geometry A regular pentagon (a pentagon with 
congruent sides and angles) is inscribed in a circle of 
radius 24 inches. Find the length of the sides of the 
pentagon. 

48. Geometry A regular hexagon (a hexagon with con- 
gruent sides ‘and angles) is inscribed in a circle of 
radius 24 inches. Find the length of the sides of the 
hexagon. 


Trusses In Exercises 49 and 50, find the lengths of 
all the unknown members of the truss. 


Harmonic Motion In Exercises 51-54, for the simple 
harmonic motion described by the trigonometric 
function, find (a) the maximum displacement, (b) the 
frequency, and (c) the least positive value of ¢ for 
which d = 0. Use a graphing utility to verify your 
results. 


51. d = 4 cos 8zt 
53. d = % sin 1407 


52. d = }cos 20mt 
54. d= 4sin792at 


Harmonic Motion In Exercises 55-58, find a model 
for simple harmonic motion satisfying the specified 
conditions. 


Displacement (t = 0) Amplitude Period 
553 0 8 cm 2 sec 
56. 0 3m 6 sec 
Sis 3 in. 3 in. 1.8 sec 
58. 2 ft Curt 10 sec 


59. Tuning Fork A point on the end of a tuning fork 
moves in the simple harmonic motion described by 
d=asin wt. Find w given that the tuning fork 
for middle C has a frequency of 264 vibrations per 
second. 


60. 


61. 


62. 


Wave Motion A buoy oscillates in simple har- 
monic motion as waves go past. At a given time it is 
noted that the buoy moves a total of 3.5 feet from its 
low point to its high point, and that it returns to its 
high point every 10 seconds. Write an equation that 
describes the motion of the buoy if it is at its high 
point at t = 0. 


Equilibrium 


Springs 
The weight is pushed 3 inches above the point of 
equilibrium and released. Its motion is modeled by 


A weight stretches a spring 1.5 inches. 


y= * cos Is es 


where y is in feet and f is in seconds. 
(a) Use a graphing utility to graph the function. 
(b) What is the period of the oscillations? 


(c) Determine the first time the weight passes the 

point of equilibrium (y = 0). 
Numerical and Graphical Analysis A 2-meter- 
high fence is 3 meters from the side of a grain stor- 
age bin. A grain elevator must reach from ground 
level outside the fence to the storage bin. The objec- 
tive is to determine the shortest elevator meeting the 
constraints. 


63. 


64. 
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(a) Complete four rows of the table. 


0.1 am — ~ | 23.0 
| 
9) 3 
Dat Cora aden 3 eee 


(b) Use a graphing utility to generate additional 
rows of the table. Use the table to estimate the 
minimum length. 


(c) Write the length L as a function of 0. 


(d) Use a graphing utility to graph the function. Use 
the graph to estimate the minimum length. How 
does your estimate compare with that of part (b)? 


Data Analysis The times S of sunset (Greenwich 
Mean Time) at 40° north latitude on the 15th of each 
month are: 1(16:59), 2(17:35), 3(18:06), 4(18:38), 
3(19:08), 6(19:30), 7(19:28), 8(18:57), 9(18:09), 
10(17:21), 11(16:44), 12(16:36). The month is repre- 
sented by ¢, with tf = | corresponding to January. A 
model (where minutes have been converted to the 
decimal part of an hour) for this data is 


t 
S(t) = 18.09 + 1.41 sin( 2 " 4.60), 


(a) Use a graphing utility to graph the data points 
and the model in the same viewing window. 

(b) What is the period of the model? Is it what you 
expected? Explain. 


(c) What is the amplitude of the function? What 
does it represent in the model? Explain. 


Numerical and Graphical Analysis The cross sec- 
tions of an irrigation canal are isosceles trapezoids 
where the length of three of the sides is 8 feet. The 
objective is to find the angle 6 that maximizes the 
area of the cross sections. 
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8 8 + 16 cos 20° | 8 sin 20° 


(a) Complete six rows of the table. 


(b) Use a graphing utility to generate additional rows 
of the table. Use the table to estimate the maxi- 
mum cross-sectional area. 


(c) Write the area A as a function of 0. 

(d) Use a graphing utility to graph the function. Use 
the graph to estimate the maximum cross- 
sectional area. How does your estimate compare 
with that of part (b)? 


65. Data Analysis ‘The table shows the average sales 
S (in millions of dollars) of an outerwear manufac- 
turer for each month t, where tf = | represents Jan- 
uary. 


(a) Create a scatter plot of the data. 


(b) Find a trigonometric model that fits the data. 
Graph the model on your scatter plot. How well 
does the model fit? 


(c) What is the period of the model? Do you think it 
is reasonable given the context? Explain your 
reasoning. 


(d) Interpret the meaning of the model’s amplitude 
in the context of the problem. 


66. Numerical and Graphical Analysis Consider the 
shaded region outside the sector of the circle of 
radius 10 meters and inside the right triangle. 


10 


(a) Write the area A of the region as a function of 6. 
Determine the domain of the function. 


(b) Use a graphing utility to complete the table. 


Salita 
en 


(c) Use a graphing utility to graph the function over 
the appropriate domain. 


(d) What does the area approach as @ approaches 
a/2? 


Synthesis 


True or False? In Exercises 67 and 68, determine 
whether the statement is true or false. Justify your 
answer. 


22.56 


67. In the right triangle shown below, a = tan 41.9°° 


a 
A 22.56 C 
68. N 24° E means 24 degrees north of east. 


Review 


In Exercises 69-72, perform the operation and 
simplify. 


Ve l x — 10 x +10 
69. — SSS 
bso © eh 3, al . 2(x — 5) - oe 5) 
7 3x2 — 13x + 4 x3 + 3x? — 18x 
* 42+ 8x + 12 12x? — 4x 
py pcb gil geomet sic. 


Lo 8) Xo) Oy 


In Exercises 73-76, solve the equation. (Round your 
answer to three decimal places.) 


aus 


73. e* = 54 14 
it 2 


= 100 


75. InG? + 1) = 3.2 ee es 


In Exercises 77-80, use a calculator to approximate 
the value of the expression. Round your answer to two 
decimal places. 
77. arccos 0.13 
79, arcsin(—0.11) 


78. arcsin 0.96 
80. arctan(— 12) 


What did you learn? 
Section 5.1 


L] How to describe angles 


CL] How to use degree measure 
L] How to use radian measure 
L] How to convert between degree and radian measure 


L] How to use angles to model and solve real-life problems 


Section 5.2 

L] How to evaluate trigonometric functions of acute angles 

L] How to use the fundamental trigonometric identities 

L] How to use a calculator to evaluate trigonometric functions 


L] How to use trigonometric functions to model and solve real-life problems 


Section 5.3 
L] How to evaluate trigonometric functions of any angle 
L] How to use reference angles to evaluate trigonometric functions 


L] How to evaluate trigonometric functions of real numbers 


Section 5.4 
L] How to sketch the graphs of basic sine and cosine functions 


L] How to use amplitude and period to help sketch the graphs of sine and 
cosine functions 


L) How to sketch translations of graphs of sine and cosine functions 


LJ How to use sine and cosine functions to model real-life data 


Section 5.5 
L) How to sketch the graphs of tangent functions 


LJ How to sketch the graphs of cotangent functions 
(J How to sketch the graphs of secant and cosecant functions 


(1 How to sketch the graphs of damped trigonometric functions 


Section 5.6 
CL] How to evaluate inverse sine functions 
C1 How to evaluate other inverse trigonometric functions 


C1 How to evaluate compositions of trigonometric functions 


Section 5.7 
O How to solve real-life problems involving right triangles 
OC How to solve real-life problems involving directional bearings 


OC How to solve real-life problems involving harmonic motion 


¢ Chapter Summary 


Review Exercises 
ee 

3-18 

19-26 

27-34 

35-40 


41-44 
45, 46 
47-50 
STso2 


53-72 
73-84 
85-88 


89-92 


93-102 
103-112 
113, 114 


115-122 
123-126 
127-136 
137-140 


141, 142 
143-150 
151-154 


155-158 
159, 160 
161 
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5.1 In Exercises 1 and 2, determine whether the 
angle is positive or negative. 


ik 2. 


In Exercises 3-6, (a) sketch the angle in standard 
position, (b) determine the quadrant in which the 
angle lies, and (c) list one positive and one negative 
coterminal angle. 


3. 40° 
Sie. 1.0% 


4, 190° 
6. —405° 


In Exercises 7-10, find the complement (if possible) 
and supplement of each angle. 

Tae™ 8. 94° 

halal 10. 49° 


In Exercises 11-14, convert the measure to decimal 
degree form. Round your answer to two decimal 
places. 
115139916" 65" 
13 e 224556 


12. —234° 40” 
14. 280° 850” 


In Exercises 15-18, convert the measure to D°M’S” 
form. 


TS 5,29% 
17.0 05.30" 


16. 25.8° 
18) =327.93° 


In Exercises 19-22, (a) sketch the angle in standard 
position, (b) determine the quadrant in which the 
angle lies, and (c) list one positive and one negative 
coterminal angle. 


7 40a 
Oe 20. 
ices yee da 


In Exercises 23-26, find the complement (if possible) 
and supplement of each angle. 


aT 137 

6 = DAS am 
2 8 18 
377 27 
Pos. To 26. a1 


In Exercises 27-30, convert the measure from radians 
to degrees. Round your answer to two decimal places. 


3 
7,22 against 

7 5 
29, —3.5 30. 1.55 


In Exercises 31-34, convert the measure from degrees 
to radians. Round your answer to four decimal places. 


31. 480° Sonar Lee 
S33 ona - 34. 84° 15’ 


35. Find the radian measure of the central angle of a 
circle with a radius of 12 feet that intercepts an arc of 
length 25 feet. 


36. Find the radian measure of the central angle of a 
circle with a radius of 60 inches that intercepts an arc 
of length 245 inches. 


37. Find the length of the are on a circle with a radius of 
20 meters intercepted by a central angle of 138°. 


38. Find the radius of a circle with a central angle of a 
that intercepts an arc of length 8.5 kilometers. 


39. Difference in Latitudes Assuming that the earth is 
a sphere of radius 6378 kilometers, what is the dif- 
ference in latitude of two cities, one of which is 600 
kilometers due north of the other? 


40. Angular Speed A car is moving at a rate of 28 
miles per hour, and the diameter of its wheels is 
about 24 feet. 


(a) Find the rotational speed of the wheels in revolu- 
tions per minute. 


(b) Find the angular speed of the wheels in radians 
per minute. 


52) In Exercises 41-44, find the exact values of the 
six trigonometric functions of the angle 0 given in the 


figure. 
41. 42. 
10 aa 3 
6 
10 
we || 
12 

43. 44. 

i vA 

aay | 
12 

In Exercises 45 and 46, use trigonometric identities to 


transform one side of the equation into the other. 
45. csc Otan 6 = sec 0 


cot 6 + tan 0 


46. cat = sec’ 0 


In Exercises 47-50, use a calculator to evaluate each _ 


function. Round your answer to four decimal places. 
47. (a) cos 84° (b) sin 6° 
48. (4) csc 52 12” (b) sec 54° 7’ 


W T 
49. (a) cos (b) sec 4 


50. (a) tan (2) (b) cot (37) 


51. Altitude of Elevation Find the altitude of the 
triangle shown. 


12m 


x 


52. Width of a River An engineer is trying to deter- 
mine the width of a river. From point P, the engineer 
walks downstream 125 feet and sights to point Q. 
From this sighting, it is determined that 6 = 62°. 
How wide is the river? 
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eee 


SESE P< 125 mele oe 
FIGURE FOR 52 


5.3 | In Exercises 53-58, find the six trigonometric 
functions of the angle 6 (in standard position) whose 
terminal side passes through the given point. 


53. (12, 16) 54. (—4, —6) 
55. (—7, 2) 56. (4, —8) 
57. (2, 3) 58. (x,4x), x >0 


In Exercises 59-62, find the remaining five trigono- 
metric functions of 0 satisfying the given conditions. 
59. sec@ = 2 tané@ < 0 

60. tan@ = es) sin 6 > 0 

61. sind = = cos @ < 0 

62. cos 0 = =e, sin@ > 0 


In Exercises 63-68, evaluate the trigonometric func- 
tion without using a calculator. 


“Uf i 
63. tan — 64. = 
an 3 sec 4 
= 5 
65. sin 7) 66. coi(- 2) 
67. cos 495° 68. csc 270° 


In Exercises 69-72, use a calculator to evaluate the 
trigonometric function. Round to two decimal places. 


69. tan 33° 70. csc 105° 


12 
71. sec oe 72. sin( - z) 


In Exercises 73-76, find the reference angle for the 
given angle. 


73._ 264° 24e-6op., 
677 177 

thy se ils = 
5 3 
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In Exercises 77—84, evaluate the sine, cosine, and tan- 
gent of the angle without using a calculator. 


Vik, 2LEO 78. 315° 
WS = POY 80. —315° 
OT lla 
81. — 4 82. 6 
7 1 
ae = 5 84. 3 


In Exercises 85-88, find the point (x, y) on the unit 
circle that corresponds to the given real number ¢. Use 
the result to evaluate sin ¢, cos ¢, and tan ¢. 


27 1% 
85. xe 86. mn 

1% 397 
87. 6 88. a 


5.4 | In Exercises 89-92, sketch the graph of the 
function. 
89. f(x) = 3 sinx 
91. f(x) = t sin x 


90. f(x) = 2 cos x 

92. f(x) = + cos x 

In Exercises 93-96, find the period and amplitude. 
93. 


Vi SICOSHEG 


3.14 


In Exercises 97-108, sketch the graph of the function. 
97. f(x) = 3 cos 27x 98. f(x) = —2 sin mx 


99. f(x) =5 sin = 100. f(x) =8 cos(- *) 


101. f(x) = ~$ cos(*} 102. f(x) = =} sin 


103. f(x) = 3 sin(x — 7) 
104. f(x) = 3 cos(x + zm) 
105. f(x) =4 sin( x — 2) 
106. f(x) = 5 sim(ax) — 3 
107. f(x) = -3 cos( 3 a 2) 
108. fix) = 4 — 2 cos(4x + 7) 


In Exercises 109-112, find a, b, and c for the function 
f(x) = acos(bx — c) so that the graph of f matches 
the graph shown. 


109. 


111. 


Sales In Exercises 113 and 114, use a graphing util- 
ity to graph the sales function over one year, where S 
is the sales (in thousands of units) and ¢ is the time (in 
months), with ¢=1 corresponding to January. 
Determine the months of maximum and minimum 
sales. 


113. S484 61 cos 
114.05 = 5625 o-.0,50.sin o 


EE] In Exercises 115 and 116, find a and 5 for 
f(x) = a tan bx so that the graph of f matches the 
graph shown. 


115. 116. 


In Exercises 117-136, sketch the graph of the func- 
tion. 


117. f(x) = -tan™ 118. f(x) = 4 tan mx 


4 
1 TX T 
119. f(x) = ——tan™ . fx) = 2 
f(x) a tan 5 120. f(x) tan(x + =) 
1 

121. f(x) =- tan(x = 2) 122. f(x) =2 + 2tan = 
4 2 3 

3 1 TX 

123. f(x) = 3 cot~ . fle) = = cot 

3. f(x) = 3 cot 5 124. f(x) 5 cot 5 


125. fix) = Seoi{x = Z| 


126. f(x) =4 coi(x * 2) 


127. (4) = 5 sec x 128. f(x) = 4cscx 
129. f(x) = i csc 2x 130. f(x) = 5 sec 2ax 
131)°7(x) = seo(x = 7) 


132. f(x) = 5 ese(2x + 7) 
133 (G) —"2 sec — 7) 
434, f(x) = —2 csc — 7) 


135. f(x) = ese( 3x ~ z) 


136. f(x) = 3 eso( 2x " z) 


In Exercises 137-140, sketch the graph of the function 
and the damping factor of the function by hand. Use 
a graphing utility to verify your graph. 

137. f(x) = e* sin 2x 138. f(x) = 2x cos x 

139. f(x) = x sin 7x 

140. f(x) = 2.5e-*/* sin 27x 


EJ In Exercises 141-144, evaluate the expression 
without using a calculator. 

(b) arcsin 4 

ww 

2 


141. (a) arcsin 1 
2 
142. (a) aresn( —~2) 


2 
143. (a) arccos ~~~ 


144. (a) arctan(— /3) 


(b) arcsi 


(b) reco 4) 


(b) arctan(— 1) 
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In Exercises 145-148, use a calculator to approximate 
the value of the expression. (Round your answer to 


three decimal places.) 
145. (a) arccos 0.42 
146. (a) arcsin(— 0.94) 
147. (a) arctan(—12) 


(b) arcsin 0.63 
(b) arccos(—0.12) 
(b) arctan 21 


148. (a) arctan 0.81 (b) arctan 6.4 


In Exercises 149 and 150, use an inverse trigonomet- 
ric function to write 0 as a function of x. 


149. 150. 
Saas - 
Za Zo 

20 


In Exercises 151-154, write an algebraic expression 
for the given expression. 


151. seclarcsin(x — 1)] 152. tan arccos *) 


2 


153. sn( arceos Z * 154. csc(arcsin 10x) 


x2 


5.7 | 155. Angle of Elevation ‘The height of a radio trans- 


mission tower is 70 meters, and it casts a shadow 
of length 45 meters. Find the angle of elevation of 
the sun. 


XXXKE 


XXX 


156. Shuttle Height An observer 2.5 miles from the 
launch pad of a space shuttle launch measures the 
angle of elevation to the base of the shuttle to be 25° 
soon after lift-off. How high is the shuttle at that 
instant? (Assume the shuttle is still moving verti- 
cally.) 
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DS) 10s 
FIGURE FOR 156 


157. Railroad Grade _ A train travels 3.5 kilometers on 
a straight track with a grade of 1° 10’. What is the 
vertical rise of the train in that distance? 


158. Distance Between Towns A passenger in an 
airplane flying at an altitude of 37,000 feet sees 
two towns directly to the left of the airplane. The 
angles of depression to the towns are 32° and 76°. 
How far apart are the towns? 


ep i ES 


we "37,000 ft 


159. Navigation An airplane flying at 490 miles per 
hour has a bearing of N 46° W. After flying 1.8 
hours, how far north and how far west has the plane 
traveled from its point of departure? 


160. Distance From city A to city B, a plane flies 650 
miles at a bearing of N 48° E. From city B to city C, 
the plane flies 810 miles at a bearing of S 65° E. 
Find the distance from A to C and the bearing from 
AMO G: 


161. Wave Motion A buoy oscillates in simple har- 
monic motion as waves go past. At a given time it 
is noted that the buoy moves a total of 6 feet from 
its low point to its high point, and that it returns to 
its high point every 15 seconds. Write an equation 
that describes the motion of the buoy if it is at its 
high point at t = 0. 


High point 


Equilibrium 


Low point 


Synthesis 


True or False? In Exercises 162-165, determine 
whether the statement is true or false. Justify your 
answer. 
sin 60° 
sin 30° 
164. y = sin @is not a function because 

sin 30° = sin 150°. 

3 3 

165. tan =" =-—| arctan(— 1) = ot 
166. In your own words, explain the meaning of (a) an 

angle in standard position, (b) a negative angle, (c) 

coterminal angles, and (d) an obtuse angle. 


162. = Sin” 163. tan|(0.8)?] = tan?(0.8) 


167. A fan motor turns at a given angular speed. How 
does the speed of the tips of the blades change if a 
fan of greater diameter is installed on the motor? 
Explain. 


¢ Chapter Project 451 


Chapter Project: 


In this project, you will find and use models relating to the carbon dioxide level 
of the earth’s atmosphere. 


Since 1958, the Mauna Loa Climate Observatory in Hawaii has been collecting 
data on the carbon dioxide level of the earth’s atmosphere. The table shows the 
average monthly readings for January of each year from 1974 through 1999. The 
readings measure the carbon dioxide concentration in parts per million. 
(Source: National Oceanic Atmospheric Administration, Climate Monitoring and 
Diagnostic Laboratory, CarbonCycle-Greenhouse Gases) 


349.0 351.5 352.9 354.2 355.5 356.3 357.0 


a. Enter the data in the table into a graphing utility. (Let t = 0 represent 1970.) 
Draw a scatter plot for the data. Does the data appear to be modeled best with 
a linear, quadratic, or exponential model? 


b. Find the linear, quadratic, or exponential model that you think best fits the 
data. 


Questions for Further Exploration 2. Use a graphing utility to graph the revised model. 


3. Make a careful sketch of the model for | year. What 
1 The data in the table represents the carbon dioxide 


levels for January of each year. Throughout each 
~ year, the level oscillated as follows. 


_ ¢ In April, the average reading was about 2.5 parts 

per million higher than the average reading given 
_ by the model in part (b) above. 

_ ¢ In July, the average reading was the same as the 

average ae given by the model in part (b) 
~ above. 

° In October, the average reading \ was about 2) 
_ parts per million lower than the average reading 

given by the model in part (b) above. 

- Use a sine function to rewrite the model found in 

— part (b) above so that the model incorporates the 

described oscillations. 


physical factors on the earth would contribute to the 
oscillation in the carbon dioxide level during the 
year? 


. Is the model you ae periodic? Explain your 


reasoning. 


. Use the model to estimate A level of carbon 


dioxide in the earth’s atmosphere in the following _ 
years. 


(a) 2000 
(b) 2010 | 
(ce): 2020 © 


. What significance does the trend in the carbon 


dioxide level in the earth’s atmosphere have? 
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Take this test as you would take a test in class. After you are done, check your 
work against the answers in the back of the book. : 
1. Consider the angle of magnitude 57/4 radians. 
(a) Sketch the angle in standard position. 
(b) Determine two coterminal angles (one positive and one negative). 
(c) Convert the angle to degree measure. 


2. A truck is moving at a rate of 90 kilometers per hour, and the diameter of its 
wheels is 1 meter. Find the angular speed of the wheels in radians per minute. 


3. Find the exact values of the six trigonometric functions of the angle @ shown 
in the figure. 


4. Given that tan 6 = a find the other five trigonometric functions of 6. 


5. Determine the reference angle 0’ of the angle @ = 290° and sketch 6 and 6’ 
in standard position. 


6. Determine the quadrant in which 6 lies if sec 6 < O and tan 0 > 0. 


7. Find two values of @ in degrees (0 < 0 < 360°) if cos @ = —./3/2. (Do not 
use a calculator.) 


8. Use a calculator to approximate two values of 6 in radians (0 < 0 < 27) if 
csc 8 = 1.030. Round the result to two decimal 
places. 


9. Find the five remaining trigonometric functions of 6, given that sec 6 = a 


and tan 0 < 0. 


In Exercises 10-15, graph the function through two full periods without 
using a graphing utility. 


10. g(x) = —2 sin(x — 2) 11. f(a) = 4 tan 2a 
125 /G)= 5 sec(x — 7) 13. f(x) = 2 cos(a — 2x) + 3 
12% abe cso + 2) (es) = feoi(x = 2) 


In Exercises 16 and 17, use a graphing utility to graph the function. If the 
function is periodic, find its period. 
16. y = sin 27mx + 2 cos mx 17. y= 6e- 24 cos(0) 251), Olaat ase 32 


18. Find a, b, and c for the function f(x) = a sin(bx + c) so that the graph of f 
matches the graph at the right. 


19. Find the exact value of tan(arccos 2) without using a calculator. 


In Exercises 20-22, sketch the graph of the function 


2007 (.) = 2 arcsin( 5x) 21 ei ia)t = arccose: PI. IAC = arctan 5 


23. A plane is 160 miles north and 110 miles east of an airport. If the pilot wants 
to fly directly to the airport, what bearing should he take? 


24. From a 100-foot roof of a condominium on the coast, a tourist sights a cruise 


@) 


The Interactive CD-ROM and Internet 
versions of this text provide answers to 
the Chapter Tests and Cumulative Tests. 
They also offer Chapter Pre-Tests (that 
test key skills and concepts covered in 
previous chapters) and Chapter Post- 
Tests, both of which have randomly 
generated exercises with diagnostic 
capabilities. 


1,4) 


FIGURE FOR 3 


FIGURE FOR 18 


\nalytic Trigonometry 


: Using Fundamental Identities 

| Verifying Trigonometric Identities 

- Solving Trigonometric Equations 

Sum and Difference Formulas 
Multiple-Angle and Product-Sum Formulas 


Andy Lyons/Allsport 


A football thrown by a quarterback follows a parabolic path. The horizontal distance the football travels 
depends not only on the speed of the throw, but on the angle at which the ball is thrown, 


: Important Vocabulary 


Ss: you encounter each new vocabulary term in this chapter, add the term and its definition to your notebook glossary. 


reduction formulas (p. 484) © power-reducing formulas (p. 491) ® product- -to-sum formulas (p. 493) | 
ib age. formulas aS eo ee formulas (p. 492) ® sum-to-product formulas (p. 494) 


Aditional Resources rae additional resources are available to help you do well in this course. See page xvi for details 
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6.1 Using.Fundamental identities... 


Introduction 


In Chapter 5, you studied the basic definitions, properties, graphs, and applica- 
tions of the individual trigonometric functions. In this chapter, you will learn how 
to use the fundamental identities to 


1. evaluate trigonometric functions, 

2. simplify trigonometric expressions, 

3. develop additional trigonometric identities, and 
4 


. solve trigonometric equations. 


Fundamental Trigonometric Identities 


Reciprocal Identities 


: 1 
sin. u = cos u = tan u = 
CSC ul Sec U cot u 
1 il 
cscu == sec u = cot u = 
sin u COS u tan u 
Quotient Identities 
sin u COS u 
tan u = cotu = — 
COS U sin u 
Pythagorean Identities 
sin? u + cos?.u = 1 1 + tan? uv = sec? u 1 + cot? u = esc? u 


Cofunction Identities 


sea ie T : 
sin| — — u} = cosu cOs|— = u| = sin u 
2 2 


eee 
= ul) = con cot|— — uw} = tan 
2 2 : 
(z cso( 2 
ee ——u]}=secu 
sec{ > — u) = esc u 5 
Even/Odd Identities 
sin(—u) = —sinu sec(—u) = secu tan(—u) = —tanu 
esc(—u) = —cscu cos(—u) = cosu _cot(—u) = —cotu 


Pythagorean identities are sometimes used in radical form such as 
sinu = +./1 — cos*u or tanu = +/sec2u — 1 


where the sign depends on the choice of u. 
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Using the Fundamental Identities 


One common use of trigonometric identities is to use given values of trigono- 
metric functions to evaluate other trigonometric functions. 


The Interactive CD-ROM and Jnternet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions 
to additional examples. Integrated 
Examples are related to several concepts 


EXAMPLE 1 


Using Identities to Evaluate a Function 


Use the values sec u = = and tan u > 0 to find the values of all six trigono- 


metric functions. 


Solution in the section. 
Using a reciprocal identity, you have 
1 ] ) 
osu = = ast 
secu —3 2Ap Si decpens 


Using a Pythagorean identity, you have 


Sine w= ~le—.COS* Pythagorean identity 
9 2 

=) = e | Substitute —$ for cos u. 

1 s Simplif 
= ee 000) en 

Om i Rene ee ee 
niger 

2 Simplif 
=-, implify. 

9 


; in the Fade of Example is 
To do this, graph 


Because sec u < Oandtanu > 0, it follows that u lies in Quadrant III. Moreover, 


because sin u is negative when u is in Quadrant III, you can choose the negative : 
Taste 


root and obtain sin u = —./5/3. Now, knowing the values of the sine and cosine, yy =i cos? 
you can find the values of all six trigonometric functions. andere 
5 1 a ; ee es 
bees csc u = —— = -—= Yo Sin ne 
3 sin u 45 F mete : 
in the same viewing window, as 
2 ot Tah WP eoelaa6) shown below. The two graphs 
ae ES ES appear to coincide, so the 
é expressions appear to be equiv- — 
tanu = ead) ~v5/3 = v5 cot u = ! = pes alent. Remember that in order to 
cos Wyble 12/3 2 tanu 5 be certain that two expressions 


are equivalent, you need to 
show their equivalence alge- 
braically, as in Example 2. 


EXAMPLE 2 _ Simplifying a Trigonometric Expression 


Simplify sin x cos?.x — sin x. 


2 
Solution 
First factor out a common monomial factor and then use a fundamental identity. | 
sin x cos? x — sin x = sin x(cos? a 1) Factor out monomial factor. sd 3.14 
= —sin x(1 — cos? x) Distributive Property 
piow 


I| 


—sin x(sin? x) 


—sin? x 


II 


Pythagorean identity 


Multiply. 
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EXAMPLE 3 _ Verifying Trigonometric Identities 


Determine which of the following appears to be an identity. 


R URS oc 7 
a. cos 3x = 4cos?x — 3cosx b. cos 3x = sin( 3 = 4 


Numerical Solution Graphical Solution 


a. Use the table feature of a graphing utility set 
in radian mode to create a table that shows 
the values of y, =cos3x and y,= 
4 cos? x — 3 cos x for different values of x, as 
shown in Figure 6.1(a). The values of y, and y, 
appear to be identical, so cos3x= 
4 cos? x — 3 cos x appears to be an identity. 


a. Use a graphing utility set in radian mode to graph y, = cos 3x 
and y, = 4cos*x — 3 cos x in the same viewing window, as 
shown in Figure 6.2(a). Because the graphs appear to coincide, 
cos 3x = 4.cos* x — 3 cos x appears to be an identity. 

b. Graph y, = cos 3x and y, = sin(3x — 7/2) in the same view- 
ing window, as shown in Figure 6.2(b). Because the graphs do 
not coincide, cos 3x = sin(3x — 7/2) is not an identity. 


b. Create a table that shows the values of 
y, = cos 3x and y, = sin(3x — a/2) for dif- 
ferent values of x, as shown in Figure 6.1(b). 
The values of y, andy, are not identical, so 
cos 3x = sin(3x — 7/2) is not an identity. 


yy =4 cos? x —3 cos x 


(a) (b) 


[nar ae Figure 6.2 
(a) (b) 


Figure 6.1 


EXAMPLE 4 Verifying a Trigonometric Identity 


sin 6 cos 6 
Verify the identit of = ! 
erify o ONEN Ss ang er csc 0 
Algebraic Solution Graphical Solution 


Use a graphing utility set in radian 
and dot modes to graph y, and y, in the 
same viewing window, as shown in 
Figure 6.3. Because the graphs appear to 


sin 0 cos @ (sin 6)(sin 6) + (cos @)(1 + cos 6) 
iEtcos 6 sin 0 (1 + cos 6)(sin 6) 


sin? 6 + cos? 6 + cos 6 


Multiply. Shite ' : 
(1 + cos 6)(sin 8) ulnply coincide, this equation appears to be an 
ee identity. 
s : 
ore (1+ cos B(sin 6) Pythagorean identity Ne a 0 cos 0 
see 4 “! 14cos@~ sin@ 
= csc 0 Divide out common factor 


and use reciprocal identity. 


Notice how the identity in Example 4 is verified. You start with the left 
side of the equation (the more complicated side) and use the fundamental 
trigonometric identities to simplify it until you obtain the right side. 


4 


Figure 6.3 
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When factoring trigonometric expressions, it is helpful to find a polynomial form 
that fits the expression, as shown in Example 5. 


EXAMPLE 5 Factoring Trigonometric Expressions 


Factor each expression. 


a. sec2@ — 1 
b. 4 tan? 6+ tan 6 — 3 


Solution 
a. Here the expression has the polynomial form u* — v? (the difference of two 
squares), which factors as 


sec? § — ] = (sec 6 — 1)(sec 6 + 1). 
b. This expression has the polynomial form, ax? + bx + c, and it factors as 
A tan’ @ +-tan 6 — 3 = (4 tan 6 — 3)(tan @ +-1). 


On occasion, factoring or simplifying can best be done by first rewriting the 
expression in terms of just one trigonometric function or in terms of sine or cosine 
alone. These strategies are illustrated in Examples 6 and 7. 


EXAMPLE 6 Factoring a Trigonometric Expression 


Factor csc? x — cotx — 3. 


Solution 
You can use the identity csc? x = 1 + cot? x to rewrite the expression in terms of 


the cotangent alone. 


csc? x — cotx — 3 = (1 + cot? x) — cotx — 3 Pythagorean identity 
= cot? x — cotx’— 2 Combine like terms. 
=(cotx — 2)(cotx + 1) Factor. 


EXAMPLE 7 — Simplifying a Trigonometric Expression 


Simplify sin tf + cot ¢ cos ¢. 


Solution 
Begin by rewriting the expression in terms of sine and cosine. 


cos t 
sin t + cotfcost = sint + (eJeos t Quotient identity 
sin t 


sin? t + cos? t 
SS SSS Add fractions. 


sin ¢ 
I Atal 
== Pythagorean identity 
sin ft 
—aCSG\L Reciprocal identity 
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The last two examples in this section involve techniques for rewriting expressions 


ry 


into forms that are used in calculus. 


EXAMPLE 8 _ Rewriting a Trigonometric Expression 


Rewrite sett Reo: so that it is not in fractional form. 

duce Sin ey 
Solution 
From the Pythagorean identity cos?.x = 1 — sin?x = (1 — sinx)(1 + sinx), 
you can see that by multiplying both the numerator and the denominator by 
(1 — sin x) you will produce a monomial denominator. 


1 = 1 . 1 — sin x Multiply numerator and denominator 
ee Sin tsi el asin x by (1 — sin x). 
isin x a 
x EELS ee ultiply. 
le Sin x, 
1 sin x 
a twa we Pythagorean identity 
COS*~ Xx 
1 sin x 


7 > Write as separate fractions. 
COS* xX COS~ xX 


1 sin x 1 


a Write as separate fractions. 
COS~ x COSX COSX 


= sec? x — tan x sec x Reciprocal and quotient identities 


rs 


EXAMPLE 9 Trigonometric Substitution 


Use the substitution x = 2 tan 6, 0 < 6 < w/2, to express /4+ x? as a 
trigonometric function of 0. 


Solution 
Begin by letting x = 2 tan 6. Then you can obtain 


J4 + x? = /4 + (2 tan 6)? Substitute 2 tan 6 for x. 
= ./4(1 + tan? 6) Distributive Property 
= ./4 sec* 0 Pythagorean identity 
= 2 sec 0. sec @ > Ofor0 < 0< F 


Figure 6.4 shows the right triangle illustration of this substitution. For 
0 < 6 < 7/2, you have 


opposite = x, adjacent = 2, and hypotenuse = \/4 + x2. 


Try using these expressions to obtain the result shown above. 


Figure 6.4 
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In Exercises 1-14, use the given values to evaluate (if 
possible) the remaining trigonometric functions. 


ik, Sine === as aa 
O 7° x 5 
5 3 
2Z.csc@——, tan @=— 
Cc 3 an 7 
2 
3. sec 0 = ./2, sing = -~2 
JS3 3 
4) (Rise = —=—=,  COSee = — = — 
3 Dy) 
5. tan ay = ayeel 
3 54° wee = A 
/ 26 
6 Lo= = 6 a 
cot d sin d 7G 
7. seecd=-—1, sngd=0 
8 cos( = - )=2 cos ues 
le a aa 
Daf5 
9. sin(—x) = —-, anx= 2° 
ii), @xex? = 5, aeekiee S= 6) 
titan = 4, sin 6 = 0 
W2esecig —s 35) tani i—<a0 
13. sn @=—1, cotd=0 
14. tan @is undefined, sin 6 > 0 


In Exercises 15-18, fill in the blanks. (Note: x ct 
indicates that x approaches c from the right, and 
x —c™ indicates that x approaches c from the left.) 


19. csc x sin x 20. 

21. tan? x — sec? x Ppa 

33) 24. 
cos(—x) 


tan x Cos x 

(1 — sin? x)(sec x) 
sin[(a/2) — x] 
cos[ (7/2) — x] 


In Exercises 25-30, match the trigonometric expres- 


sion with one of the following. 


(a) csc x (b) cot x 

(d) sinxtanx (e) sec*x 

25. COs x csc x 26. 

27. sect x — tan* x 28. 
2x- 1 

29, = 30. 
sin? x 


(c) cos? x 
(f) sec? x + tan? x 


Sin: x(¢s¢7 x72 |) 

cot x sec x 

cos?[ (7/2) — x] 
cos x 


In Exercises 31-44, use the fundamental identities to 
simplify the expression. Use the table feature of a 
graphing utility to check your result numerically. 


15. Asx5 , sinx—> 
16. Asx—70*, cosx> 
17. As aa , tanx> 


18. Asx 7, sinx> 


and csc x > 


and sec x > 


and cot x> 


and csc x > 


SLs cotx sinx 32. cos B tan B 
33. sin d(csc d — sin d) 34.- sec? x(1 = sin? x) 
35. cot x 36. sec 0 
csc x csc 0 
i 1 
Biase agi = 
tan a (igine Se se Ml 
39, sin(— x) A0 vie 
cos x sec~ 0 
41. sin = «ese BG 42. coi(2 = Joos. 
2 2 
43. _ See te 44. cos ¢(1 + tan? £) 
1 sinvy 


In Exercises 45-52, verify the identity algebraically. 
Then use a graphing utility to check your result 
graphically. 

45. csc @ tan 6 = sec 6 


46. cos @sec 6 — cos? 6 = sin? 6 


In Exercises 19-24, match the trigonometric expres- 7 6  cosO_ hee 
sion with one of the following. ure eam 1 SO 
1 b) cos x c) cotx sec? @ — tan? @ + tan 6 
ei y . , 48. = cos 6 + sin 0 
(d) 1 (e) —tanx (f) sin x sec 6 
The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all odd-numbered Section 


and Review Exercises. They also provide Tutorial Exercises, which link to Guided Examples for additional help. 
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sin? @ 
lis Coste 


50. tan 0 sg SEE pers vate 


1 + sec 6 tan 0 
T 
eso 5 a) 


oie tan(— 6) a 


49. | — cos 0 


cot(— 6) % 


Le csc 0 


—cos 0 =68e @ 


In Exercises 53-62, verify the identity algebraically. 
Then use the table feature of a graphing utility to 
check your result numerically. 


53. sin 0 + cos @cot 6 = csc 8 
54. (sec 9 — tan 6)(csc 9 + 1) = cot 6 
55. Ce an 6 
1 — sin 0 
il sp exe @ 
20: Corot cos 6 al ? 
sin@  cos@ 
ab csc @ secO 
58. Atlan Game: 4 
sec 0 
1 + cos 6 sin 0 
oh sin 0 ects on” 
; rf WE 
60. sin o cos 8 __ cos 6 — sin 6 Seni yews 
sin 0 cos 0 


61. In|csc 6| = —In|sin 6| 
62. In|1 + cos 6| + In|1 — cos 6| = 2 In|sin 6| 


In Exercises 63-70, factor the expression and use the 
fundamental identities to simplify. Use a graphing 
utility to check your result graphically. 

63. 
64. 


65. sin? x sec? x — sin? x 


cot? x — cot? x cos? x 


sec? x tan? x + sec? x 


66. escume Il 
CSC Yi wl 
67. tant x + 2tan?x + 1 
68. 
69. 


70. 


1 — 2sin? x + sin+ x 
sint x — cos* x 


sec? x — sec2xx — secx + 1 


In Exercises 71-74, perform the multiplication and 
use the fundamental identities to simplify. 

71. (sin. Cos x)? 

72. (cot x + csc x)(cot x — csc x) 

73. (secx.+ 1)(sec.x — 1) 

74. (3 — 3 sin x)(3 + 3 sin x) 


In Exercises 75-78, perform the addition or subtrac- 
tion and use the fundamental identities to simplify. 
1 1 
+ 
Lee COsey 
1 1 
“ secx + 1 


We 
ll = © 3: 


ear | 


COs Xx il a= Sin sy 


ed. 


il Sse Sin ze cos x 
¥. 
sec? 


Xx 
The, (ein se = f 


an Xx 


Pe) In Exercises 79-82, rewrite the expression so that it is 
not in fractional form. 


2 9 
sin- y > 
LS >. ae 
Il = GOS 5 tan x + secx 
3 tan? x 
Sl SS Sy. 
SCC tae Lalneg GWE Se AF || 


Numerical and Graphical Analysis In Exercises 83- 


86, use a graphing utility to complete the table and 
graph the functions. Make a conjecture about y, and 
Y2: 


T ; 
83. y, = cos( 7 me x), Vora Sux 
9) 4 
84. y, = cosx + sinxtanx, y, = secx 
COS X es aASine 
$3... 2c seaeaoaenie an alent 
Uhoiaansyialon ; COS x 
86. y, = sec*x — sec?x, y, = tan? x + tan’ x 


In Exercises 87-90, use a graphing utility to deter- 
mine which of the six trigonometric functions is equal 
to the expression. 


$7. cos x cotx + sin x 88. sin x(cot x + tan x) 
cos x 
Li: sinx 


1 + si 
90. A sin 6 i 
DN COStG, 


89. sec x — 


ov} 
1 + sin 0 


In Exercises 91-96, use the trigonometric substitution 
to write the algebraic expression as a trigonometric 
function of 0, where 0 < 0 < 7/2. 


91. /25 — x2, x=5sin0 
92. /16 — 4x2, x=2sin0 
93../x2 =-9, x=3sec 0 
94. /x?—4, x=2sec 0 
95. /x2 +25, x=5tand 
96. /x? + 100, x = 10tan@ 


In Exercises 97-100, use a graphing utility to solve the 
equation for 0, where 0 < 0 < 27. 


97. sin @ = -/1 — cos? @ 98. cos 6 = —/1 — sin? 0 
99. sec 9 = /1 + tan? 8 100. tan 8d = V/sec” 6 — 1 


In Exercises 101-104, rewrite the expression as a 
single logarithm and simplify the result. 


101. In|cos 6| — In|sin 6| 102. In|csc 6| + In|tan 6| 
103. In(1 + sin x) — In|sec x| 
104. In|cot ¢| + In(1 + tan? r) 


In Exercises 105-108, use the table feature of a graph- 
ing utility to demonstrate the identity for the given 
values of 0. 


277 
105. csc? 6 — cot? 6= 1, (a) 6= 132°, (b) 6= ae 


106. tan? 6+ 1 = sec? 0, (a) 6 = 346°, (b) 0 = 3.1 


107. cos( = 0) = sin 6, (a) 6 = 80°, (b) 0=0.8 


108. sin(— 0) = —sin 0, (a) 0 = 250°, (b) 0= i 


109. Rate of Change The rate of change of the 
function f(x) = —cscx — sinx is given by the 
expression csc xcotx — cosx. Show that this 


: : aa 
expression can also be written as cos x cot* x. 
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Synthesis 
True or False? In Exercises 110-113, determine 


whether the statement is true or false. Justify your 
answer. 


in k@ 
110. Ze = tan 6, kis aconstant. 
cos k@ 
111. = 5sec 0 
5 cos 0 
112. sin Ocsc 0 = | 113. sin Ocsc d = 1 


114. Express each of the other trigonometric functions 


of 6 in terms of sin 0. 


115. Express each of the other trigonometric functions 


of @ in terms of cos @. 


Review 


In Exercises 116-121, find the reference angle 0’ and 
sketch 6 and @’ in standard position. 


116. 6 = 254° ily, @ = Bane 

118. 9 = —178° 1), @= =2D12 
137 357 

12050 — 5 Ding 6 


In Exercises 122-125, sketch the graph of the 
function. 


123. f(x) = —2tan™ 


122. f(x) = sin TIX 5 


124. f(x) = fcoi(s + “| 


125. f(x) = = cos —7m)+3 


In Exercises 126-129, solve the right triangle shown in 
the figure. (Round your answers to two decimal 
places.) 

126. B = 80°, a = 16 
128. a= 14, b=8 


127. A = 28°, c = 20 
129. b = 6.2, c = 12.54 
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Introduction 


In this section, you will study techniques for verifying trigonometric identities. In 
the next section, you will study techniques for solving trigonometric equations. 
The key to both verifying identities and solving equations is the ability to use the 
fundamental identities and the rules of algebra to rewrite trigonometric expres- 
sions. 


Remember that a conditional equation is an equation that is true for only some of 
the values in its domain. For example, the conditional equation 


sin x = 0 Conditional equation 


is true only for x = nz, where n is an integer. When you find these values, you 
are solving the equation. 

On the other hand, an equation that is true for all real values in the domain 
of the variable is an identity. For example, the familiar equation 


cine aie COs Identity 


is true for all real numbers x. So, it is an identity. 


Verifying Trigonometric Identities 


Although there are similarities, proving that a trigonometric equation is an iden- 
tity is quite different from solving an equation. There is no well-defined 
set of rules to follow in verifying trigonometric identities, and the process is best 
learned by practice. 


Guidelines for Verifying Trigonometric Identities 


1. Work with one side of the equation at a time. It is often better to work with 
the more complicated side first. 


2. Look for opportunities to factor an expression, add fractions, square a bino- 
mial, or create a monomial denominator. 


a) 


Look for opportunities to use the fundamental identities. Note which func- 
tions are in the final expression you want. Sines and cosines pair up well, 
as do secants and tangents, and cosecants and cotangents. 


> 


If the preceding guidelines do not help, try converting all terms to sines and 
cosines. 


5. Try something! Even making an attempt that leads to a dead end gives 
insight. 


A computer animation of this concept 
appears in the Jnteractive CD-ROM and 
Internet versions of this text. 


N. ancy Dudley/Stock Boston 
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EXAMPLE 1 Verifying a Trigonometric Identity 


2) 
Verify the identity eg gah sin? 6. 


sec? 6 
Solution 
Because the left side is more complicated, start with it. 


pecs nel Ui(tan? OFF 1) — 1 


Pythagorean identity 


sec? 6 sec? 6 
tan? 6 
= Simplify. 
sec? 6 é 
The Interactive CD-ROM and Internet 
= tan? A(cos? )) Reciprocal identity versions of this text offer a built-in graph- 
dyies ing calculator, which can be used with 
_ sin 6 es; couistbet tee the Examples, Explorations, and 
cost @ ss Exercises. 
= sin* 0 Simplify. 


Here is another way to verify the identity in Example 1. 


pec Ol sec* 0 ae | 
sec? 6 sec? @ sec” 6 
= 1 — cos?@ 
= sin’ 0 


There can be more than one way to verify an identity. Your method may differ 
from that used by your instructor or fellow students. This is a good chance to be 
creative and establish your own style, but try to be as efficient as possible. 


EXAMPLE 2 Combining Fractions Before Using Identities 


1 1 
Verity the identity ———.»— + —————— = 2 sec” a. 
thes me ot cy 1+ sina 
Algebraic Solution Numerical Solution 
1 | We tints 1° daw Use the table feature of a graphing utility set in 
ae rage = @). Ge ES Add fractions. radian mode to create a table that shows the 
Se ae & en values of y, =1/(1 — sin x) +1/(1 + sin x) 
ir 2 are and y, = 2/cos* x for different values of x, as 
aged Oy eae shown in Figure 6.5. From the table, you 
can see that the values appear to be identical, so 
= Pythagorean identity 1/(1 — sin x) + 1/11 + sinx) =2 sec? appears 
COs" a@ to be an identity. 
= 2 sec*a Reciprocal identity 


Figure 6.5 
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EXAMPLE 3 Verifying a Trigonometric Identity 
Verify the identity (tan?x + 1)(cos*x — 1) = —tan?x. 


Solution 
By applying identities before multiplying, you obtain the following. 


(tan?x + 1)(cos?x — 1) = (sec? x)(—sin? x) Pythagorean identities 
sin? x pia 
= Reciprocal identity 
COS? 
sin x \? 
— Rule of exponents 
cos x 
= —tan? x Quotient identity 


You can use a graphing utility to verify your results by graphing both sides of the 
original identity in the same viewing window, as shown in Figure 6.6. The graphs 
appear to coincide. 


Figure 6.6 


EXAMPLE 4 Converting to Sines and Cosines 


Verify the identity tan x + cot x = sec x csc x. 


Solution 
In this case there appear to be no fractions to add, no products to find, and no 
opportunity to use one of the Pythagorean identities. So, try converting the left 
side into sines and cosines to see what happens. 

Site COSY 


tan x + cotx = Si Quotient identities 
cos x sin x 


sin?x + cos? x 


= a | ae Add fractions. 
cos X SIN X 
I 
= ee Pythagorean identity 
COS x SIN Xx 
1 1 


= Product of fractions 
COS X SIN X 


= SEGXCSGX Reciprocal identities 


Recall from algebra that rationalizing the denominator is, on occasion, a 
powerful simplification technique. A related form of this technique works for 
simplifying trigonometric expressions as well. 
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EXAMPLE 5 Verifying a Trigonometric Identity 


Verify the identity sec x + tanx = —— 
t=" sine 
Algebraic Solution Graphical Solution 


Work with the right side because you can create a monomial 
denominator by multiplying the numerator and denominator 
by (1 sin x). 


Use a graphing utility set in radian and dot modes 
to graph y, = secx + tanx = 1/cosx + tanx and 
y> = cos x/(1 — sin x) in the same viewing window, 
as shown in Figure 6.7. Because the graphs appear to 


COs x COS yeaa SIN X Multiply numerator sho : 
ice te ae G and denominator by coincide, sec x + tanx = cos x/(1 — sin x) appears 
sin x sin x sin x (1 + sin x). fo bean ene 
cos x + COs x sill x 
= ee al Multiply. 


1 — sin? x 


cosx + cosxsinx 
= bra Ss ee Pythagorean identity 
COS] xX —~11.00 I ye i 
COs se COS SIN 4 
= Farrar Separate fractions. 


COS” x COs? x 
1 sin x ae 
= cits Simplify. 
COSEGET ICOSH: Figure 6.7 
= sec x + tanx Identities 


In Examples | through 5, you have been verifying trigonometric identities by 
working with one side of the equation and converting to the form given on the 
other side. On occasion it is practical to work with each side separately to obtain 
one common form equivalent to both sides. This is illustrated in Example 6. 


EXAMPLE 6 Working with Each Side Separately 


Cot.) ae SiO 


Verify the identity a a 


Solution 
Working with the left side, you have 
enn. csc’ oI 
ie Csc.0 » Lacs. 0 


(csc 6 — 1)(cse-O-F T) 


SS) Ee a a Factor. 


1S est 0 


=csc@-— 1. Simplify. 


Pythagorean identity 


Now, simplifying the right side, you have 


igeaasine © sl sin 0 


; = ae co a Separate fractions. 
sin 0 sin@ sing 


= ose. — 1: Reciprocal identity 


The identity is verified because both sides are equal to csc 6 — 1. 
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In Example 7, powers of trigonometric functions are rewritten as more compli- 
cated sums of products of trigonometric functions. This is a common procedure 
used in calculus. 


™ 


EXAMPLE 7 Three Examples from Calculus 
Verify each identity. 


arian =" tanl x sec" x — tank 
D.1sin- cos ¥.—"|cOs 4 — COs -x)sin.x 


c. sec’x tan*x = (tan*x + tan*x)sec*x 


Solution 
a. tan*x = (tan? x)(tan? x) Write as separate factors. 
= tan’ x(sec? ie 1) Pythagorean identity 
= tan? x sec? x — tan? x Multiply. 
Dissin-su.cos. % — sin cos cin Write as separate factors. 
= (1 — cos? x)cos™x sin x Pythagorean identity 
= (cos? ¥1— Cos’) sin x Multiply. 
@ sec x tana — sec: xan x sec? x Write as separate facors. 
= (15+ tan-.x)tan- «sec x Pythagorean identity 
= (tan?x + tan* x)sec? x Multiply. 


Suppose you are tutoring a student in trigonometry. One of the homework 
problems your student encounters asks whether the following statement is an 
identity. =e : 


5 
tan % sin?x = 6 fan x 


Your student does not attempt to verify the equivalence algebraically, but 
mistakenly uses only a graphical approach. Using window settings of 
—3a < x < 3m with an x-scale of 7/2, and —20 < y < 20 witha y-scale of 

_1, your student graphs both sides of the expression on a graphing utility and 
concludes that the statement is an identity. 


Write a short paragraph explaining what is wrong with your student’s 
reasoning. 
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In Exercises 1-10, verify the identity. In Exercises 19 and 20, find the error. 
isin fcsot.= 1 2. tan y cot y= 1 19. (1 + tan x)[1 + cot(—x)] 
ese- % x 
ay = csexseex- 4. cot? (sec =" 1) = 1 UP dee cet) 
cot x = 1 + coLx > tan x tan x cot % 
5. cos’ Bp — sin” B = | — 2 sin? B = 1+ cotx + tanx + 1 
6. ces? 6 — sin? B = 2 cos? B — 1 = 2+ cotx + tanx 
7. tan? 9+ 6 = sec? 9+ 5 ec Gs) eS er 
Se2. csc a=) = cot" Zz * sin(— 6) + tan(—@) sin 6 — tan 0 
9. cos x + sin x tanx = sec x x | — sec 0 
cot? t | )| 
a 2 ee 
10. aide 698 t(csc2 t — 1) (sin al ( 4 
eS LSE? 
Numerical, Graphical, and Algebraic Analysis In sin 0(1 — sec 6) 
Exercises 11-18, use a graphing utility to complete the 1 
table and graph the functions. Use both as evidence ey 
that y, = y,. Then verify the identity algebraically. ee: 
= csc 


In Exercises 21 and 22, fill in the missing step(s). 


21. sec* x — 2 sec*x + 1 = (sec? x — 1)? 


1 = an? x 
Dave, “yz — ese x — sin X 
sec x tan x sin x cos x 
csex—! tan x — cot x cosx "sin x 
1 yh CSC x 1 ee Se 
| = Ging fant eCOLN sinx  cosx 


13; y, = cscx — sin x, y, = cosxcotx COS 4 east 
14. y, =secx —cosx, y, = sinxtanx 
sin? x — cos? x 


15. y, = sinx + cosxcotx, y, = cscx = 
1 


sec x 4, tan x 


eee en 2 (sec x + tan x)? = sin? x — cos? x 

1 1 . : 
i P= la ara y> = tanx + cot x =) l= 2 cos x 
18sy7= Ls gpateed yy =see c= COS x In Exercises 23-32, verify the identity. 


’ 
cosx  secx 
23. sin'/2 x cos x — sin>/? x cos x = cos? x/sin x 


24. sec®x(sec x tan.x) — sec*x(sec x tanx) = sec>x tan?x 
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T 
MS ian( 2 = x) sec X = CSC Xx 


sil (a/2) x] ; 
26. Be ee = cot x 


Seat) E 


Die = Shins 


esc(—x) 
28. (1 + sin y)[1 + sin(—y)] = cos? y 


29. Bec OE aren tg eter '6 
1 + sin(—@) 


yy teeta epee 
* cos(— 6) + cot(— 6) 


31 sinxcosy + cosxsiny  tanx + tany 
“ cosxcosy — sinxsiny 1 — tanxtany 
tan x + tany 
32) 

i tan etan ye cot xcoty — | 


Coe a Cony 


In Exercises 33-40, verify the identity algebraically, 
and use the table feature of a graphing utility to 
confirm it numerically. 

tan x + cot y 


33 Ge tan COL. 
tan x cot y 


COS COS) MSIL 3 SII 


34. — : 
sin x + sin y cos x + COS y 
35. plat ound 1 = sin 0 
c= ssin 9 N |cos'G| 


36. pee US Oya abe OSG 
1 + cos 6 |sin 6| 


37. cos?x + cos? = ~ x) = jl 


38. sec? y — cot (3 > y) = 1 
39. sec x sin( 7 = x) = | 

? 
40. eso(2 — x) — | = tan?x 


In Exercises 41-52, verify the identity algebraically, 
and use a graphing utility to confirm it graphically. 


41. 2 sec? x — 2 sec? x sin? x — sin? x — cos? x = 1 


F sin x — COS x 
42. csc x(csc x — sin x) + ——————— _ + cot x = csc? x 


sin x 
43.24; cos*x — 3 cos*x = sin?x(2 + 3 cos? x) 


44. 4tan+x + tan? x — 3 = sec? x(4 tan? x — 3) 
45. csct x — 2csc2x + 1 = cot*x 

46. sin x(1 — 2 cos? x + cos*x) = sin? x 

47. sect 6 — tan* 6 = 1 + 2 tan? 0 

48. csc* 6 — cott 6 = 2 csc? 6 — 1 


sin 1 + cos 
49. B = : P 
L+1cos. 6 sin B 
cot a CSCO Maia ll 
50. = 
exe Gy = Il cot a 
tan-a — 1 
51. ————- = tan?’a + tana+ 1 
(igi @y = I 
5.8 3 
sin + cos 3 
sd eS 1 — sin Bcos B 
sin B + cos B 


Conjecture In Exercises 53-56, use a graphing util- 
ity to graph the trigonometric function. Use the graph 
to make a conjecture about a simplification of the 
expression. Verify the resulting identity algebraically. 


1 1 
53. y= 
a COU aan min sr se ll 
COS x sin Xx COS x 
54. y= eee 
jl = (aie? Siar — COSa 
1 cos? x 
5. y= = 
sin x sin x 
, t-t 
562 = Sint 
csc ¢ 


In Exercises 57-60, use the properties of logarithms 
and trigonometric identities to verify the identity. 

57. In|cot 6] = In|cos 6| — In|sin 6| 

58. In|sec 6] = —In|cos 6| 

59. —In(1 + cos 6) = In(1 — cos @) — 2 In|sin 9] 

60. —In|csc @ + cot 6| = In|csc 6 — cot 6| 


In Exercises 61-64, use the cofunction identities to 
evaluate the expression without using a calculator. 


61. sin? 25° + sin? 65° 

62. cos* 14° + cos? 76° 

63. cos? 20° + cos? 52° + cos? 38° + cos? 70° 
64. sin? 12° + sin? 40° + sin? 50° + sin? 78° 


q¥ In Exercises 65-68, the powers of trigonometric 


functions are rewritten to be useful in calculus. Verify 
the identity. 

65. tan> x = tan? x sec? x — tan? x 

66. tan? x sec? x= sec* x(sec x tanx) — sec? x(sec x tan x) 
67. cos? x sin? x = (sin? x — sin* x)cos x 

68. sin*x + cos*x = 1 — 2 cos?x + 2 cos*x 


69. Friction The forces acting on an object weighing 
W units on an inclined plane positioned at an angle 
of 6 with the horizontal are modeled by 


LW cos 6 = Wsin 0 


where y is the coefficient of friction. Solve the equa- 
tion for yw and simplify the result. 


70. Shadow of a Sundial The length s of a shadow © 


cast by a vertical gnomon (column or shaft on a sun- 
dial) of height / when the angle of the sun above the 
horizon is 6 can be modeled by the equation 


h sin(90° — 6) 
——— 
sin 6 
Show that the equation is equivalent to s = h cot 0. 


71. Rate of Change The rate of change of the func- 
ion ()i— six tecsox is given by cos x — 
csc x cot x. Show that the expression for the rate of 
change can also be given by —cos x cot? x. 


Synthesis 


True or False? In Exercises 72-75, determine 
whether the statement is true or false. Justify your 
answer. 


72. There can be more than one way to verify a trigono- 
metric identity. 
73. Of the six trigonometric functions, two are even. 


74. In(cos x) = cos(In x) 


6.2 © Verifying Trigonometric Identities 469 
75. sin(x?) = sin?(x) 


Think About It In Exercises 76-79, explain why the 
equation is not an identity and find one value of the 
variable for which the equation is not true. 


76. ~/ tan’ x = tan.x 77. sin.6@.= +/1 — cos? 6 
78. tan 0 = ~/sec? 9 — 1 
79, ./sin? x + cos? x = sinx + cosx 


80. Verify that for all integers n 
[= + ue 

OS a 

2 

81. Verify that for all integers n 
fs 7 v2] 1 
Si ee Ne 

6 2 


Review 


In Exercises 82-85, find a polynomial function with 
integer coefficients that has the given zeros. (There 
are many correct answers.) 
$2. 1756 —Sr 

$4.°4°6 + 1,6— 1 


CBh hy iy ey See 
ce, OF @, 2.) =o 
In Exercises 86-89, sketch the graph of the function 
by hand. 
$6: fix) = 27> 3 
88. f(x) =)! 


$7. jo) = —-2 = 
89 (Qa 5s" = 2 


In Exercises 90 and 91, find the measure of the angle 
in radians. 


90. 9 91. 26 
Ae NN 


In Exercises 92-95, state the quadrant in which @ lies. 


92. csc 0 > O and tan 0 < 0 
93. cot 6 > O and cos 6 < 0 
94. sec 0 > O and sin 6 < 0 
95. cot 9 > O and sec 6 < 0 
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6.3  Solving..cigonometric..Equations. — 


Introduction 


To solve a trigonometric equation, use standard algebraic techniques such as col-' 
lecting like terms and factoring. Your preliminary goal is to isolate the trigono- 
metric function involved in the equation. 


EXAMPLE 1 Solving a Trigonometric Equation 


2sinx-—1=0 Original equation 
2 sinx = | Add 1 to each side. 
sinx = Divide each side by 2. 


To solve for x, note that the equation sin x =} has solutions x = 7/6 and 
x = 52/6 in the interval [0, 27r). Moreover, because sin x has a period of 27, 
there are infinitely many other solutions, which can be written as 

Ti 


T 
x= 6 + 2na7 and x= 5% + 2nw General solution 


where n is an integer, as shown in Figure 6.8. 


Figure 6.8 


Another way to see that the equation sin x = , has infinitely many solutions is 
indicated in Figure 6.9. Any angles that are coterminal with 7/6 or 5727/6 are also 
solutions of the equation. 


Superstock 


sin (2 e 2nn) = 5 sin (z He 2nn) = + 


Figure 6.9 
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EXAMPLE 2 Collecting Like Terms 


Find all solutions of sin x + 2 = —sin x in the interval [0, 277). 

Algebraic Solution Numerical Solution 
Rewrite the equation so that sin x is isolated on one side of Use the table feature of a graphing utility set in radian 
the equation. mode to create a table that shows the values of 
sinx + /2 = —sinx Write original equation. hap ES v2 and os a ae anes 
ras of x. Your table should go from x = 0 to x = 27 using 
sinx + sinx = —./2 ed ee ioe eae the table of z7/ : as ae in oe pee 
a Oe athe rom the table, you can see that the values of y, and y, 

=—/2 lik 5: : : 
gout v2 ame appear to be identical when x ~ 3.927 ~ 57/4 and 
; 9) a x ~ 5.4978 ~ 77/4. These values are the approximate 
SI a= Divide each side by 2. P : aS ; 
D solutions of sinx + 2 = —sinx. 


The solutions in the interval [0, 277) are 


Yi Wis 
— and ei 
4 4 


x= 


Figure 6.10 


EXAMPLE 3 _ Extracting Square Roots 


Solve 3 tan? x — 1 = 0. 


Solution 
Rewrite the equation so that tan x is isolated on one side of the equation. 
Siac =,0 Write original equation. 
3 tan?x = 1 Add | to each side. 
! he 
tan? x = 3 Divide each side by 3. 
2s : E 
tale as xtract square roots. 
ve 


Because tan x has a period of 7, first find all solutions in the interval [0, a). These 
are x = 77/6 and x = 57/6. Finally, add n7 to each of these solutions to get the 
general form 


7 hy 
YT, and x= 6a + na General solution = Sy 


where n is an integer. The graph of y = 3 tan? x — 1, shown in Figure 6.11, 


confirms this result. Figure 6.11 
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The equations in Examples 1, 2, and 3 involved only one trigonometric 
function. When two or more functions occur in the same equation, collect all 
terms on one side and try to separate the functions by factoring or by using appro- 
priate identities. This may produce factors that yield no solutions, as illustrated in 
Example 4. 


EXAMPLE 4 Factoring 


Solve cot x cos? x = 2 cot x. 


Solution 
cot x cos? x = 2 cot x Write original equation. 
COLUCOS- % 12, Coty = 0 Subtract 2 cot x from each side. 
COL MICOS" 2) = 0 Factor. 


By setting each of these factors equal to zero, you obtain the following. 


COL — 0 and cos? x — 2 = 0 
bagi cos* x = 2 
2 
cosx =+/2 


The equation cot x = 0 has the solution x = 7/2. No solution is obtained from 
cosx = +./2 because +./2 are outside the range of the cosine function. 
Therefore, the general form of the solution is obtained by adding multiples of 7 
to x = 7/2, to get 


T 
x= A P iagy General solution 


where n is an integer. The graph of y = cot x cos* x — 2 cot. x, shown in Figure 
6.12, confirms this result. 


In Example 4, don’t make the mistake of dividing each side of the equation by 
cot x. Doing this would lose the solutions. Can you see why? 


Equations of Quadratic Type 


Many trigonometric equations are of quadratic type. Here are a few examples. 


Quadratic in sin x Quadratic in sec x 
Disa siti — le 0 sec? x — 3secx —2=0 
2(sin x)? — sinx —1=0 (sec x)? — 3secx -2 =0 


To solve equations of this type, factor the quadratic or, if factoring is not 
possible, use the Quadratic Formula. 


io) 
y =cot x cos“ x — 2 cot x 


9.42 


Figure 6.12 
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EXAMPLE 5 Factoring an Equation of Quadratic Type 


Find all solutions of 2 sin’ x — sinx — 1 = 0 in the interval [0, 277). 


Algebraic Solution Graphical Solution 


Treating the equation as a quadratic in sinx and 
factoring produces the following. 


Use a graphing utility set in radian mode to graph y = 
2 sin*x — sinx — 1 for 0 < x < 27, as shown in Figure 6.13. 
Use the zero or root feature or the zoom and trace features to 
approximate the x-intercepts to be 


Write original 
equation. 


(2sin x + 1)(sinx — 1-=0 Factor. 


2 sin? x — sinx — 1=0 


Pm STIE 1 ~ 3.665 ~ ees Toe 


Setting each factor equal to zero, you obtain the 6 


following solutions in the interval [0, 277). ; : 
These values are the approximate solutions of 2 sin? x — 


2) siss SE 1! =O and Sige = I = © sinx —1=0. 
1 
Sin se = 5 sin — 
Tq 117 7 
De Sat ae ay 
61.6 sce) 


So, the solutions in the interval [0,27) are 
a/2, 77/6, and 1177/6. 


ASE 
Zéro a oS 


X=1.5707957 Y=0 _ 


Figure 6.13 
In Example 5, the general solution would be 
710 lla 


TT 
x= Ss +2nt, x= ie + 2n7, x= ap + 2n7 General solution 


where n is an integer. 


When working with an equation of quadratic type, be sure that the equation 
involves a single trigonometric function, as shown in the next example. 


EXAMPLE 6 — Rewriting with a Single Trigonometric Function 


Solve 2.sin? x + 3 cosx — 3 = 0. 


Solution 
Begin by rewriting the equation so that it has only cosine functions. 


Dein? x + 3.c0s x —3 = 0 Write original equation. 
2(1, = cos?x)+_3.cosx — 3 = 0 Pythagorean identity 
z vice af = 
2 cos2x — 3cosx+1=0 Combine like terms and { y=2sin® x +3 cos x— 3 
7 multiply each side by —1. E a 


cosa 1)(cosx — 1) = 0 Pcie 1.05 |——- 


By setting each factor equal to zero, you can find the solutions in the interval 
[0, 27) to be x = 0, x = 7/3, and x = 52/3. The general solution is therefore 


7 Siege ; 
x0 = Dilip SS = ae Dae x= ae + 2ni7 General solution 


-6 


where n is an integer. The graph of y = 2 sin? x + 3 cos x — 3, shown in Figure Figure 6.14 
6.14, confirms this result. 
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Sometimes you must square both sides of an equation to obtain a quadratic. This 
can introduce extraneous solutions. 


EXAMPLE 7 Squaring and Converting to Quadratic Type 


Find all solutions of cos x + 1 = sin x in the interval [0, 277). 4 


Solution 
It is not clear how to rewrite this equation in terms of a single trigonometric func- 
tion. See what happens when you square both sides of the equation. 


cosx + 1 = sinx Write original equation. 
cos?x + 2cosx + 1 = sin*x Square each side. 
COs-a a 2 cosa 1 = 1 cos 4 Pythagorean identity 
2cos-x% + 2cosx = 0 Combine like terms. 
2 cos x(cos x + 1) = 0 Factor. 


Setting each factor equal to zero produces the following. 


2 COs 20 and COSier a aa) 
cos x = 0 cos —— | 
pee oe e 

BO eae 


Because you squared the original equation, check for extraneous solutions. Of the 
three possible solutions, x = 37/2 is extraneous. (Try checking this.) So, in the : 
interval [0,27r), the only solutions are x = m/2 and x = 7. The graph of of 
y = cos x + 1 — sin x, shown in Figure 6.15, confirms this result. 


In Example 7, the general solution is Figure 6.15 


T 
x= Bi + 2ni, x — m7 4 2na7 General solution 


where n is an integer. 
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Functions Involving Multiple Angles 


EXAMPLE 8 Functions of Multiple Angles 


Find all solutions of 2 cos 3t — 1 = O. y=2cos 3t-1 
5 ‘ 


Solution 
2008 3E—" 1 = 0 Write original equation. ol a 
2 cos 3t = 1 Add 1 to each side. 
1 
cos 3t = > Divide each side by 2. be z 


In the interval [0, 277), you know that 3f = 7/3 and 3t = 57/3 are the only solu- Figure 6.16 
tions. So in general, you have 


3t = Z + 2na7 and oa au = JN. 


Dividing this result by 3, you obtain the general solution 


aw nw 5a  2nw 
= S36 Se and (ee ae 
9 3 9 3 


General solution 


where v7 is an integer. This is confirmed graphically in Figure 6.16. 


EXAMPLE 9 Functions of Multiple Angles 


Find all solutions of 3 tan(>) +3 = 0. 


Solution 
xX 
3 tan 5 +3=0 Write original equation. 
X 
3 tan 5 = eee Subtract 3 from each side. 
xX 
tan 5 =-]| Divide each side by 3. 


In the interval [0, 7), you know that x/2 = 37r/4 is the only solution. So in gen- 
eral, you have 


eee oot 
SS SANT 
2 4 
Multiplying this result by 2, you obtain the general solution -16 
Figure 6.17 
Shae 
x= ie + Qn General solution 


where n is an integer. This is confirmed graphically in Figure 6.17. 
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Using Inverse Functions 


EXAMPLE 10 — Using Inverse Functions 


Find all solutions of sec? x — 2 tanx = 4. 


Solution 
sec? x — 2 tanx = 4 Write original equation. 
(7 Mtanex 2 tan — 45=)0 Pythagorean identity 
fan? x.—"2itanx 3 =10 Combine like terms. 
(tan x — 3)(tanx + 1) =0 Factor. 


Setting each factor equal to zero, you obtain two solutions in the interval 
(— 7/2, 7/2). [Recall that the range of the inverse tangent function is 


(— 2/2, 17/2).] 


tan x = 3, tanx = —1 
x = arctan 3 i —sarcian( 1) 
ees 
a y = tan? x=2:tan x — 3 


Finally, by adding multiples of 7, you obtain the general solution 


T 
ge = Eleoeia 3) ae iae and x= me + Nar General solution 


-1.57 1.57 
where v is an integer. This is confirmed graphically in Figure 6.18. eae 


With some trigonometric equations, there is no reasonable way to find the 
solutions algebraically. In such cases, you can still use a graphing utility to 
approximate the solutions. 


Figure 6.18 


EXAMPLE 11 = Approximating Solutions 


Approximate the solutions of x = 2 sin x. 


Solution 

The graph of y = x — 2 sin x is shown in Figure 6.19. From the graph, there 
appear to be three solutions. Using the zero or root feature or the zoom and trace 
features of a graphing utility, you can see that one solution is x = 0, and you can 
approximate the positive solution to be x ~ 1.8955. Finally, by symmetry, you 
can approximate the negative solution to be x ~ — 1.8955. 


y=x-—2 sin x 


3.14 


Figure 6.19 
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EXAMPLE 12 Surface Area of a Honeycomb 


The surface area of a honeycomb is given by the equation 


/3 — cos 0 


S = 6hs + S3( : 
2 sin 0 


) 00'S 907 


where h = 2.4 inches, s = 0.75 inch, and 0 is the angle indicated in Figure 6.20. ema pry 
1= 2.4 1N. 


a. What value of 6 gives a surface area of 12 square inches? 


b. What value of 0 gives the minimum surface area? 


Solution wy 
a. Leth = 2.4, 5 = 0.75, and S = 12. 5 = 0.75 in’ 


3 (4 — cos " Figure 6.20 
iD 
2 


sin 0 


S 
II 


3 ,( V3 — cos 6 
2 = 6(2.4)(0.75) + Serer 


/3 — cos *) 
ee 6 ).84375|— = 
sin 6 y = 0.84375 see +12 | 
re ; 005 eee 
f= 0.84375 ~>— <8 8) =1.2 ce 
sin 0 
Using a graphing utility set to degree mode, you can graph the function ; 
= oF 90 
y= 0.843752 a “) 12 a 
sin 0 : Pe SG Se Sen aoe al 
0.02 
as shown in Figure 6.21. Using the zero or root feature or the zoom and trace fea-___. 
Figure 6.21 


tures you can determine that 6 ~ 59.9° and 0 ~ 49.9°. 
b. From part (a), let h = 2.4, s = 0.75, and S = 12 to obtain 


awe: o.gag7s( 2 — oe) 
sin 0 


S = 10.8 + 0.84375 etal | 
sin @ 


The graph of this function is shown in Figure 6.22. Use the minimum feature or 
the zoom and trace features of a graphing utility to approximate the minimum 
point on the graph, which occurs at 6 ~ 54.7°. By using calculus, it can be shown 
that 


1 
= arcoos( —] = -54.7356° 


is the exact minimum value. Figure 6.22 


0 ! 
10 
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In Exercises 1-6, verify that the x-values are solutions In Exercises 11-24, solve the equation for 0 < x < 27. 
ieee es 11. 2cosx + 1=0 12. /2sinx + 1=0 
a 13. /3 secx — 2 =0 14. cotx +1=0 
One OP 15. 3csc2x -4=0 16. csc?x —2 =0 
: 17. 2 sin? 2x = 1 18. tan? 3x = 3 
oe) 19.4 cos ve — 20. cos x(cos x — 1) = 0 
(a) x= ad (Da = 212 sintx =3 cos x 22. tan 3x(tanx — 1) =0 
- : nee 23. (3 tan? x — 1)(tan?x — 3) =0 
a ae 24. cos 2x(2 cosx + 1) =0 
agi nee 
OES 12 Woes 12 In Exercises 25-42, find all solutions of the equation 
Ee i) = in the interval [0, 27) algebraically. Use the table 
. feature of a graphing utility to confirm your answers 
(ax = eg (b) x = = numerically. 
8 
COS Xp 26. tanr®*x —1=0 
5. 2 cos*xties cosx + l= 0 ena ees aye 
i 27. 3 tan? x = tanx 28.02 sin? x =2 4 cos % 
r= ie (eeu 29. sec? x — secx = 2 30. sec x csc x = 2 csc x 
a) 
6. sectx — 3 sec?x —4=0 31. 2sinx + cscx —0 32. sin 2x = -~2 
27 57 
(ay x= 8 Ou= = 33. cscx + cotx = 1 34tan 34 = 
: zZ 
; ; 35. cos oe v2 36. sec 4x = 2 
In Exercises 7-10, find the x-intercepts of the graph. 2 p) 
Use a graphing utility to check your solutions. on 1+ cosx _ 
"1—cosx 


7 fio | 8 in 7x oe 
5! = sia —— 5 2 = Sn qe ae (OS ee Aes 3 
2 » 385 2)sin? x Ss sine 0 


39. 2 sec? x + tan?x —-3 =0 


3 2 
a 405 cosa sin x tans — 2 
aes a [| [ \ 3 41. sec? x + tanx = 3 
-2 4 Ue) 42. csc? x — 4cotx = —2 
= =p 


In Exercises 43-48, use a graphing utility to approxi- 
man Ro mate the solutions of the equation in the interval 
oy = tan =) — 3 HOsie sect) el: [0, 277) by setting the equation equal to 0, graphing 
the new equation, and using the zero or root feature to 
3 4 approximate the x-intercepts of the graph. 


43. 9cosx +2 =3 44. 4sinx = cosx — 2 
45. 4sin®x=2cosx+1 46. csc?x =3cscx+ 4 
47. 4sin? x + 2 sin? x = 2sinx + 1 
a 3% Lsine cos x 

+ 


48. = = 
COSm ll se Siti 3 


In Exercises 49-56, use a graphing utility to approxi- 
mate the solutions of the equation in the interval 
[0, 277). 


cos x cot x 


49, 3} 50. 2cosx — sinx = 0 


AP STR 
Siexcosx = 1 = 0 52. 2X sinx —12 = 0 
SOusce «© Oo tanx — | 
SA scse a. 0.5. cota = 5 
SSlasin? x = 113 sinx + 3°="0 


56. 3tan?x + 4tanx —4=0 


In Exercises 57-60, approximate the solutions (to 
three decimal places) of the equation in the given 
interval. Use a graphing utility to check your result. 


59. 4 cos? x — 2sinx + 1 = 0, |-2.3| 
60. 2 sec? x + tanx — 6 = 0, |-2.3| 


In Exercises 61—64, consider the function in the inter- 
val [0, 277). (a) Use a graphing utility to complete the 
table. Then make a conjecture about any unit inter- 
vals containing a zero of the function. Give a reason 
for your answer. (b) Use a graphing utility to graph 
the function and determine any unit intervals con- 
taining a zero of the function. Do the results agree 
with those of part (a)? Explain. (c) Use a graphing 
utility to approximate the zero of the function. 


ee 


62. f(x) = xsecx — 1 


x 
61. f(x) = cot — x 


63. f(x) = sin?x + 2sinx — 1 
64. f(x) =4cos*x — 4cosx — | 


a In Exercises 65-68, (a) use a graphing utility to graph 


the function and approximate the maximum and min- 
imum points on the graph in the interval [0, 277], and 
(b) solve the trigonometric equation and verify that 
the x-coordinates of the maximum and minimum 
points of f are among its solutions (the trigonometric 
equation is found using calculus). 
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Function 
65. f(x) = sinx + cosx cosx — sinx = 0 
66. f(x) =3sinx —S5cosx 3cosx+5sinx =0 
67. f(x) =x sin 2x 
68. f(x) =2 sin x + cos 2x 
Fixed Point In Exercises 69 and 70, find the smallest 


positive fixed point of the function f. [A fixed point of 
a function f is a real number c such that f(c) = c.] 


Trigonometric Equation 


DEACOS ISO T Sine = 0) 


2cosx —4sinx cos x =0 


69. f(x) = tan 70. f(x) = cosx 


71. Graphical Reasoning Consider the function 
1 
{OQ} = cos = 
2s 


and its graph shown below. 
(a) What is the domain of the function? 
(b) Identify any symmetry or asymptotes of the 
graph. 
(c) Describe the behavior of the function as x > 0. 
(d) How many solutions does the equation 
cos a =0 
x 
have in the interval [—1, 1]? Find the solutions. 


(e) Does the equation cos(1/x) = 0 have a greatest 
solution? If so, approximate the solution. If not, 
explain. 


72. Graphical Reasoning Consider the function 
f(x) = aa and its graph on the following page. 
% 

(a) What is the domain of the function? 
(b) Identify any symmetry or asymptotes of the 

graph. 
(c) Describe the behavior of the function as x > 0. 
(d) How many solutions does the equation 

sm = 0 have in the interval [—8, 8]? 

x 


Find the solutions. 
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FIGURE FOR 72 

Harmonic Motion A weight is oscillating on the 
end of a spring. The position of the weight relative to 
the point of equilibrium is 


y = (cos 8t — 3 sin 87) 


where y is the displacement (in meters) and f is the 
time (in seconds). Find the times when the weight is 
at the point of equilibrium (y = 0) forO < ¢ < 1. 


> 
— 
a, 
— 
> 


Sales The monthly sales (in thousands of units) of 
a seasonal product are approximated by 


if 
GA 375 sin 


where f¢ is the time (in months), with ¢ = 1 corre- 
sponding to January. Determine the months when 
sales exceed 100,000 units. 


Position of the Sun Cheyenne, Wyoming, has a 
latitude of 41° N. At this latitude, the position of the 
sun at sunrise can be modeled by 


al Cp 
D= 31 sin( 22 f 14) 
where f is the time (in days) and t = | represents 
January 1. In this model, D represents the number of 
degrees north or south of due east that the sun rises. 
Use a graphing calculator to determine the days that 
the sun is more than 20° north of due east at sunrise. 


Projectile Motion A batted baseball leaves the bat 
at an angle of 6 with the horizontal and an initial 
velocity of vy = 100 feet per second. The ball is 
caught by an outfielder 300 feet from home plate. 
Find 6 if the range r of a projectile is 


Ee oe 
r = 39Vo Sin 20. 


Tis 


FIGURE FOR 76 


Projectile Motion A sharpshooter intends to hit 
a target 1000 yards away with a gun that has a muz- 
zle velocity of 1200 feet per second. Neglecting air 
resistance, determine the minimum angle of eleva- 


tion of the gun if the range is r = Ve sin 26. 


a 000 ys 


78. Area The area of a rectangle inscribed in one arch 


79. 


of the graph of y = cos x is 
yt 7 
2 <X< = 
(a) Use a graphing utility to graph the area function, 
and approximate the area of the largest inscribed 
rectangle. 


(b) Determine the values of x for which A > 1. 


A = 2x cos x, 


Damped Harmonic Motion The displacement 
from equilibrium of a weight oscillating on the end 
of a spring is y = 1.56e~°.??! cos 4.91, where y is the 
displacement (in feet) and ¢ is the time (in seconds). 
Use a graphing utility to graph the displacement 
function for0 < ¢ < 10. Find the time beyond which 
the displacement does not exceed | foot from equi- 
librium. 


80. Data Analysis 


81. 


The table gives the unemployment 
rate r for the years 1989 through 1996 in the United 
States. The time ¢ is measured in years, with t = 0 
corresponding to 1990. (Source: U.S. Bureau of 
Labor Statistics) 


(a) Create a scatter plot of the data. 


(b) Which of the following models best represents 
the data? Explain your reasoning. 


(i) r = 1.10 cos(t + 0.93) + 6.35 

(ii) r = 1.02 sin(0.98¢ + 5.12) + 6.26 
(iii) r = 1.04 sin[0.98(r + 5.81)] + 6.34 
(iv) r = 1.20 sin[0.95(t + 5.48)] + 6.20 


(c) What term in the model gives the average unem- 
ployment rate? What is the rate? 


(d) Economists study the lengths of business cycles, 
such as cycles in the unemployment rate. Based 
on this short span of time, use the model to give 
the length of this cycle. 


(e) Use the model to estimate the next time the 
unemployment rate will be 5.5% or less. 


Quadratic Approximation Consider the function 

f(x) = 3sin(0.6x — 2). 

(a) Approximate the zero of the function in the inter- 
val [0, 6]. 

(b) A quadratic approximation agreeing with f at 
x = Sis 
e(x) = —0.45x7 45-52% = 13-70. 
Use a graphing utility to graph f and g in the 
same viewing window. Describe the result. 


(c) Use the Quadratic Formula to find the zeros of g. 
Compare the zero in the interval [0,6] with the 
result of part (a). 
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Synthesis 


True or False? Yn Exercises 82 and 83, determine 
whether the statement is true or false. Justify your 
answer. 


82. All trigonometric equations have either an infinite 
number of solutions or no solution. 


83. The solutions of any trigonometric equation can 
always be found from its solutions in the interval 
[0, 277). 


84. Writing Describe the difference between verifying 
an identity and solving an equation. 


Review 


In Exercises 85-88, convert the angle measure from 
degrees to radians. Round your result to three deci- 
mal places. 


85. 124° 86. 486° 
87. —0.41° $8.5 210/53" 


a2 
ri 


In Exercises 89-92, solve for x. 


“a 


In Exercises 93-96, sketch the graph of the function. 


91. 


16 


OS hia) sin( x — 2) 94. f(x) = -6 cos 


95. f(x) = Lcoi(x = 2) 96. f(x) == 5 se0(2x + 7) 


482 Chapter 6 ® Analytic Trigonometry 


: , You Should Learn: 
Using Sum and Difference Formulas pee } 
ow to use sum and differ- 
In this and the following section, you will study the uses of several trigonometric ence formulas to evaluate 
identities and formulas. For proofs of these formulas see Appendix A. trigonometric functions 
® How to use sum and differ- 
ence formulas to verify identi- 
ties and solve trigonometric 
equations 


tanu + tany 


‘sin(u + v) = sinucosv + cosusiny _ tan(w + v) = ————_ 
fe ae ee reds 1 — tanutanv 
sin(u — v) = sinucos v — COS U SV You Should Learn It: 


-cos(u + v) = cos u COS V = sing u sin v t alu oe __tanu — tanv You can use sum and difference 
a ee 


cos(u — y) = = cosucosy + sinu sin yo 1s fen uiany formulas to rewrite trigonometric 
ae iia expressions. For instance, 
Exercise 65 on page 487 shows 
how to use sum and difference 
formulas to rewrite a trigonomet- 
ric expression in a form that helps 
you find the equation of a stand- 


sea eophing fds to graph y y sy. j + 2): and y =cosx + cos2i in ae : 
ame viewing window. What can a conclude about the graphs? Is it true He WY ANS: 
hat cos(x + 2) = cosx + cos oue oe 


se a eophing utility to a y> = ae +4) and y = sinx + sin 4 in the — 
ame viewing window. What can you conclude about the graphs? Is it true 
nat sin(x +4)=sinx+sin4? _ | - 


Examples 1 and 2 show how sum and difference formulas can be used to find 
exact values of trigonometric functions involving sums or differences of special 
angles. 


EXAMPLE 1 Evaluating a Trigonometric Function 


Find the exact value of cos 75°. 


Solution 


To find the exact value of cos 75°, use the fact that 75° = 30° + 45°. 
Consequently, the formula for cos(u + v) yields 


cos 75° = cos(30° + 45°) 


Richard Megna/Fundemental Photographs 


= cos 30° cos 45° — sin 30° sin 45° 
i 22) whe: | 
DN) 2 
Ye - V3 
ji : 


Try checking this result on your calculator. You will find that cos 75° ~ 0.259, 
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EXAMPLE 2 — Evaluating a Trigonometric Function 


Find the exact value of sin at 


Solution 
Using the fact that 7/12 = a/3 — 7/4 together with the formula for sin(u — v), 
you obtain 


sin 2 = sin(Z - 2) = sin eee 8 aT 

12 3 4 Bk eA eet ad 
- 32) - 1-2) Eee 
DPD, DAD wl? ee 


EXAMPLE 3 _ Evaluating a Trigonometric Expression 


Find the exact value of sin(u + v) given that 


ape a __k a 
sinu = 5, where 0 <u < and cosv = 137 Where, <v <i. 


Solution 


Because sin u = 4/5 and u is in Quadrant I, cos u = 3/5, as shown in Figure 
6.23(a). Because cos v = —12/13 and v is in Quadrant II, sinv = 5/13, as 
shown in Figure 6.23(b). You can find sin(u + v) as follows. 


sin(u + v) = sinucos v + cos u sin v 


Bele) Gls)" 2 
Bas 13 5/\13 65 65 65 


EXAMPLE 4 An Application of a Sum Formula 


Evaluate cos(arctan 1 + arccos x). 


Solution 
This expression fits the formula for cos(w +). Angles u = arctan! and 


v = arccos x are shown in Figure 6.24. 


1 XG 


Figure 6.24 
cos(u + v) = cos(arctan 1)cos(arccos x) — sin(arctan 1) sin(arccos x) 
1 1 ee 
= yx —- = JI 2 = 
x2 2 42) 


(a) 


(b) 


Ww 


Ws 


A 
—127=5 


Figure 6.23 


The Granger Collection, New York 
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EXAMPLE 5 Proving a Cofunction Identity 


: : 7 : 
Prove the cofunction identity cos(3 = x) = sin x. 


Solution 
Using the formula for cos(u — v), you have 


(z - \- ue Sesin — sin x 
COs 5 x |e = "Cos 5 cos x 5 
= (0)(cos x) + (1)(sin x) 


= sin x. 


Sum and difference formulas can be used to derive reduction formulas involv- 
ing expressions such as 


sin(@ + nz) and cos( oe mm) 


where 7 is an integer, as shown in the following example. 


EXAMPLE 6 _ Deriving Reduction Formulas 


Simplify each expression. 


3 
a. cos{ 0 — =") b. tan(@ + 37) 


Solution 


a. Using the formula for cos(u — v), you have 


(0 =) 9 30 cae 30 
cos| 6 — —] = cos @cos — + sin 6 sin — 
Z 5 i in 5 


(cos 0)(0) + (sin @)(—1) 
= —sin 0. 
b. Using the formula for tan(u + v), you have 
tan 6 + tan 37 
1 — tan @ tan 37 


evan Oi 0 
1 — (tan 6)(0) 


tan(@ + 37) = 


= tan 0. 


Note that the period of tan @ is 7, so the period of tan(@ + 37) is the same as the 
period of tan 0. 


The next example was taken from calculus. It is used to derive the formula for the 
derivative of the sine function. 


EXAMPLE 7 An Application from Calculus 


Verify that 
sin(x + h) — sinx oe a| sin *) S (sin (7 = €0S *) 
h h h 
where h # 0. 
Solution 


Using the formula for sin(u + v), you have 


sin(x +h) — sinx sinxcosh + cosxsinh — sin x 


h h 
_ cos x sinh — sin x(1 — cos h) 
h 
inh hi h 
= (Cos (5 — (sin »(= 22") 
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EXAMPLE 8 Solving a Trigonometric Equation 


Find all solutions of sin( x + 2) a sin( x = 2) = = 
in the interval [0, 277). 


Algebraic Solution 


Using sum and difference formulas, rewrite the equation as 


i E. i aoe i a cos a 1 
— = ae Si eS — = xsi1— = — 

sin x COs” cos x sin 7) x 4 4 
2 si Bis orf 
M7 Cosa == 

sin x ; 

2 
2(sin.0(~2) =-1 

D 
Sige 


Sin x == 
Therefore, the only solutions in the interval [0, 277) are 


=) 17 
jonemall and be Nir 


Graphical Solution 


Use a graphing utility set in radian mode to 
: 7 7 

graph y = sin(2 ne 2) a sin( 1 a 2) on 

as shown in Figure 6.25. Use the zero or root 

feature or the zoom and trace features to 

approximate the x-intercepts in the interval 

[0, 27r) to be 


Yi 1% 
x = 3.927 = 4 and x ~ 5.498 = 1° 


These values are the approximate solutions 
in the interval [0, 27) of 


sin( 2 + 2) ae sin( 2 = 7) = Sik, 


ajr=sin(e #2) sin(x—")+1 


4 


Figure 6.25 
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In Exercises 1-8, find the exact value of each expres- 
sion. 


a 
5 (@) COS aP = 


= 


T T 
(b) cos 6 SC OSsarg 


eye we 3 
2. (a) sin( 22 is =) (b) sin = + sin =" 
3. (a) sin( 7 = 2) (b) sin i — sin 
4. (a) cos( 2 = 2) (b) cos =m - cos 


5. (a) cos(0° + 135°) 
6. (a) cos(240° — 0°) 
7. (a) sin(315° — 60°) 
8. (a) sin(390° + 120°) 


(b)"cos 0 = cos 135° 
(b) cos 240° — cos 0° 
(b) sin 315° — sin 60° 
(b) sin 390° + sin 120° 
In Exercises 9-18, use the sum and difference formu- 


las to find the exact values of the sine, cosine, and tan- 
gent of the angle. 


OO}, WS? == BP se ey Omi — 454 — 302 
iil, Os? = G0} <P 45° IP, Gs? = 136? +e Shor 
16}, IQS Dey” — BO 14855 15304452 
15. Weg ekg 7 16. Lie ET 

2 4 6 12 6 4 
spate ett, FE ay Z 13 eg oe, 
12 © 4 1 3 4 


In Exercises 19-28, use the sum and difference for- 
mulas to write the expression as the sine, cosine, or 
tangent of an angle. 
19. cos'40* cos 15° — sin-40° sin. 15°” 
20. sin 110° cos 80° + cos 110° sin 80° 
21. sin 340° cos 50° — cos 340° sin 50° 
22. cos 20° cos. 30- + sin 20° sin 30° 
tan'3257— tan 86° tan 140° — tan 60° 
1 + tan 325° tan 86° * 1 + tan 140° tan 60° 
25,aSitis cs), 2) — COs 31st 1.2 
26. cos 0.88 cos 0.34 + sin 0.88 sin 0.34 


23. 


27. cos a (eres vig sin os sin al 
7 5 vf 5) 
T 


,. Bag 7 Dor. 
. sin — cos — + cos — sin— 
28. sin 9 cos 10 cos 9 sin 10 


Numerical, Graphical, and Algebraic Analysis In 
Exercises 29-34, use a graphing utility to complete the 
table and graph the two functions. Use both table and 
graph as evidence that y, = y,. Then verify the ident- 
ity algebraically. 


T 
29. y, sin 7 a x), yx COS x 


30. y, = sina— x), y, = sinx 


1 
31. y, = sin 7 oe x), yo = 5(cos x + \/3 sin x) 


32. y, 


II 
Q 
oe) 
i?) 
a 
is 
3 


— x), yo = — “a (cos x + sin x) 


34. y, 


sin(x + a)sin(x — 7), y= sin?x 


In Exercises 35-38, find the exact value of the trigono- 
metric function given that 


sinu = 5/13, where 0 <u < a/2 

cos vy = —3/5, where 7/2 < v < =. 

35. sin(u + v) 36. cos(v — u) 
37. cos(u + vy) 38. sin(u — v) 


In Exercises 39-42, find the exact value of the 
trigonometric function given that 


sinu = 7/25, where 7/2 <u < 7 
cos v = 4/5, where 37/2 < vy < 27. 


39. cos(u + v) 
41. sin(v — u) 


40. sin(u + v) 
42. cos(u — v) 


In Exercises 43-50, verify the identity. 


43. cos(a — 06) + sin( 7 + 7 = 0) 


44. sin(@ + a) + cos( 0 = z) =0 


45. 


46. 


47. 
48. 
49. 
50. 


tan(x + ar) — tan(a — x) = 2 tan x 
(z 1 — tan 0 

MN = 0) eee 
4 1 + tan 6 


sin(x.+ y) + sin — y) = 2 sin x cos y 
cos(% + y) + cos(x — y) = 2.cos x cos y 
cos(x + y) cos(x — y) = cos? x — sin? y 


sin(x + y) sin(x — y) = sin? x — sin? y 


In Exercises 51-54, write the trigonometric expres- 
sion as an algebraic expression. 


51. 
52. 
=Ee 
54. 


sin(arcsin x + arccos x) 
cos(arccos x — arcsin x) 
sin(arctan 2x — arccos x) 


cos(arcsin x — arctan 2x) 


In Exercises 55-60, find all solutions of the equation 
in the interval [0, 277). Use a graphing utility to verify 
your results. 


Ds 


56. 


57, 


58. 
59. 


60. 


( =) ! 4 z) = 

sin| x + 3 + sin| x 3 = 

sin( x oe 2) = sin( x = 2) = a 
6 6 2, 

cos( x +5 2) = cos( x = 4 = il 
4 4 

cos(x 36 2) — cos(x = 2) = || 
6 6 


tan(x + 7) + 2sin(x + 7) =0 


Bp) sin( x - z) + 3 tan(a — x) = 0 


In Exercises 61-64, use a graphing utility to approxi- 
mate all solutions of the equation in the interval 
[0, 277). 


61. 


62. 


63. 


64. 


4 
sin( x qe z) = cos( SP 32) =(0 


2 
tan(x + a) — cos( + z) =() 
3 


tan(ar —_x) + 2 cos( + 7) = 4) 


65. 


66. 
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Standing Waves The equation of a standing wave 
is obtained by adding the displacements of two 
waves traveling in opposite directions. Assume that 
each of the waves has amplitude A, period 7, and 
wavelength A. If the models for these waves are 
y, and y, given below, show that 


2Qat 27x 
+ y, = 2A cos —— cos —. 
jue cos r cos 1 


t t 
v= A COS aol = 2), i ees anf = at *) 


Harmonic Motion A weight is attached to a spring 
suspended vertically from a ceiling. When a driving 
force is applied to the system, the weight moves ver- 
tically from its equilibrium position, and this motion 
is modeled by 


v= + sin Dt + COs 2t 

where y is the distance from equilibrium (in feet) and 
t is the time (in seconds). 

(a) Use a graphing utility to graph the model. 

(b) Write the model in the form 


Y= a epi brea CG). 


Use a graphing utility to verify your result. 

(c) Find the amplitude of the oscillations of the 
weight. 

(d) Find the frequency of the oscillations of the 
weight. 
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Synthesis 


True or False? In Exercises 67-70, determine 
whether the statement is true or false. Justify your 
answer. 

67. sin(u + v) = sinu + sinv 

68. cos(u + v) = cosu + cos Vv 

69. It is not possible to find the exact value of sin 75°. 


ill 
70. sn(, = ua) = cos x 


In Exercises 71-74, verify the identity. 


71. cos(nm + 6) = (—1)" cos 0, nis an integer. 
72. sin(na + 0) = (—1)"sin 6, nis an integer. 


73. asin BO + bcos BO = V/a? + b* sin(B@ + C) 
where C = arctan(b/a) and a > 0. 


74. asin BO + bcos BO = V/a* + b* cos(Bé — C) 
where C = arctan(a/b) and b > 0. 


In Exercises 75-78, use the formulas given in 
Exercises 73 and 74 to write the expression in the fol- 
lowing forms. Use a graphing utility to verify your 
results. 


(a) \/a? + b? sin(B@ + C) 
(b) /a? + b? cos(BO — C) 
75. sin 6 + cos 6 

Til 2sin 3057 3. COS 30 


76. 3sin206 + 4cos 20 
78. sin 26 — cos 26 


In Exercises 79 and 80, use the formulas given in 
Exercises 73 and 74 to write the trigonometric expres- 
sion in the form a sin BO + b cos BO. 


79. 2 sin( 0 Hs 4 80. 5 cos( 0 J 4 


81. Conjecture Three squares of side s are placed side 
by side. Make a conjecture about the relationship 
between the sum uw + v and w. Prove your conjecture 
by using the identity for the tangent of the sum of 
two angles. 


Conjecture In Exercises 82 and 83, use a graphing 
utility to graph the trigonometric function. Use the 
graph to make a conjecture about a simplification of 
the expression. Verify the resulting identity alge- 
braically. 


82. g(x) = cos(a + x) 83. h(6) = tan(a7 + 8) 


aS 84. Verify the identity used in calculus. 


cos(x+h)—cosx cosx(cosh—1)  sinx sinh 
h 4 h h 


85. Exploration Let x = 7/6 in the identity in Ex- 
ercise 84 and define the functions f and g as follows. 


cos(7r/6 + h) — cos (7/6) 
h 


(n) ae h- “) an ae *) 
g ih 6 h : 6\ h 


f= 


(a) What are the domains of these functions? 


(b) Use a graphing utility to complete the table. 


(c) Use a graphing utility to graph the functions. 


(d) Use the table and graph to make a conjecture 
about the values of the functions as h > 0. 


86. Use the sum formulas for sine and cosine to derive 
the formula 


tan uv + tan v 


tan(u + v) = ; 
Weantanwuatana 


Review 


In Exercises 87-90, find the x- and y-intercepts of the 
graph of the equation. Use a graphing utility to verify 
your results. 


87. y = —3(x — 10) + 14 88. y = x2 — 3x — 40 
5 20g 9 5 90.9 = 229/47 


io} 
= 
S 
| 


In Exercises 91-94, evaluate the expression without 
using a calculator. 


91. arecos{ 3) 


93. arcsin | 


92. arctan( = J3) 


94. arctan 0 
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Multiple-Angle Formulas 


In this section you will study four other categories of trigonometric identities. 

1. The first category involves functions of multiple angles such as sin ku and 
cos ku. 

2. The second category involves squares of trigonometric functions such as 
sin? u. 

3. The third category involves functions of half-angles such as sin(u/2). 


4. The fourth category involves products of trigonometric functions such as 
SiN U COS Vv. 


The most commonly used multiple-angle formulas are the double-angle 
formulas. They are used often, so you should learn them. (Proofs of the double- 
angle formulas are given in Appendix A.) 


Note that sin 2u # 2 sin u, cos 2u # 2 cos u, and tan 2u # 2 tan u. 


EXAMPLE 1 Solving a Multiple-Angle Equation 


Find all solutions of 2 cos x + sin 2x = 0. 


Solution 


Begin by rewriting the equation so that it involves functions of x (rather than 2x). 
Then factor and solve as usual. 


NASA-Liaison Agency 


2cosx + sin 2x = 0 Write original equation. 
2cosx + 2 sinx cos x = 0 Double-angle formula ( 5 
2 cos x(1 + sinx) = 0 Factor. A computer animation of this concept 
, appears in the /nteractive CD-ROM and 
Gosar= 0, i) se Ginee 0) Set factors equal to zero. Bie He ierions GPS at 
a ot 377 ' 
LSS eS Solutions in [0, 277) 
2 2 2 
Therefore, the general solution is 
7 30 
v= —— Bn and x= a + 2n7 General solution 


where n is an integer. Try verifying these solutions graphically. 
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EXAMPLE 2 Using Double-Angle Formulas in Sketching Graphs 


Analyze the graph of y = 4 cos? x — 2 over the interval [0, 277]. 


Solution 
Using a double-angle formula, you can rewrite the given function as 


y= 4 cos*x — 2 
=99(2;cos- = a)) 
= 2 cos 2x. 


Using the techniques discussed in Section 5.4, you can recognize that the graph 
of this function has an amplitude of 2 and a period of 7. The key points in the 
interval [0, zr] are as follows. 


Maximum Intercept Minimum Intercept Maximum 


aa (3) $2) BE) we 


Two cycles of the graph are shown in Figure 6.26. 


EXAMPLE 3 _ Evaluating Functions Involving Double Angles 


Use the following to find sin 26, cos 26, and tan 26. 


0 : as is 
cos 9 = —, = 
ce id 
Solution 
From Figure 6.27, you can see that 
in 6 12 
sin @ = —- = -——. 
13 


Consequently, you can write 


: ete eee 2 ee me) 
sin 20 = 2 sin cos 6 = 2{ e)a\ 169 
DS 119 
cos 26 = 2 cos*9-— 1 = (=) —-j|=-— 
169 169 
ee sin 20 o LBs 
cos260 119 


The double-angle formulas are not restricted to angles 26 and @. Other 
double combinations, such as 44 and 26 or 64 and 38, are also valid. Here are two 
examples. 


sin 46 = 2 sin 26 cos 20 and cos 66 = cos? 30 — sin? 36 


By using double-angle formulas together with the sum formulas derived in the 
previous section, you can form other multiple-angle formulas. 


-3 
Figure 6.26 


Figure 6.27 


STUDY TIP 


Notice that you cannot solve 
Example 3 by simply evaluating 
6 = cos _!(5/13) and then cal- 
culating sin 26, cos 20, and 

tan 26. Do you see why? 


EXAMPLE 4 _ Deriving a Triple-Angle Formula 
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Express sin 3x in terms of sin x. 


Solution 


sin 3x = sin(2x + x) 


= sin 2x cos x + cos 2x sinx 


2 sinx cos x cos x + (1 — 2 sin? x)sin x 
= 2 sin x cos? x + sinx — 2 sin? x 
—2sinxcl— sin’ x) + sinx — 2sin’ x 
=2sinx'— 2 sin’ x ¥'sinx — 2 sin? x 


= 3 sinx — 4sin?x 


Power-Reducing Formulas 


The double-angle formulas can be used to obtain the following power-reducing  ( © 
formulas. (Proofs of the power-reducing formulas are given in Appendix A.) yi 


EXAMPLE 5 Reducing a Power 


Rewrite sin* x as a sum of first powers of the cosines of multiple angles. 


Solution 
Note the repeated use of power-reducing formulas. 


sin x = (sin? x)? 


7 (* — cos =) 
2 


= zl — 2 cos 2x + cos? 2x) 


1 + cos **) 


= - a 
(: 2 cos 2x 5 


s 2 Fe coax 
ee 


1 1 
= poe ee 


Col colW Ble Pile 


(3 — 4cos 2x + cos 4x) 


Sum formula 
Double-angle formula 
Multiply. 
Pythagorean identity 
Multiply. 


Simplify. 


A computer animation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 


Property of exponents 


Power-reducing formula 


Expand binomial. 


Power-reducing formula 


Distributive Property 


Simplify. 


Factor. 
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Half-Angle Formulas 


You can derive some useful alternative forms of the power-reducing formulas by 
replacing u with u/2. The results are called half-angle formulas. 


EXAMPLE 6 Using a Half-Angle Formula 


Find the exact value of sin 105°. 


Figure 6.28 


Solution 
Begin by noting that 105° is half of 210°. Then, using the half-angle formula for 
sin(u/2) and the fact that 105° lies in Quadrant II (see Figure 6.28), you have 


sin 105° = /1 — cos 210° =SC0S — 
is / Wi = c0530 — cos 30°) 
Ly = _N2 +53 
2) 2 : 


The positive square root is chosen because sin @ is positive in Quadrant II. 


Use your calculator to verify the result obtained in Example 6. That is 


evaluate sin 105° and (A + 32: 


? 


A computer animation of this concept 


appears in the Interactive CD-ROM and 
Internet versions of this text. 


EE 
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EXAMPLE 7 Solving a Trigonometric Equation 


Find all solutions of 


; x 
2 — sin? x = 2cos* 5 


in the interval [0, 27). 
Algebraic Solution Graphical Solution 


Use a graphing utility set in radian mode to graph 
y = 2 — sin? x — 2 cos* (x/2), as shown in Figure 


2 
- 2 6.29. Use the zero or root feature or the zoom and 
2 — sin? x = (= p) css) Half-angle formula trace features to approximate the x-intercepts in the 


interval [0, 27) to be 


x Xx 
2. — sin? x =)2' cos? — Write original equation. 


i => cos'x 
<2, Spb: Cae) Menta tlie alsa + ani T 30 
2 — sin* x = 2 5 Simplify. x = 0, x = 1.5708 ~ > and x ~ 4.7124 ~ 3° 
ete eee . ' : 
2 —sin’x = 1 + cosx Simplify. These values are the approximate solutions in the 
2>—1— cos*x) = 1 + cosx Pythagorean identity interval [0, 277) of 2 — sin? x = Coe 
9 ope 
cos*x — cosx = 0 Simplify. 
cos x(cos x — 1) = 0 Factor. 


By setting the factors cos x and (cos x — 1) equal to zero, you 
find that the solutions in the interval [0, 27) are 
7 oT 


ey, es and x= 0. 


Product-to-Sum Formulas 


Each of the following product-to-sum formulas is easily verified using the sum 
and difference formulas discussed in the preceding section. 
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EXAMPLE 8 Writing Products as Sums 
Rewrite the product as a sum or difference. 


cos 5x sin 4x 
Solution 
1 
cos 5x sin 4x = 3 Lsin(Sx + 4x) — sin(5x — 4x)] 


ice 9 Li) 
= SiOx er si 
2 2 
Occasionally, it is useful to reverse the procedure and write a sum of trigonomet- 
ric functions as a product. This can be accomplished with the following sum-to- 


product formulas. (A proof of the first formula is given in Appendix A.) 


EXAMPLE 9 Using a Sum-to-Product Formula 


Find the exact value of 


cos 195° + cos 105°. 


Solution 
Using the appropriate sum-to-product formula, you obtain 
F oe © cee ° 
COs 95am cos LOS: = 2 cos( PS 10) cos( =) 


= 2 cos 150° cos 45° 


A 
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EXAMPLE 10 Solving a Trigonometric Equation 


Find all solutions of sin 5x + sin 3x = 0 in the interval [0, 277). 


Algebraic Solution Graphical Solution 


sin 5x + sin3x = 0 Witte original Use a graphing utility set in radian mode to graph 
equation. y = sin 5x + sin 3x, as shown in Figure 6.30. Use the zero 
0 (5x 3x 5x — 3x\ _ Sum-to-product or root feature or the zoom and trace features to approxi- 
2 sin 5) cos 5) =0 formula mate the x-intercepts in the interval [0, 277) to be 


2sin4xcosx = 0 _ Simplify. x= 0, x ~ 0.7854 = oni x ~ 1.5708 ~ a 


By setting the factor sin 4x equal to zero, you can find 


3 
that the solutions in the interval [0, 277) are a 


x ~ 2.3562 ~ 7, x~ 3.1416 ~ my, x ~ 3.9270 ~ 27, 
7 7 3 San Syor Way 


aga 4 ae 


377 11 
x = 4.7124 = 7? x =~ 5.4978 = ae 


Moreover, the equation cos x = 0 yields no additional 
solutions. 


These values are the approximate solutions in the interval 
lO, 247) of sin 5x Sin 3x. = 0) 


Figure 6.30 


nt 
Note in Example 10 that the general solution would be x = we where n is an 
integer. 


EXAMPLE 11 Verifying a Trigonometric Identity 


sin tf + sin 3t 
————— = tan 2t. 


ify the identit = 
pes ES ET RRC, 


Solution 
Using appropriate sum-to-product formulas, you have 


sint + sin3t 2sin2tcos(—t) _ sin 2t 
cost + cos3t 2cos2tcos(—t) cos 2t 


— tant. 
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In Exercises 1-8, use the figure to find the exact value 
of the trigonometric function. 


3 
via a 
4 
1. sin 0 2. tan 0 
SACOs20 4. sin 20 
5. tan 20 6. sec 20 
aese 20 8. cot 26 


In Exercises 9-16, use a graphing utility to approxi- 
mate the equation’s solutions in the interval [0, 277). If 
possible, find the exact solutions algebraically. 

9. sin 2x — sinx = 0 10. sin 2x + cos x = 0 
11. 8sinxcosx = 1 12. sin 2x sin x = cos x 
13. cos 2x + cosx = 0 14, tan 2x — cotx = 0 
1Sysin44— 2 sin. 20 16. (sin 2x + cos 2x)? = 1 


In Exercises 17-20, use a double-angle formula to 
rewrite the expression. Use a graphing utility to graph 
both expressions to verify that both forms are the same. 


17. 8 sin x cos x 18. 6 sinxcosx + 4 
19. 5 — 10 sin? x 


20. (cos x + sin x)(cos x — sin x) 


In Exercises 21-24, find the exact values of sin 2u, 
cos 2u, and tan 2u using the double-angle formulas. 
21. snu=2, 0<u< 7/2 

22. coSu = — 
23. tanu = - a <ale<usar/ 2 
24. cotu = —6, 30/2 <u<27 


= In Exercises 25-30, rewrite the expression in terms of 


the first power of the cosine. Use a graphing utility to 
graph both expressions and verify that both forms are 
the same. 
25: cos’ x 26. sin? x 
28.2 COS 


30. sin* x cos? x 


27. sin? x cos? x 


29. sin? x cos* x 


In Exercises 31-38, use the figure to find the exact 
value of the trigonometric function. 


5) 
aN | 
12 

6 

31. cos 5 32. sin 5 
33. re 34. sae 
2 2D 

35. eagl 36. eee 
D 2 


6 6 
38. 2 cos 5 tan 5 


0 0 
37s 2 Sin — cos — 

2 2 
In Exercises 39-46, use the half-angle formulas to 
determine the exact values of the sine, cosine, and 
tangent of the angle. 


a. ilsy 40. 165° 
41. 112° 30’ 42. 157° 30’ 
7 7 
43a 445 

8 12 

37 17 

OQ, = 1 = 
5 8 46 D 


In Exercises 47—50, find the exact values of sin(w/2), 
cos(u/2) and tan(u/2) using the half-angle formulas. 


47. sinu = = m/2<u<T7 
48. cosu=5, 0<u< 7/2 
49. tanu = 3, S/d < n= 25 
50. cotu=7, w<u < 37/2 


In Exercises 51-54, use the half-angle formulas to 
simplify the expression. 


51. / = cos 6x 
2 

Se /1 = cos 8x 

1 + cos 8x 


1+ 
52. cos 4x 


2) 
54, ie — cos(x — 1) 
wy 


In Exercises 55-58, find the exact zeros of the func- 
tion in the interval [0, 277). Use a graphing utility to 
graph the function and verify your answers. 


Shh ibd = sin = cos x 
ees 
56. h(x) = sin 5 + cosx — 1 


57. h(x) = cos 5 Wsinx  _58e(x) = tan > — sinx 


In Exercises 59-64, use the product-to-sum formulas 
to write the product as a sum or difference. 


= 
59. 6 sin = cos = 60. 4 sin 5 cos oa 
61. sin 56 cos 36 62. 5 sin 3a sin 4a 
63. 5 cos(—5B) cos 3B 64. cos 26cos 40 
In Exercises 65-72, use the sum-to-product formulas 
to write the sum or difference as a product. 


65. sin 60° + sin 30° 66. cos 120° + cos 30° 


67. sin56 — sin 0 68. sin x + sin 7x 


69. sin(a + B) — sin(a@ — B) 
70. cos(@ + 27) + cos 


a ka 
71. cos( 6 se 2) = cos 0 = = 
; 7 ( 2) 

TpPa: sn( x a= 2) ar Stalls = 5 


tion in the interval [0, 27). Use a graphing utility to 
graph the function and verify your answers. 
73. g(x) = sin 6x + sin 2x 
74. h(x) = cos 2x — cos 6x 
cosi2x 

tS Se | 

oy fl) sin 3x — sin x 
76. (x) = sin? 3x — sin? x 
In Exercises 77-80, use the figure to find the exact 
value of the trigonometric function in two ways. 
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77. sin? a 


79. sinacos B 


78. cos? a 


80. cos a sin B 


In Exercises 81-92, verify the identity algebraically. 
Use a graphing utility to confirm the identity graphi- 
cally. 


csc 0 sec? 0 
82. 26 = —————_ 
2 cos 0 ce 2 — sec? @ 


83. cos? 2a — sin?2a@ = cos 4a 


81. csc 20 = 


34. COs % — Sill % 1COS ly 
85. (sin x + cos x)? = 1 + sin2x 
86. 1 + cos 10y = 2 cos? 5y 


u 2 tan u 
S72 SC = eee 
2, tan u + sinu 


u 
88. tan 5 ="CSC f — COtu 


89. cos 3B = cos* B — 3 sin? Bcos B 
90. sin 48 = 4 sin B cos B(1 — 2 sin? B) 


cos 4x — cos 2x _ 


91. = = Sie 


2 sin 3x 
COSI COSY 


——- = = Sen Ye 
Sin She == Shas 


In Exercises 93 and 94, graph the function by using 
the power-reducing formulas. 


93. f(x) = sin? x 94. f(x) = cos? x 


In Exercises 95-98, (a) use a graphing utility to graph 
In Exercises 73-76, find the exact zeros of the func- at 


the function and approximate the maximum and min- 
imum points on the graph in the _ interval 
[0, 27], and (b) solve the trigonometric equation and 
verify that the x-coordinates of the maximum and 
minimum points of f are among its solutions (calculus 


is required to find the trigonometric equation). 
Function Trigonometric Equation 


x x : 
95. f(x) = 4 sin> + cos x 2 cos > — sinx = 0 


96. f(x) =cos2x—2sinx  —2cosx(2sinx+1)=0 


97. f(x) = 2 cos 5 + sin2x 2cos 2x — sin = 0 


vit, 7 
98. f(x) = 2 sin 5 10 sin 2 4 


aT as 
= 5 cos( 2x = 2) + cos 0 
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In Exercises 99-102, write the trigonometric expres- 
sion as an algebraic expression. 


100. cos(2 arccos x) 
102. sin(2 arctan x) 


99. sin(2 arcsin x) 


101. cos(2 arcsin x) 


103. Projectile Motion The range of a projectile fired 
at an angle @ with the horizontal and with an initial 
velocity of vg feet per second is 


r= BVO sin 20 
where r is measured in feet. Determine the expres- 
sion for the range in terms of 0. 

104. Area The length of each of the two equal sides of 
an isosceles triangle is 10 meters. The angle 
between the equal sides is 0. 

(a) Express the area of the triangle as a function of 
6/2. 


(b) Express the area of the triangle as a function of 
6 and determine the value of @ such that the 
area 1S a Maximum. 


105. Mach Number The mach number M of an air- 
plane is the ratio of its speed to the speed of sound. 
When an airplane travels faster than the speed of 
sound, the sound waves form a cone behind the air- 
plane. The mach number is related to the apex angle 


0 of the cone by 
sin Lene 
eV 


Find the angle 6 that corresponds to a mach number 
of 4.5. 


106. Railroad Track When two railroad tracks merge, 
the overlapping portions of the tracks are in the 
shape of a circular arcs. The radius of the arcs r (in 


feet) and the angle @ are related by 


Aes yt 
5 2r sin * 


Write a formula for x in terms of cos 8@. 


FIGURE FOR 106 


Synthesis 


True or False? In Exercises 107 and 108, determine 
whether the statement is true or false. Justify your 


answer. 
| "(Goes 
5 : Ups 06S OE 


108. The graph of y = 4 — 8 sin? x has a maximum at 
(a7, 4). 


109. Conjecture Consider the function 


f(x) = 2 sin [2 cos*(3) — | 


(a) Use a graphing utility to graph the function. 


eX: 
Oi, sin = = 
07. sin 5 


(b) Make a conjecture about the function that is an 
identity with /. 


(c) Verify your conjecture algebraically. 
Review 


In Exercises 110 and 111, find (if possible) the com- 
plement and supplement of each angle. 


110. (a) 55° (br 1622 


T OT 
111. (a) 18 (b) 20 


In Exercises 112-115, sketch the graph of the func- 
tion. Use a graphing utility to verify your graph. 


Se 
= — sin-* 


8 
112. flix) = =cos 2: 
ha) cos 2x 5 sin 5 


5 113. f(x) 


F 1 
114. f(x) = 5 tan 27, LISA fx) i sec a 


What did you learn? 
Section 6.1 


L] How to recognize and write the fundamental trigonometric identities 


L] How to use fundamental trigonometric identities to evaluate trigonometric 
functions, simplify trigonometric expressions, and rewrite trigonometric 
expressions 


Section 6.2 


CL) How to verify trigonometric identities 


Section 6.3 


CL) How to use standard algebraic techniques to solve trigonometric equations 
L] How to solve trigonometric equations of quadratic type 
CL) How to solve trigonometric equations involving multiple angles 


L) How to use inverse trigonometric functions to solve trigonometric equations 


Section 6.4 
CL] How to use sum and difference formulas to evaluate trigonometric functions 


CL] How to use sum and difference formulas to verify identities and solve 
trigonometric equations 


Section 6.5 


C1 How to use multiple-angle formulas to rewrite and evaluate trigonometric 
formulas 

LC How to use power-reducing formulas to rewrite and evaluate trigonometric 
formulas 

OC How to use half-angle formulas to rewrite and evaluate trigonometric 
functions 

C1 How to use product-sum formulas to rewrite and evaluate trigonometric 
functions 


© Chapter Summary 


Review Exercises 
170 


11-24 


25-36 


37-50 
51-54 
55—60 
61-64 


65-78 


79-86 


87-95 
96-99 
100-108 


109-117 
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[8] In Exercises 1-10, name the trigonometric func- 
tion equivalent to the expression. 


1. u 2p i 
cos x sin x 
= peed 
sec x tan x 
5. oo 6. ./1 + tan? x 
sin x 
7 7 
Te cso( 2 = x) 8. coi(? x) 
9. sec(—x) 10. tan(—x) 


In Exercises 11-14, use the given values and trigono- 
metric identities to evaluate (if possible) the other 
trigonometric functions of the angle. 


eee 4 
11. sinx = %, cos x = = 
12. tan 0 = 5, sec 9 = 


13. sin (Z| 22 gue Soe 

: 2 L/D 9) 
14. eso( 2 = a) = 3, sin 6 = 22 

y 3 

In Exercises 15-22, use the fundamental identities to 
simplify the trigonometric expression. Use the table 
feature of a graphing utility to check your result 
numerically. 


1 SoC eal 
* cot? x + 1 " secx — 1 
7 sin? a — cos? a@ 18 sin’ 3 4 cos 6 
" sin? a — sin acos a ‘sin B + cos B 


19. tan? @(csc? 6 — 1) 20. csc? x(1 — cos? x) 


sin(—x) cot x 


: i 
S10 
,) Xx 


23. Rate of Change The rate of change of the func- 
tion f(x) = 2\/sinx is given by the expression 
sin !/? x cos x. Show that this expression can also be 
written as cot x./sin x. 


ile tan( = x) sec x 2p). 


24. Rate of Change The rate of change of the function 
f(x) = csc x — cotx is the expression csc? x — 
csc x cot. x. Show that this expression can also be 
written as 
(D=*c08 x) 

sin? x 


[22 In Exercises 25-36, verify the identity. 


25. cos x(tan? x + 1) = secx 

26. sec? x cotx — cotx = tanx 

27. sin? 6 + sin 0 cos’ 0 = sin 0 

28. cot? x — cos? x = cot? x cos’ x 

29. sin> x cos? x = (cos? x — 2 cos*x + cos®x)sin x 


30. cos* x sin? x = (sin? x — sin? x)cosx 
31. bn ane 
Vi+sin@ — |cos 0 


sin x 
32. ~/1.= cosx = | | 


J/1 + cos x 
CSC x) 


= —cotx 
sec(— x) 


1 + sec(—x) 
34, ———___—_—— = -esex 
sin(—x) + tan(—.x) 


35. sin? x + in(2 — :| al 


36. csc x sin( 2 = x) = cotx 


6.3 | In Exercises 37 and 38, verify that the x-values 
are solutions of the equation. 


37. 2 cos? 4x —1=0 


Pets eek 

(a x= 75 (Dye 16 
38. 2 sin? x — sinx —1=0 

iy Bets 

(a) x 5 (b) x = 6 


In Exercises 39-50, solve the equation for 0 < x < 27. 
39. 2sin x= 1 = 0 40. tnx +1=0 


41. sinx = /3 -—sinx 42. 4cosx=1+ DICOSEG 
43, 3/3 tanx = 3 44, 5secx-1=0 


45. 3 csc? x = 4 
47. 4cos?x —3 =0 


49. sinx — tanx = 0 


46. 4 tan? x — 1 = tan?x 
48. sin x(sinx + 1) = 0 


SOMCSCEH I COln— 0 


In Exercises 51-60, find all solutions of the equation 
in the interval [0, 277). Use a graphing utility to verify 
your answers. 

Blee2. COS? X= (Cos x= 1 

B2e 2 Sine x13 sine = = 1 

54. sin’ x + 2 cOsx = 2 
56. 3 tan 3x = 0 

58. 3 csc? 5x = —4 

60. sin 4x — sin 2x = 0 


53.0c0s- x + sinx = | 
BSs2)/sin 242 7 2 = 0 
57. cos 4x(cosx — 1) =0 
59. cos 4x — 7 cos 2x = 8 


In Exercises 61-64, use the inverse functions where 
necessary to find all solutions of the equation in the 
interval [0, 277). Use a graphing utility to verify your 
answers. 

61. sin? x — 2sinx = 0 

62. 2cos*x + 3cosx = 0 

63. tan? @+ tan@— 12 =0 

64. sec? x + 6tanx +4=0 


[23 Im Exercises 65-68, find the exact value of the 
sine, cosine, and tangent of the angle by using the sum 
or difference formula. 

65. 285° = 225° + 60° 66. 345° = 300° + 45° 


ieee td Th Ae aE 


4 se | 2: 6 4+ 


In Exercises 69-72, write the expression as the sine, 
cosine, or tangent of an angle. 
69. sin 140° cos 50° + cos 140° sin 50° 
70- cos 25° cos 15° — sin25°-sin_ 15° 
tan 25° + tan 10° tan'68- =tan 115° 


it 1 — tan 25° tan 10° eas 1 + tan 68° tan 115° 


In Exercises 73-78, find the exact value of the trigono- 
metric function given that sin u = = cos v = -*, and 
u and v are in Quadrant II. 
73. sin(u + v) 
75. cos(u — v) 
77. cos(u + v) 


74. tan(u + v) 
76. sin(u — v) 
78. tan(u — v) 


e Review Exercises 501 


In Exercises 79-84, verify the identity. 
7 / : 307 
79. cos(2 + 4 =-sinx 80. sin( x = =) = COS x 


81. coi(Z = x) = tan x 82. sin(a@ — x) = sinx 


83. cos 3x = 4cos? x — 3cosx 
sin(a + B) 


34. —————_= tan a + tan 
cos a cos B B 


In Exercises 85 and 86, find all solutions of the equa- 
tion in the interval [0, 277). 


85. sin( x " 2) ts sn( x = 3) = /3 


307 30r 
+—])- ee 
86 cos( x 2) cos(2 2) 0 


[5] In Exercises 87-92, use double-angle formulas 
to verify the identity algebraically and use a graphing 
utility to confirm it graphically. 

87. 6 sinx cos x = 3sin 2x 

88. 4sinxcosx + 2 = 2sin2x + 2 

89. 1 —4 sin? x cos” x = cos- 2x 


90. sin 4x = 8 cos? x sinx — 4cos x sinx 


sin 2a 
919 han 2a 
cos? a — sin? a 
92. tan? x = LES: 
‘ 1 + cos 2x 


In Exercises 93 and 94, find the exact values of sin 2u, 
cos 2u, and tan 2u using the double-angle formulas. 


93. sinu = ae 


a ant 
“h 2 


7 
94. cosu = we 5 yh eye 


95. Projectile Motion A baseball leaves the hand of 
the first baseman at an angle of 6 with the horizontal 
and an initial velocity of vy) = 80 feet per second. 
The ball is caught by the second baseman 100 feet 
away. Find 6 if the range r of a projectile is 


l 
r=—=v, sin 26. 


a7 
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In Exercises 96-99, use the power-reducing formulas 

to rewrite the expression in terms of the first power of 

the cosine of the angle. 
96. sin® x 


98. cos* 2x 


97. cos* x sin* x 
99, sin* 2x 


In Exercises 100-103, use the half-angle formulas to 
determine the exact value of the sine, cosine, and tan- 
gent of the angle. 


100. 105° 101. 67° 30’ 
17 lla 
102. 3 103. D 


In Exercises 104 and 105, use the half-angle formulas 
to simplify the expression. 


ieacos 1 OX sin 6x 
NAS V 2 NES 1 + cos 6x 


In Exercises 106 and 107, use the half-angle formulas 
to verify the identity. 


1 — cos? x Ax 

106. . / iy ae V7sin3| 
O07 =e en 
tan x D 


108. Volume A trough for feeding cattle is 4 meters 
long and its cross sections are isosceles triangles 
with the two equal sides being 5 meter. The angle 
between the equal sides is 6. 


(a) Express the trough’s volume as a function of 6/2. 


(b) Express the volume of the trough as a function 
of 6 and determine the value of @ such that the 
volume is maximum. 


In Exercises 109-112, write the trigonometric expres- 
sion as a product. 


109. cos 34+ cos26 110. sin56@ — sin 30 


377 7 : 7 ; 7 
111. cos i COs 4 112. sin( 2 + 2) — sin( 1 = 7) 


In Exercises 113-116, write the trigonometric expres- 
sion as a sum or difference. 


113. sin 3a@ sin 2a 114. 3 sin 2x sin 3x 


115. 6 sin 7008 7 116. cos 5 rereys : 


117. Harmonic Motion A weight is attached to a 
spring suspended vertically from a ceiling. When a 
driving force is applied to the system, the weight 
moves vertically from its equilibrium position, and 
this motion is described by the model 


y = 1.5 sin 8t — 0.5 cos 8t 
where y is the distance from equilibrium measured 
in feet and ¢ is the time in seconds. 
(a) Write the model in the form 
y =a hb sinbeey ey 
(b) Use a graphing utility to graph the model. 
(c) Find the amplitude of the weight’s oscillations. 


(d) Find the frequency of the weight’s oscillations. 
Synthesis 


True or False? In Exercises 118-121, determine 
whether the statement is true or false. Justify your 
answer. 


118. tee < 6 < 7, then cos 5 <ai(): 


119. sin(x + y) = sinx + siny 
120. 4 sin(—x) cos(—x) = —2 sin 2x 
121. 4 sin 45°.cos 15° = 1 +../3 


122. List the reciprocal identities, quotient identities, 
and Pythagorean identities from memory. 


123. Is cos 6 = 1 — sin? @ an identity? Explain. 


In Exercises 124 and 125, use the graphs of y, and y, 
to determine how to change y, to a new function y, so 
that y, = y3. 


124. y, = sec'(2 . x) Ds Apes 
Z COS X 
Vp = cot? x yy = (2 sin x? 


® Chapter Project 503 


Chapter 


Parametric equations are equations that express two variables in terms of a third 
variable, called the parameter. In this project, you will use parametric equations 
to model the path of a projectile. These parametric equations express position x 
and position y in terms of time ¢. For any time t, the horizontal position x(t) and 
vertical position y(t) of a projectile (ignoring air resistance) launched at ground 
level is given by the parameter equations 


x(t) = (vg cos 6)t 
y(t) = (vo sin 6)t — 1677. 


In these equations, 6 is the angle with the horizontal and v, is the initial velocity 
in feet per second, as indicated in the figure at the right. 


Set your graphing utility to parametric and degree modes, and use the viewing 
window 


0 
20) 
at) 


lA 


ES) 
pan 0) 
20. 


lA 


lA 
IA 


Y 
Letting vy) = 88 feet per second and @ = 20°, graph the parametric equations 
x(t) = (88 cos 20°)t 
y(t) = (88 sin 20°)t — 167. 


Use the zoom and trace features to (a) find the maximum height attained by the 
projectile, (b) find the time at which the maximum height occurs, (c) determine 
the length of time that the projectile is in the air, and (d) determine the range of 
the projectile. 


: Questions for Further Exploration ee 

cL Verify algebraically the range of the projectile by x(t) = (vo cos @)t and y(t) = (vp sin 6)t — 1677 : 

He _ solving the equation (88 sin 20°)t — 16r° = 0 for t by solving for t in the first equation and substituting 

and then evaluating x(7) at this t-value. this value into the equation for y. Show in this case 

2, Use a graphing utility to find the maximum height that the height of the projectile is given by the equa-_ 

_ and range of the “projectile when a= ae and dor 
oe 32 feet per second. 2 

ao. : = 16 sec* 9 

Hoe Let ‘Vo = 60 feet per second. Find the maximum y tee 

_o yange: for the angles 9 = 20°, 30°, 40°, 50°, and 60°. oe 

oh general, what angle should — use to produce the . Use this equation to find the angle @ corresponding 

_ maximumrange? to a maximum range of 200 feet and initial velocity. 

4 What ‘is the relationship between the time the of Vo = 80 feet per second. 


: : "projectile 1 reaches its maximum height and the time 
it takes for the epaealt to return to the ane! 
= Explain. “ 
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Take this test as you would take a test in class. After you are done, check your 


work against the answers given in the back of the book. 


1. 


If tan 0 = 2 and cos @ < 0, use the fundamental identities to evaluate the 
other five trigonometric functions of 0. 


. Use the fundamental identities to simplify csc? B(1 — cos? B). 


‘eo sec’ x — tan? x 
Factor and simplily Sages oe. 
SCCaicia tana xc 


cos@  sin@ 


Add and simplif +e ; 
ya ae sin@ cos é@ 


Determine the values of 6,0 < 6 < 27, for which tan 0 = — \/sec? 6 — 1 
is true. 


Use a graphing utility to graph the functions y, = cos x + sin x tan x and 
yy = sec x. Make a conjecture about y, and y,. Verify the result algebraically. 


In Exercises 7-12, verify the identity. 


_ 
b= 


—_ 
D 


sin 6 sec 6 = tan 0 8. sec? x tan? x + sec? x = sec*x 
csc a + seca 7 3 
= ee = «COU A a tana 10. cos|x + —] = —sinx 
sina + cosa 2 

sin(na + 6) = (—1)" sin 6, where n is an integer. 


(sinx -+ cos x)? = 1 + sin2x 


Find the exact values of the sine, cosine, and tangent of the angle = 


“AY. 
Le hens ue, Mille 
Use the fundamental identities to simplify the expression nee 
an? x 


Write 3 sin 26 sin 66 as a sum or difference. 


Write cos 58 + cos 36 as a product. 


In Exercises 17-20, find all solutions of the equation in the interval [0, 27). 


19s 
19, 
21. 


22. 
23. 
24. 
25. 


tan? x + tanx = 0 18. sin2a — cosa =0 
4cos*x -3=0 20.vcse*m— ese. xx. — 2) = 0 
Use a graphing utility to approximate the solutions of the equation 


5 cos x — x = 0 in the interval [0, 277) accurate to three decimal places. 
Use the figure at the right to find the exact values of sin 2u and tan 2u. 
Explain why the equation cos? x + cos x — 6 = 0 has no solution. 
Find the exact value of tan 105°. 


The index of refraction n of a transparent material is the ratio of the speed of 
light in a vacuum to the speed of light in the material. For the glass triangu- 
lar prism in the figure at the right, n = 1.5 and a = 60°. Find the angle 6 for 
the glass prism if 


_ sin(6/2 + a/2) 
= sin(0/2) 


The Interactive CD-ROM and Jnternet 
versions of this text provide answers to 
the Chapter Tests and Cumulative Tests. 
They also offer Chapter Pre-Tests (that 
test key skills and concepts covered in 
previous chapters) and Chapter Post- 
Tests, both of which have randomly 
generated exercises with diagnostic 
capabilities. 
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Systems of Equations and 
Inequalities 


8.1 Solving Systems of Equations 8.4 Systems of Inequalities 
8.2 Systems of Linear Equations in Two Variables 8.9 Linear Programming 
8.3 Multivariable Linear Systems 


In 1996, 57 million newspapers were printed daily in the United States, With a population of over 265 
million, there were about 215 newspapers per 1000 people. (Source: U.S. Bureau of the Census and 
Editor & Publisher, Co.) 


Important Vocabulary 

As you encounter each new vocabulary term in this chapter, add the term and its definition to your notebook glossary. 

© systems of equations (p. 566) ® ordered triple (p. 587) ® solution of an inequality (p. 603) 

® solution of a system of equations © Gaussian elimination (p. 588) ® graph of an inequality (p. 603) 
(p. 566) ® nonsquare system of equations © linear inequalities (p. 604) 

© method of substitution (p. 566) (p. 591) ® solution of a system of inequalities 

® point of intersection (p. 567) ® three-dimensional coordinate system (p. 605) 

® break-even point (p. 571) (p. 592) ® optimization (p. 613) 

© method of elimination (p. 577) © graph of an equation in three ® linear programming (p. 613) 

® equivalent systems (p. 578) variables (p. 592) © objective function (p. 613) 

® consistent system (p. 579) © partial fraction (p. 593) © constraints (p. 613) 

© inconsistent system (p. 579) © partial fraction decomposition (p. 593) @ feasible solutions (p. 613) 

© row-echelon form (p. 587) ® basic equation (p. 594) 


Additional Resources Text-specific additional resources are available to help you do well in this course. See page xvi for details. 
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The Method of Substitution 


Up to this point in the text, most problems have involved either a function of one 
variable or a single equation in two variables. However, many problems in sci- 
ence, business, and engineering involve two or more equations in two or more ® 
variables. To solve such problems, you need to find solutions of systems of equa- 
tions. Here is an example of a system of two equations in two unknowns, x andy. ® 


ieee y=5 
3x -—2y =4 


Equation | 
Equation 2 


A solution of this system is an ordered pair that satisfies each equation in the sys- 
tem. Finding the set of all such solutions is called solving the system of equa- 
tions. For instance, the ordered pair (2, 1) is a solution of this system. To check 
this, you can substitute 2 for x and | for y in each equation. 


Check (2, 1) in Equation 1: 


ey = 5 Write Equation 1. 
2(2) + “ 5 Substitute 2 for x and 1 for y. 
4+1=5 Solution checks in Equation 1. 
Check (2, 1) in Equation 2: 
3x —2y=4 Write Equation 2. 
3(2) — 2(1) a 4 Substitute 2 for x and 1 for y. 
6-2=4 Solution checks in Equation 2. 


In this chapter you will study four ways to solve equations, beginning with the 
method of substitution. 


Method Section Type of System 
1. Substitution 8.1 Linear or nonlinear, 2 variables 
2. Graphical 8.1 Linear or nonlinear, 2 variables 
3. Elimination 8.2 Linear, 2 variables 
4. Gaussian Elimination 8.3 Linear, 3 or more variables 


ATFamMme Nt FOMAtTinnc.........—~— 


You Should Learn: ) 


How to use the method of 
substitution to solve systems 
of equations in two variables 
How to solve systems of 
equations graphically 

How to use systems of 
equations to model and solve 
real-life problems 


You Should Learn It: 


You can use systems of equations 
in situations where the variables 
must satisfy two or more condi- 
tions. For instance, Exercise 73 
on page 575 shows how to use a 
system of equations to compare 
two models for estimating the 
number of board feet in a 16-foot 
log. 
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In the algebraic solution of Example 1, you use the method of substitution to 
solve the system of equations. In the graphical solution, note that the solution of 
the system corresponds to the point of intersection of the graphs. 


EXAMPLE 1 


Solve the system of equations. 


Solving a System of Equations 


[ +y=4 Equation 1 


x-y=2 


Equation 2 

Algebraic Solution 

Begin by solving for y in Equation 1. 
ye4—x% 


Solve for y in Equation 1. 


Next, substitute this expression for y into Equation 2 and 
solve the resulting single-variable equation for x. 


aie Write Equation 2. 
=(4—x)=2 Substitute 4 — x for y. 
a 2 Simplify. 

2x = 6 Combine like terms. 
x=3 Divide each side by 2. 


Finally, you can solve for y by back-substituting x = 3 into 
the equation y = 4 — x, to obtain 


y=4-x Write Equation 1. 
y=4-3 Substitute 3 for x. 
y=1. Solve for y. 


The solution is the ordered pair (3, 1). Check this as follows. 


Check (3, 1) in Equation 1: 


xty=4 Write Equation 1. 
9 
3+1=4 Substitute for x and y. 
4=4 Solution checks in Equation 1. / 


Check (3, 1) in Equation 2: 


Xi y=? Write Equation 2. 
9. 
heal tea Substitute for x and y. 
2=2 Solution checks in Equation 2. Y 


Graphical Solution 


Begin by solving both equations for y. Then use a 
graphing utility to graph the equations 


,=4-<x and 93 =i? 


in the same viewing window. Use the intersect feature 
or the zoom and trace features of the graphing utility 
to approximate the point of intersection of the graphs. 
In Figure 8.1, the point of intersection is (3, 1). 


Figure 8.1 


Check that (3, 1) is the exact solution as follows. 


Check (3, 1) in Equation 1: 


xt+y=4 Write Equation 1. 
by 
3+1=4 Substitute for x and y. 
4=4 Solution checks in Equation 1. / 


Check (3, 1) in Equation 2: 


5 yar! Write Equation 2. 
9 
Se jee Substitute for x and y. 
2=2 Solution checks in Equation 2. / 


In the algebraic solution of Example 1, note that the term back-substitution implies 
that you work backward. First you solve for one of the variables, and then you sub- 
stitute that value back into one of the equations in the system to find the value of 


the other variable. 
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EXAMPLE 2 Solving a System by Substitution 


A total of $12,000 is invested in two funds paying 9% and 11% simple interest. 
The yearly interest is $1180. How much is invested at each rate? 


Solution 
Verbal 9% 11% Total 


Model: fund * fund investment 


(9% 11% _ Total 
interest interest interest 
Labels: Amount in 9% fund = x (dollars) 
Interest for 9% fund = 0.09x (dollars) 
Amount in 11% fund = y (dollars) 
Interest for 11% fund = 0.11y (dollars) 
Total investment = $12,000 (dollars) 
Total interest = $1180 (dollars) 
System: | ip se y = 12,000 Equation | 
0.09x + 0.lly = 1,180 Equation 2 


To begin, it is convenient to multiply both sides of Equation 2 by 100 to obtain 
9x + Ily = 118,000. This eliminates the need to work with decimals. 


9x + lly = 118,000 Revised Equation 2 
To solve this system, you can solve for x in Equation 1. 
= 12,000 — y Revised Equation | 


Next, substitute this expression for x into Revised Equation 2 and solve the result- 
ing equation for y. 


9x + Illy = 118,000 Write Revised Equation 2. 
9(12,000 — y) + 11y = 118,000 Substitute 12,000 — y for x. 
108,000 — 9y + 1ly = 118,000 Distributive Property 
2y = 10,000 Combine like terms. 
y = 5000 Divide each side by 2. 


Finally, back-substitute the value y = 5000 to solve for x. 


x = 12,000 — y Write Revised Equation 1. 
x = 12,000 — 5000 Substitute 5000 for y. 
x = 7000 Simplify. 


The solution is (7000, 5000). This means that $7000 is invested at 9% and $5000 
is invested at 11% to yield yearly interest of $1180. Check this in the original 
system. 


The equations in Examples 1 and 2 are linear. Substitution can also be used to 
solve systems in which one or both of the equations are nonlinear. 


@) 


The Interactive CD-ROM and Internet 
versions of this text offer a built-in 
graphing calculator, which can be used 
with the Examples, Explorations, and 
Exercises. 
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EXAMPLE 3 Substitution: Two-Solution Case (0) 


Solve the system of equations. A computer animation of this concept 
2 appears in the Interactive CD-ROM and 
[ os 3 oo ay a De Equation | Internet versions of this text. 
20) = —1 Equation 2 
Algebraic Solution Graphical Solution 


Begin by solving for y in Equation 2 to obtain y = 2x + 1. 
Next, substitute this expression for y into Equation 1 and solve for x. 


To graph each equation, first solve both equa- 
tions for y. Then use a graphing utility to 
graph the equations in the same viewing win- 


2 = 
ae ape sy) Seg Write Equation 1. : 
y hoe me dow. Use the intersect feature or the zoom and 
xe A= (a1) = 7 Substitute 2x + 1 for y. trace features to approximate the points of 
intersection of the graphs. In Figure 8. 
x7 +2x-—8=0 Write in general form. c ; 2 pos Se ge 
points of intersection are (—4,—7) and 
(x + 4)(x — 2) =0 Factor. (2, 5). Check that (—4, —7) and (2, 5) are the 
exact solutions by substituting both ordered 
x+4=0 y = Set Ist factor equal to 0. y g 


pairs into both equations. 


x-2=0 x=2 Set 2nd factor equal to 0. 


Back-substituting these values of x to solve for the corresponding 
values of y produces the solutions (—4, —7) and (2, 5). Check these 
in the original system. 


Intersection 
X=-4 7 


Figure 8.2 


EXAMPLE 4 Substitution: No-Solution Case 


Solve the system of equations. 


—x+y=4 Equation | 
| x?+y=3 Equation 2 STUDY TIP 
Solution 


When using substitution, solve 
for the variable that is not raised 
to a power in either equation. 


Begin by solving for y in Equation | to obtain y = x + 4. Next, substitute this 
expression for y into Equation 2 and solve for x. 


xP pes Write Equation 2. For instance, in Example 4 it 
xe + (x +4) =3 Seeders for, would not be practical to solve 
for x in Equation 2. Can you see 
x*7+x+1=0 Simplify. why? 
eel gL a4 
= 5 Quadratic Formula 


Because this yields two complex values, the equation x? + x + 1 = Ohas no real 
solution. So, the original system of equations has no real solution. 


Try graphing the system of equations in Example 4. Do the graphs of the 
equations intersect? Why or why not? 
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From Examples 2, 3, and 4, you can see that a system of two equations in 
two unknowns can have exactly one solution, more than one solution, or no solu- 
tion. For instance, in Figure 8.3(a), the two equations graph as two lines with a 
single point of intersection. The two equations in Example 3 graph as a parabola 
and a line with two points of intersection, as shown in Figure 8.3(b). The two 
equations in Example 4 graph as a line and a parabola that happen to have na 
points of intersection, as shown in Figure 8.3(c). 


4 


(a) One Intersection Point (b) Two Intersection Points (c) No Intersection Points 


Figure 8.3 


Example 5 shows the value of a graphical approach to solving systems of 
equations in two variables. Notice what would happen if you tried only the substi- 
tution method in Example 5. You would obtain the equation x + Inx = 1. It 
would be difficult to solve this equation for x using standard algebraic techniques. 
In such cases, a graphical approach to solving a system of equations is more con- 
venient. 


EXAMPLE 5 — Solving a System of Equations Graphically 


Solve the system of equations. 


| y = Inx Equation 1 
x hy = 1 Equation 2 


Solution 

From the graphs of these equations, shown in Figure 8.4, it is clear that there is 
only one point of intersection. Use the intersect feature or the zoom and trace fea- 
tures of a graphing utility to approximate the solution point as (1, 0). You can con- 
firm this by substituting in both equations. 


Check 
Q=In! Equation 1 checks, / 
1+0=1 Equation 2 checks. / 


So, the solution is (1, 0). 


Figure 8.4 
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Applications 


The total cost C of producing x units of a product typically has two components: 
the initial cost and the cost per unit. When enough units have been sold so that 
the total revenue R equals the total cost, the sales are said to have reached the 
break-even point. You will find that the break-even point corresponds to the 
point of intersection of the cost and revenue curves. 


EXAMPLE 6 _ Break-Even Analysis 


A small business invests $10,000 in equipment to produce a product. Each unit of 
the product costs $0.65 to produce and is sold for $1.20. How many items must 
be sold before the business breaks even? 


Solution 
The total cost of producing x units is 


Total Cost per , Number , Initial 


cost unit of units cost 


(C= O@see a> WOOO: Equation | 


The revenue obtained by selling x units is 


Total — Priceper Number 
revenue unit of units 
Roe 12x Equation 2 


Because the break-even point occurs when R = C, you have 


1.2x = 0.65x + 10,000 Equate R and C. 
0.55x = 10,000 Subtract 0.65x from each side. 
10,000 - 
i) = Se eee Divide each side by 0.55. 
0.55 
x ~ 18,182 units. Use a calculator. 


Note in Figure 8.5 that sales less than the break-even point correspond to an over- 
all loss, whereas sales greater than the break-even point correspond to a profit. 
Verify the break-even point using the intersect feature or the zoom and trace 
features of a graphing utility. 


Another way to view the solution in Example 6 is to consider the profit function 
PH=R—C. 


The break-even point occurs when the profit is 0, which is the same as saying that 
R=C. 


C2] Loss 3 Profit 


C = 0.65x + 10,000] R = 1.2x| 


z 35,000 Break-even point: . 

ee 18,182 units —<& 

5 8 25,000- \| * Nl 

oo; : 

2 15,000 

os 

Piney ! 

o 5,000 

a Z : 

5,000 15,000 25,000 
Number of units 
Figure 8.5 
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EXAMPLE 7 State Populations 


From 1990 to 1997, the population of Arizona was increasing at a faster rate than 
the population of Alabama. Two models that approximate the populations P (in 
thousands) are 


[° = O32 se IB Arizona 
IP = AQHSG ae 39). Oy Alabama 


where t = 0 represents 1990. According to these two models, when would you 
expect the population of Arizona to have exceeded the population of 
Alabama? (Source: U.S. Bureau of the Census) 


Algebraic Solution Graphical Solution 


Use a graphing utility to graph y, = 3631.2 + 131.7x and 
y, = 4055.6 + 39.9x in the same viewing window. Use the 
intersect feature or the zoom and trace features of the graphing 
utility to approximate the point of intersection of the graphs. In 
Figure 8.6, the point of intersection occurs when x ~ 4.6. 


Because the first equation has already been solved 
for P in terms of t, you can substitute this value into 
the second equation and solve for f, as follows. 


BOs 2 131i = 4055.6 39.98 
1335/1 — 39.97 — 4055.6 — 3631.2 
91.8¢ = 424.4 
t~ 4.6 


aes (Oe SOSE2 IS aia 


So, from the given models, you would expect that 
the population of Arizona exceeded the population 
of Alabama sometime during 1994. 


y= 4055.6 + 39.9x 


Intersection 
0 |X=4.6230937_ Y=4240.0614,) 10 
3400 


Figure 8.6 


So, from the graph, it appears that the population of Arizona 
exceeded the population of Alabama sometime during 1994. 


In this section, you learned that the graphs of two equations can intersect at 

_ Zero, One, or more points. Use a graphing utility to graph each of the follow- 
_ing systems. Decide whether the system has no solution, one solution, two 
solutions, or more than two solutions. 


a. L 05° 4 0.25% + y = —1,5 b. ee + 0.25% + y= —1.5 
| ‘Ad5x + y = —2.625 — 1.251 + y = —45 
ce ee 0.20% y= = 15 
: : 353% Fy = = 2.25 

- Create three other systems of equations, one with no solution, one with one 

_ solution, and one with two solutions. Write a short paragraph that explains 


: how you created these systems. Include a description of how you can check _ 
- that ve systems have the appropriate number of solutions. 
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In Exercises 1-4, decide whether each ordered pair is 
a solution of the system of equations. 


1. psn? = 1 (a) (0,-3)  () (-1,-5) 
6x t+y=—-6 (c) (-3,3)  @) (-4, -3) 

2. ve ty= 3 (a) (2,-13) (b) (2, -9) 
Ranks ean tae «) (-3.6) a (-2 -#) 

3. | y=—2e* (a) (—2,0) ~—(b) (0, -2) 
3x-y= 2 (c) (0-3) @ (-1,-5) 


i (Sere 3 ay i (a) ugl0Oed). . .(b), (10,2) 
j ox ae i= = (c) ake 3) (d) ee 1) 


In Exercises 5-14, solve the system by the method of 
substitution. Check your solution graphically. 


5. | 2x+y=6 6. |x y= 4 
—-x+ty=0 rer 2y =" 5 


11. 


| 


x +y=0 
4k tye () 


12. 


[x2+ y= O|[x2-4x-y=0] 
5 


y= — ly? 
y = 2(x* — 277 + 1) 


In Exercises 15-28, solve the system by substitution. 
Use a graphing utility to verify your result. 


15. 


jb, 


19. 


21. 


23. 


25. 


PE 


ten = 0 
a 
2x -y+t2=0 
4x +y—-5=0 


f 
| 
L 
| 
[ 
ae 


1.5x + 0.8y = 2.3 
03x— 0.2) = 0.1 


alee 8 


eee 
ae y=0 


16. 


18. 


20. 


22. 


24. 


26. 


28. 


x+2y= 1 
5X = Aya 23 


0.5% + 32y—y 9:0 
OD by == 3.6 


2x- y= 4 


. The Interactive CD-ROM and Jnternet versions of this text contain 


step-by-step solutions to all odd-numbered Section and Review 
Exercises. They also provide Tutorial Exercises, which link to 
Guided Examples for additional help. 
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In Exercises 29-36, solve the system of equations 
graphically. Verify your solutions algebraically. 


29) Sear 2p" 30. | x+ y= 0 
aie y=15 fetes ne 

31. [| x -—3y=-2 7 hee se 
Fae 17. Lye 

aR) x+y=4 34. CE ar =3 
| + y— 4x =0 eer 0 


| 
S 


35. { x-y+3=0 He 4x +11 = 
te 40 = y 


Ni 


—3x sey 


In Exercises 37-50, use a graphing utility to 
approximate all points of intersection of the graph of 
the system of equations. Verify your solutions by 
checking them in the original system. 


37. (7x + 8y = 24 pei eer y =0 
MOY 5x — 2y = 6 


39, yh 30 40. Co hes 


| t 
41. ne, $42, f eet 


yo x x — 8)? + y?=41 
43. 44, = —4e™ 
ea Be APH ep 
45. { + 2y 
ba ihe 
46. y= 2 = -In(x = 1) 
(, + 2x = 
47. |y = /x 48. [x-y=3 
f =x fase =] 
49, [x2 + y? = 169 50. [x7 + y? =4 
ie — 8y = 104 ie =jy=2 


In Exercises 51-62, solve the system graphically or 
algebraically. Explain your choice of method. 


51. = 2x 02, xt+ y= 4 
x2 + | x2 + y= ) 


La A AVEO 10). ESAS |e ar akan S 
- me Ee bei Sa 
SS bay 4 56. = (x + 1)3 
I. 7 
f tia: 


EG =v =O 


x y= 0 
57 | Vaeweaa— 1 58. 


W = lise = 3) 


59. 


61. 


y = x = 2 Fl 600 ye ee 

eee § {ft ae 
ret =) Ol. ey ee 

lepeeistae Vi wd 


Break-Even Analysis In Exercises 63-66, use a 
graphing utility to graph the cost and revenue func- 
tions in the same viewing window. Find the sales x 
necessary to break even (R = C) and the correspond- 
ing revenue R obtained by selling x units. (Round to 
the nearest whole unit.) 


63. 
64. 
65. 
66. 


67. 


68. 


69. 


Cost Revenue 
C = 8650x + 250,000 R = 9950x 
C = 2.65x + 350,000 R454 
C= 5 59) 1210 000 R 339% 
Gi= 7.8.) xi 8500 R =) 8d¢ 


Break-Even Point A small business invests 
$16,000 to produce an item that will sell for $5.95. 
Each unit can be produced for $3.45. 


(a) Write cost and revenue functions for x units pro- 
duced and sold. 


(b) Use a graphing utility to graph the cost and rev- 
enue functions in the same viewing window. Use 
the graph to approximate the number of units 
that must be sold to break even. 


(c) Verify the result of part (b) algebraically. 


Break-Even Point A small business has an initial 
investment of $5000. The unit cost of the product is 
$21.60, and the selling price is $34.10. 

(a) Write cost and revenue functions for x units pro- 
duced and sold. 

(b) Use a graphing utility to graph the cost and rev- 
enue functions in the same viewing window. Use 
the graph to approximate the number of units 
that must be sold to break even. 

(c) Verify the result of part (b) algebraically. 

Choice of Two Jobs You are offered two different 

jobs selling dental supplies. 


¢ One company offers a straight commission of 6% 
of sales. 


* The other company offers a salary of $250 per 
week plus 3% of sales. 


How much would you have to sell in a week in order 
to make the straight commission offer better? 


70. 


Ale 


72. 


Choice of Two Jobs You are offered two different 
jobs selling college textbooks. 


* One company offers an annual salary of $25,000 
plus a year-end bonus of 1% of your total sales. 


¢ The other company offers an annual salary of 
$20,000 plus a year-end bonus of 2% of your total 
sales. 


Determine the annual sales that make the second 
offer better. 


Finance A total of $20,000 is invested in two 
funds paying 6.5% and 8.5% simple interest. The 
6.5% investment has a lower risk. The investor wants 
a yearly interest check of $1600 from the investment. 


(a) Write a system of equations in which one equa- 
tion represents the total amount invested and the 
other equation represents the $1600 required in 
interest. Let x and y represent the amounts in- 
vested at 6.5% and 8.5%, respectively. 

(b) Use a graphing utility to graph the two equations 
in the same viewing window. As the amount 
invested at 6.5% increases, how do the amount 
invested at 8.5% and the amount of interest each 
change? Explain. 

(c) What is the most that can be invested at 6.5% to 
meet the requirement of $1600 per year in inter- 
est? 

Finance A total of $25,000 is invested in two 

funds paying 6% and 8.5% simple interest. The 6% 

investment has a lower risk. The investor wants a 

yearly interest income of $2000 from the two invest- 

ments. 


(a) Write a system of equations in which one equa- 
tion represents the total amount invested and the 
other equation represents the $2000 required 
in interest. Let x and y represent the amounts 
invested at 6% and 8.5%, respectively. 

(b) Use a graphing utility to graph the two equations 
in the same viewing window. As the amount 
invested at 6% increases, how do the amount 
invested at 8.5% and the amount of interest each 
change? Explain. 

(c) What is the most that can be invested at 6% 
to meet the requirement of $2000 per year in 
interest? 
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73. Log Volume You are offered two different rules 
for estimating the number of board feet in a log that 
is 16 feet long. A board foot is a unit of measure for 
lumber equal to a board one foot square and one inch 
thick. One rule is the Doyle Log Rule and is modeled 
by 


Vi =(D14)?, 95059 Dis40 


and the other rule is the Scribner Log Rule and is 
modeled by 


V = 0.79D4 2D — 45 =e Dis 40 


where D is the diameter of the log and V is its vol- 

ume in board feet. 

(a) Use a graphing utility to graph the log rules in 
the same viewing window. 


(b) For what diameter do the two rules agree? 


(c) If you were selling large logs, which rule would 
you use? Explain your reasoning. 


Geometry In Exercises 74-77, find the dimensions of 
the rectangle meeting the specified conditions. 


74. The perimeter is 30 meters and the length is 3 meters 
greater than the width. 


75. The perimeter is 280 centimeters and the width is 20 
centimeters less than the length. 


76. The perimeter is 42 inches and the width is three- 
fourths the length. 


77. The perimeter is 210 feet and the length is i; times 
the width. 


78. Geometry What are the dimensions of a rectangu- 
lar tract of land if its perimeter is 40 miles and its 
area is 96 square miles? 

79. Geometry What are the dimensions of an isosceles 
right triangle with a 2-inch hypotenuse and an area 
of 1 square inch? 

80. Data Analysis The table shows the amount y (in 
millions of short tons) of paperboard produced in the 
United States in the years 1993 through 1996. 
(Source: American Forest and Paper Association) 


| Year | 1993 | 1994 | 1995 | 1996 


bein 431 |v45.9 | 466 | 47.9 
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(a) Use the regression capabilities of a graphing util- 
ity to find a linear model and a quadratic model 
that represent the data in the interval from 1993 
through 1996. (Let t = 3 represent 1993.) 


(b) Use the graphing utility to graph the data and the 
two models in the same viewing window. 


(c) Approximate the points of intersection of the 
graphs of the models. 


(d) Use the models to estimate newsprint production 
in 1998. Which model do you think gives the 
more accurate estimate? Explain. 


81. Data Analysis The table shows the average hourly 
earnings E of production workers in manufacturing 
industries in the United States for the years 1992 to 
1997. (Source: U.S. Bureau of Labor Statistics) 


1993 1994 
$11.74 | $12.06 
1996 1997 
S128") 913.17 


Let ¢ represent the time in years, with t = 2 corre- 

sponding to 1992. 

(a) Use the regression capabilities of a graphing util- 
ity to fit a linear model and a quadratic model to 
the data. 


(b) Use the graphing utility to graph the data and the 
two models in the same viewing window. 


(c) Approximate the points of intersections of the 
graphs of the models. 


(d) Use the models to estimate the average hourly 
earnings in 2000. Which model do you think 
gives the more accurate estimate? Explain. 


Synthesis 


True or False? In Exercises 82 and 83, determine 
whether the statement is true or false. Justify your 
answer. 


82. In order to solve a system of equations by substitu- 
tion, you must always solve for y in one of the two 
equations and then back-substitute. 


83. If a system consists of a parabola and a circle, then it 
can have at most two solutions. 


84. Think About It When solving a system of equa- 
tions by substitution, how do you recognize that the 
system has no solution? 

85. Writing Write a brief paragraph describing any 
advantages of substitution over the graphical 
method of solving a system of equations. 


86. Exploration Find an equation of a line whose 
graph intersects the graph of the parabola y = x? at 
the following numbers of points. (There are many 
correct answers. ) 


(a) Two points 
(b) One point 
(c) No points 
87. Conjecture 
(a) Use a graphing utility to graph the system of 


equations 
Veal 
y = x? 


ODD — randy 4. 


(b) For a fixed value of b > 1, make a conjecture 
about the number of points of intersection of 
the graphs in part (a). 


Review 


In Exercises 88-93, find the general form of the equa- 
tion of the line through the two oe 


SS tons. 5) i 3.5, 4), (10, q 
90. (6, 3), (10, 3) a aCe) 
92. (2,0), (4, 6) 93. a ix 8), 1) 


In Exercises 94-97, find the domain of the function 
and identify any horizontal or vertical asymptotes. 


94. fx) = = : ; 95, f(x) = 7 
96. f(x) = a = 97. f(x) = 3 - < 


In Exercises 98-101, solve the equation. Round your 
result to three decimal places. 


98. 6 = * = 1249 
100. e* — 9e* + 18 = 0 
101. logo + 3)— log,.% = 


99. 8(107) = 28 


logyo(x + 8) 
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The Method of Elimination 


In Section 8.1, you studied two methods for solving a system of equations: sub- 
stitution and graphing. Now you will study the method of elimination. The key 
step in this method is to obtain, for one of the variables, coefficients that differ 
only in sign so that adding the equations eliminates the variable. 


Sere Vc—? ai, Equation 1 
= sey = —1 Equation 2 
3y = 6 Add equations. 


Note that by adding the two equations, you eliminate the variable x and obtain a 
single equation in y. Solving this equation for y produces y = 2, which you can 
then back-substitute into one of the original equations to solve for x. 


EXAMPLE 1 The Method of Elimination 


Solve the system of linear equations. 


3x + 2y =4 Equation | 
i —2y=8 Equation 2 
Solution 
You can eliminate y by adding the two equations. 
3x +2y= 4 Write Equation 1. 
a i 8 Write Equation 2. 
8x = 12 Add equations. 


50.4 = 2, By back-substituting, you can solve for y. 


3x + 2y =4 Write Equation |. 
3() +2y=4 Substitute $ for x. 
y= —} Solve for y. 


The solution is (3, —4). You can check the solution algebraically by substituting 
into the original system, or graphically as shown in Section 8.1. 


Check 


Il 


II 
ao wo -f- fF 


Substitute into Equation 1. 


ww 
eel 
ies) 
~— 

+ 

N 
ame 

| 

il 
~~ 


—" NI 


Equation | checks. J 


NIo 


Il 


Substitute into Equation 2. 


Nn 
a 
aes) 
——— 

| 

i) 
— 

| 
fie 


Equation 2 checks. J 


iiss 
ale 

Nie 
II 


Try using substitution to solve the system given in Example 1. Which method is 
easier? Many people find that the method of elimination is more efficient. 


377 


Frank Siteman/PhotoEdit 
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EXAMPLE 2 The Method of Elimination 
Solve the system of linear equations. 

SX toy = 9 9 Equation | 

( —4y= 14 Equation 2 


Algebraic Solution 


You can obtain coefficients that differ only in sign by multiplying 
Equation | by 4 and multiplying Equation 2 by 3. 


- Multiply 
20x + 12y = 36 Equation 1| by 4. 
el Multiply 
6x — 12y = 42 Equation 2 by 3. 
26x = 78 Add equations. 


From this equation, you can see that x = 3. By back-substituting 
this value of x into Equation 2, you can solve for y. 


2x — 4y = 14 _ Write Equation 2. 
2(3) — 4y = 14 Substitute 3 for x. 
—4y =8 Combine like terms. 
y=-2 Solve for y. 


The solution is (3, —2). You can check the solution algebraically by 
substituting into the original system. 


In Example 2, the two systems of linear equations 
5x+ 3y= 9 20x + 12y = 36 
and 
2x — 4y = 14 6x — 12y = 42 


Graphical Solution 


Solve each equation for y. Then use a graphing 
utility to graph y, = 3 — 2%, and y, = —i Se ax 
in the same viewing window. Use the intersect 
feature or the zoom and trace features to approx- 
imate the point of intersection of the graphs. 
From the graphs in Figure 8.7, the point of inter- 
section is (3, —2), so the approximate solution is 
(3, —2). You can determine that this is the exact 
solution by checking (3, —2) in both equations. 


Figure 8.7 


are called equivalent systems because they have precisely the same solution set. 
The operations that can be performed on a system of linear equations to produce 
an equivalent system are (1) interchanging any two equations, (2) multiplying an 
equation by a nonzero constant, and (3) adding a multiple of one equation to any 


other equation in the system. 
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Graphical Interpretation of Two-Variable Systems 


It is possible for a general system of equations to have exactly one solution, two 
or more solutions, or no solution. If a system of linear equations has two differ- 
ent solutions, it must have an infinite number of solutions. To see why this is true, 
consider the following graphical interpretations of a system of two linear equa- 
tions in two variables. (Remember that the graph of a linear equation in two vari- 
ables is a straight line.) 


Graphical Interpretation of Solutions 


For a system of two linear equations in two. Variables, the number of 
_ Solutions i is one of the following, ae oo 


Number of Solutions Graphical Interpretation 


ie Exactly one solution — The two lines intersect at one point. 
2. Infinitely many solutions _ _ The two lines are identical. 
3. Nosolution : ie The two lines are parallel. 


A system of linear equations is consistent if it has at least one solution. It is 
inconsistent if it has no solution. 


EXAMPLE 3 _ Recognizing Graphs of Linear Systems 


Match each system of linear equations (a, b, c) with its graph (i, ii, ili) in Figure 
8.8. Describe the number of solutions. Then state whether the system is consis- 
tent or inconsistent. 


a 2 oy = 3 ee | 2h Boylan 3 
—4x + 6y = 6 x+2y=5 —4x + 6y = —6 
3 3 
-4 A 5 =a 5 


i. ii. 
Figure 8.8 


Solution 
a. The graph is a pair of parallel lines (ii). The lines have no point of intersec- 


tion, so the system has no solution. The system is inconsistent. 


b. The graph is a pair of intersecting lines (iii). The lines have one point of inter- 
section, so the system has exactly one solution. The system is consistent. 

c. The graph is a pair of lines that coincide (i). The lines have infinitely many 
points of intersection, so the system has infinitely many solutions. The system 
is consistent. 


A computer simulation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


iii. 
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In Examples 4 and 5, you can use the method of elimination to determine that a 
system of linear equations has no solution or infinitely many solutions. 


EXAMPLE 4 The Method of Elimination: No-Solution Case 


Solve the system of linear equations. 


| x-2y=3 Equation | 
—2x+4y=1 Equation 2 


Algebraic Solution Graphical Solution 


To obtain coefficients that differ only in Solve each equation for y: y, = -3 + bx y= i 5 5x 
sign, multiply Equation 1 by 2. 


x-2=3 o> 2x-4=6 


1 D> -2x+4y=1 


= 2x + 4y 
i) = 7 


Notice that the lines have the same slope, so they are parallel. You can use 
a graphing utility to verify this by graphing both equations as shown in 
Figure 8.9. Then try using the intersect feature to find a point of intersec- 
tion. Because the graphing utility cannot find a point of intersection, you 
will get an error. Use the zoom feature and then try using the intersect fea- 
ture again. Because repeated zooming yields the same error message, you 
can conclude that the lines are parallel, and, therefore, the system has no 
solution. 


By adding the equations, you obtain 0 = 7. 
Because there are no values of x and y for 
which 0 = 7, this is a false statement. So, 
you can conclude that the system is 
inconsistent and has no solution. 


Figure 8.9 


In Example 4, note that the occurrence of a false statement, such as 0 = 7, 
indicates that the system has no solution. In the next example, note that the 
occurrence of a statement that is true for all values of the variables—in this case, 
0 = 0—indicates that the system has infinitely many solutions. 


EXAMPLE 5 The Method of Elimination: Infinitely Many Solutions Case 


J ; 2x y= | Equation 1 
Solve the system of linear equations: 
4x —2y=2 Equation 2 


: 4 
Solution e 
To obtain coefficients that differ only in sign, multiply Equation 2 by —}. Oy 


2x y= 1 => Liety Eis) Write Equation 1. 
4x —2y=2 => = 255 ieee Multiply Equation 2 by —3. -3 7 6 
0O= 0O Add equations. Ren 
Because 0 = 0 for all values of x andy, the two equations turn out to be ae 


equivalent (have the same solution set). You can conclude that the system has infi- _ Figure 8.10 
nitely many solutions. The solution set consists of all points (x, y) lying on the 
line 2x — y = 1, as shown in Figure 8.10. 
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Example 6 illustrates a strategy for solving a system of linear equations that has 
decimal coefficients. 


EXAMPLE 6 A Linear System Having Decimal Coefficients 


Solve the system of linear equations. 


ines =0.05y = =0:38 Equation | 
0.03x + 0.04y = 1.04 Equation 2 
Solution 


Because the coefficients are two-place decimals, begin by multiplying each equa- 
tion by 100 to produce a system with integer coefficients. 


{" gy om OO Revised Equation 1 vate = 0, the 
Ts Mae notes te: 
3x + 4y = 104 Revised Equation 2 emcees i sioa a 


pro ram called SOLVE for s solv- 
Now, to obtain coefficients that differ only in sign, multiply Revised Equation | aig etl a system i is given on (ei 


by 3 and multiply Revised Equation 2 by —2. e “our website, college. Jhmco. com. 
5 es 2 = Multiply Revised Tr ‘using oo TO m te y check 
2x pay = 38 Grey ee eee near gral toch, =e) 
Multiply Revised pe: 
Omi ey = 104 Otte Sy yr 1 208 Equation 2 by —2. 
=23y = — 322 Add equations. 
So, you can conclude that 
SO Pe) 
=— = 14, 
p53 B, 
Back-substituting this value into Revised Equation 2 produces the following. The Interactive CD-ROM and Internet 
versions of this text show every example 
SXer tye 104 Write revised Equation 2. with its solution; clicking on the Try It/ 
a ; : button brings up similar problems. 
3x + 4(14) =)04 PHU a dS Guided Examples and Integrated 
~e Bae Examples show step-by-step solutions to 
= Combine like t ; 
3x 48 a et additional examples. Integrated Examples 
x= 16 Solve for x. are related to several concepts in the 


section. 
The solution is (16, 14). Check this in the original system, as follows. 


Check 
0.02(16) — 0.05(14) as =038 Substitute into Equation 1. 
eet O10 = —0.38 Equation 1 checks. / 
0.03(16) + 0.04(14) fi 1.04 Substitute into Equation 2. 


0.48 + 0.56 = 1.04 Equation 2 checks. J 
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Applications 


At this point, you may be asking the question “How can I tell which application 
problems can be solved using a system of linear equations?” The answer comes 
from the following considerations. 

1. Does the problem involve more than one unknown quantity? 


2. Are there two (or more) equations or conditions to be satisfied? 


If one or both of these conditions occur, the appropriate mathematical model for 
the problem may be a system of linear equations. Example 7 shows how to con- 
struct such a model. 


EXAMPLE 7 An Application of a Linear System 


An airplane flying into a headwind travels the 2000-mile flying distance between 
two cities in 4 hours and 24 minutes. On the return flight, the same distance is 
traveled in 4 hours. Find the airspeed of the plane and the speed of the wind, 
assuming that both remain constant. 


Solution 
The two unknown quantities are the speeds of the wind and the plane. If r, is the 
speed of the plane and r, is the speed of the wind, then 


r, — Ty = Speed of the plane against the wind 
r, + r, = speed of the plane with the wind 

as shown in Figure 8.11. Using the formula 
Distance = (rate)(time) 


for these two speeds, you obtain the following equations. 
24 
2000 = (r, — rd(4 + =) 


2000 = (r, + r,)(4) 
These two equations simplify as follows. 
[ee = Iir, — ltr, Equation 1 
SOU se rat. or, Equation 2 


By elimination, the solution is 


5250 : 

7 = ane =~ 477.27 miles per hour Speed of plane 
250 ; 

r, = —— ~& 22.73 miles per hour. Speed of wind 


11 


Check this solution in the original statement of the problem. 


Figure 8.11 


Original flight 
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In Exercises 1-10, solve the system of equations by the 9. (9x + 3y = 1 10. [5x + 3y = -18 
method of elimination. Label each graphed line with B52 6S pala = 1 
its equation. 2 a 


seas as Bosh, 


ey = it —-x+2y=4 


In Exercises 11-20, solve the system by the method of 
elimination and check any solution algebraically. 


11. |x+2y=4 12... \6x=s3y.= 22 
cee ereeres 

13. |2x + 3y = 18 14. | x+ 7y= 12 
Fes y=11 aa 

15.) 3% eZ = 10 16..| 2r +, 4s= 5 
ke + 5y= 3 i + 50s = 55 

17. |5u + 6v = 24 18. ax liv = 4 
{emerge eas sy =9 

19. |1.8x + 1.2y =4 20." |3:le— 2 9y = = 102 
| 9x + by =3 ee ee 34 


In Exercises 21-32, solve the system by the method of 
elimination and verify any solution using a graphing 


utility. 
21. [46+ 3m= 3 Dose Qi ae oS 
3b + 1lm = 13 5x + 8y = 10 
xey 24% (a2 1 2 
bes ch =y ay = = 
sai Gi pw 6 83 
dh a gd Raves! CL gees oct bane 
a 5 6 2 wid Gor wie 
Sh 26. 2, —3y= 4 
Gesaed 5h = ay ae 
. (x- + 
4 z , 2 a9 == ihe oy 24 
2 3 
ire 5 x-2y= 
Ze sy = led 30-2 | 0258 0:59 == 27-8 
20 — DAy = 1:2 0.3x + 0.4y = 68.7 
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31. [0.02x — 0.05y = —0.19 
0.03x + 0.04y = 0.52 
= 0.21 


32. (0.05x — 0.03y 
0.07x + 0.02y = 0.16 


In Exercises 33-40, use a graphing utility to graph the 
lines in the system. Use the graphs to determine 
whether the system is consistent or inconsistent. If the 
system is consistent, determine the solution. Verify 
your result algebraically. 


337 2x5 oy — 0 34, [2x + y= 5 
i ae y= 3 x ly el 
35. { 3x- y=3 36. [4x —6y = 9 
=3x or Jy — 9 By = 8y = 12 
37. | Xe Ty = 2 38. [8x — 1l4y =5 
4x- y=9 Xe 3 Dye 25 
39. | —x+7Ty=3 40. feces —4 
—ty + y=5 ek is yV = al 


In Exercises 41-48, use a graphing utility to graph the 
two equations. Use the graphs to approximate the 
solution of the system. 


41. [8x + 9y = 42 42 4y = -8 
ee y= 16 [Sec 4 

43.( #x-ty=8 44. [ 3x- 3y=-9 
{sama pr carer 28 

45. |0.5x+2.2y= 9 46. |2.4x + 3.8y = —17.6 
| 6x + 0.4y = —22 | an — O2y = 3.2 

AT Tey 1 4, 48. |10x — 13y = —20 
Eee eee aes 


In Exercises 49-56, use any method to solve the 
system. 


49. |3x —S5y= 50. [=x + 3y = 17 
2x hey = 9 4x+3y= 7 
= 2x - 7x + 3y = 16 
yr— ox — 11 y=x+2 
Soe |e oy 34a yo =O 
6x + Sy = 21 ay tS) 259 
ma Pe wed 56. 4x —3y= 6 
Y= 5+ 3 =X ye 


Exploration Yn Exercises 57-60, find a system of lin- 
ear equations that has the given solution. (There are 
many correct answers.) 


57. (6, 3) 58. (8, —2) 
59. (3, 3) 


Supply and Demand In Exercises 61-64, find the 
point of equilibrium of the demand and supply equa- 
tions. The point of equilibrium is defined by the price 
p and the number of units x that satisfy both the 
demand and supply equations. 


Demand Supply 
61. p = 50 — 0.5x p = 0.125x 
62. p = 100 — 0.05x p= 2a. 0s 


63. p = 140 — 0.00002x 
64. p = 400 — 0.0002x 


p = 80 + 0.00001x 
p = 225 + 0.0005x 


65. Airplane Speed An airplane flying into a head- 
wind travels the 1800-mile flying distance between 
two cities in 3 hours and 36 minutes. On the return 
flight, the distance is traveled in 3 hours. Find the 
airspeed of the plane and the speed of the wind, 
assuming that both remain constant. 


66. Airplane Speed Two planes start from the same 
airport and fly in opposite directions. The second 
plane starts $ hour after the first plane, but its speed 
is 80 kilometers per hour faster. Find the airspeed of 
each plane if 2 hours after the first plane departs the 
planes are 3200 kilometers apart. 


67. Acid Mixture Ten liters of a 30% acid solution is 
obtained by mixing a 20% and a 50% solution. 


(a) Write a system of equations. One equation rep- 
resents the amount of final mixture required and 
the other represents the amount of acid in the 
final mixture. Let x and y represent the amounts 
of 20% and 50% solutions, respectively. 


(b) Use a graphing utility to graph the two equations 
in part (a) in the same viewing window. As the 
amount of the 20% solution increases, how does 
the amount of the 50% solution change? 


(c) How much of each solution is required to obtain 
the specified concentration in the final mixture? 


68. Fuel Mixture Five hundred gallons of 89-octane 
gasoline is obtained by mixing 87-octane gasoline 
with 92-octane gasoline. 


(a) Write a system of equations. One equation rep- 
resents the amount of final mixture required and 
the other represents the amount of 87- and 


69. 


70. 


whe 


72. 


73. 


74. 


92-octane gasoline in the final mixture. Let x and 
y represent the number of 87-octane gallons and 
92-octane gallons, respectively. 


(b 


—_ 


Use a graphing utility to graph the two equations 
in part (a). As the amount of 87-octane gasoline 
increases, how does the amount of 92-octane 
gasoline change? 


(c) 


How much of each type of gasoline is required to 
obtain the 500 gallons of 89-octane gasoline? 


Finance A total of $12,000 is invested in two cor- 
porate bonds that pay 7.5% and 9% simple interest. 
The investor wants an annual interest income of 
$990 from the investments. What is the most that can 
be invested in the 7.5% bond? 


Finance A total of $32,000 is invested in two 
municipal bonds that pay 5.75% and 6.25% simple 
interest. The investor wants an annual interest 
income of $1900 from the investments. What is the 
most that can be invested in the 5.75% bond? 


Ticket Sales Five hundred tickets were sold for one 
performance of a play. The tickets for adults and 
children sold for $7.50 and $4.00, respectively, and 
the total receipts for the performance were $3312.50. 
How many of each kind of ticket were sold? 


Shoe Sales On Saturday night, the manager of a 
shoe store evaluates the receipts of the previous 
week’s sales. Two hundred and forty pairs of two dif- 
ferent styles of tennis shoes were sold. One style sold 
for $66.95 and the other sold for $84.95. The total 
receipts were $17,652. The cash register that was 
supposed to record the number of each type of shoe 
sold malfunctioned. Can you recover the informa- 
tion? If so, how many shoes of each type were sold? 


Driving Distances In a trip of 300 kilometers, two 
people drive. One person drives three times as far as 
the other. Find the distance that each person drives. 


Truck Scheduling A contractor hires two trucking 
companies to haul 1600 tons of crushed stone for a 
highway construction project. The contracts state 
that one company is to haul four times as much as the 
other. Find the amount hauled by each company. 


Fitting a Line to Data In Exercises 75-78, find the 
least squares regression line y = ax + b for the points 


(ee va), GxiVa)s-aiel oa 


(x,.y,) by solving the system 


for a and b. Then use the regression capabilities of a 
graphing utility to confirm your result. (For an expla- 
nation of how the coefficients of a and b in the system 
are obtained, see Appendix B.) 


fis 
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3b + 10a = 20.2 76. | 5b + 10a = 11.7 
10b + 30a = 50.1 10b + 30a = 25.6 


Tis 


79. Data Analysis 


80. Data Analysis 


ato) (4.2.8) 


| 7b + 21a = 35.1 78. { 6b + 15a = 23.6 
21b + Ola = 114.2 15b + 55a = 48.8 
(1, 4.4) (0, 5.4) (1, 4.8) 

6 


& 5) (35:0) 


2, 4.6)\(6 6) 


a 4.1) (4,54) 


A farmer used four test plots to 


determine the relationship between wheat yield 
(in bushels per acre) and the amount of fertilizer (in 
hundreds of pounds per acre). The results are shown 
in the table. 


(a) Find the least squares regression line y = 
ax + b for the data by solving the system for a 


and b. 
cas 70a = 174 


Bu 


TDS 13.56 


II 


(b) Use the linear regression capabilities of a graph- 
ing utility to confirm the result. 

(c) Plot the data and the linear regression model. 

(d) Use the line to estimate the yield for a fertilizer 
application of 160 pounds per acre. 

A store manager wants to know the 

demand for a certain product as a function of 

the price. The daily sales for the different prices of 

the product are shown in the table. 


Price,x | $1.00 


“Demand, y | 450 


$1.25 | $1.50 
375 | 330 
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(a) Find the least squares regression line y= 


ax + b for the data by solving the system for a 


and b. 
lie + 3.7500a = 1155.00 


1413.75 


3.100 + 4.81254 = 


(b) Use the linear regression capabilities of a graph- 


ing utility to confirm the result. 


(c) Plot the data and the linear regression model. 


(d) Then, use the line to predict the demand when 


the price is $1.40. 


Synthesis 


True or False? 


In Exercises 81-83, determine 


whether the statement is true or false. Justify your 
answer. 


81. If a system of linear equations has two distinct solu- 
tions, then it has an infinite number of solutions. 


82. Solving a system of equations graphically will 
always give an exact solution. 


83. If a system of linear equations has no solution, then 
the lines must be parallel. 


Think About It In Exercises 84 and 85, the graphs of 
the two equations appear to be parallel. Yet, when the 
system is solved algebraically, it is found that the sys- 
tem does have a solution. Find the solution and 
explain why it does not appear on the portion of the 
graph that is shown. 


84. | 


100y-—x= 200 85. |21x-20y= 0 
09) — x= = 198 ise = 12y-="120 
100y — x = 200 21x — 20y =0 
6 12 
6 oa-6 18 
-6 =t2 
99y — x =—198 13x — 12y = 120 


86. Writing Briefly explain whether or not it is possi- 
ble for a consistent system of linear equations to 
have exactly two solutions. 


87. Think About It Give examples of (a) a system of 
linear equations that has no solution and (b) a system 
that has an infinite number of solutions. 


am 
Ss 


Exploration In Exercises 88 and 89, find the value of 
k such that the system of equations is inconsistent. 


88. (4x — 8y = -3 ai 15x + 3y= 6 
2x +ky = 16 —10x +ky =9 
Advanced Applications In Exercises 90-93, solve the 


system of equations for u and v. While solving for 
these variables, consider the transcendental functions 
as constants. (Systems of this type are found in a 
course in differential equations.) 


90. |usinx + vcosx = 0 
u“ COS xX — vsin x = sec x 


91. ucos 2x + v sin 2x = 0 
u(—2 sin 2x) {2 cos.2x), — csc 2x 


92. ue* + yxe* = 
ue* + v(x + lhe = &* Inx 
93. ue + yxe* = 0 
er 
nQee- Vos We = 
x 


Review 


In Exercises 94-97, use a graphing utility to graph the 
functions. Use the graph to determine the domain and 
range. 


94, f(x) = x? — 2x 95 ok) = Jr 
LP ep 


~) 


96. h(x) = 97. s(t) = 


ite? 
In Exercises 98-105, solve the inequality and graph 
the solution on a real number line. 


OS oe Lea Gx pea 99.62 it ek ett ol 


100. 8x — 15 < —4(2x — 1) 

101 = 68S 6x10 6 

102. |x — 8] < 10 103. |x + 10] > —3 
104. 2x7 + 3x —35 <0 105. 3x2 + 12x>0 


In Exercises 106-109, write the expression as the log- 
arithm of a single quantity. 
106. Inx + In6 

108. log,12 — logox 


107. 
109. 


In x — 5 In(x + 3) 


tog, Shy 


In Exercises 110 and 111, solve the system by the 
method of substitution. 


4x - y=-—16 


110. | hl 
=§x + 3y = 6 


im LO 


111. te 12x + 9y 
Xi a 
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Row-Echelon Form and Back-Substitution 


The method of elimination can be applied to a system of linear equations in more 
than two variables. When elimination is used to solve a system of linear equa- 
tions, the goal is to rewrite the system in a form to which back-substitution can 
be applied. Consider the following two systems of linear equations. 


System of 3 Linear Equations in 3 Variables (See Example 2): 
9 
=x Sy —4 
te oy + Oe LT 


xX — 2y +237 


Equivalent System in Row-Echelon Form (See Example 1): 
ee  2y + 37 ="9 
y+ 3z=5 
z=2 


The second system is said to be in row-echelon form, which means that it has a 
“stair-step” pattern with leading coefficients of 1. After comparing the two sys- 
tems, it should be clear that it is easier to solve the system in row-echelon form. 


EXAMPLE 1 Using Back-Substitution 


Solve the system of linear equations. 


Gay Pt =9 Equation 1 
y + 3z7= Equation 2 
z=2 Equation 3 
Solution 


From Equation 3, you know the value of z. To solve for y, substitute z = 2 
into Equation 2 to obtain 


y + 3(2) =5 Substitute 2 for z. 
y= —1. Solve for y. 
Finally, substitute y = —1 and z = 2 into Equation | to obtain 
x — 2(-1) + 3(2) =9 Substitute — 1 for y and 2 for z. 
x= 1. Solve for x. 
The solution is x = 1, y = —1, and z = 2, which can be written as the ordered 


triple (1, — 1, 2). Check this in the original system of equations as follows. 
Check 1 — 2(-1)+32)=9 Vv 
—1+32)=5 vo 


2 egy Vk 
ian 


“aati 


© How to recognize linear sys- _ 


~ tems in row-echelon form and 
SccUse. back-substitution to solve 
the: systems 


Res How to use Gaussian — 


: : ~ Elimination to solve systems | 
of linear equations — a 


ces ‘How to solve nonsquare sys : 
tems of linear equations _ 
LAS ‘How to ‘graphically interpret 


- three-variable systems — 


© How to use systems of linear 


- equations to write partial frac- 
tion decompositions of ra- 
tional expressions 


© How to use systems of linear 


equations in three or more _ 
variables to model and solve 
real-life problems 


~ You Should Learn It: 
Systems of linear equations in 
three or more variables can be 
used to model and solve real-life 
problems. For instance, Exercise 
109 on page 601 shows how to 
use a system of linear equations 
to analyze an automobile’s brak- 
ing system. 


Andy Sacks/Tony Stone Images 
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Gaussian Elimination 


Two systems of equations are equivalent if they have the same solution set. To 
solve a system that is not in row-echelon form, first convert it to an equivalent 
system that is in row-echelon form by using one or more of the elementary row 
operations shown below. This process is called Gaussian elimination, after the 
German mathematician Carl Friedrich Gauss (1777-1855). 


Christopher Lui/China Stock 


EXAMPLE 2 Using Gaussian Elimination to Solve a System 


Solve the system of linear equations. 


x-2y+3z= 9 Equation 1 

ee Oy =-4 Equation 2 

2x Sy 2 = 1s Equation 3 
Solution 


Because the leading coefficient of the first equation is 1, you can begin by saving 
the x in the upper left position and eliminating the other x’s from the first column. 


Nee == = 
_| Adding the first equation to the 
yor 37= 5 — second equation produces a 
new second equation. 
DN OV Zi— wl 
ieee Vic = SORE 
= Adding —2 times the first 
OO ae equation to the third equation 
-y- z=-1 produces a new third equation. 


Now that all but the first x have been eliminated from the first column, go to work 
on the second column. (You need to eliminate y from the third equation.) 


w= 2y 437 = 9 


y+3¢=5 Adding the second equation t 
to the third equation produces ’ Sie 
Iz=4 a new third equation. STUDY TIP sift 


The goal of Gaussian elimi- 
nation is to use elementary row 
Operations on a system in order _ 
ae a5 to isolate one variable. You . 

can then solve for the value of 

z= 2 the variable and use back- _ 

This is the same system that was solved in Example 1. As in that example, you substitution ue find the values — ty 
can conclude that the solution is x = 1, y = —1, and z = 2, written as (1, — 1, 2). of the Se eats variables. ie 
Check this in the original system of the equations. ores ne 


Finally, you need a coefficient of | for z in the third equation. 


Coy oe 9 


Multiplying the third equation 
by ; produces a new third 
equation. 
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The next example involves an inconsistent system—one that has no solution. The 
key to recognizing an inconsistent system is that at some stage in the elimination 
process, you obtain a false statement such as 0 = —2. 


EXAMPLE 3 An Inconsistent System 


Solve the system of linear equations. 


oe eke) a er an | Equation 1 
Bie by 22>. 42 Equation 2 
xt 2y.= 37 = —1 Equation 3 
Solution 
ma oy eZ =" I 


s the fist equation 
to the second equation _ a 
| new second equation. 


Sy-4z= 0 
Rete y — 37 = — | 


we Sy sr itzi=) vl 
gelling pe ‘Adding oT times the first. 
y 4 g - equation to the third equation 
Sy —4¢ = -2 ~ produces a new third equation. 
Cah eg eee | ic op . ; 
8: ea : Adding — 1 times the second fe 
eae : | equation to the third equation 
0= -2 ~ produces a new third equation. 
Because 0 = —2 is a false statement, you can conclude that this system is incon- 


sistent and therefore has no solution. Moreover, because this system is equivalent 
to the original system, you can conclude that the original system also has no solu- 
tion. 


As with a system of linear equations in two variables, the number of solutions of 
a system of linear equations in more than two variables must fall into one of three 
categories. 


A system of linear equations is called consistent if it has at least one solution. 
A consistent system with exactly one solution is independent. A consistent 
system with infinitely many solutions is dependent. A system of linear equations 
is called inconsistent if it has no solution. 
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EXAMPLE 4 A System with Infinitely Many Solutions 


Solve the system of linear equations. 


Katt yaa oe tail Equation | 

Vom =O Equation 2 

SEO POS = | Equation 3 

Solution 
Sy 3 = 
DS een) 
3y'— 37 = 0 
Pera 3r=—1 
Via coe i 
0= O "produces a new third equation. 


This means that Equation 3 depends on Equations | and 2 in the sense that 
it gives us no additional information about the variables. So, the original 
system is equivalent to the system 


-— 
y- z= 0 


In the last equation, solve for y in terms of z to obtain y = z. Back-substituting 
for y into the previous equation produces x = 2z — 1. Finally, letting z = a, 
where a is a real number, the solutions to the given system are all of the form 


4=20a— I, y=a, and Z=a. 
So, every ordered triple of the form 

(a — lia. a): a is a real number 
is a solution of the system. 


In Example 4, there are other ways to write the same infinite set of 
solutions. For instance, the solutions could have been written as 


(b, +(b + 1), +(b + 1)), b is a real number. 


To convince yourself that this description produces the same set of solutions, con- 
sider the following. 


D(Q\iee Ol aie 62 nan 
3,38 + 1),38 + 1) = 


Substitution Solution 
a=0 aa = 1,0, 0) (re), Se mar er Same 
es (-1 ee 1), (- fore 1) ae (150: 0) solution 
a ==) — 
ee (i em ee ey )) (1 1) solution 
( ) 
( (3, 


D 2) solution 
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Nonsquare Systems 


So far, each system of linear equations has been square, which means that 
the number of equations is equal to the number of variables. In a nonsquare sys- 
tem of equations, the number of equations differs from the number of variables. 
A system of linear equations cannot have a unique solution unless there are at 
least as many equations as there are variables in the system. 


EXAMPLE 5 A System with Fewer Equations Than Variables 


Solve the system of linear equations. 


| eae 2. = 2 Equation | 
Pi 2 =| Equation 2 
Solution 


Begin by rewriting the system in row-echelon form. 


al gett 2 


Adding — 2 times the first equation 
By 37 = —3 to the second equation produces a 
new second equation. 


feces es 2 


y-z=-l Multiplying the second equation by 


3 produces a new second equation. 


Solving for y in terms of z, you get y =z -— 1, and back-substitution into 
Equation 1 yields 


%—2¢—1)+z=2 
teeter es 7 — 2 
x =Z. 
Finally, by letting z = a where a is a real number, you have the solution 
x =a, y= a —-1, and 1 =O}, 
So, every ordered triple of the form 
(a, a — 1, a), a is areal number 
is a solution of the system. 
In Example 5, try choosing some values of a to obtain different solutions of 


the system, such as (1, 0, 1), (2, 1, 2), and (3, 2, 3). Then check each of the solu- 
tions in the original system as follows. 


Check: (1, 0, 1) Check: (2, 1, 2) Check: (3, 2, 3) 

1-—2(0)+1=2 2-211) +2=2 3 —2(2)+3=2 
Dee af Dh R= ae A 

2hh) +) Ours 212) =p ler Qu 2(3)--2=> 3: =.1 
Wa (Ce fei / 
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Graphical Interpretation of Three-Variable Systems 


Solutions of equations with three variables can be pictured with a three-dimen- 
sional coordinate system. To construct such a system, begin with the xy-coordi- 
nate plane in a horizontal position. Then draw the z-axis as a vertical line through 
the origin. 


Every ordered triple (x, y, z) corresponds to a point on the three-dimensional 
coordinate system. For instance, the points corresponding to 


(2,054), (4-95.35); and (3,3, 2) 
are shown in Figure 8.12. 


The graph of an equation in three variables consists of all points (x, y, z) that 
are solutions of the equation. The graph of a linear equation in three variables is 
a plane. Sketching graphs on a three-dimensional coordinate system is difficult 
because the sketch itself is only two-dimensional. 


One technique for sketching a plane is to find the three points at which the plane 
intersects the axes. For instance, the plane 


3x + 2y + 4z = 12 


intersects the x-axis at the point (4, 0, 0), the y-axis at the point (0, 6, 0), and the 
z-axis at the point (0, 0, 3). 


By plotting these three points, connecting them with line segments, and shading 
the resulting triangular region, you can sketch a portion of the graph, as shown in 
Figure 8.13. 


The graph of a system of three linear equations in three variables consists of three 
planes. When these planes intersect in a single point, the system has exactly one 
solution. [See Figure 8.14(a).] When the three planes have no point in common, 
the system has no solution. [See Figures 8.14(b) and (c).] When the three planes 
intersect in a line or a plane, the system has infinitely many solutions. [See 
Figures 8.14(d) and (e).] 


(a) Solution: one point (b) Solution: none (c) Solution: none 


(d) Solution: one line (e) Solution: one plane 


Figure 8.14 


X 


Figure 8.13 
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Partial Fraction Decomposition and Other Applications 


A rational expression can be often written as the sum of two or more simpler 
rational expressions. For example, the rational expression 


ce 5p 7 
x—-—x-6 


can be written as the sum of two fractions with linear denominators. That is, 


Partial fraction decomposition of 
wae OL 
5S = 5 = 
— SSN 
ete aed 
oat OMe te 3 8 x24 2" 
ee cee Sy 


Partial Partial 
fraction fraction 


Each fraction on the right side of the equation is a partial fraction, and together 
they make up the partial fraction decomposition of the left side. 


Decomposition of NOOIDO)” int 


1. Divide if improper: If N(x)/D(x) is an improper faction (degree of 
N(x) = degree of D(x)), divide the denominator into the numerator to 


was Leonhard Eul 


obtain 

N@) N,(x) 

= (polynomial) + 

DO D(x) 
and apply Steps 2, 3, and 4 (below) to the proper rational expression 
N,(x)/D(). 

2. Factor denominator: Completely factor the denominator into factors of the 

form 


(nes gee and = ax* 4 bx + cP 


where (ax? + bx + c) is irreducible. 
3. Linear factors: For each factor of the form (px + q)”, the partial 
fraction decomposition must include the following sum of m fractions. 
A A 
aie + = 2 et * 
(pe q) (px + gq) (px + q) 
4. Quadratic factors: For each factor of the form (ax? + bx + c)", the par- 
tial fraction decomposition must include the following sum of n fractions. 
Bye Cy Boxe + C, a Bex C, 
ax2+bxt+ec (ax? + bx +c) (ax? + bx +c)" 


One of the most important applications of partial fractions is in calculus. If 
you go on to take a course in calculus, you will learn how partial fractions can be 
used in a calculus operation called antidifferentiation. 
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EXAMPLE 6 Partial Fraction Decomposition: Distinct Linear Factors 


Write the partial fraction decomposition for 


Kae 7 
x27 -x-6 
Solution 
Because x2 — x — 6 = (x — 3)(x + 2), you should include one partial fraction 
with a constant numerator for each linear factor of the denominator and write 
x+7 A B 
———= + 
x2 —=x-6 x-3 x2 


Multiplying both sides of this equation by the least common denominator, 
(x — 3)(x + 2), leads to the basic equation 


x+7=A(x + 2) + Bx — 3) Basic equation 
= Ax + 2A + Bx — 3B 
=(A + B)xy 4 2A 3B. Write in polynomial form. 


By equating coefficients of like terms on opposite sides of the equation, you 
obtain the following system of linear equations. 


A+ B=1 
bn — 3B=7 
You can solve the system of linear equations as follows. 
A+ B=1 3A + 3B =3 Multiply Equation 1 by 3. 
24 - 3B =7 VAL 3B Bqustion2 
5A = 10 Add equations 


From this equation, you can see that A = 2. By back-substituting this value of A 
into Equation 1, you can determine that B = —1. 


Therefore, the partial fraction decomposition is 


xe Pe 2 1 


3 a eee 


Check this result by combining the two partial fractions on the right side of the 
equation. 


You can graphically check the decomposition found in Example 1. To do this, 
graph 
ected 2 | 


\) = Sr ge ae 
7 = = 6 = 23 sae D 


in the same viewing window. Their graphs should be identical, as shown in Figure 
Slo 


Figure 8.15 


8.3 © Multivariable Linear Systems 595 


The next example shows how to find the partial fraction decomposition for a 
rational function whose denominator has a repeated linear factor. 


EXAMPLE 7 Partial Fraction Decomposition: Repeated Linear Factors 


Write the partial fraction decomposition for 
Se ae Ae SEG 
ate ees 
Solution 
Because the denominator factors as 
Moo et ee (x + x |) 
=) Fibs Ns 


you should include one partial fraction with a constant numerator for each power 
of x and (x + 1) and write 


OX fa 20X40 6 A B C 


+ +—., 
x(x + 1)? mee ke xe 2 


Multiplying by the LCD, x(x + 1), leads to the basic equation 
5x2 + 20x + 6 = A(x + 13? + Bex +: 1) 4+ Basic equation 
= Axe 2Ax 4 Arti Bx> + Bx 4.Cx 


=(A-B)axt+ QA+B4 Cr+ A. Polynomial form 


By equating coefficients of like terms on opposite sides of the equation, you 
obtain the following system of linear equations. 


AeB = 5 
2A + B+ C= 20 
A = 6 
Substituting 6 for A in the first equation produces 
6+ B=5 
B= 1. 


Substituting 6 for A and — 1 for B in the second equation produces 
2(6) + (—1) + C =20 
C= 9. 
Therefore, the partial fraction decomposition is 


5x2+20x+6 6 1 9 


= [= 
x(x +91)? Deere. Ax d)- 


396 
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EXAMPLE 8 Vertical Motion 


The height at time f of an object that is moving in a (vertical) line with constant 
acceleration a is given by the position equation s = Sat? + Yot + So. The height 
s is measured in feet, f is measured in seconds, vy is the initial velocity (in feet per 
second) at t = 0, and 5s, is the initial height. Find the values of a, vo, and So, if 
s = 52att = 1,5 = 52 att = 2, ands = 20 at t = 3, as shown in Figure 8.16. 


Solution 
You can obtain three linear equations in a, Vo, and sy as follows. 


Whent=1:  4a(1)? + (1) + 5) = 52 HED a + 2) + 25) = 104 
When t = 2: $a(2)? + v9(2) + 59 = 2a + 2v5 + Sy = 52 
When t = 3: Fa(3)? + v9(3) + 59 = 20 [=> 9a + 6y + 2s, = 40 


Solving this system yields a = —32, vy = 48, and sy = 20. 


EXAMPLE 9 Data Analysis: Curve-Fitting 


Find a quadratic equation, y = ax? + bx + c, whose graph passes through the 
points (— 1, 3), (1, 1), and (2, 6). 


Solution 
Because the graph of y = ax? + bx + c passes through the points (— 1, 3), (1, 1), 
and (2, 6), you can write the following. 


When x = —1, y = 3: a(— 1)? + b(-1) +c = 3 
When x = aly occ = 1 
When x = a(2)? + b(2) ++ c=6 


ey Sel: 
2,y=6: 


This produces the following system of linear equations. 


a= b+ e= 3 Equation | 
a+ b+c=1 Equation 2 
4a+2b+c=6 Equation 3 

The solution of this system is a = 2, b = —1, andc = 0. So, the equation of the 


parabola is y = 2x? — x, as shown in Figure 8.17. From the graph, you can check 
to see that the parabola passes through the given points (— 1, 3), (1, 1), and (2, 6). 


Figure 8.17 


Figure 8.16 


STUDY TIP 
When you use a system of lin- 
ear equations to solve an appli- 
cation, it is wise to interpret 
your solution in the context of 
the problem to see if it makes 
sense. For instance, in Example 
8 the solution results in a posi- 
tion equation of 


s = —16f + 48 + 20 


which implies that the object 
was thrown upward at a velocity | 
of 48 feet per second from a 
height of 20 feet. The object 
undergoes a constant downward 
acceleration of 32 feet per sec- 
ond squared. (Physics will tell 
you that this is the value of the 
acceleration due to gravity.) 
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In Exercises 1-4, decide whether each ordered triple 
is a solution of the system of equations. 


ly (3x =y +) z= 1 
Ze = "87 = 14 
Sy + 2z = 8 
(a) (2, 5, 0) (b) (—2, 0, 4) 
COvr(0, 21153) (d) (—1, 0, 4) 
2s (3K yom = FAT 
Diem Nee pe 
eye) HS 
(a) (3, 2, 0) (b) (1, 3, —2) 
(c) (4, 1, —3) (d) (1,5, —1) 
s iy = 
—8x —6y+z2=—-j 
tema = -3 
(a) (0, 1, 1) (b) (—3,3, -3) 
Clea ay (d) (—3, 2,0) 
4. {4x = y — 87 = —6 
ye 2 ewe 
4x — Ty = 6 
ez 32,2) (b) (—%3, — 10, 10) 
ieslineial () (=7, —4,4) 


In Exercises 5-10, use back-substitution to solve the 
system of linear equations. 


5. (2x — y + 5z = 24 6.14% — Sy — 22 = 21 

y+2z= 4 6y — 5z = —10 

yes es aes 

Tal 24-.y. FZ 10 co el fe = 8 
-y a) exit sy. = 10 

y- z= 4 x= ye l7 =| 22 
99.(4x = 2y Hz = 8 10. (5x —8z= 22 
22 =4 oi ere) 
—y+z=4 z=-4 


In Exercises 11 and 12, perform the row operation 
and write the equivalent system. 


11. Add Equation | to Equation 2. 


Ley 3420 Equation 1 
=7 FF 3y = S74 Equation 2 
Dx —3z=0 Equation 3 


What did this operation accomplish? 
12. Add —2 times Equation | to Equation 3. 


B= 2.32 = Equation 1 
Sir Bye 7 = 4 Equation 2 
2x —3z=0 Equation 3 


What did this operation accomplish? 


In Exercises 13-40, solve the system of linear equa- 

tions and check any solution algebraically. 

13. | x+y+z=— 6 14. x to yt 2H2 
26— y+ 7 = —!] —x +.3y +.272=— 8 
3x giclee Hed Axes iV =4 

135.9 2% +2746 916.0(46 + yi sz= 11 

Seo, =11 ps2 9 

Nects Wy she ears 

6y + 4z = —18 fs: z= 4 


3y —4z7= 1 

1a. 
3x Oy = 9 2x — 4y + 6z-=. 13 

Ox = 3705/12 Ay Dy tz = 76 
19. (3x — 2y+ 4z= 1 20.0(Sx— 9 Sy eh 28 
ee 4y- z=7 

x-lly+4z=3 

2k ys ze=. | 

pe ig) 

6x + 8y + 18z=5 


| y—2z=3 
on syet 62 = $8 
21. (3x 3y + Oz = 22: 
oe 92. =.0 
Sx Dye 17zi=20 
a Hii aee 12 
ee Vie tee onl 
Set Oy Olas OO 
2het eV = 32, 4 
| + 2z= 10 
=2xP 3y=132'='=8 


II 
| 
aN 


23. 


24. 
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25.0 (aX SY 02 = 6 26) (Fx +4z= 13 
[re z=5 4x — 2y + z7= qi 
Se Sy 137 — 7 2 Ly S19 

Zio | k= 2 oe — ea 
bs y + 2z =,,,.0 
x + 3y — 4z = —2 

23a lew Sy + z= 4°29, ( x + 4z4= 1 
fee xey + 107 = «10 
2x Ay = 3Z.e=— 12 2 ee ee 

30. 3x—= 2y = 62-—= —4 
[-s2+ 1 

5 aa eae Ghd 81 

She (2x 3y =0 S32. (4x a03y + Liz = 
fs 9 —z=0 5x’ + Ay + 2227 = 0 
8x + 3y + 3z = 0 4x + 2y + 19z = 

33.0) x —- Qyt 5z.— 2 
4x 7 =X) 


SS: 
36. 


aa: 3y + ans 
| 


37) eee bx 16 38. [10x — 3y + 2z=0 
19x = Sy = 2 =U 


Seal $3 +3w=4 
29. tz) Ww = 0 
3y — 2w=1 

2x = ay -F 4z = OS 

40. Katey Zit w= 6 

eA Sy —- w=0 
—3x + 4y+z2+2w=4 
Mey — zie ow = 0 


Exploration In Exercises 41-44, find a system of lin- 
ear equations that has the given solution. (There are 
many correct answers.) 
41. (4, —1, 2) 
43. (3, -3,2) 


Three-Dimensional Graphics In Exercises 45-48, 
sketch the plane represented by the linear equation. 
Then list four points that lie in the plane. 

45. 2x + 3y + 4z = 12 
47. 2x +y+z=4 


46.x+y+z=6 
48. x + 2y + 2z=6 


In Exercises 49-54, write the form of the partial frac- 
tion decomposition of the rational expression. Do not 
solve for the constants. 


i = BD 
be x2 — 14x bl x27+4x4+3 
12 x? -—3x4+2 
ear eto ee ite 
4x2 + 3 54 6x + 5 
We Rese PA iy 


In Exercises 55-72, write the partial fraction decom- 
position for the rational expression. Check your result 
algebraically by combining the fractions. 


] 
56. 


53. 


x7 = 4x2 — 9 
1 
57. See 
Tem ar ae Se = SBF 
1 
Bh os 60435 
Dee? Se 5% Kee ae eS 
3 + 
(lee Pp igi da 
x?7+x-2 x?+ 44+ 3 
x? + 12x + 12 x+2 
63. 64 aacaeed 
Xo Ay Xl eevee) 
Axe 2x 2x — 
65 fe oe ene 
x*(x + 1) (x — 1)? 
3x 6x2 + 1 
67. . iC} —=————— 
(x — 3)? x*(x — 1)3 
23 — x27 +x4+ 5 e+2x27-x+1 
69. i = 
x7+3x+2 nS 2+ 3x-4 
sis Ax4 
Tipe ee 
(x — 1)3 (2x — 1)° 


In Exercises 73-78, write the partial fraction decom- 
position for the rational expression. Use a graphing 
utility to check your result graphically. 


eG 3x? — 7x —2 
73. —————_ ee ae 
2s Fh vk 
cel bad 1 
oes oe Re 2x(x + 1)? 
9x3 — ae : Ase 
77. x Bak (See se 5) 78. 5 x+3 
x7 —~2r = 8 x7+x-2 


Graphical Analysis In Exercises 79 and 80, write the 
partial fraction decomposition for the rational func- 
tion. Identify the graph of the rational function and 
the graphs of each term of its decomposition. State 
any relationship between the vertical asymptotes of 
the rational function and the vertical asymptotes of 
the terms of the decomposition. 


je = 12) 
x(x — 4) 


_ 2(4x — 3) 


79, y= 80. y = 
y TREES 


Vertical Motion In Exercises 81-84, find the position 
equation s = Sat? + vot + Sq for an object at the given 
heights moving vertically at the specified times. 
81. At t = 1 second, s = 128 feet 
At t = 2 seconds, s = 80 feet 
At t = 3 seconds, s = O feet 
82. Att = 1 second, s = 48 feet 
At t = 2 seconds, s = 64 feet 
At t = 3 seconds, s = 48 feet 
83. Att = 1 second, s = 452 feet 
At t = 2 seconds, s = 260 feet 
At t = 3 seconds, s = 116 feet 
84. Att = 1 second, s = 132 feet 
100 feet 
36 feet 


ll 


Ati — 2 SECOndSas 


At t = 3 seconds, s 
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In Exercises 85-88, find the equation of the parabola 
y=ax*+bxt+e 


that passes through the given points. To verify your 
result, use a graphing utility to plot the points and 
graph the parabola. 


85. (0, 0), (2, —2), (4, 0) 
86. (0, 3), (1, 4), (2, 3) 

87. (2,0), (3, —1), (4, 0) 
88. (1, 3), (2, 2), (3, —3) 


In Exercises 89-92, find the equation of the circle 
x*+y?+Dx+Ey+F=0 


that passes through the given points. To verify your 
result, use a graphing utility to plot the points and 
graph the circle. 


89. (0, 0), (2, 2), (4, 0) 

90. (0, 0), (0, 6), (3, 3) 

91) (= 3, — 1); (2, 4); (= 6,8) 
92. (—6, = 1), (—473), 2,5) 


93. Investments An inheritance of $16,000 was di- 
vided among three investments yielding a total of 
$990 in interest per year. The interest rates were 5%, 
6%, and 7%. Find the amount in each investment if 
the 5% and 6% investments were $3000 and $2000 
less than the 7% investment. 


94. Investments A total of $1520 a year is received in 
interest from three investments. The interest rates for 
the three investments are 5%, 7%, and 8%. The 5% 
investment is half of the 7% investment, and the 7% 
investment is $1500 less than the 8% investment. 
Find the amount in each investment. 


95. Borrowing A small corporation borrowed $775,000 
to expand its product line. Some of the money was 
borrowed at 8%, some at 9%, and some at 10%. How 
much was borrowed at each rate if the annual inter- 
est was $67,000 and the amount borrowed at 8% was 
four times the amount borrowed at 10%? 


96. Borrowing A small corporation borrowed $800,000 
to expand its product line. Some of the money was 
borrowed at 8%, some at 9%, and some at 10%. How 
much was borrowed at each rate if the annual interest 
was $67,000 and the amount borrowed at 8% was five 
times the amount borrowed at 10%? 
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Investment Portfolio n Exercises 97 and 98, consider 
an investor with a portfolio totaling $500,000 that is 
invested in certificates of deposit, municipal bonds, 
blue-chip stocks, and growth or speculative stocks. 
How much is put in each type of investment? 


97. The certificates of deposit pay 10% annually, and 
the municipal bonds pay 8% annually. Over a 5- 
year period, the investor expects the blue-chip 
stocks to return 12% annually and the growth 
stocks to return 13% annually. The investor wants a 
combined annual return of 10% as well as only one- 
fourth of the portfolio invested in stocks. 


98. The certificates of deposit pay 9% annually, and the 
municipal bonds pay 5% annually. Over a 5-year 
period, the investor expects the blue-chip stocks to 
return 12% annually and the growth stocks to return 
14% annually. The investor wants a combined 
annual return of 10% and also wants to have only 
one-fourth of the portfolio invested in stocks. 


99. Crop Spraying A mixture of 12 liters of chemical 
A, 16 liters of chemical B, and 26 liters of chemical 
C is required to kill a certain destructive crop 
insect. Commercial spray X contains 1, 2, and 2 
parts, respectively, of these chemicals. Commercial 
spray Y contains only chemical C. Commercial 
spray Z contains only chemicals A and B in equal 
amounts. How much of each type of commercial 
spray is needed to get the desired mixture? 


100. Chemistry A chemist needs 10 liters of a 25% 
acid solution. The solution is to be mixed from 
three solutions whose concentrations are 10%, 
20%, and 50%. How many liters of each solution 
should the chemist use to satisfy the following? 


(a) Use as little as possible of the 50% solution. 
(b) Use as much as possible of the 50% solution. 
(c) Use 2 liters of the 50% solution. 


101. Truck Scheduling A small company that manu- 
factures products A and B has an order for 15 units 
of product A and 16 units of product B. The com- 
pany has trucks of three different sizes that can haul 
the products A and B in the amounts shown in the 
table. How many trucks of each size are needed to 
deliver the order? Give two possible solutions. 


102. 


103. 


104. 


Electrical Networks When Kirchhoff’s Laws are 
applied to the electrical network in the figure, the 
currents /,, /,, and I, are the solution of the system 


lume eee =O 
31, + 21, =i 
Qe ALS 


Find the currents. 


Q=4 


8 volts 


Pulley System A system of pulleys is loaded with 
128-pound and 32-pound weights. The tensions f, 
and tf, in the ropes and the acceleration a of the 
32-pound weight are found by solving the system 


ty —2dew28 
Br a= 32 


where ¢, and f, are measured in pounds and a is in 
feet per second squared. Solve the system. 


Pulley System If the 32-pound weight is replaced 
with a 64-pound weight in the pulley system 
described in Exercise 103, the new pulley system is 
modeled by the following system of equations. 


foe ats =) v) 
i; — 2a = 128 
t,+2a= 64 


Solve the system, and use your answer for the 
acceleration to describe what (if anything) is hap- 
pening in the system. 


Fitting a Parabola In Exercises 105-108, find the 


least squares regression parabola y = ax? + bx +c 
for the points (x,,y,), (X,y2), . . . 5 (x,,y,) by solv- 


ing the following system of linear equations for a, b, 
and c. Then use the regression capabilities of a graph- 
ing utility to confirm the result. (For an explanation of 
how the coefficients of a, b, and c in the system are 
obtained, see Appendix B.) 


105. 106. 
5c + 10a= 8 


107. 108. 
4c+ 9b+ 29a= 20 
9c + 29b + 99a = 70 

29c + 99b + 353a = 254 


14 (4, 12) 
(0, 0) 
(3, 6) 


4c + 6b + 14a = 25 
6c + 14b + 36a = 21 
14c + 36b + 98a = 33 


-5 5 
(2, 2) 


109. Analyzing Data During the testing of a new brak- 
ing system on an automobile, the speeds (in miles 
per hour) and the stopping distances (in feet) were 
recorded as follows. 


“Speedx Ss | 20 | 30| 40] 50] 60 
“Stopping Distance, y | 25 | 55 | 105 | 188 | 300 


(a) Find the least squares regression parabola for the 
data. Use a graphing utility to graph the parabola 
and the data in the same viewing window. 


(b) Use the model to estimate the stopping distance 
for a speed of 70 miles per hour. 


110. Analyzing Data A wildlife management team 
studied the reproduction rates of deer in five 5-acre 
tracts of a wildlife preserve. For each tract, the 
number of females and the percent of females that 
had offspring the following year were recorded. 
The results are shown in the table. 
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er, x | 80 | 100 | 120 | 140 | 160 | 


by 80 | 75| 68| 55] 30| 


(a) Find the least squares regression parabola for 
the data. 

(b) Use a graphing utility to graph the parabola and 
the data in the same viewing window. 


(c) Use the model to predict the percent of females 
that would have offspring if x = 170. 


111. Exhaust Temperatures The magnitude of the 
range of exhaust temperatures (in degrees Fahren- 
heit) in an experimental diesel engine is approxi- 
mated by 


2000(4 — 3x) 


= ee eee 
(irae) a 


where x is the relative load. 


(a) Write the partial fraction decomposition for the 
rational function. 


(b) The decomposition in part (a) is the difference 
of two fractions. The absolute values of the 
terms give the expected maximum and mini- 
mum temperatures of the exhaust gases. Use a 
graphing utility to graph each term. 

112. Cellular Phone Revenues The amount of service 
revenue R (in billions of dollars) for cellular phones 
in the United States for the years 1991 through 
1997 can be approximated by the model 


_ = 2617 + 4423¢ 


: SS 7 
(411 — 382) 


where ft represents the year with t = 1 correspond- 
ing to 1991. Write the partial fraction decomposi- 
tion for the rational function. (Source: Cellular 
Telecommunications Industry Association) 


Synthesis 


True or False? In Exercises 113-115, determine 
whether the statement is true or false. Justify your 
answer. 


x+4y —5z=8 
= 5 is in row-echelon 


113. The system z 
= 


nN 
Sa 
st 
] 
| 


form. 


114. If a system of three linear equations is inconsistent, 
then its graph has no common point. 
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115. For the rational expression 
X 
(cutee) eee 0) 
the partial fraction decomposition is of the form 


A B 
=F A 
x + 10>" G10)? 


116. Error Analysis Suppose you are tutoring a stu- 
dent in algebra. In trying to find a partial fraction 
decomposition, your student writes the following. 


x+1 A B 


xx-1) x x-1 
er Ale 1) Bx 


Basic equation 


Ali au(Act Bx =A 


Your student then forms the following system of 
linear equations. 


A+B=0 
7 = 1 


Solve the system and check the partial fraction 
decomposition it yields. Has your student worked 
the problem correctly? If not, what went wrong? 


In Exercises 117-120, write the partial fraction 
decomposition for the rational expression. Check 
your result algebraically. Then assign a value to the 
constant a and check the result graphically. 

1 ! 


117. . 
Ca ae (x + .1)(a — x) 


1 I 


i?) == VO ee 
y(a — y) x(x + a) 


121. Think About It Are the two systems of equations 
equivalent? Give reasons for your answer. 


x sy — 97 —= 6 Lr aC. Cie 6 
DX Wa De rae’ | — Fy + 4z= l 
NA eh ary als a LV 16 


122. Think About It When using Gaussian elimination 
to solve a system of linear equations, how can you 
recognize that it has no solution? Give an example 
that illustrates your answer. 


@ Advanced Applications In Exercises 123-126, find 


values of x, y, and A that satisfy the system. These sys- 
tems arise in certain optimization problems in calcu- 
lus; A is called a Lagrange multiplier. 


123. yt+tA=0 124. 2x +rA=0 
xt+'A=0 2y+A=0 
x+y-10=0 xy 4 = 0 
1255 (2x — 2xA ea) 126: -(-2 + 2x + 2A 0 
=2y A = 0 2eite lit ) 0 
Vax = 0 2x + y—- 100 = 0 
Review 


In Exercises 127-134, sketch the graph of the 
function. 


PA ii 63) Sse se | 128. f(x) = 

129. f(x) = —2x? 1307 - +1 

131. f(x) = x2 — 9x + 18 132. f(x) = 2x2 — 9x -5 
133. f(x) = —2(x-3) 134. fx) =33-1 


In Exercises 135-138, (a) determine the real zeros of f 
and (b) sketch the graph of f. 

135.) (x) pee 

136. f(x) = —8x* + 32x 

137. f(x) See 5x — 2 I 36 

138.. f(x) = 6x° — 29x? — 6x + 5 


In Exercises 139-142, use a graphing utility to create 
a table of values. Then sketch the graph of the equa- 
tion by hand. 

139. .yi= 4757 — 
141) y= 20°18 


5\x— kk 


140. y = 3)" —4 
142, y = —3.5*t2 — 6 


In Exercises 143-146, solve the system by elimination. 
143. ke + 3y=7 144, | 6x Sy= 3 


3x + 5y = 3 10x — 12y = 5 
145. ‘a pate 120 146. (12x + 42y = -17 
x + 2y = 120 30x = 18y =" 19 


The Graph of an Inequality 


The statements 3x — 2y < 6 and 2x? + 3y? > 6 are inequalities in two vari- 
ables. An ordered pair (a, b) is a solution of an inequality in x and y if the 
inequality is true when a and b are substituted for x and y, respectively. The graph 
of an inequality is the collection of all solutions of the inequality. To sketch the 
graph of an inequality, begin by sketching the graph of the corresponding equa- 
tion. The graph of the equation will normally separate the plane into two or more 
regions. In each such region, one of the following must be true. 


1. All points in the region are solutions of the inequality. 


2. No point in the region is a solution of the inequality. 


So, you can determine whether the points in an entire region satisfy the inequal- 
ity by simply testing one point in the region. 


eee 


ket neg 


ae i Sth 
Spe coi ia pn 
Ais eee ee Se 


EXAMPLE 1 Sketching the Graph of an Inequality 


To sketch the graph of y => x? — 1, begin by graphing the corresponding equa- 
tion y = x? — 1, which is a parabola, as shown in Figure 8.18. By testing the 
point (0, 0) above the parabola and the point (0, — 2) below the parabola, you can 
see that (0, 0) satisfies the inequality because 0 > 0? — 1 and that (0, —2) does 
not satisfy the inequality because —2 % 0? — 1. So, the points that satisfy the 
inequality are those lying above (or on) the parabola. 


3 
Test point Test point 
above parabola _ below parabola 
(0, 0) (0, —2) 


Figure 8.18 
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The inequality given in Example 1 is a nonlinear inequality in two variables. Most 
of the following examples involve linear inequalities such as ax + by < c. The 
graph of a linear inequality is a half-plane lying on one side of the line 
ax + by =c. 


EXAMPLE 2 Sketching the Graphs of Linear Inequalities 


Sketch the graph of each linear inequality. 


Awe) by s3 
Solution 
a. The graph of the corresponding equation x = — 2 is a vertical line. The points 


that satisfy the inequality x > —2 are those lying to the right of (but not on) 
this line, as shown in Figure 8.19. 

b. The graph of the corresponding equation y = 3 is a horizontal line. The points 
that satisfy the inequality y < 3 are those lying below (or on) this line, as 
shown in Figure 8.20. 


Figure 8.19 Figure 8.20 


EXAMPLE 3 Sketching the Graph of a Linear Inequality 


Sketch the graph of x — y < 2. 


Solution 

The graph of the corresponding equation x — y = 2 is a line, as shown in Figure 
8.21. Because the origin (0, 0) satisfies the inequality, the graph consists of the 
half-plane lying above the line. (Try checking a point below the line. Regardless 
of which point below the line you choose, you will see that it does not satisfy the 
inequality.) 


To graph a linear inequality, it can help to write the inequality in slope-intercept 
form. For instance, by writing x — y < 2 in Example 3 in the form 
Vea e 


you can see that the solution points lie above the line y = x — 2 (or x — y = 2), 
as shown in Figure 8.21. 


Figure 8.21 
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systems of Inequalities 


Many practical problems in business, science, and engineering involve systems of 
linear inequalities. A solution of a system of inequalities in x and y is a point 
(x, y) that satisfies each inequality in the system. 


To sketch the graph of a system of inequalities in two variables, first sketch the 
graph of each individual inequality (on the same coordinate system) and then find 
the region that is common to every graph in the system. For systems of 
linear inequalities, it is helpful to find the vertices of the solution region. 


EXAMPLE 4 Solving a System of Inequalities 
Sketch the graph (and label the vertices) of the solution set of the system. (0) 


Rey <a 3 
y iseguality A computer animation of this example 


x>—2 Inequality 2 appears in the Interactive CD-ROM and 
Internet versions of this text. 
Ves Inequality 3 


Solution 

The graphs of these inequalities are shown in Figures 8.19 through 8.21. The tri- 
angular region common to all three graphs can be found by superimposing the 
graphs on the same coordinate system, as shown in Figure 8.22. To find the ver- 
tices of the region, solve the three systems of corresponding equations obtained 
by taking pairs of equations representing the boundaries of the individual regions 
and solving these pairs of equations. 


Vertex A: (—2, —4) Vertex B: (5, 3) Vertex, CG: (= 23) 


ee 2 Cs {cian 
x=-2 y=3 i= 


STUDY TIP 


Using different colored pencils ; 
to shade the solution of each 
inequality in a system makes 
identifying the solution of the | 
system of inequalities easier. 

The region common to every 
graph in the system is where all — 
shaded regions overlap. This 
region represents the solution 

set of the system. 


(b) 
Figure 8.22 
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For the triangular region shown in Figure 8.22, each point of intersection of a pair 
of boundary lines corresponds to a vertex. With more complicated regions, two 
border lines can sometimes intersect at a point that is not a vertex of the region, 
as shown in Figure 8.23. To keep track of which points of intersection are actu- 
ally vertices of the region, you should sketch the region and refer to your sketch 
as you find each point of intersection. 


Figure 8.23 


EXAMPLE 5 Solving a System of Inequalities 


Sketch the region containing all points that satisfy the system. 


| pee ay es | Inequality 1 
=o yes | Inequality 2 
Solution 


As shown in Figure 8.24, the points that satisfy the inequality x7 — y < 1 are the 
points lying above (or on) the parabola 


yaa — 1, Parabola 


The points that satisfy the inequality —x + y < 1 are the points lying below (or 
on) the line 


= yep ll, Line 


To find the points of intersection of the parabola and the line, solve the system of 
corresponding equations. 


eS ye 
= yas: | 
Using the method of substitution, you can find the solutions to be (— 1, 0) and Figure 8.24 


(2, 3). So, the region containing all points that satisfy the system are indicated by 
the purple shaded region in Figure 8.24. 


When solving a system of inequalities, you should be aware that the system might 
have no solution, or it might be represented by an unbounded region in the plane. 
These two possibilities are shown in Examples 6 and 7. 


EXAMPLE 6 A System with No Solution 


Sketch the solution set of the system. 


i “EH! VHS Inequality 1 
Xa yy Inequality 2 


Solution 

From the way the system is written, it is clear that the system has no solutions, 
because the quantity (x + y) cannot be both less than —1 and greater than 3. 
Graphically, the inequality x + y > 3 is represented by the half-plane lying 
above the line x + y = 3, and the inequality x + y < —1 is represented by the 
half-plane lying below the line x + y = —1, as shown in Figure 8.25. These two 
half-planes have no points in common. So the system of inequalities has no 
solution. 


Figure 8.25 Wo Solution 


EXAMPLE 7 An Unbounded Solution Set 


Sketch the solution set of the system. 
[ ane =O Inequality 1 
xa 2y > 3 Inequality 2 


Solution 

The graph of the inequality x + y < 3 is the half-plane that lies below the line 
x +-y = 3, as shown in Figure 8.26. The graph of the inequality x + 2y > 3 is 
the half-plane that lies above the line x + 2y = 3. The intersection of these two 
half-planes is an infinite wedge that has a vertex at (3, 0). This unbounded region 
representing the solution set has an infinite number of points. 


Figure 8.26 Unhounded Region 
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Applications 


The next example discusses two concepts that economists call consumer surplus 
and producer surplus. As shown in Figure 8.27, the point of equilibrium is 
defined by the price p and the number of units x that satisfy both the demand and 
supply equations. Consumer surplus is defined as the area of the region that lies 
below the demand curve, above the horizontal line passing through the equilibri- 
um point, and to the right of the p-axis. Similarly, the producer surplus is defined 
as the area of the region that lies above the supply curve, below the horizontal line 
passing through the equilibrium point, and to the right of the p-axis. The con- 
sumer surplus is a measure of the amount that consumers would have been will- 
ing to pay above what they actually paid, whereas the producer surplus is a mea- 
sure of the amount that producers would have been willing to receive below what 
they actually received. 


EXAMPLE 8 Consumer Surplus and Producer Surplus 


The demand and supply functions for a certain type of calculator are 
= 150 — 0.00001x 
p= 60 + 0.00002x 


where p is the price (in dollars) and x represents the number of units. Find the 
consumer surplus and producer surplus for these two equations. 


Solution 
Begin by finding the point of equilibrium by solving the equation 


60 + 0.00002x = 150 — 0.00001x. 


In Example 8 in Section 8.2, you saw that the solution is x = 3,000,000, which 
corresponds to an equilibrium price of p = $120. So, the consumer surplus and 
producer surplus are the areas of the following triangular regions. 


Demand equation 


Supply equation 


Consumer Surplus Producer Surplus 


p = 150 — 0.00001x p = 60 + 0.00002x 
Dea 20) Da 120) 
x2 0 ween 


In Figure 8.28, you can see that these regions are triangles. So, the consumer and 
producer surpluses are 


Consumer 1 
surplus 2 (base)(height) 
= 3(3,000,000)(30) 
= $45,000,000 
Producer _ 1 
surplus =) (base)(height) 


= 4(3,000,000)(60) 
$90,000,000 


Consumer surplus 
Equilibrium 
point 


Price 


Producer 
| surplus 


Number of units 


Figure 8.27 


p = 150 — 0.00001x 


25 p = 60 + 0.00002x 


1,000,000 3,000,000 


Producer , 
surplus Number of units 


Figure 8.28 


EXAMPLE 9 Nutrition 


The liquid portion of a diet is to provide at least 300 calories, 36 units of vitamin 
A, and 90 units of vitamin C daily. A cup of dietary drink X provides 60 calories, 
12 units of vitamin A, and 10 units of vitamin C. A cup of dietary drink Y pro- 
vides 60 calories, 6 units of vitamin A, and 30 units of vitamin C. Set up a 
system of linear inequalities that must be satisfied in order to meet the minimum 
daily requirements for calories and vitamins. 


Solution 
Begin by letting x and y represent the following. 


x = number of cups of dietary drink X 


y = number of cups of dietary drink Y 


To meet the minimum daily requirements, the following inequalities must be 
satisfied. 


60x + 60y = 300 


Calories 
A aiOY 0 Vitamin A 
foc 30y = 90 WireninG 
pea () 
ye 0 


The last two inequalities are included because x and y cannot be negative. The 
graph of this system of inequalities is shown in Figure 8.29. (More is said about 
this application in Example 6 in Section 8.5.) 


Liquid Portion of a Diet 


a 


MAGES 7) Yel 
Cups of X 


Figure 8.29 
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In Exercises 1-8, match the inequality with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), (f), (g), 
and (h).] 


(a) (b) 


(e) 


(g) 


pat 


San SERS 
Bros es 


iets seis 


Sa yes 


In Exercises 9-20, sketch the graph of the inequality. 


We Ge 1053 =. 0 
eyes 12S 

i3ay 2 = x 14. y>2x-4 
15.2°2y = x24 16.5% 4339215 
Wee shea) 18.14% + y? > | 


19. (@ +12 +y2<9 
20. (x — 1) + (y -— 4 > 9 


In Exercises 21-32, use a graphing utility to graph the 
inequality. Be sure to shade the region representing 
the solution. 

22. ¥ SO 2y 

24. y = —20.74 + 2.66x 
20.247 = eg ee) 


21. y>4x-1 
23. y < -3.8x + 1.1 
25. x2 + 5y- 10 < 0 


1 sel 8) 
VET eee Ae Seg Oe Taree 
29 yean x 30. y= 4 > ln(x +5) 
31S oe 32 sa 


In Exercises 33-36, write an inequality for the shaded 
region shown in the graph. 


In Exercises 37 and 38, decide whether each ordered 
pair is a solution of the system of linear inequalities. 


Sel 25 Vor a (a) (0, 2) (b) (—6, 4) 
Vea (c) (8,2); (Cd). 292) 
= Ax 2ye a7 
38. oA leirey eral (a) (0, 10) (ayy Os 
-~y— x2 < -4 () (2,9) (d) (= i5) 
cre ee esc ANS) 


In Exercises 39-50, sketch the graph of the solution of 
the system of inequalities. Verify your sketch by using 
a graphing utility to graph the system, shading the 
region that represents the solution of the system. 


ak} Bey gee 40. (3x 2y =< 6 
Saostives ol & >) 
y20 y>0O 
AP 3h. 2Vc. 6 Ad | Y= Ty 36 
| X= Aye 2 b> 5 
2a aye 3 Ody 6 
ase tly aye aq? ex = 2y =<" —6 
Leanscever Leen tone 
Asal = y 2) AG. ly" = 3x5 > 9 
| ixty <3 as pea 
47, |x > y’ 7 A ie ae 
H bois (eat BE 
Ad. {x2 +925 9 50. I< yy: 
Cele oe 


In Exercises 51—56, use a graphing utility to graph the 
inequalities. Be sure to shade the region representing 
the solution of the system. 


51. fy < /3x+ 1 52. fy < -x2+2x4+3 
= fs x= AK 

Saige x — 2x + 1 SA yt x See eT 
pe PR ae 
eee l 

55. oye A 56. wee eee 2 
O<x<4 yz 0 

y<4 = apa ee 


In Exercises 57-64, find a set of inequalities to 
describe the region. 


D1. 


59. 
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61. Rectangular region with vertices at (2, 1), (5, 1), 
(SeaZ mand (257) 


62. Parallelogrammatic region with vertices at (0, 0), 
(4, 0), (1, 4), and (5, 4) 

63. Triangular region with vertices at (0, 0), (5, 0), and 
(2,73) 

64. Triangular region with vertices at (— 1, 0), (1, 0), and 
(0, 1) 


In Exercises 65-69, (a) find a system of inequalities 
that models the problem and (b) use a graphing util- 
ity to graph the systems, shading the region that rep- 
resents the solution of the system. 


65. Investment A person plans to invest some or all of 
$20,000 in two different interest-bearing accounts. 
Each account is to contain at least $5000, and one 
account should have at least twice the amount that is 
in the other account. 


66. Concert Ticket Sales One type of concert ticket 
costs $15 and another costs $25. The promoter of the 
concert must sell at least 15,000 tickets, including at 
least 8000 of the $15 tickets and at least 4000 of the 
$25 tickets, and the gross receipts must total at least 
$275,000 in order for the concert to be held. 


67. Furniture Production A furniture company can 
sell all the tables and chairs it produces. Each table 
requires 1 hour of assembly and ie hours of finish- 
ing. Each chair requires ‘B hours of assembly and 15 
hours of finishing. The company’s assembly center 
is available 12 hours per day, and its finishing center 
is available 15 hours per day. 


68. Computer Inventory _ A store sells two models of a 
certain brand of computer. Because of the demand, it 
is necessary to stock at least twice as many units of 
model A as units of model B. The costs to the store 
for the two models are $800 and $1200, respectively. 
The management does not want more than $20,000 
in computer inventory at any one time, and it wants 
at least four model A computers and two model B 
computers in inventory at all times. 


69. Diet Supplement A dietitian is asked to design a 
special diet using two different foods. The minimum 
daily requirements in the new diet are 280 units of 
calcium, 160 units of iron, and 180 units of vitamin 
B. Each ounce of food X contains 20 units of cal- 
cium, 15 units of iron, and 10 units of vitamin B. 
Each ounce of food Y contains 10 units of calcium, 
10 units of iron, and 20 units of vitamin B. 
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70. Physical Fitness Facility You plan an exercise 
facility that has an indoor running track with an exer- 
cise floor inside the track. The track must be at least 
125 meters long, and the exercise floor must have an 
area of at least 500 square meters. 


(a) Find a system of inequalities describing the 
requirements of the exercise facility. 
(b) Sketch the graph of the system in part (a). 
71. Graphical Reasoning ‘Two concentric circles have 
radii of x and y meters, where y > x. The area 


between the boundaries of the circles must be at least 
10 square meters. 


(a) Find an inequality describing the constraints on 
the circles. 

(b) Use a graphing utility to graph the inequality in 
part (a). Graph the line y = x in the same view- 
ing window. 

(c) Identify the graph of the line in relation to the 
boundary of the inequality. Explain its meaning 
in the context of the problem. 


Consumer and Producer Surpluses In Exercises 
72-75, use a graphing utility to graph the system rep- 
resenting the consumer surplus and producer surplus 
for the supply and demand equations. Be sure to 
shade the region representing the solution of the 
system. Find the consumer surplus and the producer 
surplus. 


Demand Supply 
12s pp ="50'—'0.5x p = 0.125x 
73. p = 60—x p=10+ 4x 
74. p = 300 — x p= 100+ x 


75. p = 140 — 0.00002x p 


80 + 0.00001x 


Synthesis 


True or False? In Exercises 76 and 77, determine 
whether the statement is true or false. Justify your 
answer. 


76. The area of the figure defined by the system below is 
99 square units. 


Yee 
i STO 
BS os: 
Veea ao 
77. The graph below shows the solution of the system 
y<s6 
AX = Oy > 6: 
BYR ae 


78. Think About It After graphing the boundary of an 
inequality in x and y, how do you decide on which 
side of the boundary the solution set of the inequal- 
ity lies? 

79. Writing Describe the difference between the solu- 
tion set of a system of equations and the solution set 
of a system of inequalities. 


Review 


In Exercises 80-83, find the equation of the line pass- 
ing through the two points. 


80. (—2, 6), (4, —4) $12)(=8) 0) 6221) 

82. (3, —2), (-4,5) 83. (3.4, —5.2), (—2.6, 0.8) 

84. Mortgage Loans The table shows the number of 
outstanding mortgage loans M (in millions) in the 


United States for the years 1992 to 1997. (Source: 
Mortgage Bankers Association of America) 


‘Year | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 


2 7 42.6 | 45.3 | 416 | 49.2 | 50.1 51.2 | 


Use the regression capabilities of a graphing utility 
to find a linear model and a quadratic model that rep- 
resent the data. Let t = 0 represent 1990. Use a 
graphing utility to plot the actual data and the mod- 
els in the same viewing window. How closely do the 
models represent the data? 


Linear Programming: A Graphical Approach 


Many applications in business and economics involve a process called 
optimization, in which you are asked to find the minimum or maximum value of 
a quantity. In this section you will study an optimization strategy called 
linear programming. 

A two-dimensional linear programming problem consists of a linear objec- 
tive function and a system of linear inequalities called constraints. The objec- 
tive function gives the quantity that is to be maximized (or minimized), and the 
constraints determine the set of feasible solutions. For example, suppose you are 
asked to maximize the value of 


Z=ax + by Objective function 


subject to a set of constraints that determines the region in Figure 8.30. Because 
every point in the region satisfies each constraint, it is not clear how you should 
go about finding the point that yields a maximum value of z. Fortunately, it can 
be shown that if there is an optimal solution, it must occur at one of the vertices. 
So, you can find the maximum value by testing z at each of the vertices. 


Feasible 
solutions : 


Here are some guidelines for solving a linear programming problem in two 
variables in which an objective function is to be maximized or minimized. 


$0 Iving a Linear Bio iten EO 
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EXAMPLE 1 Solving a Linear Programming Problem 


Find the maximum value of 


z= 3x + 2y Objective function 


subject to the following constraints. 


x20 

ye 
Constraints 

ea ey s4 

5g esl 


Solution 
The constraints form the region shown in Figure 8.31. At the four vertices of this 
region, the objective function has the following values. 


At (0,0): z= 3(0) + 2(0) =0 
At (1,0): z= 3(1) + 2(0) = 3 
NG, We 2 = SOs i) = 3 Maximum value of z 
Ht (O2)ameg sol) 2(2) = 4 
So, the maximum value of z is 8, and this occurs when x = 2 and y = 1. 


In Example 1, try testing some of the interior points in the region. You will 
see that the corresponding values of z are less than 8. Here are some examples. 


At (1, 1); z= 3(1) + 20) =5 
AGli5) <= 30) 21g) = 4 
ar(3) 2=3() +20) =3 


To see why the maximum value of the objective function in Example 1 must 
occur at a vertex, consider writing the objective function in the form 


3 a R 
= —=7 = Family of lines 
i 4 


where z/2 is the y-intercept of the objective function. This equation represents a 
family of lines, each of slope —3. Of these infinitely many lines, you want the one 
that has the largest z-value while still intersecting the region determined by the 
constraints. In other words, of all the lines with a slope of —5, you want the one 
that has the largest y-intercept and intersects the given region, as shown in Figure 
8.32. It should be clear that such a line will pass through one (or more) of the 


vertices of the region. 


NIwW 


©) 


A computer animation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 


x+2y=4 


=! y= 1¢) x-y= 1 
Figure 8.31 


STUDY TIP 


Remember that a vertex of a 
region can be found using a 
system of linear equations. The 
system will consist of the 
equations of the lines passing 
‘through the vertex. 


Figure 8.32 
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The next example shows that the same basic procedure can be used to solve a 
problem in which the objective function is to be minimized. 


EXAMPLE 2 Minimizing an Objective Function 


Find the minimum value of 


Bax te TY Objective function 


where x = 0 and y = 0, subject to the following constraints. 


2x+3y> 6 [x+y =4] [2x + Sy =27 
OX ate Vee 


Constraints 
ake Ls Sa 


IGE Soe cal Alf 
Solution 


The region bounded by the constraints is shown in Figure 8.33. By testing the 
objective function at each vertex, you obtain the following. 


AL (O22 eer = 5(0) + 72) = 14 Minimum value of z Figure 8.33 
At (0,4): z= 5(0) + 7(4) = 28 
At (1,5): z= 5(1) + 7(5) = 40 
At (6,3): z= 5(6) + 73) = 51 
AGG, 0)-=z = 5(5) + 70) = 25 
At (3,0): z= 5(3) + 7(0) = 15 


So, the minimum value of z is 14, and this occurs when x = 0 and y = 2. 


EXAMPLE 3 Maximizing an Objective Function 


Find the maximum value of 


Qa arer ely Objective function 
where x > 0 and y = 0, subject to the following constraints. 

De ove O 

Dim Wes 1S 


Constraints 
=L Ey Ss 4 


OF ee = DNA | 


Solution 

This linear programming problem is identical to that given in Example 2 above, 
except that the objective function is maximized instead of minimized. Using the 
values of z at the vertices shown above, you can conclude that the maximum value 
of zis 51, and that this value occurs when x = 6 and y = 3. 
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It is possible for the maximum (or minimum) value in a linear programming prob- 
lem to occur at two different vertices. For instance, at the vertices of the region 
shown in Figure 8.34, the objective function 


la DER ORY Objective function 
has the following values. 

At (0,0): z= 2(0) + 2(0)= 0 

At (0,4): z= 2(0) + 2(4) = 8 

At (274) eee =) 12 Maximum value of z 

At(S,1)> 2 — 25) + 2Q) = 12 Maximum value of z 

At (5,0): z = 2(5) + 2(0) = 10 


In this case, you can conclude that the objective function has a maximum value 
(of 12) not only at the vertices (2, 4) and (5, 1), but also at any point on the line 
segment connecting these two vertices, as shown in Figure 8.34. Note that by 
rewriting the objective function as 


1 
=-xt+- 
y x rhe 


you can see that it has the same slope as the line through the vertices (2, 4) and 
(S51). 


Some linear programming problems have no optimal solution. This can occur if 
the region determined by the constraints is unbounded. 


EXAMPLE 4 An Unbounded Region 


Find the maximum value of 


Z=— 4x 4 2y 


Objective function 
where x = 0 and y = 0, subject to the following constraints. 
Kary 24 

Si. ey 2 7 


Constraints 
aly So] 


Solution 

The region determined by the constraints is shown in Figure 8.35. For this 
unbounded region, there is no maximum value of z. To see this, note that the point 
(x, 0) lies in the region for all values of x > 4. By choosing large values of x, you 
can obtain values of z = 4(x) + 2(0) = 4x that are as large as you want. So, there 
is nO maximum value of z. For the vertices of the region, the objective function 
has the following values. So, there is a minimum value of z = 10, which occurs 
at the vertex (2, 1). 


At (1A) vz =") 2(4) 12 
At OQ; 1): La 4(2) 2 2(1) = 10 Minimum value of z 
At (4,0): z= 4(4) + 2(0) = 16 


0 
Figure 8.34 


z= 12 for any point 
along this line. 


Figure 8.35 


Applications 


Example 5 shows how linear programming can be used to find the maximum 
profit in a business application. 


EXAMPLE 5 Maximum Profit 


A manufacturer wants to maximize the profit for two products. Product I yields a 

profit of $1.50 per unit, and product II yields a profit of $2.00 per unit. Market 

tests and available resources have indicated the following constraints. 

1. The combined production level should not exceed 1200 units per month. 

2. The demand for product II is no more than half the demand for product I. 

3. The production level of product I is less than or equal to 600 units plus three 
times the production level of product II. 


Solution 
If you let x be the number of units of product I and y be the number of units of 
product II, the objective function (for the combined profit) is 


Pex + Dy. Objective function 
The three constraints translate into the following linear inequalities. 
1. x+y < 1200 x+ y< 1200 
2. ys a xy Ss 0 
Bree =x = 3y + 600 x —3y < 600 


Because neither x nor y can be negative, you also have the two additional con- 


straints of x => O and y = 0. Figure 8.36 shows the region determined by the con- 
straints. To find the maximum profit, test the value of P at the vertices of the 
region. 
At (0, 0): P = 1.5(0) + 2(0) 
= 0 
At (800, 400): P= 1.5(800) + 2(400) 
= 2000 Maximum profit 
At (1050, 150): P = 1.5(1050) + 2(150) 
= 1875 
At (600, 0): P = 1.5(600) + 2(0) 
= 900 


So, the maximum profit is $2000, and it occurs when the monthly production 
consists of 800 units of product I and 400 units of product II. 


In Example 5, suppose the manufacturer improved the production of product I so 
that it yielded a profit of $2.50 per unit. This would change the vertex at which 
the maximum profit would occur. In this case, a maximum profit of $2925 would 
result from producing 1050 units of product I and 150 units of product II. 


617 
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[x+y= 1200] 
(800, 400) | 


Units of product II 


S 

O° 

—, 

rs » 
Slf \4 


Units of product I 


Figure 8.36 
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EXAMPLE 6 Minimum Cost 


The liquid portion of a diet is to provide at least 300 calories, 36 units of vitamin 
A, and 90 units of vitamin C daily. A cup of dietary drink X costs $0.12 and pro- 
vides 60 calories, 12 units of vitamin A, and 10 units of vitamin (Ss 
A cup of dietary drink Y costs $0.15 and provides 60 calories, 6 units of vitamin 
A, and 30 units of vitamin C. How many cups of each drink should be consumed 
each day to minimize the cost and still meet the daily requirements? 


Solution Cups of X + 
As in Example 9 on page 609, let x be the number of cups of dietary drink X and 
let y be the number of cups of dietary drink Y. Figure 8.37 
For Calories: 60x + 60y'2 300 ) 
For Vitamin A: 12x aoa OVE O 
For Vitamin C: LO SOY OU, Constraints 
eC) 
ze he 
The cost C is given by C = 0.12x + 0.15y. Objective function 


The graph of the region determined by the constraints is shown in Figure 8.37. To 
determine the minimum cost, test C at each vertex of the region. 


AtiOn6)2 C — 0.1210) = 01516) = 0:90 
iL, Ae OC SU 1A) Se OMe) 090) 
Att3.2): 9 C =.0:12(3) -§ 0:15(2) = 0:66 Minimum value of C 
At (9, 0)3 C =0,12(9)' = 0:15(0) = 1.08 


So, the minimum cost is $0.66 per day, and this occurs when three cups of drink 
X and two cups of drink Y are consumed each day. 
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In Exercises 1-12, find the minimum and maximum 
values of the objective function and where they occur, 
subject to the indicated constraints. (For each exer- 
cise, the graph of the region determined by the con- 


straints is provided.) 
1. Objective function: 
on SY 


Constraints: 


3. Objective function: 
z = 10x + Ty 


Constraints: 
(See Exercise 1.) 


5. Objective function: 


i? nA’) 

Constraints: 
xe, 0 
yoem 0 


7. Objective function: 
z= 5x + O.5y 


Constraints: 
(See Exercise 5.) 


2. Objective function: 
z= 2x + 8y 
Constraints: 

Ko sO) 


y20 
2x + y.s'4 
: 


See 


4. Objective function: 
z= 7x + 3y 


Constraints: 
(Seexercise 2:) 


6. Objective function: 
z= 4x + 3y 


Constraints: 


IV 


BS 
Dkat a yoe 
ox oy Ss 
xa Dy = 20 


8. Objective function: 
z=x + 6y 


Constraints: 
(See Exercise 6.) 


9. Objective function: 
z= 10x + Ty 
Constraints: 
O60) 
O<ys 45 
3x + 6y Ss 420 


11. Objective function: 
z= 25x + 30y 


Constraints: 
(See Exercise 9.) 


10. Objective function: 
z= 50x + 35y 
Constraints: 

rN) 


8x + 9y <= 7200 
8x + 9y = 5400 


—100 


12. Objective function: 
z= 16x + 18y 


Constraints: 
(See Exercise 10.) 


In Exercises 13-20, sketch the constraint region. Then 
find the minimum and maximum values of the objec- 
tive function and where they occur, subject to the con- 


straints. 
13. Objective function: 
z= 6x + 10y 


Constraints: 


15. Objective function: 
z= 9x + 24y 


Constraints: 
(See Exercise 13.) 


17. Objective function: 
z= 4x + 3y 
Constraints: 

a Sear 
Deer ay 
Skis ZY 
Me eee) 


UNI. 
So ON © 


14. Objective function: 
z= 4x + 6y 


Constraints: 


/\ 
— 
— 


sgt ai. 5 NS 
CE yrs 27 
Lh JV So) 
ne 
EW 
16. Objective function: 
z= 7x + 2y 


Constraints: 
(See Exercise 14.) 


18. Objective function: 


z= 4x + Sy 
Constraints: 
bee ®) 
ye) 0 
2x 2y <910 
Rago Ve nO 
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19. Objective function: 20. Objective function: 
C= se Ty 
Constraints: 
(See Exercise 17.) 


en) 
Constraints: 
(See Exercise 18.) 


In Exercises 21-26, use a graphing utility to sketch 
the region determined by the constraints. Then find 
the minimum and maximum values of the objective 
function and where they occur, subject to the con- 
straints. 


21. Objective function: 22. Objective function: 


z=4xt+y a 5% 
Constraints: Constraints: 
XO x20 
5) a) v2 0 
xo 2y s 40 2X oye = 00 
20 AaSye = 12 2K Sy 128 
4x + y < 48 
23. Objective function: 24. Objective function: 
z=xt+4y Z=y 
Constraints: Constraints: 


(See Exercise 21.) 


25. Objective function: 


B= Oeer By 


Constraints: 
(See Exercise 21.) 


(See Exercise 22.) 


26. Objective function: 


= xr 2y 


Constraints: 
(See Exercise 22.) 


Exploration In Exercises 27-30, perform the follow- 
ing: (a) use a graphing utility to graph the region 
bounded by the following constraints. 


aha 92 eS 1G 
4x + 3y < 30 
x2 0 
y2 0 


(b) Graph the objective function for the given maxi- 
mum value of z in the same viewing window as the 
graph of the constraints. (c) Use the graph to deter- 
mine the feasible point or points that yield the maxi- 
mum. Explain how you arrived at your answer. 


Objective Function Maximum 
27.Z=2x + y z= 12 
28. z=5x+ y z= 25 


Objective Function Maximum 
DLS ite Fie z= 10 
30. z= 3x+y z= 15 


Exploration In Exercises 31-34, perform the follow- 
ing: (a) use a graphing utility to graph the region 
bounded by the following constraints. 
x + 4y < 20 
Bea SES ae 
SIP Ee PAP SIA: 
x= 0 
y> 0 
(b) Graph the objective function for the given maxi- 
mum value of z in the same viewing window as the 
graph of the constraints. (c) Use the graph to deter- 


mine the feasible point or points that yield the maxi- 
mum. Explain how you arrived at your answer. 


Objective Function Maximum 
31. Z = x Sy. z=25 
32. z= 2x + 4y z= 24 
33. z = 4x + Sy z= 36 
34.z=4x + y z= 28 


In Exercises 35-40, the linear programming problem 
has an unusual characteristic. Sketch a graph of the 
solution region for the problem and describe the 
unusual characteristic. The objective function is to be 
maximized in each case. 


35. Objective function: 36. Objective function: 


Z=2.9x% by z=xty 
Constraints: Constraints: 
x20 ara 0) 
y20 yrer0 
3 See lS = er yes 
Sees S01.) ore? Sasi) ss 
37. Objective function: 38. Objective function: 
Lx re Dy SS 30 ap ay 
Constraints: Constraints: 
va ie 10) somo) 
ee y29 
gees JW) See ays 0) 
Lye ON yee 


are 


41. 


42. 


43. 


44. 


45. 


Objective function: 40. Objective function: 


Z = 3x + 4y Ze =) Kee DY 
Constraints: Constraints: 
x20 ae) 
y20 y20 
ie oo ees a x+2y<4 
2 Vise 2Xssh eiViys 4 


Maximum Profit A merchant plans to sell two 
models of compact disc players at costs of $250 and 
$400. The $250 model yields a profit of $45, and the 
$400 model yields a profit of $50. The merchant esti- 
mates that the total monthly demand will not exceed 
250 units. The merchant does not want to invest 
more than $70,000 in inventory for these products. 
Find the number of units of each model that should 
be stocked in order to maximize profit. What is the 
maximum profit? 


Maximum Profit A fruit grower has 150 acres of 
land available to raise two crops, A and B. It takes 
1 day to trim an acre of crop A and 2 days to trim an 
acre of crop B, and there are 240 days per year avail- 
able for trimming. It takes 0.3 day to pick an acre of 
crop A and 0.1 day to pick an acre of crop B, and 
there are 30 days available for picking. The profits 


are $140 per acre for crop A and $235 per acre for _ 


crop B. Find the number of acres of each fruit that 
should be planted to maximize profit. What is the 
maximum profit? 


Minimum Cost Two gasolines, type A ($1.13 per 
gallon) and type B ($1.28 per gallon), have octane 
ratings of 80 and 92, respectively. Determine the 
blend of minimum cost with an octane rating of at 
least 90. What is the minimum cost? (Hint: Let x be 
the fraction of each gallon that is type A and let y be 
the fraction that is type B.) 


Maximum Revenue An accounting firm has 900 
hours of staff time and 100 hours of reviewing time 
available each week. The firm charges $2000 for an 
audit and $300 for a tax return. Each audit requires 
100 hours of staff time and 10 hours of review time. 
Each tax return requires 12.5 hours of staff time and 
2.5 hours of review time. What numbers of audits 
and tax returns will yield the maximum revenue? 
What is the maximum revenue? 


Maximum Revenue The accounting firm in 
Exercise 44 lowers its charge for an audit to $1000. 
What numbers of audits and tax returns will yield the 
maximum revenue? What is the maximum revenue? 
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46. Maximum Profit A manufacturer produces two 
models of bicycles. The amounts of time (in hours) 
required for assembling, painting, and packaging the 
two models are as follows. 


47. 


48. 


The total amounts of time available for assembling, 
painting, and packaging are 4000, 4800, and 1500 
hours, respectively. The profits per unit are $45 for 
model A and $50 for model B. How many of each 
model should be produced to maximize profit? What 
is the maximum profit? 


Maximum Profit A manufacturer produces two 
models of snowboards. The amounts of time (in 
hours) required for assembling, painting, and pack- 
aging the two models are as follows. 


The total amounts of time available for assembling, 
painting, and packaging are 4000, 2500, and 1500 
hours, respectively. The profits per unit are $50 for 
model A and $52 for model B. How many of each 
model should be produced to maximize profit? What 
is the maximum profit? 


Minimum Cost A farming cooperative mixes two 
brands of cattle feed. Brand X costs $25 per bag and 
contains 2 units of nutritional element A, 2 units of 
element B, and 2 units of element C. Brand Y costs 
$20 per bag and contains | unit of nutritional ele- 
ment A, 9 units of element B, and 3 units of element 
C. The minimum requirements for nutrients A, B, 
and C are 12 units, 36 units, and 24 units, respec- 
tively. Find the number of bags of each brand that 
should be mixed to produce a mixture having a min- 
imum cost per bag. What is the minimum cost per 
mixed bag? 
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Synthesis Review 
True or False? In Exercises 49 and 50, determine In Exercises 57-60, simplify the compound fraction. 
whether the statement is true or false. Justify your 9 5 
answer. (°) (1 + 2) 
% 3 
49. If an objective function has a maximum value at the 37 6 58. 4 
adjacent vertices (4, 7) and (8, 3), you can conclude (° +e 2) [> = *) 
that it also has a maximum value at the points 
(4.5, 6.5) and (7.8, 3.2). weet gpa” A oy ‘) 
50. When solving a linear programming problem, if the 59, ~~ st Dalen mm 2 60. x+1_2 
objective function has a maximum value at two adja- ! ae ! ( 3 
cent vertices, you can assume that there is an infinite i a a lee Fea 3) De So a 9 Sai 0 


number of points that will produce the maximum 
value. In Exercises 61-66, solve the equation algebraically. 
Round your result to three decimal places. 
Think About It In Exercises 51-54, find an objective 6 1.c2 A iota S01. 162. 22s 1 Ere 


function that has a maximum or minimum value at 


the indicated vertex of the constraint region shown 63. 8(62 — e*/4) = 192 64. 150 as 
below. (There are many correct answers.) eisre 
65. 7 In 3x = 12 66. In(x + 9)? = 2 


AQO,4) 5 BG, 3) 


In Exercises 67-70, use any method to solve the sys- 


: tem. 
oe. 67, (—3xet by = oy OR Sa ee 
06,0) Kor Pye ipl {et ty2y > dg 
51. The maximum occurs at vertex A. 69. he 1a pa 6 70. ey +5 2y = 09 
52. The maximum occurs at vertex B. a) diol BW nea i ae sy = 44 


53. The maximum occurs at vertex C. In Exercises 71-74, sketch the graph of the solution of 


54. The minimum occurs at vertex C. the system of inequalities. Use a graphing utility to 
verify your solution. 
In Exercises 55 and 56, determine values of ¢ such that 
the objective function has a maximum value at each 71% ied ices hee 720 (pete = 1G 
indicated vertex. WS f yn 
Ye al ie see 
55. Objective function: 56. Objective function: ee a se ta) 
a imped 73:1) (eines Ml Ta. (xe yes. 9, 
Constraints: Constraints: OOS? aces doen elie 
FISK, x IHS 
re #9 2anll) eau , is 
a tg ce 
yi 10 y20 
Aon LS xt 2y < 4 
ay y = 16 Ce OPE a 
(a) (0, 5) (a) (2, 


I 
(b) (3, 4) (b) (0, 2 


What did you learn? 


Section 8.1 


L] How to use the method of substitution to solve systems of equations 
in two variables 


L] How to solve systems of equations graphically 


L] How to use systems of equations to model and solve real-life problems 


Section 8.2 


CL] How to use the method of elimination to solve systems of linear equations 
in two variables 


CL} How to graphically interpret the number of solutions of systems of linear 
equations in two variables 


CL) How to use systems of linear equations in two variables to model and solve 
real-life problems 


Section 8.3 


L] How to recognize linear systems in row-echelon form and use 
back-substitution to solve the systems 


How to use Gaussian elimination to solve systems of linear equations 
How to solve nonsquare systems of linear equations 


How to graphically interpret three-variable systems 


Gy Peo) 


How to use systems of linear equations to write partial fraction 
decompositions of rational expressions 


CL) How to use systems of linear equations in three or more variables 
to model and solve real-life problems 


Section 8.4 
1 How to sketch graphs of inequalities in two variables 
L) How to solve systems of inequalities 


C1 How to use systems of inequalities in two variables to model and solve 
real-life problems 


Section 8.5 
1 How to solve linear programming problems 
OC How to use linear programming to model and solve real-life problems 


¢ Chapter Summary 
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61-70 
71-76 


77-80 
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iis y—2 Qn [2a say 1) 
ives eee 
Seer ys =o 4. | x7 + y? = 169 
ao [ea Sy) 
5. [y = 2x? 6. [x=yt+3 
lamers Eee 


In Exercises 7-12, use a graphing utility to solve the 
system of equations. If you cannot identify the exact 
solution, find the solution accurate to two decimal 
places. 


7..| x + 6y =7 8. 18x — 3y = —3 
ata 5, Fae 

OF yo = Dy a) 108 ye 2x7 — 4x 7 1 
| x+y=0 ie An 3 

11. fy = 26 — x) 12450 ye— In(x — 1 eas 
ioe cers 


13. Break-Even Point You set up a business and make 
an initial investment of $10,000. The unit cost of the 
product is $2.85 and the selling price is $4.95. How 
many units must you sell to break even? 


14. Choice of Two Jobs You are offered two sales jobs. 
One company offers an annual salary of $22,500 
plus a year-end bonus of 1.5% of your total sales. 
The other company offers a salary of $20,000 plus a 
year-end bonus of 2% of total sales. What amount of 
sales will make the second offer better? Explain. 


15. Geometry The perimeter of a rectangle is 480 
meters and its length is 1.5 times its width. Find the 
dimensions of the rectangle. 


16. Geometry The perimeter of a rectangle is 68 feet 
and its width is 4 times its length. Find the dimensions 
of the rectangle. 


8.2 | In Exercises 17-24, solve by elimination. 


Vie 2k y= 2 18. |40x + 30y = 24 
6x + 8y = 39 20x — 50y = -—14 

19. A + iw =% 20. [is -iy= 3 
2. + dy= t Kody 


21. 3x —2y= 0 22.7% FP i2y=—"63 
fh + 2y + 5) = 10 if + 3y=15 

phe i Perv Bie) 24.) LS xch,2. SY, 8-5 
| 5x — 8y = 14 pperien 


In Exercises 25-30, use a graphing utility to graph the 
system. Use the graph to determine whether the 
system is consistent or inconsistent. If the system is 
consistent, determine the solution. Verify your results 
algebraically. 


25. 3 + 2y=0 


i= y= 
26. jx +y=6 
—2y = -12+2x 
27. (aan = ay 2 28. [ dx -7y=-1 
fie ee ieee 4 
298|" 8x = 2yeaah 30. |—x + 3.2y = 10.4 
es y= —-5.5 Weer: 6.4 


31. Flying Speeds Two planes leave Pittsburgh and 
Philadelphia at the same time, each going to the 
other city. One plane flies 25 miles per hour faster 
than the other. Find the air speed of each plane if the 
cities are 275 miles apart and the planes pass each 
other after 40 minutes of flying time. 


32. Finance A total of $46,000 is invested in two cor- 
porate bonds that pay 6.75% and 7.25% simple inter- 
est. The investor wants an annual interest income of 
$3245 from the investments. What is the most that 
can be invested in the 6.75% bond? 


Supply and Demand In Exercises 33 and 34, find the 
point of equilibrium. 
Demand Function 
33. p = 37 — 0.0002x 
34. p = 120 — 0.0001x 


Supply Function 
p = 22 + 0.00001x 
p = 45 + 0.0002x 


EE) In Exercises 35 and 36, use back-substitution to 
solve the system of linear equations. 


x= dy + 37= 3 x — Ty 8&2 = 685 
35: = f= 36. y= 97 —"—=35 
=) z= 3 


N 


“AN 


In Exercises 37-40, solve the system of linear equa- 
tions and check any solution algebraically. 


een r: Sy ia | 


S82) sk 2) > Zz, = 4 


4x + 2z= 16 
Ses y ge 6 
SO oy =-7 
et eS a yal ee Wl 
2h. 6z= -9 


4005 5x%.— 2y + 11z = —16 
oa yor fz = 11 


In Exercises 41 and 42, find the equation of the 
parabola y = ax” + bx + c that passes through the 
given points. Use a graphing utility to verify your 
result. 


In Exercises 43 and 44, solve the nonsquare system of 
equations. 
43. L = lye IZ = 


16 44. te + Sy — 19z = 34 
Sia LV Az 


9 3x + 8y — 31z = 54 


In Exercises 45 and 46, sketch the plane represented 
by the linear equation. Then list four points that lie in 
the plane. 


45. 2x -—4y+z=8 467 3x +. 3y —z=9 


In Exercises 47-52, write the partial fraction decom- 
position for the rational expression. 


4X Face 
dee mre eol a8 aaa, 
x 9 
ST 50. 
Bays As x2 -9 
2 344 
51. x? + 2x 52 ox x 


eee ty al 


¢ Review Exercises 625 


53. Agriculture A mixture of 6 gallons of chemical A, 
8 gallons of chemical B, and 13 gallons of chemical 
C is required to kill a certain destructive crop insect. 
Commercial spray X contains 1, 2, and 2 parts, 
respectively, of these chemicals. Commercial spray 
Y contains only chemical C. Commercial spray Z 
contains chemicals A, B, and C in equal amounts. 
How much of each type of commercial spray is 
needed to get the desired mixture? 


54. Investments An inheritance of $20,000 was 
divided among three investments yielding $1780 in 
interest per year. The interest rates for the three 
investments were 7%, 9%, and 11%. Find the 
amount placed in each investment if the second and 
third were $3000 and $1000 less than the first, 
respectively. 

“5 In Exercises 55-60, sketch the graph of the 

inequality. 


55. x < 6 56. y > —10 
57, y< 5 —35x 58. 3y —x2>7 
59. y— 4x2 > -1 60. y > 2e* — 6 


In Exercises 61-64, match the system of inequalities 
with the graph of its solution. [The graphs are labeled 
(a), (b), (c), and (d).] 


(a) (b) 
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In Exercises 65-70, sketch a graph of the solution set 
of the system of inequalities. Use a graphing utility to 
verify your result. 


65. ( x + 2y < 160 66. (2x + 3y < 24 
3x + y < 180 i! asl G 
eh oe re) 
Vee) ye W 
6/5) Wye I 68: |y2 6 nx 
abe eager 
69.4| 2 .3y 20 70 Koy eyies9 
2 ay = 8 facie nc 
y20 


In Exercises 71 and 72, derive a set of inequalities to 
describe the region. 


71. Parallelogram: Vertices at (1,5), (3, 1), (6, 10), (8, 6) 
72. Triangle: Vertices at (1, 2), (6, 7), (8, 1) 


In Exercises 73 and 74, find a system of inequalities 
that models the description. Use a graphing utility to 
graph and shade the solution of the system. 


73. Fruit Distribution A Pennsylvania fruit grower 
has at most 1500 bushels of apples that are to be 
divided between markets in Harrisburg and philadel- 
phia. These two markets need at least 400 bushels 
and 600 bushels, respectively. 


74. Inventory Costs A warehouse operator has 24,000 
square feet of floor space in which to store two prod- 
ucts. Each unit of product I requires 20 square feet of 
floor space and costs $12 per day to store. Each unit 
of product II requires 30 square feet of floor space 
and costs $8 per day to store. The total storage cost 
per day cannot exceed $12,400. 


In Exercises 75 and 76, use a graphing utility to shade 
the regions representing the consumer and producer 
surpluses for the equations. Find the surpluses. 


Demand Supply 
75. p = 160 — 0.0001x p = 70 + 0.0002x 
76. p = 130 — 0.0002x p = 30 + 0.0003x 


8.5 | In Exercises 77-80, use a graphing utility to 
graph the region determined by the constraints. Then 
find the minimum or maximum values of the objec- 
tive function and where they occur, subject to the con- 
straints. 


77. Maximize: 78. Minimize: 
z= 3x + 4y Lex ig 
Constraints: Constraints: 
eee AY) ten) 
y2 0 ye 20 
2x t55y 550 Leer ¥ 2100 
4x+ y<28 Pr yer Is 
79, Minimize: 80. Maximize: 
ger lLdoner 225» z = 50x + 70y 
Constraints: Constraints: 
Le UO xe 0 
y2 0 y2 0 
PRE Pee, «2's 1500 
3x + ly= 45 5x + 2y = 3500 


81. Maximum Revenue A student is working part time 
as a cosmetologist to pay college expenses. The stu- 
dent may work no more than 24 hours per week. 
Haircuts cost $17 and require an average of 20 min- 
utes, and permanents cost $60 and require an average 
of | hour and 10 minutes. What combination of hair- 
cuts and/or permanent will yield a maximum rev- 
enue? What is the maximum revenue? 


82. Minimum Cost Two gasolines, type A and type B, 
have octane ratings of 80 and 92, respectively. Type 
A costs $1.25 per gallon and type B costs $1.55 per 
gallon. Determine the blend of minimum cost with 
an octane rating of at least 88. (Hint: Let x be the 
fraction of each gallon that is type A and let y be the 
fraction that is type B.) What is the minimum cost? 


Synthesis 
True or False? In Exercises 83 and 84, determine 


whether the statement is true or false. Justify your 
answer. 


ys 
ie ae 
83. The system 4° 7 
Yrarecgxs bQ 
y2 —ty a DO 
represents a region shaped like an isosceles trape- 


zoid. 


84. It is possible for an objective function of a linear pro- 
gramming problem to have exactly ten maximum 
value points. 
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Fitting Moa 


In this project, you will find and use models relating to newspaper circulation in 
the United States by using /east squares regression analysis. This procedure can 
be performed with a computer or graphing utility. 


The numbers of morning and evening newspapers published in the United States 


from 1990 through 1997 are shown in the table. ; Newspapers Published 


a. Use the regression capabilities of a graphing utility to find linear models for © Evening [ee 
both sets of data. Then use the models to estimate the numbers of morning and &__| newspapers | — 
evening newspapers published in 2003. In the table, t = 0 represents 1990. ey a 
(Source: Editor and Publisher Company) 


| 2 ae E E 7 
| 571 | 596 623 | 635 | 656 | 686 705 


_| Morning He 
newspapers | 


2 | 996 | 954 | 935 | 891 | 846 | 816 Daisies 
Year (0 — 1990) 


10 12 14 


b. Use the models you found in part (a) to predict the year when the number of 
morning papers published is equal to the number of evening papers published. 
Use the graph of the models shown to verify your result. 


Questions for Fu rther Exploration — 2 From 1990 through 1997, the number of morning | 
: a2 newspapers published and sold increased. Did the 
1. The numbers (in millions) of morning newspapers average circulation per morning paper (number 
sold each day in the United States from 1990to 1997 sold + number published) increase or "decrease? 
os abe shown i in the table below. In the tablet = Orep- _ Explain. 
resents 1990. Find a linear model that represents the _ a 

data. Use your model to estimate the number of 3. If you had the opportunity to invest in a company 
ee morning papers sold each day in 2003. that published only one type of newspaper (morning 


or evening), which would you Oase! Explain your 
reasoning. 
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Take this test as you would take a test in class. After you are done, check KOs 
work against the answers in the back of the book. (0) 
The Interactive CD-ROM and Internet 
versions of this text provide answers to 
the Chapter Tests and Cumulative Tests. 
1. x — Vi =.6 Ds E == |, 3. i -y= They also offer Chapter Pre-Tests (that 
test key skills and concepts covered in 
eto Bye Lm, (x i 1)? previous chapters) and Chapter Post- 
Tests, both of which have randomly 


In Exercises 1-3, solve the system by the method of substitution. 


Sica Sea 


In Exercises 4—6, solve the system graphically. generated exercises with diagnostic 
capabilities. 
AS Acta sye— 1585.) y 916 —- x7 6. y—Inx =8 
4x+3y= -9 y=x+4 3x yi 410 = 21 


In Exercises 7-9, solve the linear system by elimination. 
feo ye — a 1 Oa | Dy SZ Dn DX Vane een 
Ee pe aaah! 2x — z=-4 10x + S5y+2z=0 
3y + z= 17 3x 1Sy oz —0 
10. Find a system of linear equations that has the solution (¢ 7 8). 
11. Find a system of linear equations that has the solution (-3, 3 —%). 


12. Find the equation of the ieee y = ax? + bx + c passing through 
the points (0, 6), (—2, 2), and (3, 3). 


= 2 
13. Write the partial fraction decomposition for the rational expression aie 
In Exercises 14-16, sketch the graph of the inequality. 
14. x = -7 15, -—45.-- 6y <1 16. (Go 4)? + y77<= 16 


In Exercises 17-19, graph the inequalities and shade the region representing 
the solution. 


17. eee 6 1S ye 195) (ey Selo 
ys @0 y > 4x eae | 
2 =5 ya=3 


20. Derive a set of inequalities to describe the region in the figure at the right. 


21. Find the maximum value of the objective function z = 20x + 12y subject to 3 © © 1 is 
the constraints x => 0, y = 0,x + 4y < 32, and 3x + 2y < 36. 


22. A merchant plans to sell two models of compact disc players at costs of $275 
and $400. The $275 model yields a profit of $55 and the $400 model yields 
a profit of $75. The merchant estimates that the total monthly demand will 
not exceed 300 units. The merchant does not want to invest more than 
$100,000 in inventory for these products. Find the number of units of each 
model that should be stocked in order to maximize profit. 
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Answers to Odd-Numbered Exercises and Tests 
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Answers to Odd-Numbered Exercises and Tests 


Chapter P 


Section P.1 
i 


23. 


25. 


27. 


29. 


SIE 


Ss 


Soe 
39: 


5 @) ae 


(a) 2.3 


ULG25 
15. 
19. 


(page 9) 

(a) 5,1 (b) —9,5,0,1,—4, —1 

(c) -9, -3,5,3,0,1,-4,-1 (dd) V2 
(b) —13, 1, -10, 20 

(ey 2.01, 0.666 . . ., —13, 1, —10, 20 
(d) 0.010110111. . . 

(b) §, -2,3, -3 
(c) —4,%, -7.5, -2, 3, -3 
IPE) La Res 
nei t < 2.5 
-4>-8 21s 7 


(d) —2,5V2 
3 
ie 


(a) x < 5 is the set of all real numbers less than or equal 
tojS: 


(b) +] 


Cae” Ss Sd: 26 


(c) Unbounded 


(a) x < Ois the set of all negative real numbers. 


(Bb) ——-_—_— 4} —}- + + > x (c) Unbounded 


(a) x = 4 is the set of all real numbers greater than or 
equal to 4. 


(b) +++ —« 


cle tae SAS 6: 7, 


(c) Unbounded 


(a) —2 < x < 2 is the set of all real numbers greater than 
—2 and less than 2. 


(6) ——_$ > (c) Bounded 
—2 -1 0 | 2 


(a) —1 < x < 0 is the set of all negative real numbers 
greater than or equal to — 1. 


(i) aa Vel rd 


= 0 


(c) Bounded 


127 584 7071 41 5 
90 > 413» 5000° V 2» 33 37. x °< 0; (20,0) 


y = 0; [0, co) Al. 12%<-c. =) 32: [12732] 


43. 
45. 
47. 
55. 
Sh 
61. 
67. 
TA 
73. 
79. 
$1. 


83. 


85. 


87. 


89. 


91. 
93. 


95. 


OM 
101. 
103. 
105. 
107. 
109. 
111. 
113. 


W > 45; (45, oo) 

The set of all real numbers greater than —6 

10 49. 7-3 ~ 0.1416 Sihy. al 335 9 
1 for x > —2; undefined for x = —2; —1 forx < —2 
elise ako) 590-5 = =| 

=| 2-2 |p="== || 63. 4 65. 51 

> 69, #8 

(a) —A is negative. (b) B — A is negative. 

[ae Sie=e3 750 \y= 0/0206 77. 11 miles 
The temperature dropped 23°. 


|$113,356 — $112,700] = $656 > $500 
0.05($112,700) = $5635 


Because the actual expenses differ from the budget by 
more than $500, there is failure to meet the “budget vari- 
ance test.” 


|$37,335 — $37,640| = $305 < $500 
0.05($37,640) = $1882 


Because the difference between the actual expenses and 
the budget is less than $500 and less than 5% of the 
budgeted amount, there is compliance with the “budget 
variance test.” 


y = $92.5 billion, |y — x| = $0.3 billion 
There was a surplus of $0.3 billion. 

y = $517.1 billion, |y — x| = $73.8 billion 
There was a deficit of $73.8 billion. 

y = $1351.8 billion, |y — x] = $163.9 billion 
There was a deficit of $163.9 billion. 

Terms: 7x, 4; Coefficient: 7 

Terms: 3x2, —8x, —11; Coefficients: 3, —8 


5 1 
Terms: 4x3, > —5; Coefficients: 4, 3 


(ir LOM (b) R6 
(a) Division by 0 is undefined. 


99. (a) 14 (b) 2 

(b) 0 

Commutative Property of Addition 

Multiplicative Inverse Property 

Distributive Property 

Multiplicative Identity Property 

Associative and Commutative Properties of Multiplication 


0 115. Division by 0 is undefined. 117. 5 
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119. : 121. = 123. 48 IP = 2.00 


127. 1.56 
129. (a) 


 § | 0.5 | 0.01 | 0.0001 | 0.000001 
. & | 10 | 500 | 50,000 | 5,000,000 


(b) 5/n approaches oo as n approaches 0. 
131. (a) No. If u is negative while v is positive, or vice versa, 
the expressions will not be equal. 
(b) |u + v| < |u| + |r| 
133. Answers will vary. Natural numbers are the integers from 


1 to infinity. A rational number can be expressed as the 
ratio of two integers; an irrational number cannot. 


es 3 ESL peel, en 3 len ott 
: SRA A dine Serer 


135. False. u 


Section P.2 (page 27) 

1. @) 48 ~ (b) 81. «3. (a) 729 (b) -9 

5. (a) 243. (b) -3 7. (a) 2? «—(b) 4 9. — 1600 
11.2125 13.4 15.-108 17.3 


19. (a) —125z3 (b) 5x® 21. (a) t (b) s(x + y)? 
x2 

ga 3 @ Fb) 

27. 6413 =4 29. /196=14 31. (—216)3 = -6 

Bins) 27 esse ee 37 3 50M 15 Ae 

43.-4 45. -7.225 47. 21.316 49. 14.499 


BIND (0) 2 330 S3hs(a) Sy?s/6x 01S) oN 


28h (a) Ineo) 


|b] 
55.625 57.- 59, 5 > 0 
61. (a) a (b) 43/4 
RL GeE a (b) 3(V6—- /5) 65. F 
67. reaEa 69a (a3 4 (0) 2/% Hy? 


71. (ay 24/2 eb) 2/2 73a) b4e7 2 (Oy eyo 
75. (ay 135/00 1 (by 1185/5 

771. /5+ J/3>J54+3 19.5> /? +P 

81. 5.73 x 107 —- 83. 8.99 x 10-5 _— 85. 604,800,000 
87. 0.0000000000000000001602 

89. (a) 954.448  (b) 3.077 x 101° 


91 
93 
95 


» (a) 67,082,039" “(by 395/91 
. (a) 50,000 = (b) 200,000 


. When any positive integer is squared, the units digit is 0, 
1, 4, 5, 6, or 9. Therefore, ./5233 is not an integer. 


97. r= 0.280 , 99. t = 13.29 seconds 
101. o minutes 103. True. x**Y/x = x'x/z = 2™ 
105. 1 == =a""=@ 

a 


Section P.3 (page 32) 


1 


103. 
107. 


> tl ab |e Bh i 
. Answers will vary, but first term is — 2x°. 
. Answers will vary, but first term has form —ax*, a > 0. 
. Degree: 2; Leading coefficient: 5 
. Degree: 7; Leading coefficient: | 
. Degree: 5; Leading coefficient: —2 
. Polynomial: —2x? + 7x + 10 
. Not a polynomial because of the operation of division. 
. Polynomial: =x 4 t2a- = 
Bee = 25.) 3x ieee 
See 29 xe id 2908 — 6x Ok 
aise 33.54 4 35. 7.5 rade 
» atx? - 6x 39.2 + 7x4 12 
+ ONG ee 43. 4x7 =20xy + 25y 
«=n 00 a7. x7 42 49. m* — 6m + 9 — n? 
. x? + Qxy + y? — by — 6x + 9 53. 47*— 25 
Mera ey ee ae eel 57. 82° —,1207y Oxy aye 
25x? — 5x +25 61. x? - 9 
otOxeer! 14a 9 65. 2:29" ae LO 
5 Den ear 69. u* — 16 71. 3(x + 2) 
2 ) 75. (i =a5) (Sketess) 
( + 6) 79, (4y — 3)(4y + 3) 
( (2x + 3) 
[ \e= 2 = De el iG = 3) rere) 
( 2 87. (x +4)" "89. Gr +12 
(3¢+4) 93. (x — 1)(x + 2) 
Be PH Be) 97, (yi — 4) yer 5) 
(3% —.2)(% — 1) 101. (2x + 1)@ — 1) 
( 1)(~ + 5) 105. —(5u — 2)(u + 3) 
(x — 2)(x? + 2x + 4) 109. (y + 4)(y? — 4y + 16) 
» (x — 3x2 + 3x44) 193. (x — 1)(4x2 + 2x + 1) 


We 
119. 
123. 
129. 
FS3: 
137. 
141. 
145. 
149, 


NESE 


155. 


157. 


159. 


161. 


163. 
167. 


Deeg as | Y 
(2x = 1)(x? — 3) 121. x(x — 3)(« + 3) 

x*(x = 4) 125. (x — 1)? 127. x — 1) 
—2x(x —2)@ +1) 131. (9x + 1)(x + 1) 

5¢(3x + 2)(4x 3) 135. (3x + 1)(x2 + 5) 

x(x? + 1)(x-—4) 139. —z(z + 10) 

(x + 1)?(x — 1)? 143. 2(¢ — 2)(t? + 2¢ + 4) 
(2x — 1)(6x.— 1) 147. —(x + 1)(x — 3)(x + 9) 
T(x? + 1)(x?2 — 1) aS 2 ee) eo) 


=(? + n(S+ 1 


(a) 5007? + 1000r + 500 


17 = HG 2) 


b 
() 3% | 3% 4% | 
500(1 + r)? | 525.31 | 530.45 | 540.80 | 
r 45% | 5% 
500(1 + r)? | 546.01 | 551.25 


(c) Amount increases with increasing r. 
AS = =) 


V=x(15 — 2»)( 


' Sx(x = 15)(2x — 15) 


x (cm) 3 5) 7 | 
V(cucm) | 486 | 375 84 | 


(a) T = 0.14x? — 3.33x + 58.40 
(b) 


x (mi/hr) | 30 | 40 | 55 
T (ft) | 84.50 | 149.20 | 298.75 


(c) Stopping distance increases at an accelerating rate as 
speed increases. 


(x + 1) + 4) =x(xF+ 4)-+°1@ + 4) 


Distributive Property 
b 165. a 
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169. 


171. 
175. 
179. 
181. 
183. 


185. 
187. 


189. 


191. 
193. 


195. 


A37 


1 ees I 
1 AVE [ae] 
A4a(r + 1) 173. 4(6 — x)(6 + x) 
SN A IW SS, Sh, = IS) Sy S27), 27) 


2, —3 (Answers will vary.) 

3, —8 (Answers will vary.) 

Ox? = 9x — 54 = 9(0* — x — 6) 
= 9x + 2)@ — 3) 

kx(Q — x) 


False. (x7 — 1)(x? + 1) becomes a fourth-degree poly- 
nomial. 


False. Counterexample: 
Bee SP SS (pe tk DP aie oe = 3). 
n 


(a) Yes. The sum of two polynomials will have the same 
degree as the polynomial of greater degree unless 
the polynomials have equal degree and their leading 
coefficients are opposites. 


(b) No. Same reasoning as in (a). 
(c) No. Same reasoning as in (a). 


A polynomial is in factored form if it is written as a 
product, not as a sum. 


Section P.4 (page 44) 


1. 
3s 
te 


9. 
15. 
19. 


Bah © 
y 


All real numbers 3. All nonnegative real numbers 
All real numbers x such that x # 2 


All real numbers x such that x > —1 


Sha 3y 
3x, x #0 IN ly as oes (0) 13. n= (() 
2, yet 1 
4y ] 
——= y#— 1 5 
Fe 7 ,x#5 
+ 
Oe lett ea) 
. ; eS 2 
ya s 
Peg ens) 25. (62-5 1) xe 2 Mh; men 
ae) 


A38 


31. 


3,7 35, ee a7 ee 
ae SMa 7s BTN . > Te 
4 Si = 2) i r 
p= 3 3 
39. alt 38 SB Ata 
Gaeaaaeo) ae 
e465 (se =e 113 D 
as Bess. 47. — 
al sear 3 = D 
x4+3 QD, = 5 
MD) 51. 10) 
Ge ix — 2x 3) Peer 
1 
Sep =1/2(22, — = 
53.4 x 22) Yee Bebe Pe) 57. (2+ 15 
Ix? — 2x* — 5 1 
59. =e 61. 7 * 252 
Dye aie Ip 
63. x(x + 1), x # —1,0 65. re ray h#O 
sae es We 
DG 3 
Joe ae Dae J x 
(Mh as ae (eel ewe ; 
Ths ()) 16 minute (b) 16 minute(s) (Cc) Tey minutes 
Liles Xx 
(e595 441) 
: 288(MN — P) 
= 9 ————$ (y 
79. (a) r= 9.09%  (b) N(MN + [apy 
81. (a) 
| fe| O p, | 4 | 6 | 8 | 10 
| te 75 55.9 | 48.3 | 45 | 43.3 | 42.3 
t ip | 14 16 18 | 20 22 
| 417 | 41.3 | 41.1 | 40.9 | 40.7 | 40.6 
(b) 40 
83. False. The domain of the left-hand side is x” # 1. 
85. False. Example: LCD of 1/x and 1/x? is x?, not x?. 
(he = toy , 
87. No. igo is undefined for values of a, b, and x such 


Answers to Odd-Numbered Exercises and Tests 


le 0 hat W2"| Aes) |*6 
PARE Tay Pres 
| 213] Unde | 516) 7 
X= 3 

|xtl ore pag 


The expressions are equivalent except at x = 3. 


Only common factors of the numerator and denominator 
can be canceled. In this case, factors of terms were incor- 


rectly canceled. 


that b = ax. 


Section P.5 (page 54) 
il ‘ 
(3, 4) 
G1, 1) 
a = 
oe (25—)) 
3. | 


5. A: (2,6); B: (6, =2); C:(4-=4)2-Di(= 3,2) 
7, Al(Q.5)>B (=32=60 76 045). 
9, (—3, 4) 1155) 13. Quadrant IV 
15. Quadrant II 17. Quadrant I] or IV 
19. Quadrant III 21. Quadrants I and III 


236) (One (492) (ie 4) 2550 27 29 tS 
31. (a) ‘ (b) 10 
A 
12+ (c) (5, 4) 
10+ 
8 (9, 7) 
2 
6 : 
, (5,4) 0+” 
el ot, 1) 
Ce 
=) ED RE 
33. (a) ; (b) 17 
(4, 10) A 
e io-+ (c) (0, 3) 
Me it 
\6 
4 (0 3) 
t—+—+ +++ > 
=8 6) 4-2 e468 BS 
—4 x 
—6 oa; —5) 


37. (a) : 


39. (a) z 


(6.2, 5.4) 
» 


aes 
- (1.25, 3.6) 


41. (a) 


Ase(ay4, 3,5 (b) 4° + 325-5? 
45. (a) 10,3, 109 


47. $630,000 


Lek (OS Se ays eon AN 

(a) (7, 0) (b).(95'=3) 
55.04 + y- = 9 
59. (x + 1)? + (y — 2)? = 
61. &@ — 3)2.+ (y — 4)? = 25 


(b) 2/10 
(e) (2333) 


(b) Y110.97 
(c) (1.25, 3.6) 


(b) 6/277 
(c) (6, —45) 


(b) 102 + 32 = (109) 
49, (/5)° + (/45)" = (50) 
51. Opposite sides have equal lengths of 2,/5 and /85. 


57. (x — 2)? + (y + 1)? = 16 


Answers to Odd-Numbered Exercises and Tests 


63. 


65. 


67. 


69. 


71. 
ile 


79. 


$1.66; 1996 


&, 
6 
QU 
© 
& 
3 
Ss 
S 
by 
o 
ay 
& 
oO 
2 
e 
2 
Ee) 
2 
is) 
QO 
o 
[4 


Month (1 <> January) 


73. 167% 


Center: (0, 0) 
Radius = 2 


Center: (1, —3) 


Radius = 2 
Center: (5, 3) 
Radius = 3 
A5. 63 


Answers will vary; for example, 


corn ~ 14%, soybeans ~ 25%, wheat ~ 29%. 


[] Males 
[239 Females 


Participants (in millions) 


Aerobics += 


3 
; =| 
® 
ag 
7 
g 
{eo} 


Bicycling + 


Bowling 


Camping 


Walking 


Running 


Swimming 4+== 


A39 


A40 = Answers to Odd-Numbered Exercises and Tests 


81. (a) ~52% 65.1 S30 MP HOA ex 3 


(b) No. The trend limits the amount of funds available for 67. 2x° + 3x4 — x3 — 9x? — 15x 
capital improvements in industry. (Answers will vary.) 


83. (a) During 1993 
(b) ) 73. 8x8 — 12x2+6x—1 75. x* — Ixy + y? — 36 
77. 3x(x-— 3) 79. 2(5x-—1) 81. (x — 3)(x + 4) 


1000 

Eee ee 3 jie 
800 eae 83. —3x(2x3 + x? — 4) 
600 


85. R = x(1600 — 0.50x); p = 1600 — 0.50x 


69. 42-15 71. 49x? — 16 


Average daily 
cost per patient 


200 87. (3x — 4)(3x +4) 89. (4x — 3)(16x? + 12x + 9) 
1989 1991 1993 1995 91. (x =I) = 2) 93. (3x 2G 4) 
ie 95. (x — (x — 1(et+ 1) 97. (2x + 5)(x? — 7) 


85. ~ 180.28 kilometers 


87. (a) Answers will vary; from 1991 on, the data are nearly 
in a straight line. Estimate: 7 new members in 2001. 


99. All positive real numbers 


101. All real numbers x such that x > —12, x #0 


(b) Answers will vary; Elections for inclusion in the Hall 103. ee Rae) hi = = eae 
of Fame began in 1986. yr? 8 
89. $1245.05 million 107 toy Sat 4g AE ee 
91. True. The lengths of the sides from (— 8, 4) to (2, 11) and aa HV) 2 
from (2, 11) to (—5, 1) are both \/149. iW 2 Se Se Ty eS 123 3x 
93. 0:0 (x — 4)(x + 2) “@- 1024x411) 
via’ 3 Radic 
Review Exercises (page 60) ep ivrceranrc al iA UR GES 
1. (a) 11 (b) 11,-14 117. 119. 
(c) 11,-14,-83,04 @ V6 y : 
A 
3. 0.83 < 0.875 — } n x ene | aes 
~9 6 a = 2 
5. The set consists of all real numbers less than or equal to 7. ces, ~0.5) 5) 
—-34+ 
SaaS HEREC | 
5) 6 7 8 9 - 
Ball 
7.122 9. \x-724 11. lye 30f</5 ee a 
isa (rT 1s ay 18 (by - 12 mee a 
17. Associative Property of Additio 
ead iii Quadrant III Quadrant HI 


19. C tative Property of Multiplicati a 
ommutative Property of Multiplication 21. 5 121. Quadrant Vor I 
1 47x 


pn Bees Lae 3,2 
23; 4 DS: 60 2A) OZ (b) 3a°b 123. 


oo 


3u° A 
29. (a) ee (by ae 31, 3.3674 x 101° 


60 


33. 483,300,000 SB TS Sem 39. 2 


41. 72 ASMA) 2 TAS ohn] Bie 847, Oa (2a 1) 


40 


20 


Normal daily temperature 


—3 
49, 192./2 in? 51. 53, ——__— 
x =e SP S11 


55.416 57.4% 59. @ — 1)'/2 
61. —2x* + 9° + x? — x — 10 63..=2y> + lly = 8 


125. 


127. 


131. 


133. 


135. 


137. 


139: 


141. 


a 
(-3, 8) 
OR 
*e (1,5) 
4 
2 
+ Sia —}———-}— oy 
—4 —2 | 2 4 
Distance: 5 
, 
A 
24+ (5, 22) 
20 -- 
16 + 
| (13, 11) 
8 
Bia 
(2, 3) 
x 
-—4 4 8 12) AG: «20) 


Midpoint: (—4, — 1) 


(a) $352.35 million 


(b) The estimate is $2.95 million over the actual revenue, 
which is less than a 1% error. 


(e— 3)" a (y= 2)? = 65 


False. (a + b)? = a2 + 2ab + b? 

The numerator and denominator are not equivalent expres- 
; : a Lex, 

sions. Factor — 1 from numerator: = 5 ) = Sil; 

You must raise 2 to the fourth power as well. 


(2)2= 2x4 = 16x+ 


Operations under the radical should be performed first. 


J32 + 42 = /9 + 16 = /25 =5 


143. The sum of the square roots of two terms is not equivalent 
to the square root of the sum of the terms. 
Chapter Test (page 65) 
fee 4) 25603. (a - 18 th) & 
ASG (b) a5 5, -(a) -25- (bY 6 


Answers to Odd-Numbered Exercises and Tests 


6. (a) 1.8 x 10° 


7. ay 122s rb) 


8. (a) ISzV2z  (b) -10Vy ©) ae 
Vv 


(bie Le 0 


Cae Noles 


A41 


y2 


11. 8, x #3 


13. x?(2x + 1)(x — 2) 


15. (2x — 3)(4x? + 6x + 9) 


9. 2x? — 3x —5 10. x2 — 5 
al 
1194, awe eel 
Des si 
14. (x — 2)(x + 2)2 
16. (a) 43/4 (b) -3(1 + V3) 
18. . 
A 
XS) Sr 
ea oer 
St 2 
3 Ne (2, 3) 
a Se 
1+ , ~. (6,0) 
— = —| —} —} 9» x 
2 =P © 2s 25 16 
sigh = 


Number of votes (in millions) 


17. 2./3x? 
Midpoint: (2, 3). 
Distance: \/89 


3 - - ee 

Chapter 1 
Section 1.1 (page 75) 
Laas Yes) ((b)) Yes 3. (a) No  (b) Yes 
5. (a) No (b) Yes 7. (ay) Yes” (b)* Yes 
9. 

x | —1 1} Oc) 1a ne 

ye) Sh Oy il | 


A42 


11. 


13. 


15. 


Answers to Odd-Numbered Exercises and Tests 


NIN 


The lines have opposite 
slopes but the same 


Intercepts: (6, 0), (0, 3) 


-10 


Intercepts: (5, 0), (0, —5) 


10 


—10 


Intercepts: (3, 0), (1, 0), (0, 3) 


43. 45. 
10 10 
-10 10 _410 10 
-10 —10 
Intercepts: (0, 0), (2, 0) Intercept: (0, 0) 
47. 49. 
10 ug 
10 jo 10 Jeti Tee IY} 
-10 —10 


Intercepts: (— 6, 0), (0, 0) 
51. 
10 


10 
aaa a 
10) 6 
-10 0 


The standard setting gives a more complete graph. 


53. 


Intercept: (0, 0) 


10 25 


=410 febLteiirt 10 


-1 |L LES (a (Ee en ee J 


aN 


—10 -5 


The specified setting gives a more complete graph. 


33: Xmin = -5 ae Xmin = -30 
Xmax = 5 Xmax = 30 
Xscl = 1 XSCli=D 
Ymin = -30 Ymin = -10 
Wimax 0 Ymax = 50 
Niscli= Wixell 5) 

59. y, = 64 — x? 10 


eee eg 


—15 |UE 4 45 


Answers to Odd-Numbered Exercises and Tests 43 


61. y, = V49 — x? 8 


ys = 5/49 x? 
=12 iz 
8 


63. The graphs are identical. Distributive Property 


65. The graphs are identical. Associative Property of 


Multiplication 
67. 4 (a) (251,73) 
(b) (—4, 3) 
er) See aa zy | 6 
2 
69. 5 (a) (—0.5, 2.47) 
(b) (1, =4), (—1.65, —4) 
=3 (Coe aS | CC a Ye | f=} 
-5 
71. b) 230,000 
Tein eo (6) 
Xmax = 8 
Xscl=1 
Ymin = 60000 
Ymax = 230000 
Yscl = 10000 i 


(c) $109,000 = (d) $178,000 


73. (a) (b) 2w + 2x = 12 
wtx=6 
w=6-x 
A = xw 
A = x(6 — x) 
(C)pee (d) A~54 
(e) x=3,w=3 
(0) | aoe a | i 1 ee O: 


75. (a) The life expectancy of a child born in 1950 
(b) 1973 (c) ~66.3 years (d) ~78.7 years 


A44. = Answers to Odd-Numbered Exercises and Tests 


77. (a) 25, (a) m=: 27. (a) mis undefined. 
a7 10 | a | 20 we oe | Intercept: (0, 3) There is no y-intercept. 
ye) 107.33 | 26.56 | 11.60 | 6.36 | 3.94 | (b) (b) 


| 60 70 80 90 100 


y 2.62 | 1.83 lsh | C2 | O77 


(b) x = 45.64 (c) y = 1.103 = oe ane 
(d) They are inversely related. -1 
+—}—+} —j—}+—» x 
79. False. x = 0 has an infinite number of x-intercepts. eee a ee -2 
81. Answers will vary. 83. —S51/y 85. 1000 29. (a) m= 0; 31. (a) m= —t, 
87. 12x° — 4x? + 44x 89. —3x4 + 8x? — 5 Intercept: (0, —3) Intercept: (0, 5) 
Section 1.2 (page 87) ©) eB 
il, @) i, OW)lSeg (©) 1G "1 
E 1 yy ae 


(-3, 6) 
13. m is undefined. 
1h + 1 
2 -1l 3 
—_—= 
Een 
37. x + 3y-—4=0 395% 6) 0 
15°60.) ht) f=1,1) 174(—6, 2), (4, 6) (= 3; 8) i t 
19) (6,4), (6) 3), (9) 1) a : 
34+ 44+ 
21. Perpendicular 23. Parallel Rill 
12 —o $x 
42 12 4 (96-1 
erate 


—12 


43. 3x + Sy — 10=0 


3 


~2 4 


47.4% + 2y—3—=0 


3 


-1 


51. 2x — Sy + 1=0 


=5 


x- and y-intercepts 
Sn Sheaavay (oy 0) Bille: hase Si ae 2) 
59. 


2 It (ee alee 1 40 


3) Sia Le] 1 


| —4 


The second setting gives a more complete graph. 


Answers to Odd-Numbered Exercises and Tests A45 


61. 


65. 
67. 
69. 
71. 
73. 


TES 


TE 
81. 
83. 


85. 
87. 
91. 


GB}. 


95. 


y = $xandy = = 85 y= —4x and y = —4x4+3 
are perpendicular. are parallel. Both are perpen- 
dicular to y = 2x — 4. 


OQ) Ae S30) 0) as a Oy = =O 
©) Gs ty aS SO) () Geir WAY aR 27) 
(a) 10x = 10y =, 43 — 0 (b) 10x = 10y — 93 
Bye == hy ih a) 


(a) Sales increase of $135 


(b) No sales increase 

(c) Sales decrease of $40 

(a) Greatest increases per share: 1990 and 1996 
Greatest decrease per share: 1997 

(b) 37x — 1000y + 943 = 0 

(c) Slope is the average increase per share per year. 

(d) $1.46. Answers will vary. 

16,667 feet 79. 125t - V+ 2415 =0 

2000t + V — 22,400 = 0 


(b); slope = — 10; the amount owed decreases by $10 per 
week. 
(a); slope = 0.25; expenses increase by $0.25 per mile. 


=3C +32 89. $39,500 
a) V=—175r-+-875 
(b) 1000 


E 0 [1 | 2 3 | 4 5 | 


E 875 | 700 | 525 350 | 175 0 | 


(a) C = 16./5¢ + 36,500 (b) R = 27t 

(c) P = 10.25t — 36,500 (d) t ~ 3561 hours 

(a) Answers will vary. Example: y = 92.84t + 487.82 
(b) Answers will vary. Example: $1,601,000 


(c) Average increase per year 


A46 


97. 


OD. 
101. 


103. 
105. 
109. 
113. 
INES 


Answers to Odd-Numbered Exercises and Tests 


False. The line through (10, —3) and (2, —9) is 
y= 3x ap S and (= 2, —# is not on this line. 


—4 


No. The slopes of two perpendicular lines have opposite 
signs (assuming that neither line is vertical or horizontal). 


Wes, = Or ae she se 

Wes) tamed alee ot 107. No. 
(x — 4)(x — 7) 111 Gx — WG 5) 
(x + 8P + (y + 5)? = 46 

giz) eG a ul)s 


II 
n 
nS) 


Section 1.3. (page 100) 


1. 
Ss 
Is 


11. 


13. 
11). 


25. 


Die 
29. 
31. 


33. 


35: 
39. 


41. 


43. 


45. 


Yes 3. No 
Yes. Each input value is matched with one output value. 


No. The same input value is matched with two different 
output values. 


. (a) Function 


(b) Not a function because the element | in A corre- 
sponds to two elements, —2 and 1, in B. 


(d) Not a function because the element 2 
in A corresponds to no element in B. 


(c) Function 


Each is a function. To each year there corresponds one 
and only one circulation. 
Not a function 15. Function 17. Function 
Not a function 21. Function 23. Not a function 
(a) (b)1 © (d) : 

ai) = c — 

5 4¢+ 1 Cala Gomi 
@ =. ©) =e CrAe=s 
0 @)s O75 Wc) xaateza 
(Cm aa (b)e 25a (Cc) 34 2ly, 
1 

(a) xg (b) Undefined  (c) wae os 
@ l @ =! @ 1 SM (@)) =! ~@®) 2 ©) 

We =) || =i! | © I 2 

Toe| 1 =2 | =S | =2 il 

t 5 4 3} 2 | = 

We 1 |5 |0 |3 I 
| x ale cal) PRO) ale 2 
| mo Ss 1s 614110 
5 47.$ 49.43 5144 53,2,-1 


55: 
SB). 
61. 
63. 
65. 
67. 
69. 
71. 
Ts 


Tes 


1) 
83. 


87. 


Mil. 


(0) 3 57. All real numbers x 

All real numbers t except t = 0 

All real numbers y such that y = 10 

All real numbers x such that -1 < x < 1 
All real numbers x except x = 0, —2 

All real numbers s such that s # 4 ands 2 1 
All real numbers x except x = 0 

(2,4), (17), 0,0) 2 249) 
{(—2, 0), (-1, 1), (0, V2), (1, V3), @ 2} 


32 
g(x) = —2726 = —2 Twines) = 3 6 = SP) 
58 


MeF#O SLBtRAeO 
3x" + 3x -— 67, ¢ = 0 85. aa 
C2 gz 

A Se 

(a) Height, x Width Volume, V 
I 24=2(1) [24 — 2(1)|? = 484 
2 24—2(2)  2[24—2(2)]? = 800 
3 24-123) )3/24-=2G)] aor 
4 24=2(4)  4[24 = 2(4)|? = 1024 
5 24 —2(5)  5[24 — 2(5)]? = 980 
6 24—2(6)  6[24 — 2(6)]? = 864 


Maximum when x = 4 
@y Y= HOA = Me. 0 <q <x 112 


1200 


0 


(c) x = 9, V = 324; x = 10, V = 160 


LER Arya "2 
95. (a) V = x*y (b) 0 a a7 
= x7(108 — 4x) 
= 108x? — 4x3 
(c) 12,000 (d) x = 18 in., y = 36 in. 
0 et py 


97. (a) C = 12.30x + 98,000 


99. (a) R= 


101. 


103. 
105. 
107. 


109. 


(b) R = 17.98x 
(c) P = 5.68x — 98,000 
240n — n? 
20 
(b) 


| n 90 100 | 110 | 120 "130 140 | 150 | 
| R(n) | $675 $700] $715 $720] $715 $700 | $675 | 


The revenue is maximum when n = 120. 


(c) 720 
90 a 150 
680 


The revenue is maximum when n = 120. 


(a) 


h 


3000 


(b) h = Vd? — 30007; d = 3000 


(c) 20,000 


3000 20,000 
10) 


— 
Xmin = 3000 
Xmax = 20,000 
Xscl = 1000 
Ymin = 0 
Ymax = 20,000 
Yscl = 1000 


(d) ~9539 feet 
False. Range is [— 1, 00). 
No. 3 corresponds to both u and v. 


Function notation is a convenient way of referencing the 
value of a function for a specific domain value. 
=x = 3 5a aa) 
1 ee 
Gr = A& + 5)(x — 1) y= 7 


Answers to Odd-Numbered Exercises and Tests AA47 


113. 115. 


Section 1.4 (page 114) 

1. Domain: (— 00, co); Range: (— oo, 1] 

3. Domain: (— 00, — 1], [1, co); Range: [0, oo) 
5. Domain: (— 00, co); Range: [0, co) 
Wf 


S) 


-3 


Domain: (— 00, 00); Range: [3, 00) 


8 


10} Sl ee al ee ee 16 
0 


Domain: [1, 00); Range: [0, 00) 
11. 7 


= 


Domain: (— 00, 00); Range: [0, oo) 
13. Function. Graph the given function over the window 


shown in the figure. 


15. Not a function. Solve for y and graph the resulting two 
functions. 
17. Function. Solve for y and graph the resulting function. 


19. (a) Increasing on (—00, 00) ~—(b) Odd function 


A48 Answers to Odd-Numbered Exercises and Tests 


21. (a) Increasing on (—©o, 0), (2, co) 31. 


a4 Ed rte Litiiyo 


Decreasing on (0, 2) 
(b) Neither even nor odd 
23. (a) 4 


-10 


Gye [ee ees eit lies 
Relative minimum: (3, — 9) 


33. 20 


-4 


(b) Increasing on (— 1, 0), (1, c0) 


Decreasing on (— 00, — 1), (0, 1) scary bomen cas acy act waa 


(c) Even function 


25. (a) 6 
Relative minimum: (1, —7) 
Relative maximum: (—2, 20) 
35. 3 
GNA ah 
5 
(b) Decreasing on (— co, 0); Increasing on (0, 00) zy es ee HE | 
(c) Even function = 
Ife, (B)) 9 
Minimum: (0.33, —0.38) 
37. (a) Answers will vary. 
(b) Relative minimum at (2, —9) 
=o) SS Sees Ss £625 SSeS ie) 
(c) Answers will vary. 
. 39, (a) Answers will vary. 
(b) Increasing on (—2, 00); Decreasing on (—3, —2) (b) Relative minimum at (1.63, — 8.71) 
(c) Neither even nor odd Relative maximum at (— 1.63, 8.71) 
29. (a) 6 (c) Answers will vary. 
41. (a) Answers will vary. (b) Relative minimum at (4, 0) 
(c) Answers will vary. 
6 || 1p Seg) 43. 45, 
4 4 
= 
(b) Decreasing on (—oo, — 1); Constant on (— 1, 1); 
f = fi fea a 1} 5 
Increasing on (1, oo) Wy eae ts 
(c) Even function 
2 = 


47. Neither even nor odd 49. Odd function 
51. Odd function 53. Even function 
55. (a) (5,4) (b) (3, -4) 


57. (a) (=4, 9) 
59. (ae, —y) 
61. Even function 


8 


=9 


=4 


65. Even function 


2 


-6 


-6 


69. Neither even nor odd 


3 


(b) (—x, y) 


63. Neither even nor odd 


6 


-6 


67. Neither even nor odd 


71. Neither even nor odd 


a 


—6 6 
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81. f(x) < 0 for all x 


83. 8 


Ti 


Domain: (— 0, co) 
Range: [0, 2) 
Sawtooth pattern 

85. (a) Answers will vary. 


(b) 630 


(c) 625 square meters; 25 x 25 meters 


87. (a) C, is the appropriate model. The cost of the first minute 
is $1.05 and the cost increases $0.38 when the next 
minute begins, etc. 


(b) 25.00 


$7.89 
OO = Sear ah = eh il See Ss 
1. h=2~x7,/O05x52 93: b= 5y05y<4 


A50 Answers to Odd-Numbered Exercises and Tests 


95. (a), y = 1.4738 — 16.411x? + 31246 2105,2 
(b) Domain: [0, 7] 


(c) ae 7 


—200 


(d) Most accurate: 1992; Least accurate: 1991 


(e) Yes. The cubic curve is starting an upswing for future 


years. 
97. False. Counterexample: f(x) = JI + x? 
OOS ay = 5 ako et atk ee age at 
each exponent is odd. Then 
CG ta Gy ek 


Lange = 
ax — ax, 


which is equal to —f(x). Therefore, by definition, the 


original function is odd. 4 
101. (a) Even. g is a reflection in the x-axis. (4, 4) (0, 1) 


(b) Even. g is a reflection in the y-axis. 


(c) Even. g is a vertical shift downward. 


(d) Neither even nor odd. g is shifted to the right and 
reflected in the x-axis. 


103. No. x is not a function of y because horizontal lines can be 
drawn to intersect the graph twice, so each y-value corre- 


sponds to two distinct x-values if —5 < y < 5. (c) (d) 
105. (a) d= 10 = (b) Midpoint: (—1, 3) it 
733 Pia Pe 3+ 
107. (a) d= 4 (b) Midpoint: ( 8° =) (6, 2) 


109. (a) -17. (b) 1 (c) ~x2 + 3x41 
111. (a)6 (6) -55. @)§ 113. -h-6,h #0 


Section 1.5 (page 124) 


g(x) f(x) 


(Gis 2) 


| 


15. 


19. 


21. 


25. 


21s 
29. 
Sak 
oS: 
So. 
41. 
43. 


Vertical shrink of y = x 
1 


17. Constant function 


LD teh Diinht 

Reflection in the x-axis and a vertical shift of y = \/x 
Made x 

Horizontal shift of y = |x| 23. Vertical shift of y = x? 
y= |x+2| ya 


Reflection in the x-axis of y = x° followed by a vertical 
shift 


yet 

Vertical shift 2 units upward 

Horizontal shift 2 units to the right 

33. Horizontal shift 2 units to the left 
37. Vertical shrink 


Vertical stretch 
Reflection in the x-axis 
Reflection in the x-axis and vertical shift 4 units upward 
Horizontal shift 2 units to the left and vertical shrink 


Vertical shrink and vertical shift 2 units upward 


49. 
SL: 


16 


g is a vertical shrink and a reflection in the x-axis and h is 
a reflection in the y-axis. 


a) Se — a) re) 
(a) f(x) = x? 


(b) Reflection in the x-axis and vertical shift 12 units 
upward 


(c) q (d) g(x) = 12 — f(x) 
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53. (a) f(a) =x? 


(b) Horizontal shift 5 units to the left, reflection in the 
x-axis, and vertical shift 2 units upward 


(d) g(x) = 2 — f(x + 5) 


55. @) f(a) ee 


(b) Horizontal shift 4 units to the right, vertical stretch, and 
vertical shift 3 units upward 


(c) @ ga) = 322/64) 


t#——-» + 
A MOS 7 


57. (a) f(%) =x 
(b) Vertical shift 7 units upward 


(c) y (d) g(x) =f) +7 


59. (a) f(x) = x 
(b) Horizontal shift 1 unit to the right and vertical shift 2 
units upward 


(c) (d) g(x) = f(x - 1) +2 


A52 Answers to Odd-Numbered Exercises and Tests 


61, (a) f(x) = x 
(b) Horizontal shift 2 units to the right and vertical stretch 
(C) (d) g(x) = 3f(« — 2) 


63. (a) f(x) = |x| 


(b) Reflection in the x-axis and vertical shift 2 units down- 
ward 


(d) g(t) = —f(x) — 2 


65. (a) f(x) = |x| 


(b) Horizontal shift 4 units to the left, reflection in the 
x-axis, and vertical shift 8 units upward 


(c) y 


pape t 
=10| =8 =6 4 =2 2 


(d) g(x) = —f(x +4) +8 
67. (a) f(x) = |x| 


(b) Horizontal shift 1 unit to the right, reflection in the 
x-axis, and vertical stretch 


(c) y (dy six= 27x = 1) 


69. (a) f(x) = Vx 
(b) Horizontal shift 9 units to the right 
(Cc) y (d) g(x) =f — 9) 


w+ 


+ ote oe 
4 6 8 10 12 14 16 18 


71. (a) f(x) = Vx 


(b) Reflection in the y-axis, horizontal shift 7 units to the 
right, and vertical shift 2 units downward 


(d) gx) =f7—x)—2 


73. (a) f(x) = Vx 


(b) Horizontal shift 1 unit to the right and vertical stretch 


4 units 
(c) y (d) g(x) = 4f(x — 1) 
A 
4+ 
3 
1+ 
“ +—+—_+-—+-> x 
-l | 2 3 4 3. 
-|+ 
75. (a) 280 
0 TS | YS ee ae ee 20 


(b) P(x) = 55 + 20x — 0.5x2: vertical shift 


l 
(c) Px) = 80 + =x 


x 
; ; hori 
5 20.000 orizontal stretch 
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77. (a) Vertical shrink and vertical shift 95. 


F 


ww 
on 


<2 
< & 20 Le x 
6 § 15 10 
52 0 
& S 
2 4 6 8 1012 14 16 
Year (0 <> 1980) 
(b) G(t) = 0.041? + 0.8¢ + 24.46; G(t) = F(t + 10) 99. } 
79. (a) To each time ¢ there corresponds one and only one tem- 
perature T. 
(b) 60°, 72° 
(c) All the temperature changes would be 1 hour later. ‘ 
(d) The temperature would be decreased by | degree. 
81. False. The point (—1, 28) does not lie on the graph of 
g(x) = —(x — 6)? +3. 
83. y = x’ resembles the cubic graph and y = x* resembles the A 
quadratic graph. Both are steeper on (— 00, — 1) and (1, co) Section 1.6 (page 134) 
and both are closer to0 on —1 < x < I. eet 
1; (a) 28> (9b) 2 (cy ere 1 ®@ 7 # | 
—_ 
(e) Allx #1 
RO) se aw (Meese (wa 
@Q iar Ne Aen 
EX, 
5. (a) x74+54+ J/1—x (b) x*7+5- V1 —x 
85. y x7 5 
Vo i= se ei al 
(9) Gt tS) = oy (a) fae 
(@) w= Il 
xt I By 1 
7.) 6) Oa Wxx#¥0 
xe Oe ae 
ith (e) x #0 
2a 9. 9 11. 5 1330 15. 26 174i 20 5 
ere 
87. 89, 19. 125° = 100! = Asan 21 NS 
270 100 
=) (ee 11 10 PRy 25s 
4 6 
~2 IL es ee 11} 10 h 
-50 -750 St ee 1 1 aE es h 
L 4 
91. All real numbers x = 5 except x = 7 = 0 


93. All real numbers 


A54 
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31. ‘fO Sas 25 


g(x), x > 6 


33. 8 Ti); Oss Wa 25 


7@), x26 


Wise 


35. @) @—1)? () x1 
Sis (@) A = 38 (() 335 
39. (a) (fog)(x) = Vx? +4 
(eof \igi= xe a ne 4 


(b) 8 Not equal 


~6 6 


41. (a) (fo g(x) =x —4; (gef)(x) =x-8 


(b) 4 Not equal 
oy So rea 140 
4 
43. (a) (fe g)(x) = x4; (g °f)(x) = 
(b) 3 Equal 


Ge te 


| 


45. (a) (fe g)(x) = 


24 — 5x; (g f(x) = — 


(b) 24 — 5x # —5x 
(c) 
ons 
g(x) 
a; x fd 9 
x 
f@) 4 
(g f(a) 10 | =1 
47. (a) Ufo a) = Vx + 1; (g *f)G) =x 4 Lia 6 
(D) sea lee S58 
Ce. OW 4 3 | a 
g(x) —5 | -4 | -1 |4 
(fog) | 1 | 2 | V5 | Vi0 
x 0 1 | 2 3 
f(x) 6 | Tes es 
@fe@)|1 [2 |3 [4 
49. (a) (f° g)(x) = [2x + 2|; (g ef)@) = 2|x + 3| - 1 
Pee se Dd Fees =| 
(b) (fe g)(e) = a ce 
oy feta 3 
te -fa) = | (ae 
(fe g(x) # (g ef (x) 
‘ | a 
$4 0) =| || =3 oe) 
5 =I | —3| -7 | —11 
(fe g(x) 2 | 0 a [8 
x O) eel | — 3 = 5 | 
f(x) ar) 2. 0 + 
l@-nw[sf3s |-1]3 
51. (a)3 (b)0 53. (a)0 (b)4 
55. (a) 0 (b) 4 57. f(x) = x4, glx) = 2x4 1 
59, f(x) = 2/x, a(x) =x? —4 


ole 


63. f(x) = x? + 2x, 
65. @) x=0 (b) 


a g(x) =x+2 


g(x) =x+4 


Allrealnumbers  (c) All real numbers 


67. 


69. 


TAk 


TE 


1 


TED. 


81. 


83. 


85. 


87. 
89. 


(a) Allreal numbers exceptx = 0  (b) All real numbers 


(c) All real numbers except x = —3 
(a) Allreal numbers exceptx =0  (b) All real numbers 


(c) All real numbers except x = 1 


3,h #0 Bs =e = Is ea 
-4 
x(x + h)’ baie © 
z h#0 


J2&(xth)+14+ J2x 47 
(a) T=2x +42 


(b) 300 


(c) B. For example, B(60) = 240 while R(60) is only 45. 
y, = —0.59x? + 7.66x + 144.9 
yo = 16.58x + 245.06 
y3 = 1.84x + 21.92 
(A r)(t) = 0.36 7t? 
A er represents the area of the circle at time ¢. 
(a) (C x)(t) = 3000r + 750 
C © x represents the cost after ¢ production hours. 


(b) 30,000 4.75 hours 


3,000 


g(f(x)) represents 3 percent of an amount over $500,000. 


Both data sets appear to be linear. 


y, = 0.57x + 35.6; yp = —1.29x + 33.3 
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The difference between the morning and evening newspa- 


per circulations is increasing. 
91. True 93. Odd (Proofs will vary.) 
95. a. f(x) + f(—2)] + LF) — A(-9)] 
up) sett wy taf) af (—9)) 
= 112f0)] 
= f(x) 
97. (0, —5), (1, —5), (2, —7) (Answers will vary.) 
99. (0, 2/6); (1, V3), ie 2/5) (Answers will vary.) 
101. 10x — y+ 38 = 0 103. 30x + lly — 34=0 


105. 107. 
y y 

0+ 
9+ 
8+ 
7+ 
6+ (2, 5) 
5+ 
4 

(+4, 1) 27 
1+ 

[SSS SS 

-6-5-4-3-2-1 1 1 23 4 5 6 
2+ 


Section 1.7 (page 145) 


Le Rw 5 fo = 
7. f'@)=x-10 9 fA@)=Fe-1) 
11. f(x) =x 
Del 2 oes 
13. (a) f(g(x)) - /(*) 2() x 
2x 
ef) = g(x) = = 5 


(b) y 
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all sae ot Ix +6 
18. (a) flea) = /(2=*) = 5(G) +1 = 8 23. (a) flew) = f(-2) 
ey 7 (Mle HAG 7 
if) = ee +1) =P Dat. y --1(-*48)_3-, 
s(s)) = «(2x - 3) 
2(-4x — 3) + 6 
= =x 


g BS Cis Be eS) =) eS See 
os eee 
6 6 (b) x 0 1 a ——) 4 
me 5 | 614 | —se 
~4 = 
a or | Aen a! By Pel) 
Reflections in the line y = x 
3 =. ey 7 
19. f(g(x)) =f02 +4), x= 0 | ee le 


27. (a) flg(s)) = f8 + 2?) 
=-J/@44)—8 


Se = (— x) = eS 0 


(b) 


: s LU) Nero tans?) Ole ed 
21. f(g) =f(YE— x) =1- (1 —x) =x 
Bem 8 | 9 | 12° | 15 
29. 31. 
6 3 
= Ab ee 14 ij g -3|L eet ee eee 
Reflections in the line y = x “t = 
One-to-one 


Not one-to-one 


33. 


SDs 


aul, 


ah 


41. 


43. 


Not one-to-one 


8 
eal 
10) 


One-to-one 


14 


=4Q bb a 


np 


One-to-one 


Not one-to-one 
at 3 
D 


fa) 


Reflections in the line y = x 
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45. 


47. 


49. 


51. 


53. 


Sos 


f'@) =a 


-4 


Reflections in the line y = x 
Hees Ca inte eee cea 


4 


eZ 


0 


Reflections in the line y = x 


nar (4 MOS 


3 


0 = n 14 
0 


Reflections in the line y = x 
foiaa x tal 


4 


26a (a a 7 


-4 
Reflections in the line y = x 


LIVES Beatie 


Reflections in the line y = x 


Not one-to-one 
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STIG) = 59. AG Ve Ba te O 
x43 
61. Not one-to-one 63. f(x) = - 0) 
fi 56 =D 
65. Not one-to-one 67. f(x) = ——- 


69. y= /x +2, x20 


TL ye 0 De =O 


3 
3 


75. (a) and (b) 


6) (ae gee peg 


3 


(c) Inverse function because it satisfies the Vertical Line 
Test 


77. (a) and (b) 


-4 


(c) Not an inverse function because it does not satisfy the 
Vertical Line Test 


79. 32 81. 600 83. 27x + 3 
38 SP se ae Il 


89. (a) y = — 


y = number of units produced 


x = hourly wage 


(b) 50 
0 n ie he a) 56 
0 
(c) $15.50 (d) 19 units 
91. (a) Yes 
(b) f(t) represents the year new car sales totaled $+ 
billion. 


(c) 5, or 1995 


(d) No. The inverse is not a function because f is not 


one-to-one. 
93. True 95. Answers will vary. 975 9x, x 7 0 
99. —(x + 6); x #6 101. 2 103. 0 
Review Exercises (page 149) 
- —2 0] 2] 3 4 
| wa 3 | 2 | I | = | 0 
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17. 


—9 |LLLLI SS eee 9 


Intercepts: (0, 0), (+3, 0) 


19. 8 Die 
Xmin = -20 
Xmax = 50 
-8 16 Xscl = 10 
Ymin = -2 
Ymax = 1 
wa Ysel= 0:5 
Intercepts: (0, 0), (8, 0) 
23. (a) 690 (b) y = 16.7x + 585 
| (c) 890 (d) 2000: $752; 
2002: $785 


13. 4 


-6 6 


=4 


Intercepts: (— 1, 0), (0, i) 
1 Ney. 6 


-9 9 


-6 


Intercepts: (0, 0), (+272, 0) 


AGO) = Answers to Odd-Numbered Exercises and Tests 
31 tes 133. 3 61. (a) x = —6 3 
35. (a) x- 4y -6=0__ (b) (6,0), (10, 1), (—2, —2) (b) y=2 
37. (Bx i2y = 10 = 0 P(b)9(451), 2-2) = 25 8) =f 
39. (a) 2x + y+ 17=0 
Ges 7) (- 4-9) 1) | 
41. (a) 5x +5y+24=0 (b) (-5,4),(-4, 2), ( 6, 8) 63. (a) Not a function because 
‘ ; : element 20 in A corresponds to two elements, 4 and 6, 
43. (a) ls 6 (b) (0, 6), (iG) (1, 6) in Be 
45. (a) x= 10 (b) (10, 1), (10, 3), (10, —2) (bh Fhiniction 
eee (c) Function 
(b) i (d) Not a function because 30 in A corresponds to no 
pale element in B. 
65. Not a function 67. Function 
yf + 
69; (ayi5- (6). Latter ey (dl) eed 
ear at eerie 
oA el ae: 71. All real numbers 13.1 Se 


TS 
2 ae 
TAY 
81. 
83. 


All real numbers except s = 3 

(a) C = 5.35x + 16,000 (b) P = 2.85x — 16,000 
Domain: (— 00, co); Range: (—00, 3] 

Domain: [—6, 6]; Range: [0, 6] 

(a) 


(b) 


(b) Function 


85. (a) 6 


-6 


(b) Not a function 


87. 


Increasing on (— oo, — 1), (1, co); 


Decreasing on (— 1, 1) 
89, 
91. 


53. V = 850t + 12,500 

57. $210,000 

Se (@) Sup — Zi = 22) = 0) 2 
(b) 4x + Sy —-2 =0 


Ss. 4 yy — Lae Increasing on (6, co) 
Relative maximum: (0, 16) 


Relative minimums: (— 2, 0), (2, 0) 


93. Relative maximum: (3, 27) 


95. 


4 
-~6-5-4-3 


97. Even 
99. Constant function f(x) = C. g(x) = —2 


101. Cubic function f(x) = x°. Reflection in x-axis and verti- 
cal shift 2 units downward. g(x) = —x3 — 2 


103. 105. 


107. 109. 
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ds? 117. 


119. 121. 


123. 125. 


129, —42 131. 5 

135 

137, y, ='0,380¢* + 3.757 + 16.9 
y, = 0.146¢? + 0.30t + 23.2 


139: fe) FE = (2) = o(®] = 


IV, 7 
133. 23 


P(f0) = fx) = S = x 


141. f(x) =x +7 
f(f@)) =f@+7)=@+7)-7=x 
Af @Q)=F2@ = 7) =e — 7a = 


AG2 Answers to Odd-Numbered Exercises and Tests 


143. (a) f-(x) = 2x + 6 
i Ne : 151. f(x) = 12x 153. f7@) = 3/2 ; s 


155. fh) = 32 — 102x230 
157. False. It is reflected in the x-axis before it is shifted down. 


159. False. f(x) = 4 — x =f '@) 
=10 Chapter Test (page 154) 
(c) fF (f@) = f-Gx — 3) I. 


pe 7 (2x10) “ 
(2x + 6) — 3 


II II | 
e Ww 
—— 
I )— 
+ 
| 
ee) 
<7 
te 
fon 
> 
Le} a 
o 


x 
145") 6a) =a — 1, SO 
(b) 2 


— 
S 
aN 
— 

S 
a 

| 
a Ole 
i) 
~_— 
a 
wie 
S 
= 


1 
o 
o 

1 
a 
@ 


II 
4 
{ 
Lb 


147,.% = 4, fx) = ae +4 (050), Cyr). - 0) 


piiiiiQ 


[ 


(—2, 0), (0, —4) 
CD of DL PAG) are ED, oe 0) 


; 
r 
[ 


(0, V3), (3,0) 
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6. 5 205(G) va) = x 
(b) Horizontal shift 5 units to the right, reflection in x-axis, 
a 2 vertical stretch, and then a vertical shift 3 units upward 
(c) y 
8 
5 
6 
3. 0), (0, 0) 4 
ie tis —4), (5, 2); (7, 5) Z 
t tm x 
y =) 2 4 8 10 
4 
: 21. (a) f(x) = Vx 
(b) Reflection in y-axis and a horizontal shift 7 units to 
the left 
(c) y 
oh 
10 
8. (0, -3),(3,0) 9. 2x - 5y + 20=0 f 
6 
10. No. To some x there correspond more than one value of y. 4+ 
eta ver owe 
i (es; 0) = KG gs 13. Se SER OS eae a6 
14. (—co, 3] 15. C = 5.60x + 24,000 1) 
P = 3.60x — 24,000 22. (a) f(x) = |x| 
16. Increasing: (—2, 0), (2, oo) (b) Reflection in y-axis (no effect), vertical stretch, and 
, 2 vertical shift 7 units downward 
Decreasing: (— oo, —2), (0, 2) 
17. Increasing: (—2, 2) 
Constant: (— oo, —2), (2, co) 
18. 13 
~15 15 
; Omen) 
: : : 5 Seen? 
Relative minimum: (— 3.33, —6.52) DON 
Relative maximum: (0, 12) (C) 2g (= 0052) 8 (d),.2 = x7 -[0,.00) 
24. A= —x* + 50x 0 =< x < 50 
19, 8 
A 
root (25, 625) 
-8 8 
—4 
Relative maximum: (— 0.77, 2.19) 


Relative minimum: (0.77, 1.81) 
Maximum area = 625 square inches 


A64 
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Chapter 2 
Section 2.1 (page 164) 
1. (a) Yes (b) No (c) No’ (d) No 
3. (a) Yes (b) No (c) No’ (d) No 
5. (a) No (b) No (c) No’ (d) Yes 
7. Identity 9. Identity 11. Conditional 13. —8 
5.-4 17.-$ 1910 21.4 23.5 
2 
25 e Ze 2 29. No solution 31. h= a 
YN a= 
33. b= aoe 35. 61.2 inches 37. 23,437.5 miles 
39. (a) (b) h = 3w; 
P= a 
h 9 
(c) w = 7 meter; 
3 
= 5 meter 
41. 187 points or 93.5% 
43. 3 hours at 58 miles per hour; 2 hours and 45 minutes at 52 
miles per hour 
45. ~46.3 miles per hour 47, ~8.33 minutes 
49. De meters 


ERE 


37. 
61. 


(b) 42 feet 


-™— 30 ft ——>+H4 
5 ft 


$16,666.67 55. First three quarters: 4.25% 
Last quarter: 2.75% 
59. x = 35 feet 


63. 


8823 units 
(a) 


w 


’ 20 


Temperature (°C) 


(b) w = 8 inches; 
h = 12 inches; = 
| = 24 inches 


65. 


67. 


69. 
71. 
73. 


IBY 


(b) Answers will vary. (c) y = 4x + 134 
(d) 2000: 214; 2002: 222; 2005: 234 

(a) y = 47.77x + 103.8 

(b) 


(c) A $1000 advertising increase means a 


$47.7 thousand = $47,770 sales increase. 


(d) $175,460 

False. (9.5)? < $1r(5.9)3, 

Answers will vary. Example: 9x + 27 = 0. 
Equations with the same solution set 


Abe or ie as Or ce ts = O) 


Ne é 
16 
I4 
12 + 
10+ 
s+ 
x 
654 
4+ 
2+ 
—4 t+ tte 
Sse —4 =2 2 4 6 8 10 12 14 
) 81. —28 83) =3357 
A 
ante 
it 
ttt tee x 
-9 -§ -7-6-5 ..-3-2-1 | 1 
2+ 
4 
aga 
Eon 
a7) 1% 


Section 2.2 (page 176) 

1Sr0y (0, 5) 3. (= 2,0), (10), O —2) 
5. (2,0), (0,0) 7. No intercepts 

9. (—2,0), (6,0), (0,-2) 11. (1, 0), (0, 4) 


13. 15. 
4 4 
=—9 JEL tt J} 9, 
=A) 8 | | 
-~4 =A 
17, 19, 
2 4 
=~8 3 -4 8 
25 -4 
(3, 0) 
ifs) 89 
21. 6 23 ani 25. 73 
3) 16 


-6 


(10, 0) 
Oia 2988 12) 31. 1,-1.2" 33..-2 
35. 2.172, 7.828 37. -1.379 39. 0.5, —3,3 
41. —0.717,2.107 43. -1.333 45. -1,7 
1° =4)|-0 | 2 E 4 


Bees —9-| —5.8 


(oy) Il te oe Se 


ee 15] 1.6 )1.7 1.8 1.9 |2 


EE 5:8 | #1 = 0.68) — 0.36} —0.04 0.28| 0.6 


(GI) dish << ae << I 


To improve accuracy, evaluate the expression in this 
interval and determine where the sign changes. 


(e) x = 1.8125 
49. (1, 1) Sie (2,2) 53 ,nla 1,3) a(2eG) 
57. (1.449, 1.899), (—3.449, — 7.899) 
59. (—2, 8), (1.333, 8) 61. (0, 0), (—2, 8), (2, 8) 


55. (4, 1) 
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63. (a) 6.46 
(b) ea ~ 6.41. The second method decreases the accuracy. 
£m, 280 % 


65. T(x) == + 
ON caries 
(b) 10 OS £9286 
(0) 1 : es ee 1 1 ___] 280 


0 


(c) 164.5 miles 
67. (a) C = 0.33(55 — x) + x 


(b) 55 O<x<5 
ie 
0 


(c) 22.2 gallons 
(SO (ey) AG3) 


5 


(b) 240 (c) 16.7 
10) 20 
10) 

71. (a) 5200 cubic feet (b) y = gx 

(c) Answers will vary. 

(d) 5500 
0 9 
(0) 

©) my 3 | 5 | 7 | 9 
V | 720 | 2000 | 3600 | 5200 


(f) 8.5 feet g) 38,896 gallons 


73. 1994. To answer the question algebraically, solve the 
equation 0.46t + 30.81 = 33. To answer the question 
graphically, graph the model y = 0.46x + 30.81 and the 
horizontal line y = 33 and determine where they intersect. 


AGE 


75. (a) The time and quantity when utilization of cucumbers 


77. 


83. 
87. 
89. 


Answers to Odd-Numbered Exercises and Tests 


equaled that of nectarines and peaches 


(b) (3.84, 5.46) 


bil 

True 79. 4V3 81 3( 
5 33) 

3x2 + 13x — 30 85. 4x2 — 81 

Ox Oxy 47 


Increasing on (— 00, 0); Decreasing on (0, co) 


Section 2.3 (page 186) 


1. 

ie 
15. 
21. 
27. 
aby 
59: 
49, 
55. 
61. 
69. 
71. 


73. 


77. 


79. 


a=—9 b=4 3.a=6,b0=5 By 2) se Sy 
12 %-1-5i 11.-75 = 13. 0.3: 
1-i 17.7-3/2i 19. -14 + 20i 
P+2i 23. -424+75i 25. -2V3 

-10 2925+: 31.12+30i 33. 24 
—-9+40i 37. 
25 41.41 43. 484 
51. 2+ $i 


45. 11 
53. —7 — 61 
a +i 57. Ri) 59. -1 + i 
—5i 63. —375/3i 4 65.i 67.4+3i 
6i 


47. —6i 


16 20. 
41 + ai! 


Imaginary 
axis 


Imaginary 75. Yes. 0, 0, 0, 0, 0, 0 
axis 

BS 

4 

Sh 

2 

1 
ptt tl Rel 
es ee ae oes axis 

=) 

=3 

=A 


WES: 

OY, =O25 OS, =O = O25, =OWL13 42 OA E3y. 
—0.1643 + 0.47787, —0.2013 + 0.3430i 

No. 1, 2, 5, 26, 677, 458,330 


—6./-6 = /6i/6i = 6i2 = —6 


81. 
83. 
87. 
89. 
933 
ie 


(a) 8 (b) 8 
(a) SZ O95 
@) i @)) a 
Answers will vary. 
An 0c 
(1 O}0Gt0), (= 1) 


(c) 8 


@ = @y 7 


Section 2.4 (page 200) 


(b) 12.82 + 5.287 


85. True 


91. 0 + x2 +2x-6 
95. (—4, 0), (2, 0), (0, —8) 


3. 3x2 — 60x — 10 = 0 


1G 7, 


3/2; —1.62, 2.62 


a7, 1+ 
3 
(b) and (c) 
(—1, 0), (—5, 0) 
(b) and (c) 


(b) and (c) 


(5.0) 


(b) and (c) 


No x-intercepts; 
Das i 


1. 2x27 + 5x -3 =0 
5. 0-5 k7s4.—2 1. 93s 
13. -a—b,-a+b 15. +./7; +2.65 
17. 12 + 3.2 pl @24 7-760) 19. 52 
SR hats 23. —8,4 25. -3+/7 
29.2+ 2/3 
31. (a) 10 
=10) SESE 1 ey Se ee eee 
33. (a) 10 
—10 10 
-10 
Sema) 3 
| 5 
-1 
37. (a) 1 
=A LN Oe a Pa TE SF) 
7 
39. No real solutions 


43. 
49. 


45.1+ /3 
53.1+ /2 


No real solutions 


5 


7 51. mee a) 


41. Two real solutions 


47, -44+2,/5 
S526. sat? 


57. 


65. 
71. 
TT. 


Ike 


81. 
91. 


93. 


95: 


101. 
105. 


1 
~+/3 59 = 61. 0, 3v2 63. +3, +3i 
2, 2 2 
—3,0 67. 3,1,-1 69. +/3, +1 
1 
+5,44° 73.--4 75. 5 
(a) 5 (b) and (c) 
30 = 0), = Il 
=O) 11 9 
ay 
(a) 20 (b) and (c) 
i ces wae 
= | 1 1 1 5 
—20 
26 83. 0 85. 9 87. —59, 69 89. | 
(a) 2 (b) and (c) 
3 — = 
-6 
(a) 0.5 (b) and (c) 
x=0,4 
3 5 
-0.5 
= SBVEE </hI 3 
ie ese V2 99, Vee 
3-2 103. /3,=3 
(a) (b) and (c) 
al 


| 4 
- 
| 
De) De} 
5 £ 
> 


107. 


Answers to Odd-Numbered Exercises and Tests —_AG7 
(a) 8 (b) and (c) 
tes (ly. 3) 
-10 8 
A 
x7+x-30=0 111. 21x? + 31x — 42 =0 


109. 
113. 


117. 


121. 


123. 
125. 


127. 


129. 


131. 


je = 4h? = De ce G = © (WE, 3 Be? = ah = 


1 


x = 6or—4 119. Bint e ak art 
(a) (b) 1632 = w? + 14w 


(c) Width: 34 feet; 
length: 48 feet 


Ww 


w+ 14 
14 centimeters x 14 centimeters 
(@) os = =e ze er 
(b) 


| 0 2 | 4 | 6 | 8 10 


s | 1821 ) 1757 | 1565 | 1245 | TEE | DPM 


(c) 10 seconds; ~ 10.67 seconds 
(aes =" 1160-1368 (b) ie i treet 
(c) ~9.25 seconds 


(a) 1995 
(®) t (0 1 2 5 | + 5 6 
y | 6.84 (6.91 |) 7.05; 7-26 | 7.54 | 7.90 | 8.33 


(c) 9 (d). 1991 


(a) 


(b) ~16.8°C 


(c) ~2.5 times 
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133. 19. 21° 
10 10 
10) (be 10 -10 Littt—t 40 
40 10 
(b) 211.6°F (c) 24.725 pounds per square inch 
5e/ bess ce. 
135. 50,000 units 13a 5 centimeters 23. 25. 
139. Eastbound plane: ~550 miles per hour; 7 ; 
Northbound plane: ~ 600 miles per hour By : 
141. False. Both solutions are complex. -10 10 
143. False. For example, |x| = x? + x — 3 has two extraneous 
solutions. 
~10 
b 
145. (a) 0, r< (b) 0, 1 VAT ec) at) —3 Saye (a)x>2 (b)x< 5 
149. x!/3(9x + 25) 151. Not a function 27. 
153. Function 155. Not a function 
Section 2.5 (page 214) 
=6 PLoS ke al L6§ 
1. (d) 37) 
5. (a) Yes (b) No (c) Yes  (d) No * 
7. (a) No (b) Yes. (c) Yes (d) No (a) -2s2454 (21354 
QA 29 Xe eee ai thease 12 
f eh oH ee 1 13 
ie cae ae eee ey eee ih pe x 
0 254 os 10) Wale 
it & <p; 
aa 33. x < —28, x>0 35.2 <x <3 
= 
A x te ———VG8Gqg“ ~~ 
a Soon ia Sy) =Fer slp MG) als We) 
—2 —1 0 1 
13. -l<x<3 37. f @) lee=5 
-1 0 l 2 3 
Ey =) & 56 SS Ee ‘ 
-——_——____—_—_j] _. 
et 0 12s 4s =2 
Wk oy abe es 39. bls 3. 41. PStres | AS 1 2en10 
3 1s AUS (=F, 3) a7, (460, — 5|, (1c) 
it¢$¥“¥e a 
EG) =4 =2 0-2 4) ons . : : ate} + is 
ti -6 -5 -4-3 -2-1 0 1 2 


-8 -6 -4 2 0 2 4 


49. [= 2,0] [2e6) 
fst. 
Oe) mre St et 
51. 6 (a) x= = = 3 
(() OS ae 
=i 1 er 7 
= 
Bo. 8 fay —Z=x's 0, 
YS. G8 SES 
12 12 (b) 4: 
-8 
Boma oo, — 1), (0; 1) BI —od, =1).(4,,00) 
<~_—}-+¢+-- > <r + + + + 
ay =I 0 1 2 2 Ot, 3 4S 
See 8 (aye ORS 22. 
cals (OD) Paes 
—6 12 
-4 
61. 6 (ay 2 = ft 
((b)) Cora? See 
=6 Lot 6 
=5) 
63. [5;00) 65. (—c0,00) ~—«67. [-3, 00) 
69. (a) and (b) 
(c) 186.23 pounds 
(d) Answers will vary. 
74. |65.8) 71.2] 
73. (a) 3333 vibrations per second (b) 3.6 millimeters 


Ti 


(Cee 24 


False. 10 = —x 


(d) 0 < v < 500 
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hs (@) 60 
©) ie Expression Sign 

(—00, a) | (x — a) zi 

(x — b) = 

(Ce is Wn 

(a, b) (x — a) - 

(x — b) = 

is a) 1b): i= 

(b, oo) (@ >"a) cf 

(4 = bd) + 

LL (<= 2) (Gb) 


(c) x-values that are zeros of the function 
79. d = \/106 ~ 10.296; Midpoint = (5.5, 0.5) 
81. d = \/180 ~ 13.416; Midpoint = (—3, 3) 
83. 5 85. y 


87. 


89. yt=2—"= OL y= 47 


(page 218) 
(d) Yes 


Review Exercises 


. (a) No (b) No’ (c) No 


1 

hs 5. x= 3 

7. September: $325,000; October: $364,000 
9 11. 4 


15. Basketball: ~ 455.95 cubic inches; 


: ee liters 13. 56 miles per hour 


Baseball: ~ 13.4 cubic inches 
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17. (a) y = —1.2x + 64 
(b) 65 


(c) Eliminate the point (27, 44); y = —1.4x + 66 
19. (20, 0), (0, —4) 21. (0, 25), (5, 0), (—5, 0) 


23. 8 (0, 0), (6, 0) 
-6 12 
-4 
25. x = 9.4 Ds Se = =D) 29. No solution 
SI Sy 33rd. hn 35. 3) Io) la 4a 
aD, =~/ 2a 41. 17 + 287 43. 9 + 20: 45. —16i 
A Tapataee te W49. fa gysix st 
51. ary 53. Least ay 
5 2 
e 1¢ 
3 647 
2 5 
1 4 
fot ttpbecbntme Real BEE 
jee ab il ene Sy : 24 
3 La hs red en net 
X, SA jera doi Baie Bas 
5 24 
55. -3,3 57.43 59.-3+42/3 
=| ge 6ll 3 | 3 
61. 5 63. 0, 5 65 05 67. 0 5 
+ 
69.66 12 73, 2245¥3 95, 99 
24 
77. +2,+3 794 81.-2,0 83. —5,2 
(b) 199] 


1500 


(c) Eventually the curve begins to rise rapidly. At this point 
the model is probably not a good predictor. 


89. (—3, 00) a 
5 1 19 
3 a) 2 
————————— x 
2 =i 0 l 2 ln DinieOuBeadecsing) J Ow 9n10 
93. [—4, 4] 95..(—00, 1). (7, co) 
ej x 
oi Se i SAN (eal oh 2k CG i 3. 
97. (—co, —21), (3, 00) 99. [-+. 6 
ae eee ae an as 
4 


cd 
2a pere me ts 


101. (—co, 0), (0, 3) 103. [—5, —1), (1, 20) 
5 x 
ee en eee —6-5-4-3-2-1 0.1 2 3 4 5 
—2 =1 0 1 2 
105. (=o, 5) 2 oo) 
5 
_—  +— 
—6 —4 =2 0 2 
107. (a) 150 (b) 2001 
BE ee eee ee 
120 
109. False. (3 + 27) + (5 — 2i) = 8 
111. An identity is true for all values of the variable and a 
conditional equation is true for only some values of the 
variable. 
113. (a) Negative (b) Positive 
Chapter Test (page 222) 
li x23 (2. 2S ay 735 Oe: 
4.64 (275 +./l4)i 95. 13 40 /Gaecigelay 
Tene eRe 
OF 7 No x-intercepts 


No real zeros 
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10. 2 One x-intercept: 0 i174, i 13. ; 
One real zero: 0 st 
It 
: : Ps Bese \Waei 
ore 3 
J ‘4 
ttt 
-5-4-3-2-14+12345 
11. 8 One x-intercept: 0 2y 
One real zero: 0 
14. yi 
= 6 
=2. : 
12. 10 No x-intercepts 5-4-3 Ak - 
No real zeros ; 
4 9 15. (a) 28x + lly + 52 =0 
is (b) (0, -72), (-58, 0), (-2, 4) 
3.2519 14.-%= —6 +38. 15.-2= +43 16. (@) 2+y=0 (b) (0,0), —2),(2 —4) 
3 3 3 3 
16.%=—-3,- 17.425 18.2 | 19. +./58 17.(a) x= —-F (b) (-7,,0), (=3, 1) (S53) 
20. —3, i 18. No. It doesn’t pass the Vertical Line Test. 
aa oD 
ai. (ee) 22. (3, 13) 19. (a) ; (b) Undefined (c) = : 
7 7 je} 
6 : a4 5 6 78 8 1011 19 43 20. (a) -13 (b) -14 (©) -8 
g ; ; - at. 40 Decreasing on (— oo, 5) 
23: (-7, —3) Increasing on (5, 00) 
= 
at oom MEE 95 30 
2S 7 26 5) 1-3) =2 =1 0 
DA Genoa 74025 2002 25. $0.10 =15 


Cumulative Test for Chapters P-2 22. (a) (b) 


(page 223) 


es 
if vs 2.9/15 3: 2x2y./Ty 4. Tx — 10 
yy 


ial 


(x + 1)(« + 3) 


Rae = 55 6 6. 


-4 


7. (3 + x)(7 — x) 8. x(1 + x)(1 — 6x) Vertical shrink Vertical shift 
9, 2(3 — 2x)(9 + 6x + 4x?) (c) 
10. Midpoint: (1.5, —2); d = 2V61 ~ 15.62 
11. (x + a + (y+ 8? = 2 


Horizontal shift 
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D3 esd ee 25795 262 Chapter 3 
Dir et 28. 13x — 9x + 6=0 Section 3.1 (page 233) 
p. st 1. (g) 3. (b) 5. (f) IBAC) 
a 9. (a) 7 
sicistobi! mile p> Real 
—7-6-5-4-3-2-14 1 2 3 ae 
ei 
—4 
=a, -6 6 
29. 30. < 
: = Vertical shrink 
(b) 1 
~4 ees 12 “8 6 
3 ~100 
x-intercepts: 0, 1, 2 x-intercepts: 0, 2, 5 = 
31. 32. ; A 
e be Vertical shrink and reflection in the x-axis 
(c) 7 
-8 10 -~15 15 
6 ~10 -6 6 
x-intercepts: — 1, 4 x-intercept: 4.44 = 
3 Vertical stretch 
aa = Ree 34. p= =e 35. C=4 se ction 
Tr 


(d) 1 
36.C=-% 37. (—co0, 17.143) 6 6 
38. (—co, —3], [3,00) 39 (4, 00) 
40. S = 119.76t + 914.6 
2000: $2112.2 million; 2002: $2351.7 million; 
5 


2004: $2591.2 million 


41. r = 4.297 inches Vertical stretch and reflection in the x-axis 
42. (a) A= x273 — x) 11. (a) 7 
(b) 25,000 Orn 2,73 
Gites ea, 
=H 
0 273) 
0 


Horizontal shift 
(c) ~76.2 feet x 196.8 feet 


(b) z 


i ae S Vs 


Horizontal shift 
(c) ? 


=1 


Horizontal shift 


(d) z 


oy el ae ee ee L = 


Horizontal shift 
13. Vertex: (0, 25) 
Intercepts: 


(0,725), (ae 5,,.0) 


15. Vertex: (0, —4) 


Intercepts: 


(+2/2, 0), (0, -4) 


siete je 
—20-15=-10 10 15 20 
17. Vertex: (—4, —3) 19. Vertex: (4, 0) 


Intercepts: 


(+3 — 4,0), (0, 13) 


Intercepts: 
(4, 0), (0, 16) 


y 
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21. Vertex: G, 1) 
Intercept: (0, 3) 


25. Vertex: (5, 20) 
Intercept: (0, 21) 


23¢e Vertex: (106) 


Intercepts: 


(1 + ¥6, 0), (0,5) 


27. Vertex: (—1, 4) 
Intercepts: 


(150), (33,0), (0,3) 


10 + 
=5 
HH fH} x 
Bf 4 8 
29. Vertex: (—4, —5) 31. Vertex: (4, —1) 
Intercepts: Intercepts: 
(=4ht 4/5, 0). O0) (4 +4 72,0), (0,31 
14 48 
=18 We =6 1 Se 2. 
ae 42 
33. Vertex: (—2, —3) 
Intercepts: (-2 + V6, 0), (0, - 1) 
4 
-8 4 
-4 
35. y= (x — 17 37 y= =x + 1)? + 4 
39. f(x) =(@+22 +5 41. f(x) = —5 — 3)? +4 


45. f(x) = gilx- 3) — 4 
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47. (+4, 0); They are the same. (e) 
49. (5,0), (—1, 0); They are the same. 
51. 53. 
4 5 
—20 20 
0 100 
0 


-4 8 
100 
x = 50 meters, y = —— meters 
7 
- a 69. 20 71. 350,000 units 
(0, 0), (4, 0): (—3, 0), (6, 0); 73. (a) 20 (b) 4 feet 
They are the same. They are the same. (c) 16 feet 
Se 8 (d) 25.86 feet 
Vi 
10) 26 
0 
-6 12 
75. (a) 1200 (b) 166.69 board feet 


* (c) 26.59 inches 
(7, 0), (—1, 0); They are the same. 
Se f(t) xe a 590 Fx) = real S 
Cina at OX PAA rte 2c BM Oo eee * 
0 


61. 55, 55 63. 12,6 


65. (@) A = 3(50'="x),, 0 <x < 50 77. (a) 4500 
(b) 700 (c) 25 feet x 25 feet 
0 40 
2500 
a eee 5) 
(b) 4242 cigarettes per person. Answers will vary. 
67. (a) (c) 9703 cigarettes per smoker per year; 27 cigarettes per 


smoker per day 
79. True 81. (a). The profits are positive and rising. 
83. (4, 2) S52 LU 87. 20: Bae) > 7 
Section 3.2 (page 246) 
tent) 3. (c) 5. (e) th (3 


1 
8 (c) y= 


2) — A 
(d) A= ({-—*) 


9. (a) 


11. (a) 


17. Rises to the left. 


Rises to the right. 


(b) 


(d) 


(b) 


(d) 


19. Falls to the left. 


Falls to the right. 
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21. 


25. 


31. 


Mle 


39: 


41. 


43. 


45. 


23. Rises to the left. 
Falls to the right. 
ile, BES) 29. 3 


Rises to the left. 
Falls to the right. 
Falls to the left. 

Falls to the right. 


2 a 35 


(a) 


-10 


(b) Answers will vary. 


(a) 


(b) Answers will vary. 


A75 


(a) 4 
eilae | 
4 
(b) Answers will vary. (c) (0, 0), (— V2, 0), (V2, 0) 
(a) . 
-10 10 
—45 
(b) Answers will vary. (c) (— ah 0), (5 0) 
(a) 130 
4 a. 6 
-10 
(b) Answers will vary. (c) (4,0), (—5, 0), (5, 0) 
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47. (a) 12 67. (a) Rises to the left and the right 
(b) No zeros 
(c) 


=4 


(d) 
(b) Answers will vary. (c) (0, 0), (3, 0) 


49. 4 


wma 


—6 6 


4 


Relative maximum: (0, 1) 69. (a) Falls to the left, rises to the right 


Relative minimums: (+1.225, —3.500) (b) (0, 0), (3, 0) 
51. 9 (c) 


a 25 seat bel | 2 | - 


fe —34.4 | —4s\-=2 -4 | 16 


(d) y 


Relative maximum: (— 0.324, 6.218) 
Relative minimum: (0.324, 5.782) e 
53) fe) = x — 12x 55. f(a) = a + 4x — 12 
57. f(t) = oe or I re 12x 
SOS ie) xe ae 45 = 9x7 367 
61 fC) ae = 
63. f(x) = x — 10x? + 27x — 22 


71. (a) Falls to the left, rises to the right 
(b) (0, 0), (2, 0), (3, 0) 


(c) 

65. (a) Falls to the left, rises to the right x | —0:5 | 0.5 | I L Sa) 23 35 
(b) (0, 0), (3, 0), (—3, 0) y | —13 | 5.6 | 6 | 3.4 | —1.9 | 7.9 | 
(c 

| 2 3.3 (d) ) 
—8 | —10 | 6.2 i 
(d) 4 
3 
a 
+—+—_}-—_} fof} 1 
=4 39) | 4 5 6 


73. (a) Rises to the left, falls to the right 
(b) (0, 0), (—5, 0) 
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79. (a) 


©. -6| -4 | -3 


=2 1 2 
y | 36 | ant Ae) | =i |) =|) Xe) [a8 
(d) y 
A 
Ge 
+ + — oo od 
=15 =10 5 10 
~20 + 


tt OVAL 2) eto) 


81. (a) 


A77 


(OR OS OMS 47 5 
Deyo 


(besa 08/79 


75. (a) Falls to the left, rises to the right (—2, —1), (0, 1) 
(b) (0, 0), (4, 0) 83. 1 
Xmin = -4 
a a Xmax = 4 
Xscl = 1 
Ymin = -3 
Yimaxe=s 
=3 NWiscli—al 
85. 16 
att Marini =O) 
ali Xmax = 14 
ii Xscl=2 
i} Ymin = 0 
a Yimnax = 16 
{ . ' “A Xscl= 2 
77. (a) Falls to the left and right 87. 89. 
(b) (—2 0), (2) 0) 35 e . 10 - 
My 4 | 3 | -1 | 0 | 3 
fm 36 | =6.37| = 2.3 | Sis | 2) | F613) 
~10 
(d) 4 ze —150 


Two x-intercepts 


91. 


= 


Symmetric to the origin 
Three x-intercepts 


Symmetric to the y-axis 
Two x-intercepts 


DS: 


-12 18 


-6 


Three x-intercepts 
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95. (a) and (b) 


Height | Width Volume 

—— 
! 36 — 2(1) | 1[36 — 2(1)? = 1156 
2) 36 — 2(2) | 2[36 — 2(2))? = 2048 
s} A 36 — 2(3) | 3[36 — 2(3))? = 2700 


36 — 2(4) | 4[36 — 2(4)2 = 3136 
"ee 2(5) | 5[36 — 2(5)P = 3380 


36 — 2(6) | 6[36 — 2(6) = 3456 


~ OV Nn -& 
| 


36 — 2(7) | 7[36 — 2(7)P = 3388 


Sy eer i 
(c) Answers will vary. Domain: 0 < x < 18 


(d) 3600 je = © 


10) 148 
(0) 


97. (200, 160) 
99. (a) 0.002983x* — 0.02386x? + 0.0194x? + 0.113x 
(b) 02 (©) O YES 


0 5 
0 


The model fits well. 
101. False. It can have at most three turning points. 


103. 8 


(5) |(b Teta fh 3 
0 


(a) Vertical shift of two units; even 

(b) Horizontal shift of two units; neither even nor odd 
(c) Reflection in the y-axis; even 

(d) Reflection in the x-axis; even 

(e) Vertical shrink; even  (f) Vertical shrink; even 


(g) g(x) = x3;0dd = (h) g(x) = x!®; even 


105.33. 107. -}~ - 13 


1. x < -4, x21 


| 


109. 72 


1 
2 —32 -24 -16 -8 0 


113; 6 9249 SS 


8 16 


15. f@)=H%2-8 117. fo) =x + 52-2 


Section 3.3. (page 260) 


1. 3) 
10 11 
NG. 21 24 
-8 10 ra 
l 
=2 -17 
rt 4 
-6 6 
-4 
; fl 
14 9, Oe ei 
Ses e 
x= 3 x = 11 
(peers GS = 6.2 tt 4. 
Dx = | ae = Dhan se S) 
17x — 5 5 
17, 3x. ae es 19 
Re SS Bhs se Il ie = 
, 248 ; 
21. (6x4 Sede, | 923 (Ocean G 
2. Guan 


x) = (x = J2) |x? + (3+ /2)x + 3/2] 10s 


25. x* — 8x + 64 27. 4x*~+ 14x — 30 
29. f(x) = (x — 4)(xe? + 3x — 2) + 3, f(4) = 3 
31. f(x 
f(V2) = -8 
33. f(x ; 


43. 


45. 


fll- V3) =0 


5 


MOE 1) = (ever 
~(x=—WDertBe=1) 411/Q*%— la@= 5G) 


ESTOS 5, Sq Ml 
(x = J/2)(x + /2)\(« + 2) 
Zeros: + fo: = 2) 


-(a) 1 (b)4 (c)4 #(d) 1954 


(d) —199 


Zeros: 4, 2 


(a) Answers will vary. (b) (2x — 1) 


(c) @ + 2)@ = 12x 1) 


(d) —2,1, 


47. 


49. 


bills ae 


Si) 
D5: 


Sik 


59. 


61. 


63. 
69. 


71. 


(a) Answers will vary. (b) (x — 1), (« — 2) 


(ce) @—5)\@+4)@-—1)@-—2) (dd) —4,1,2,5 


(a) Answers will vary. (b) (x + 7) 
(c) Qz% NGI 2G417) Gd -7,-7,3 


= 


By os 0) 1 3.4 67-22-35, 4 


(a) —2.236, 2, 2.236  (b) 2 
() f(x) = ( — 2)(x — V5)(x + V5) 

(a) ~2,10268,3.732  (b) -2 

(c) A(t) = (t + 2)(t -2 + V3)(t -— 2 - J/3) 
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73. (a) 0,3, 4, —1.414, 1.414 (b) 0, 3,4 
(c) h(x) = x(x — 3) — 4)(x + J2)(x - a) 
75. and 77. Answers will vary. 79. +2,+3 81. +1, 
83. (d) 85. (b) 
87. (a) and (b) 


Al 


35 


—) 7 
10 


R = 0.013268 — 0.067717 + 1.231t + 16.68 
The model is a good fit. 
(c) 


Ke 13.84 | 15.37 | 16:68 | 17.86) 13.98 


89. (a) 


(b) V = x(9 — 2x)(15 — 2x); Domain: 0 < x < 3 
(c) 125 1.82 x 5.36 x 11.36 


/ 


0 =) tt al, 5 


o 


(d) e i 8; 8 is not in the domain of V. 
91. (a) 2700 (b) 16.89 
(c) 16.89 


13 18 
10) 


93°) Halse: —3 is the zero derived from (7x + 4). 
95. True 7 x xe 8 


99. Multiply the divisor and the quotient to obtain the dividend. 
Answers will vary. 
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101.3—10i 103. 75(10 + 231) 53). =3,4:5)) 55135 20) ST ees: 
105. f(x) = x — 6x2 — 19x + 24 59. 2.4(1 + V5i) 
107. f(x) = x7 -—4x4+1 61. (a) 1.000, 2.000 (b) 1,2 (©) 1,2, -3-e./2i 
3 Seek 
Section 3.4 (page 269) OW MOL Oa 
1. 0, 6, 6 She ae ast 5. — 6,1, ~i 65. No. Setting h = 64 and solving the resulting equation 
1 eS) ae Dee a yields imaginary roots. 
9. Zeros: 4, —i, i. One real zero; same 67. False. A polynomial can only have an even number of 


complex zeros, so one of the zeros of a third-degree poly- 
nomial must be real. 


11. Zeros: /2i, /2i, — /2i, — /2i. No real zeros; same 


EROS (@0<k24 Oy k=4 lire Oo ue ee 
(x-2- J3)(x-2+ V3) ‘ 
15. 6 + /10 1. f(x) =22 +b 73,22 #3 
(x - 6 — V10)(x — 6 + V0) 15. x-5, x #0,4 
17. £51 19, 23,43 
(x + 5i)(« — 5i) (x + 3)(x — 3)(@-+ 3a)(x — 33) 
a1, hen 
((=1tNe=1 =) ‘ 
238 dei 


Ce Sy Ee Ny) 


25. —3,1 + 3i 


(4x + 3)(x — 1 — $i)(x — 1 + 53) 3, 
Die ty 3 Vertex:1(3.5, — 20.25) Vertex: (—73, — 754) 
(e+ 1G. — 1) Ge == 3) Ge — 37) Intercepts: Intercepts: 
29, 2,2, +2 (—1, 0), (8, 0), (0, —8) (—3, 0), 0), ©, -6) 
o Genie 2i)(x — 2i) Section 3.5 (page 277) 
(Gee DNs ae INGe = eee 2) 1 @) x FQ) x f(x) 
33. (a) 7+ V3 (b) (x -7- JB \x — 7+ J/3) 05 fs, & ; | 
(ce) (7 = ./3,0) 
35. (a) -7+ J5_ (b) (x +7 - V5)(x +74 V5) nial aD Led a 
(c) (=) 5, 0) 0.99 — 100 1.01 100 
37. (a) — 6,002 43 a (D) i 6) ei) = Sb 47) OI) | —— INO! 1.001 | 1000 
(e)) (eo6s 0) 
39. (a) £41,437 (b) (x + 4i)(x — 4i)(x + 3a — 3)) a | fe) i Pe) 
(c) None 3) 0.25 —5 —0.16 
BY ee 5k 258 AS 10, aan 4 0 atid =10 0 
AS ox is 31x" + 36 AT a Ox a Ox Ox ea 00 100 | 0.01 ~100 | —0.0099 
AD ay Dan 7) (be Ile ey 7 aes an oe Tan 
ee ee (x ts Jayla 7 u N ) 1000 | 0.001 — 1000 | —0.000999 
51. (a) (x2 — 6)(x2 — 2x + 3) (b) Vertical asymptote: x = 1 
(b) (x oe J6)(x oe V6) (x? Srp gisei3) Horizontal asymptote: y = 0 
(c) (x i J6)(x = J6)(« a J2i\(x Bis ipshs J2i) (c) Domain: all x # 1 


0.5 3 eS 9 
0.9 Dah 1 We | 33 
0.99 297 1.01 303 
0.999 | 2997 1.001 | 3003 
[x | fe) | ‘ F(x) 
Ir 
5 yi) —5 =) 5) 
10 3.33 —10 = 2727 
100 3.03 TKO) =D) SF 
|— Seer 
1000 | 3.003 —1000 | —2.997 
ae 


(b) Vertical asymptote: x = 1 
Horizontal asymptotes: y = +3 


(c) Domain: all x # 1 


* () es eee 

OE =| eS 5.4 
0.9 SY) (lil 17.29 
0.99 — 147.8 1.01 13233 
0.999 | —1498 FOOL 130273 
es ls fx) 

5 SIPS =5) Spl) 
10 3.03 = 10) al 3.03 
100 3.0003 SOO 3.0003 

ly 000 | 3 — 1000 | 3.000003 


(b) Vertical asymptotes: x = +1 
Horizontal asymptote: y = 3 
(c) Domain: all x # +1 
deu(a) oC) 11. (b) 
13. (a) Domain: all x # 0 
(b) Vertical asymptote: x = 0 


I 
co) 


Horizontal asymptote: y 
15. (a) Domain: all x # 3 
(b) Vertical asymptote: x = 3 


| 
| 
— 


Horizontal asymptote: y 
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WA 


19. 


21. 


23. 
25. 
ile 
31. 


Sih 


(a) Domain: 


allx # £1 


(b) Vertical asymptotes: x = +1 
(a) Domain of ft all x # —2 


Domain 


of g: all real numbers 


(b) Vertical asymptote: None 


(c) 
oa 4 3 XS 2 iL.) 1/0 
f(x) =6. | —5 ) = 45 | Under. ==3)-5) || = | =) 
g(x) -6| 5 | ALS | 4 | 3.5) || = 3) || =2 


(d) Values differ only where f is undefined. 
(a) Domain of f: all x # 0, 3; Domain of g: all x # 0 


(b) Vertical asymptote: x = 0 


_ E ala aoe | 0 0.512) 3 4 
Jaa 1 | -2 | Undef. | 2 | 3 | Undef. | 4 
pa -1 | -2 | Undef.| 2 | 4] 4 ! 


(d) Values differ only where f is undefined and g is 


defined. 


4: Less than; Greater than 


2; Greater than; Less than 
3 29. 7 


(a) $28.33 million 


(b) $170 million 


(c) $765 million 


(d) 2000 


0 
0 


100 


Answers will vary. 


(e) No. The function is undefined at the 100% level. 


(a) 


M | 200 400 600 800 1000 
t 0.472 | 0.596 | 0.710 | 0.817 | 0.916 
M | 1200 | 1400 | 1600 | 1800 | 2000 
e NOLO |) OSes |) TITAS |) Tears || les ye} 


The greater the mass, the more time required per 
oscillation. 


(b) M = 1306 grams 
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35. (a) 333 deer, 500 deer, 800 deer 


(b) 1500. Because the degrees of the numerator and the 
denominator are equal, the limiting size is the ratio of 
the leading coefficients, 60/0.4 = 1500. 


37. (a) 1900 (b) ~889,000 


1400 


(c) Not likely. The graph of the model dips quite low in the 
future. 


39. True. Can be written as 


N(x) 2 x? — 2x7 — 5x +6 
D(x) 1 ' 


41. f(x) 


= eae 43. f (x)= Sapo 


45. = 5 a7. f= 0, £5./2 


AQ) 5¢ = se~/ 15,s2</ 15 sl xr-7-—95 
os 
116 “3 
53. 4x — 21 + —— 55. x29 + 2x? + 36x + 72 
ae © 


57. x9 + 5x2 + 7x — 13 


Section 3.6 (page 286) 


Vertical shift 
4 
=f 


Vertical shift Horizontal shift 


Answers to Odd-Numbered Exercises and Tests A83 


43. 16 
—24 \ a 24 
-16 
There are two horizontal asymptotes, y = 4 and y = —4, 
and one vertical asymptote, x = —1. 
45. 12 


The graph crosses the horizontal asymptote, y = 4. 


47. : 49. 
Domain: (—©o, 0), (0, co) Domain: (—©o, co) ; 
x=0,y =3 y=0 nel Jk 
37. : Nn 
et te 
6, eo frre 
-9 9 y 
6 
-6 ’ 51. , 53. 


Domain: (— oo, —2), (—2, 3), (3, co) 
x= —-2,x=3,y=0 


+ | | H\—}- x 
-8 4 L 8 
a o | 
SS (1,0) 57..(1, 0}. (= 4,0) 
-10 
SE) 8 
Domain: (— 00, 0), (0, 00) 
x= 0,7 =0 12 12 
41. 8 / 
—10 
12 12 
Domain: (—©co, —1), (—1, 00) 
Vertical asymptote: x = —1 
-8 
y=2x-1 


There are two horizontal asymptotes, y = 6, y = —6. 
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61. 12 
240 Moe ies _} 42 
-4 
Domain: (—oo, 0), (0, co) 
Vertical asymptote: x = 0 
i) == iets 3 
63. 65. 
6 
i= il =9 JEEI a Ta a) 
-6 6 
(—4, 0) (3,0), (=2,,0) 
67. (a) Answers will vary.  (b) [0, 990] 
(c) 1 
0 950 


0 
Increases more slowly; the concentration reaches 74.5% 
when the tank is full. 
69. (a) Answers will vary. (b) (2, c0) 


(CG) 100 


50 


5.9 x 11.8 inches 
71. 300 


0 300 


x ~ 40 


73. (a) C = 0. The chemical will eventually dissipate. 
(b) 10 t ~ 4.5 hours 


(0) 10 
0 


(c) Before ~ 2.6 hours and after ~ 8.3 hours 


Se (a) 15,000 


384.5x + 5938 


(b) y 


15,000 


6 
8,000 


(c) y = 14.87x2 + 42.5x + 7781 


15,000 


(d) Answers will vary. The rational model seems to start 
climbing too fast. The quadratic model may fit the data 
a little better than the linear model, is easy to use, and 
would be most useful. 


77. False. A graph with a vertical asymptote is not continuous. 


1h 4 


-4 


The denominator is a factor of the numerator. 
81. No. (Discussions will vary.) 


a DS 1S 
ae aie 


ahs 1) 


83. f(x) a 


85. f(x) = 


1 1 1 
87. 16x4 89. 2 91. rm) 
93. 95 
st 
4 
Se ae 
ie 
x ppp tp tpt 
=F het SE I eS 
ei 
ph 
a4 
99. 
15 
x +15 15 
5 
Domamny—sle<x Sl 
Range:0 < y < ll 
101. 
Bo Domain: (— 0, 00) 
Range: y < 9 
~15 15 
=10 
Review Exercises (page 291) 


1. (a) 


(b) 
6 6 
=9 9 =9 9 
6 -6 


Vertical stretch and 
reflection in the x-axis 


Vertical stretch 


(c) 


(d) 
6 6 
-9 piurit = ig po} 
-6 


=) 


Vertical shift Horizontal shift 
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Vertex: (-3, 1) 
Intercept: (0, 3) 


5. Vertex: (-5 -*) 
ae, 
Intercepts: 
AN | eo ce 
( 0 ) 5 41 0 
3 2 


fp 1lr—4 
11. Maximum: (3, 9) 


15. Minimum: (-3, —4) 


9. Minimum: (1, —1) 
13. Maximum: (1, 3) 


17. (a) [TF 5 Ae 
1} 4-3(1) | [4-30] =3 
2| 4-32) | [4-32] =6 
3}| 423) | B)4= 36)= = 
4] 4-34) | [4-34] =8 
5 | 4-55) | ©[4-36] = 3 
6) 4-46) | [4-406] =6 


(e) A= —3(x — 4)? + 8 
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19. (a) (b) 


(c) (d) 


ceqposestgeSeceaaeC STEED 
scene oA 


(c) (d) 


23. Falls to the left. 
Falls to the right. 


12 
18 18 
if 
& 
12 


25. Rises to the left. 


Rises to the right. 
Pile 


29. (a) x = —1,0,2 
(b) y 


31. (a) =0,+3 
(b) i 


35. (a) V = x*(216 — 4x) 


(b) 100,000 


a 


el lees = 50 


0 


x = 36 centimeters, y = 72 centimeters 
37. G)"(3, 2) OF (081) 
(b) (—2.247, 0), (— 0.555, 0), (0.802, 0) 
( 


39. (a) (352) (223) (by) { = 257020) (037080) 
41. 14 


43. 8x +5 + 


2 
\ al se w 


-16 [Uri 


45. 


49. 


51. 
53. 
SEE 
RYE 
61. 
67. 


69. 


Tike 


73. 


TE 


Wile 


72: 


81. 
83. 


85. 


87. 


89. 


SAW 


x7 = 2, ee +1 47. x? —x+1, x #0,-2 


1 9 36 
—x3 — —x?2 + Ox — —=— 
vies 3% 9x rer 
6x3 — 27x, x #4 


(a) No (b) Yes (c) Yes (d) No 
Oxs Fel 3x? + 7x? — x — 1 
3x4 — 1443+ 17x? -— 42x +24 59.3,1,1 


2 Dy Gg iL, -: 3, 2 65. Answers will vary. 


(a) 7 (b) Two 
(@) =, =OS24 
-6 6 
= 
(a) A (b) One 
(@) 326 
| 
8 
DM Sey 
@—2)%-1-A)aq-1+,) 
—4,-14 /2i 
(x + 4)(x + 1+ V2i(x + 1- V2i) 
ae Sy sey) 


(x — 3i)(x + 3i)(x — 5i)(x + 5i) 

f= a> 24 4+.29x7 + 100x + 100 
i =e oe ASx? + 78x — 136 
Wie ox beplox + ox? + 43x + 22 
(3)-G? + 4)(x* — 2) 

(b) (x2 + 4)(x — V2)(x + V2) 

(c) (« + 2) (x — 21(x — V2)(x + V2) 
(a) (x2 + 9)(x?2 — 2x= 1) 

(b) (x2 + (x — 1 + V2)(x — 1 - V2) 
(c) (x + 3i)(x — 3i)(x — 1 + V2)(x - 1 - V2) 
Domain: all x # 1 


Vertical asymptote: x = 1 

Horizontal asymptote: y = —1 

Domain: all x # 6, —3 

Vertical asymptotes: x = 6,x = —3 

Horizontal asymptote: y = 0 

yo | 93. y=2 95. None 97. y= +1 
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99. (a) 300 (>) OES Sia, IF Osis) 
(R05 
0 50 
10) 
101. 103. 
y | i 
107 I Be 
sa ae 
iL (0.3 ‘| 9 
Sb St meee op Ly 


4,6 8 10 12 14 


105. 107. 


109. 111. 


113. 115. 
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117. (a) N 12. fea 34 = Or lo ae 16 
/ 
soul 13. f@) = 2? 4 39 — Sir 10x 
2 Zoo} 14. 15. 
aS 2 500 +- 
AZ 400 + y y 
FS = 300+ 
& 500 + ot ° 
100 bi y 


a) LO") 1s) 20" (25 
Time (in years) 


(b) 304,000; 453,333; 702,222 


(c) 1,200,000, because N has a horizontal asymptote at 
y = 1,200,000. 


119. False. For the graph of a rational function to have a slant 
asymptote, the degree of its numerator must be exactly 
one more than the degree of its denominator. 


Chapter Test (page 296) 


1. (a) Reflection in the x-axis followed by a vertical shift 
(b) Horizontal shift 

2. Vertex: (—2, —1) 
Intercepts: (0, 3), (=3, 0), (—1, 0) 

oi = (ee = IE SG 

4. (a) 50 feet 


(b) 5. Changing the constant term results in a vertical Chapter 4 
shift of the graph and therefore changes the maximum 


height. Section 4.1 | (page 307) 
x- 1 
se - 6 See a et : 1. 4112.033 3. .77,494.076 . 5. 19.568 7. 1.649 
= ae 9. 9897.129 11. f(x) = h(x) 
13. f(x}, 2() = h&) 15. (c) 17. (e) 19. (g) 
21. (a) 23. Right shift of 5 units 


7. +1, +2, +3, +4, +6, +8, +12, +24, +5, +3 


5 


25. Left shift of 4 units and reflection in x-axis 


27. y 29. y 
FY 


-9 9 (a) y=0 (a) y=0 
(b) (0, 1) (b) (0, 1) 
(c) Increasing (c) Decreasing 
=i 
+1,—3 


9, —0.819, 1.380 10. —1.414, —0.667, 1.414 
JG (C3) = be = Che Se OS — ily 


31. 


35. 


(a) y=0 
(b) (0,35) 


(c) Increasing 


Ey —3 


(b) (0, —2), (— 0.683, 0) 


(c) Decreasing 


iG = || 


oi 


mE 


F(x) a4 | 1 | 25 


6.3 | 15.6 


ALi al Pee ee 


NVwrRUADNA OO 


39. 


bp ttt 


NYVwORUDAN wow 


ma 


-7 -6 -5 -4 -3 -2 -1 I 2.3 
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1 a9 -6 | -5 -4 =3 | 
£0) a1 [04] 1a | 3 3 | 


Nw F WN BD 4 oo 


1 
| 


Ppt fm x 
8) 3 6 5) 3) <9 = ie 


x 2 3 4 | 
| £0) AA || 21h 2.4 | 


10 


ial 


AS0 


53. (a) 


(b) 


55. (a) 


(b) 


(b) 


Answers to Odd-Numbered Exercises and Tests 


x =] —0.5 @ | OS | i 
Wie, 0.3333 | 0.5774 | 1 | 1.7321 | 3 
pix) | 0.25 0.5 i | 2 | 4 
aa) 


Qs whence (in) 4S whens 0) 


1 
-9 9 
5] 
x — 30 = 2X0 | —10 | 0 
Fe =| 
f(x) | 0.0000024 | 0.00036 | 0.054 | 4 
55 10 | 20 30 
f(x) | 7.95 | 7.9996 | 7.999998 
y=0,y=8 
10 
-15 15 
—10 
x 2) =O |@ 3 | 3.4 | 3.46 
wine, —3.03 | —3.22| —6 -34| =230| -2617 
x | 3.47 4 S| 7 10 | 15 Ds 
f(x) | BMG | 27k |) | BAD | abl | 3) || @Lou! 


y= —-3,y = 0,x = 3.46 


59. (a) 7 


-1 


(b) Decreasing on (— co, 0), (2, c0) 
Increasing on (0, 2) 

(c) Relative minimum at (0, 0) 
Relative maximum at (2, 0.541) 


61. (a) 5 


=3 
(b) Increasing on (— oo, 1.443) 
Decreasing on (1.443, 00) 


(c) Relative maximum at (1.443, 4.246) 


L 


63. 

mn 1 2 4 12 365 Continuous | 
A | 5397.3 | 5477.8 | 5520.1 | 5549.1 | 5563.4 | 5563.85 | 
65. 

m| 1 2 4 12 365 Continuous 
A | 11,652 12,003 | 12,189 12,317] 12,380 12,382.58 
67. 

t | | 10 20 30 40 50 

A | 125999 26,706 | 59,436 | 132,278 | 294,390 | 655,178 
69. 

t | 1 ‘10 20 30 40 50 

A | 12,804 | 22,046 43,877 | 83,902 | 160,435 | 306,782 


Ae (a) 1200 


0 2000 


Answers to Odd-Numbered Exercises and Tests A91 


(b) $421.12 83. 
(c) $350.13 
(d) [ | 

x 


100 edi 200 300 400 
P | 849.53 eee 603.25 | 504.94 | 


a | soo 600 700 (a) y=e 
tes 
RP) A112 | 350.13 | 290.35 (b) The exponential function increases at a faster rate. 


a (c) It usually implies rapid growth. 
. (a) 2000 


$5. 1 < /2 <2,s021<27% <2 
87. 

0 15 

10) 


(b) P(O) = 100; P(S) ~ 300; P(10) ~ 900 
75. (a) 25 units (b) 16.30 units Answers will vary. 
(c) 89. f(x) = -3(x —3) 91. No inverse function 


(d) Never. The graph has a horizontal asymptote at Q = 0. ~ gL 
77. (a) and (b) ff 


25 
Section 4.2 (page 318) 
1, 4964) 3, 75g, SP =4 7S 
9. tog, 125= 3) ides, 3=" “13J log, = =2 
a 125 15.9ln'200855ea= 3 17, In t3 tose 12.6 


1944—* 21. fos 23) 2.7 125. 9— 27. 8 29.2 
31. 2.538 33. —0.097 35. 1.746 — 37. 1.869 

O | 25 | 50 | 75 | 100 39-722 ——* 411-2226 

E 15-47 _|_82 96 | 99 


The model fits the data well. 
(c) | 
5% 


45. 


(d) 64.7%  (e) 37.4 
TIoaay 40 (b) $35.45 


{+—> x {— 
f3 vo} 
-l1+ 
5 4! od 
Reflections in the Reflections in the 
line y = x line y = x 


81. True g=f gaye 
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47. (c) 49. (d) 51. (b) 65. Domain: (— 0, 0) 4 
53. Domain: (0, 00) y Vertical asymptote: x = 0 
A 
Vertical asymptote: x = 0 a+ Intercept: (— 1, 0) on 1 2 
Intercept: (1, 0) 
+ x -4 
= 
67. (a) 7 (b) Domain: (0, co) 
55. Domain: (3, co) y 
A 
Vertical asymptote: x = 6+ e ¢ 
Intercept: (4, 0) 4+ 4 
i} 
él ! (c) Decreasing: (0, 2); Increasing: (2, oo) 
us Jee eS 
2% 6 8 | 10 (d) Relative minimum: (2, 1.693) 
i. 69. (a) 6 (b) Domain: (0, co) 
57. Domain: (0, co) y 
Vertical asymptote: x = 0 
—6 6 
Intercept: (9, 0) 
= 
(c) Decreasing: (0, 0.37); Increasing: (0.37, co) 
=4 (d) Relative minimum: (0.37, — 1.47) 
“oa 71. 23.68 years 73.(a) 80 (b) 68.1 (Gro2 
59. Domain: (3, co) 75. (a) 350 


Vertical asymptote: x = 3 


Intercept: 
(3 6595.0) = G, 0) 


Pt +++ +++ +> = 


KH Nw EU A ~ & 


61. Domain: (0, co) 1 
Vertical asymptote: x = 0 


Intercept: (5, 0) 


63. Domain: (2, co) 4 


Vertical asymptote: x = 2 


Intercept: (3, 0) % 


Us 


0 110 
150 


The model fits the data well. 


(b) 67.3 pounds per square inch (c) 306.5°F 


r | 0.005 0.010 | 0.015 


t 


ISS tOm OSE | 46.2 


r 


me) S407 | 27.7 25a 


TT 


0,020 | 0.025 | 0.030 


As the growth rate of the population increases, the time for 
the population to double decreases. 


. (a) 
ana) 


(c) 


120 decibels (b) 100 decibels (c) No 
15 cubic feet per minute _(b) 382 cubic feet 
382 square feet 


83. 10 years 


85. Total amount: $199,108.80; Interest: $49,108.80 
87. True 89. 4 


yt 
-4 
91. (a 
2) 1} 5 | 10 102 | 10* | 10° 


f(x) | 0} 0.322 


0.230 | 0.046 | 0.00092 | 0.0000138 


93. Vertical asymptote: x = 0 


95. Vertical asymptote: x = 7 Why SBS 99. 0.002 
Section 4.3 (page 326) 
ie 3 
aa 
-3 
| as 
32 L771 S22 7. = 0.102 eee Se) 
logs) x In x logig x In x 
11. meee Ua) home! Bm b) 
2 logio 5 y In 5 logig 5 : Ins 
1680 10 Ing 
15. (a) S10 10 (b) —2 
log io x In x 
logig x In x 
: Se lt 
ee a6 br 2.6 
19. logy X 21. 10810 * 
log io 2 log 102 
4 
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In x ee 
Pin 1s ~ in3 


4 4 
seal a 
—4 -4 


27. 108,55 + logig x BY MOS — MO 36 

31. 4loggx 33. 5Inz_ 35. Inx + Iny + Inz 
37. 5In(a— 1) —-.39. Inz + 2 In(z — 1) 

41. }Inx —4lny 43. 4Inx +5Iny —5SInz 


45. 2 log,x — 2 log, y — 3 log, z 
47. 14 


-2 
y, = y> for positive values of x. 
49. In 4x 


51. log, * 53. log,(x + 3)? 


x ae” 
55, loge S789. In 
xX 


Gat x+2 


=6 -6 


Y, =)2 No. The domains differ. 
Tas H 75. 6.8 77. —4 is not in the domain of log, x. 
TE 2 81. —4 
85.8.5. MSzen 
OL 3 logs? 


83. 0 is not in the domain of log, x. 
89. 4(1 + log, 10) 
93.6 47 In’ 


A94. = Answers to Odd-Numbered Exercises and Tests 


95. (a) 120 + 10 logiol 


(b) and (c) 
| I 10 VO O 10e8 i 1010s el0e 
B 80 60 | 40 20 | 0 0) 


97. (a) 


oO 
nN ao 
| 
ao 
o 


(b) T = 54.438(0.964)* + 21 


o 
ped ao 
7 | 
ao 
fo} 


(c) In(T — 21) = —0.037t + 3.997 


oO 
ne 

ao 

o 


T = e(—0.0371+ 3.997) 4 91 


Oo 


.07 


(d) 


30 


oO 
o 
— 


li 21 


= + 
0.0012t + 0.0162 


rae ao 
Sf 
ao 
o 


99. False. In 1 = 0 101. False. f(x) — f(2) = In 


Ns 


103. False. u = v2 
105. 


f(x) = h() 
The graphs are identical because for each positive value of 
x, Property 2 of logarithms holds. 


107. Answers will vary. 109. = 


W1.1,x#40y#0 113.34 J7 115. +4,4./3 
117. +2,6 119. 0.052 121. 15,235.494 
123. 2.342 125. 0.697 


Section 4.4 (page 336) 
i; (@) Yes @) No 3: (a) No” (bysYesis ) (e)eYes 
5. (a) No (b) No’ (c) Yes 
KG) Yes (by Yes (CG) WC 
9. 


15,22) liad 21980 21s 38 Sd es 
27. In4 ~ 1,386 29. e-7~0,00091 31.5 
33. 0.1 35. 1 Why ae AW She ceo 41. x? 


43. 2.756 45. In 10 ~ 2.303 47. 2 49. —6.142 
swt Osi Sem) 55. In5 ~ 1.609 
57. 2 In 108 ~ 9.364 59. 6.960 


61. 
x 0.6 | 0.7 | 0.8 | 0.9 | 1.0 | 
f(x) | 6.05 | 8.17 | 11.02 | 14.88 | 20.09 | 


16 


aa 


0.828 
63. 
Me: or ll 
| FG) | 1756 1598 | 1338 | 908 200 | 
600 
is 
8.635 
65. 1.881 67. 0.051 69. 6.146 ils PEO 
IBS SKosie) 
las 77. 
6 8 
-6 15 
-20 40 
-30 -4 
— 0.427 12.207 
79. 0.050 81. 2.042 83. 4453.242 85. 103 
87. 17.945 89. 5.389 WINE, Ths7iles5 —S)s/ Ness 93592 


95. No real solution 


97. 180.384 


99. 
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101. 
x | 12 13 14 15 16 


£0) | DTD TO 2 mela O63. 1100 1) 1836 

14 

14.988 
103. 14 105. 5.294 107. 3.729 109. 5.275 
113. 14 

(20.086, 3) 
117. (a) 8.2 years (b) 12.9 years 
119. (a) 110 

if 
0 110 


0 


(b) y = 100 and y = 0 
(c) Males: 69.71 inches; Females: 64.51 inches 


121. (a) 1426 units (b) 1498 units 


A95 


A96. Answers to Odd-Numbered Exercises and Tests 


123. (a) 10 


0 SS 1500) 


(b) y = 6.7. Yield will approach 6.7 million cubic feet 
per acre. 


(c) 29.3 years 
125. (a) 175 


0 6 
10) 


(b) y = 20. Room temperature (c) 0.81 hour 
127. (a) y = 15.17x — 46.15 


80 


1999 
(b) In y = 2.706 Inx — 1.175 


1.0 
2.0 


1998 
(c) y= e2-106 Inx— 1.175 


80 


0 


This model better fits the original data and will better 
predict future shipping levels. 


129. False. For example, In(2x — 1) + In(x + 2) = 
In(x2 — x + 1) has 2 extraneous solutions, x = —1 and 


x=: 


131. No. It is dependent on the interest rate. 


133. 


oe 
———— 


W353 


137. 2.814 139751623 


Section 4.5 (page 348) 


LEG) 3. (b) 5. (d) 7. Logarithmic model 
9. Gaussian model 11. Exponential model 
13. Gaussian model 
15. gh 
h h 
9+ 9+ 
8+ 8+ 
7+ e : 7+ ee 
(Ses 6 
J : a - 
4+ © 4+ 
Sic . sar M 
27 @ hes = e 
i 1+ 
$—p fp See 
Vig 2S ese Ole Tensile. } 2B) 4S (6a 8s 
Logarithmic model Linear model 
Initial Annual Time to Amount After 
Investment % Rate Double 10 Years 
19. $1000 12% 5.78 yr $3320.12 
21. $750 8.94% TENE $1833.67 
23. $500 9.5% 7.30 yr $1292.85 
25. $6376.28 4.5% 15.4 yr $10,000.00 
27. (a) 
r | 2% 4% | 6% 8% 10% 512% 
| t | 54.93 27.47 | Hhisdeshlle | IFS) || AKO) | OLIN | 
(b) 60 


0 
0 


t = 60.89(3.613 x 10-8)" 


0.14 


29. 


31. 
3. 
35. 
41. 
43. 


45. 


47. 


49. 
Se 
53. 
ao. 


0 


Continuous compounding 


Half-Life Initial Amount After 
Isotope (years) Quantity 1000 Years 
Ra 1620 10g 6.52 g 
a 5730 3g 2.66 g 
2023 37. k = 0.0112; 2796 39. 3.15 hours 
95.8% 
(a) V = —4500¢ + 22,000 (b) V = 22,000e~°%763" 
(ej) oe 


Exponential 


(d) 1 year. Straight-line: $17,500; Exponential: $16,912 
3 years. Straight-line: $8500; Exponential: $9995 


(e) Value decreases $4500 per year. 
(a) S(t) = 100(1 — e~9-1625%) 


(b) 100 (c) 55,625 


(a)N = 30(1 — e~ 0.0501) 


(c) No. It is not a linear function. 


(b) 36 days 


(a) 7.6 (b) 7.1 
(a) 20 decibels  (b) 7O decibels  (c) 120 decibels 
95% 55. 4.64 57. 10,000,000 times 
(a) 850 
0 30 


0 


(b) Interest. t ~ 20.7 years 


Answers to Odd-Numbered Exercises and Tests A97 
(c) 850 
0 20 
0 
Interest. t ~ 10.7 years 
Less interest is paid over the life of the loan. 
61. y = e0-768% 63. y= 1,0.576x 
65. (a) t, = 0.27295 — 6.0143; t, = 1.5385e°0271s 
(b) 
25 25 
qh 
20 100 20 100 
0 (0) 
25 25 
t, @ ty 
20 100 20 100 
10) 0 
(c) 
s | 30 | 40 | 50 | 60 70 80 90 
i 3:6-|-4.7 | 6.7 | 9.4 Iz) || Mey) aes: 
4 
im 3.3 | 4:9) 7.0 95 12757 LS SRL. 
on) 2.2) | 4.9 7 OE LOAS MIS 15:8) 185 
fe T 
im) 3.) | 4.9) 66) 8.8 SS I WSisss (} Pill 


(d) Model: t,; Sum ~ 1.9 
Model: t,; Sum = 1.1 
Model: t,; Sum ~ 5.6 
Model: t,; Sum ~ 2.6 
Quadratic model fits best. 

67. 7:30 A.M. 
69. (a) y = 0.082x + 4.45 

(b) y = 4.536(1.015)* 


u 


(c) The linear model fits the data better; Answers will vary. 


(d) Linear: 6.50 billion; Exponential: 6.58 billion 


A98 Answers to Odd-Numbered Exercises and Tests 


71. (a) y = 298.794(1.085)* x|y—y, | y—-y? 


1100 


1) = 14.60.) 213.25 


PEN Tse 53.92 
3 | 29.48, 869.01 


4 | 42.76 1828.56 


5 || L3e 1.68 


1100 6 | —73.26 | 5367.34 


(d) y,: 89.19; y,: 1186.42; y5: 8333.36 
Cubic model 


(e) Sum of the squares of the errors 


- does not have an 


75. False. For example, y = 14 26-05% 


(c) The logarithmic model is better. It will continue to be x-intercept. 
better if growth of healthcare costs is slowed. 


73: (@) y, = —=L.81x? + 14.58x" + 16.39x + 10.00 
YY, — 23.07 + 121.08 nx 


77. True 79. (b); (0,—3),0) SI) 05) 0) 
$3. (d);(0,3) 85. 4x2 — 1a tO xe 4 


y3 = 38.38(1.4227)* = saa ee 
PC ae 
(b) 
260 260 89. y 
A 
12 + 
yy 10 + 
Bar 
c +> Xx 
0 6 2 4 5 
0 0 all 
ae ae 


Review Exercises (page 357) 


1. 10.325 S020 5. (e) Tet) 9. (d) 
11. y 13. y 
rN 


Cubic model 
(C) a m 
FA Oy ae Cy ey, JP ty ys 1 Cay) 
1/40 | 084 | 0.71 16.93 | 286.62 
p) [85 = 1.628) 2.62 —22.00 | 483.84 7 : 
BAN 40 el 52 | 231 — 16.09 | 258.89 c 


4 | 200 | 7.00 49.00 9.08 82.40 


— 


Dl) 22591 95.20: 0271.04 7.06 49.83 


6 | 245 | 2.74 Veal 4.98 24.84 


Pale 
10 
—14 16 
F -10 
y= 3 
25: 
12 
_95 25-120 fia 4490 
—60 -2 
y = 200,x = 0 y=0,y= 10 
27. 0.069 29793693355 
31. 
fee 2 10 | 20 


P | $184,623.27 | $89,865.79 | $40,379.30 


E 30 40 | 50 
| P | $18,143.59 | $8152.44 | ee 


(b) $14,625 


33. (a) 26,000 
A 


0 


(c) When it is first sold; Yes; Answers will vary. 
Bemioci64 = ee sTslog..125=5- 39. |-0.34 
41.3 43. —3 
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ae Abs 


BNW EWN DQ ~I wo oO 


I 

~Tenwnpugnraoav 
Pet f 4 

+ 

w 

p+ 

en Ae 

a 

a 

oo 

reget 

y 


49, y 
6 
5) 
4 
3 
1 
4 poppe 
-l 1 2 3 4 5 
53. 
2 10 
-3 It 1 = al +t—__i} 3 
-3 15 
2 BD 
AGe <SUY SS) en) 
Sis. 1 SY, ile 
61. (a) 0 < h < 18,000 
(b) 100 
0) —— 20,000 
(0) 
h = 18,000 
(c) The time required to further increase its altitude 
increases. 
(d) 5.46 minutes 
63. 1.585 655e2 132 67. In4 + In5 


69. InS — 31In4 71. 1.6542 73. 0.2823 


ey Was 2 Moye be 77. l08;95 + + logy y — 21085. % 
79. tae? + 1) 4 Inte = 1) 81. log, 5x 


/)2x = 1| Aare 33/4 = x2 
x 


83.n~Tap 


A100 Answers to Odd-Numbered Exercises and Tests 


87. (a) 


(c) The decrease in productivity starts to level off. 
89. 3 Wil, =3 93. 2401 95. In 12 = 2.485 


-a% =~ —(.757 


Die 99. In 22 =~ 3.091 


101. log, 17 ~ 1.760 
105. 3e8? ~ 1213.650 
109. 3e2 ~ 22.167 


103. In 5 ~ 1.609, In2 ~ 0.693 
107. 4e15/2 ~ 452.011 
111. e+ — 1 ~ 53.598 


113. Nosolution 115.35 117. ~15.2 years 
1192 (ym. 121, @), | 123, (@) 125. 2025 
127. (a) 5.78%  (b) $10,595.03 (c) 5.95% 


129. (a) 7.7 weeks __(b) 13.3 weeks 
131. y= Je0-1014x 133. y = 5¢9-4605x 
135. y = 234.684(0.8746)* 


275 


=. 12 
10) 
137. True 139. False. In(xy) = In x + Iny 141. True 
Chapter Test (page 362) 
1. jap 
1200 
—100 100 


~200 


y = 0, y = 1000 


3. $40,386.38 


4, 43 = 64 


4+ 


6 + 


6. In6+2Inx—3ln?+1) 72 8 -3 


9. 14.955 10. 18.447 11 3975 
12. $10,204 13) O54 (b) 0:43 7a) rO:sie 
14. (a) 300 ~=6(b) 570_~—s (c) At the end of the 8th year 


15. (c); it passes through the point (0,0). Symmetric to the 
y-axis, and y = 6 1s a horizontal asymptote. 


16. y = 6.775(1.361)* 


Cumulative Test for Chapters 3-4 
(page 363) 


ke 2. 


+ t 
-15 -10 -5 


15 4 268 
3 Thy, Ds Tae ee 


8. f(x) = x4 + 8 + 18x 


: A 


+ aot + + x 
7 


1 
1 


i} 
i] 
1 
1 
1 
1 
1 
1 
1 
| 
‘| 
1 
i} 


Asymptotes: x = 3, y = 2 Asymptotes: 
x= —-3,x=2,y=0 


11. 


Asymptotes: x = 2,y =x - 1 


12, f(x) = a 3 Answers will vary. 
13. 6 14. —4 15. 10 16. —3 Ws TBS 
18. 8772.934 19. 0.162 20. 51.743 
21. 22. 
sf 4 

iwadeies | oa 

te! 

ey eta 
_s + 
-10 + 


N 
io.) 


a ae a Na ere 


Ped ea RO! oy Ws sey) ety, =) 760: KO, 


a4 


27. —7.484 285 3.036 


26. 0.872 


25. 1.892 
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x2 
Gas) 
31. to 11 22? 


29. In 


30. Inx + ins — 5) 
32. In(?) + 3 ~ 3.811 
3 
33.128 34. 7 ~ 5.021 


ver 
2 


35. e© — 2 = 401.429 


36, + == II@)aIS%e) 37. y = 25 38. $20,000 


39. $50, $9.50, $5.45; $5.00 
40. $16,302.05 41. $108.63 


42. 200,000 


Oa 20) 
130,000 


2008 
43. (a) 3.00 (b) 570 (c) after about 9 years 
44, y= 5.5529 


60 


oO 
o 


Chapter 5 
Section 5.1. (page 373) 


ils, PAOF 3. 452 

5. (a) Quadrant I (b) Quadrant IV 
7. (a) Quadrant IIIT  (b) Quadrant I 
9. (a) (b) 


150° 
60° 
x 3s 


A102. = =Answers to Odd-Numbered Exercises and Tests 


11. (a) (b) ry Sa 7 4a 
, Z 47. (a) A (b) - 49. (a) =a (b) ary 
51. Gy 270) (ib) 210" 53. (a) 420 (br =39" 
405° a 55007 MW = ae/ Hs 59 E205 61. —0.014 
# P 63. 25.714° 45. 562:5° 67.2 756° 
69. —114.592° 71. %rad 73. 49rad 75. fe rad 
77. 2rad 79, 14zrinches ~ 43.98 inches 
81. 47 meters ~ 12.57 meters 83. 1141.02 miles 
13. (a) 412°, —308° (b) 324°, —396° 85. 0.094 rad ~ 5.39° 87. 3 rad = 23.87° 
153(2) "060", 00" ™ (6) 090, ae 130" 89. (a) 540° ~ 9.42 rad = (b) 900° = 15.71 rad 
177(@) 6475° (b) —124:5° (c) 1260° ~ 21.99 rad 
19. (a) 85.308° (b) —408.274° 91. (a) 448.2 revolutions per minute 
Ail, (@) BIOS” — (o) Sarak (b) 2816 radians per minute 
28% (@) ZSIP AY Se? Or =O 93. 20.167 inches per second 
Dace Dino 29. (a) QuadrantI (b) Quadrant III 95. False. A radian is larger: 1 rad ~ 57.3°. 
31. (a) QuadrantIV _(b) Quadrant II 97. True. The sum of the angles is 7, or 180°. 
33. (a) Quadrant HI (b) Quadrant II 99. Two angles in standard position are coterminal angles if 
35. (a) ‘ (b) ’ they have the same initial and terminal sides. 
t t 101. = square meters 
= ° 103. (a) A =0.4r2.r > 0; 5 = 0.87.7 > 0 
ae 2 8 
A 
37. (a) ) (b) ol 12 
ie es The area function changes more rapidly for r > 1 
rom because it is quadratic and the are length function is 
: : linear. 
; (b) A = 500, 0 < 0 < 2m; s= 100, 0< 6 < 2a 
320 
39. (a) at “2 (b) =, an 
Se Dor 287 327 
41. (a) aes (b) ro oo °0 
Asay Cour lement 667 Supplements 156° 105. y = —6.59x + 38.06 107. y = —36.38x + 189.71 
109. x = —3,0, 0,3 lil. x= =8, 3,050 


(b) Complement: none; Supplement: 54° 


2) 
45. (a) Complement: z Supplement: =e 


(b) Complement: none; Supplement: 


Section 5.2 (page 384) 


é 3 8 
i G=— asi =— 
sin 5 3. sin 0 7 
_4 Le 
Coste = cos 0 = 77 
3 8 
t =— = == 
an 6 4 tan 0 5 
232) elt 
escO= 3 CSCO 
oe al, 
ee 7 Te lice 
4 iS 
COlG =, Ob Oi. 
’ 1 ; 
Ve sin 0 = 3 9. sin 0 = 
2~/2 
cos 6 = 2¥? cos 6 = 
ee 2 tan @ = 
A 
csc 8 = csc 6 = 
2 
sec = sec @ = 
cot 9 = 2/2 cot 6 = 


The triangles are similar 
and corresponding sides 
are proportional. 


11. corp 
6 
5-/ 11 
tan @= 
6 
6 
esc O= © 
65/11 zs 
sec 8 = = 
iit 
ea ee 
5 
13. eee 
4 
1 
cos 8 = 7 ; 
tan 9 = /15 
bye EE 
ee 415 is 
1 
15 
cot 0 = —— 


Ss 


BWI Bln WIN BIW DIR UNIW 


sin @ = 


cos 9 = 


tan @ = 


csc 9 = 


sec 0 = 


cot 86 = 


WwW 
a 
ios) 


13 


5 


13 


Ww] Nw | 
wf ofS 
uo uw 


The triangles are similar 
and corresponding sides 
are proportional. 
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3/10 
15. si = —— 
5. sin 6 10 
a ALO 
cos = a Se 
10 
ese 8 = ——— 
3 
sae (HS ~/ 10) LN I 
1 
cot 6 = 3 
ile, Sono) = aN 
97 Ja 
cos 0 = nerd 
97 aE 
9 
4 
tan 0 = 9 
/ 97 
csc 9 = —— 
4 
J/97 
sec 6 == 
9 
1 Ja V3 
19.@ V3 ®=-O-= @O— 
2, 2 3 
1 ey) wD 
21. = 5) == == d) 3 
(a) 3 (b) 3 (c) 4 (d) 
v5 fi 1 
: a - 
23. (a) 4 (b) mn (c) 15 (d) 4 
25.-31. Answers will vary. 
l 3 SF3 
2 = ae : 1 = 
33. (a) 5 (b) 3 35. (a) (b) 5 
37. (a) me (b) 2-39. (a) 0.4226 
41. (a) 1.3499 (b) 1.3432 
43. (a)-5:0273 (b) 0.1989 
45. (a) 1.1884  (b) 0.5463 
7 7 
a (ac02=— b) 30° == 
47. (a) 30 6 (b) 6 
7 T 
\ lees ate 4 (chesaeel 
49. (a) 60 3 (b) 45 4 
7 7 
« \a i b 4 — 
51. (a) 60 3 (b) 45 nl 


53. (a) 55° = 0.960 = (b) 89° = 1.553 
55. (a) 50° ~ 0.873 = (b) - 25° ~ 0.436 


38V3 
3 


B7-35./3 ~~ 59) 61. 11.5 


(b) 0.4226 


A103 


A104 
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ee A owe! Section 5.3 (page 397) 
. (a ee 
3 ; 
re 1. (a) sin 6 = 2 (b) sin 6 = 3 
270 f , 
(c) 270 feet ha om 2 conica 4 
/ 
tan 0 = 3 tan = 9 
csc 0 = 3" csc 0 = —45 
hs Fs Ps 
= 12 sec 0 = 7 sec 0 8 
Not drawn to scale cot 0 = 4 cot 6 = 15 
1 2 
65. 160.03 feet 3. (a) sin @ = os (b) sin 9 = 5a 
67. (a) a) 0 cI oS ve 
ee ae cos 9 = cos @= -~= 
2 2 
' ce 3 
CB) SEIS tang =~ tan @= —1 
(c) 9.59° csc 0 = —2 csc 0 = /2 
(d) 9.59° es 
69. 425.3 meters; 431.9 meters a re ee ee? 
71. 6.57 centimeters 73. sin 75° = 0.97 cot@= J/3 cot @= —1 
cos 75° = 0.26 5. sin 6 = = 7. sin @= e 
tan 75° = 3,73 cos 6 = = cos 9 = 7 
esc 75° ~ 1.04 tang = + tang=—% 
sec 75° = 3.86 csc 9 = 33 csc 9 = aE 
cot 75° =~ 0.27 sec 9 = 2 sec 9 = 2 
75. True. sec x = csc(90° — x) 77. True for all 0 cot 6 = 4 cot 6 = -3 
79. /2 [35 
0 Jor}20° face foo? | 80° 9. sin 02 Tl in Oe 
29 85 
cos 0 | 1 | 0.9397 0.7660 | 0.5000 | 0.1736 2/29 2V 
COS.0 ae cos @ = =—5 
sin(90° — @) | 1 | 0.9397] 0.7660 | 0.5000 | 0.1736 29 8 
5 9 
cos § = sin(90° — 0) tan 0 = wa tan 0 = es 
6 and 90° — 6 are complementary angles. ee 29 ae S85 
81. 83. CSC 5 csc = 9 
) , eee ee 29 FBS 
sec 9 = 5 sec 9 = — 5 
2, 2 
cot 0 = "5 cot 6 = ory 
x 13. Quadrant II 15. Quadrant IT 17. Quadrant I 
19. sin 0 = 21. sin = —73 
cos @ = —% cos9=% 
tang = —3 tan 0 = = 
x-intercept: —9 x-intercept: —53 eee 5 ee Ly 
nes ; pe RS : 416) 
y-intercept: —9 y-intercept: 2 sec 9 = —3 secg=% 
85. 18.661 87. 17.420 89. Quadrant II 4 8 
cot 0 = 3 cot 8 = —7 


91. Quadrant I 


Answers to Odd-Numbered Exercises and Tests A105 


23. sin@ = 3 25) cin 8 = 0) 47. 0 =35-— a7 49. 0’ = 3.68 — m7 = 0.5384 
I i A 
cos Ole cos 9 = —1 4 
tan @ = —/3 tan 0 = 0 35 
2D 
esco = =e csc is undefined. = x x 
SECIO =i sec 9= —1 
3 
cot 8 = — 2 cot @ is undefined. 
2 1 
27. sin @ = xe 29. sin @ = Ae 51. sin(225°) = Ser 53. sin(—750°) = > 
D 3 
aortes _v2 cane _V5 cos(225°) = a cos(—750°) = —— 
D 5 2) 2 
= = 3 
ae ; Pea tan( 225°) "1 fan(=7502)}= ———= 
3 
5 
csc 9 = \/2 ne eee 
D) . . 3 a Ve 
55. sin 240) = — YY, i= = = 
sec 9 = —./2 sec 9 = —./5 2 3 2 
1 ae al Sar _ Si 
cot @ = —1 cot 6 = = cos(— 240°) = —> cos = 5 
31.-1 33.0 35.1 37. Undefined tan( 2409) = — tan = LRG: 
39. 6’ = 28° 41. 6’ = 65° 
; 59. sin ny re - sin] 5 
A 
cos( -2] = ne cose = v2 
pad 6 2 4 2 
: ? (-Z)---2 VL Licey S 
i x an 6 =a 3 an 4 
‘ VT 
63. sin re eer 65. 0.1736 67. 1.7321 
cos( -2) = eo 
9 
43. 0’ = 68° 48, 0’ = : ; 
( iz) 13 
| Go| =—— | == 
y i 6 


3 
69. —0.3420 71. 5.7588 73. 0.6052 
75. 0.3640 Hee 2 D238 


x 79. (a) 30° = B 150° = 


10 lla@ 


210° = —, 330° = 
(b) 210° = , 330 


gle vier 6 2 5 on eee. Ti; 
81. (a) 60 = 3) 120 si (b) 135° = 4) ia 


~ 


Ral Sg ee 
$3. (a) 150° = 5° 210 Z 


27 4a 
)) ————— oS 
(b) 120 3 , 240 3 


A106 


85. 
89. 


93. 
101. 


103. 


107. 


111. 
113. 
115. 
117. 


119. 
123. 
125. 


54.99°, 125.01° 


87. 23342, 213.122 


144.78°, 215.22° 91. 208.64°, 331.36° 
4 ils} 
10°, 350° 95. 50°, 230° 97. 5 99. ne 
8 
5 
31 il 
2 »| rie (8 ;) 
2 2 SD 
: 2 , Sap il 
—=— git — = = 
sin 5 6 5 
V2 co oh v3 
pe ER Flys pees 
a 6 2 
tan— = 1 eee 
—= Ai —= = ==== 
met 6 3 
1 3 
a as 109. (0, —1) 
2 2 
ea we) tie 
i = = Sitt=== — — 
3 2) 2) 
Aq 1 377 0 
SS SS C—= 
cos 5 5 5 
4 3 
tan eo tan = is undefined. 
() =I (@) —oO4 
(a) 0.25,2.89 (b) 1.82, 4.46 
(@) D218 (0) GIF (©) S08 
(a) 2 centimeters 
(b) 
i) 0.50 1:02 | 154 2.07 | 2.59 
ra 12) OI) — 0428) 0254)" —0.15 


(c) Friction within the system damps the oscillations and 


is modeled by the factor e'. 


(d) 0.26 second, 0.79 second 


0.79 amperes 
False. 0’ # 180° — 6 


120 truer 6 — 13050 
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6 0°} 20° 40° 60° 80° 
sec@ |1| 1.0642 | 1.3054 | 2 5.7588 
sec(—6) | 1 | 1.0642 | 1.3054 | 2 5.7588 
tan @ {0 | 0.3640 | 0.8391 | 1.7321 | 5.6713. | 
tan(— 6) Jo |—0.3640| 0.8391! — 1.7321 | —5.6713 


The secant is an even function and the tangent is an odd 


function. 


ee) f) 0] 03 0.6 
cos 7 = 0) 0 | —0.2955 | —0.5646 
—sin 6 0 | —0.2955 | —0.5646 
6 0.9 12 15 
397 
cos( 3 al 0) — 0.7833 | —0.9320 | —0.9975 
—sin 0 — 0.7833 | —0.9320 | —0.9975 
(b) cos( 3 = 0) = SSin (y 
2 
129. It is an odd function. 
131. 133 


135. x = —1.752 
3 / 
139. sin 0 = gots 
73 
cos 6 = Ende: 
WS 
3 
tan 0 = — 
an 8 
73 
csc 9 = 3 
13 
SCC. 0) = 
8 
141. sinod=< 
cos 6 = i 
25 
csc 0 = = 
25 
sec 0 = 54 
24 
cot 0 == 


Asymptote at x = | 


x-intercept at x = 2 


137. x =.0:002 


Section 5.4 (page 408) 
1. Period: 7; Amplitude: 3 


3. Period: 47; Amplitude: 3 
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5. Period: 2; Amplitude: $ 39. y 41. 
7. Period: 277; Amplitude: 2 3+ 2 


coe 
+—> =< 


9. Period: a Amplitude: 3 


11. Period: 37; Amplitude: } 
13. Period: re Amplitude: 3 


15. g is a shift of f 7 units to the right. aS se 

17. gis a reflection of f about the x-axis. ie he 

19. g is a reflection of f in the x-axis and has five times the : i : 4 
amplitude of /f. a; 3 


21. gis the graph of f shifted 4 units up. 


23. g has twice the amplitude of /f. 


25. gis a horizontal shift of f 7 units to the right. 


37 -3.14 3.14 
-3 | 3 
—4 -1 
Amplitude: 2 Amplitude: 1 
Period: a Period: 1 


2 


A108 Answers to Odd-Numbered Exercises and Tests 


28 


59, 20 Wile 
mn avraell 
(0) I 1 I I I jet i 1 I 1 q 12 


18 
Maximum sales: June 


Amplitude: 5 
Minimum sales: December 


79. (a) 


61. 0.02 a 
ks rf NW 
0 135 
0 


(b) Minimum height: 5 feet 


Maximum height: 55 feet 


Period: 7 


Amplitude: aa 


Period: oa 
63. f(x) = 4 — 4cosx 65, f(x) = 1 — 6cosx 81. (a) 365 days. The cycle is one year. 
(b) 30.35 gallons per day; Both terms of the model; 


7 
= — j 6) h. . =q CC 
re) a ) SA Rs sin(, 4 Average of the minimum and maximum of the model 


(c) 


TAN 2 60 
: : eX 
y 0 365 
0 


Consumption exceeds 40 gallons per day from the 


we Sar Woe Wleg 
ES Ee ya Pea Ws beginning of May through part of September. 
73. 2 83. (ap = 295 cos( = Z| 3.45 
6 I 
(bia #2 
—6.28 6.28 
0 
ap Nw 
B Ait iy ea 
4° 4 
The model fits the data fairly well. 
1h (@) 2 (b) 6 seconds 
85. True 


(c) 10 cycles per 


minute 87. 


12.57 


o 


Amplitude changes 


A109 
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89. 


Period changes 


(a) Even 
(b) Even 
(c) Odd 


Ot" 


3.14 


3.14 


93. g is the periodic function and f is the parabola. 


Die 


20 30 40 


“10 


20-10 1} 


—40—30 — 


Asymptotes: x 


7.502° 
Section 5.5 (page 419) 


2 


101. 


=20° 


o> 


7. (@). 291 


A110 Answers to Odd-Numbered Exercises and Tests 
35. 3 57. 
-471 fy 471 
=3 
Si. 8 
59. 
~4.71 4 471 
=6) 
25 
39. 2 
-3.14 3.14 
| ( 63. 
= 
re, bs [2a er Yrs 43. any a mid Aq 
4A” ACA’ A B ape) 42) 
45. Even 
47. 2 
65. 
-3 3 
= 
Not equivalent; y, is undefined at x = 0. 
49. 4 
67. 
—6.28 6.28 6 
oa -3.14 3.14 
Equivalent a | 
51. (d); as x approaches 0, f(x) approaches 0. 
-6 
53. (b); as x approaches 0, g (x) approaches 0. 
55. 


2 
6.28 — 6.28 
=e 


6.28 


6.28 z : 


61. 


le 


3 -6 


f-0 asx— co f—0 as x00 


—25.13 25.13 
-6 

Approaches +00 
2 

—18.85 18.85 


Approaches | 
69. d = Scotx 


36 
| 1 1 3.414 


—36 


Approaches | 


As the predator population increases, the number of prey 
decreases. When the number of prey is small, the number 
of predators decreases. 


73. (a) 


° 
[o>] 


0 12.57 


-0.6 


(b) Not periodic and damped; goes to 0 as ¢ increases. 


Sena) 5 


of units) 
Ne) iS) 
So i=) 


Dn 
o 


Sales (in thousands 
3 


t 
2 4A 6 8 10 12 
Month (1 <> January) 


According to the graph, the greatest number of sales 
occurs when tf = 6, or in June. The least number of 
sales is in January. 


Tks (@Q) OD <i S —D) OYE el <<| 
79. True 81. True 


83. As x approaches 7 from the left, f approaches oo. As x 
approaches 77 from the right, f approaches — co. 


85. (a) 


(b 


wa 


2 2 
-3 3 -3 3 
=9 —2 
4| . Doe 
(b) y; = —|sin(arx) + = sin(37x) 
: T 3 
ae ae 
+ = sin(Sax) + = sin(77x)] 
5 if 
2 
=4 3 


2 
4|. Le Le 
(c) y, = —|sin(arx) + = sin(3ax) + = sin(S7x) 
‘ T 3 >) 
Moa! 1g 
+ 7 sin(7ax) + 9 sin (97x)] 


87. Not one-to-one 89. Yes. f(x) =x +5 


Answers to Odd-Numbered Exercises and Tests 
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: oN 207, VO 
91. sn 0= 77 csc 9 = 9 
ct (Af DIT De <f HT 
27 Re 14 
ees: le 
tanO= 7) CONC, 
Section 5.6 (page 429) 
1. (a) 
| — | )-08 6 )-04 -0.2 


| — 1.5708) WL 273)|"= 0.6435} = Oil 15 —0.2014 


a 0| 0.2 | 0.4 0.6 0.8 | 1 


by 0| 0.2014] 0.4115 0.6435 0.9273 | 1.5708 


(b) y 


=e 


(d) Intercept: (0,0); Symmetric about the origin 
3. (a) 


ea] — 10 =8 (65 4 =) 


y |— 1.4711] — 1.4464 — 1.4056] ~ 1.3258 = ihe KOA 


oe) 0} 2 4+ 6 8 | 10 


- 


y | 0} 1.1071 | 1.3258 | 1.4056 1.4464 1.4711 


A112. Answers to Odd-Numbered Exercises and Tests 


(c) 2 


-2 


Ce yg 


ily 


5, arctan(— 1) = nell ihe sin{ -2) =-] 


4 
9.) (a)nd 047». (bd), L571 Lie) 2.3562 (b) 0785 
13. (a) 2.094 = (b) 0.785 15; (@) j=1571_ (20 
Why ies ae I (@) = Oke) (0) 235 
21. (a) 0.42 = (b) 1.20 23. (a) 0.78 (b) 1-36 
25. 27. 0= arccos = 


PONG a ee 31 95930. 35, > 
Pa 13 B55 1 
Th 417 oe 43 = 45. 
ee eg ee ae 
Jr? — (x — hy? 
53, (x = h) 
if 
55. 3 
3 3 
-2 
jo == () 
Gh: ays eS 
6 x-—2 
61. 1.57 
-3 3 
=1,57 


65. 


67. 3.14 


5 5 
0) 


69. 5 sin(at + arctan | 


6 


6 
The two forms are equivalent. 
s 
ama = arctan —— 49 re mS ie 
71. (a) 0 wrctan 750 (b) 0.49 rad, 1.13 rad 
73. (a) 0.45 rad (b) 24.39 feet 


75. (a) 1 (b) (c) 1.25  (d) 2.03 


ir 


x 
77. (a) @ = arctan 0 (b) 0.24 rad, 0.54 rad 
79, False; Inverse trigonometric functions do not have the same 


relationships that trigonometric functions have. 


‘ T 
81. i 83. (a) 4 
any (b) 0 
ae (c) a 
RS oe ahd aren aed es 6 
ca) 
Te e in la 6 
—2 = | p 


85.-89. Answers will vary. 
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91. sin(—585°) = pas ua sin( —19) Sa 33. (a) N58°E (b) ~68.82 meters 35. N 55° W 
= 2 37. ~ 1933.3 feet 39. 17,054 feet ~ 3.23 miles 
cos(— 585°) = 2? cos( er ng 2 41. 78.699 43, ~35.3° 45. y = V3r 
47. ~28.2 inches 49. a= 12.2,b=7 
tan(— 585°) = —1 tan( - 57) = || Sl, @) 4 @®) 4) e 
ne | 53. (@) ie (6) 70 () a 55. y= 8sin a 
A 107t 
ra i 7. 3 cos( 102) 59. w = 5287 
61. (a) 05 (b) s seconds 
pak (eae 8 
| | 1 ¥ ia : 
: E Sy C) 32 seconds 
“S38 a + + 
. -0.5 
Section 5.7 (page 439) 
(nae 4.66 awa = 6.26 5. c = 17.09 ea 
c = 11.03 c = 25.38 A = 20.56° 
B=165° Ag 105 B = 69.44° 
Th 1 SHS 9. a ~ 91.34 
A ~ 64.62° b ~ 420.70 a ae eee 
B ~ 25.38" Bees eAs (b) 12 months. Yes, | period is 1 year. 
11. 2.56 inches 13. 6.30 feet (c) 1.41 hours. 1.41 represents the maximum change in 
15. (a) L = 60 cot 0 - time from the average time (d = 18.09) of sunset. 
65. 
© | @| 10° | 20° | 30° | aor | 50° ae 
| L | 340 | 165 | 104 | 72 | 50 ze 
(c) No. Cotangent is not a linear function. 2 z 


17. (a) h = 20 sin 0 Ee aa 
2 By Oe 8 100 2 


5 Month (1 <> January) 
( ) 0 60° 65° DE Ws eygie u 


(b) S 


Fae om lola 18.8 yl O Sale 1957 a 
= as 12 
19. (a) } wz 9 
h nla} 
= 3+ 
€ eS, 
2 4 6 8 10 12 
Month (1 <> January) 
Z\ 
35° 50 ft Tt 


S=8 + 63 cos( =) 
(b) A= 50(tan 47°40’ = tan 35°) (c) 19.9 feet 

21. ~2090 feet 23. ~38.3° 25. 15:5" 

27. ~5099 feet 29. ~0.66 miles 


The model is a good fit. 


(c) 12 months. Sales of outerwear is seasonal. 


— 
joy 
Se 


Maximum displacement of 6.3 from the average sales 
31. ~437 miles north; ~ 700 miles east ors 
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is 22.56 Ix? + x? — x — 6 Br Var 
67. False. a = tan(48.1°) 9. Oye earns 23. Complement: re Supplement: <e 
@ = 4)@ — 3) I 5 q ; : 
71. A(x +2) ’ x # —6,0, 3 73. x = 1.994 25. Complement: eo Supplement: 16 27. Zao 
75. x = +4.851 77. 1.44 radians or 82.53° 29. —200.54° 31. 8.3776 33. —0.5890 
79. —0.11 radian or ~6.32° 35. 2.083 rad 37. 48.171 meters 39. 0.094 rad ~ 5.39° 
Review Exercises (page 446) ate cone 2x 43 eee ae 
1. Negative i 6/61 Me 4 
3. (a) é (b) Quadrant I cos 0 = 61 a! 0 9 
t (c) 400°, — 320° 5 /65 
tang = — (aly) = 
6 4 
os Pee eee ae paeae 
e 5 65 
_ 61 ee: 
sec 0 = 6 sec 9 = 4 
cot@== cot 6 = ees 
5. (a) y (b) Quadrant III : 65 
(c) 250°, —470° 45. Answers will vary. 47. (a) 0.1045 = (b) 0.1045 
49. (a) 0.7071 =‘(b) 1.4142 51. 9.2 meters 
4 2/53 
x 53. sin@ = = 55. sin 0 = 
5 53 
ie 3 1/53 
cos 9 = = COs 6. == —— 
5 53 
4 2 
7. Complement: 82°; Supplement: 172° RRs 3 CS ue) 
9. Complement: none; Supplement: 9° Hil BIS 5 af 54 
csc 9 = — esc 0 = 
(6h Sok Seals Sele Wks =O Phy” 4 2 
19. (a) . (b) Quadrant I ne > Be ae oe 53 
ceil el 4 7 
1 oy NG ones a 
y UMS COL G tr 
ee » : 15/241 1] 
57. sin 0 = AI 59. sin 0 = era 
ecg peels ee 
241 EEG 
21. (a) ; (b) Quadrant II ony eee tanto! 
A 4 5 
(c) 21a 399 
ihe a © he 6 ees cae fo 
1 11 
2 aif 
tyes cot 9 = vu 
_9n A 11 
15 4 
to=— 
cot 0 15 


61. cos 0 = eee) 
8 
35), 
tan 0 = =e ey 
55 
csc 9 == 
8/55 
CVS SS 
55 
cot 9 = Ey. 
3 
63. /3 65. a2 67. “As 69. 0.65 
TIA 130 84° 75, Ee 
77. sin 240° = — 79. sin(—210°) = 
240° = —1 210°) = -~3 
cos her cos(— == 5 
Oo te) 3 
tan 240° = //3 tan(—210°) = ee 
: Ch bs) ee E 
81 sin( -27) = 5 83. sin( z) =—] 
s(-27) = v2 cos( -2) = (0) 
CORN chad 2 


NlQ ow 


tr 3-4 
85. (-4-2) 87. ( x ‘) 
ee fe ey | 
sin 3 = 5) 1 6 ,) 
27_ tl Me teas 
a pa dD aa’ 2 


93. Period: 2; Amplitude: 5 
95. Period: 7; Amplitude: 3.4 


is undefined. 
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97. 99. 


101. 103. 


105. 107. 


0 


1 1 1 1 1 1 1 1 1 1 1 N42 


40 


Maximum sales: June; Minimum sales: December 
I I 
115. f(x) = } tan(}x) 


Answers to Odd-Numbered Exercises and Tests 


A116 


(b) 


143. (a) 


139. 


(b) Does not exist 


137. 
141. (a) 


Sm 
6 


wT 
4 


(b) 0.682 


145. (a) 1.137 


x+3 
16 
155. 6 = 57.3° 


4 — 2x2 


4 — x 


157. About 0.071 kilometer or 71 meters 


159. 


147. (a) —1.488 (b) 1.523 149. 6= aresin( 
153. 


~612 miles north and ~ 634 miles west 


2at 
i) 


161. y =3 cos 


163. False. The expressions are not equal. 


165. False. 37/4 is not in the range of the arctangent function. 


167. Increases. The linear velocity is proportional to the radius. 


(page 452) 


Chapter Test 


| 
cal + 

| 

iS ta 
CAL FN 
—} (es 
= ps 
fo) 8) 
~~ 

als 

3 

ZL 

— 


2. 3000 radians per minute 


cos 0 
tan 0 


cot 0 


—4 
Ale) 
4 

= iG 


csc 8 = 
sec 8 


5. 6’ = 70° 


290° 


6. Quadrant III 


9. sin 0 = ay 
6 
5 
cos 6 = 6 
tan 6 = Beas 
5 
6/11 
csc 6 — = 
11 
a lt 
cot 0 = vn 


7. 150° 210— 


Some Soles L 


nla + 


12. y 
A 
at 
! ih oP 
ston ft 
o- 1 
it! : 
$y ttt 
1—t | Nt = 4 
! i] ! | 
} ee 
i 
i] 
i} 
| 
14. . 
1 1 
a eae ae 
! ! 
: A+ ft \ 
f ! i J 
1 Jp} 1 A 
\ : 1 
p+ 4 7; 
—2n |-1 iv 1m t 2m 
-2 + ! 
if\! 
if \st if 
i] ! 
\ \ 


et 


Answers to Odd-Numbered Exercises and Tests 


22. » 


i 
is) 


235) S545. Ww 
Chapter 6 
Section 6.1 
1. tanx = w3 
2/3 
csc xx = 
3 
sec x = 2 
cotx = V3 
: 3 
Sh inte —+ 
24 
COS X = —35 
— 25 
cscx = -—F 
col x = a4 


24. =~ 2290 feet ~ 0.434 mile 


(page 459) 
i 
3 cos @= 
tan d= —] 
esc 9 = —/2 
cot 6 = —1 
Is CS a= — 1 
tan d = 0 


csc d is undefined. 


cot ¢ is undefined. 


A118 


Answers to Odd-Numbered Exercises and Tests 


9. sinx = : 11. sind = at 
cos xX = ENS cos 8 = mat) 
3 17 
— ee 
2 4 
seox = 395 sec 0 = —/17 
COla ae cot 0 = 3 
13. cos 0 = 0 
tan 6 is undefined. 
csc 6 = —1 
sec 6 is undefined. 
15. 1,1 17. 00,0 19. (d) 21. (a) 
2a, ©) 25=)(b) 27. (t) Pu), () 
31. cos x 33. cos? 35. cos x 
Sis Il 39 tans 41. cotx 43. 1 + siny 
45.-61. Answers will vary. 
63. cos? x 65. sin x tan? x 67. sect x 


69. sin? x — cos? x 


Tbk jl se BY Sin eos a 


73. tan2 x 75. 2 csc? x 77. 2 secx 
79. 1+ cosy 81. 3(sec x + tan x) 
83. 
x 0.2 0.4 0.6 0.8 
y, | 0.1987 | 0.3894 | 0.5646 | 0.7174 
y, | 0.1987 | 0.3894 | 0.5646 | 0.7174 
x 1.0 |B 1.4 
arse" 
y, | 0.8415 0.9320 | 0.9854 
y, | 0.8415 | 0.9320 | 0.9854 
1.0 
10) 15 
10) 
Mi = IP 


2 na 0.2 0.4 | 0.6 0.8 
FF 
Wa 1.2230 || 1.5085 | 1.8958 | 2.4650 
Vea 1.2230 | 1.5085 | 1.8958 | 2.4650 
x 1.0 eZ 1.4 | 
y, | 3.4082 | 5.3319 | 11.6814 
y, | 3.4082 | 5.3319 | 11.6814 
12.0 
0 1.5 
0 
Vi? 
87. csc x 89. tan x 91. S5cos 0 93. 3 tan 0 
95. 5 sec 0 OF. OFS OS ai: 
99.0<0< a2 <0<2m 101. In|cot 6| 
103. In[(cos x)(1 + sin x)] 
105. (a) csc?(132°) — cot?(132°) = 1.8107 — 0.8107 = 1 
2 9 
(b) esoe(2) = cor() ~ 1.63596 — 0.63596 = | 
107. (a) cos(90° — 80°) = cos(10°) ~ 0.9848; 
sin(80°) ~ 0.9848 
(b) cos( 4 08 ~ (0.7174; sin(0.8) ~ 0.7174 
109. Answers will vary. 
5 l 
111. False. 5 sec 9 = # 
cos @ Scos@ 
sin 6 
113. False. sin @ cs = 
alse. sin A csc & aes # 1 when 0 = @. 
115. sin 9 = +/1 — cos? 0 
; V1 = cos? 0 
tan) 6 = 
cos 0 
csc 0 = foe te 
~ ./1 — cos? 6 
sec 9 = eaas 
caoam cos @ 
~ ./1 — cos? 6 


The sign depends on the choice of 0. 
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LO = 3412564 — 919° 11956 = — 212 9 = 322 5 
A 
341° 2 
‘ 0 1.5 
Q” : p 
—212° 13. 
Be 0.2 | 0.4 | 0.6 | 0.8 
y, | 4.835 | DATES | 1.2064 | 0.6767 
Dr eo |» | 4.835 | 2.1785 | 1.2064 | 0.6767 
6 6 
x | 1.0 | oe A 
| 1 0.3469 | 0.1409 | 0.0293 
y, | 0.3469 | 0.1409 | 0.0293 
ee 5 
350 
6 
123. 125. 
oa a.) 
15. 
x 0.2 0.4 0.6 0.8 


m)-0335 | 2.5679 | 1-771 | 1.394 


hoe) 2:0335-| 2.5679 | 1.771) 1.394 


x 1.0 lle? 1.4 
Salis 


y, | 1.1884 | 1.0729 | 1.0148 


P49, 1 SNP? 129. A = 60.37" 
a = 9.39 C= Qi : 
b = 17.66 a= 10.9 


Section 6.2 (page 467) 


1-9. Answers will vary. 


a ee 0.2 | 04 | 0.6 | 0.8 


y, | 4.835 | 2.1785 | 1.2064 | 0.6767 


Oo 


Yo | 4.835 | 2.1785 | 1.2064 | 0.6767 


oa 1.0 | 1.2 | 1.4 
y, | 0.3469 | 0.1409 | 0.0293 


yy | 0.3469 | 0.1409 | 0.0293 


A119 


A120. Answers to Odd-Numbered Exercises and Tests 


ae 
3 (2 0.4 0.6 0.8 
g 5.1359 | 2.7880 | 2.1458 | 2.0009 
yy | 5.1359 | 2.7880 | 2.1458 | 2.0009 
x 1.0 122 1.4 
yee] 2.1995 | 2.9609 | 5.9704 
¥ | 2.1995 | 2.9609 | 5.9704 
6 
0 1,5: 
0 
19. cot(—x) = —cot(x) so, 


(i+ tan x)[l +°cos(=—x)] = tan x = cot x. 
21. (tan? x)? 
23.-51. Answers will vary. 


Bhs BB, 
2 2 
=3 L at ata ell 3 10) —— 4 eee 1 J 6 
=2 2 
1 sin x 


57. and 59. Answers will vary. 61. | 63. 2 
65. and 67. Answers will vary. 

69. w = tan 0, W # 0 71. Answers will vary. 
73. True. Cosine and secant are even functions. 


75. False. sin?(x) = (sin x)? # sin(x?) 
7 
77. \sin 0) = ./1 = cos? a4 
79. ./sin? x + cos? x # sinx + cos x. The left side is 1 for 
any x, but the right side is not necessarily 1; 7/4. 
81. Answers will vary. 
83. Answer is not unique. Sample answer: y = x+ + 17x + 16 


85. Answer is not unique. Sample answer: 


Vie A On 4x2 


89. 


Ge 


91. 6 = 2.36 rad 


93. Quadrant III 95. Quadrant II 


Section 6.3 (page 478) 


1-5. Answers will vary. (6e al. 


2m 4a adhe 


1h ot Ge 


as 


w 3a Sa To Om 11a 137 1577 


i So Sere aee eS NS ee 


Nn 
3 
— 
3 
> 


19. 


23. 


Aly DAly oe 
> a| 
> a| 

| 

ww 

ee) 


Nn 
3 
~ 
SS) 
os 
RS) 
Nn 
3 
ey 
a) 
1S») 
3 


ie 


So 
AlY w 


31. No solution 33. Si ay 


ir 


RY 


9. == 
4 


41. 2.0344, 5.1760, z 


43. 1.4595, 4.8237 45. 0.8614, 5.4218 

47. 0.7854, 2.3562, 3.6652, 3.9270, 5.4978, 5.7596 
49. 0.5236, 2.6180 51. 4.9172 

53. 0, 2.6779, 3.1416, 5.8195 

55. 0.3398, 0.8481, 2.2935, 2.8018 

S/ et lan Oi a4 SEE ISG 

61. (a) 


f (x) | Undef. 


ee 
— 6.34 | == NSO 


Fix) | —4.46 


The zero is in the interval (1,2) because f changes 
signs in that interval. 


63. (a) 


65. 


(b) 


ab, oO 
| 
a 


The interval is the same as in part (a). 
(c) 1.3065 


f(x) =1 | 139 LS) |, AULD 


x 4 | 5 6 
f(x) = 1.94 | =940 51.48 


The zeros are in the intervals (0, 1) and (2, 3) because 
f changes signs in those intervals. 


(b) 


o 
| 
o 


The intervals are the same as in part (a). 
(c) 0.4271, 2.7145 


=} 
| 
D 
1) 
fo.) 


Maximum: (0.785, 1.41) 
Minimum: (3.93, — 1.41) 


S 
ALY 
a3 


67. (a) 6 


o 


Maximum: (3.99, 3.96) 
Minimum: (5.54, —5.52) 


(b) 0, 1.01, 2.46, 3.99, 5.44 


Answers to Odd-Numbered Exercises and Tests A121 


69. | 

71. (a) All real numbers x except x = 0 
(b) y-axis symmetry; Horizontal asymptote: y = 1 
(c) Oscillates (d) Infinite number of solutions 
(e) Yes, 0.6366 

73. 0.04 second, 0.43 second, 0.83 second 

75. 122 days < t < 223 days 

Tl NS 79. 1.96 seconds 

81. (a) 3.33 
(Wye 


-5 
(c) 3.46, 8.81. The zero of g(x) on [0, 6] is 3.46, which is 
closest to the zero of f(x). 


83. False. Some trigonometric equations don’t have any solu- 
tions in the interval [0, 277). 


85. 2.164 rad 87. —0.007 rad 
89. 24.249 91. 24.892 


93. Os 


1+ V3 I -1- 3 
1a) Oa) a 3. (a) 5 (b) 5 v3 
2 Ss ao) 
5. (a) ule (b) ee 
-J/2 - J/6 -J/2- /3 
7. (a) J/2- /6 b) /2- V3 
4 2 
2+ : 6+ /2 
9, sin(75°) = seis 11. sin(105°) = ui 4 2 
= ff?) 2s WS 
cos(75°) = V6 = v2 cos(105°) = v2 - V6 
4 4 
tan(75°) =2+ /3 tan(105°) = —2 — /3 


A122. Answers to Odd-Numbered Exercises and Tests 
13. sin(195°) = se ls /6 
B= IO) 
cos(195°) = Ein etc v6 
4 
tan(195°) = 2 — 3 
{Xe we IP) Og). ow) Di 6 
15. s 17. sin = 
2 4 
is) of) 8 
Seer ae 4 poll is 4 
tan( 27) =-2+ 3 tan( 2) =-2+ 73 
19. cos 55° 21. sin 290° 23. tan 239° 
: 127 
25. sin 1.8 27. cos 35 
29. | 
ee OP 0.4 0.6 0.8 | 
y, | 0.9801 | 0.9211 | 0.8253 | 0.6967 | 
hae! 0.9801 | 0!9211 | 0.8253") 0:6967 | 
By 1.0 2 1.4 
y, | 0.5403 | 0.3624 | 0.1700 
y, | 0.5403 | 0.3624 | 0.1700 
2 
0 45 
(0) 
31. 
ue 0.2 0.4 0.6 0.8 
y, | 0.6621 | 0.7978 | 0.9017 | 0.9696 
y, | 0.6621 | 0.7978 | 0.9017 | 0.9696 
| aeons ol) 
x 1.0 IL. 1.4 
vi | 0.9989 | 0.9883 | 0.9384 
y | 0.9989 | 0.9883 | 0.9384 


np 


o 


SB} 


S52 
43.- 


Se 


59. 


65. 
67. 


69. 


71. 


Tiss 


Wile 


79. 
83. 


am! 0.2 | 04 | 0.6 0.8 
y, | 0.9605 | 0.8484 | 0.6812 | 0.4854 
y, | 0.9605 | 0.8484 | 0.6812 | 0.4854 
| 1.0 1, 1.4 
gam, 0.2919 | 0.1313 0289 
Wee 9.2919 | 0.1313 | 0.0289 
2 
10) 1.5 
0 
33 56 3 
65 STs ath == 4l. t55 
49. Answers will vary. Sy 
2D ee Sed 
Se eg See 
4x2 + 1 2 4° 4 
S17 
0, = 7 61. 0.7854, 5.4978 63. 0, 3.1416 
Answers will vary. 


False. sin(u + v) = sinu cos vy + cos u sin vy 


False. sin(75°) = 4 


a (oD 


5 


and 73. Answers will vary. 


(a) ~/2 sin( 0 a 2) 
(Ve cos( 6 = 2) 
(a) 13 sin(36@ + 0.3948) 
(b) 13 cos(3@ — 1.1760) 
81. 


2 cos 0 Ps = 


@ 


6.28 


85. (a) (—co, 0), (0, o0) 


(b) r 
h 0.01 0.02 0.05 
fla) — 0.5043 — 0.5086 — 0.5214 
g(h) | —0.5043 | —0.5086 | —0.5214 
h 0.1 0.2 0.5 
1 +——— 
flh) —0.5424 | —0.5830 —0.6915 
g(h) = 0.5424 | — 0.5830 —0.6915 
(c) (d) -3 
—6.28 6.28 


z) 


87. (38, 0), (0, 19) 


1. 


T 
6 93; 5 


Section 6.5 (page 496) 


3 
ibe 
5) 


11. 0.1263, 1.4445, 3.2679, 4.5860 13. 


89. (0, 4), (2, 0), (7, 0) 


Se (Oe > Tr, s WA sin 2% 
24 ed 
21. sin 2u = 55 23. sin 2u = 5 
(COS 2 = oo cos 2u 
tan 2u = a tan 2u 
25. (3 + 4cos2x + cos4x) 27. ¢(I 


29. 4(2 + cos 2x — 2 cos 4x — cos 6x) 


19. 5 cos 2x 


5/26 1 5 
“_~— — ee 7) — 
31. ve 33 3 35. /26 3 ri 
= Bp ep 
39. sin 15° = V2 41. sin 112°30’ = 242 
vot ge V2t03 eelige30°= an 
2 2 
tan 15° = 2—- 3 tan 112°30’= —1—- /2 
‘yi cheep Reeew ere ae 
43. sin gia 5 45. sin ry 5 
aw V2+ 72 3m 4/2 -— V2 
COS PSS haa at COs — 
8 2 8 D) 
tan — = ./2.—-1 mie 1 


Answers to Odd-Numbered Exercises and Tests A123 
otk DRIP) er i 89 — 5/89 
47, sin= = Y= sin = 
sin 5 2% 49. sin 5 178 
op f = 126 soo uy) [89 sus RO 
2 26 2 178 
tan= =5 fone ok a2 
Pay D 8 
51. |sin3x| 53. —|tan4x| 55. 222 
7 Sa 5 OE I re ; 
57. 37 59. 3 sin 3 61. 5(sin 86 + sin 26) 
63. 3(cos 8B + cos 2B) 65. 2 sin 45° cos 15° 
67. 2 cos 34 sin 20 69. 2 cos asin B 
Tl, =2 sin dsin > = —2sin 0 
7 7 3% Sa 3a 77 7 5 25 
BO a ge I? pee | eet een 
1k), « 81.-91. Answers will vary. 
93. y 
A 
WAVAVAVAV: 
95. (a) (b) 7 


Maximum: (7, 3) 


97. (a) 4 


9922¢6/ 1 =x" 


0 “ 4) 6.28 


ah 
Minimum: (5.5839, —2.8642) 
Maximum: (0.6993, 2.8642) 
(b) 0.6993, 2.6078, 3.6754, 5.5839 


101. 1 — 2x? 103. gv sin A cos 0 


105. 6 = 0.4482 


A124. = Answers to Odd-Numbered Exercises and Tests 


af {| = COS a BG 
; = / Le) 
107. False. sin 5 5 for 7 < 5 SS iy 


109. (a) 2 


—6.28 


= 
(b) sin 2x 


(c) Answers will vary. 


1 
111. (a) Complement: om, Supplement: — 


Vag 

9 18 
ia 

20 20 


(b) Complement: 25 Supplement: 


113. 


115. 


Review Exercises (page 500) 
isecx 3. cos x 5. cotx VSCCEX 
3 
11. tanx = fi 13. cos x = Sa 
See tanx = —| 
3 : 
5 
sec x = fi esox = —./2 
4 
cotx = Z secx = ./2 
cotx = —1 
15. sin? x 17. 1+ cota 19. | QU weser 
23.-37. Answers will vary. 
7 S17 wT 29 a 10 
39. 6° 6 41. 373 43. 6° 6 
at 2a 4a Sar aw Sa Ja lla 
45, eat 47. Bi Goat ae 49. 0, 7 
2a 4a T aw 3am On Ila 
Si, OSS SB OS SS 
se) ie veces i a 
w 3a Saw Ta On Ila 13m 157 aw 3a 
Th SSS SS SS : 5 LS 
ee) Se Ome COMME SMa RTS 8 8 oe I) 
61. 0, 7 63. 1.2490, 1.8158, 4.3906, 4.9574 


9, sec x 


ee PSG _ 54 V6+ V2 
65. sin 285° = sshaan ieakela 67. sin med 7 
niger ae Oras cog ot Wb = V2 
Eee) 44 12 4 
5 
tan 285° = <2 — V3 ns ys 
by = We 
69. sin 190° TAL, ein Si) WES 52 JI 
72 5./7 + 36 oak 5./7 — 36 
Sy) sy) 
, qr 11a 
79.-83. Answers will vary. 85. rahe 
87.-91. Answers will vary. 
93. sin 2u = 20V6 95 lee 
49 
Loa 
cos 2u 49 


tan 2u = —20./6 
97. 753(3 — 4 cos 4x + cos 8x) 
99, 53 — 4cos 4x + cos 8x) 


ys 
101. sin Shy ee 
5) 
cos 67° 30’ = v2 5 ~ 
tan 67°30°= /2 41 
hate, S 
103. sin ie 
_ liken 
COS 12 = 
ile? 
tan 12 = 


105. tan 3x 107. Answers will vary. 


109. 2 cos 2 7sin 2 sin £ 


ana 


l 
113. =(cos a — cos 5a) 115. 3 sin 


F 
117. (a) y= ) 10 sin( 81 — arctan ;) 


it 4 
(©) AAO (@) — 
p) T 


119. False. sin(w + y) = sin x cos y + cos x sin y 
121. True 123. No; answers will vary. 
125. y, = 1-—y, 


Chapter Test (page 504) 
1. ce 2 Al 3 ll 
61 
cos 0 = weak 
61 
/61 
csc 9 = ——— 
6 
/61 
sec = — = 
> 
5 
cot 6 = 6 
37r 
4. csc @sec 0 5.5 < 9S 7, <0< 2m 


6. 2 


=2 


i 


7.-12. Answers will vary. 


: ( iz) ee =D, 
13. sin| — = 
2) 4 
( im as J/6 + /2 
ei \w oD 4 


tan( 77) =2+ AS 


14. 3(1 — cos 4x) 15. 3(cos 40 — cos 86) 


Var Tes W 
16. 2cos 46 cos 6 lis Oe | 18. 6’ 
aq om im lia Hest © 
Te eb 6 Lat Ge 
22._sin2u = : 23. Answers will vary. 
tan 2u = —3 
PAN 23 25. 76.52° 
Chapter 7 
Section 7.1 (page 512) 


fC = 105, b= 16,97, 6 = 23:18 
3. C= A110", b = 22.44, ¢ = 24.35 
5. B = 13,6°,-C =~ 130.4", c= 12.96 


Answers to Odd-Numbered Exercises and Tests 


7. B= 10°, b ~ 69.46, c ~ 136.81 
9. B= 42°4’, a = 22.05, b = 14.88 


11. 
13. 
15. 
17. 


19. 


21. 


23. 
27. 
29. 


31. 
33. 


Sie 
39. 


41. 


43. 


A= OU C = 154° 197, e = 11.03 
B ='18°13’9 Ci= 51°32, ¢ =40.05 
No solution 

Two solutions 

B~72.2°, C = 49.8°, c = 10.27 

B = 107.8°, C = 14.2°, c = 3.3 


B = 48.74°, C = 21.26°, c = 48.23 
5 5) 
(A) DEST 0D saa (D) OLD ia 
sin 36 sin 36° 
5 
b a 
OP > an 36° 


=~ 28.2 square units 25. ~1782.3 square units 
~ 1057.1 square units 


(a) 


16 h 
(b) sin 70° sin 34° (c) ~9.5 meters 
S 65° W 
(a) (b) 4385.71 feet 


. Distance from A: 42.3 kilometers 


Distance from B: 25.8 kilometers 


~=4.55 miles 


@) 1 6] oe | 45° 90° ) 135° 180° 


Ge) Oi 0583879) 169050 /52.6952") 3 


(b) 0.0071 inches 


A125 


2 sin 6 
ie 
sin(h — 6) 
False. The triangle can’t be solved if only three angles are 


known. 


A126 


45. 


47. 


49. 


51. 


D5: 


Answers to Odd-Numbered Exercises and Tests 


False. For the case SSA there could be two possible 
triangles, one triangle, or no triangle. 

tan 0 = =; csc 0 = 3; sec 0 = 2: cot 0 = -3 

; g = M122. Pie ee A ee 
co ie S iD i 

esc 6 = 122 


Answers will vary. 53. 3(sin 116 + sin 56) 


3] Peeks sin( 2) 
a\aenaGbae  \. 86 


Section 72 (page 519) 


1A = 2647 8 ="363,C 1173" 
3. B = 29.4°, C = 100.6°, a = 23.4 
5. A = 36.9", B= 53.17,'C = 90° 
TA NOB SSB 38.2 7C =938.2- 
ONE G.O A139, C= 177 
a b € d 7) oH) 
11. 4 8 11.6 5) 30° 150° 
13. 10 14 20 13.86 68.2° 111.8" 
15. 10 11.58 18 12 Gioll® 12:9" 
17. ~22.45 square units 19. ~15.52 square units 
21. 96.82 square units 
23. N 
water 
S f ao 
we ee 
ee a. 8 32° 
oo B10 mi 
1357.8 miles, S 56° W 
25. 483.4 meters 27. 43.3 miles 


29. 
oBh, 
ah 


(a) N58.4°W  (b) S 81.5° W 
PQ = 9.4, OS ~ 5.0, RS = 12.8 
(a) 49 = 2.25 + x2 — 3xcos 0 
(b) x= 5(3 cos 6 + J/9 cos2@ + 187) 
Ope 


31. ~63.7 feet 


0 6.28 
0 


(d) 6 inches 


Sie 
39. 


41. 


43. 


47. 


= 2.76 feet 


False. A triangle cannot be formed with sides of length 
10 cm, 16 cm, and 5 cm. 


(a) and (b) Answers will vary. 


5 
r ~ 64.5 feet, track length ~ 405 feet 45. fe = 
a lla ll Hae 
Ge 49. —2 sin 22) sin( 7) 


Section 7.3 (page 531) 


ite 


lull = lvl = V7, slope, = slope, = 4 


u and v have the same magnitude and direction so they are 
equal. 


3. (4,3), lvl 5 5. (=3,2), [vl =V8 
7. (0,5), lvl =5 9. (-3, -3), [lvl] = 3/106 
11. (8, 6), ||v|| = 10 
13. (7.9, —17.9), |lv|| = 382.82 ~ 19.6 
15. Q 17. y 
h | 
19. y 
u+2v Se 

21. (a) (11,3) (b) (-3,1) (©) (-13,1) @ (23,9) 
23. (a) (-4,-5) (6) (-6,1) — (c) (13,5) 

(d) (-19, -11) 
25. (a) 31-25. (b) -i+ 4) (©) —4i + 11 

(d) 61+ j 

<2 S| 24 me 

Pa li) 29. (2, 2 .(-=,-= 

ea. ae St aoe A) 

ee. Sy 2850/2 
33. -i-— = =v 

5! 5d 35. j 37. ( pam 3 
39. i+ 27 4. - 83 


18. 19. 

2 6 
0 —+—__1—_ = 6.28 

0 6.28 
~10 =12 f 
TST a 3ST 
Bio) 4’? 4 
{heh aes ees 
ge ap il 
22, sin 67°30’ = V2 + V2 
cos 67°30’ = 25 v2 


tan 67230’ = ./2 + 1 


23. 2 cos 6x cos 2x 24,-27. Answers will vary. 
Oa, 1 = eb 295 B= 52:48" 
(Css Oe C= VIS 
=17 a = 5.04 
a J = 3 SI Ar— 26.075 
b = 20.14 Ba=239/-55% 
ce = 24.13 C= IO 
32. 131.71 square inches 
33. 85.21 square inches 34. 3i + Sj 
35. (2, =e 36. 35 
2s 
37. ( = ia); ae a) 
38. 3VI(cos 7 + isin 27 39. —4/3 + 4i 
40. —12./3 + 12i 
41. cosO + isin 0 42 3{cos Z + isin 5 
27 Bit ee 22) 
a , 4 a ee 4 + ‘ —— 
cos 3 + isin 3 3{cos 5 i sin 5 
ea oll: 
cos — + isin =e 3(cos m7 + isin 7) 


WOR oa, HOS 
3(cos 2 + isin 2) 


9 ee) 
a(cos < + isin 27) 


Answers to Odd-Numbered Exercises and Tests 


A135 


43. =~ 4.79 feet 44, d= 4 sin oe 
45. N 32.63° E; 543.88 kilometers per hour 
46. ~ 80.28° 
Chapter 8 
Section 8.1 (page 573) 
1. (a) No (b) No’ (c) No’ (d) Yes 
3. (a) No (b) Yes (c) No (d) No 
Se ORD) 7. (2;6)(=1, 3) 
9. (0, 2), (V3, 2 — 33), (— V3, 2 + 3V3) 
11. (0, 0), (2, —4) 13. (4, 4) 15.0555) 
17. 4,3) 19. (1,1) 21. (2) 23. No solution 
25. Nosolution 27. (0,0) 29. (4,3) ~—-31. G3) 
33.) (25 2)9(4, 0) 35. (1, 4), (4, 7) 
ale 39. 
4 5 
=A 8 
Psi JO eis 
—4 =3 
(45—0!5) No points of intersection 
41. 43. 
4 2 
-—6 6 
=2 
-4 = 
(41.540; 2.372 (0, 1) 
45 47. 
3 2 
S| 5 
et -1 
(4, 2) (0, 0), 1, 1) 


A136. Answers to Odd-Numbered Exercises and Tests 


49. 51.1192) 


(Of = 93) 1285) 
53, (-2, 0), @, 24) 
59. (0, 1), (1, 0) 


63. 3,500,000 


55. No solution 
61. (—4, -4), G2) 


Si (0.238 shy 30) 


65. 15,000 


192 units; $1,910,400 3133 units; $10,308 
67. (a) C = 3.45x + 16,000; R = 5.95x 
(b) 50,000 


(0) rae 10,000 
0 


(c) 6400 units 
69. $8333.33 


71. (a) Je Ae y = 20,000 
0.065x + 0.085y 


(b) 20,000 


6400 units 


i 

D 
S 
o 


~ 0.065x + 0.085y = 1600 


25,000 


More invested at 6.5% means less invested at 8.5% and 
less interest. 


(c) $5000 


5 


10} 
(b) 24.7 inches 


(c) Doyle Log Rule; for logs of large diameter, V is larger 
using the Doyle Log Rule. 
75. 60 x 80 centimeters Ti A2eaos eet 
79. 2x ./2 x ./2 inches 
81. (a) E = 0.342t + 10.72 


FE = 0.0163f" + 051962 401.00 


Quadratic ~~ 


(c) (6.18, 12.83), (2.78, 11.67) 
(d) Linear: $14.14; Quadratic: $14.59. Answers will vary. 


83. False. Example: a parabola and a circle can have 4 inter- 
section points. 


85. Graphical solutions may be approximate. 
87. (a) 


300 


(b) Three points of intersection when b is even 
89. 4x — 13y + 38 = 0 91. x =4 
93. 45x + 29y — 127 =0 


Asymptotes: x = —§, y= : 

D7 Domain oot — <a UNO N<aE<moo 
Asymptotes: x = 0, y = 3 

99. 0.272 101. 0.405 


Section 8.2 (page 583) 
1°09)" 335 (1) 
7. All points on 3% —=12y 9 i—=n0) 9, (4, —3) 

11. (3,3) 13.6.4) 15. (4,-1) 17. (2,8) 


5. Inconsistent 


19. Inconsistent 21. (-& -) 


25. All points on6x + 8y—1=0 27. (5, —2) 
29. All points on 5x — 6y — 3 = 0 Hira teh, fb) 
33. 35. 
6 6 
ae _ ) 
-6 -6 
Consistent, (5, 2) Inconsistent 
STs 39. 
2 8 
-2 4 
—9 [UL Po 
2 =4 
Consistent, (. —+) Inconsistent 
41. 43. 
10 ae 


rT 
A 


“10 8 
(—4, 5) (2-<3) 
49, (4 o=—51, (2,—-1) 53. (6,—3)‘ 55. (2,2) 
Wh lee —= Oy = Decal) ell 

‘on y= 3 =0 beatae 


Answer is not unique. Answer is not unique. 
61. (80, 10) 63. (2,000,000, 100) 
65. Plane: 550 miles per hour; Wind: 50 miles per hour 
67. (a) Sey ao LO 

Fe + 0.5y = 3 


Answers to Odd-Numbered Exercises and Tests 


69. 
TB 
US 
i) 


81. 
85. 


87. 


89. 


91. 


95. 


97. 


A137 


(b) 10 


0 Ll ot 15 
0 


Decreases 
(c) 20% solution: 65 liters; 50% solution: 35 liters 
$6000 71. 375 adults, 125 children 
225 kilometers and 75 kilometers 
y = 0.97x + 2.10 77. y = 0.318x + 4.061 
(a) and (b) y = 14x + 19 


(c) 60 


(d) 41.4 bushels 
True 83. True 


(300, 315). It is necessary to change the scale on the axes 
to see the point of intersection. 


(a) [xty=10 © | *%+ y= 
x+y = 20 sue ae Shp = 12 
k=-—2 
1 cot 2x al 
hile oe 93. Ces 
4 Domain: All real numbers 
Range: All real numbers 
—6 6 
—4 
6 


-9 9 


-6 


Domains —co <x < —3, —3 <% <3,3 <x <c 
Ranges co) << 05,0) <y <560 
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99, x>1 101.¢<x<* An ee Ajip Buc) © 
3 3 Ao tear Sl. Saran, 
ee oF # 16 
0 i 2 2 8 53 A ip B fe Cc 
f+  -s 5 5 
ie eile ce WG so) ace Se © (Gea SF 
103. —co<x< oo IG ae & 4h oe SS 1 | 1 1 1 
; 57. = 
, , oe ft =) 58 a agar dl 
HEN seh NIT U(0) 2) et) 4/ =6 5 4 -3 2-1 0 4A 2 1 ); il 1 
59° 61. = 
f Kea Niciwll 05 om og oie 
Se netsh scam 4 = 
107. In G+ 3) 109. log, V3x 111 S23) 3 1 5 3 | 1 
63. bi 65. 
; Xe ae ee 2 pom 8s Pactoall 
Section 8.3 (page 597) : 9 a ' 
67. 69. 2x = 7 + + 
1. (a) No (b) No (c) No (d) Yes x-3 (@- 3) x+2 x41 
3. N b) N Ye d) N 6 4 1 
(a) No (b) No (c) Yes (d) No 1. x+34 4 - : 
5. (-7,-8,6) 7. (-3,-2,-6) 9. (3, -2,2) mel a) 
11. T= Ops By = 5) 73. 3 2 oye oe : 
es 2x—-1 x+1 i See ll 
Va 2Z =9 
5 ae | 3 1 
2x 32 = 0 77. 2x + ( 
; ; ; : 2\ Neglect Rakeeke, 
First step in putting the system in row-echelon form A 
13.1 1,324) 1 (27,3) 17 A(68= 3,10) 79. ees 
19. Inconsistent 21. (1, -3, 5) 
23. (—3a + 10, 5a — 7, a) 25. (=a +3,a+ 1,a) 
27. Inconsistent 29. Inconsistent 31. (0, 0, 0) 
| 
33. (2a,21a—1,8a) 35. (4 — 3a, 1 — 4a, a) 
37. (9a, —35a,67a) 39. (1, 1, 1, 1) sa iin eer 
| 
41. ( 3x4 i ee) 43. iar Oy) ap Ce = 
To Pp 0) 2x—2y—4z= 0 
Xe Vier 32-—-1 oink) Mey) ale z=-i 
Answer is not unique. Answer is not unique. Vertical asymptotes are the same. 
1 ; 81.5 = —1612+ 144 83, 5 = 247? — 2641 + 692 
6 85. y = 5x? — 2x 87. y =x? — "6x + 8 
4 10 10 
=15 15 -15 15 
4 
x 6 6 y 
(6, 0, 0), (0, 4, 0), (0, 0, 3), (4, 0, 1) —10 ~10 
47. ? $3 
SO ay eee) 91. x? +: y7 4 6x — Sy = 0 
4 10 
(gy esta sie a ay 16 


(2, 0, 0), (0, 4, 0), (0, 0, 4), (0, 2, 2) * cS 


93. 
95. 


97. 


99. 


101. 


103. 


105. 
109. 


111. 


113. 


115. 


117. 


121. 


123. 


125. 


$4000 at 5%, $5000 at 6%, $7000 at 7% 


$366,666.67 at 8%, $316,666.67 at 9%, 
$91,666.67 at 10% 


250,000 — 58 in certificates of deposit 
125,000 + $s in municipal bonds 
125,000 — s in blue-chip stocks 

s in growth stocks 


20 liters of spray X, 18 liters of spray Y, 16 liters of 
spray Z 


Use four medium trucks or two large trucks, one medium 
truck, and two small trucks. (Other answers possible.) 


t, = 96 pounds 

t, = 48 pounds 

a = — 16 feet per second squared 
y=-gx-Gxt® 107. y = x? —x 


(a) y = 0.14x? — 4.4x + 58 


500 


(b) 436 feet 


0) 100 
0 
2000 2000 
SoS al 
i ax i ee 
(b) 700 
0 ————EE———E SSE 


0 
False. Leading coefficients are not all 1. 


A B c 
Oma at 0 = 10)? 


eee es 1-1 
DUNG aX ONY Say 


Answers will vary. Answers will vary. 


False. 


No. There are two arithmetic errors. They are the constant 
in the second equation and the coefficient of z in the third 
equation. 


= 5 yi— 9, A > —) 


45) 1 
= Sa | 
iG pee A 
~2 1 
= ——— => — =" | 
3 a) wove 
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127 4063 129. : 


135. (a) —45 053 (b) 


137. (a)—4, -3,3  (b) 


A139 


A140 = Answers to Odd-Numbered Exercises and Tests 


141. 


143. (43,-2) 145. (40, 40) 


Section 8.4 (page 610) zi 
29. 
1. (g) 3. (a) Ss (©) I @) A 
9, 11. 
i h 
Bee 4 
2+ 3 
i += 2 
= 
al | S45 
Se r ) 
Pil EB tras 35. x2 + y2 <9 
355 37. (a) Yes (b) No (c) No’ (d) No 
iB. 15. 39. ) 


sie 
1 


+ 
23, 
+ 


Solution set is empty. 


tt 


4 


t 
5 


> xX 
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47. y 49. y 69. (a) (20x + 10y = 280 
: 2 el [52 10) > 160 
2+ ets.) 10x + 20y = 180 
I , id BK 20 
1 1 1 Poa as a o a y2 0 
Noe ave ae (b) 
Re a ane 


59. < 63. (y < 3x (c) The line is an asymptote to the boundary. The larger the 
: ‘ circles, the closer the radii can be and the constraint 
< ves =i ; ae 
- still be satisfied. 
y20 
WS; Consumer 
y 60 surplus 
65. (a) (x + y < 20,000 
y2 2x 
x > 5000 
Producer 
Vee ae O00 cue 
0 
(b) 25,000 0 
Consumer surplus: 112.5 
Producer surplus: 262.5 
75. Consumer 
150 surplus 
0 1 —| 25,000 
0 “ 
7 
3 (2,000,000, 100) 
(Gh (@) 1 ore Sal Producer 
4 3 surplus 
eyo ay = lS 
X ‘. 0 i] 2,500,000 
x = 0) 0 
0 Consumer surplus: 40,000,000 


Producer surplus: 20,000,000 


77. False. 3x + y? = 2 is outside the parabola. 
Hs oe ae UGE se a) 


79. Answers will vary. 


83. x+y+18=0 
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Section 8.5 (page 619) 
3. Minimum at (0, 0): 


1. Minimum at (0, 0): 0 0 

Maximum at (6, 0): 60 
0 
2 


Maximum at (0, 6): 30 

5. Minimum at (0, 0): 0 
Maximum at (3, 4): 23 

9. Minimum at (0, 0): 0 
Maximum at (60, 20): 740 
11. Minimum at (0, 0): 0 


Maximum at any point on the line segment connecting 
(60, 20) and (30, 45): 2100 


7. Minimum at (0, 0): 
Maximum at (4, 0): 20 


Minimum at (0, 0): 0 
Maximum at (0, 2): 48 


Minimum at (0, 0): 0 
Maximum at (5, 0): 30 
17. 19. 


Minimum at (3, 0): 9 
Maximum at (5, 3): 36 


Minimum at (0, 2): 6 
Maximum at (5, 3): 29 
Dale 23. 


30 30 


(6) Lee I 45 


Minimum at (24, 8): 104 
Maximum at (40, 0): 160 


Minimum at (36, 0): 36 
Maximum at (24, 8): 56 


D5 ed 


(0) 45 
10) 


Minimum at any point on the line segment connecting 
(24, 8) and (36, 0): 72 


Maximum at (40, 0): 80 


27. (a) and (b) (c) (3, 6) 
y=15—3x 
15 
Ne 
(0, 10) XK 
0 10 
0 (5, 0) 
29. (a) and (b) (c) (0, 10) 
45 (Y= 15 =3x 
(0, 10) 
0 
0 (5, 0) 
(c) (0,5) 
9 |y=tar-39| 7% 
33. (a) and (b) (c) (4, 4) 


| 
0 (Y=5-4%) [p=8=a] 
a 


35. 


au). 


41. 


43. 


45. 


47. 


49. 
SS. 


Shh 


59. 


65. 


z is maximum at any point on the line segment connecting 
20. 45 
(2, 0) and ( 45), 


(0, 0) 


The constraint x < 10 is extraneous. 
Maximum at (0, 7): 14 


y 


The constraint 2x + y < 4 is extraneous. 

Maximum at (0, 1): 4 

200 units of the $250 model; 50 units of the $400 model 
Maximum profit: $11,500 

Type A: F gallon; Type B: 3 gallon 

Minimum cost: $1.255 per gallon 

No audits; 40 tax returns 

Maximum revenue: $12,000 

1000 units of Model A; 500 units of Model B 
Maximum profit: $76,000 


True 51. z = x + 5y (Answer is not unique.) 


z = 4x + y (Answer is not unique.) 


9 


DE hay *” ® 


(a) t>9 b) F< 1<9 Bh. 


x2 + 2x6 = 13 
hy eS 
xUveee2) x 


1.851 6in(=2,—3) 69. (—1, 2) 


61. 1.099 63. 14.550 
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71. 73. 


Review Exercises 
1. O41) 3G; 4) 
7. (2,-$) 9. (0,0), (—3, 3) 
13. 4762 units 15. 96 x 144 meters 
19. (—0.5,0.8) 21. (0, 0) 

25. 27. 


(page 624) 


5. ©. 0), @; 8) 28) 
11. (4, 4) 
17. (3,3) 


23. (4 + 8a, a) 


6 6 


Consistent: (1.6, — 2.4) Inconsistent 


1 
=6 JUL aa 
—7 


Consistent: All points on the line y = 4x — 5.5 
31. 218.75 miles per hour; 193.75 miles per hour 
500,000 159 
SBE ( co. 
37. (77.77. ~ 17) 
4ley= in xs 5 
45. 


29. 


35.2, 34, =5) 


39. (3a + 4, 2a + 5,a) 
ANY (er = ho) = 


x 6 6 y 


(0,05 8), (0, — 2, 0), (4, 0, 0), @, —1, 2) 


A144. Answers to Odd-Numbered Exercises and Tests 

4 if 25) IBS (ee cr yy S WOO 2400 

, ler 

Ae x sear al aa al = Bi ae :| x > 400 

8} y= 600 
= ae ae | 
53. Spray X: 10 gallons; Spray Y: 5 gallons; Spray Z: 12 gallons 

0 2400 
55. 57. 0 
y 75, 200 


Consumer 
surplus 


i 
(300,000, 130) 


Producer 
surplus 


0 350,000 


0 


x Consumer surplus: 4,500,000 
Producer surplus: 9,000,000 


5544-32 1 


I 
‘ oT 1 pee 
At '¢ 
‘ ale DK 
\ ai ¢ 
ee ,p4 Minimum at (15, 0): 26.25 
(-1, 0) 
eae: re 4 t +> x $1. 20 perms, 2 haircuts; Maximum revenue: $1234 
(60, 0) -4 -3 ia a 2) Sa 
; x Zs rail: 83. False. There is no solution for the system. 
80 Zs 2 y 
71a peace Chapter Test (page 628) 
OX yes 22, 
here 1. (4, —2) 2. (0; = 1), U0), (2.1) 
Ae ai 3. sweat) 64 Cale sea 
De sie We pe cee 26 . ‘ sh lasharnty 
6. (1,8) 7. (8-2) 8. (-1,5,2) 
ard 
9. (—3a,sa,a) 10. [9x + 2y = —4 
# 3x yy = —4 
11. 6x + 2y - 47 = —2 
Seo se Se ye = 
25 1h Visti 5 
| 
12S SP eG 13. 2 4s z = 
2 = atc he 


14. ’ 


PEG ES Sepa Ale) 
y < -tx + 33 
SSM 
es) 
y20 


21. Maximum at (12, 0): 240 


22. Stock 160 units of the $275 model and 140 units of the 


$400 model. 


Chapter 9 


Section 9.1 (page 640) 
I 3.3 x1) 5.22 
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11 | A 2y— 7 13. Ores IPT aS She = 0 
2x —3y =4 = 20 Sy ctoe  2w an 0 
sor I = Oe = —=4 
15. Reduced row-echelon form 
17. Not in row-echelon form 19, F a | 
0) il 
i 1 || 1 1 al 
Qin MS 2 6. Odwileuaeeihe 
0 3 OD) All (0 3) AAO) 4 
23. Add 5 times R, to R,. 25. Interchange R, and R,. 
1 a) 3 1 2 3 
Ah, (Ay i O Ss) = 10) i) |O =S =10 
3 i =i OQ = =—10 
1 D 3 1 a 3 
@ |O =5 =10 (d) | 0 1 2 
® ©@ 0 OG @ 
1 @ = 
(e) |0 1 D 
0 0 0 
The matrix is in reduced row-echelon form. 
29. (a) (b) 
*rowt(-2,0A1,1,2) *row+(-3,0B1,1,3) 
Be) 2 Sil Beet. 42) 3] 
CO =-5 -10)3 CO -5 -10] 
[Seed -11] CO -5 -10])] 
(c) (d) 
*rowt+(-1,0C1,2,3) *row(-1/5,0D1,2) 
EG 2 ‘ail ERG! 2. xia) 
CO -5 -10) EQialin ca 
EO 0 01] CO 0 OJ] 


(e) 


*rowt(-2,CE1,2,1) 
EE We Os=10) 
LOM ee 
CO 0 01] 


A146 


ayy 


43. 
49. 
55s 
61. 
67. 
73. 
UI 
79. 
81. 


83. 


85. 


87. 
89. 


91. 
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ig 0 6 a Na 

5 0 1 0 1 meee) 

x-2y= 4 41. (x-y+2z= 4 

| as eee 

(—2, -3) eal 

(8, 0, —2) 

(US) ASG 45,2) 47. (3,2) 
(692) SL 3, —i) 53. Inconsistent 
(4, =3,2) 57..(2a -— 1, 3a 25a) 59. (0, 0) 
(0, 2 — 4a, a) 63. (1, 0, 4, —2) 65. (—2a, a, a) 
Yes: (—15 15 —3) 69. No Toy = 7 le 


ie tx2—x-2 (ES PS age oe 


$800,000 at 8%, $500,000 at 9%, $200,000 at 12% 
13 9 


a 
rf 10° I, 5? I, 10 
(yi 8 or 15878 — 4304 
(b) 700 


(c) $172 million 


600 — s, 


i 2 =) OOS Ti Be — 


(a) x, bc, 


XS Sx, =F 


Oa = 0%, = 05x, = 000, x, = 07x, = 500} 


%,=0,x, = 0 


(Px, = 0,25 = —500, x, =,600, x, = 500, 

x5 = 1000, x, = 0,x, = —500 
i = 100 7x, = — 100 7, = 200 + xe Se 
(b) x, = 100, x, = —100, x, = 200, x, = 0 


(c) x, = 200, x, = 0, x, = 300, x, = 100 
False. Rows are not arranged. 

Mala SViartoc ei | 

e+ 2y + 11z= 

Dee ae War Oe = Ss 


(Answer is not unique.) 


(a) There exists a row with all zeros except for the entry in 
the last column. 


(b) There are fewer rows with nonzero entries than 
variables. 


Asymptote: y = 0 Asymptotes: 
x= =H =x St 
OTe of 
10 
8 
6 
4 be 
: x 
—4 Be a 24) 16728, 10 
101. (359) 103. (—2, 3,.1) 


Section 9.2 (page 655) 


oo <0 
5 
(a) | 4 ) | 3 =| 
(c) le =| (d) ie | 
ee 8 —-19 
Os 7-7 
To, (ea) | =2 (b) 3 8 
Ea WG Sak es 
24 -3 22, =15 
(c) 6 9 (d) 8 19 
i iS —14 3) 
2 V3 4 = ee Re 
9, @ | a | 
=e jh, eee Ga 
eae pels oy eis 
| 
Pee SS are wi 
60m 6) sO eee 
o| | 
Ri pewe 2 yi. 22s 


+ Ae eae 3 
9° 5 S24 2a 


11. (a) Not possible — (b) Not possible 


18 0 9 
(c) E | (d) Not possible 


Index of Applications 


Biology and Life Sciences 


Anthropology, 165 

Atmospheric pressure, 319, 353 

Bacteria growth, 309, 350 

Blood pressure, 410 

Concentration of medicine, 288 

Cost of recycling, 278 

Cost of removing pollution, 278 

Deer population, 279 

Dietary requirement, 611 

Endangered species, 351 

Erosion, 23 

Fish population, 294 

Forensics, 353 

Forest yield, 338 

Growth of a red oak tree, 248 

Gypsy moth defoliation, 309 

Height of a tree, 166, 439 

Human memory model, 319, 327, 338, 
3, 

Learning curve of factory employees, 
350 

Lynx population, 105 

Metabolic rate of ectothermic organ- 
isms, 203 

Moth food consumption, 280 

Number of board feet in a log, 236, 
ip) 

Predator-prey model, 420 

Relative humidity measurement, 216 

Reproduction rates of deer, 601 

Respiratory cycle, 409 

Sunset times, 443 

Weather forecast, 770 

Width of a river, 386, 447, 557 


Business 


Advertising costs, 263 

Advertising expenditures and sales 
volume, 168 

Average cost, 104, 288, 294 

Average sales, 444 

Break-even point, 574, 624, 692 

Bristol-Myers Squibb Company, 360 

Budget variance, 10 

Business loan, 599, 643 

Change in annual sales, 89 

Change in daily revenue, 89 

Coca-Cola Enterprises, Inc., 724 

Colgate-Palmolive Company, 89 


Compact disc sales, 339 

Consumer and producer surplus, 612 

Cooper Tire and Rubber Company, 224 

Cost of operating a bulldozer, 90 

Cost sharing, 218 

Cost of Super Bowl advertising, 56 

Demand for a product, 204, 308, 338, 
3595585 

Depreciation, 23, 77, 90, 350, 357, 
T2367 

Fixed and variable costs, 166, 178 

Furniture production, 611 

Inventory costs, 626 

Inventory levels, 611, 628, 658 

Kellogg Company, 89 

Labor/wage requirements, 658 

Lands’ End, Inc., 58 

Maximum and minimum sales, 409 

Maximum profit, 235, 621 

Maximum revenue, 621, 626 

Minimum cost, 235, 621, 626 

Operating costs, 165 

Ordering and transportation costs, 288 

Partnership costs, 544 

Point of diminishing returns, 248 

Procter & Gamble Company, 78, 705 

Product sales, 350 

Production costs, 136 

Production levels, 657, 658, 690 

Profit, 103, 104, 116, 125, 151, 218, 
2705291 

Progressive Corporation, 63 

Projected monthly sales, 421 

Restaurant sales, 135 

Revenue, 543, 795 

Sales contacts, 740, 760 

Sales of seasonal products, 399, 480 

Sales volume and years of experience, 
218 

Sbarro, Inc., 63 

Starbucks Corp., 58 

Supply and demand, 586, 624 

Truck scheduling, 585, 600 

Venture capital, 218 

Wal-Mart Stores, Inc., 56, 705 

Whirlpool Corporation, 766 


Chemistry and Physics 


Balancing a beam, 167 
Boiling and freezing temperatures, 319 
Braking force, 543, 560 


Buoy oscillating, 443 

Cable tension, 533, 559 

Concentration of a mixture, 287 

Current in an electrical network, 399, 
600, 643, 668 

Design of a guitar, 216 

Determining an unknown mass, 279 

Engine horsepower, 354 

Exhaust temperature of a diesel engine, 
147, 601 

Explorer 18 Satellite, 825 

Fahrenheit and Celsius temperatures, 
90, 167 

Fluid flow, 117 

Force of water against a dam, 104 

Forces, 534, 564 

Friction, 469 

Harmonic motion, 399, 421, 442, 480, 
487, 502, 564 

Horizontal and vertical components of 
velocity, 533 

Hyperbolic telescope mirror, 786 

Impedance of an electrical circuit, 187 

Index of refraction, 504 

Loaded barge towed by two tug boats, 
533. 

Magnitude of earthquakes, 351, 358, 
360 

Mixture problems, 166, 178, 187, 584, 
600, 625, 692 

Motion of oscillating weight, 410, 421 

Orbit of comet Encke, 796 

Orbit of Halley’s comet, 796 

Orbit of Pluto, 795 

Orbit of Saturn, 796 

Period of a pendulum, 23 

pH of a substance, 351 

Planetary motion, 825, 829 

Position of the sun, 480 

Pulley system, 600 

Radio waves, 166 

Radioactive decay, 309, 349, 350, 360 

Rate of change of a chemical reaction, 
36 

Resistance of copper wire, 78 

Resultant force, 532, 559 

Rope tension, 559 

Satellite antenna, 785 

Satellite orbit, 795, 796 

Sound intensity, 351 

Speed of light, 166 
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A174 ~—s Index of Applications 


Springs, 443 

Standing waves, 487 

Temperature change, 309, 327, 338 
Temperature of saturated steam, 203 
Tuning fork, 442 

Two people lifting a weight, 533 
Voltmeter, 375 

Wind drag, 125, 236 

Work, 543, 560 


Construction 


Beam deflection, 248, 785 

Brick pattern, 714 

Bridge design across a lake, 512 

Circular saw, 375 

Design of a fireplace arch, 785 

Design of a mountain tunnel arch, 786 

Design of a suspension bridge, 785 

Dimensions of a physical fitness room, 
234, 612 

Electric hoist, 375 

Height of an attic, 89 

Railroad track design, 498, 513 

Road grade, 89 

Safe beam load, 34 

Truss rafter, 520 

Trusses, 442 

Wrench size, 442 


Consumer 


Buy now or wait, 544 

Chartering a bus, 104 

Cost of delivering a package, 116 
Cost of precious metals, 46 

Cost of a telephone calling card, 116 
Discount rate, 218 

Hourly wage, 147 

Inflation, 90, 150, 310 

Insurance premium, 544 

Milk prices, 56 

Negative income tax, 179 
Purchasing a new car, 137 

Renting an apartment, 91 

Salary, 90, 136, 714, 724, 767, 768 
Unemployment rate, 481 


Geometry 


Angle of elevation, 513, 514, 557, 564 

Approximation of trigonometric func- 
tions, 387 

Area of a circle, 102 

Area of an equilateral triangle, 102 

Area of an isosceles triangle, 102, 498 

Area of a plot of land, 224, 685 


Area of a rectangle, 77, 115 

Area of a triangular region, 291 

Delivery service regulations, 263 

Diagonal of a cube, 442 

Diagonals of a parallelogram, 557 

Diameter of tapered shaft, 386 

Dimensions of Australian football field, 
796 

Dimensions of a corral, 202, 235 

Dimensions of a package, 167, 292 

Dimensions of a page of minimum 
area, 287 

Dimensions of a picture frame, 165 

Dimensions of a room, 165 

Dimensions of a sail, 167 

Floor space of a building, 201 

Fractals, 187 

Irrigation canal, 443 

Maximum volume of an open box, 
103, 248, 262 

Possible measurement error, 220 

Postal regulations, 103 

Radii of ripples in a pond, 136 

Radius of a bowling ball, 224 

Radius of a storage tank, 136 

Regular pentagon, 442 

Shaded region outside the sector, 444 

Surface area of an open box, 201, 202 

Volume of a baseball and basketball, 
218 

Volume of a box, 34 

Volume of a cylindrical shell, 36 

Volume of a feeding trough, 502 

Volume of a globe, 167 

Volume of a swimming pool, 178 


Interest Rate 


Annuities, 723, 724, 768, 772 

Bonds, 667 

Investment, 33, 34, 166, 308, 309, 319, 
349, 359, 360, 575, 585, 599, 
600, 611, 624, 625, 705, 723, 
766, 768 

Monthly installment loan, 46 

Mortgage loans, 612 

Mortgage payment, 320, 351, 352 


Miscellaneous 


Amateur radio license, 768 
Answering a true-false exam, 749 
Automobile emissions, 263 
Average temperature, 399 
Awning design, 521 

Baling hay, 715, 767 


Baseball hits at bat, 740 

Birth of a child, 763 

Boarding an airplane, 787 

Bolt circle, 442 

Cash receipts from fruit crops, 57 

Cellular phone tower, 440 

Choice of two jobs, 574, 575, 624 

Choosing committee members, 751 

Choosing a computer system, 749 

Choosing a course schedule, 749, 768 

Choosing an entertainment system, 749 

Choosing a job applicant, 749, 750, 
834 

Choosing lottery numbers, 750 

Choosing numbers from a hat, 768 

Choosing people for a magic trick, 769 

Choosing team captains, 769 

Coin toss, 740 

College enrollment, 90 

Combinations for a lock, 749 

Course grade, 165 

Crop distribution, 658 

Crumple zone of automobiles, 339 

Daily high temperature, 410 

Decoding messages, 686, 692 

Defective spark plugs, 772 

Docking a boat, 431 

Drawing from a deck of cards, 762, 
769, 772 

Effectiveness of a flu vaccine, 761 

Encoding messages, 686, 692 

Engine design, 513, 520 

Figure skating, 375 

Finishing a bicycle race, 768 

Fire company back-up vehicles, 763 

Flagpole height, 166 

Fruit distribution, 626 

Fuel efficiency, 203, 357 

Geometric probability, 45, 763 

Grain storage bin, 443 

Granular angle of repose, 431 

Height of a building, 166 

Height of a population, 216 

Hospital inspection, 762 

Interpersonal relationships in a group, 
751 

Landau Building, Cambridge, 
Massachusetts, 520 

Letter mix-up, 762 

License plate numbers, 749, 772 

Lighthouse, 440 

Loading ramp, 386 

Long-distance radio navigation, 786 

Machine shop, 386 

Making sales calls, 763 


Maximum bench press weight of an 
athlete, 215 

Monthly high temperature, 421 

Monthly precipitation, 410 

Morse code characters, 750, 768 

Navigation, 520, 534, 558, 559 

Navigation of an airplane, 519 

Navigation of a boat, 519 

Near point and far point of the eye, 279 

Network analysis, 643, 644, 694 

Newspaper circulation, 100, 137 

Normal daily temperatures of Chicago, 
63 

Number of times a clock strikes, 715 

Order of processes in an assembly line, 
750 

Ordering books on a bookshelf, 769 

Ordering elements in the periodic 
table, 749 

Outdoor basketball backboard, 440 

Paper manufacturing, 521 

Payroll mix-up, 762 

Personal savings, 57 

Photocopier rate, 45 

Photography, 431 

Poker hands, 750, 762 

Political survey of college students, 
761 

Population growth, 309, 319, 349, 723, 
770 

Population growth of foreign countries, 
349 

Positions in a photograph, 750 

Positions in a toboggan ride, 749 

Positions in walking through a door- 
way, 750 

Preparing for a test, 762 

Price of an automobile, 352 

Programming a thermostat, 126 

Public school ventilation, 320 

Quiz scores, 167 

Random number generator, 749, 762, 
Wipe 

Receiving defective units, 750, 762 

Recommended weight of women, 179 

Record temperatures in Duluth, MN, 
aS 

Refrigeration, 46 

Rock and Roll Hall of Fame, 58 

Salaries of major league baseball play- 
ers, 91 

Seating arrangements, 749, 750 

Seating capacity, 714 

Security patrol, 432 

Seizure of illegal drugs, 294 


Selecting an experiment group, 750 

Selecting socks, 769 

Selecting test questions, 750, 769, 787 

Shadow of a sundial, 469 

Snow removal, 359 

Space vehicle back-up systems, 762 

Stack of logs, 714 

Starting position on a running track, 
218 

Streetlight design, 519 

Stress test, 219 

Survey about college activity fee, 769 

Survey about flexible hours, 763 

Survey of college alumni, 761 

Survey of high school graduates, 761 

Survey of senior citizens, 769 

Survey of shoppers’ payment methods, 
763 

Taste tester, 760 

Telephone numbers, 749 

Television satellite, 440 

Test scores, 56, 360 

Ticket sales, 585, 611 

Typing speed, 360 

Voting preferences, 658 

Wheat yield, 585 

Winning an election, 761 

Winning on a game show, 762, 834 

Work rate, 45 


Time and Distance 


Airplane ascent, 440 

Airplane bearing, 450 

Airplane speed, 564, 584 

Altitude of a plane, 441 

Average speed, 166, 288, 725 

Climb rate of an airplane, 358 

Depth of a submarine, 440 

Difference in latitudes, 375, 446 

Distance across a pond/marsh, 441, 
S119), Sys IO 

Distance between an airplane and a 
person, 399, 432 

Distance between an airplane and a 
radar antenna, 420 

Distance between a boat and a light- 
house, 513 

Distance between cities, 375 

Distance between guy wires, 520 

Distance between a landmark, 513 

Distance between observation tower 
and boat, 386 

Distance between ships from a light- 
house, 441 
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Distance between towns from a plane, 
441, 450 

Distance between two planes, 136 

Distance between two ships, 519 

Distance from ship to roof, 452 

Driving distance, 585 

Electric motor, 422 

Flight path of an airplane, 512, 513, 
562 

Floppy disk, 376 

Flying distance, 58, 204 

Flying speed, 204, 624 

Height of a ball, 235 

Height of a balloon, 104, 386 

Height of a baseball, 202, 270 

Height of a bouncing ball, 724 

Height of a broadcasting tower, 385 

Height of a church steeple, 440 

Height of Duquesne Incline, 386 

Height of a falling object, 715 

Height of a ferris wheel, 410 

Height of a flagpole shadow, 512 

Height of Jin Mao Building, 386 

Height of a kite, 440 

Height of a ladder, 439 

Height of a mountain, 441 

Height of an object dropped from the 
CN Tower, 202 

Height of a package dropped from a 
cargo plane, 202 

Height of a penny dropped from the 
World Trade Center, 202 

Height of a public library and flagpole, 
440 

Height of a radio transmission tower, 
449 

Height of a tree, 166, 439, 512, 557 

Height of a weather balloon, 203 

Length of a football pass, 58 

Length of shadow, 439 

Linear speed of an earth satellite, 375 

Locating a fire between two towers, 
441, 513 

Mach number of an airplane, 498 

Mountain descent, 440 

Mowing a lawn, 725 

Navigation, 441 

Path of a baseball, 480, 520, 643, 804 

Path of a boat, 320 

Path of a diver, 235 

Path of a football, 804 

Path of a projectile, 480, 498, 795 

Railroad grade, 450 

Rotational speed of car wheels, 375 

Shuttle height after liftoff, 449 
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Speed of an automobile, 352, 387, 446 
Speed of a bicycle, 376 

Speed of water current, 544 

Stopping distance, 34, 135, 601 
Television coverage, 420 

Time to empty a funnel, 23 

Travel time, 165, 178 

Wind speed, 166 


U.S. Demographics 


Airline traffic, 203 

Average age of a bride and groom, 296 

Average community hospital costs, 57 

Average expenditures for automobile 
insurance, 149 

Average heights of males and females, 
338 

Average hourly earnings of production 
workers, 576 

Boating expenditures, 151, 203 

Cellular phone revenues, 601 

Cigarette consumption, 236 

Civilian labor force, 761 

Donations to charity, 354 

Exports and production of corn, 
soybeans, and wheat, 56 

Federal debt, 77, 705 


Federal deficit, 10 

Foreign travel, 353 

Fuel consumption, 220, 410 

Health care costs, 136 

Health maintenance organizations, 741 

Life expectancy of a child, 78 

Life insurance per household, 740 

Married women in the civilian labor 

force, 179 

Merchandise trade balance of the U.S., 

116 

Monthly rates for cable television, 262 

Municipal waste generated, 23 

National health expenditures, 353 

New car sales, 147 

New orders of civil jet transport, 643 

Number of cellular phone subscribers, 

362 

Number of Coast Guard personnel, 149 

Number of commercial banks, 289 

Number of dentists, 167 

Number of educational degrees con- 
ferred, 215 

Number of kidney transplants, 288 

Number of life insurance companies, 
220 

Number of local telephone calls, 222 


Number of military personnel, 262 

Number of military reserve personnel, 
280 

Number of patents issued, 63 

Number of VCRs in use, 236 

Number of votes cast for Democratic 
presidential candidates, 65 

Oil imports, 57 

Outstanding mortgage debt, 126 

Paperboard production, 575 

Per capita bottled water consumption, 
168 

Per capita hospital care, 705 

Per capita utilization of nectarines, 
peaches, and cucumbers, 179 

Population of Texas, 57 

Population of Wyoming, 220 

Price of a mobile home, 104 

Sports participants, 57 

Temporary help agency workers, 760 

Truck fuel use, 126 

Value of new homes, 249 

Value of U.S. imports from China and 
Taiwan, 152 

World population, 353 

World production of vegetables, 168 


Index 


A 


Absolute value 
of a complex number, 545 
properties of, 5 
of a real number, 5 
Absolute value function, 118 
Acute angle, 367 
Addition of vectors, 524 
properties of, 526 
Additive identity 
for a complex number, 181 
for a matrix, 649 
for a real number, 7 
Additive Identity Property for real 
numbers, 7 
Additive inverse, 6 
for a complex number, 181 
for a real number, 6 
Additive Inverse Property for real num- 
bers, 7 
Adjacent side of a triangle, 377 
Adjoining matrices, 662 
Algebraic expression, 6 
domain of, 37 
evaluating, 6 
Algebraic function, 298 
Ambiguous case (SSA), 508 
Amplitude 
of simple harmonic motion, 437 
of sine and cosine curves, 403 
Angle, 366 
acute, 367 
central, 369 
complementary, 368 
coterminal, 366 
degree of, 367 
initial side, 366 
measure of, 367 
negative, 366 
obtuse, 367 
one degree of, 367 
positive, 366 
reference, 390 
standard position, 366 
supplementary, 368 
terminal side, 366 
vertex, 366 
Angle between two nonzero vectors, 
537 
Angle of depression, 382, 433 


Angle of elevation, 382, 433 
Angular speed, 371 
Arccosine, 425 
Arcsine, 423, 425 
Arctangent, 425 
Area of an oblique triangle, 510 
Argument, of a complex number in 
trigonometric form, 546 
Arithmetic combination, 127 
Arithmetic sequence, 707 
common difference of, 707 
nth term of, 708 
recursive formula, 709 
sum of a finite, 710 
Associative property of addition 
for complex numbers, 182 
for matrices, 648 
for real numbers, 7 
Associative property of multiplication 
for complex numbers, 182 
for matrices, 648 
for real numbers, 7 
Associative property of scalar multipli- 
cation for matrices, 648 
Asymptote 
horizontal, 272 
of a hyperbola, 781 
of a rational function, 273 
slant, 284 
vertical, 272 
Augmented matrix, 631 
Average of n numbers, A18 
Average rate of change, 771 
Axis (axes) 
coordinate, 47 
of an ellipse, 777 
of a hyperbola, 779, 780 
imaginary, 184 
of a parabola, 227, 775 
real, 184 
of symmetry, 227 


B 


Back substitution, 587, 636 

Bar graph, 49 

Base, 12 
of an exponential function, 298 
of a logarithmic function, 311 

Basic rules of algebra, 7 

Bearing, 435 

Bell-shaped curve, 344 


Bimodal, A18& 

Binomial, 24, 734 
Binomial coefficient, 734 
Binomial expansion, 737 
Binomial Theorem, 734 
Bounded sequence, 184 
Break-even point, 571 


Cc 


Calculator 
use with exponential expressions, 
298 
use with exponents, 13 
use with logarithmic functions, 312 
use with radicals, 16 
use with scientific notation, 14 
Cartesian plane, 47 
Center 
of a circle, 53 
of an ellipse, 777 
of a hyperbola, 779 
Central angle, 369 
Certain event, 753 
Change-of-base formula, 322 
Circle, 53 
center of, 53 
radius of, 53 
standard form of equation of, 53, 
774 
Closed interval, 3 
Coded row matrices, 682 
Coefficient matrix, 631 
Coefficient of a polynomial, 24 
Coefficient of a variable term, 6 
Cofactor(s), 671 
expanding by, 672 
of a matrix, 671 
Collinear points 
in the plane, 678 
tests for, 678 
Column matrix, 630 
Column of a matrix, 630 
Combination of n elements taken r at 
a time, 747 
Common logarithmic function, 312 
Commutative property of addition 
for complex numbers, 182 
for matrices, 648 
for real numbers, 7 
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Commutative property of multiplication 

for complex numbers, 182 

for real numbers, 7 
Commutative property of scalar multi- 

plication for matrices, 648 

Complement of an event, 759 
Complementary angle, 368 
Complete the square, 188 
Complex conjugate, 183 
Complex fraction, 41 
Complex number(s), 180 

absolute value of, 545 

addition of, 181 

conjugate of, 183 

dividing, 183 

equality of, 180 

multiplication of, 182 

nth root of, 550, 551 

plane of, 184, 545 

powers of, 549 

properties of, 182 

roots of, 550 

standard form of, 180 

subtraction of, 181 

trigonometric form of, 546 

of argument, 546 
of modulus, 546 

Complex plane, 184, 545 
Component form of a vector, 523 
Component of a vector, 523, 539 
Composite number, 8 
Compound interest, 304 
Conditional equation, 156 
Conics or conic section, 774 

degenerate, 774 

eccentricity, 820 

polar equations of, 821 

standard forms of equations of, 788 

translation of, 788 
Conjugate, 18 

of a complex number, 183 
Conjugate axis of a hyperbola, 780 
Conjugate pairs, 266 
Consistent system of equations, 579 
Constant, 6 
Constant term, 6, 24 
Constant function, 108, 118, 226 
Constraint, 613 
Consumer surplus, 608 
Continuous compounding, 304 
Continuous function, 237 
Conversion between degrees and radi- 

ans, 370 

Coordinate, 2 


Coordinate axes, 47 
reflections in, 121 
Coordinate conversion, 806 
polar-to-rectangular, 806 
rectangular-to-polar, 806 
Coordinate system 
rectangular, 47 
three-dimensional, 592 
Correlation 
coefficient, 162 
negative, 162 
positive, 162 
Correspondence 
one-to-one, 2 
Cosine curve, 401 
amplitude of, 403 
Cosine function 
domain of, 395 
graph of, 402 
inverse, 425 
period of, 404 
range of, 395 
special angles of, 379 


Cotangent function, graph of, 414 


Coterminal angles, 366 
Counting principle, 743 
Cramer’s Rule, 679, 680 
Critical number, 209, 212 
Cryptogram, 682 

Cube of a binomial, 26 
Cube root, 15 


D 


Damping factor, 417 
Decreasing function, 108 
Degenerate conic, 774 
Degree 

of an angle, 367 


conversion to radians, 370 


of a polynomial, 24 

of a term, 24 
DeMoivre’s Theorem, 549 
Denominator, 6 

of a fraction, 6 

rationalizing a, 17 
Dependent variable, 94, 99 


Descartes, René (1596-1650), 47 


Determinant 

of a square matrix, 672 

of a2 x 2 matrix, 669 
Diagonal matrix, 673 
Difference 

of functions, 127 

of two cubes, 28 


of two squares, 28 
of two vectors, 524 
Difference quotient, 43, 98 
Difference and sum formulas, 482 
Directed line segment, 522 
equivalent, 522 
initial point, 522 
length, 522 
terminal point, 522 
Direction angle of a vector, 528 
Directrix of a parabola, 775 
Discriminant, 191 
Distance Formula, 50 
Distance between two points 
in the plane, 50 
on the real number line, 5 
Distinguishable permutation, 746 
Distributive property 
for complex numbers, 182 
for matrices, 648 
for real numbers, 7 
Dividend for polynomial division, 251 
Division algorithm, 251 
Division of two complex numbers, 547 
Divisor of an integer, 8 
Domain, 92, 99 
of an algebraic expression, 37 
of compositions of functions, 129 
defined, 96 
of an exponential function, 300 
implied, 96, 99 
of a logarithmic function, 314 
of a rational function, 271 
of the sine and cosine function, 395 
undefined, 96 
Dot product of two vectors, 536 
properties of, 536 
Double-angle formulas, 489 
Double inequality, 207 
solution of, 207 


E 


e, the number, 302 
Eccentricity of a conic, 820 
Eccentricity of an ellipse, 795 
Elementary row operation, 632 
Eliminating the parameter of an equa- 
tion, 800 
Elimination 
Gaussian, 588 
Gauss-Jordan, 637 
method of, 577 
Ellipse, 777, 820 
Centemotw/ia) 


eccentricity of, 795 
focus of, 777 
latus rectum of, 786 
major axis of, 777 
minor axis of, 777 
standard form of the equation of, 
WH 
vertex of, 777 
Endpoint of an interval, 3 
Entry of a matrix, 630 
Equality 
of complex numbers, 180 
of matrices, 645 
properties of, 7 
Equation(s), 156 
conditional, 156 
equivalent, A29 
exponential, 329 
graph of, 68 
identity, 156 
involving absolute value, 196 
involving fractional expressions, 
156, 195 
involving a radical, 194 
involving a rational exponent, 195 
of a line, 81 
in general form, 84 
in point-slope form, 81 
in slope-intercept form, 83 
summary of, 84 
in two-point form, 81 
linear 
in one variable, 156 
in three or more variables, 587 
in two variables, 577 
logarithmic, 329 
parametric, 797 
polynomial, 193 
position, 197, 596 
quadratic, 188 
of quadratic type, 193 
solution of, 156, A29 
system of, 566 
trigonometric, 472 
in two.variables, 577 
Equation editor of a graphing utility, 
XVil 
Equilibrium, point of, 584 
Equivalent 
directed line segments, 522 
expressions, 37 
fractions, 8 
systems of equations, 578 
Even function, 112 
trigonometric, 396 


Event(s), 752 

certain, 753 

complement of, 759 

impossible, 753 

independent, 758 

mutually exclusive, 756 

probability of, 753 
Existence theorem, 264 
Expanding a binomial, 737 
Expanding by cofactors, 672 
Experiment (in probability), 752 
Exponent(s), 12 

negative, 13 

properties of, 12 

rational, 19 

zero, 12 
Exponential decay model, 340 
Exponential equation, 329 
Exponential form, 298 
Exponential function, 298 

base of, 298 

graph of, 299 

natural, 302 
Exponential growth model, 340 
Extracting square roots, 188 
Extraneous solution, 157 
Extrema, 240 


F 


Factor(s) 
of an integer, 8 
number of, 264 
of a polynomial, 266 
Factorial, 698 
Factoring, 27 
completely, 27 
formulas, 28 
by grouping, 31 
a polynomial, 27 
to solve a polynomial equation, 188 
to solve a quadratic equation, 188 
special polynomial forms, 28 
Factor Theorem, 254 
Feasible solutions, 613 
Fibonacci sequence, 698 
Finite sequence, 696 
Finite series, 701 
Fitting a line to data, 162 
Focus 
of an ellipse, 777 
of a hyperbola, 779 
of a parabola, 775 
FOIL Method, 25 
Formula(s) 
change-of-base, 322 


Index A179 


for compound interest, 304 

list of common, 160 

for the nth term of a sequence, 697 
Fractal geometry, 184 
Fraction(s) 

complex, 41 

improper, 251 

partial, 593 

proper, 251 

properties of, 8 
Fractional expression, 37 
Frequency distribution, A16 
Frequency of simple harmonic motion, 

437 

Function(s), 92, 99 

absolute value, 112, 118 

addition of, 127 

algebraic, 298 

common logarithmic, 312 

composition of, 129 

constant, 108, 118, 226 

continuous, 237 

cubic, 118 

decreasing, 108 

difference of, 127 

division of, 127 

domain of, 92, 99 

evaluating, 95 

even, 112 

exponential, 298 

graph of, 106 

greatest integer, 111 

identity, 118 

increasing, 108 

inverse of, 138, 139 

involving multiple angles, 475 

linear, 226 

logarithmic, 311 

multiplication of, 127 

name of, 94, 99 

natural exponential, 302 

natural logarithmic, 315 

notation, 94, 99 

objective, 613 

odd, 112 

one-to-one, 142 

piecewise-defined, 95 

polynomial, 237 

product of, 127 

quadratic, 226 

quotient of, 127 

range of, 92, 99 

rational, 271 

relative maximum of, 109 

relative minimum of, 109 
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square root, 118 
step, 111 
subtraction of, 127 
sum of, 127 
summary of terminology, 99 
testing for, 93 
transcendental, 298 
value of, 94, 99 
vertical line test for, 107 
zero of, 170 
Fundamental Counting Principle, 743 
Fundamental Theorem 
of Algebra, 264 
of Arithmetic, 8 
Fundamental trigonometric identities, 
380, 454 


G 


Gauss, Carl Friedrich (1777-1855), 
588, 637 
Gaussian elimination, 588 
with back-substitution, 636 
Gaussian model, 340 
Gauss-Jordan Elimination, 637 
to find inverse matrix, 662 
General second-degree equation, 188 
Geometric sequence, 716 
common ratio of, 716 
nth term of, 717 
sum of a finite, 719 
Geometric series, 720 
sum of an infinite, 720 
Golden ratio, 221 
Golden section, 221 
Graph 
of common functions, 118 
of equation, 68 
of exponential function, 299 
of function, 106 
reflection of, 121 
shifts in, 119 
shrinks of, 123 
stretches of, 123 
transformations of, 123 
of inequality, 205, 603 
of inequality in two variables, 603 
of the inverse of a function, 141 
of line, 83 
of linear inequality, 604 
of logarithmic function, 313 
of polynomial function, 237 
of quadratic function, 226 
of rational function, 281 
three-dimensional, 592 


Greatest integer function, 111 
Growth and decay, 341 


H 


Half-angle formula, 492 

Half-life, 306 

Half-plane, 604 

Harmonic motion, 436, 437 

Heron's area formula, 518 

Histogram, Al6 

Horizontal asymptote, 272 
of a rational function, 273 


Horizontal components of a vector, 527 


Horizontal line test, 142 
Horizontal shift, 119 
Hyperbola, 779, 820 
asymptote of, 781 
branch of, 779 
center of, 779 
conjugate axis of, 780 
focus of, 779 
standard form of the equation of, 
779 
transverse axis of, 779 
vertex of, 779 
Hypotenuse of a right triangle, 199, 
377 


Identities, trigonometric, 380, 454 
Identity, 156 
Identity equation, 156 
Identity function, 118 
Identity matrix, 652 
Imaginary axis, 184 
Imaginary number, 180 
Imaginary unit 7, 180 
Implied domain, 96, 99 
Impossible event, 753 
Improper rational expression, 251 
Inclusive or, 8 
Increasing function, 108 
Independent event(s), 758 

probability of, 758 
Independent variable, 94, 99 
Index 

of a radical, 15 

of summation, 700 
Inductive, 672 
Inequality (inequalities), 3 

addition of, 206 

double, 207 

equivalent, 205 

graph of, 205, 603 

and intervals, 3 


involving absolute value, 208 
linear, 206, 604 
nonlinear, 604 
polynomial, 210 
properties of, 205 
rational, 212 
solving an, 205 
system of, 605 
in two variables, 604 
Inequality symbol, 3 
Infinite sequence, 696 
nth partial sum of, 711 
Infinite series, 701 
Infinity 
negative, 4 
positive, 4 
Initial point of a directed line segment, 
SV) 
Initial side of an angle, 366 
Input of a function, 92 
Integer, 2 
divisors of, 8 
factor of, 8 
Integer exponent, 12 
Intercept of a graph, 69, 402 
Interest, 304 
Intermediate Value Theorem, 244 
Intersect feature of a graphing utility, 
XX1 
Intersection of events, 756 
Interval on the real line, 3 
Inverse function, 138 
cosine, 425 
definition of, 139 
exponential, 311 
finding the, 143 
graph of, 141 
horizontal line test for, 142 
sine, 423 
tangent, 425 
Inverse of a matrix, 660 
Inverse properties, 329 
Invertible matrix, 661 
Irrational number, 2 
Irreducible over the integers, 27 
Irreducible over the reals, 267 
Irreducible polynomial, 27, 267 


J 
Jordan, Wilhelm (1842-1899), 637 
L 


Latus rectum, 786 
Law of Cosines, 515 
Law of Sines, 506 


Law of Trichotomy, 4 
Leading coefficient of a polynomial, 24 
Leading Coefficient Test, 239 
Least squares regression line, A27 
Length 
of a directed line segment, 522 
of a vector, 523 
Library of functions, 66, 82, 93, 95, 96, 
AN Nad, PZT D838), L/D, BASIS), 
312, 391, 424, 798 
Like radicals, 18 
Linear equation 
in one variable, 156 
in three or more variables, 587 
in two variables, 577 
Linear extrapolation, 82 
Linear Factorization Theorem, 264 
Linear function, 226 
Linear inequality, 206, 604 
solution of, 205 
Linear interpolation, 82 
Linear programming, 613 
constraints, 613 
feasible solution, 613 
objective function, 613 
Linear speed, 371 
Line graph, 49 
Line plot, Al4 
Line(s) in the plane, 79 
equation of, 81 
graph of, 68 
horizontal, 84 
parallel, 85 
perpendicular, 85 
slope of, 79, 80 
slope-intercept form of, 83 
vertical, 84 
Logarithm(s) 
change-of-base formula, 322 
properties of, 312, 323 
Logarithmic equation, 329 
Logarithmic function, 311 
base of, 311 
common, 312 
graph of, 313 
natural, 315 
Logarithmic model, 340 
Logistic curve, 345 
Logistic growth model, 340 
Long division, 250 
Lower bound, 258 
Lower limit of summation, 700 
Lower triangular matrix, 673 


M 


Major axis of an ellipse, 777 
Mandelbrot Set, 184 
Mathematical induction, 726 

extended principle of, 728 

principle of, 727 
Mathematical model, 157, 161 
Matrix (matrices), 630 

addition, 646 

properties of, 648 

adjoining, 662 

augmented, 631 

coded row, 682 

coefficient, 631 

cofactor of, 671 

column, 630 

column of a, 630 

determinant of, 669, 672 

diagonal of, 673 

elementary row operation on a, 632 

entry of a, 630 

equality of, 645 

identity, 652 

inductive, 672 

inverse of, 660 

invertible, 661 

lower triangular, 673 

main diagonal of a, 630 

minor of, 671 

multiplication, 650 

properties of, 652 

nonsingular, 661 

operations, 645 

order of a, 630 

in reduced row-echelon form, 634 

row, 630 

row of a, 630 

in row-echelon form, 634 

row-equivalent, 632 

scalar multiple of, 646 

singular, 661 

square, 630 

subtraction, 647 

triangular, 673 

uncoded row, 682 

upper triangular, 673 

zero, 649 
Mean of n numbers, A18 
Measure of an angle, 367 
Measure of central tendency, A18 
Measure of dispersion, A19 
Median of n numbers, A18 
Method of elimination, 577, 578 
Method of substitution, 566 
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Midpoint, 52 
Midpoint Formula, 52 
Minor axis of an ellipse, 777 
Minor of a matrix, 671 
Minors and cofactors of a square 
matrix, 671 
Mode of 1 numbers, A18 
Modulus of a complex number in 
trigonometric form, 546 
Monomial, 24 
Multiple angle formulas, 489 
Multiplicative Identity Property of real 
numbers, 7 
Multiplicative inverse, 6 
for a nonsingular matrix, 660 
of a nonzero real number, 6 
property, 7 
Multiplicity of a zero, 242 
Mutually exclusive event, 756 
probability of a, 756 


N 


Natural base e, 302 
Natural exponential function, 302 
Natural logarithmic function, 315 
Natural number, 2 
Negation 
properties of, 7 
Negative angle, 366 
Negative correlation, 162 
Negative exponent, 13 
Negative infinity, 4 
Negative real number, 2 
Negative of a vector, 524 
Newton’s Law of Cooling, 353 
Nonnegative real number, 2 
Nonrigid transformations, 123 
Nonsingular matrix, 661 
determinant of a, 672 
Nonsquare system of equations, 591 
Normally distributed populations, 344 
nth root of a complex number, 550, 
Doll 
nth roots of unity, 552 
nth term of a sequence, 697 
arithmetic, 708 
finding a formula for, 697 
geometric, 717 
Number 
complex, 180 
composite, 8 
critical, 209, 212 
imaginary, 180 
irrational, 2 
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natural, 2 

negative, 2 

nonnegative, 2 

positive, 2 

prime, 8 

rational, 2 

real, 2 

of solutions of a linear system, 579 

whole, 2 
Numerator, 6 

of a fraction, 6 

rationalizing a, 19 


O 


Objective function, 613 
Oblique asymptote, 284 
Oblique triangle, 506 
area of, 510 
Obtuse angle, 367 
Odd function, 112 
trigonometric, 396 
One cycle on a sine curve, 401 
One degree of an angle, 367 
One-to-one correspondence, 2 
One-to-one function, 142 
One-to-one properties, 329 
Operations that produce equivalent 
systems, 578 
Opposite side of a triangle, 377 
Optimal solution of a linear program- 
ming problem, 613 
Optimization, 613 
Ordered pair, 47 
Ordered triple, 592 
Order of a matrix, 630 
Order on the real number line, 3 
Orientation, 798 
Origin 
in Cartesian plane, 47 
in a polar coordinate system, 805 
on real number line, 2 
Orthogonal vectors, 538 
Outcome (in probability), 752 
Output of a function, 92 


3) 


Parabola, 226, 775, 820 
axis of, 775 
directrix of, 775 
focus of, 775 
standard form of the equation of, 
TIS 
vertex of, 775 
Parallel lines, 85 


Parallelogram law, 524 
Parameter, 797 
Parametric equation, 797 
Parametric form of polar equations, 
812 
Partial fraction, 593 
basic equation of, 594 
Partial fraction decomposition, 593 
Pascal, Blaise (1623-1662), 736 
Pascal’s Triangle, 736 
Perfect 
cube, 16 
square, 16 
square trinomial, 28 
Period 
of a function, 395 
of simple harmonic motion, 437 
of sine and cosine functions, 405 
Periodic function, 395 
Perimeter 
common formulas, 160 
Permutation of n elements, 744 
distinguishable, 746 
taken r at a time, 745 
Perpendicular lines, 85 
Plane 
Cartesian, 47 
complex, 184 
rectangular coordinate, 47 
Plane curve, 797 
Point of diminishing returns, 248 
Point of intersection, 173, 567 
Point-plotting method of graphing, 68 
Polar axis, 805 
Polar coordinates, 805 
symmetry of, 812 
Polar coordinate system, 805 
Polar equations 
of conics, 821 
graphs of, 811 
in parametric form, 812 
special graphs of, 816 
Polar-to-rectangular conversion, 806 
Pole in a polar coordinate system, 805 
Polynomial(s), 24 
addition of, 25 
coefficient of, 24 
completely factored, 27 
constant term, 24 
degree of, 24 
division of, 250 
finding test intervals for, 209 
guidelines for factoring, 31 
inequalities, 209 
irreducible, 27, 267 


multiplication of, 25 

number of factors of, 264 

standard form of, 24 

subtraction of, 25 
Polynomial function, 226 

bounds for zeros of a, 258 

complex zero of, 265 

constant, 118, 226 

continuous, 237 

graph of, 237 

of higher degree, 237 

rational zero of, 256 

real zero of, 241 

zero of, 240 
Position equation, 197, 596 
Positive angle, 366 
Positive correlation, 162 
Positive infinity, 4 
Power, 12 
Power-reducing formulas, 491 
Powers of complex numbers, 549 
Prime factor of a polynomial, 27 
Prime number, 8 
Principal nth root of a number, 15 
Probability, 752 

of a complement, 759 

of an event, 753 

of independent events, 758 

of the union of two events, 756 
Producer surplus, 608 
Product of two complex numbers, 547 
Product-to-sum formulas, 493 
Projection of vectors, 539 
Proper rational expression, 251 
Properties 

of absolute values, 5 

of complex numbers, 182 

of equality, 7 

of exponents, 12 

of fractions, 8 

of inequalities, 206 

inverse, 329 

of logarithms, 312, 323 

of matrix addition and scalar multi- 

plication, 648 

of matrix multiplication, 652 

of natural logarithms, 315 

of negation, 7 

of radicals, 16 

of sums, 701 

of zero, 8 
Pure imaginary number, 180 
Pythagorean Theorem, 199 


Q 


Quadrant, 47 
Quadratic equation, 188 
general form of a, 188 
solution of, 188 
trigonometric, 472 
Quadratic Formula, 188 
Quadratic function, 226 
standard form of, 229 
Quotient 
of functions, 127 
for polynomial division, 251 
of two complex numbers, 547 


R 


Radian, 369 
conversion to degrees, 370 
Radical(s), 15 
equations involving, 194 
index of, 15 
properties of, 16 
in simplest form, 17 
symbol, 15 
Radicand, 15 
Radius of a circle, 53 
Random selection 
with replacement, 742 
without replacement, 742 
Range of a function, 92, 99 
sine and cosine, 395 
Rational exponent(s), 19 
equations involving, 195 
Rational expression(s), 37 
addition of, 39 
division of, 39 
improper, 251 
multiplication of, 39 
proper, 251 
simplifying, 37 
subtraction of, 39 
Rational function, 271 
domain of, 271 
graph of, 281 
Rationalizing 
a denominator, 17 
a numerator, 19 
Rational number, 2 
Rational Zero Test, 256 
Real axis, 184 
Real number(s), 2 
absolute value of, 5 
addition of, 6 
division of, 6 
multiplication of, 6 


negative, 2 
positive, 2 
subtraction of, 6 
Real number line, 2 
bounded intervals on, 3 
distance between two points on, 5 
interval on, 3 
unbounded intervals on, 3 
Reciprocal function, graph of, 415 
Rectangular coordinate system, 47 
Rectangular-to-polar conversion, 806 
Recursive formula, 709 
Reduced row-echelon form, 634 
Reduction formula, 484 
Reference angle, 390 
Reflection, 121 
of the x-axis, 404 
Regression capabilities of a graphing 
utility, xxii 
Relation, 92 
Relative maximum, 109 
Relative minimum, 109 
Remainder for polynomial division, 
251 
Remainder Theorem, 254 
Repeated zero, 242 
Resultant of vector addition, 524 
Right triangle, solving, 382 
Rigid transformations, 123 
Root(s), 15 
cube, 15 
principle nth, 15 
square, 15 
Root feature of a graphing utility, xx 
Roots of complex numbers, 550, 551 
Rose curve, 815 
Row-echelon form, 587, 634 
reduced, 634 
Row-equivalent matrices, 632 
Row matrix, 630 
Row of a matrix, 630 
Row operations, 632 


S 


Sample space, 752 
Scalar, 646 
Scalar multiplication 
for a matrix, 646 
properties of, 648 
of vectors, 524 
properties of, 526 
Scatter plot, 49 
Scientific notation, 14 
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Second-degree polynomial equation 
in x, 188 
Sequence, 696 
arithmetic, 707 
first differences of, 731 
geometric, 716 
nth term of, 697 
recursive, 698 
second differences of, 731 
Series, 701 
infinite, 701 
Sets 
intersection of, 756 
union of, 756 
Shrinking of a graph, 123 
Sigma notation, 700 
Sigmoidal curve, 345 
Simple harmonic motion, 436, 437 
Sine curve, 401 
amplitude of, 403 
one cycle, 401 
Sine function 
domain of, 395 
graph of, 402 
inverse, 423, 425 
period of, 405 
range of, 395 
special angles of, 379 
Singular matrix, 661 
Slant asymptote, 284 
Slope of a line, 79, 80 
Solution 
checking, 189 
of an equation, 156, 170 
extraneous, 157 
of an inequality, 205, 603 
of a quadratic equation, 188 
of a system of equations, 566 
of a system of inequalities, 605 
Solution point, 68 
Solving 
an absolute value inequality, 208 
a double inequality, 207 
an equation, 156 
an equation involving absolute 
value, 196 
an equation involving fractions, 
156, 195 
an equation involving radicals, 194 
an equation involving rational 
exponents, 195 
exponential and logarithmic 
equations, 329 
a linear equation, 156 
a linear inequality, 206 
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a linear programming problem, 613 


a polynomial equation, 188 
a polynomial inequality, 210 
a quadratic equation, 188 
by completing the square, 188 
by extracting square roots, 188 
by factoring, 188 
by the Quadratic Formula, 188 
a rational inequality, 212 
a right triangle, 382 
a system of equations, 566 
a system of inequalities, 605 
Special binomial products, 26 
Speed, 371 
angular, 371 
linear, 371 
Square of a binomial, 26 
Square matrix, 630 
Square root, 15 
extracting, 188 
function, 118 


Square setting of a graphing utility, x1x 
Square system of linear equations, 665 


Standard deviation, Al9 
alternate formula, A21 
Standard form(s) 
of a complex number, 180 
of the equation of a circle, 53 
of the equation of an ellipse, 777 


of the equation of a hyperbola, 779 


of the equation of a parabola, 775 

of equations of conics, 788 

of a polynomial, 24 

of a quadratic function, 229 
Standard position 

of an angle, 366 

of a vector, 523 
Standard unit vector, 527 
Stem-and-leaf plot, Al4 
Step functions, 111 
Stretching of a graph, 123 
Substitution 

method of, 566 
Substitution Principle, 6 
Sum(s) 

of powers of integers, 730 

of same terms, 26 
Sum and difference formulas, 482 
Sum-to-product formulas, 494 
Summation 

index of, 700 

lower limit of, 700 

notation, 700 

properties of, 701 

upper limit of, 700 


Supplementary angle, 368 
Surplus 
consumer, 608 
producer, 608 
Symmetry 
in polar coordinates, 812 
with respect to the origin, 112 
with respect to the x-axis, 112 
with respect to the y-axis, 112 
tests for, 112 
Synthetic division, 253 
System of equations, 566 
consistent, 579 
equivalent, 578 
inconsistent, 579 
solution of, 566 
unique solution of, 665 
System of inequalities, 605 
System of linear equations 
nonsquare, 591 
square, 591 
in three of more variables, 587 
in two variables, 577 
with a unique solution, 665 


t 


Table feature of a graphing utility, xviii 
Tangent function 
graph of, 412 
inverse, 425 
special angles of, 379 
Term 
of an algebraic expression, 6 
of an arithmetic sequence, 708 
coefficient of a variable, 6 
constant, 6, 24 
degree of, 24 
of a geometric sequence, 717 
of a sequence, 696 
variable, 6 
Terminal point of a directed line 
segment, 522 
Terminal side of an angle, 366 
Test interval, 209 
Trace feature of a graphing utility, xix 
Transcendental function, 298 
Transitive property 
of inequalities, 206 
Transverse axis of a hyperbola, 779 
Triangle 
adjacent side of, 377 
area of, 677 
hypotenuse of, 377 
oblique, 506 
area of, 510 


opposite side of, 377 
right, solving, 382 


Triangular matrix, 673 
Trigonometric equation, 472 
Trigonometric form 


of a complex number, 546 
argument, 546 
modulus, 546 


Trigonometric function 


of any angle, 388 

damped, 417 

even and odd, 396 

inverse, 476 

involving multiple angles, 475 
of real numbers, 394 


Trigonometric identities, 380, 454 
Trigonometry, 366 
Trinomial(s), 24 


with binomial factors, 30 


Triple-angle formula, 491 


U 


Unbounded interval on the real 


number line, 3 


Unbounded sequence, 184 


U 
Unit circle, 394 


Cre ree 


ncoded row matrices, 682 


nit vector, 523 

in the direction of v, 526 
pper bound, 258 
pper limit of summation, 700 
pper and Lower Bound Rule, 258 
pper triangular matrix, 673 


V 


Value of a function, 94, 99 
Variable, 6 


dependent, 94, 99 
independent, 94, 99 
terms, 6 


Variance, A19 
Vector 


addition of, 524 
properties of, 526 
resultant, 524 
angle between two nonzero vectors, 
De) 
component form of, 523 
component of, 523, 539 
difference of, 524 
direction angle, 528 
dot product of, 536 
horizontal components of, 527 
length, 523 
magnitude, 523 


negative, 524 
orthogonal, 538 
projection of, 539 
scalar multiplication of, 524 
properties of, 526 
standard position, 523 
standard unit, 527 
unit, 523 
unit vector in the direction of v, 526 
vertical components of, 527 
zero, 523 
Vector component, 523, 539 
Vector v in a plane, 522 
Vertex 
of an angle, 366 
of an ellipse, 777 
of a hyperbola, 779 
of a parabola, 227, 775 
Vertical asymptote, 272 
Vertical components of a vector, 527 


Vertical line test for a function, 107 

Vertical shift, 119 

Vertical shrink, 123 

Vertical stretch, 123 

Viewing window of a graphing utility, 
XViil 

Volume formulas, 160 


W 


Whole number, 2 
Work, 541 


X 


x-axis, 47 

reflection of, 404 
x-coordinate, 47 
x-intercept of a graph, 169 


Y 


y-axis, 47 
y-coordinate, 47 
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y-intercept of a graph, 169 
Z 


Zero, 240 
division by, 8 
of a function, 170, 240 
of multiplicity k, 242 
of a polynomial function, 240 
bounds for, 258 
complex, 265 
rational, 256 
real, 250 
properties of, 8 
repeated, 242 
Zero-Factor Property, 8 
Zero feature of a graphing utility, xx 
Zero matrix, 649 
Zero polynomial, 24 
Zero vector, 523 
Zoom feature of a graphing utility, xix 
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DERIVATIVES AND INTEGRALS 


Basic Differentiation Rules 


: < [cu] = cu’ 

: <u] = uv’ + vu’ 

. Lhe] = 0 

.2h)=1 
d u’ 

: Qe u] = (cos u)u’ 
dx 

: ten u] = (sec? u)u’ 
dx 

: Bites u] = (sec u tan u)u’ 
dx 
d : ecu? 
Fylatesin ul] = 5 
d _ ou 

: qarctan ul = nao 
sa ree u|= ne ore 
dx [ul fue — 1 


Slut vault v/ 


é/4} vu! — uv" 
* dxiv y2 


: fu" = nutty’ 


z =—(u, u 
sll = pg). u #0 


i < [el = eM’ 
Li: uj = —(sin u)u’ 
* dx 


’ = [cot u] = —(csc? u)u’ 


: < [ese u] = —(cscu cot u)u’ 
d =i 
Fy latecos uj] = vie 
d A 
S Fy latecot u] = Tea 
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Fy lateese ul = [ul Ju? — 1 


Basic Integration Formulas 


; io du = k| fe du 


fiu=utc 


[= ina) +c 
u 


sinudu = —cosu+C 
tan udu = —In|cosu| + C 


sec udu = In|secu + tanu| + C 


sec u tan udu = secu + C 


du . U 
FS = aresin - +C 
J/a*—u a 

du 1 u 
———— 1 resec Ll ae (6 

a a 


— qz 
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[eosudu= sin +c 
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: [escuau = —In|cscu + cotu| + C 


csc? udu = —cotu+C 


du 
ate 


Jo —cscu+C 


~ arctan at G, 
a 


Chapter P 


Chapter 1 


Contents 


SINALINOD 


A Word from the Authors (Preface) 1X 


Features xt 


Preparation for Calculus 1 


Eruptions of Old Faithful 1 
P.1 Graphs and Models 2 
P.2 Linear Models and Rates of Change 10 
P.3 Functions and Their Graphs 19 
P.4 Fitting Models to Data 30 
Review Exercises 36 
P.S. Problem Solving 38 


Limits and Their Properties 40 


Swimming Speed: Taking It to the Limit 40 
1.1 A Preview of Calculus 42 
1.2 Finding Limits Graphically and Numerically 48 
1.3. Evaluating Limits Analytically ay) 
1.4 Continuity and One-Sided Limits 68 
1.5 Infinite Limits 80 
Section Project: Graphs and Limits of Trigonometric 
Functions 87 
Review Exercises 88 
P.S. Problem Solving 90 


Differentiation 92 


Gravity: Finding It Experimentally o2, 
2.1 The Derivative and the Tangent Line Problem 94 
2.2 Basic Differentiation Rules and Rates of Change 105 
2.3 The Product and Quotient Rules and Higher-Order 
Derivatives Lig 


2.4 The Chain Rule 127 
2.5 Implicit Differentiation 137 


iv CONTENTS 


ofe® 


Section Project: Optical Illusions 143 
2.6 Related Rates 144 
Review Exercises 153 
P.S. Problem Solving 156 


Applications of Differentiation 158 


Packaging: The Optimal Form 158 
3.1 Extrema on an Interval 160 
3.2 Rolle's Theorem and the Mean Value Theorem 168 
3.3. Increasing and Decreasing Functions and the 
First Derivative Test 174 
Section Project: Rainbows 183 
3.4 Concavity and the Second Derivative Test 184 
3.5 Limits at Infinity 192 
3.6 A Summary of Curve Sketching 202 
3.7 Optimization Problems 211 
Section Project: Connecticut River 220 
3.8 Newton's Method Di 
3.9 Differentials 228 
Review Exercises ya 
P.S. Problem Solving 238 


. Chapter 4 a : : : : Integration 240 


The Wankel Rotary Engine and Area 240 
4.1 Antiderivatives and Indefinite Integration 242 
4.2 Area P52 
4.3 Reimann Sums and Definite Integrals 205 
4.4 The Fundamental Theorem of Calculus pe 
Section Project: Demonstrating the Fundamental Theorem 2 
4.5 Integration by Substitution 288 
4.6 Numerical Integration 300 
Review Exercises 307 
P.S. Problem Solving 310 


Logarithmic, Exponential, and 


Other Transcendental Functions 


Plastics and Cooling 312 
5.1 The Natural Logarithmic Function: Differentiation 314 
5.2 The Natural Logarithmic Function: Integration 324 
5.3 Inverse Functions 332 


CONTENTS v 


5.4 Exponential Functions: Differentiation and Integration 341 
5.5 Bases Other Than e and Applications Ay 
Section Project: Using Graphing Utilities to Estimate Slope 360 
5.6 Differential Equations: Growth and Decay 361 
5.7 Differential Equations: Separation of Variables 369 
5.8 Inverse Trigonometric Functions: Differentiation 380 
5.9 Inverse Trigonometric Functions: Integration 388 
5.10 Hyperbolic Functions 395 
Section Project: St. Louis Arch 405 
Review Exercises 405 
PS. Problem Solving 408 


: Applications of Integration 4 10 . 


Constructing an Arch Dam 410 
6.1. Area of a Region Between Two Curves 412 
6.2 Volume: The Disk Method 421 
6.3 Volume: The Shell Method 432 

Section Project: Saturn 439 
6.4 Arc Length and Surfaces of Revolution 440 
6.5 Work 450 

Section Project: Tidal Energy 458 
6.6 Moments, Centers of Mass, and Centroids 459 
6.7 Fluid Pressure and Fluid Force 470 

Review Exercises 476 

P.S. Problem Solving 478 


Integration Techniques, L’H6pital’s Rule, and 


Improper Integrals 480 — 


Making a Mercator Map 480 
7.1 Basic Integration Rules 482 
7.2 Integration by Parts 488 
7.3 Trigonometric Integrals 497 
Section Project: Power Lines 505 
7.4 Trigonometric Substitution 506 
7.5 Partial Fractions 515 
7.6 Integration by Tables and Other Integration 
Techniques 524 
7.7 Indeterminate Forms and L'H6pital's Rule 530 
7.8 Improper Integrals 540 
Review Exercises 550 
PS. Problem Solving shale. 


Is eee 
a m - a 


F pt 


lee cotungsiet (wa Ole ~~ 
> > 
+ tien PF 
f ct sik Au line 
Om sat * steals of iy 
Mo ae re 4) OR Avivo 
0-4. ryitlen: a 


7, ae oP 


eae | eal 


nse cinsint gota, 5 
le Ais s OLA Ms. 
OW 7D a 


‘ 
rnd init! auth noitese 


‘ . = i 2 elae bt a 
. é = J - _ _ 4 - - 
5 i . » 
J i F 


Olli 


7 yeh") ey 


Aes 24 


i: a) o = = 
oD Be we ds 4 *, wy 
a v Ne ee: 
4 1; f 
or ‘ 
Fi 
; ? ’ ve ' 
} 
P = ~T ats 
¢ ‘ vas ‘ 
y “o ae 4 aq 
zr 4 7 7 u 
4 ae id mal | 
i 
asp 
, 7 
4 Oe 7 37 7 TH fil 1erea ior = 


A oreQeny Mee 
=a 
= 


Ma - Fi! vit eo ee a a 7 ann 


Limits and Their Properties 


y the age of 17, Australian swimmer Ian Thorpe had set ten world 
cords. At the 2000 Summer Olympics in Sydney, Australia, he broke 


s own world record in the 400 meter freestyle. 


Excerpted from John MacDonald, “Carlile calls for hold 
on use of bodysuits” from Sports.com, September 4, 
2000 


Stager (Joel Stager, Indiana 
University’s Councilman Centre for 
the Science of Swimming) did an 
analysis of times and the recent 
U.S. Swimming Trials, where 90 
percent of the 1309 competitors 
wore Speedo suits. 


He found there was only a 0.34 per- 
cent improvement compared with 
predictions made based on perfor- 
mances from the past 25 years. 


This compared with manufacturers’ 
claims of between 3 and 7 percent. 


Al Bello/Allsport 


How High? How Fast? 


Excerpted from Sharon Begley and 
Adam Rogers, “How High? How Fast?” 
from Newsweek, July 22, 1996. 


Look more closely at the march of winning times and 
record distances, of gold-medal weights and precedent- 
setting heights. The law of diminishing returns has set 
in. The world-record time in the women’s 400-meter 
freestyle, for example, dropped more than two minutes 
—a full 33 percent—from 1921 (6:16.6) to 1976 
(4:11.69). In the 20 years since, it has fallen just eight 
seconds, to Janet Evans’s 4:03.85 at the 1988 Seoul 
Olympics. If you were to plot world records on graph 
paper, you would get curves that seem to approach a 
limit asymptotically, coming tantalizingly closer but 
never quite reaching it. It is as if the curves were little 
south-pole magnets and the limit an imposing bar of 
north polarity. But what is the limit? 


Copyright © 1996, Newsweek, Inc. 
All rights reserved. 
Reprinted by permission. 


The recent development of a swimming bodysuit 
proves to be a controversial issue. 
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CHAPTER 1 


Limits and Their Properties 


‘STUDY TIP As you progress through 
this course, remember that learning 
calculus is just one of your goals. Your 
most important goal is to learn how to 
use calculus to model and solve real-life 
problems. Here are a few problem- 
solving strategies that may help you. 


Be sure you understand the question. 
What is given? What are you asked 
to find? 

Outline a plan. There are many 
approaches you could use: look for 

a pattern, solve a simpler problem, 
work backwards, draw a diagram, 
use technology, or any of many other 
approaches. 


Complete your plan. Be sure to 
answer the question. Verbalize your 
answer. For example, rather than 
writing the answer as x = 4.6, it 
would be better to write the answer 
as “The area of the region is 4.6 
meters.” 


Look back at your work. Does your 
answer make sense? Is there a way 
you can check the reasonableness of 
your answer? 


The Mistress Fellows, Girton College Cambridge 


GRACE CHISHOLM YOUNG (1868-1944) 


Grace Chisholm Young received her degree in 
mathematics from Girton College in 
Cambridge, England. Her early work was 


published under the name of William Young, 
her husband. Between 1914 and 1916, Grace 
Young published work on the foundations of 
calculus that won her the Gamble Prize from 
Girton College. 


A Preview of Calculus 


¢ Understand what calculus is and how it compares to precalculus. 
° Understand that the tangent line problem is basic to calculus. 
¢ Understand that the area problem is also basic to calculus. 


What Is Calculus? 


Calculus is the mathematics of change—velocities and accelerations. Calculus is al: 
the mathematics of tangent lines, slopes, areas, volumes, arc lengths, centroic 
curvatures, and a variety of other concepts that have enabled scientists, engineers, al 
economists to model real-life situations. 

Although precalculus mathematics also deals with velocities, acceleratior 
tangent lines, slopes, and so on, there is a fundamental difference between precalcul 
mathematics and calculus. Precalculus mathematics is more static, whereas calculi 
is more dynamic. Here are some examples. 


* An object traveling at a constant velocity can be analyzed with precalculus mat 
ematics. To analyze the velocity of an accelerating object, you need calculus. 


¢ The slope of a line can be analyzed with precalculus mathematics. To analyze t 
slope of a curve, you need calculus. 


¢ A tangent line to a circle can be analyzed with precalculus mathematics. ” 
analyze a tangent line of a general graph, you need calculus. 


¢ The area of a rectangle can be analyzed with precalculus mathematics. To analy: 
the area under a general curve, you need calculus. 


Each of these situations involves the same general strategy—the reformulation of pr 
calculus mathematics through the use of a limit process. So, one way to answer t 
question “What is calculus?” is to say that calculus is a “limit machine” that involv 
three stages. The first stage is precalculus mathematics, such as the slope of a line 
the area of a rectangle. The second stage is the limit process, and the third stage is 
new calculus formulation, such as a derivative or integral. 


Precalculus aa Limit Je 


: E> => Calculus 
mathematics process 


Some students try to learn calculus as if it were simply a collection of ne 
formulas. This is unfortunate. If you reduce calculus to the memorization of differe 
tiation and integration formulas, you will miss a great deal of understanding, se 
confidence, and satisfaction. 

On the following two pages we have listed some familiar precalculus concey 
coupled with their calculus counterparts. Throughout the text, your goal should be 
learn how precalculus formulas and techniques are used as building blocks to produ 
the more general calculus formulas and techniques. Don’t worry if you are unfamil. 
with some of the “old formulas” listed on the following two pages—we will 
reviewing all of them. 

As you proceed through this text, we suggest that you come back to this disct 
sion repeatedly. Try to keep track of where you are relative to the three stages involv 
in the study of calculus. For example, the first three chapters break down as follow 


Chapter P: Preparation for Calculus Precalculus 


Chapter 1: Limits and Their Properties Limit process 


Chapter 2: Differentiation Calculus 
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Without Calculus 


With Differential Calculus 


Value of f(x) 
when x = c 


y 


Limit of f(x) as 
X approaches c 


ese 


Slope of a line 


Slope of a curve 


= 


x 


Secant line to 


Tangent line to 


a curve a curve 
Average rate of Instantaneous 
change between gateof change = == > GLa pe aie = 
t=a = 
e—aqand t= b atic gos 
Curvature Curvature 
of a circle of a curve 
alia 
y 

Height of a Maximum height 
curve when of a curve on 

. if 1 
x=C an interval - mn > Xx 


Tangent plane 
to a sphere 


y 
! 
1 
{ " 
> X 
(GS 


Tangent plane 
to a surface 


Direction of 
motion along 
a straight line 


Direction of 
motion along 
a curved line 
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a Without Calculus With Integral Calculus ; 
Area of a Area under 
rectangle a curve 


Work done by a 
constant force 


Work done by a 


variable force 


Center of a Centroid of 

rectangle a region ° 
Length of a Length of 

line segment an arc 


Surface area 
of a cylinder 


Mass of a solid 


Surface area of a 
solid of revolution 


Mass of a solid 


of constant of variable 

density density 

Volume of a Volume of a 

rectangular region under 

solid a surface 

Sum of a Sum of an 

finite number GietaG> a es infinite number Gy Opa =$§ 
of terms of terms 


y= f(x) 


Tangent line 


The tangent line to the graph of fat P 
‘igure 1.1 
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The Tangent Line Problem 


The notion of a limit is fundamental to the study of calculus. The following brief 
descriptions of two classic problems in calculus—the tangent line problem and the 
area problem—should give you some idea of the way limits are used in calculus. 

In the tangent line problem, you are given a function f and a point P on its graph 
and are asked to find an equation of the tangent line to the graph at point P, as shown 
in Figure 1.1. 

Except for cases involving a vertical tangent line, the problem of finding the 
tangent line at a point P is equivalent to finding the slope of the tangent line at P. You 
can approximate this slope by using a line through the point of tangency and a second 
point on the curve, as shown in Figure 1.2(a). Such a line is called a secant line. If 
P(c, f(c)) is the point of tangency and 


AC Aa e aN) 


is a second point on the graph of f, the slope of the secant line through these two 
points is given by 


_ fle + Ad — FO _ fle + Ad — fl 
bi c+ Ax=ec Ax : 


r= 


Secant 
lines 


TEeAX) = FG) 


Tangent line 


mae | xX 


(a) The secant line through (c, f(c)) and 
(c + Ax, f(c + Ax)) 
Figure 1.2 


(b) As Q approaches P, the secant lines 
approach the tangent line. 


As point Q approaches point P, the slope of the secant line approaches the slope 
of the tangent line, as shown in Figure 1.2(b). When such a “limiting position” exists, 
the slope of the tangent line is said to be the limit of the slope of the secant line. 
(Much more will be said about this important problem in Chapter 2.) 


ATLONG ee ee 


Rea eee EXP EOR 
The following points lie on the graph of f(x) = x°. 


Q,(1.001, f(1.001)), Q5(1.0001, f(1.0001)) 


Each successive point gets closer to the point P(1, 1). Find the slope of the secant 
line through Q, and P, Q, and P, and so on. Graph these secant lines on a graph- 
ing utility. Then use your results to estimate the slope of the tangent line to the 
graph of f at the point P. 
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Area under a curve 
Figure 1.3 


HisToricaL NOTE 


In one of the most astounding events ever to 
occur in mathematics, it was discovered that 
the tangent line problem and the area problem 
are closely related. This discovery led to the 
birth of calculus. You will learn about the 
relationship between these two problems when 
you study the Fundamental Theorem of 
Calculus in Chapter 4. 
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(a) Bounded region 


x 


Limits and Their Properties 


The Area Problem 


In the tangent line problem, you saw how the limit process can be applied to the slog 
of a line to find the slope of a general curve. A second classic problem in calculus 
finding the area of a plane region that is bounded by the graphs-of functions. Th 
problem can also be solved with a limit process. In this case, the limit process” 
applied to the area of a rectangle to find the area of a general region. 

As a simple example, consider the region bounded by the graph of the functie 
y = f(x), the x-axis, and the vertical lines x = a and x = b, as shown in Figure 1. 
You can approximate the area of the region with several rectangular regions, as show 
in Figure 1.4. As you increase the number of rectangles, the approximation tends 1 
become better and better because the amount of area missed by the rectangle 
decreases. Your goal is to determine the limit of the sum of the areas of the rectangle 
as the number of rectangles increases without bound. 


Approximation using four rectangles 
Figure 1.4 


SRC Es RUC ONERA ERENCE LAD VAR Bai DET BY ay, WEL ROS BH SO Se, SRR eae : 5 Sergi . parE T es Ree 
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Consider the region bounded by the graphs of f(x) = x?, y = 0, and x = 1, as 
shown in part (a) of the figure. The area of the region can be approximated by two 
sets of rectangles—one set inscribed within the region and the other set circum- 
scribed over the region, as shown in parts (b) and (c). Find the sum of the areas of 
each set of rectangles. Then use your results to approximate the area of the region. 


pe KX 


(b) Inscribed rectangles (c) Circumscribed rectangles 
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EXERCISES FOR SECTION 1.1 


1 Exercises 1-4, decide whether the problem can be solved 
sing precalculus, or whether calculus is required. If the prob- 
m can be solved using precalculus, solve it. If the problem 
ems to require calculus, explain your reasoning and use a 
raphical or numerical approach to estimate the solution. 


_ Find the distance traveled in 15 seconds by an object traveling at 
a constant velocity of 20 feet per second. 


_ Find the distance traveled in 15 seconds by an object moving 
with a velocity of v(t) = 20 + 7 cost feet per second. 


A bicyclist is riding on a path modeled by the function 
f(x) = 0.04(8x — x?), where x and f(x) are measured in miles. 
Find the rate of change of elevation when x = 2. 


_A bicyclist is riding on a path modeled by the function 
f(x) = 0.08x, where x and f(x) are measured in miles. Find the 
rate of change of elevation when x = 2. 


1) Exercises 5 and 6, find the area of the shaded region. 


y 6. 


(Ol O)mese 4 5) 6 -1 


a —_ 


Getting at the Concept _ 


9. (a) Use the /ist feature of a graphing utility to graph the | 
following. 


y= 4x = x 
v2 O15) 10s) 


[e- D0 


(Note: If you cannot use lists on your graphing utility, | 
graph y, four times using 2, 1.5, 1, and 0.5.) 


(b) Give a written description of the graphs of y, relative to 
the graph of y,. 

(c) Use the results in part (a) to estimate the slope of the 
tangent line to the graph of y, at (1, 3). If you want to 
improve your approximation of the slope, how could 
you change the list in the formula for y,? 


10. (a) Use the rectangles in each graph to approximate the 
area of the region bounded by y = 5/x, y = 0, x = 1, 
and x = 5. 


(b) Describe how you could continue this process to obtain 
a more accurate approximation of the area. 


11. Consider the length of the graph of f(x) = 5/x from (1, 5) to 
(5,1). 


joe = 


t 


—_ NN wo mH 
t 


t 


ieee 
il 2 


+ 


(oe ae 4 
3] 5 Lire 3 


f 
4 
(a) Approximate the length of the curve by finding the distance 


between its two endpoints, as shown in the first figure. 


(b) Approximate the length of the curve by finding the lengths 
of four line segments, as shown in the second figure. 


(c) Describe how you could continue this process to obtain a 
more accurate approximation of the length of the curve. 


1e symbol Fo indicates an exercise in which you are instructed to use graphing technology 
‘a symbolic computer algebra system. The solutions of other exercises may also be facilitated 


‘use of appropriate technology. 
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Section 1.2. 


lim f(x) = 
x>1 f qd, 3) 
‘ 
A 
+4 
2+ 
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The limit of f(x) as x approaches | is 3. 
Figure 1.5 


Finding Limits Graphically and Numerically 


¢ Estimate a limit using a numerical or graphical approach. 
¢ Learn different ways that a limit can fail to exist. 
¢ Study and use a formal definition of a limit. 


An Introduction to Limits 
Suppose you are asked to sketch the graph of the function f given by 


xe-1 


f(x) = x #1. 


x- 1? 


For all values other than x = 1, you can use standard curve-sketching techniqu 
However, at x = 1, it is not clear what to expect. To get an idea of the behavior of t 
graph of f near x = 1, you can use two sets of x-values—one set that approaches 
from the left and one that approaches | from the right, as shown in the table. 


x approaches | from the left. x approaches | from the right. 


x | 0.75 | 0.9 | 0.99 | 0.999 ad 1.01 
fe) | 2.313 | 2.710 | 2.970 | 2.997 | 2 | 3.003 | 3.030 


x) approaches 3. J (x) approaches 3. 


The graph of f is a parabola that has a gap at the point (1, 3), as shown in Figt 
1.5. Although x cannot equal 1, you can move arbitrarily close to 1, and as a res’ 
f(x) moves arbitrarily close to 3. Using limit notation, you can write 


lim f(x) = 3. This is read as “the limit of f(x) as x approaches 1 is 3.” 
x1 
This discussion leads to an informal description of a limit. If f(x) becomes arbitrar 


close to a single number L as x approaches c from either side, the limit of f(x), a 
approaches c, is L. This limit is written as 


lim f(x) = 


SOREL GER! SE eee EX 


The discussion above gives an example of how you can estimate a limit numeri- 7 
cally by constructing a table and graphically by drawing a graph. Estimate the 
following limit numerically by completing the table. 


le spite) oa, oe) 
lin. —————_!|_— 


x2 x-2 


, 1.75 | 1.9 | 1.99 ae 2.01 | 2.1 2.25 
? ae 


fo) |? |? | 


Then use a graphing utility to estimate the limit graphically. 


fis undefined 
eat x= 0. 


= i; 
Vx+1-1 


1m ee 
=]=0Vx+1-1 
he limit of f(x) as x approaches 0 is 2. 
igure 1.6 


im f(x) =1 
>2 


he limit of f(x) as x approaches 2 is 1. 
igure 1.7 
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Example1 Estimating a Limit Numerically 


Evaluate the function f(x) = x/ (Vx tele 1) at several points near x = 0 and use 
the result to estimate the limit 


a 
MGT eas one merges! 
ie Oi i elec | 


Solution The table lists the values of f(x) for several x-values near 0. 


x approaches 0 from the left. > x <CracesOom it <CracesOom it from the right. 
eee 


| x —0.01 | —0.001 oe 0.0001 0.001 0.01 
| fle) | 1.99499 | 1.99950 | 1.99995 2 | 2.00005 | 2.00050 | 2.00499 | 


From the results shown in the table, you can estimate the limit to be 2. This limit is 
reinforced by the graph of f (see Figure 1.6). A 


In Example 1, note that the function is undefined at x = 0 and yet f(x) appears to 
be approaching a limit as x approaches 0. This often happens, and it is important to 
realize that the existence or nonexistence of f(x) at x =c has no bearing on the 
existence of the limit of f(x) as x approaches c. 


Example 2 --Finding a Limit 


Find the limit of f(x) as x approaches 2 where f is defined as 


FG) -\ xt 


0, x =2. 
Solution Because f(x) = 1 for all x other than x = 2, you can conclude that the 
limit is 1, as shown in Figure 1.7. So, you can write 


lim f(x) =r; 


The fact that f(2) = 0 has no bearing on the existence or value of the limit as x 
approaches 2. For instance, if the function were defined as 


Hy eal Neaec 
fate 225 


4 


the limit would be the same. A 


So far in this section, you have been estimating limits numerically and graph- 
ically. Each of these approaches produces an estimate of the limit. In Section 1.3, you 
will study analytic techniques for evaluating limits. Throughout the course, try to 
develop a habit of using this three-pronged approach to problem solving. 


1. Numerical approach Construct a table of values. 


Draw a graph by hand or using technology. 


2. Graphical approach 


Use algebra or calculus. 


3. Analytic approach 
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lim f(x) does not exist. 
x0 
Figure 1.8 
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lim f(x) does not exist. 
x0 


Figure 1.9 


Limits That Fail to Exist 
In the next three examples you will examine some limits that fail to exist. 
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Example a Be havior That Diffe rs from the Right and Left 


Show that the limit does not exist. 


Solution Consider the graph of the function f(x) = |x|/x. From Figure 1.8, you cé 
see that for positive x-values 


a lh 55> C 
a8 


and for negative x-values 


= = Sh xy 0) 

x 
This means that no matter how close x gets to 0, there will be both positive ar 
negative x-values that yield f(x) = 1 and f(x) = —1. Specifically, if 6 (the lowerca: 
Greek letter delta) is a positive number, then for x-values satisfying the inequali 
0 < |x| < 6, you can classify the values of |x|/x as follows. 


(— 6, 0) (0, 5) 


Negative x-values Positive x-values 
yield |x|/x = —1. yield |x|/x = 1. 


This implies that the limit does not exist. 


Example 4 U nbounded Behavior 


Discuss the existence of the limit 


hint. 
x0 X* 


Solution Let f(x) = 1/x?. In Figure 1.9, you can see that as x approaches 0 fro 
either the right or the left, f(x) increases without bound. This means that by choosit 
x close enough to 0, you can force f(x) to be as large as you want. For instance, f( 
will be larger than 100 if you choose x that is within 75 7 of 0. That is, 
| l 
0< |x| <-> > =— : 
|x| 0 > f(x) me 100 
Similarly, you can force f(x) to be larger than 1,000,000, as follows. 


| ] 
Ors |x| Seep ef) 2 > 1,000,000 


Because f(x) is not approaching a real number L as x approaches 0, you can conclu 


that the limit does not exist. ¥ 


im f(x) does not exist. 
>0 


igure 1.10 


The Granger Collection 


PETER Gustav DiricHLeT (1805-1859) 


In the early development of calculus, the defi- 
nition of a function was much more restricted 
than it is today, and“functions” such as the 
Dirichlet function would not have been 
considered. The modern definition of a 
function was given by the German 
mathematician Peter Gustav Dirichlet. 
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Example 5 Oscillating Behavior 
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; { y xonty vlad 
Discuss the existence of the limit lim sin —. 
x30 x 


Solution Let f(x) = sin(1/x). In Figure 1.10, you can see that as x approaches 0, 
f(x) oscillates between —1 and 1. Therefore, the limit does not exist because no 
matter how small you choose 64, it is possible to choose x, and x, within 6 units of 0 
such that sin(1/x,) = 1 and sin(1/x,) = —1, as indicated in the table. 


2 
- AR Deiter, NG eae fe aa 
1 


sin ~ il) = 1 = ijl 1 —1 | Limit does not exist. 


) 


Common Types of Behavior Associated with the Nonexistence of a Limit 


1. f(x) approaches a different number from the right side of c than it approaches 
from the left side. 


2. f(x) increases or decreases without bound as x approaches c. 


3. f(x) oscillates between two fixed values as x approaches c. 


There are many other interesting functions that have unusual limit behavior. An 
often cited one is the Dirichlet function 


FQ) =| 


O, if x is rational. 
1, if xis irrational. 
This function has no limit at any real number c. 


§ TECHNOLOGY PITFALL When you use a graphing utility to investigate the 
- behavior of a function near the x-value at which you are trying to evaluate a limit, 
_ remember that you can’t always trust the pictures that graphing utilities draw. For 
_ instance, if you use a graphing utility to sketch the graph of the function in 
_ Example 5 over an interval containing 0, you will most likely obtain an incorrect 
_ graph such as that shown in Figure 1.11. The reason that a graphing utility can’t 
_ show the correct graph is that the graph has infinitely many oscillations over any 
_ interval that contains 0. 

1.2 


s —0.25 0.25 


=1.2 


; Incorrect graph of f(x) = sin(1/x). 
: Figure 1.11 


Ve indicates that in the Interactive 3.0 CD-ROM and Internet 3.0 versions of this text 
(available at college.hmco.com) you will find an Open Exploration, which further explores this 
example using the computer algebra systems Maple, Mathcad, Mathematica, and Derive. 
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The e-6 definition of the limit of f(x) as x 
approaches c 
Figure 1.12 


FOR FURTHER INFORMATION For 
more on the introduction of rigor to 
calculus, see “Who Gave You the 
Epsilon? Cauchy and the Origins of 
Rigorous Calculus” by Judith V. 
Grabiner in The American Mathematical 
Monthly. To view this article, go to the 
website www.matharticles.com. 


Limits and Their Properties 


A Formal Definition of a Limit : 


Let’s take another look at the informal description of a limit. If f(x) becomes art 
trarily close to a single number L as x approaches c from either side, we say that tl 
limit of f(x) as x approaches c is L, written as 


lim f(x) = L. 


At first glance, this description looks fairly technical. Even so, we call it inform 
because we have yet to give exact meanings to the two phrases 


F(x) becomes arbitrarily close to L” 
and 
“x approaches c.” 


The first person to assign mathematically rigorous meanings to these two phrases w: 
Augustin-Louis Cauchy. His e-6 definition of a limit is the standard used today. 
In Figure 1.12, let ¢ (the lowercase Greek letter epsilon) represent a (smal 
positive number. Then the phrase “f(x) becomes arbitrarily close to L” means th 
f(x) lies in the interval (L — e, L + €). Using absolute value, you can write this as 


WAC? cnet Rees 


Similarly, the phrase “x approaches c” means that there exists a positive number 
such that x lies in either the interval (c — 6, c) or the interval (c, c + 6). This fact cé 
be concisely expressed by the double inequality 
Ogi] xen |pestid. 
The first inequality 
Q< |x = c| The difference between x and c is more than 0. 
expresses the fact that x # c. The second inequality 
Ib oa areas 


x is within 6 units of c. 


says that x is within a distance 6 of c. 


Definition of Limit 


Let f be a function defined on an open interval containing c (except possibly 
at c) and let L be a real number. The statement 


lim f(x) = L 


x= Cc 
means that for each ¢ > 0 there exists a 6 > O such that if 


i Gal ere lace a8 


O-2x i | <p then 


NOTE Throughout this text, when we write 


lim f(x) = L 


xe 
we imply two statements—the limit exists and the limit is L. 
Some functions do not have limits as x >c, but those that do cannot have tv 


different limits as xc. That is, if the limit of a function exists, it is unique (si 
Exercise 55). 


x= 2.995 — 
x=3 
x= 3.005 


he limit of f(x) as x approaches 3 is 1. 


igure 1.13 


ie limit of f(x) as x approaches 2 is 4. 
gure 1.14 
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The next three examples should help you develop a better understanding of the 
é-6 definition of a limit. 


Example 6 "Finding a 6 fora Given « 2 Ss) Sa eee Cees Pg 
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Given the limit 


my 2) 

2S) 
find 6 such that |(2x — 5) — 1| < 0.01 whenever 0 < |x — 3| < 6. 
Solution In this problem, you are working with a given value of s—namely, 
é = 0.01. To find an appropriate 6, notice that 

2x5) — I) oe — 6] = la |. 


Because the inequality \(Qx415)ally= 0.01°is equivalent to 2|x— Sizaoan 
you can choose 6 = 50. Oy die This choice works because 


Of l= 3r<10.005 
implies that 
|(2x — 5) — 1] = 2|x — 3] <2(0.005) = 0.01 


as shown in Figure 1.13. VA 


NOTE In Example 6, note that 0.005 is the largest value of 6 that will guarantee 
|(2x — 5) — 1| < 0.01 whenever 0 < |x — 3| < 6. Any smaller positive value of 6 would, of 
course, also work. 


In Example 6, you found a 6-value for a given e. This does not prove the exis- 
tence of the limit. To do that, you must prove that you can find a 6 for any e, as demon- 
strated in the next example. 


Example 7 Using the ¢ £-6 6 Definition ‘ofaL imit 


Use the e-6 definition of a limit to prove that 
lim (x — 2) = 4. 
x2 
Solution You must show that for each s > 0, there exists a 6 > 0 such that 


(3x — 2) — 4| < © whenever 0 < |x — 2| < 6. Because your choice of 6 depends 
on €, you need to establish a connection between the absolute values |(3x — 2) — 4| 


|(Qx — 2) — 4| = [3x — 6| = 3|x — 2| 


So, for a given ¢ > 0 you can choose 6 = €/3. This choice works because 
E 
0 ay Oc 
< r-2) << 6=8 
implies that 
E 
(xed e 4) = 3/02 <3(2) =. 


as shown in Figure 1.14. vA 
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The limit of f(x) as x approaches 2 is 4. 
Figure 1.15 


EXERCISES FOR SECTION 1.2 


Ae In Exercises 1-8, complete the table and use the result to 
estimate the limit. Use a graphing utility to graph the function 


to confirm your result. 


: jim DY 
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Limits and Their Properties 


Example 8 Using the e-6 Definition of a Limit 


Use the e-6 definition of a limit to prove that 


igi ye eet 
x2 
Solution You must show that for each e > 0, there exists a 6 > O such that 


[xe — 4)" 6 when.) < |[c orecro: 


To find an appropriate 5, begin by writing |x? — 4| = |x — 2||x + 2]. For all xint 
interval (1, 3), you know that |x + 2| < 5. So, letting 6 be the minimum of ¢/5 a 
1, it follows that, whenever 0 < |x — 2| < 6, you have 


x2 — 4] = [x — 2I |x + 2] < ee =e 


as shown in Figure 1.15. y 


Throughout this chapter you will use the e-6 definition of a limit primarily 
prove theorems about limits and to establish the existence or nonexistence of partic 
lar types of limits. For finding limits, you will learn techniques that are easier to u 
than the e-6 definition of a limit. 


[1x + 1)] - (1/4) 
m a AS BSS 
x3 teas 


2909 3.001 | 3.01 | 8). 


| | | 


28) 


| x | 1.9 | 1.99 | £999 12.001 | 2.01 | 2.1 1)] - (45) 
6. : 
« Hl ae 
ere | | 3.9 | 3.99 | 3.999 | 4.001 | 4.01 | 41 
Me lim 24 | 
52. XT 
oD ee 
| x | 1.9 | 1.99 | 1.999 | 2.001 | 2.01 | a sin x 
Ti lim = 
x30 
[Fe | | | 
 OKFI- A x | =04 | ~0.01 | —0.001 | 0.001 0.01 | 0.1 
3. lim 
x30 X F(x) | | | | | 
x —0.1 | —0.01 | —0.001 | 0.001 | 0.01 | 0.1 | Sie 
x0 
f(x) | | 
| x | =O toe OOr | —0,001 |. 0.001 |.6.01 | 0.1 | 
Fi “fl = 39 = 2 
lt fe | Fe) | | ee 
x | 3 3.01 je spol f= 2.099 12.90 ie) 


SECTION 1.2 Finding Limits Graphically and Numerically 55 


n Exercises 9-18, use the graph to find the limit (if it exists). If Be 19. Modeling Data The cost of a telephone call between two 
he limit does not exist, explain why. cities is $0.75 for the first minute and $0.50 for each addition- 


9. lim (4 =x) 10, jim (x2 + 2) al minute. A formula for the cost is given by 
x> x 
— C(t) = 0.75 — 0.50[—-(¢ — 1] 
y 
i where f is the time in minutes. 
4 
(Note: [x] = greatest integer n such that n < x. For example, 
3 [3.2] = 3 and /—1.6] = —2.) 
(a) Use a graphing utility to graph the cost function for 
lap Once cS S) 
oe x (b) Use the graph to complete the table and observe the behav- 
iid +. ior of the function as t approaches 3.5. Use the graph and 
1. 12. lim f(x) the table to find 
x1 
- bes lim. C(t). 
pe ai 
f(x) = a 
il x= 1 
7 3 | Sessa |) Sesh (NOLO | 3.7) 4 | 
i : | 
t Jo | : 
i (c) Use the graph to complete the table and observe the behav- 
ior of the function as ¢ approaches 3. 
i+ e 
Sees pee ri ees t 2) Des | BON 3 | SAL Soin 
=) =i iy 2 
c | a | 
1 
3: 14. lim 5 : 
73K 3S Does the limit of C(7) as t approaches 3 exist? Explain. 
y ad 20. Repeat Exercise 19 if C(t) = 0.35 — 0.12[—(t — 1)]. 
A 
a+ 21. The graph of f(x) = 2 — 1/x is shown in the figure. Find 6 
s/ ; such that it O.< I7.— 1) < d.then fix) = 1) < Out. 


ey) ai 
A ysl 
yal 
2+ y=09 


5 16. lim sec x 
+} x 
A 
Vil Becte be dant Figure for 21 Figure for 22 
22. The graph of f(x) = x — 1 is shown in the figure. Find 6 such 
that if: 0 < l= 2)e< 6 then | f(x) = 3i.< 0.2. 
“a ih, z oy In Exercises 23-26, find the limit L. Then find 6 > 0 such that 
3 2 | f(x) — L| < 0.01 whenever 0 < |x —c| < 6. 
F 1 he F : x 
TemimMCOS= 18. lim sin 7x 23. lim (3x + 2) av Tn ia = 
x0 x x1 x2 x4 2 
‘ 25. Tins) 3) 26. lim (x? + 4) 


x2 x35 


56 


In Exercises 27-38, find the limit L. Then use the ¢-6 definition Fe 48. Graphical Analysis The statement 


CHAPTER 1 Limits and Their Properties 


to prove that the limit is L. 


27. lim (x + 3) 28. lim (2x + 5) 
x32 x7-3 

29. lim (4x — 1) 30. lim (x + 9) 
x74 x 

31. lim 3 32. lim (—1) 
x36 x32 

33. lim 3/x 34. lim /x 
x30 x4 

35.8 line xe 2| 36, tim |x — 3| 
x7>-2 x33 

37. lim (x? + 1) 38. lim. Ge 2 Sha) 
x71 x7: 


ty Writing In Exercises 39—42, use a graphing utility to graph the 
function and estimate the limit (if it exists). What is the domain 
of the function? Can you detect a possible error in determining 
the domain of a function solely by analyzing the graph 
generated by a graphing utility? Write a short paragraph about 
the importance of examining a function analytically as well as 


graphically. 
5G =P aS = 3 
39. f(x) = egy sclac ede E 
lim f (x) lim f(x) 
a =13 
41. f(x) = 7 = 42. f(x) = ea 
lim f(x) lim f(x) 


Getting at the Concept, 


Write a brief description of the meaning of the notation 
lim f(x) = 25. 
x38 


43. 


44. 


(a) If f(2) = 4, can you conclude anything about the limit 
of f(x) as x approaches 2? Explain your reasoning. 

(b) If the limit of f(x) as x approaches 2 is 4, can you 
conclude anything about f(2)? Explain your reasoning. 


. Identify three types of behavior associated with the nonex- 


istence of a limit. Illustrate each type with a graph of a 
function. 


. Determine the limit of the function describing the atmos- 


pheric pressure on a plane as it descends from 32,000 feet 
to land at Honolulu, located at sea level. (The atmospheric 
pressure at sea level is 14.7 Ib/in.”.) 


47. Consider the function f(x) = (1 + x)!. Estimate the limit 


lim (1 + x)!“ 
x30 


by evaluating f at x-values near 0. Sketch the graph of /f. 


True or False? 


means that for each ¢ > 0 there corresponds.a 6 > O such th 
if 0 < |x — 2| < 6, then 
i dca 


eB 


a 


see 


If « = 0.001, then 


2 
e-4 
ey 
2 


< 0.001. 


x- 


Use a graphing utility to graph each side of this inequality. U: 
the zoom feature to find an interval (2 — 6,2 + 6) such th 
the graph of the left side is below the graph of the right side « 
the inequality. 


In Exercises 49-52, determine whether tk 


statement is true or false. If it is false, explain why or give 2 
example that shows it is false. 


49. 


50. 


51. 
52. 


PR 54. 


Sih 


56. 


Sh 
58. 


If f is undefined at x =c, then the limit of f(x) as 
approaches c does not exist. 


If the limit of f(x) as x approaches c is 0, then there must exi 
a number k such that f(k) < 0.001. 


If f(c) = L, then lim f(x) = L. 
If lim f(x) = L, then f(c) = L. 


Programming Use the programming capabilities of a grap! 

ing utility to write a program for approximating lim f(x). 
xc 

Assume the program will be applied only to functions who: 

limits exist as x approaches c. Let y, = f(x) and generate tv 

lists whose entries form the ordered pairs 


(eretO ys F(a (Ota) 

for n = 0, 1, 2, 3, and 4. 

Use the program you created in Exercise 53 to approximate tl 
limit 


_ x2? -x- 12 
lim 
x34 tie 4 

Prove that if the limit of f(x) as xc exists, then the limit mu 
be unique. [Hint: Let 

lim f(x) = L, 


PX Ge 


and lim f(x) = L, 


xc i 
and prove that L, = L,.] 


Consider the line f(x) = mx + b, where m # 0. Use the ¢ 
definition of a limit to prove that lim f(x) = mc + b. 
XC 


Prove that lim f(x) = L is equivalent to lim [ f(x) — L] = 0 
xc KFC 

Given that lim g(x) = L, where L > 0, prove that there exi: 

an open interval (a, b) containing c such that g(x) > 0 for ; 

x # cin (a, b). 
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Section 1.3 


Evaluating Limits Analytically 


¢ Evaluate a limit using properties of limits. 

¢ Develop and use a strategy for finding limits. 

¢ Evaluate a limit using dividing out and rationalizing techniques. 
* Evaluate a limit using the Squeeze Theorem. 


Properties of Limits 


In Section 1.2, you learned that the limit of f(x) as x approaches c does not depend on 
the value of f at x = c. It may happen, however, that the limit is precisely f(c). In such 
cases, the limit can be evaluated by direct substitution. That is, 


lim f(x) = f(c). Substitute c for x. 
xc 


Such well-behaved functions are continuous at c. You will examine this concept more 
closely in Section 1.4. 


y iKOSe 


THEOREM 1.1 Some Basic Limits 


Let b and c be real numbers and let n be a positive integer. 


1. lim b = b 2. lim x = ¢ 2) livase? = EX 


Ke =e AE, 


Proof To prove Property 2 of Theorem 1.1, you need to show that for each e > 0 
' there exists a 6 > 0 such that |x — c| < e whenever 0 < |x — c| < 6. Because the 
second inequality is a stricter version of the first, you can simply choose 6 = g, as 
shown in Figure 1.16. This completes the proof. (Proofs of the other properties of limits 
in this section are listed in Appendix B or are discussed in the exercises.) VA 


IOTE When you encounter new nota- = Fyample 1 Evaluating Basic Limits 


ons or symbols in mathematics, be sure 
ou know how the notations are read. 5 ; ‘ 
ee ‘ a. lim 3 = 3 b. Alm. *% —.—4 Colin coe ee vA 
or instance, the limit in Example Ic is ae ea a) | 
sad as “the limit of x? as x approaches 2 
2 


THEOREM 1.2 Properties of Limits 


Let b and c be real numbers, let n be a positive integer, and let f and g be func- 
tions with the following limits. 
lim f(x) = L and lim g(x) = K 


x>¢ xc 


. Scalar multiple: (lim [bflx)]= bE) / ee 
\ Wessel AY Nene 


Yi 


. Sum or difference: lim [ f(x) + g(x)] eet 


. Product: lim [ f(x)g(x)] = LK 


ror pee 2 
. Quotient: lim wiieiK? 


. Power: lim [ f(x)" = L" 
LIGASE 


provided K # 0 
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THE SQUARE ROOT SYMBOL 


The first use of a symbol to denote the square 
root can be traced to the sixteenth century. 
Mathematicians first used the symbol \/, 
which had only two strokes. This symbol was 
chosen because it resembled a lowercase r, to 
stand for the Latin word radix, meaning root. 


Example 2 The Limit of a Polynomial eRe aay 
sss == 


lim (4x? + 3) = lim 4x? + lim 3 Property 2 
x2 x2 x2 
= 4{ im 2) + jim 3 Property | 
x2 x2 
= 4()2) 3 : Example | 
a4 2) Simplify. Vv 


In Example 2, note that the limit (as x — 2) of the polynomial function p(x) 
4x? + 3 is simply the value of p at x = 2. 


lim Din pi2) ="422) 3 a9 


This direct substitution property is valid for all polynomial and rational functions wi 
nonzero denominators. 


THEOREM 1.3 Limits of Polynomial and Rational Functions 
If p is a polynomial function and c is a real number, then 
lim p(x) = plo). 
If r is a rational function given by r(x) = p(x)/q(x) and c is a real number such 
that g(c) # 0, then 


lim xe) — plc) 


q(c) 


Example 3 The Limit of a Rational Function — 


2: 
Finditholindt aint ee 
x1 5e + 1 


Solution Because the denominator is not 0 when x = 1, you can apply Theorem 1 
to obtain 


lim ———— = —————_ = 


Aer ieGHiacn Iele she) Wal aed 
mole oxi Lect pil 2 


Polynomial functions and rational functions are two of the three basic types 
algebraic functions. The following theorem deals with the limit of the third type 
algebraic function—one that involves a radical. See Appendix B for a proof of th 
theorem. 


THEOREM 1.4 The Limit of a Function Involving a Radical 


Let n be a positive integer. The following limit is valid for all c if n is odd, and 
is valid for c > O if n is even. 


lim 2/x = */c 


PS 8% 
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The following theorem greatly expands your ability to evaluate limits because it 
shows how to analyze the limit of a composite function. See Appendix B for a proof 
of this theorem. 


THEOREM 1.5 The Limit of a Composite Function 


If f and g are functions such that lim g(x) = L and lim f(x) = f(L), then 
x->L 


KC) 


lim flats) = s(im gt) = 0). 


=) Example 4 The Limit of a Composite Function 


a. Because 


inves eer 4d and lim /x = 2 


x4 
it follows that 


lim (72 £4 = /4 = 2, 


x0 
b. Because 


lim (2x2 — 10) = 2(32) -10 =8 and lim?/x =2 
x3 x8 


it follows that 


lim </2x7 — 10 = 3/8 = 2. va 


You have seen that the limits of many algebraic functions can be evaluated by 
direct substitution. Each of the six basic trigonometric functions also possesses this 
desirable quality, as shown in the next theorem (presented without proof). 


THEOREM 1.6 Limits of Trigonometric Functions 


Let c be a real number in the domain of the given trigonometric function. 


1. lim sin x = sinc 2. lim cos x = cosc 
aC. X=e6. 


3. lim tan x = tanc 4. lim cotx = cote 
XG LG 


5. lim sec x = secc 6. limi cse x = csc'c 
ee x=>C 


Example 5 Limits of Trigonometric Functions 
rTP ES NS SD PTTL TT LEIS SSI SSD LT TS I LTE IT LL ST EE LOS ELEN LOE LL BEL DEY LTD DL VL ILE INE LETT LT ES IE 


a. lim tanx = tan(0) = 0 


x30 

b. lim (x cos x) = | lim x| lim cos x) =\7rcos(m@) = —a7 
> Mae x Th iat 

c. lim sin?x = lim (sin x)? = 0? = yy 
x0 x0 “ 
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g(x) =x2+x4+1 


paoex 


a2 = 1 


fand g agree at all but one point. 
Figure 1.17 


‘STUDY TIP When applying this 
strategy for finding a limit, remember 
that some functions do not have a limit 
(as x approaches c). For instance, the 
following limit does not exist. 


Limits and Their Properties 


A Strategy for Finding Limits 


On the previous three pages, you studied several types of functions whose limits ¢ 
be evaluated by direct substitution. This knowledge, together with the followi 
theorem, can be used to develop a strategy for finding limits. A proof of this theor 
is given in Appendix B. 


THEOREM 1.7 Functions That Agree at All But One Point 


Let c be a real number and let f(x) = g(x) for all x # c in an open interval 
containing c. If the limit of g(x) as x approaches c exists, then the limit of f(x) 
also exists and 


lim f(x) = lim g(x). 
DIA Pia AG 


Example 6 Finding the Limit of a F unction 


Sea 
Find the limit: lim ———. 
fal so = || 
Solution Let f(x) = ( — 1)/(x — 1). By factoring and dividing out like facto 
you can rewrite f as 


(Ge—=T)(x? + x + 1) 
G71) 


So, for all x-values other than x = 1, the functions f and g agree, as shown in Fig 
1.17. Because lim g(x) exists, you can apply Theorem 1.7 to conclude that f anc 
i> 


fee) = Spear ceae lh 3703. x = 1. 


have the same limit at x = 1. 


Rite Lseaidt N13 heats Sf 
x lim & 1)(x x + 1) 


lim Factor. 
san i, x71 so =" 
r G—-T(x? + x + 1) Fiat : 
= hig —— SS ivide out like factors. 
x1 el ; 


= lim(@x? + x + 1) Apply Theorem 1.7. 
x—>1 


=?+1+1 
= 3 Simplify. [ 


Use direct substitution. 


A Strategy for Finding Limits 


1. Learn to recognize which limits can be evaluated by direct substitution 
(These limits are listed in Theorems 1.1 through 1.6.) 


2. If the limit of f(x) as x approaches c cannot be evaluated by direct substitu- 
tion, try to find a function g that agrees with f for all x other than x = c 
[Choose g such that the limit of g(x) can be evaluated by direct substitution. 


3. Apply Theorem 1.7 to conclude analytically that 
lim f(x) = lim g(x) = g(c). 
x—->Cc XE 


. Use a graph or table to reinforce your conclusion. 


G3; =) = 
undefined when x = —3. 
ure 1.18 


JTE In the solution of Example 7, 
sure you see the usefulness of the 
stor Theorem of Algebra. This 

orem states that if c is a zero of a 
ynomial function, (x — c) is a factor 
the polynomial. Thus, if you apply 
=ct substitution to a rational function 
1 obtain 


1 can conclude that (x — c) must be a 
nmon factor to both p(x) and g(x). 


yrrect graph of f 
ure 1.19 
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Dividing Out and Rationalizing Techniques 


Two techniques for finding limits analytically are shown in Examples 7 and 8. The 
first technique involves dividing out common factors, and the second technique 
involves rationalizing the numerator of a fractional expression. 


Example 7 Dividing Out Technique 


2. me. 
Bndie Gate ee 
x>-3 X ce 3 


Solution Although you are taking the limit of a rational function, you cannot apply 
Theorem 1.3 because the limit of the denominator is 0. 


Tim (x? +x—6)=0 


Li == Direct substitution fails. 


AN 


lim (x + 3) =0 
x3>-3 

Because the limit of the numerator is also 0, the numerator and denominator have 

a common factor of (x + 3). Thus, for all x # —3, you can divide out this factor 

to obtain 


= er 3)G = 2) 


Saag we — 3. 


=x— 2 = g(a), 


Using Theorem 1.7, it follows that 


tO EK = Or ot 
ae ao a Hae 2) 


= —5, 


Apply Theorem 1.7. 


Use direct substitution. 


This result is shown graphically in Figure 1.18. Note that the graph of the function f 
coincides with the graph of the function g(x) = x — 2, except that the graph of f has 
a gap at the point (—3, —5). Va 


In Example 7, direct substitution produced the meaningless fractional form 0/0. 
An expression such as 0/0 is called an indeterminate form because you cannot (from 
the form alone) determine the limit. When you try to evaluate a limit and encounter 
this form, remember that you must rewrite the fraction so that the new denominator 
does not have 0 as its limit. One way to do this is to divide out like factors, as shown 
in Example 7. A second way is to rationalize the numerator, as shown in Example 8. 


TECHNOLOGY PITFALL Because the graphs of 


. ee 6 


sa and g(x) =x-2 


f(x) 
differ only at the point (—3, —5), a standard graphing utility setting may not dis- 
_tinguish clearly between these graphs. However, because of the pixel configuration 
and rounding error of a graphing utility, it may be possible to find screen settings 
_ that distinguish between the graphs. Specifically, by repeatedly zooming in near the 
point (— 3, —5) on the graph of f, your graphing utility may show glitches or irreg- 
ularities that do not exist on the actual graph. (See Figure 1.19.) By changing the 
"screen settings on your graphing utility you may obtain the correct graph of f- 
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A 
faye 21s) 
+ we X 
-1 1 


The limit of f(x) as x approaches 0 is ;. 
Figure 1.20 


Limits and Their Properties 


Evample 8 Rationalizing Technique 
A Nal abl 


Find the limit: lim 
x30 Ae 


Solution By direct substitution, you obtain the indeterminate form 0/0. 


lim(/x + 1 - 1) =0 
x0 

z= = Direct substitution fails. 

In this case, you can rewrite the fraction by rationalizing the numerator. 


a ee 
x Li x Jx+1t+1 


lim x = 0 
x30 


@+1)-1 
xJx + | S= 1) 
5 
x(/x + I se 1) 

1 


ae eas 
Now, using Theorem 1.7, you can evaluate the limit as follows. 


Jxtil-1_., 1 


se 2 0 


Ee A ae gut Naat Sah 
il 
Peel 
1 
=3 


A table or a graph can reinforce your conclusion that the limit is 3 (See Figure 1.2 


< x approaches 0 from the right. 


x approaches 0 from the left. 


x ae ie ‘lenis we tO =0.001} 0 0.001 0.01 0.1 024 
f(x) | 0.5359 | 0.5132 | 0.5013 0.5001 | 2 0.4999 0.4988 | 0.4881 0.472 


J (x) approaches 0.5. f (x) approaches 0.5. 


NOTE The rationalizing technique for evaluating limits is based on multiplication b 
convenient form of 1. In Example 8, the convenient form is 


Fee deches ed 
Jx+t141 


h(x) Sf) $ g(@) 


J lies in here. 


Glee Ss 
Y 


1¢ Squeeze Theorem 
gure 1.21 


(cos @, sin 0) 
(1, tan 0) 


sircular sector is used to prove Theorem 1.9. 


sure 1.22 


YR FURTHER INFORMATION For 
re information on the function 

‘) = (sin x)/x, see the article “The 
netion (sin x)/x” by William B. 
arhart and Harris S. Shultz in The 
lege Mathematics Journal. To view 
s article, go to the website 
yw.matharticles.com. 
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The Squeeze Theorem 


The next theorem concerns the limit of a function that is squeezed between two other 
functions, each of which has the same limit at a given x-value, as shown in Figure 
1.21. (The proof of this theorem is given in Appendix B.) 


THEOREM 1.8 
If h(x) < f(x) < g(x) for all x in an open interval containing c, except possibly 
at c itself, and if 


The Squeeze Theorem 


Lim) = lim g(x) 


x—>e 


then lim f(x) exists and is equal to L. 


X—7G 


You can see the usefulness of the Squeeze Theorem in the proof of Theorem 1.9. 


THEOREM 1.9 Two Special Trigonometric Limits 
Latin = 1 oi 
x>0 X x0 x 


I COS 


Proot To avoid the confusion of two different uses of x, the proof is presented using 
the variable 0, where 0 is an acute positive angle measured in radians. Figure 1.22 
shows a circular sector that is squeezed between two triangles. 


tan 6 
| I 
Area of triangle 2 Area of sector 2 Area of triangle 
tan 6 . 0 = sin 0 
) 2 2 


Multiplying each expression by 2/sin 6 produces 


lesgpee 5 


cos@ sin @ 


and taking reciprocals and reversing the inequalities yields 


Cos Ges a Si 


Because cos @ = cos(—8@) and (sin 6)/@ = [sin(— 6) ]/(— @), we can conclude that this 
inequality is valid for all nonzero @ in the open interval (— 77/2, 7/2). Finally, because 
lim cos 6 = | and lim 1 = 1, you can apply the Squeeze Theorem to conclude that 
tim (sin 0)/@ = 1. The proof of the second limit is left as an exercise (see Exercise 120). 

ae . y 4 
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f= an x 
4 
=e 
The limit of f(x) as x approaches 0 is 1. 
Figure 1.23 
Fie sed 
6 
=P 


The limit of g(x) as x approaches 0) is 4. 


Figure 1.24 


Limits and Their Properties 


sertrntersecnssnnanaseateneeinieetti stile AbASCNCLONNNE LACAN OAL TROON LLC LEA, 


Example 9 “A L imit Involving a Trigonometric Function 


es, oe wale: 
Find the limit: lim ——. 
x>0 X 


Solution Direct substitution yields the indeterminate form 0/0. To solve t 
problem, you can write tan x as (sin x)/(cos x) and obtain 


eetanieg : sin x 1 
a — TT | : 
x70 X x30 DG COS X 


Now, because 


sitive 1 
hing) = = || and lim 
x-0 X x—0 COS X 


=1 


you can obtain 


tales PPE S ILL ea 1 
cay <= = | Jem lim 
x0 XG. x30 5.6 x30 COS X 


| 
— 


(See Figure 1.23.) 


Example 10 A Limit Involving a . Trigonometric Function 


sin 4x 


Find the limit: lim 
x30 xX 


Solution Direct substitution yields the indeterminate form 0/0. To solve this pro 
lem, you can rewrite the limit as 


Him 4 — tim 242) 


x0 x 


Now, by letting y = 4x and observing that x — O if and only if y > 0, you can wr 


lim 32 Ax _ 4(im sin 4) 
> OMe x50) 4% 
= 4{tim 2) 
y>0 y 
= 4(1) 
a. 


(See Figure 1.24.) U 
_ TECHNOLOGY Try using a graphing utility to confirm the limits in the examp 
_ and exercise set. For instance, Figures 1.23 and 1.24 show the graphs of 

an x sin 4x 


Ax) Se and OX) = 
; x 


_ Note that the first graph appears to contain the point (0, 1) and the second gra 


i appears to contain the point (0, 4), which lends support to the conclusions obtain 
~ in Examples 9 and 10. 
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EXERCISES FOR SECTION 1.3 


Exercises 1—4, use a graphing utility to graph the function ‘ ax aX 
d visually estimate the limits. 35. lim tan( =") 36. lim see( =) 
12(./x — 3) 
= 2 @ = SSS 
phx) = x? — 5x 2. g(x) = ae In Exercises 37—40, use the information to evaluate the limits. 
(a) lim h() (a) lim g(x) 37, lim f(x) = 2 38. lim f(x) = ; 
(b) lim h() (b) lim g(x) lim g(x) = 3 lim g(x) = 1 
; f (x) = ey x 4. f(t) = t\t ‘ A| (a) lim [Se(x)} (a) lim [4f (x) ] 
(a) lim f(x (a) lim f(¢ oe is 
« x0 70) reves 6 (b) lim [f(x) + g(x)] (b) lim [f(x) + g@)] 
lim f(x (b) lim f(t Be pe, 
x>11/3 1 (c) lim [f(@x)g(x)] (c) lim [f(x)g(x)] 
Exercises 5—22, find the limit. (d) lim (d) lim ae 
Slim x* 6. lim x° 
x2 ’ at 39. lim f(x) = 4 40. lim f(x) = 27 
mime (201 iy lhian (Ghee 2 ag aie 
x30 13-3 (a) lim [fF (a) lim ¥f(@) 
, lim, (x? + 3x) 10. lum (—x* + 1) ae =a F(x) 
x=>=3 x71 : 5 
lim (2x? + 4x + 1) 12. lim (3x3 — 2x? + 4) he) Cre 
73 x=1 
(c) lim [3f(x)] (c) lim [f(x)]? 
lim s 14. lim z gp igs 
eso x 24x st 2 (d) lim Lf) P2 (d) lim [f(x)]?/ 
Read ee tek 
a SA oes x+5 In Exercises 41—44, use the graph to determine the limit visually 
= Cert (if it exists). Write a simpler function that agrees with the given 
in) = ———— 18. lim —— function at all but one point. 
x37 /x +2 eet 4 
: / : 3/e Bet) + x x2 is 
ae ach a a Vx + 4 41. g(x) = ars : 42. h(x) = : ‘ a 
lime (x + 3)? 22. lim (2x — 1)3 1 
x>—-4 x0 ) ) 
i 


Exercises 23 —26, find the limits. 
Byte) = 5) — x,.9(x) = 


(a) lim f(x) (b) lim g(x) (c) lim g( f(x) 
Bepx)\i—= x + 7,-2(x) = x? he el ees 
(a) lim_ f(x) (b) lim g(x) (c) lim. g(f(x)) cbs 
x>-3 x4 x33 (a) iin e(x) 
hi Aa x7) 9(x) =) 5/x 1 Son 
(a) lim f(x) (b) lim g(x) (c) lim g( f(x) (b) Jim, g(x) 
Dik) = 2x2 — 3x +1, gin)—a/x +6 
(a) lim fix) (b) jim g(x) (c) lim g( f(x) 


Exercises 27-36, find the limit of the trigonometric function. 


lim sin x 28. lim tan x 
x23 1/2 xT 
TX 
lim cos = 30. lim sin— : 
x2 3 x1 2 
_ lim sec 2x 32. lim cos 3x nae 
x30 Cee (a) lim g(x) 
ae sin x 34. J, cos x (by) lim ee) 


x>-1 
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acd In Exercises 45-48, find the limit of the function (if it exists). acd Graphical, Numerical, and Analytic Analysis In Exerc 


Write a simpler function that agrees with the given function at 
all but one point. Use a graphing utility to confirm your result. 


nu Se ST) OF es 
ek 1s x+1 ub Be x+1 
= uct 
ape ae 48. lim ~ 
x32 xX — x35=1 H+ 1 


In Exercises 49-62, find the limit (if it exists). 


F w= SD V an ee 
s: im x2 — 25 OM ae x2 —4 
. 2w+x-6 . w2-—5x+4 
aah ao x2 -— 9 52. a x? — 2x -— 8 
Lx OS /5 _ f/2+x-—/2 
Sey. hit) 54. lim 
x30. He x30 x 
Yao Ve lee 
seine 56. lim -— 
x34 x —4 553 yo 
ei = 1/@ + 4)] — (1/4 
Jor ti HB +DI- 0/3) gg, Le + = 01/4) 
x0 Xx x>0 x 
ans sie Mig NS ae oe 
59. lim 22+ Ae) = 2* 60. Yim 2 Ae = x2 
Ax 30 Ax Ax30 Ax 
_ (e+ Ax)? — 2 + Ax) + 1 — (x? — 2x + 1) 
61. lim 
Ax30 Ax 
+ PS} a Bec} 
Ol a 
Ax>0 Ax 


acd Graphical, Numerical, and Analytic Analysis In Exercises 


63-66, use a graphing utility to graph the function and estimate 
the limit. Use a table to reinforce your conclusion. Then find the 
limit by analytic methods. 


63, lim Vt 22 v2 (ohin oe 

x0 Xx x16 X — 16 
TES bs ee 

65. lim we a] (1/2) 66. lim = -- af 


In Exercises 67-78, determine the limit of the trigonometric 
function (if it exists). 


in x 3(0) cosa 
67) lime 68 on eae 
x30 3X x30 EX) 
imedUl = ose s Ota 
69. lim 2 x( cos x) 70. lim £23 @tan 6 
x0 Dae 030 
71. lim sts 1s, Vikan oe 
x0 Oe x70 x 
ai 1 — cos h)? 
(73) tim 008 2 74. lim sec b 
h>0 h prot 
(See lin ee 76. lim Poe ele 
pe omCOUN x 7/4 SIN X — COS X 
re ee 
SOME 
sin 2x 2 sin 2x 3x 
78. li : Hint: Fi i : 
aoe sin 3x. say ad tim( 2x \(; sin =| | 


79-82, use a graphing utility to graph the function and estim 
the limit. Use a table to reinforce your conclusion. Then find 
limit by analytic methods. 


79, tines 80. lim (1 + cos 2h) 
to0 t h-0 
sin x2 * . sinx 
5 lit 82.1 
os = xX os 3/x 


fle + Ax) ~ fx) 


In Exercises 83-86, find lim 
Ax-0 


Ax 
83. f(x) = 2x +3 84. f(x) = va 
85. f(x) = ‘ 86. f(x) = x7 — 4x 


In Exercises 87 and 88, use the Squeeze Theorem to f 


lim f (x) 
87. c=0 

A Sy (x) Sa e 
88. c =a 


b=-ly—"al =f @)ab + |x —al 


ad In Exercises 89-94, use a graphing utility to graph the gi 


function and the equations y = |x| and y = —|x| in the sa 
viewing window. Using the graphs to visually observe 
Squeeze Theorem, find lim f(x). 

x0 


89. f(x) = xcosx 90. f(x) = |x sin x| 
91. f(x) = |x| sin x 92. f(x) = |x| cosx 
93. f(x) =x sin 94. h(x) =x cos ~ 


Getting at the Concept 


95. In the context of finding limits, discuss what is meant b 
two functions that agree at all but one point. 


| 96. Give an example of two functions that agree at all but or 
point. 


97. What is meant by an indeterminate form? 


. In your own words, explain the Squeeze Theorem. 


Fe 99. Writing Use a graphing utility to graph 


f(x) =x, g(x) =sinx, and A(x) = —— 


in the same viewing window. Compare the magnitudes of 
and g(x) when x is “close to” 0. Use the comparison to wri 
short paragraph explaining why 


lim Hx) =". 
x30 ' 


). Writing Use a graphing utility to graph 


f(x) = x, g(x) = sin? x, and A(x) = a 


in the same viewing window. Compare the magnitudes of f(x) 
and g(x) when x is “close to” 0. Use the comparison to write a 
short paragraph explaining why 


lim Kix) = 0. 


e-Falling Object In Exercises 101 and 102, use the position 
ction s(t) = —16¢? + 1000, which gives the height (in feet) of 
object that has fallen for ¢ seconds from a height of 1000 feet. 
e velocity at time ¢ = a seconds is given by 


s(a) - so 


mm a—t 


|. If a construction worker drops a wrench from a height of 1000 
feet, how fast will the wrench be falling after 5 seconds? 


’. If a construction worker drops a wrench from a height of 1000 
feet, when will the wrench hit the ground? At what velocity 
will the wrench impact the ground? 


e-Falling Object In Exercises 103 and 104, use the position 
ction s(t) = — 4.977 + 150, which gives the height (in meters) 
an object that has fallen from a height of 150 meters. The 
ocity at time ¢ = a seconds is given by 


s(a) — s(t) 


a—t 


—— 


. Find the velocity of the object when ¢ = 3. 


had 


. At what velocity will the object impact the ground? 


. Find two functions f and g such that lim 1 f(x) ) and lim g(x) do 
x0 
not exist, but lim [ f(x) + g(x)] does ooh 


a 


. Prove that if lim f(x ) exists and lim [ f(x) + g(x)] does not 


— 


exist, then lim a(x) does not exist. 


X=7C: 


. Prove Property 1 of Theorem 1.1. 


. Prove Property 3 of Theorem 1.1. (You may use Property 3 of 
Theorem 1.2.) 


. Prove Property | of Theorem 1.2. 
. Prove that if lim f(x) = (), then lim | f(x)| = 0. 


. Prove that if lim | f(x) = 0 and |g(x)| < M for a fixed number 


Enel eee then lim f(x x)g(x) = 0. 


. (a) Prove that if lim | f(x)| = 0, then lim f(x) = 0. 
x > XE 
(Note: This is the converse of Exercise 110.) 


(b) Prove that if lim vi = L, then lim | f(x)| = “ 
|W < lf) ~ 11] 
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True or False? In Exercises 113-118, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


114. lim x7 = 0 


x0 


113. lim lel = 
x30 X 
115. If f(x) = g(x) for all real numbers other than x = 0, and 
lim f(x) = L 
x30 
then 
lim g(x) = L. 
x0 
116. If lim f(x) = L, then f(c) = L. 
DGC 


Be GS 
ORM GES 
< g(x) for all x # a, then 


117. lim f(x) = 3, where f(x) = | 
118. If f(x) 


lim f(x) < lim g(x). 


xa 


119. Think About It Find a function f to show that the converse 
of Exercise 112(b) is not true. [Hint: Find a function f such 
that lim | f(x)| = |L| but lim f(x) does not exist.] 

x=>>¢E xe 


120. Prove the second part of Theorem 1.9 by proving that 


121. Let f(x) = (° if x is rational 


1, fx is irrational 


(x) O, if .x is rational 
x) = cits iene 
8 x, if x is irrational. 


Find (if possible) lim f(x) and lim g(x). 


SCG 


Ay 122. Graphical Reasoning Consider f(x) = = 


Ge 
(a) Find the domain of f- 
(b) Use a graphing utility to graph f. Is the domain of f 
obvious from the graph? If not, explain. 
(c) Use the graph of f to approximate lim J): 
(d) Confirm the answer in part (c) Reigieciy 
123. Approximation 


pee COSLG 
(a) Find lim 


x>0 
(b) Use the result in part (a) to derive the approximation 
cos x ~ 1 — 3x? for x near 0. 
(c) Use the result in part (b) to approximate cos(0.1). 


(d) Use a calculator to approximate cos(0.1) to four decimal 
places. Compare the result with part (c). 

124. Think About It When using a graphing utility to generate a 

table to approximate lim [(sin x)/x], a student concluded that 


the limit was 0.01745 rather than |. Determine the probable 
cause of the error. 
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Informally, you might say that a 
function is continuous on an open 
interval if its graph can be drawn 
with a pencil without lifting the 
pencil from the paper. Use a graph- 
ing calculator to graph each of the 
following functions on the indicated 
interval. From the graphs, which 
functions would you say are continu- 
ous on the interval? Do you think 
you can trust the results you obtained 
graphically? Explain your reasoning. 


Function Interval 
a yer ed (3,3) 
be (—3, 3) 
rata Sh) ; 
« y= (a5, 7) 
x 
x7—4 
d. Eve ge 5 (23; 3) 
Dry A 5b ss (0) “(—3,3) 
e. = —3, 
- 265p al, 2p sl) 


FOR FURTHER INFORMATION For 
more information on the concept of 
continuity, see the article “Leibniz and 
the Spell of the Continuous” by Hardy 
Grant in The College Mathematics 
Journal. To view this article, go to the 
website www.matharticles.com. 


Continuity and One-Sided Limits 


¢ Determine continuity at a point and continuity on an open interval. 
¢ Determine one-sided limits and continuity on a closed interval. 

¢ Use properties of continuity. 

* Understand and use the Intermediate Value Theorem. 


Continuity at a Point and on an Open Interval 


In mathematics, the term continuous has much the same meaning as it has in everye 
usage. To say that a function f is continuous at x = c means that there is no interr 
tion in the graph of f at c. That is, its graph is unbroken at c and there are no ho 
jumps, or gaps. Figure 1.25 identifies three values of x at which the graph of fis 
continuous. At all other points in the interval (a, b), the graph of f is uninterrupted ; 
continuous. 


y y y 
A 1 1 | 1 [ 4 1 ! 
1 1 1 I 1 1 
i 
| fle)is eee | ; | 
not defined. ! does not exist. ; lim f(x) #f(c) 
1 ee xc ; 

1 1 


Three conditions exist for which the graph of f is not continuous at x = c. 
Figure 1.25 


io) 
> 


In Figure 1.25, it appears that continuity at x = c can be destroyed by any one 
the following conditions. 


1. The function is not defined at x = c. 
2. The limit of f(x) does not exist at x = c. 


3. The limit of f(x) exists at x = c, but it is not equal to f(c). 


If none of the above three conditions is true, the function f is called continuous a 
as indicated in the following important definition. 


Definition of Continuity 


Continuity at a Point: A function f is continuous at c if the following three 
conditions are met. 


1. f(c) is defined. 
2. lim f(x) exists. 
xc 
3. tim f(x) = fle), 
KC 
Continuity on an Open Interval: A function is continuous on an open interva 


(a, b) if it is continuous at each point in the interval. A function that is continuou 
on the entire real line (— 00, oo) is everywhere continuous. 


Removable discontinuity 


z 


} Nonremovable discontinuity 


7 


SS a ere = 
y 


a Cc 


Removable discontinuity 


pure 1.26 
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Consider an open interval / that contains a real number c. If a function fis defined 
on J (except possibly at c), and f is not continuous at c, then f is said to have a 
discontinuity at c. Discontinuities fall into two categories: removable and non- 
removable. A discontinuity at c is called removable if f can be made continuous by 
appropriately defining (or redefining) f(c). For instance, the functions shown in Figure 
1.26(a) and (c) have removable discontinuities at c and the function shown in Figure 
1.26(b) has a nonremovable discontinuity at c. 


Example 1 Continuity of a Function 


Discuss the continuity of each function. 


1 x2 — I woe i, <0 
a. f(x) =—- b. e(x) = ny = 
f(x) g(x) c. h(x) {fet sey, 


ay d. y = sinx 


Solution 


a. The domain of f is all nonzero real numbers. From Theorem 1.3, you can conclude 
that f is continuous at every x-value in its domain. At x = 0, f has a nonremovable 
discontinuity, as shown in Figure 1.27(a). In other words, there is no way to define 
f(0) so as to make the function continuous at x = 0. 


b. The domain of g is all real numbers except x = 1. From Theorem 1.3, you can 
conclude that g is continuous at every x-value in its domain. At x = 1, the function 
has a removable discontinuity, as shown in Figure 1.27(b). If g(1) is defined as 2, 
the “newly defined” function is continuous for all real numbers. 


c. The domain of h is all real numbers. The function h is continuous on (— oo, 0) and 
(0, co), and, because lim h(x) = 1, his continuous on the entire real line, as shown 
v—> 
in Figure 1.27(c). 


d. The domain of y is all real numbers. From Theorem 1.6, you can conclude that the 
function is continuous on its entire domain, (— 00, 00), as shown in Figure 1.27(d). 


ih 


Not 


(a) Nonremovable discontinuity at x = 0 


(b) Removable discontinuity at x = 1 


y=sinx 


h(x) x+1, x<0 
hoy= 
Focal ge 53(0) 


[UDY TIP Some people may refer to 
- function in Example la as “discon- 
uous.” We have found that this termi- 
logy can be confusing. Rather than 
ying the function is discontinuous, we 
fer to say that it has a discontinuity 

x = 0. 


—t 
= 
N+ 
moist 
y 
=I 


(c) Continuous on entire real line 


Figure 1.27 


(d) Continuous on entire real line 
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xX approaches 
c from the right. 


—_— 


edie eee | 
[ = 
ORK 
(a) Limit from right 
y 
A 
x approaches 
c from the left. 
I > X 
cx 
(b) Limit from left 
Figure 1.28 
y 
A 
3-7 
| 
| f@e/4—x? 
> X 


The limit of f(x) as x approaches — 2 from 


the right is 0. 
Figure 1.29 


ine) 
t 


SO) = fe] 
o_O 
oO 


Greatest integer function 


Figure 1.30 


Limits and Their Properties 


One-Sided Limits and Continuity on a Closed Interval 


To understand continuity on a closed interval, you first need to look at a different fy 
of limit called a one-sided limit. For example, the limit from the right means the 
approaches c from values greater than c [see Figure 1.28(a)]. This limit is denoted 


Limit from the right 


lim f(x) = L. 
x>ct 


Similarly, the limit from the left means that x approaches c from values less tha 
[see Figure 1.28(b)]. This limit is denoted as 


Limit from the left 


lim f(x) = L. 


K— > Cm 


One-sided limits are useful in taking limits of functions involving radicals. ] 
instance, if n is an even integer, 


lim 2/x = 0. 


x>0* 


Example 2A One-Sided Limit 


Find the limit of f(x) = /4 — x? as x approaches —2 from the right. 


Solution As indicated in Figure 1.29, the limit as x approaches — 2 from the righ 


lim /4-x=0. ) 


x——2?* 


One-sided limits can be used to investigate the behavior of step functions. C 
common type of step function is the greatest integer function |x], defined by 


[x] = greatest integer n such that n < x. Greatest integer function 


For instance, [2.5] = 2 and [—2.5] = —3. 
Evample 3 ‘The Greatest Integer Function 
sae eae eeu Aenean imeem mene dee eee mene aint etn maeten tome near ene ne ee 


Find the limit of the greatest integer function f(x) = [x] as x approaches 0 from 
left and from the right. 


Solution As shown in Figure 1.30, the limit as x approaches 0 from the left is given 


lint [x] = -1 


On 
and the limit as x approaches 0 from the right is given by 


lim [x] = 0. 
x—0* 
The greatest integer function has a discontinuity at 0 because the left and right lin 


at zero are different. By similar reasoning, you can see that the greatest inte 


function has a discontinuity at any integer n. | 


a b 


itinuous function on a closed interval 
ure 1.31 


continuous on [ — 1, 1]. 
ure 1.32 
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When the limit from the left is not equal to the limit from the right, the (two- 
sided) limit does not exist. The next theorem makes this more explicit. The proof of 
this theorem follows directly from the definition of a one-sided limit. 


THEOREM 1.10 ‘The Existence of a Limit 


Let f be a function and let c and L be real numbers. The limit of f(x) as x 
approaches c is L if and only if 


lim f(x) =L and lim f(x) = L. 
x>C x—ct 


The concept of a one-sided limit allows you to extend the definition of continu- 
ity to closed intervals. Basically, a function is continuous on a closed interval if it is 
continuous in the interior of the interval and possesses one-sided continuity at the 
endpoints. We state this formally as follows. 


Definition of Continuity on a Closed Interval 


A function f is continuous on the closed interval [a, b] if it is continuous on 
the open interval (a, b) and 


lim f(x) = f(a) and lim f(x) = f(b). 


The function fis continuous from the right at a and continuous from the left 
at b (see Figure 1.31). 


Similar definitions can be made to cover continuity on intervals of the form (a, b] 
and [a, b) that are neither open nor closed, or on infinite intervals. For example, the 
function 


is continuous on the infinite interval [0, co), and the function 
ex) = V/2—x 


is continuous on the infinite interval (— oo, 2]. 


Example 4 Continuity on a Closed Interval 


2 


Discuss the continuity of f(x) = /1 — x’. 


Solution The domain of f is the closed interval [—1, 1]. At all points in the open 
interval (—1, 1), the continuity of f follows from Theorems 1.4 and 1.5. Moreover, 
because 


lim J/1-—x*7=0= ie 1) Continuous from the right 


x—>—-1* 

and 
lim /1 -— x7 =0= f() Continuous from the left 
ell 


you can conclude that f is continuous on the closed interval [—1, 1], as shown in 
Figure 1.32. : 
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The next example shows how a one-sided limit can be used to determine the ve 
of absolute zero on the Kelvin scale. 


ae secateenancanan pevecrevscocnsnengacnansnsnaumnumnven oversees sarcomas CANA ALC ETE AACE TTL TO CCC ATE 


Example 5 Charles’s Law and Absolute Zero 


On the Kelvin scale, absolute zero is the temperature 0 K. Although temperature: 
approximately 0.0001 K have been produced in laboratories, absolute zero has ne 
been attained. In fact, evidence suggests that absolute zero cannot be attained. F 
did scientists determine that 0 K is the “lower limit” of the temperature of mat 
What is absolute zero on the Celsius scale? 


Solution The determination of absolute zero stems from the work of the Fre 
physicist Jacques Charles (1746-1823). Charles discovered that the volume of ga 
a constant pressure increases linearly with the temperature of the gas. The table il 
trates this relationship between volume and temperature. In the table, one mole 
hydrogen is held at a constant pressure of one atmosphere. The volume V is measu 
in liters and the temperature T is measured in degrees Celsius. 


’ a0 | a0 20 40 60 | 80 
—300  -—200 —-—100 100 
| V | 19.1482 | 20.7908 | 22.4334 | 24.0760 | 25.7186 | 27.3612 | 29.0035 


The volume of hydrogen gas depends on 

its temperature. 

Figure 1.33 The points represented by the table are shown in Figure 1.33. Moreover, by using 
points in the table, you can determine that T and V are related by the linear equati 


V — 22.4334 


V = 0.082137 + 22.4334 ut 
23 or A ~ 0.08213 


By reasoning that the volume of the gas can approach 0 (but never equal or go beloy 
you can determine that the “least possible temperature” is given by 
V — 22.4334 


ar 
acai 


ae jy, Olan? 4334 cr ee 
5 E 0.082 | B se direct substitution. 
ee ay 073.15, 
: Z | So, absolute zero on the Kelvin scale (0 K) is approximately — 273.15° on the Cel 
oan scale. 
on 
In 1995, physicists Carl Wieman and : 
Eric Cornell of the University of The following table shows the temperatures in Example 5, converted to 
Colorado at Boulder used lasers and Fahrenheit scale. Try repeating the solution shown in Example 5 using these temperat 
evaporation to produce a supercold gas and volumes. Use the result to find the value of absolute zero on the Fahrenheit scal 
in which atoms overlap. This gas 1s called 
a Bose-Einstein condensate. “We get to | T | ~40 | oA 32 | 
SNe as 68 I 
within a billionth of a degree of absolute as el ae 
zero” reported Wieman. (Source: Time | V | 19.1482 | 20.7908 | 22.4334 | 24.0760 | 25.7186 i 27.3612 | 29.003 


magazine, April 10, 2000) 
NOTE  Charles’s Law for gases (assuming constant pressure) can be stated as 
V=RT Charles’s Law 


where V is volume, R is constant, and T is temperature. In the statement of this law, 9 
property must the temperature scale have? 
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Properties of Continuity 


In Section 1.3, you studied several properties of limits. Each of those properties yields 
a corresponding property pertaining to the continuity of a function. For instance, 
Theorem 1.11 follows directly from Theorem 1.2. 


THEOREM 1.11 Properties of Continuity 


If b is a real number and f and g are continuous at x = c, then the following 
functions are also continuous at c. 


1. Scalar multiple: bf 2. Sum and difference: f+ g 


3. Product: fg 4. Quotient: : if g(c) #0 


_ Bee ccc Lous Caucny (1789-1857) 


he concept of a continuous function was 
Ist introduced by Augustin-Louis Cauchy in The following types of functions are continuous at every point in their domains. 
821. The definition given in his text Cours 


Bi 5 cted that indefinite small changes 1.*Polynomial functions: 9 p(x) = a8 ao ak oe taxing, 
1 y were the result of indefinite small changes : 4 @ p(x) 

x. “...f(x) will be called a continuous 2. Rational functions: r(x) = q(x)’ q(x) # 0 

inction if ... the numerical values of the : bn by $2 

erence fx +. a) ~ f(x) decrease 3. Radical functions: f(x) = x 

definitely with those of a...” 4. Trigonometric functions: sin x, cos x, tan x, cot x, sec x, csc x 


By combining Theorem 1.11 with this summary, you can conclude that a wide 
variety of elementary functions are continuous at every point in their domains. 


i] Example 6 ‘Applying Pri Properties of Continuity 


By Theorem 1.11, it follows that each of the following functions is continuous at every 
point in its domain. 
Fuse | 


hoa ree, | fix) Stan x, (xe) = ree ra 


The next theorem, which is a consequence of Theorem 1.5, allows you to deter- 
mine the continuity of composite functions such as 


fix). = simv8x%,. FGhH= s/o +1, flax) = tan ~ 


THEOREM 1.12 Continuity of a Composite Function 


If g is continuous at c and f is continuous at g(c), then the composite function 
given by (f° g)(x) = f(g(x)) is continuous at c. 


One consequence of Theorem 1.12 is that if f and g satisfy the given conditions, 
you can determine the limit of f (g(x)) as x approaches c to be 


lim f(g) = f(g(c)). 
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' 
1 
1 
' 
i] 
! 
! 
' 
! 
' 
! 
fl 


f@) =tan x 


(a) fis continuous on each open interval in its 
domain. 


Figure 1.34 


sevnaenensoepcetstetuuamraninatctcesonsAreetnntant itt Aste Pee CAAT AOTC OCI TTC 


Example 7 Testing for Continuity 
Describe the interval(s) on which each function is continuous. 


(x) hace sin t, x #0 h(x) xsint, x #0 
ann) (0) stale’ b eae) = (hes) = 
y é OF cok EU 0, x=0 


Solution 


a. The tangent function f(x) = tan x is undefined at 


7 : : 
c= 3 an 1 n 1s an integer. 


At all other points it is continuous. So, f(x) = tan x is continuous on the o 
intervals 


(FB -3}(-F}. (5) 
aoe 0) 2AM) ao a 


as shown in Figure 1.34(a). 


b. Because y = 1/x is continuous except at x = 0 and the sine function is continu 
for all real values of x, it follows that y = sin (1/x) is continuous at all real val 
except x = 0. At x = 0, the limit of g(x) does not exist (see Example 5, Sect 
1.2). So, g is continuous on the intervals (—co, 0) and (0, 00), as indicatec 
Figure 1.34(b). 

c. This function is similar to that in part (b) except that the oscillations are dam 
by the factor x. Using the Squeeze Theorem, you obtain 


x +0 


? 


iil 
=o | ene Sire Sela 
Ke 
and you can conclude that 
lim h(x) = 0. 
x0 


So, fA is continuous on the entire real line, as indicated in Figure 1.34(c). 


See hoya {sine so XS 
0, x=0 


(b) g is continuous on (—oo, 0) and (0, 09). (c) his continuous on the entire real line 


a b 


continuous on [a, b]. 
ere exist three c’s such that f(c) = k.] 
sure 1.35 


‘not continuous on [a, 5]. 
ere are no c’s such that f(c) = k.] 
sure 1.36 


Y\ ifGjsors- Ox au 


continuous on [0, 1] with f(0) < 0 and 
) >30: 
ure 1.37 
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The Intermediate Value Theorem 


We conclude this section with an important theorem concerning the behavior of 
functions that are continuous on a closed interval. 


THEOREM 1.13 Intermediate Value Theorem 


If f is continuous on the closed interval [a, b] and k is any number between f(a) 
and f(b), then there is at least one number c in [a, b] such that f(c) = k. 


NOTE The Intermediate Value Theorem tells you that at least one c exists, but it does not give 
a method for finding c. Such theorems are called existence theorems. 


By referring to a text on advanced calculus, you will find that a proof of this 
theorem is based on a property of real numbers called completeness. The Intermediate 
Value Theorem states that for a continuous function f, if x takes on all values between 
a and b, f(x) must take on all values between f(a) and f(b). 

As a simple example of this theorem, consider a person’s height. Suppose that a 
girl is 5 feet tall on her thirteenth birthday and 5 feet 7 inches tall on her fourteenth 
birthday. Then, for any height h between 5 feet and 5 feet 7 inches, there must have 
been a time tf when her height was exactly h. This seems reasonable because human 
growth is continuous and a person’s height does not abruptly change from one value 
to another. 

The Intermediate Value Theorem guarantees the existence of at least one number 
c in the closed interval [a, b]. There may, of course, be more than one number c such 
that f(c) = k, as shown in Figure 1.35. A function that is not continuous does not 
necessarily possess the intermediate value property. For example, the graph of the 
function shown in Figure 1.36 jumps over the horizontal line given by y = &k, and for 
this function there is no value of c in [a, b] such that f(c) = k. 

The Intermediate Value Theorem often can be used to locate the zeros of a func- 
tion that is continuous on a closed interval. Specifically, if fis continuous on [a, b] and 
f(a) and f(b) differ in sign, the Intermediate Value Theorem guarantees the existence 
of at least one zero of f in the closed interval [a, b]. 


Example 8 An Application of the Intermediate Value Theorem 


Use the Intermediate Value Theorem to show that the polynomial function 
fax +2x = 1 


has a zero in the interval [0, 1]. 


Solution Note that fis continuous on the closed interval [0, 1]. Because 


FiO) =02 2(0) — t= 1 


and 
fae 2h) = 1 = 


it follows that f(0) < Oand f(1) > 0. You can therefore apply the Intermediate Value 
Theorem to conclude that there must be some c in [0, 1] such that 


f(c) = 0 fhas a zero in the closed interval [0, 1]. 


as shown in Figure 1.37. (3 
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The bisection method for approximating the real zeros of a continuous funct 
is similar to the method used in Example 8. If you know that a zero exists in the clo 
interval [a, b], the zero must lie in the interval [a, (a + b)/2] or [(a + b)/2, b]. Fr 
the sign of f([a + b]/2), you can determine which interval contains the zero. 
repeatedly bisecting the interval, you can “close in” on the zero of the function. 
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EXERCISES FOR SECTION 1.4 


In Exercises 1-6, use the graph to determine the limit, and 


discuss the continuity of the function. 
(a) lim f(x) (b) lim f(x) (c) lim f(x) 


ik, y y 
A A 


3 
5 y 6 y 
A A 
is (4, 2) 4+ 
2+ —— c==1 
_ C= 4 oe 
abe 2+ 
jill A 3A SiG (57) 
—— 
23) He Gh—2) i | Wale Xs 
=3 (Gil, 0) I 


Figure 1.38 Zooming in on the zero of f(x 


In Exercises 7—24, find the limit (if it exists). If it does not ex 


/ TECHNOLOGY You can also use the zoom feature of a graphing utility to appre 
- imate the real zeros of a continuous function. By repeatedly zooming in on the po 
where the graph crosses the x-axis, and adjusting the x-axis scale, you can appre 
imate the zero of the function to any desired accuracy. The zero of x? + 2x — 1 
approximately 0.453, as shown in Figure 1.38. 


explain why. 


Th 


11. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
21. 


23. 


hvan) 
55 ee) 


lim 
x>—-3- ./x* — 9 


eee era | 


(x + Ax)? +x + Ax — (? 4+ x) 


lim f(x), where f(x) 


lim f(x), where f(x) = s 
eo ) sed ee + Ay — 2. 


lim f(x), where f(x) 


lim f(x), where f(x) 


lim cot x 
Do A 


lim (3[x] — 5) 
x—4- 


lim (2.— (=x) 


1 Exercises 25-28, discuss the continuity of each function. 


an 


1 Exercises 29-32, discuss the continuity of the function on the 


losed interval. 


Bei 29 — 27, 2 | — 5, 5] 
eo 6 = 2, [=3,3] 


3) ae < 0 
Lf=[s 1, my ee 
et) ee 19] 


1 Exercises 33-54, find the x-values (if any) at which f is not 


26. f(x) = 


x — 1 


xe I 


28. f(x) = 


5p Sh 
x= 1 
Be > Me te Sel 


yntinuous. Which of the discontinuities are removable? 


3. f(x) = x2 — 2x + 1 34. f(x) 
5. f(x) = 3x — cosx 36. f(x) 
1. f(x) = 38. f(x) 
. f(x) = ssi 40. f(x) 
L fe) = = 42. f(x) 
fy) = RAZ 44. f2) 
fx) = be i 46. f(x) 


Tr. 
es 


| 
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2% 5, SD 
48. = : 
FO) i = Ayes th 83 
fare Se vlc nal 
49. f(x) = 4 
a lel 
Coomera = Bitar? 
50. f(x) = 6 
i) [x — 3] > 2 


52. f(x) = tan =< 


54. f(x) =3 -B] 


51. f(x) = csc 2x 


53. f(x) = [x - 1] 


function. From the graph, estimate 


lim, f(x) and lim. f (x). 


Is the function continuous on the entire real line? Explain. 


|x? — |x 


ie ch Ani 2) 


55. f(x) = 56. f(x) = 


ap 2 56 oe 


a7 


Pe In Exercises 55 and 56, use a graphing utility to graph the 


In Exercises 57—60, find the constants a and b such that the 


function is continuous on the entire real line. 


He ee 4 sin x 
57. f(x) = fe bhays 58. g(x) = Be 
Ge Des 
D, jes =! 
2 SOFC 4 Gia Oy ees 
=). ii 3 
ie = a 
xF 
60. g(x) =) x-a ee 
8 x=a 


x= 0 


In Exercises 61-64, discuss the continuity of the composite 


function h(x) = f(g(x)). 


9 Hi ole 
61. f(x) = x 62. f(x) we 
g(x) =x— 1 ged) sce = Al 
63. f(x) = ene: 64. f(x) = sin x 
g(x) =x? +5 g(x) = x? 


acd In Exercises 65-68, use a graphing utility to graph the function. 


Use the graph to determine any x-values at which the function 


is not continuous. 


1 
65. f(x) = [x] —x 66. h(x) = oe) re) 
61. f6) = Dye th ae SB 
aes ee eS 

COSay = Ih 

SS 0 
68. f(x) = — 

ane ie 2 0 
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In Exercises 69-72, describe the interval(s) on which the 
function is continuous. 


Xx 


69. f(x) = oy 
y 
A 
ae 
1+ 
— ea ~x 
| 2 
ajtae 
aoe ee 
TX ger Il 
4 —= 72. f(x) = 
71. f(x) = sec 4 f(x) wi 
y y 
) h i] 
ee zi 
Tie ket hr 3 
—. bey a 
—2 z 
lta f- iy 
fie uF ak Lab L {+ X 
ico ! i 2 3. 4 


fad Writing In Exercises 73 and 74, use a graphing utility to graph 


the function on the interval [—4, 4]. Does the graph of the func- 
tion appear continuous on this interval? Is the function contin- 
uous on [—4, 4]? Write a short paragraph about the importance 
of examining a function analytically as well as graphically. 


sin x x—8 


EA cto 5 


73. f(x) = 


Writing In Exercises 75-78, explain why the function has a 
zero in the specified interval. 


Ts.) = xix +3) [1,2] 
76. f(x) = x2 + 3x2; [0, 1] 
The en — 2 =" C08 x, [0, 7] 


78. f(x) = -< + tan( =), [1, 3] 


Py In Exercises 79-82, use the Intermediate Value Theorem and a 


graphing utility to approximate the zero of the function in the 
interval [0, 1]. Repeatedly “zoom in” on the graph of the function 
to approximate the zero accurate to two decimal places. Use the 
root-finding capabilities of the graphing utility to approximate 
the zero accurate to four decimal places. 

OAC a — 
80. f(x) = 2x3 + 3x -—2 
81. g(t) = 2 cost — 3¢ 
82. h(6) = 1 + 6— 3 tan 0 


In Exercises 83-86, verify that the Intermediate Value Theor 
applies to the indicated interval and find the value of c guar. 
teed by the theorem. 


S32i l= x [Ors ait 

84. f(x) = x2 -6x+8, [0,3] fl =0 

85. f(x) = *% = x2+x-—2, [0,3], flo) =4 
We aie 5 5 es 

86. fe) ==, E 4| fo) =6 


87. State how continuity is destroyed at x = c for each of th 
following. 


(a) (b) y 
A A 


at! 
alse 


(c) 9 (a) » 
h A 
‘ | 
: ee : 4 


88. Describe the difference between a discontinuity that 
removable and one that is nonremovable. In your explan: 
tion, give examples of the following. 


(a) A function with a nonremovable discontinuity at x = ‘ 
(b) A function with a removable discontinuity at x = —' 
(c) A function that has both of the characteristics describe 
in parts (a) and (b). 
89. Sketch the graph of any function f such that 


lim f(x) = 1 and lim f(x) = 0 


w= Se X35 


Is the function continuous at x = 3? Explain. 


90. If the functions f and g are continuous for all real x, is f + 
always continuous for all real x? Is f/g always continuo 
for all real x? If either is not continuous, give an example 
verify your conclusion. 


91. Think About It Describe how the functions f(x) = 3 + 
and g(x) = 3 — [—x] differ. 


. Telephone Charges A dial-direct long distance call between 


two cities costs $1.04 for the first 2 minutes and $0.36 for each 
additional minute or fraction thereof. Use the greatest integer 
function to write the cost C of a call in terms of the time ¢ 
(in minutes). Sketch a graph of this function and discuss its 
continuity. 


. Inventory Management The number of units in inventory in 


a small company is given by 


N(t) = 25(2{ 5 2] = ) 


_ where ¢ is the time in months. Sketch the graph of this function 


and discuss its continuity. How often must this company replen- 


_ ish its inventory? 


R 


Déja Vu At 8:00 A.M. on Saturday a man begins running up 


_ the side of a mountain to his weekend campsite (see figure). On 


Sunday morning at 8:00 A.M. he runs back down the mountain. 
It takes him 20 minutes to run up, but only 10 minutes to run 
down. At some point on the way down, he realizes that he 
passed the same place at exactly the same time on Saturday. 
Prove that he is correct. [Hint: Let s(t) and r(t) be the position 
functions for the runs up and down, and apply the Intermediate 
Value Theorem to the function f(t) = s(t) — r(t).] 


Not drawn to scale 


Sunday 8:00 A.M. 


Saturday 8:00 AM. 


. Volume Use the Intermediate Value Theorem to show that for 


all spheres with radii in the interval [1, 5], there is one with a 
volume of 275 cubic centimeters. 


. Prove that if fis continuous and has no zeros on [a, bl, then either 


f(x) > 0 for all x in [a, b] or f(x) < 0 for all x in [a, b]. 


. Show that the Dirichlet function 


0, if x is rational 
1, if x is irrational 


ror | 


is not continuous at any real number. 


. Show that the function 


a= 0, if x is rational 
PO) = ice, if.xis irrational 


is continuous only at x = 0. (Assume that k is any nonzero real 
number.) 


. The signum function is defined by 


— [xr .0 
sgn(x) = 40, «=0 
il, aes (0) 


Sketch a graph of sgn(x) and find the following (if possible). 


(a) lim, sgn(x) (b) lim, sgn(x) (c) lim sgn(x) 


True or False? 
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In Exercises 100-103, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 
110. 


If lim f(x) = L and f(c) = L, then f is continuous at c. 
XE, 


If f(x) = g(x) for x # c and f(c) # g(c), then either f or g is 
not continuous at c. 


A rational function can have infinitely many x-values at which 
it is not continuous. 


The function f(x) = |x — 1|/(x — 1) is continuous on 
(— 00, co), 


Modeling Data After an object falls for t seconds, the speed 
S (in feet per second) of the object is recorded in the table. 


20 25 30 


Spe) | Stee? || Stas! 


(a) Create a line graph of the data. 


(b) Does there appear to be a limiting speed of the object? If 
there is a limiting speed, identify a possible cause. 


Creating Models A swimmer crosses a pool of width b by 
swimming in a straight line from (0, 0) to (2, b). (See figure.) 


(a) Let f be a function defined as the y-coordinate of the point 
on the long side of the pool that is nearest the swimmer at 
any given time during the swimmer’s path across the pool. 
Determine the function f and sketch its graph. Is it 
continuous? Explain. 

(b) Let g be the minimum distance between the swimmer and 


the long sides of the pool. Determine the function g and 
sketch its graph. Is it continuous? Explain. 


y 


(2b, b) 


1 ee | 


(0, 0) 


Prove that for any real number y there exists x in (— 77/2, 77/2) 
such that tan x = y. 


Let f(x) = (/x + c? — c)/x, c > 0. What is the domain of 


f? How can you define f at x = 0 in order for f to be contin- 


uous there? 
Prove that if lim f(c + Ax) = f(c), then f is continuous at c. 
Ax>0 


Discuss the continuity of the function h(x) = x[p]. 


Let f,(x) and f,(x) be continuous on the closed interval [a, b]. 
If f(a) < f,(a) and f(b) > f(b), prove that there exists c 
between a and b such that f,(c) = f(c). 
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Section 1.5 = —_—_Infinite Limits 


¢ Determine infinite limits from the left and from the right. 
¢ Find and sketch the vertical asymptotes of the graph of a function. 


Infinite Limits 
Let f be the function given by 


fl) = 5. 


From Figure 1.39 and the table, you can see that f(x) decreases without bound ¢ 
approaches 2 from the left, and f(x) increases without bound as x approaches 2 fi 
the right. This behavior is denoted as 


lim = —CO f(x) decreases without bound as x approaches 2 from the left. 
er A 
rae : and 
f(x) increases and decreases without bound 
as x approaches 2. : ' : 
4 = 6S 5 s without bound as x hes 2 fi the right. 
Figure 1.39 Jim, anes f(x) increases without bound as x approaches 2 from the rig 
x approaches 2 from the left. < x approaches 2 from the right. 
x 1s) 1.9 1,99 1:999 


to 6 —6 OU) 300 — 3000 


f(x) decreases without bound. < f(x) increases without bound. 


A limit in which f(x) increases or decreases without bound as x approaches c is ca 
an infinite limit. 


Definition of Infinite Limits 


Let f be a function that is defined at every real number in some open interval 
containing c (except possibly at c itself). The statement 

lim f(x) = o0 

x=? C: 


means that for each M > 0 there exists a 6 > 0 such that f(x) > M whenever 


; vitae 0 < |x — c| < 6 (see Figure 1.40). Similarly, the statement 
: xe 
: lim fx) = —00 


means that for each N < 0 there exists a 6 > 0 such that f(x) < N whenever 
0 < |x — c| < 6. To define the infinite limit from the left, replace 

0 < |x —c| < Sbyc — 8 < x < c. To define the infinite limit from the 
right, replace 0 < |x —c| < Sbyc<x<c+ 6. 


Mies Seas seogeas 


1 xX 


Be sure you see that the equal sign in the statement lim f(x) = 00 does not n 
Infinite limits that the limit exists! On the contrary, it tells you how the limit fails to exist by de 
Figure 1.40 ing the unbounded behavior of f(x) as x approaches c. 
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Use a graphing utility to graph each function. For each function, analytically find 
the single real number c that is not in the domain. Then graphically find the limit 
of f(x) as x approaches c from the left and from the right. 


a. fx) => b. fl) = =—— 
CoQ) = aye d. fa) = aay 


Example 1 Determining Infinite Limits from a Graph 


Use Figure 1.41 to determine the limit of each function as x approaches | from the left 
and from the right. 


) (b) 
igure 1.41 Each graph has an asymptote at x = 1. 


OTE Ifa function f has a vertical 
ymptote at x = c, then f is not 
tinuous at c. 


y 
ages =i 
ot] ‘ Goo, 
| iS) =a 
t = | t ieee + > Xx 
—2 -l ; 2 ») 
{=~ x -|-+ 1 
3 
2 -- 1 
(x- 1)? 3-4 | 
(c) (d) 
Solution 
: ] ; | 
a. lim = —co and lim = co 
Pe ee Seated | a 39 = Il 
I Lor ae 
Ds. lint) tee ee CO Limit from each side is co. 
at 1)? 
; =| : =I 
ec. lim = '0CO and lim = —6Oo 
poe = ll eS al 
d. hi EA Limit f h side i 
ee epee ae a) imit from each side is — co. = 
el (x — De VA 


Vertical Asymptotes 


If it were possible to extend the graphs in Figure 1.41 toward positive and negative 
infinity, you would see that each graph becomes arbitrarily close to the vertical line 
x = 1. This line is a vertical asymptote of the graph of f. (You will study other types 
of asymptotes in Sections 3.5 and 3.6.) 


Definition of a Vertical Asymptote 


If f(x) approaches infinity (or negative infinity) as x approaches c from the 
right or the left, then the line x = c is a vertical asymptote of the graph of f. 
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== x 
(a) 
y 
A, 
2 ! ! 
FO) xt eS 
>) ee 
ele 
+——+-— —+-——-+ 
= onl ag 
ie ! 
(b) 
= CObes 
bo x 
—20 20 


(c) 


Functions with vertical asymptotes 


Figure 1.42 


In Example 1, note that each of the functions is a quotient and that the verti 
asymptote occurs at a number where the denominator is 0 (and the numerator 1S J 
0). The next theorem generalizes this observation. (A proof of this theorem is given 
Appendix B.) 


THEOREM 1.14 Vertical Asymptotes 


Let f and g be continuous on an open interval containing c. If f(c) # 0, 
g(c) = 0, and there exists an open interval containing c such that g(x) # 0 for 
all x # c in the interval, then the graph of the function given by 


fxs Example 2 *F inding Vertical Asym ptotes 


Determine all vertical asymptotes of the graph of each function. 


= f(x) = sea! c. f(x) = cotx 
oe amet) TUG a¢ Se 
Solution 
a. When x = —1, the denominator of 
1 
FO) sree ey 


is 0 and the numerator is not 0. Hence, by Theorem 1.14, you can conclude t 
x = —1 isa vertical asymptote, as shown in Figure 1.42(a). 


b. By factoring the denominator as 


be iter? Ob coal 
eres i eS 
you can see that the denominator is 0 at x = —1 and x = 1. Moreover, because 


numerator is not 0 at these two points, you can apply Theorem 1.14 to conclt 
that the graph of f has two vertical asymptotes, as shown in Figure 1.42(b). 


c. By writing the cotangent function in the form 


COS X 


f(x) = cotx == 
sin x 
you can apply Theorem 1.14 to conclude that vertical asymptotes occur at 
values of x such that sin.x = 0 and cos x # 0, as shown in Figure 1.42(c). Hen 
the graph of this function has infinitely many vertical asymptotes. These et 
totes occur when x = na, where n is an integer. 


Theorem 1.14 requires that the value of the numerator at x = c be nonzero 
both the numerator and the denominator are 0 at x = c, you obtain the indetermin 
form 0/0, and you cannot determine the limit behavior at x = c without furt 
investigation, as illustrated in Example 3. 


a Undefined 
when x = 2 


Vertical 
asymptote 
at x =—2 


(x) increases and decreases without bound 
§ x approaches — 2. 
‘igure 1.43 


wee Be 
Pera 


—6 


has a vertical asymptote at x = 1. 
igure 1.44 
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Example 3 A Rational Function with Common Factors 


Determine all vertical asymptotes of the graph of 


~ Mii 2X a8 
ao Ae 


F(x) 


Solution Begin by simplifying the expression, as follows. 


ics 5 


At all x-values other than x = 2, the graph of f coincides with the graph of 
g(x) = (x + 4)/(x + 2). So, you can apply Theorem 1.14 to g to conclude that there 


is a vertical asymptote at x = —2, as shown in Figure 1.43. From the graph, you can 
see that 

Be oe ets) ee ens 

lim = —coardsd lim <r 


x3>-27 xo = 4 i)” ssl 


Note that x = 2 is not a vertical asymptote. 


Example 4 Determining Infinite Limits 


Find each limit. 


Solution Because the denominator is 0 when x = | (and the numerator is not zero), 
you know that the graph of 
Ok 
f(x) = oe 

has a vertical asymptote at x = |. This means that each of the given limits is either oo 
or —co. A graphing utility can help determine the result. From the graph of f shown 
in Figure 1.44, you can see that the graph approaches co from the left of x = 1 and 
approaches —oo from the right of x = 1. So, you can conclude that 


Pe Ok pa. ee 
ums Sas Sek OO The limit from the left is infinity. 
rary 4 
and 
mete 0 aa to6 3s Fee 
lim = —1F9) The limit from the right is negative infinity. wd 
mse 39 = Ml y Ma 


: TECHNOLOGY PITFALL When using a graphing calculator or graphing software, 
: be careful to correctly interpret the graph of a function with a vertical asymptote— 
i graphing utilities often have difficulty drawing this type of graph. 
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THEOREM 1.15 Properties of Infinite Limits 


Let c and L be real numbers and let f and g be functions such that 


lim f(x) = co and lim g(x) = L. 


2 6) x>¢ 


1. Sum or difference: lim [ f(x) + g(x)] = ce 


2. Product: lim kel | =o, ire =0 
lim [f(x)g(x)] = —c0, L< 0 
3. Quotient: iim = = 0 


Similar properties hold for one-sided limits and for functions for which the 
limit of f(x) as x approaches c is — oo. 


Proof To show that the limit of f(x) + g(x) is infinite, choose M > O. You then ne 
to find 6 > 0 such that 


[f(x) + e()] > M 


whenever 0 < |x — c| < 6. For simplicity’s sake, you can assume L is positive a 
let M, = M + 1. Because the limit of f(x) is infinite, there exists 6, such tl 
f(x) > M, whenever 0 < |x — c| < 6,. Also, because the limit of g(x) is L, the 
exists 6, such that |g(x) — L| < 1 whenever 0 < |x — c| < 6). By letting 6 be 1 
smaller of 6, and 6,, you can conclude that 0 < |x — c| < d implies f(x) > M + 
and |g(x) — L| < 1. The second of these two inequalities implies that g(x) > L — 
and, adding this to the first inequality, you can write 


fix) + ex) > (M+ 1)+(L-1)=M+L>M. 


So, you can conclude that 

lim [f() + g(x)] = 0. 
We leave the proofs of the remaining properties as exercises (see Exercise 73). 
Example 5 Determining Limits 
RES ASSES SEE RSE SRE NE ADEE LSS ILLS IAI DELI EN ELLE AINE RES ALE STE LOL EEL SELL DELLE STEELS BEALE ELE LEL ELLE LEL EE LOE LECTED ETE EP LICE GEP OIE LD OT IIER 


: el 
a. Because lim | = 1| and lim — = oo, you can write 


x0 x70 X* 
; i 
lam | le "oot Property 1, Theorem 1.15 
x0 AS 
b. Because lim (x* + 1) = 2 and lim (cot 77x) = —oo, you can write 
x17 x1 


lim - 


Property 3, Theorem 1.15 
x—>1- cot 7x at 


c. Because lim 3 = 3 and lim cot x = oo, you can write 
x>0* x07 


lim 3 cot x = oo. Property 2, Theorem 1.15 
x0" 


iXERCISES FOR SECTION 1.5 


Exercises 1-4, determine whether f(x) approaches co or 
36 as x approaches —2 from the left and from the right. 


fe) = 215 


x 2. f(x) = 


merical and Graphical Analysis n Exercises 5-8, determine 
iether f(x) approaches co or —oo as x approaches —3 from 
> left and from the right by completing the table. Use a graph- 
x utility to graph the function and confirm your answer. 


3 = 3S | sib |= ZO | eS 00H 
f(x) 
; = NS) | eh | ee) | =) 5 
te) cen Da 

1 weed 
Ei) = => 5 6_-f (x) = x2 —9 
. f(x) = = 5 8. f(x) = sore 


1h 


19. 


21. 


22. 


23. 


ose 


27. 
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f(x) = tan 2x 18. f(x) = sec ax 
TOKD ee 20. pee ss 
ie DONTE aa 
x 
f(x) Sa So 
Ax? + 4x — 24 
eS ap) = Cea 
xt x2 —4 
glx) = Baar Il ee Nae 
ee Sab (i507 
Oe va. Pere ee 26. LU Nether —crery 
t tan 0 
s(t) = se 28. 2(6) = F 


AL In Exercises 29-32, determine whether the function has a verti- 
cal asymptote or a removable discontinuity at x = —1. Graph 
the function using a graphing utility to confirm your answer. 


x2 — 1 

29. é 
f(x) = A 
x24] 
31. fx) = ack 


30. 


32. 


In Exercises 33-48, find the limit. 


33. 


35% 


Bie 


39: 


41. 


43. 


45. 


47. 


lim 
ar oe = 9 
i x2 + 2x — 3 
im 
x9-3- x7 +x-6 
9 
, ik 
lim 


lim 


x30* SIN x 


bee X SCC 17X 


x3 1/2 


34. 


36. 


38. 


40. 


42. 


44. 


46. lim 


48. 


= oR = 7 
gene I 
sin(x + 1) 
ge | 


f(x) = 


f() = 


Doe i 
lim 
cae Jk sy 


5 


ie x2 + 16 


6x2 +x - 1 


im = 
x->(—-1/2)+ 4x2 — 4x — 3 


hin = 

x—>(7/2)* COS X 
Se ae 
x50 COtx 


lim x? tan mx 
x 1/2 


Exercises 9-28, find the vertical asymptotes (if any) of the Po In Exercises 49-52, use a graphing utility to graph the function 
and determine the one-sided limit. 


nction. 

fe=5 10. fl) = Gp 
hx) = ==, 12. g(x) = a3 
fe) == 4. (0) = Sy 

eo) i 16. h(s) = pee 


49. 


eee all 


= | 


eer 
Jim fla) 


52. 


f(x) = sec = 
lim f(x) 


x—3* 
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58. Boyle’s Law For a quantity of gas at a constant temperature, 
the pressure P is inversely proportional to the volume V. Find 
the limit of Pas V>0*. 


SY) 


60. 


61. Illegal Drugs The cost in millions of dollars for a govern- 
mental agency to seize x% of an illegal drug is 
528x 
= < 
6; 100 — x” ORSex—alO0: 


Getting at the Concept 


CHAPTER 1 Limits and Their Properties 


53. In your own words, describe the meaning of an infinite 
limit. Is co a real number? 


54. In your own words, describe what is meant by an asymp- 


tote of a graph. 


55. Write a rational function with vertical asymptotes at 


x = 6 and x = —2, and with a zero at x = 3. 


56. Does every rational function have a vertical asymptote? 
Explain. 

57. Use the graph of the function f (see figure) to sketch the 
graph of g(x) = 1/f(x) on the interval [—2, 3]. To print 
an enlarged copy of the graph, go to the website 


www.mathgraphs.com. 


|r| < 1. Find the limit of S as r> 17. 
Rate of Change 


light beam moves along the wall is 


r = 50msec? 0 ft/sec. 


(a) Find the rate r when @ is 77/6. 
(b) Find the rate r when 0 is 77/3. 
(c) Find the limit of ras 9 (a/2)~. 


Ss) 3 


(a) Find the cost of seizing 25% of the drug. 
(b) Find the cost of seizing 50% of the drug. 
(c) Find the cost of seizing 75% of the drug. 


(d) Find the limit of C as x—> 100~ and interpret its meaning. 


A given sum S is inversely proportional to 1 — r, where 0 < 


A patrol car is parked 50 feet from a long 
warehouse (see figure). The revolving light on top of the car 
turns at a rate of 5 revolution per second. The rate at which the 


62. 


63. 


64. 


Be 6s. 


Relativity According to the theory of relativity, the mass 7 
a particle depends on its velocity v. That is, 


Mo 
J1 — (v?/c?) 
where my is the mass when the particle is at rest and c is 
speed of light. Find the limit of the mass as v approaches ¢ 


Rate of Change A 25-foot ladder is leaning against a he 
(see figure). If the base of the ladder is pulled away from 
house at a rate of 2 feet per second, the top will move down 
wall at a rate of 


r= 


ee ft/sec 
MOS = 3 


where x is the distance between the base of the ladder and 
house. 

(a) Find the rate r when x is 7 feet. 

(b) Find the rate r when x is 15 feet. 

(c) Find the limit of ras x25~. 


Average Speed On a trip of d miles to another city, a t1 
driver’s average speed was x miles per hour. On the return 
the average speed was y miles per hour. The average speed 
the round trip was 50 miles per hour. 


MSW 
— 25 


(b) Complete the table. 


(a) Verify that y = r . What is the domain? 


Are the values of y different than you expected? Expla: 
(c) Find the limit of y as x 25* and interpret its meanin 


Numerical and Graphical Analysis Use a graphing utilit 
complete the table for each function and graph each functio 
estimate the limit. What is the value of the limit when the pc 
on x in the denominator is greater than 3? 


| ae | hl @hs | ODe Ost | 0.01 | 0.001 | 0.0001 
os Be | u 

8h = Sin se . = Shas 
@) tit os bt in 

5 26 = Sls 5 = Gin 
(gt eee a 


. Numerical and Graphical Analysis 


ae 


Consider the shaded 
region outside the sector of a circle of radius 10 meters and 
inside a right triangle (see figure). 


(a) Write the area A = f(6) of the region as a function of 8. 
Determine the domain of the function. 


(b) Use a graphing utility to complete the table. 


“J — | 0.9 | te? | 1S | 
£0 ate ales 


(c) Use a graphing utility to graph the function over the appro- 
priate domain. 


(d) Find the limit of A as 9 (7/2). 


we @ 
10m 


. Numerical and Graphical Reasoning A crossed belt connects 


a 20-centimeter pulley (10-cm radius) on an electric motor with 
a 40-centimeter pulley (20-cm radius) on a saw arbor (see 
figure). The electric motor runs at 1700 revolutions per minute. 


(a) Determine the number of revolutions per minute of the saw. 


(b) How does crossing the belt affect the saw in relation to the 
motor? 


(Cc 


wa 


Let L be the total length of the belt. Write L as a function of 
d, where ¢ is measured in radians. What is the domain of 
the function? (Hint: Add the lengths of the straight sections 
of the belt and the length of the belt around each pulley.) 


(d 


wa 


Use a graphing utility to complete the table. 


(e) Use a graphing utility to graph the function over the appro- 
priate domain. 


secTION PRojECT GRAPHS AND LIMITS OF TRIGONOMETRIC FUNCTIONS 


Recall from Theorem 1.9 that the limit of f(x) = (sin x)/x as x 
ipproaches 0 is 1. 


a) Use a graphing utility to graph the function f on the interval 


—q < 0 < mw. Explain how this graph helps confirm that 


lim sine = 1. 


x30 X 


b) Explain how you could use a table of values to confirm the 


value of this limit numerically. 


c) Graph g(x) = sin x by hand. Sketch a tangent line at the point 


(0, 0) and visually estimate the slope of this tangent line. 


True or False? 
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(Orrind ye ine: 


p> (a/2)~ 
Use a geometric argument as the basis of a second method 
of finding this limit. 


g) Find lim L. 
o0* 


ae 


In Exercises 68-71, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


68. 


69. 
70. 
71. 


72. 


73: 


74. 


es 


(d) Let (x, sin x) be a point on the graph of g near (0, 0), and write 


(e) Sketch the graph of the cosine function h(x) = cos x. What is 


(f) Find the slope of the tangent line to k(x) = tan x at (0, 0). 


If p(x) is a polynomial, then the function given by 
») — Pe) 
ES 
has a vertical asymptote at x = 1. 
A rational function has at least one vertical asymptote. 
Polynomial functions have no vertical asymptotes. 


If f has a vertical asymptote at x = 0, then f is undefined at 
x= 0. 


Find functions f and g such that 


lim f(x) = c0 


xe 


but lim [ fe) = e(x)] + 0. 


and lim g(x) = co 
xe 


Prove the remaining properties of Theorem 1.15. 


i 4 ‘ i 
Prove that if lim f(x) = oo then lim —~ = 0. 
xc xc F(x) 


Prove that if lim 


al 
x—>e f(x) 


= 0 then lim f(x) does not exist. 


x—7C¢ 


a formula for the slope of the secant line joining (x, sin x) and 
(0, 0). Evaluate this formula for x = 0.1 and x = 0.01. Then 
find the exact slope of the tangent line to g at the point (0, 0). 


the slope of the tangent line at the point (0, 1)? Use limits to 
find this slope analytically. 
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REVIEW EXERCISES FOR CHAPTER 1 | 


Limits and Their Properties 


mus 
In Exercises 1 and 2, determine whether the problem 19. lim Pood gal 2 aoe en as 4 
can be solved using precalculus or if calculus is required. If the pe ea xS=ae 18 
problem can be solved using precalculus, solve it. If the problem 1 = cosx : 
i i ; 2 eli aaa 22. lim 
seems to require calculus, explain your reasoning. Use a graph- pan Mee x n/4 tan x 
ical or numerical approach to estimate the solution. rae sin((/6) At) 
5 shwan 
1. Find the distance between the points (1, 1) and (3, 9) along the Ax—0 Ax 


curve y = x?. (Hint: sin(@ + ¢) = sin Ocos @ + cos @sin d] 
2. Find the distance between the points (1, 1) and (3, 9) along the _ cos(r + Ax) + 1 
line y = 4x — 3. Zab AS Ax 


Ax>0 


[Hint: cos(@ + &) = cos 6cos @ — sin Osin d] 
fo In Exercises 3 and 4, complete the table and use the 


result to estimate the limit. Use a graphing utility to graph the 


: In Exercises 25 and 26, evaluate the limit given lim f(x) = 
function to confirm your result. x3 


and lim g(x) = x 


x —(O5 | OO) —Oxaron! | 0.001 | 0.01 | 0.1 25. lim [ f(x)g(x)] 26. lim [ f(x) + 2g(x)] 
xe XC 
fe) | | aed Numerical, Graphical, and Analytic Analysis In Exercises 
and 28, consider 
+ 2)]- J/x $2 - 
at, LOPE et os al vod 2) 


In Exercises 5 and 6, use the graph to determine each limit. 


pag Bx 


lim, S (x). 


(a) Complete the table to estimate the limit. 
(b) Use a graphing utility to graph the function and use 


Die 
5. h(x) = evan 6. g(x) = ion graph to estimate the limit. 


(c) Rationalize the numerator to find the exact value of 
limit analytically. 


x | 1 1.01 | 1.001 | 1.0001 
f(x) | 
Vo eas 
27. f(x) = ~= ar 
(a) lim h(x) (b) lim h(x) (a) lim g(x) (b) lim g(x) “i 
x0 x31 x2 e—0 ; L = 3/x 
28. f(x) = a1 


In Exercises 7-10, find the limit L. Then use the ¢-6 definition 


[Hint: a? — b> = (a — b)(a? + ab + b?)] 
to prove that the limit is L. 


qelim(Get9) Reina oie Free-Falling Object In Exercises 29 and 30, use the posit 
PEN x39 function 

imix — 3 10. lim 9 
ia) ea s(t) = —4.9t? + 200 


In Exercises 11-24, find the limit (if it exists). which gives the height (in meters) of an object that has fal 


from a height of 200 meters. The velocity at time t = a seco 


Le lim EA | a> 14, - 3\y sa 1| is given by 
tao 2 = 
Geta 14. lim fim dS 
on) Go = dl 8 p= 3 ae a-t — 
<5} eee 
15. lim EAT 16. lim mi 29. Find the velocity of the object when t = 4. 


ete 1) | 30. At what velocity will the object impact the ground? 
17. lim 18. lim 


x0 Xx s30 S 


In Exercises 31-36, find the limit (if it exists). If the 
nit does not exist, explain why. 


32. lim [x ~ 1] 


5D gale 9) 
. lim f(x), where f(x) = ( yo 
2 Dee he 9) 
Six < || 
. lim g(x), where g(x) = | az 
ae eae, sess il 
FP P= 1c Sl 


. lim A(t), where A(t) = 
11 0 0) ea} Pe 


—s2—45s—2, s< -2 


. lim f(s), where f(s) = | 
eat iy s2 + 4s + 6, 


gS =? 


Exercises 37—46, determine the intervals on which the func- 
m is continuous. 


. f(x) = [x + 3] 38. f(x) = ae 
3x7 = 7 — 2 
! Re ee _ Shoe Sees 
se= [5 1 ae a0. f0) = 3%, Bins 
By, 1 ee Sear dl 

w= 5 42. f(x) = a 

g) See il 
Ohare vg Neh arenes: 
. fx) = ese 46. f(x) = tan 2x 


. Determine the value of c such that the function is continuous on 
the entire real line. 


. Determine the values of b and c such that the function is 
continuous on the entire real line. 


ilvcaeporee 3} 
Pere ea al 


gece il 
F) = {* + bx +c, 


. Use the Intermediate Value Theorem to show that f(x) = 
2x3 — 3 has a zero in the interval [1, 2]. 


. Cost of Overnight Delivery The cost of sending an overnight 
package from New York to Atlanta is $9.80 for the first pound 
and $2.50 for each additional pound. Use the greatest integer 
function to create a model for the cost C of overnight delivery 
of a package weighing x pounds. Use a graphing utility to graph 
the function and discuss its continuity. 


az rind each limit Uf possible). 
Ix — 2| 
(a) lim f(x) 

x27 


(b) lim f(a) 


, Let f(x) = 


(c) lim# (x) 


a2 
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Let f(x) = Vx(x — 1). 
(a) Find the domain of f. 
(b) Find lim f (x). 


(c) Find tim, 7) 


In Exercises 53-56, find the vertical asymptotes (if 
any) of the function. 


53. 


55. f(x) = 


67. 


69. 


70. 


Le 


4x 
4 — x? 


540 he 


gx) =1 +5 
xX 


56. f(x) = csc ax 


20 ak ork 
lim Ges eh i 
pees iPap LD ce hs jl 
: sere il : Mead 
La oe fn ee 
oe a ey eer A 
| eli 
rie x I ee ees 
lim ( s) 64. | 
; ———s ————— 
x30* ee ae a4 
in 4x : 
fim 66. lim 8&2 
S07 DY x Ore 
2: rs 
lim <= 68. lim ——— 
x07 X x07 x 
Cost of Clean Air A utility company burns coal to generate 


electricity. The cost C in dollars of removing p% of the air 
pollutants in the stack emissions is 
— 80,000p 
100 =": 
Find the cost of removing (a) 15%, (b) 50%, and (c) 90% of 
the pollutants. (d) Find the limit of C as p> 100-. 


0 <p < 100. 


The function fis defined as follows. 


tan 2x 
= n. x moan 


tanec; eee 
(if it exists). 


(a) Find lim 
x0 Xi 


(b) Can the function f be defined at x = 0 such that it is 
continuous at x = 0? 
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Ps, “Problem Solving 


. Let P(x, y) be a point on the parabola y = x? in the first quad- 
rant. Consider the triangle APAO formed by P, A(0, 1), and the 
origin O(0, 0), and the triangle APBO formed by P, B(1, 0), and 
the origin. 


(a) Express the perimeter of each triangle in terms of x. 
(b) Let r(x) be the ratio of the perimeters of the two triangles, 


(x) Perimeter APAO 
™)~ Perimeter APBO’ 


Complete the table. 


x 4 2 1 0.1 | 0.01 


Perimeter APAO 


Perimeter APBO 


r(x) 


(c) Calculate lim r(x). 
x—0* 


2. Let P(x, y) be a point on the parabola y = x? in the first quad- 


rant. Consider the triangle APAO formed by P, A(0, 1), and the 
origin O(0, 0), and the triangle APBO formed by P, B(1, 0), and 
the origin. 


O | 


(a) Express the area of each triangle in terms of x. 
(b) Let a(x) be the ratio of the areas of the two triangles, 


ee Area APBO 
Area APAO™ 


Complete the table. 


x 4 2 l 0.1 0.01 
Area APAO 


Area APBO 


a(x) 


(c) Calculate lim a(x). 
x>0* 


3. (a) Find the area of a regular hexagon inscribed in a circle o 
radius 1. How close is this area to that of the circle? 


(b) Find the area A,, of an n-sided regular polygon inscribec 
a circle’ of radius 1. Express your answer as a function 0 


(c) Complete the table. 


3 6 | 12 | 24 | 48 96 | 
‘‘ Baw | 


n 


(d) What number does A,, approach as n gets larger and larg 


Figure for 3 Figure for 4 


4. Let P(3, 4) be a point on the circle x? + y? = 25. 
(a) What is the slope of the line joining P and O(0, 0)? 
(b) Find an equation of the tangent line to the circle at P. 


(c) Let Q(x, y) be another point on the circle in the first quadr: 
Find the slope m, of the line joining P and Q in terms of 


(d) Calculate lim m,. 
How does this number relate to your answer in part (b)? 
5. Let P(5, — 12) be a point on the circle x? + y? = 169. 


= P(5,—-12) 


(a) What is the slope of the line joining P and O(0, 0)? 
(b) Find an equation of the tangent line to the circle at P. 


(c) Let Q(x, y) be another point on the circle in the fourth qu 
rant. Find the slope m, of the line joining P and Q in te 
Olean 


(d) Calculate lim m,. 
ae 


How does this number relate to your answer in part (b)' 


6. Find the values for the constants a and b such that 
+ es 
lim AT 


x30 


LOTS, 
]. Consider the function f(x) = Saree 
Sore 
- (a) Find the domain of f. 
(b) Use a graphing utility to graph the function. 
(c) Calculate lim f(x). 
x——27+ 
(d) Calculate lim f(x). 
xX 
§. Determine all values of the constant a such that the following 
_ function is continuous for all real numbers. 


ax 


f(x) we fn oa 


G20 


x = 0 


9. Consider the graphs of the four functions g,, g5, g3, and g4. 


» y 
Bye e 
l= 
=f t eae 
1 2 3 


y 
&4 
| 


3 3 
2 é3 24 e 
7 |e sae aes aes + + iememes 


1 2 3 


For the given condition of the function f, which of the graphs 
could be the graph of f? 


(a) lim f(x) = 3 
(c) tim f(x) = 3 


(b) f is continuous at 2. 


1 


). Sketch the graph of the function f(x) = [+]. 


(a) Evaluate f(4), f(3), and f(1). 

(b) Evaluate the limits lim f(x), lim, 7) iim f(x), and 
lim f(x). : : 
x30T 

(c) Discuss the continuity of the function. 

|. Sketch the graph of the function f(x) = [x] + [-~1. 
(a) Evaluate f(1), f(0),.f(4), and f(—2.7). 
(b) Evaluate the limits lim f(x), lim, f(x), and lim f (x). 


x5 


(c) Discuss the continuity of the function. 
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Ps. 


12. To escape earth’s gravitational field, a rocket must be launched 
with an initial velocity called the escape velocity. A rocket 
launched from the surface of earth has velocity v (in miles per 
second) given by 


2GM 
Pe PO 


where Vp is the initial velocity, r is the distance from the rocket to 
the center of earth, G is the gravitational constant, M is the mass 
of earth, and R is the radius of earth (approximately 4000 miles). 


(a) Find the value of vy for which you obtain an infinite limit 
for r as v tends to zero. This value of vp is the escape veloc- 
ity for earth. 


(b) A rocket launched from the surface of the moon has 
velocity v (in miles per second) given by 


Find the escape velocity for the moon. 


(c) A rocket launched from the surface of a certain planet has 
velocity v (in miles per second) given by 


= af ae + v2 — 6.99. 


Find the escape velocity for this planet. Is the mass of this 
planet larger or smaller than that of earth? (Assume that the 
mean density of this planet is the same as that of earth.) 


13. For positive numbers a < b, the pulse function is defined as 


OE Oe ke Fa) 
P. y{x) ae H(x ami a) ae A(x a b) aa ik =x <b 
OS xed 


le Re ag) 
On ra) 
(a) Sketch the graph of the pulse function. 


where H(x) = | is the Heaviside function. 


(b) Find the following limits: 
(i) “hint, Pe (3) (i) lim. PQ) 
(iii) lim P,, ,(x) (iv) lim P,,(x) 

x—>b* , xb~ 7 


(c) Discuss the continuity of the pulse function. 


(d) Why is U(x) = ——P, »(x) called the unit pulse function? 
oe as 


14. Let a be a nonzero constant. Prove that if 
lim f(x) = L 
x30 
then 
lim f(ax) = L. 
x0 


Show by means of an example that a must be nonzero. 
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Gravity: Finding It Experimentally 


The study of dynamics dates back to the sixteenth century. As the Dark 
Ages gave way to the Renaissance, Galileo Galilei (1564—1642) was one 
of the first to take steps toward understanding the motion of objects under 
the influence of gravity. 

Up until Galileo’s time, it was recognized that a falling object moved 
faster and faster as it fell, but what mathematical law governed this accel- 
erating motion was unknown. Free-falling objects move too fast to have 
been measured with any of the equipment available at that time. Galileo 
solved this problem with a rather ingenious setup. He reasoned that gravity 
could be “diluted” by rolling a ball down an inclined plane. He used a 
water clock, which kept track of time by measuring the amount of water 
that poured through a small opening at the bottom. 

We now have relatively inexpensive instruments, such as the Texas Instruments Calculator-Based Laboratory 
(CBL) System, that allow accurate position data to be gathered on a free-falling object. A CBL System was used to 
track the positions of a falling ball at time intervals of 0.02 second. The results are shown below. 


Time Height Velocity 
(sec) (meters) {rnetersisec) 
0.00 0.290864 — 0.16405 
0.02 0.284279 == 0.32000 
0.04 0.274400 — 0.49403 
0.06 0.260131 =O71322 
0.08 0.241472 — 0.93309 
0.10 0.219520 — 1.09409 
0.12 0.189885 — 1.47655 
0.14 0.160250 — 1.47891 
0.16 0.126224 — 1.69994 
0.18 0.086711 — 1.96997 
0.20 0.045002 — 2.07747 
0.22 0.000000 = 2.20080 


QUESTIONS 


1. Use a graphing utility to sketch a scatter plot of the positions of the falling ball. What type of 
model seems to be the best fit? Use the regression features of the graphing utility to find the 
best-fitting model. 


2. Repeat the procedure in Question | for the velocities of the falling ball. Describe any relation- 
ships between the two models. 


3. In theory, the position of a free-falling object in a vacuum is given by 5 = Set? ar Ve eas 
where g is the acceleration due to gravity (meters per second per second), f is the time 
(seconds), v, is the initial velocity (meters per second), and s, is the initial height (meters). 
From this experiment, estimate the value of g. Do you think your estimate is too great or too 
small? Explain your reasoning. 


The concepts presented here will be explored further in this chapter. For an extension of this 
application, see Lab 3 in the lab series that accompanies this text at college.hmco.com. 


Differentiation 


ey. 

\erial cinematographers 
pust have a thorough 
mderstanding of gravity’s 
ffect on a falling object 
n order to control the 
amera mounted on their 


elmets. 


Bruno Brokkens/, 


Excerpted from “Into the Stratosphere: Skysurfing Over Mission Bay” 
from wildca.com 


Who would dare jump out of a plane with a bulky, 
75-pound IMAX camera strapped to their chest? The 
answer turned out to be Joe Jennings, who is not only a 
skysurfer but also an innovative aerial cinematographer 
in his own right. Jennings designed a special harness to 
hold the camera, as well as a massive wing-suit—with 
fabric spanning from his knees to his wrists—to slow 
his rate of descent. 


The pitfalls were enormous. Explains Krenzien: (Mark 
Krenzien, writer/producer) “One of the major problems 
is how do you balance the fall-rate of a photographer 
with the fall-rate of the surfer. Obviously, they have to 
be at fairly close levels to one another in the sky. In this 
case, Joe’s winged suit and extraordinary skill made the 
difference.” 


1e work of Joe Jennings, a renowned aerial cameraman, can be 
en in many films, television shows, and commercials. 


Q2 
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Mary Evans Picture Library 


Isaac NEWTON (1642-1727) 


In addition to his work in calculus, Newton 
made revolutionary contributions to physics, 
including the Universal Law of Gravitation 
and his three laws of motion. 


= 


Tangent line to a circle 
Figure 2.1 


FOR FURTHER INFORMATION For 
more information on the crediting of 
mathematical discoveries to the first 
“discoverer,” see the article 
“Mathematical Firsts—Who Done It?” 
by Richard H. Williams and Roy D. 
Mazzagatti in Mathematics Teacher. To 
view this article, go to the website 
www.matharticles.com. 


Differentiation 


we X 


The Derivative and the Tangent Line Problem 


¢ Find the slope of the tangent line to a curve at a point. 
¢ Use the limit definition to find the derivative of a function. 
¢ Understand the relationship between differentiability and continuity. 


The Tangent Line Problem 


Calculus grew out of four major problems that European mathematicians were wot 
ing on during the seventeenth century. 


1. The tangent line problem (Section 1.1 and this section) 

2. The velocity and acceleration problem (Sections 2.2 and 2.3) 
3. The minimum and maximum problem (Section 3.1) 

4. The area problem (Sections 1.1 and 4.2) 


Each problem involves the notion of a limit, and we could introduce calculus with a 
of the four problems. 

We gave a brief introduction to the tangent line problem in Section 1.1. Althou 
partial solutions to this problem were given by Pierre de Fermat (1601-166: 
René Descartes (1596-1650), Christian Huygens (1629-1695), and Isaac Barre 
(1630-1677), credit for the first general solution is usually given to Isaac Newt 
(1642-1727) and Gottfried Leibniz (1646-1716). Newton’s work on this proble 
stemmed from his interest in optics and light refraction. 

What does it mean to say that a line is tangent to a curve at a point? For a circ 
the tangent line at a point P is the line that is perpendicular to the radial line at po: 
P, as shown in Figure 2.1. 

For a general curve, however, the problem is more difficult. For example, h« 
would you define the tangent lines shown in Figure 2.2? You might say that a line 
tangent to a curve at a point P if it touches, but does not cross, the curve at point 
This definition would work for the first curve shown in Figure 2.2, but not for t 
second. Or you might say that a line is tangent to a curve if the line touches or int 
sects the curve at exactly one point. This definition would work for a circle but not 1 
more general curves, as the third curve in Figure 2.2 shows. 


y=f@) 


> X He 


Tangent line to a curve at a point 
Figure 2.2 


ee 


Identifying a Tangent Line Use a graphing utility to sketch the graph of 

f(x) = 2x3 — 4x? + 3x — 5. On the same screen, sketch the graphs of 
y=x—5,y = 2x — 5, and y = 3x — 5. Which of these lines, if any, appears © 
to be tangent to the graph of f at the point (0, —5)? Explain your reasoning. 


THE TANGENT LINE PROBLEM 


In 1637, mathematician René Descartes stated 
this about the tangent line problem: 


“And I dare say that this is not only the most 
useful and general problem in geometry that I 
know, but even that I ever desire to know.” 


es 


er 


(c + Ax, f(c + Ax)) 


flc + Ax) —f(c) = Ay 


——— 


he secant line through (c, f(c)) and 
er Ax, fic + Ax)) 
igure 2.3 


SECTION 2.1 The Derivative and the Tangent Line Problem 95 


Essentially, the problem of finding the tangent line at a point P boils down to the 
problem of finding the slope of the tangent line at point P. You can approximate this 
slope using a secant line” through the point of tangency and a second point on the 
curve, as shown in Figure 2.3. If (c,f(c)) is the point of tangency and 
(c + Ax, f(c + Ax)) is a second point on the graph of f, the slope of the secant line 
through the two points is given by substitution into the slope formula 

Voy = Shi 


i aa 


Mere ala 


Mec (c ze Ax) TC 


Change in y 
Change in x 


_ fle + Ax) - flO. 


Moog = Ae Slope of secant line 


The right-hand side of this equation is a difference quotient. The denominator Ax is 
the change in x, and the numerator Ay = f(c + Ax) — f(c) is the change in y. 

The beauty of this procedure is that you can obtain more and more accurate 
approximations to the slope of the tangent line by choosing points closer and closer to 
the point of tangency, as shown in Figure 2.4. 


Ax 0 


es 


Ay A 
a el) ; =f Ax 
A; Efe f we 
ees (c, f(c)) 
Ax ae 
* (fo) i fs 


Tangent line 


Ax > 0 


ete. 


e . 
Tangent line 


Tangent line approximations 
Figure 2.4 


Definition of Tangent Line with Slope m 
If f is defined on an open interval containing c, and if the limit 


nie Ay Me ehtce: Ax) aloe 
lim —= lm =m 
Ax>0 Ax  Ax-30 Ax 


exists, then the line passing through (c, f(c)) with slope m is the tangent line to 
the graph of f at the point (c, f(c)). 


The slope of the tangent line to the graph of f at the point (c, f(c)) is also called 
the slope of the graph of f at x = c. 


* This use of the word secant comes from the Latin secare, meaning to cut, and is not a reference 
to the trigonometric function of the same name. 
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mx 
The slope of f at (2, 1) ism = 2. 
Figure 2.5 
y 
h 
\ 
fax tl 


Tangent ef 
line at angent line 
1.2) J at (0, 1) 
4 Spent 
=-9} 2 
The slope of f at any point (c, f(c)) is 
m = 2e. 
Figure 2.6 
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The Slope ¢ of the Graph of a Linear Function 


Exa mple 1 


Find the slope of the graph of 
fiyFeana3 
at the point (2, 1). 


Solution To find the slope of the graph of f when c = 2, you can apply the defir 
tion of the slope of a tangent line, as follows. 


ts 2 oe 
ieee f(2 + Ax) ~ f(2) _ vais [2(2 + Ax) — 3] 
Ax->0 Ax vemers ie 
he) eee pe 
m 


[2(2) — 3] 


II 
= 
= 
= 
~) 


The slope of f at (c, f(c)) = (2, 1) is m = 2, as shown in Figure 2.5. li 


NOTE In Example 1, the limit definition of the slope of f agrees with the definition of t 
slope of a line as discussed in Section P.2. 


The graph of a linear function has the same slope at any point. This is not true 
nonlinear functions, as can be seen in the following example. 


soonsarncennvesnarewrwio00e soseonsassensases vevououcosnoscomasnnnsnnaen ac epeeenercmerenanennneneeeeteseeeenA 


E: vample 2 Tan: gent Lines to the Graph of a | Nonlinear Function 


Find the slopes of the tangent lines to the graph of 
f(x) =x*44 


at the points (0, 1) and (— 1, 2), as shown in Figure 2.6. 
Solution Let (c, f(c)) represent an arbitrary point on the graph of f. Then the slo 
of the tangent line at (c, f(c)) is given by 


fle + AN) es ha: ai [(c + Ax)? + 1] — (c? + 1) 


l 


ea Ax Ax->0 Ax 
. c* + 2c(Ax) + (Ax)? + 1 — c? — 1 
= lim 
Ax>0 Ax 
_ 2e(Ax) + (Ax)? 
= li 
Ax>0 Ax 
= lim, (2c + Ax) 
= 2c. 
So, the slope at any point (c, f(c)) on the graph of f is m = 2c. At the point (0, 1), t 
slope is m = 2(0) = 0, and at (—1, 2), the slope is m = 2(—1) = —2. “e 
NOTE In Example 2, note that c is held constant in the limit process (as Ax 0). 


y Vertical 
tangent 
line 


(c, f(c)) 


ie graph of f has a vertical tangent line at 


J(0)). 
gure 2.7 
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The definition of a tangent line to a curve does not cover the possibility of a 
vertical tangent line. For vertical tangent lines, you can use the following definition. 
If fis continuous at c and 

aN eA) een cr Ax) fc) 
lim = or lim = 


Ax-0 Ax Ax>0 Ax 


ioe) 


the vertical line x = c passing through (c, f(c)) is a vertical tangent line to the graph 
of f. For example, the function shown in Figure 2.7 has a vertical tangent line at 
(c, f(c)). If the domain of f is the closed interval [a, b], you can extend the definition 
of a vertical tangent line to include the endpoints by considering continuity and 
limits from the right (for x = a) and from the left (for x = b). 


The Derivative of a Function 


You have now arrived at a crucial point in the study of calculus. The limit used to 
define the slope of a tangent line is also used to define one of the two fundamental 
operations of calculus—differentiation. 


Definition of the Derivative of a Function 


The derivative of f at x is given by 


sens eel de) 


f(x) = lim 


Ax—>0 Ax 


provided the limit exists. For all x for which this limit exists, f’ is a function 
ls 


Be sure you see that the derivative of a function of x is also a function of x. This 
“new” function gives the slope of the tangent line to the graph of f at the point 
(x, f(x)), provided that the graph has a tangent line at this point. 

The process of finding the derivative of a function is called differentiation. A 
function is differentiable at x if its derivative exists at x and differentiable on an 
open interval (a, b) if it is differentiable at every point in the interval. 

In addition to f(x), which is read as “f prime of x,” other notations are used to 
denote the derivative of y = f(x). The most common are 


ay y, 2 ey), D Jy}. Notation for derivatives 
Gian ems ie 


F(x), 
The notation dy/dx is read as “the derivative of y with respect to x.” Using limit 
notation, you can write 


dy eat! 
= hint) = 
dx Ax->0 Ax 


fim Pt AD LW) 
1m 


Ax-0 Ax 


fx). 


II 
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{x Example 3 


STUDY TIP The key to finding the 
derivative of a function is to rewrite the 
difference quotient so that Ax does not 
occur as a factor of the denominator. 


The slope of f at (x, f(x)), x > 0,is 
m= Wie 
Figure 2.8 


Differentiation 


Finding the Derivative by the Limit Process 


Find the derivative of f(x) = x? + 2x. 


Solution 


f(x) = jim, ie. Definition of derivative 
_ (« + Ax3 + 2(e + Ax) — (G+ 2x) 
= lim 
Ax30 Ax 
x8 + 3x2Ax + 3x(Ax)2 + (Ax)? + 2x + 2Ax — x3 — 2x 
= lim 
Ax->0 Ax 
ot 3x7Ax 7 i3x( Ax) of Am)? 2Ax 
= lim 
Ax30 Ax 
be [ 3x? + 3xAx + (Ax)? + 2] 
= lim 
Ax>0 DE 


= lim [3x2 + 3xAx 4 (Ax)? + 2] 
Ax—0 


3x2 +2 [ 


Remember that the derivative of a function fis itself a function, which can be u: 
to find the slope of the tangent line at the point (x, f(x)) on the graph of f. 


U sing ‘the Deriv: ative to Find the Slope ata Point 


Example 4 


Find f’(x) for f(x) = \/x. Then find the slope of the graph of f at the points (1, 1) « 


(4, 2). Discuss the behavior of f at (0, 0). 


Solution Use the procedure for rationalizing numerators, as discussed in Section ~ 


of Gola Doel ty (xc) 


ala) = im, ae Definition of derivative 
a a eae = — \/x 
Ax0 
ae (- + = 5 was + AX | 
Av 0 Ax J/x + Ax + Sx 
eager (x + Ax) — x 
Ar30 Ax(/x + Ax + /x) 
- AX 
Tees bx(/x + Ax + /x) 
| 


lim 
Ax>0 ./x + Ax + Jx 


| 
2/x 
At the point (1, 1), the slope is f’(1) = At the point (4, 2), the slope is f(4) = 
(See Figure 2.8.) At the point (0,0) the slope is undefined. Moreover, because 


limit of f(x) as x0 from the right is infinite, the graph of f has a vertical tang 
line at (0, 0). 


i} indicates that in the Interactive 3.0 CD-ROM and Internet 3.0 versions of this 
(available at college.hmco.com) you will find an Open Exploration, which further explores 
example using the computer algebra systems Maple, Mathcad, Mathematica, and Derive. 


Ze Example 5 


Ci, 2) 


6 


4 y=-2t+4 


the point (1, 2) the line y = —2t + 4 is 
gent to the graph of y = 2/t. 
pure 2.9 


(x, f(x)) 


(c, f(c)) 


f(x) — fo) 


i} 

1 

1 

i 

1 

Li 

i} 

i] 

' 

| 

' 

i} 

! 

1 

1 

1 
sis 
Xx 


QF ---------------- 


x approaches c, the secant line approaches 
tangent line. 
ure 2.10 
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In many applications, it is convenient to use a variable other than x as the inde- 
pendent variable, as shown in Example 5. 


Finding the Derivative of a Function 


Find the derivative with respect to t for the function y = 2/t. 


Solution Considering y = f(t), you obtain the following. 
d ++ = 
dy _ sm fle + Ad -F0 


Definition of derivative 


dt At30 At 
2 2 
en ea aratg , oe 
=> 1 5 Ae =%) 4 : 7 D 
At—30 At f(t + At) = 2/(t + Ad) and f(t) = 2/t 
Dita a \t) 
t(t + At) 
=i Combine fractions in numerator. 
At>0 At 
= lim sat Divid ; ae 
=: Ka 4 An - t act j 
haa A(t) (t i At) ivide out common factor of At 
= lim eee: & ie 
Aro t(t + At) AMPLY. 
D 
a wigs Evaluate limit as Ar 0. J 


' TECHNOLOGY A graphing utility can be used to reinforce the result given in 


_ Example 5. For instance, using the formula dy/dt = —2/t?, you know that the 
i slope of the graph of y = 2/r at the point (1, 2) is m = —2. This implies that an 
' equation of the tangent line to the graph at (1,2) is y— 2 = —2(t- 1) or 
_ y = —2r + 4, as shown in Figure 2.9. 


Differentiability and Continuity 


The following alternative limit form of the derivative is useful in investigating the 
relationship between differentiability and continuity. The derivative of f at c is 


Pe) = tin 


Alternative form of derivative 


provided this limit exists (see Figure 2.10). (A proof of the equivalence of this form 

is given in Appendix B.) Note that the existence of the limit in this alternative form 

requires that the one-sided limits 
f@) = flo) 


Kien Seal Ita) 
x>Cc” ae C3 xr 


f(x) — flo) 


38 a (&: 


exist and are equal. These one-sided limits are called the derivatives from the left 
and from the right, respectively. We say that f is differentiable on the closed inter- 
val [a, b] if it is differentiable on (a, b) and if the derivative from the right at a and the 
derivative from the left at b both exist. 
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» If a function is not continuous at x = c, it is also not differentiable at x = c. | 
A ; ; j 
instance, the greatest integer function 
2-- oO 
ri fe) = bd 
is not continuous at x = 0—hence, it is not differentiable at x = O (see Figure 2.1 
cae! 1 ~—o { a A 5 ° 
ee ees : You can verify this by observing that 
fo) = bd) 0 ro alle gl 
lim Leis Mase) Dis = lim es aly = Derivative from the left 
—o 2 x07 2 i ae x07 Xi 
The greatest integer function is not differen- and 
tiable at x = 0, because it is not continuous x 0 xl — 0 
atx = 0 lim A) Me m ie = lim ta Waly = 0. Derivative from the right 
ce . x—0t c= x—0* Xs 
Figure 2.11 


Although it is true that differentiability implies continuity (as we will show 
Theorem 2.1), the converse is not true. That is, it is possible for a function to 
continuous at x = c and not differentiable at x = c. Examples 6 and 7 illustrate 1 
possibility. 


t= Example 6 jaroN Graph witha a Sharp ‘ Turn 


y The function 
A 
TO) 2 
oor fe) =|x-2| | | 
shown in Figure 2.12 is continuous at x = 2. However, the one-sided limits 
; i= f2. bay Ot 
lim EPO) | | 1 Derivative from the left 
Xa oe 36 Ps ee ag == 2 
E and 
th —ayn= pal flail) £@) | zai) ae i \C ay ieee 
f is not differentiable at x = 2, because the amir = Jim tee Deae 
derivatives from the left and from the right 
are not equal. are not equal. So, f is not differentiable at x = 2 and the graph of f does not have 
Figure 2.12 tangent line at the point (2, 0). 
Example 7 A Graph with a Vertical Tangent Line | 
ES ES SES SEMA AE OE NI OEE NO EE BLY EEN SEL ISITE TL IAL EDIE ODDEN EEE IN IDET LE ODE NGI LOE OLS S LLL ALI DART EES DEIR AEM RETA 
y The function 
fQ) = x1 
is continuous at x = 0, as shown in Figure 2.13. However, because the limit 
i TO a) 
x lim JA oe 0) = lim ——— 
x0 xo x0 3¢ 
l 
= lim 
x0 x2/3 
= 00 
f is not differentiable at x = 0, because f is infinite, you can conclude that the tangent line is vertical at x = 0. So, yi is 
has a vertical tangent at x = 0. differentiable at x = 0. 


Figure 2.13 


From Examples 6 and 7, you can see that a function is not differentiable at a p 
at which its graph has a sharp turn or a vertical tangent. 


TECHNOLOGY Some graphing util- 
ities, such as Derive, Maple, Mathcad, 
Mathematica, and the TI-89, perform 
symbolic differentiation. Others 
perform numerical differentiation by 
finding values of derivatives using the 
formula 


ites Ax) — fe — Ax) 
2Ax 


fa) = 


where Ax is a small number such as 
0.001. Can you see any problems with 
this definition? For instance, using this 
definition, what is the value of the 
derivative of f(x) = |x| when x = 0? 


n Exercises 1 and 2, estimate the slope of the graph at the point 


cy). 
- (a) = (b) : 


ey (b) s 


EXERCISES FOR SECTION 2.1 
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THEOREM 2.1  Differentiability Implies Continuity 


If f is differentiable at x = c, then f is continuous at x = c. 


Proof You can prove that f is continuous at x = c by showing that f(x) approaches 
f(c) as xc. To do this, use the differentiability of f at x = c and consider the 
following limit. 


lim [f() — f()] = tim le ™ o( =f) 
- im eS of in £2) =t9) 


xX EG mele 
= OF] 
=0 
Because the difference f(x) — f(c) approaches zero as xc, you can conclude that 


lim f(x) = f(c). So, f is continuous at x = c. VA 
xe 


Me. 


You can summarize the relationship between continuity and differentiability as 
follows. 


1. If a function is differentiable at x = c, then it is continuous at x = c. So, differen- 
tiability implies continuity. 

2. It is possible for a function to be continuous at x = c and not be differentiable at 
x =. So, continuity does not imply differentiability. 


In Exercises 3 and 4, use the graph shown in the figure. To 
print an enlarged copy of the graph, go to the website 
www.mathgraphs.com. 


3. Identify or sketch each of the quantities on the figure. 


(a) f(1) andf(4) (b) f(4) — FQ) 
f(4) — fQ) 


(OB oie prea ee Fl) 
4. Insert the proper inequality symbol (< or >) between the given 
quantities. 
@) LM =LO) yee £4) = £0) 
4a 1 4-3 
(4) — fd 
) LOZLO) page oy 
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In Exercises 5-10, find the slope of the tangent line to the graph 
of the function at the specified point. 


Getting at the Concept 


In Exercises 39-42, the graph of f is given. Select the grapl 


Saf = ae 2x, | (3) of f’. 


6. 2(x) eo (25-2) 
7. ere Xe (i=3) 39. ) 40. 
alee ase ee (ORY) 


9, oe =3r-— 77, (0,0) 
110, (AG) = 2 PS (—2, 7) 


In Exercises 11-24, find the derivative by the limit process. 


11. f(x) =3 12. g(x) = -5 
13. f(x) = —5x 14. f(x) = 3x +2 41. 42. 
15. h(s) = 3 + 3s 16. f(x) = 9 — 4x 
GT fOH=2 x 1 18. f(x) = 1 — x? | 
19. f(x) = x3 — 12x 20.5 rua en i 
1 1 
21. f(x) = 22. f(x) =>5 | E 
bell x Ree 
4 
23. f(x) = Vx +1 24. f(x) = —= 
FEP=15/ f(x) si oe () : 
ei 
5) A-- 
A In Exercises 25-32, (a) find an equation of the tangent line to the y 34 
graph of f at the indicated point, (b) use a graphing utility to 3 2+ r 
2 
derivative feature of a graphing utility to confirm your results. ee Sa eee 
i —— . -3-2-1 | 1 2 3 
25. f(x) =212 +1, (2,5) e if pe2to as ee) 
26. f(x) =x? +2x+1, (-3,4) d 
y y 
27. fe) = x3, (2,8) (©) i @) 
3 + 
DSF Hic )\eaeereianl (12) wie 
29. f(x) = “os (i. 1) ro 
S027 aaa x= b,. (5, 2) ! ae a t Re a 
4 a le oO - ~ 
31. f®)=x+—, (4,5) pa 
a aoe 


32. f(x) = 


43. Sketch a graph of a function whose derivative is alway 
negative. 
In Exercises 33-36, find an equation of the line that is tangent 


44. Sketch a graph of a function whose derivative is alway 
to the graph of f and parallel to the given line. 


positive. 


Function Line 45. Assume that f(c) = 3. Find f(—c) if (a) f is an odd func 
tion and if (b) f is an even function. 
33. f(x) = x7 3H yl =O ; ae 
46. Determine whether the limit yields the derivative of 
34. f(x) = 29 +2 3x —-y-—4=0 


differentiable function f. Explain. 


35. (@) === var hy = 6 = O f(x + 2Ax) — f(x) 


us (a) as 2Ax | 
1 
36. f(x) = x+2y+7=0 Sere Coreen) aay) 
fe = Il (b) me Ax 
37. The tangent line to the graph of y = g(x) at the point (5, 2) (c) lim iOS au ie aX) 
Ax-0 % 


passes through the point (9, 0). Find g(5) and g’(5). 
38. The tangent line to the graph of y = h(x) at the point (— 1, 4) (d) lim flx + Ax) = fQ) 


passes through the point (3, 6). Find h(— 1) and h(— 1). ia. t— 


j 
graph the function and its tangent line at the point, and (c) use the 
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| Exercises 47 and 48, find equations of the two tangent lines Ay Graphical Reasoning In Exercises 53 and 54, use a graphing 


the graph of f that pass through the indicated point. 
f(x) = 4x — x2 48. f(x) = x? 


y y 


a 
g 
sS 
= 
~~, 
Ss 
& 
~ 
=] 
isc} 
g 
a 
S 
= 
~, 
= 
v1) 
= 
= 
oO 
ch 
isis} 
c 
im 
ia’) 
n 
=e 
ie} 
= 
nan 
oe 
S 
oO 
gg 
= 
pov) 
se) 
[5 
ie} 
= 
OQ 


(a) (0) = 

Dces(3)= 

(c) What can you conclude about the graph of g knowing that 
sat 

(d) What can you conclude about the graph of g knowing that 
g(-4) = 7 


(e) Is g(6) — g(4) positive or negative? Explain. 
(f) Is it possible to find g(2) from the graph? Explain. 


> ois 


. Graphical Reasoning Use a graphing utility to graph each 
function and its tangent lines when x = —1,x = 0, andx = I. 
Based on the results, determine whether the slope of a tangent 
line to the graph of a function is always distinct for different 
values of x. 


(a) f(x) = x? (b) g(x) = x7 

raphical, Numerical, and Analytic Analysis In Exercises 51 
\d 52, use a graphing utility to graph f on the interval [—2, 2]. 
omplete the table by graphically estimating the slopes of the 
aph at the indicated points. Then evaluate the slopes analyti- 
lly and compare your results with those obtained graphically. 


ey -2 | -15| -1]| -0.5| 0 | 0.5 | 1 | 1.5 | 2 
) fe inkl 
Me | iol 


- f(x) 


utility to graph the functions f and g in the same viewing window 
where 


_ f(x + 0.01) — f(x) 
Ses 0.01 
Label the graphs and describe the relationship between them. 


53. f(x) = 2x — x? 54. f@) = 3.x 


In Exercises 55 and 56, evaluate f(2) and f(2.1) and use the 
results to approximate f’(2). 


BS. f(x) = x(4-— x) 56. f(x) = ix3 

Py Graphical Reasoning In Exercises 57 and 58, use a graphing 
utility to graph the function and its derivative in the same view- 
ing window. Label the graphs and describe the relationship 
between them. 


1 3) 
Soft) = Be 58. f(x) = 7 =1Shy 
a Writing In Exercises 59 and 60, consider the functions f and 
S,, Where 
2+ Ax) —f(2 
S.(0) = LE FAY LO) (ray pia), 


Ax 
(a) Use a graphing utility to graph f and S,.. in the same 
viewing window for Ax = 1, 0.5, and 0.1. 


(b) Give a written description of the graphs of S for the differ- 
ent values of Ax in part (a). 


1 


59. fix) = 4 = (&« = 3)? 600 f@) = z+ . 


In Exercises 61-70, use the alternative form of the derivative to 
find the derivative at x = c (if it exists). 


61. f(x) =x? -1, c=2 62. e(x) = xy = 1), fe=1 
63. 7) =a ox 1 ce = 2 

64, f(x). =a? + 2x, c= 1 65. sia)= s/ix|, ¢= 0 

66. f(x) = 1/x, c =3 67. f(x) =fe- 6)", c=6 
68. g(x) = @+ 3)7, c=-3 

69. h(x) = |x + 5|, c= —-5 

70. f(x) = |x —4|, c=4 


In Exercises 71-80, describe the x-values at which / is differen- 
tiable. 


71. f(x) = |x + 3] 72. f(x) = 


19 
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1 
73. LN Nip 
‘ 
: A 
‘4 
pppoe 
=2 | 1 
i=] + 
i-2++ 
75> flail — 3)" 
: 
h 
5+ 
4+ 
3-- 
1+ 
+ rae 
4123456 


4 — x2 x>0O 
79.70) = fA pea) 
y 
4 > X 
4 
Ash x? — 2x, 
80. f(x) = ie — 3x2 + 3x, 
y 
A 
4-- 
a+ 
pe tiga 
=A =) 4 


Differentiation 
2x 
74. f(x) ee 
“ 
5 Ap 
Ang, 
aril 
YH HH 
== re Phe wee! 
Um eee 
5 
i\ 
5- 
4+ 
3+ 
oe 
joes = SS 
=3 2740 da 2 38 
D 
78. f(x) == A 
y 
see 
4+ 


Fy 94. Writing Use a graphing utility to graph the two funct 


In Exercises 81-84, find the derivatives from the left and fr 
the right at x = 1 (if they exist). Is the function differentiabl 
x=1? 


81. f(x) = |x - 1| 82. fia) ee 


“Vee De vere ily, 4 See 
83. f(x) = {e a 1)2, P| 84. f(x) -| 2 


bee oes: Il 
In Exercises 85 and 86, determine whether the function 
differentiable at x = 2. 


y+, x 


86. fe) = Pie eo 


87. Graphical Reasoning A line with slope m passes through 
point (0, 4) and has the equation y = mx + 4. 


x?7+1, x<2 


a8. f= [ag ie SD 


(a) Write the distance d between the line and the point (3,1 
a function of m. 

(b) Use a graphing utility to graph the function d in part 
Based on the graph, is the function differentiable at ev 
value of m? If not, where is it not differentiable? 

88. Conjecture Consider the functions f(x) = x? and g(x) =. 

(a) Graph f and f’ on the same set of axes. 

(b) Graph g and g’ on the same set of axes. 


(c) Identify any pattern between the functions f and g and fl 
respective derivatives. Use the pattern to make a conject 
about h’(x) if h(x) = x”, where n is an integer and n > 


(d) Find f(x) if f(x) = x+. Compare the result with the con: 
ture in part (c). Is this a proof of your conjecture? Expl 


True or False? In Exercises 89—92, determine whether 
statement is true or false. If it is false, explain why or give 
example that shows it is false. 


89. The slope of the tangent line to the differentiable function . 
the point (2, f(2)) is 
f(x + Ax) — f@) 
NGG ; 


90. If a function is continuous at a point, then it is differentiabl 
that point. 


91. If a function has derivatives from both the right and the le: 
a point, then it is differentiable at that point. 


92. If a function is differentiable at a point, then it is continuov 
that point. 


ak peak 
o3-ter fo) = xsin >> x #0 md 3% F sin => Xx # ( 
0, x=0 0, x = ( 
Show that f is continuous, but not differentiable, at x= 
Show that g is differentiable at 0, and find g’(0). 


f(x) = x? + 1 and g(x) = |x| + 1 in the same viewing winc 
Use the zoom and trace features to analyze the graphs neat 
point (0,1). What do you observe? Which functior 
differentiable at this point? Write a short paragraph descril 
the geometric significance of differentiability at a point. 


Section 2.2 


The slope of a 
horizontal line 
is 0. 


fix)=c 
The derivative of a 
constant function 
is 0. 


he Constant Rule 
igure 2.14 


(OTE § In Figure 2.14, note that the 
onstant Rule is equivalent to saying 


lat the slope of a horizontal line is 0. 


his demonstrates the relationship 
etween slope and derivative. 
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Basic Differentiation Rules and Rates of Change 


* Find the derivative of a function using the Constant Rule. 

¢ Find the derivative of a function using the Power Rule. 

¢ Find the derivative of a function using the Constant Multiple Rule. 

* Find the derivative of a function using the Sum and Difference Rules. 
¢ Find the derivative of the sine function and of the cosine function. 

¢ Use derivatives to find rates of change. 


The Constant Rule 


In Section 2.1 you used the limit definition to find derivatives. In this and the next two 
sections you will be introduced to several “differentiation rules” that allow you to find 
derivatives without the direct use of the limit definition. 


THEOREM 2.2 The Constant Rule 


The derivative of a constant function is 0. That is, if c is a real number, then 


d 
al =); 


Proof Let f(x) = c. Then, by the limit definition of the derivative, 
eel =F) 


eG Ax) fa) 
cee Ax 


II 


I 
S 


Example 1 Using the Constant Rule 


Function Derivative 
dy _ 
ay=7 iia 0 
b. f(x) = 0 f(x) =0 
¢. St) = 3 SAO 
d. y = kr”, k is constant y’=0 VA 


Writing a Conjecture Use the definition of the derivative given in Section 2.1 
to find the derivative of each of the following. What patterns do you see? Use 
your results to write a conjecture about the derivative of f (ye 


a. #(x) Se b. f(x) = x? ef) = 7? 
d-fa=x e. f(x) = x!?? Pf). = 
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eX 


The slope of the line y = xis I. 
Figure 2.15 


The Power Rule 

Before proving the next rule, we review the procedure for expanding a binomial. 
(ee An)? 2A eA) 
Gee Ax)? = a Sue N ee an An ear (Ax)? 

The general binomial expansion for a positive integer n is 


== || n=Z 
(x aL Ax)" = xn + nx?! (Ax) 4s ni (a)? +.. et (Ax) 


Xu —~— -— 2! 


(Ax)? is a factor of these terms. 


This binomial expansion is used in proving a special case of the Power Rule. 


THEOREM 2.3 The Power Rule 


If n is a rational number, then the function f(x) = x” is differentiable and 


ca = nx”! 


dx 


For f to be differentiable at x = 0, n must be a number such that x”~' is 
defined on an interval containing 0. 


Proof If is a positive integer greater than 1, then the binomial expansion produ 
the following. 


a [x”] =) lim & + Ax)" = 2x" of Av)" Sake 
be Ax-30 Ax 
x n(n — 1)x"=2 P 
x” + nx®—WAx) + eae aa (Ax)? + - + (Ax)” — x" 
- Pate Ax 
pte 1 yn 2 
= lim co + nn (Ax) +--+ ++ anr| 
Ax30 2 
Axe PO ee) 


Su 


This proves the case for which n is a positive integer greater than 1. We leave it to \ 
to prove the case for n = 1. Example 7 in Section 2.3 proves the case for which 7 
a negative integer. In Exercise 63 in Section 2.5 you are asked to prove the case 
which n is rational. (In Section 5.5, the Power Rule will be extended to cover irratio 
values of n.) 


When using the Power Rule, the case for which n = | is best thought of a 
separate differentiation rule. That is, 


fi =1 
de Xi = Es Power Rule when n = | 


This rule is consistent with the fact that the slope of the line y = x is 1, as showr 
Figure 2:15. : 


e slope of a graph at a point is the value 
the derivative at that point. 
pure 2.16 


peo 


=—2 
=—4x-—4 


e line y = —4x — 4 is tangent to the 
ph of f(x) = x? at the point (— 2, 4). 
sure 2.17 
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Example 2 Using the Power Rule 


Function Derivative 
i dba Mae a CO) axe 
b. g(x) =3/x g(x) = 4 3] = #03 ene 
dx 3 3x2/3 
aah Cea nay: 
Cc y ap hie = ax [x | = ( Qe = FE iF 


In Example 2c, note that before differentiating, 1/x? was rewritten as x~2. 
Rewriting is the first step in many differentiation problems. 


Given: Rewrite: - ‘Differentiate: Simplify: 
— =>... @ £_,.,. @ 8 2 


Example 3 Finding the Slope of a Graph 


Find the slope of the graph of f(x) = x* when 


mh == Dov = 0 c. x = I. 


Solution The derivative of fis f(x) = 4x°. 

a. When x = —1, the slope is f(—1) = 4(—1)? = —4. Slope is negative. 
b. When x = 0, the slope is f(0) = 4(0)3 = 0. Slope is zero. 

c. When x = 1, the slope is f’(1) = 4(1)? = 4. Slope is positive. 


In Figure 2.16, note that the slope of the graph is negative at the point (—1, 1), the 
slope is zero at the point (0, 0), and the slope is positive at the point (1, 1). 


Example 4 Finding an Equation of a Tangent Line 


Find an equation of the tangent line to the graph of f(x) = x? when x = —2. 
Solution To find the point on the graph of f, evaluate the original function at 
i=—=2, 

(—2, f(—2)) = (=2, 4) Point on graph 


To find the slope of the graph when x = —2, evaluate the derivative, f(x) = 2x, at 
Ya 2. 


m= f(=—2) = —4 Slope of graph at (—2, 4) 


Now, using the point-slope form of the equation of a line, you can write 


Viet = m(x — re) Point-slope form 
y~4=—-4x - 2) Substitute for y,, m, and x,. 
y= —-4x —-4. Simplify. 
(See Figure 2.17.) vA 
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Differentiation 


The Constant Multiple Rule 


THEOREM 2.4 The Constant Multiple Rule 


If f is a differentiable function and c is a real number, then cf is also differen- 
tiable and 


d 1) 
[eo] = f°. 


Proof 
st lef) | = lim aa Sis, Definition of derivative 
dx Ax->0 Ax 
pac! fet sya i) 
= ae c| Ax 


II 
9D 
= 
b 
AE 
i=) 


pie 36) 


| 
= 
= 
— 


Informally, the Constant Multiple Rule states that constants can be factored 
of the differentiation process, even if the constants appear in the denominator. 


d ae ean 
tf] = ¢ Fl OF) = of '@) 


Example 5 Using the Constant Multiple Rule 


Function Derivative 
fy =< “ x = [2x1] = 22h] en -= 
b. f= “ fo.= alee = = <[r] = (21) eat 
Cy = IN ° = < [2x = a(3x-1”) = ote = = 


NOTE The Constant Multiple Rule and the Power Rule can be combined into one rule. 
combination rule is D,[cx"] = enx"~!. 
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eeeenenncree cartesian SCC nt EAE RATES SEES AEP RYE NA CTE eis PDC AaSD BO veo uber arutiner oie PooeSEERS Sree 


Example 6 Using Parentheses When Differentiating 


Original Function Rewrite __ Differentiate Simplify 
a ae mE v= (3) y= >(—3x-4 y= — 
B= Gs y=Seay abaya 38 
Sat = eee 72) y= 72x) we = 
a me yi 63(x2) y’ = 63(2x) ye = 126% 


The Sum and Difference Rules 


THEOREM 2.5 | The Sum and Difference Rules 


The sum (or difference) of two differentiable functions is differentiable and is 
the sum (or difference) of their derivatives. 


ral ere cGMP) eta) Soke 


<LFO) = (x)= f(x) — 2x) Difference Rule 


Proof A proof of the Sum Rule follows from Theorem 1.2. (The Difference Rule 
can be proved in a similar way.) 


feast AN) ee te Ax) ep) g(x) | 


SoG eeG)| 


= lim 
dx Ax>0 Ax 
— gg LO + AD) + gle + Ad) = f0) = la) 
= lim 
Ax->0 Ax 
De Te es PO ee ea 2x) 
* no | Ax o Ax | 
Pe Fie EAN) =f (X) ee ee a) ) 
a ae Ax A wee Ax 
= f(x) + g(x) FA 


The Sum and Difference Rules can be extended to any finite number of functions. 
For instance, if F(x) = f(x) + g(x) — h(x), then F(x) = f(x) + g(x) — hx). 


Example 7 Using the Sum and Difference Rules 


Function Derivative 


Bag eee Ani f'Q) = 3x2 — 4 


4 Low 
b. g(x) = oe ie 2k) 1 OX — 2 VA 
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FOR FURTHER INFORMATION For the 
outline of a geometric proof of the deriv- 


atives of the sine and cosine functions, 
see the article “The Spider’s Spacewalk 
Derivation of sin’ and cos’” by Tim 
Hesterberg in The College Mathematics 
Journal. To view this article, go to the 
website www.matharticles.com. 


--- Nlac+-- 


1 
! 
1 
! 
' 


1 

i) 

1 
pau 
y =0 
yincreasing y decreasing — y increasing 


y’ positive y’ negative y’ positive 
y 1 1 
A 


SS 


Nola 


-1-+ 


The derivative of the sine function is the 
cosine function. 


Figure 2.18 
: ean 
y=2 sin x y= sinx 
2 Zz 
[ 
—7 7 
a 
fore) 
=2 


y=smx y= ; sin x 


dienes: 
i [asinx] = acosx 


Figure 2.19 


Derivatives of Sine and Cosine Functions 


In 


Section 1.3, you studied the following limits. 
sin Ax 1 — cos Ax 
MD Ax aes ie Ax 


These two limits can be used to proye differentiation rules for the sine and co: 
functions. (The derivatives of the other four trigonometric functions are discusses 
Section 2.3.) 


THEOREM 2.6 Derivatives of Sine and Cosine Functions 


< [sin x] = cos x < hcos x | =" —sin 


Proof 
g (Simec)==5 hin nea Definition of derivati 
=. = =i St. a aS = ne erinition Oo erivative 
dx Ax>0 Ax 
é sin cosvAx +. cos sin Ax — sin 
= lim 
Ax—0 Ax 
.. cos x Sin Axs= (sin x)(1 — ‘cos Ax) 
= lim 
Ax>0 Ax 
= slim (cos x) (= =) — (sin of ee aS ==) 
Ax30 Ax ’ Ax 
= cos ( lim uu as = Sil ( li AOE ae =) 
“\ax>0 Ax BS ean Ax 
= (cos x)(1) — (sin x)(0) 
= COS % 


This differentiation rule is shown graphically in Figure 2.18. Note that for each x, 
slope of the sine curve is equal to the value of the cosine. The proof of the second: 


is 


left as an exercise (see Exercise 113). 


Example 8 Derivatives Involving Sines and Cosines 
(DED DSRD SEEN S SURES DOTNET ILL LE ELE GES LILI ELE EIN PTI EIN INL ELEY GEN BILE E ELAS LEIA EG BOLE A LOL LICL ETI LIES GE CS GIES TEENIE 


Function Derivative 
a. y = 2sinx y’ = 2cosx 
= sin x le re COS x 
b y=", —5snx yo COS 
c y=x+cosx yitSsilHtsin x 


TECHNOLOGY A graphing utility can provide insight into the interpretation 


_ derivative. For instance, Figure 2.19 shows the graphs of 


y=asinx 


_ fora = a ils 3. and 2. Estimate the slope of each graph at the point (0,0). 1 


verify your estimates analytically by evaluating the derivative of each func 


® when x = 0. 


ime-lapse photograph of a free-falling 
Ihard ball 
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Rates of Change 


You have seen how the derivative is used to determine slope. The derivative can also be 
used to determine the rate of change of one variable with respect to another. Applications 
involving rates of change occur in a wide variety of fields. A few examples are popula- 
tion growth rates, production rates, water flow rates, velocity, and acceleration. 

A common use of rate of change is to describe the motion of an object moving in 
a straight line. In such problems, it is customary to use either a horizontal or a vertical 
line with a designated origin to represent the line of motion. On such lines, movement 
to the right (or upward) is considered to be in the positive direction, and movement to 
the left (or downward) is considered to be in the negative direction. 

The function s that gives the position (relative to the origin) of an object as a 
function of time ¢ is called a position function. If, over a period of time At, the object 
changes its position by the amount As = s(t + At) — s(t), then, by the familiar 
formula 


__ distance 


Rate - 
time 


the average velocity is 


Change in distance _ As 


amet : Average velocity 
Change in time At 


If a billiard ball is dropped from a height of 100 feet, its height s at time ¢ is given by 
the position function 


s = —16t? + 100 Position function 


where s is measured in feet and f is measured in seconds. Find the average velocity 
over each of the following time intervals. 


Aue? | Db. vile 1:54 CALaAct! 


Solution 


a. For the interval [1, 2] the object falls from a height of s(1) = —16(1)? + 100 = 84 
feet to a height of s(2) = —16(2)? + 100 = 36 feet. The average velocity is 


pew 20 04 7 AS 
Ne I | 
b. For the interval [1, 1.5], the object falls from a height of 84 feet to a height of 64 
feet. The average velocity is 
AS 64S 84u T= 2051. 


= = = —A4O feet per s d. 
a= ae 05 eet per secon 


= —48 feet per second. 


c. For the interval [1, 1.1], the object falls from a height of 84 feet to a height of 80.64 
feet. The average velocity is 


As _ 80.64—84 _ -3.36 _ 
Mt Ut—1 0.1 


33.6 feet per second. 


Note that the average velocities are negative, indicating that the object is moving 


downward. Le | 
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The average velocity between f, and 1, is 
the slope of the secant line, and the 
instantaneous velocity at f, is the slope of 
the tangent line. 

Figure 2.20 


Velocity is positive when an object is rising, 
and is negative when an object is falling. 
Figure 2.21 


NOTE In Figure 2.21, note that the 
diver moves upward for the first half- 
second because the velocity is positive 
Kor) <7 < 5. When the velocity is 0, 
the diver has reached the maximum 
height of the dive. 


Suppose that in Example 9 you wanted to find the instantaneous velocity ( 
simply the velocity) of the object when t = 1. Just as you can approximate the slo 
of the tangent line by calculating the slope of the secant line, you can approximate t 
velocity at t = 1 by calculating the average velocity over a small interval [1,1 +2 
(see Figure 2.20). By taking the limit as At approaches zero, you obtain the veloci 
when t = 1. Try doing this—you will find that the velocity when t = | is —32 fe 
per second. 

In general, if s = s(t) is the position function for an object moving along 
straight line, the velocity of the object at time f is 


ear s(t + At) — s(t) 


= 5 (t). Velocity function 
At>0 At 


In other words, the velocity function is the derivative of the position function. Veloct 
can be negative, zero, or positive. The speed of an object is the absolute value of - 
velocity. Speed cannot be negative. 

The position of a free-falling object (neglecting air resistance) under the influen 
of gravity can be represented by the equation 


1 
Sit SBE + Vot + So Position function 


where 5, is the initial height of the object, v, is the initial velocity of the object, and 
is the acceleration due to gravity. On earth, the value of g is approximately — 32 fe 
per second per second or —9.8 meters per second per second. 


Example 10 U sing the Derivative to Find Velocity 


At time f = 0, a diver jumps from a platform diving board that is 32 feet above t 
water (see Figure 2.21). The position of the diver is given by 


s(t) = —16f + 16t + 32 Position function 
where s is measured in feet and f is measured in seconds. 


a. When does the diver hit the water? 


b. What is the diver’s velocity at impact? 


Solution 


a. To find the time t when the diver hits the water, let s = 0 and solve for tf. 


— 1677+ "16f 732 = 6 Set position function equal to 0. 
—16(¢ + 1)\¢-—2)=0 Factor. 
t= —lor2 Solve for f. 


Because t 2 0, choose the positive value to conclude that the diver hits the wa’ 
at t = 2 seconds. 


b. The velocity at time f is given by the derivative s(t) = —32t + 16. Therefore, t 
velocity at time t = 2 is 


s(2) = —32(2) + 16 = —48 feet per second. ip 
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EXERCISES FOR SECTION 2.2 


Exercises 1 and 2, use the graph to estimate the slope of the 
ngent line to y = x” at the point (1, 1). Verify your answer 
alytically. To print an enlarged copy of the graph, go to the 
ebsite www.mathgraphs.com. 


Ba) 'y = x2 (b) y = 3/ 


ee 
— 
= 
— 
— 
— 
= 
— 
wa 


+— 1 > X . t 


Exercises 3 —24, find the derivative of the function. 


yy = x° 6. y= x8 

1 1 
anes 8. y= 58 
f(x) = </x 10. g(x) = ¥x 
Af col 12. (x) = 3x — 1 
erg at orto 495th 3 
mrt x + 4x9 16. y= 8 — x? 


iat — 2i + 4 LSi ery = 2x7 7x? + 3x 
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19. y =F sin 6 ~ cos 0 


20. g(t) = mcost 


21. y= x2 —4cosx 22. y=5 + sinx 


ibd edeot ap ir g's 


i : ~ 
23. y = ae 3 sin x 24. y= (Qu 


In Exercises 25-30, complete the table, using Example 6 as a 
model. 


Original Function Rewrite Differentiate Simplify 
5 
25. y= x2 
2 
26. y = 
Y 3x2 
3 
27. y= (x3 
T 
28. y = 
** Bx)? 
29. y = ne 
is 
4 
30. y = Ea 


Xx 


In Exercises 31-38, find the slope of the graph of the function at 
the indicated point. Use the derivative feature of a graphing 
utility to confirm your results. 


Function Point 
31. f(x) = 4 (1, 3) 
32, ft) 3 = — 3,2) 

St 

33. f(x) = —5 + 3 (0, =) 
34, y = 3x? — 6 (2, 18) 
35. y = (x4 1)° (0, 1) 
36.16 (x): =3(5-— xP (5, 0) 
37. f(0) =4sin 6 — 0 (0, 0) 
ahh alba Bae Sicos: (a, —1) 


In Exercises 39-52, find the derivative of the function. 


S9xu f(s) Sax? Sees AOC) =e oe 
4 : 1 
41. 2(t) = t? — 2 42. f(x) =x + 2 
ce ee V3 or] 
43. fa) = — 44. h(x) = att 
45, y= x(x? + 1) AG. y = 3x(6x — ox) 
AT Af kt) = wl ke 60) x 48. f(x) = ¥x + 3x 
49. f(s) = 5°? = 57? 50a ft) ae A 
2 
51. f(x) = 6V/x + 5cosx 52. f(x) = i + 3 cos x 
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aed In Exercises 53-56, (a) find an equation of the tangent line to the 


graph of f at the indicated point, (b) use a graphing utility to 
graph the function and its tangent line at the point, and (c) use the 
derivative feature of a graphing utility to confirm your results. 


Function Pom Ty 
53 ay = ee (1, 0) 
54.59 =x + x (—1, —2) 
2 
55. f(x) = WB (ils) 
50.0 y = (x2 eee) (1, 6) 


In Exercises 57-62, determine the point(s) (if any) at which the 


graph of the function has a horizontal tangent line. 

57.y =x" — "8x2 4-2 58. y= x2 +a 

ee 60. y=x*+1 
2 


Oly — asin OFS 7 
62. y= /3x+2cosx, 0< x< 2a 


In Exercises 63-66, find k such that the line is tangent to the 
graph of the function. 


Function tine 
63. f(x) = x2 — kx y=4x-9 

64. f(x) =k — x? y= 4x47 

68. f(x) = * y=-ix+3 

66. f(x) =k/x yext4 
Getting attheConcept = tS 


67. Use the graph of f to answer each question. To print 
an enlarged copy of the graph, go to the website 
www.mathgraphs.com. 


(a) Between which two consecutive points is the average 
rate of change of the function greatest? 

(b) Is the average rate of change of the function between A 
and B greater than or less than the instantaneous rate of 
change at B? 

(c) Sketch a tangent line to the graph between C and D 
such that the slope of the tangent line is the same as the | 
average rate of change of the function between C and D. 

68. Sketch the graph of a function f such that f’ > 0 for all x 

and the rate of change of the function is decreasing. 


Py 77. Linear Approximation 


Getting at the Concept (continued) 


In Exercises 69 and 70, the relationship between f and g is 
given. Give the relationship between f’ and g’. 


69. g(x) = f(x) + 6 710s" = Of) 

In Exercises 71 and 72, the graphs of a function f and its 
derivative f’ are shown on the same set of coordinate axes. 
Label the graphs as f or f’ and write a short paragraph 
stating the criteria used in making the selection. To print 
an enlarged copy of the graph, go to the website 
| www.mathgraphs.com. 


73. Sketch the graphs of y = x? and y = —x? + 6x — 5, and sket 
the two lines that are tangent to both graphs. Find equations 
these lines. 


74. Show that the graphs of the two equations y = x and y = 1 
have tangent lines that are perpendicular to each other at the 
point of intersection. 


In Exercises 75 and 76, find an equation of the tangent line 
the graph of the function f through the point (x, y)) not on t 
graph. To find the point of tangency (x,y) on the graph of 
solve the equation 


Wis Adi ad 
f(x) = oe 
75. f0). = Je 76. fx) == 


(Xo, Yo) = (—4, 0) (Xo, Yo) = (5, 0) 


Use a graphing utility (in squé 
mode) to zoom in on the graph of f(x) = 4 — 4x? to appro: 
mate f’(1). Use the derivative to find f’(1). 


aid 78. Linear Approximation Use a graphing utility (in squ: 


mode) to zoom in on the graph of f(x) = 4./x + 1 to appre 
imate f’(4). Use the derivative to find f’(4). 


Ae 79. Linear Approximation Consider the function f(x) = x 


with the solution point (4, 8). 


(a) Use a graphing utility to obtain the graph of f. Use the zoc 
feature to obtain successive magnifications of the graph 
the neighborhood of the point (4, 8). After zooming ina f 
times, the graph should appear nearly linear. Use the tre 
feature to determine the coordinates of a point “near” (4, 
Find an equation of the secant line S(x) through the t 
points. 


SECTION 2.2 


(b) Find the equation of the line 
T(x) = f(A) — 4) + f(4) 


tangent to the graph of f passing through the given point. 
Why are the linear functions S and T nearly the same? 


(c) Use a graphing utility to graph f and T on the same set of 
coordinate axes. Note that T is a “good” approximation of 
f when x is “close to” 4. What happens to the accuracy of 
the approximation as you move farther away from the point 
of tangency? 


(d) Demonstrate the conclusion in part (c) by completing the 
table. 


Ax aS ae 
f(4 + Ax) | | 
T(4 + Ax) | | 


Ax 0.1 0.5 1 2 3 
f(4 + Ax) 
T(4 + Ax) 


). Linear Approximation Repeat Exercise 79 for the function 
f(x) = x? where 7(x) is the line tangent to the graph at the point 
(1, 1). Explain why the accuracy of the linear approximation 
decreases more rapidly than in Exercise 79. 


‘ue or False? In Exercises 81-86, determine whether the 
atement is true or false. If it is false, explain why or give an 
‘ample that shows it is false. 


|. If f(x) = g(x), then f(x) = g(x). 

. If f(x) = g(x) + c, then f(x) = g(x). 
. If y = mw, then dy/dx = 27. 

|. If y = x/7, then dy/dx = 1/7. 

. If g(x) = 3f(x), then g(x) = 3f(x). 

pelt fix) = -1/x”, then f(x) = 1/(nx"—"'). 


. Exercises 87-90, find the average rate of change of the func- 
mn over the indicated interval. Compare this average rate of 
ange with the instantaneous rates of change at the endpoints 
the interval. 


Function Interval 
Eef(t) = 2t+ 7 P| 
5 f= —3 (22:14) 
=| 
), f(x) eis bee} 
. f(x) = sinx fo Z| 
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Vertical Motion (n Exercises 91 and 92, use the position func- 
tion s(t) = —16t? + wt + 5s, for free-falling objects. 


91. A silver dollar is dropped from the top of a building that is 1362 
feet tall. 


(a) Determine the position and velocity functions for the coin. 
(b) Determine the average velocity on the interval [1, 2]. 
(c) Find the instantaneous velocities when t = | and ¢ = 2. 
(d) Find the time required for the coin to reach ground level. 
(e) Find the velocity of the coin at impact. 

92. A ball is thrown straight down from the top of a 220-foot build- 
ing with an initial velocity of —22 feet per second. What is its 


velocity after 3 seconds? What is its velocity after falling 108 
feet? 


Vertical Motion In Exercises 93 and 94, use the position func- 
tion s(t) = —4.9t? + vt + s, for free-falling objects. 


93. A projectile is shot upward from the surface of earth with an 
initial velocity of 120 meters per second. What is its velocity 
after 5 seconds? After 10 seconds? 


94. To estimate the height of a building, a stone is dropped from the 
top of the building into a pool of water at ground level. How 
high is the building if the splash is seen 6.8 seconds after the 
stone is dropped? 


Think About It In Exercises 95 and 96, the graph of a position 
function is shown. It represents the distance in miles that a 
person drives during a 10-minute trip to work. Make a sketch 


~ of the corresponding velocity function. 


95. 5 96. s 


ND OSO 
= 


NF DHOO 


Distance (in miles) 
Distance (in miles) 


(0,0) 2 4 6 8 10 


Time (in minutes) 


(0,0) 2 4 6 8 10 


Time (in minutes) 


Think About It \n Exercises 97 and 98, the graph of a velocity 
function is shown. It represents the velocity in miles per hour 
during a 10-minute drive to work. Make a sketch of the corre- 
sponding position function. 


97. yes v OS v 

Al : A 

g = 

S & 

> > 

3 3 

— oO 
3 SoS 

2 4 6 8 10 2 4 6 8 10 


Time (in minutes) Time (in minutes) 
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PE 99. 


100. 


101. 
102. 


103. 
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Modeling Data The stopping distance of an automobile 
traveling at a speed v (kilometers per hour) is the distance Rk 
(meters) the car travels during the reaction time of the driver 
plus the distance B (meters) the car travels after the brakes 
are applied (see figure). The table shows the results of an 
experiment. 

Stopping 

distance 


Reaction 
time 


- S : ar 


Driver sees _ Driver applies Car 
obstacle brakes stops 
v 20 40 | 60 80 100 
R | 33 | 67 | 100 | 133 | 167 
2.3 8.9 | FAO | 35.9) SO. 7/ 


(a) Use the regression capabilities of a graphing utility to find 
a linear model for reaction time. 


(b) Use the regression capabilities of a graphing utility to find 
a quadratic model for braking time. 


(c) Determine the polynomial giving the total stopping 
distance T. 

(d) Use a graphing utility to graph the functions R, B, and T 
in the same viewing window. 

(e) Find the derivative of T and the rate of change of the total 
stopping distance for v = 40, v = 80, and v = 100. 

(f) Use the results of this exercise to draw conclusions about 
the total stopping distance as speed increases. 


Velocity Verify that the average velocity over the time 
interval [t, — Af, t) + At] is the same as the instantaneous 
velocity at f = 1, for the position function 


Sf) —sat? +c, 


Area ‘he area of a square with sides of length s is given by 
A = s*. Find the rate of change of the area with respect to s 
when s = 4 meters. 


Volume The volume of a cube with sides of length s is given 
by V = s°. Find the rate of change of the volume with respect 
to s when s = 4 centimeters. 


Inventory Management 
certain manufacturer is 


The annual inventory cost C for a 


1,008,000 
c= 
Q 


where Q is the order size when the inventory is replenished. 
Find the change in annual cost when Q is increased from 350 
to 351, and compare this with the instantaneous rate of change 
when Q = 350. 


i ODO 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


Fuel Cost. A car is driven 15,000 miles a year and gets 
miles per gallon. Assume that the average fuel cost is $1. 
per gallon. Find the annual cost of fuel C as a function oi 
and use this function to complete the table. 


a 10+} 15, | 205) 25-7880 


“Ef L499 


35 | 40 


dx 


F (Be. x Ss 
fx) =4, 
ate DN fissa2 


dC 


Who would benefit more from a 1-mile-per-gallon increase 
fuel efficiency—the driver of a car that gets 15 miles per gall 
or the driver of a car that gets 35 miles per gallon? Explain. 


Writing The number of gallons N of regular unleaded gas 
line sold by a gasoline station at a price of p dollars per gall 
is given by N = f(p). 

(a) Describe the meaning of f’(1.479). 

(b) Is f’(1.479) usually positive or negative? Explain. 
Newton’s Law of Cooling This law states that the rate 
change of the temperature of an object is proportional to t 
difference between the object’s temperature 7 and t 
temperature 7, of the surrounding medium. Write an equati 
for this law. 

Find an equation of the parabola y = ax* + bx + c that pass 
through (0, 1) and is tangent to the line y = x — 1 at (1, 0). 
Let (a,b) be an arbitrary point on the graph of y = 1/ 
x > 0. Prove that the area of the triangle formed by the ta 
gent line through (a, b) and the coordinate axes is 2. 

Find the tangent line(s) to the curve y = x° — 9x through t 
point (1, —9). 

Find the equation(s) of the tangent line(s) to the parabe 
y = x? through the given point. 

(a) (0, a) (b) (a, 0) 

Are there any restrictions on the constant a? 


Find a and bd such that 


i 


is differentiable everywhere. 


Where are the functions f,(x) = |sinx| and f(x) = sin’ 
differentiable? 


Prove that < [cos x] = —sin x. 


FOR FURTHER INFORMATION For a geometric interpretation 
the derivatives of trigonometric functions, see the article “Sines 
and Cosines of the Times” by Victor J. Katz in Math Horizons. 
To view this article, go to the website www.matharticles.com. 


Section 2.3 


“ [feo] 


THE Propuct RULE 


When Leibniz originally wrote a formula for 
the Product Rule, he was motivated by the 
expression 


(x + dx)(y + dy) — xy 


from which he subtracted dx dy (as being 
negligible) and obtained the differential form 
‘dy + y dx. This derivation resulted in the 
raditional form of the Product Rule. (Source: 
The History of Mathematics by David M. 
Burton) 

A version of the Product Rule that 
ome people prefer is 


Sr poetell = Foils) + f0de" 


he advantage of this form is that it gener- 
ulizes easily to products involving three or 
nore factors. 
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The Product and Quotient Rules and Higher-Order Derivatives 


¢ Find the derivative of a function using the Product Rule. 
* Find the derivative of a function using the Quotient Rule. 
* Find the derivative of a trigonometric function. 

* Find a higher-order derivative of a function. 


The Product Rule 


In Section 2.2 you learned that the derivative of the sum of two functions is simply the 
sum of their derivatives. The rules for the derivatives of the product and quotient of 
two functions are not as simple. 


THEOREM 2.7 The Product Rule 


The product of two differentiable functions f and g is itself differentiable. 
Moreover, the derivative of fg is the first function times the derivative of the 
second, plus the second function times the derivative of the first. 


< [fog] = f(x)g(x) + g(x) f(x) 


Proof Some mathematical proofs, such as the proof of the Sum Rule, are straight- 
forward. Others involve clever steps that may appear unmotivated to a reader. This 
proof involves such a step—subtracting and adding the same quantity—which is 
shown in color. 


— jim Let Avale+ Ax) — fog) 

Ax>0 NG 
aa f(x + Ax)g(x + Ax) — flx + Ax)g(x) + f(x + Ax)g(x) — f(x) g@) 
A pee Ax 

NOG) Ax) = 

is fat i 2 ant = . + gt) a S aa 
a et Peer NX) — 23) : Ve ea PU) 
a a Ke + Ax) Ax | z Neue |) Ax 


glx a a2 af. g(x) aE Jim, g(x) - lim fx Fi Ax) cae) 


Ax->0 ae 


= MRR e di ad hs 
= f(x)g(x) + g(x)f’Q) Fl 


The Product Rule can be extended to cover products involving more than two factors. 
For example, if f, g, and h are differentiable functions of x, then 


ZT pladgo\hta)] = fg=IM) + fee CAL) + feelIH", 


For instance, the derivative of y = x? sin x cos x is 


d ; : F 
A = 2x sinx cos x + x2cos x cos x + x? sin x(—sin x) 
MG 


= 2x sinx cos x + x*(cos?x — sin?x). 
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NOTE In Example 3, notice that you 
use the Product Rule when both factors 
of the product are variable, and you use 
the Constant Multiple Rule when one of 
the factors is a constant. 


The derivative of a product of two functions is not (in general) given by the pro 
uct of the derivatives of the two functions. To see this, try comparing the product of th 
derivatives of f(x) = 3x — 2x? and g(x) = 5 + 4x with the derivative in Example 1. 


oe, ee 


Example 1 Using the Product Rule 
a RES A EINES ED SOE ETE BID LE IDL DEEL ALLE DOE ELIDA LLL ADEA ELLIE LL LL ALDER 


Find the derivative of h(x) = (3x — 2x7)(5 + 4x). 


Solution 
Derivative Derivative 
First of second Second of first 
SSS Sa Gee Ge 
d 


i Ae = Bye) FAS + 4x] - (5 + 4x) < [3x — 2x?] Apply Product Rule. 
= Sie = WA se Se AS = 255, 


(12x — 8x?) + (15 — 8x — 16x?) 
= —24x2 + 4x + 15 le 


In Example 1, you have the option of finding the derivative with or without th 
Product Rule. To find the derivative without the Product Rule, you can write 


Di | (Boipees 225) (Sucee Ace) =e D8| Beer 20> 4 15] 
SS 24, 1S: 


In the next example, you must use the Product Rule. 


E; vample =D Using the Product Rule 


AEST SIN NEE ILE SELENE IE SI ETL I EIDE SRE APE LD DIL ADELA AAPA PE ETE AOE ATS 


Find the derivative of y = x sin x. 


Solution 


d : dine : d 
ae Shoal Se asin x] + sin x aed Apply Product Rule. 


xK COS x (sin x) (1) 


x cos x + sinx 


Example 3 Using the Product Rule 
tne 


Find the derivative of y = 2x cos x — 2 sin x. 


Solution 


Product Rule Constant Multiple Rule 
a ar) = a} 


2 22)( < oe 4) sees | “ (24) 2 “ cee 
= (2x)(—sin x) + (cos x)(2) — 2(cos x) 


= Dye Sin oe 


Pes | 


TECHNOLOGY Graphing utilities 
an be used to compare the graph of a 
unction with the graph of its deriva- 
ive. For instance, in Figure 2.22, the 
raph of the function in Example 4 
ippears to have two points that have 
\orizontal tangent lines. What are the 
values of y’ at these two points? 


y_ 5x? + 4x +5 
y (x? + 7 F 


Nes 


jraphical comparison of a function and its 
lerivative 
‘igure 2.22 
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The Quotient Rule 


THEOREM 2.8 The Quotient Rule 


The quotient f/g of two differentiable functions f and g is itself differentiable 
at all values of x for which g(x) # 0. Moreover, the derivative of f/g is given 
by the denominator times the derivative of the numerator minus the numerator 
times the derivative of the denominator, all divided by the square of the 
denominator. 


nab _ Sx) f'a) — flag’) 
dx| g(x) [g@)} 


g(x) #0 


Proof As with the proof of Theorem 2.7, the key to this proof is subtracting and 
adding the same quantity. 


fe + Ax) _ flx) 


ih ath g(x + Ax) g(x) = Ng 
pea = Jim, ie Definition of derivative 
= im Sof + Ax = fedge + Ax) 
Ax->0 Axg(x)g(x + Ax) 
sheet e(x)f(e + Ax) — f@)e) + f@)e(x) — f)e + Ax) 
Borer: Axg(x)g(x + Ax) 
fon SOILAH + Aa) —f0)] 4, fdLele + Ax) = 960] 
_ 4x0 Ax Ax—>0 NS 
dim, [g@)g + Ax)] 
ot f= 


jim, [sg + Ax)] 


Example 4 Using the Quotient Rule 


Find the derivative of y = = = = 
Solution 
ee a et: — 2) oe HLL? + 1] | 
4) =| = Ce - 1 Apply Quotient Rule. 
ee 15) © or 2 )(23) 
(e281)? 
(5x2 + 5) — (10x? — 4x) 
(2491)? 
eee ees 
(x2 + 1) | 
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Differentiation 


: 


: 


Note the use of parentheses in Example 4. A liberal use of parentheses 1s recc 
mended for all types of differentiation problems. For instance, with the Quotient Ru 
it is a good idea to enclose all factors and derivatives in parentheses, and to pay spec 
attention to the subtraction required in the numerator. 

When we introduced differentiation rules in the preceding section, we emp. 
sized the need for rewriting before differentiating. The next example illustrates t 
point with the Quotient Rule. 


Example 5 Rewriting Before Differentiating 


3- (1/x). 


secre 5 


Find the derivative of y = 


Solution Begin by rewriting the function. 
= cole) Write original function. 
ogi © 
re oe 1) 
Ae ma = Multiply numerator and denominator by 2 
a Shek | oe 
ce rSre ewrite. 
dy _ (x? + 5x)(3) — (x — 1)(2x + 5) Ror 
Te 2 my 5x) Quotient Rule 
2 (3x? + 15x) = (6x2 + 13% — 5) 
Cay )e 
De Bed: 
(? + Sx? a 


Not every quotient needs to be differentiated by the Quotient Rule. For examp 
each quotient in the next example can be considered as the product of a constant tin 
a function of x. In such cases it is more convenient to use the Constant Multiple Ru 


E. vample 6 


Using the Constant Multiple Rule 


Original Function Rewrite Differentiate Simplify 
Beall nih Oh? 1 1 2x.<t8 
— (ee on = ‘= | 
y 6 y 6" x) yo = G(2x + 3) y 6 
bys 2) 5 5 
Laer ie yg a 
= 3(8n = 2x7) ' 3 6 
c ay yeni (3. Dy) ee ey —7(—2) = 7 
9 9 18 
d. = — =_— a = —(— =3 ee 
eal a2 poe i) eens)! YA) 53 


NOTE To see the benefit of using the Constant Multiple Rule for some quotients, try us 
the Quotient Rule to differentiate the functions in Example 6—you should obtain the sa 
results, but with more work. 
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In Section 2.2, we proved the Power Rule only for the case where the exponent n 
is a positive integer greater than 1. The next example extends the proof to include 
negative integer exponents. 


Example 7 Proof of the Power Rule (Negative Integer Exponents) 


If n is a negative integer, there exists a positive integer k such that n = —k. So, by the 
Quotient Rule, you can write 


a ie = #\5 
dx obalecs 


_ 0) = Wet) 


R2 Quotient Rule 
as 

el sue: 

Eas 2k 

ae ea 

nae =k 
So, the Power Rule 
Di nie) Power Rule 


is valid for any integer. In Exercise 63 in Section 2.5, you are asked to prove the case 
for which n is any rational number. vA 


Derivatives of Trigonometric Functions 


Knowing the derivatives of the sine and cosine functions, you can use the Quotient 
Rule to find the derivatives of the four remaining trigonometric functions. 


THEOREM 2.9 Derivatives of Trigonometric Functions 


d a d — 
tan x= sec? x 7 (eotx |= —escerx 


fabs x] = sec x tan x Sepa x | = —cse 1coux 
dx dx 


Proof Considering tan.x = (sin x)/(cos x) and applying the Quotient Rule, you 
obtain 


“(tan x] = kes BEDS vo hs st a Apply Quotient Rule. 
COs si x 
cos? x 
s i 
cos? x 
= Sec’ x. 


The proofs of the other three parts of the theorem are left as an exercise (see 
Exercise 81). | 
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a= 


NOTE Because of trigonometric iden- 
tities, the derivative of a trigonometric 
function can take many forms. This pre- 
sents a challenge when you are trying to 
match your answers to those given in the 
back of the text. 


Example 8 Differentiating Trigonometric Functions 


Function Derivative 
dy 
= oe 2 
a. y— x — tanx rs {| = Ge 38 
y dx 


y’ = x(sec x tan x) + (sec x)(1) 
(sec x)(1 + x tan x) 


b. y = x sec x 


Example 9 Different Forms of a Derivative 


: , LCoS 
Differentiate both forms of y = a ie Mae CSC X= COUN, 
es 
Solution 
, li Coser 
First form: = y = ——_ 
sin x 


, _ sma)(sin' x) Gallia cos x)(cos x) 
hae sin? x 
SIN- Ga COS- 0 COS 0 
sin? x 
cose 
sin? x 


Second form: y = csc x — cotx 


i 


y’ = —cse x cot x + csc* x 
To show that the two derivatives are equal, you can write 


La COs mer! 
sin? x 


sin? x sin x/\ sin x 


The following summary shows that much of the work in obtaining a simplifi 
form of a derivative occurs after differentiating. Note that two characteristics o1 
simplified form are the absence of negative exponents and the combining of Ii 
terms. : 


( | ie *) k 
Sail eneen oe = i CSCn Gna CSG COU 


f(x) After Differentiating L f(x) After Simplifying 
Example 1 | (3x — 2x*)(4) + (5 + 4x)(3 — 4x) —24x? + 4x + 15 
Example 3 | (2x)(—sin x) + (cos x)(2) — 2(cos x) — 2x sin x 
2 aye aie es 

Eeangie (x2 + we ee 2)(2x) 5x7 + 4x +5 

(x2 + 1)? Ger ee a 
Roped res (x74 )(3) = (3x iz 1)(2x + 5) = 3b 

(x? + 5x)? (x? + 5x)? 

= . . 
Example 9 (sin x)(sin x) zt! a COSE) (COS x) 1 — cosx 
sin? x sin? x 


NASA 


THE Moon 


"he moon’s mass is 7.354 x 107? kilograms, 
nd earth’s mass is 5.979 x 10° kilograms. 
The moon’s radius is 1738 kilometers, and 
arth’ radius is 6371 kilometers. Because the 
ravitational force on the surface of a planet 1s 
irectly proportional to its mass and inversely 
roportional to the square of its radius, the 
atio of the gravitational force on earth to the 
ravitational force on the moon is 


(5.979 x 1074)/6371? _ 


= 6.05. 
(7.354 x 10?2)/1738? 
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Higher-Order Derivatives 


Just as you can obtain a velocity function by differentiating a position function, you 
can obtain an acceleration function by differentiating a velocity function. Another 
way of looking at this is that you can obtain an acceleration function by differentiat- 
ing a position function twice. 


s(t) Position function 
v(t) = s(t) 
at) = y(t) = s(t) 


The function given by a(t) is the second derivative of s(t) and is denoted by s”(¢). 

The second derivative is an example of a higher-order derivative. You can define 
derivatives of any positive integer order. For instance, the third derivative is the deriv- 
ative of the second derivative. Higher-order derivatives are denoted as follows. 


Velocity function 


Acceleration function 


First derivative: y’, f'&)s ae “Lela DLy] 
Second derivative: y”, Tax go ae | f(x) ], D2 y] 
: dx? dx? cas 
Third derivative: y”, — f’(x), “ee ray cach wel 
ax ax? nS 
Fourth derivative: y*, — f(x), ay xT f(x], D¢Ly} 
dx* dx* =e 
nth derivative: y 2 of Ox): <e. fo Lf(a)], D,"Ly] 


Example 10 Finding the Acceleration Due to Gravity 


Because the moon has no atmosphere, a falling object on the moon encounters no air 
resistance. In 1971, astronaut David Scott demonstrated that a feather and a hammer 
fall at the same rate on the moon. The position function for each of these falling 
objects is given by 

s(t) = —0.81t? + 2 
where s(t) is the height in meters and f is the time in seconds. What is the ratio of 
earth’s gravitational force to the moon’s? 


Solution To find the acceleration, differentiate the position function twice. 


s(SieerO.8177 + 2 
S(t) == 1.62 
s(t) = —1.62 

So, the acceleration due to gravity on the moon is —1.62 meters per second per 


second. Because the acceleration due to gravity on earth is —9.8 meters per second 
per second, the ratio of earth’s gravitational force to the moon’s is 


Position function 
Velocity function 


Acceleration function 


Earth’s gravitational force _  —9.8 


= = 6.05. a 
Moon’s gravitational force —1.62 
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EXERCISES FOR SECTION 2.3 


In Exercises 1-6, use the Product Rule to differentiate the 
function. 
fe) ee es) 
3 i) a) 6? a A) 
my ee 


2. f(x) = (60 2S) x =) 
4. g(s) = \/s(4 — s?) 
6. g(x) = Vx sin x 


x3 cos x 


In Exercises 7-12, use the Quotient Rule to differentiate the 
function. 


5 ie ar 2 
Feeder aap Ball) $5 sete 
mae s: beosad 
©), face) = a 10. h(s) = nea 
it, eS — 12. f= a 


In Exercises 13-18, find f(x) and fc). 


Function Value of c 
ISS ee 2 en) Eé=0 
VA) =e 2 i — 1) é= il 

a4 
ES) a e= | 
xe vl 
16) = c=2 
17 f(x) =x cos'x c= " 
18. f(x) = oa 


In Exercises 19-24, complete the table without using the 
Quotient Rule (see Example 6). 


Function Rewrite Differentiate Simplify 
gk 
19. y= 3 
Dae eae) 
20. y = mn 
yf 
21. y= 
ae 
4 
22. y= 
¥ 5x2 
a2 
233 die 
x 
Oka 
2A Sy 
eS FS 


In Exercises 25—38, find the derivative of the algebraic function. 


3 — 2x — x? 


5B : 
25) fG)= a Sizer Mere 


26. f(x) = ay 


Lab LAB 
Series 3 


2 
nrondi-rts) malin 
a a 30. fx) = Yt VE + 3) 
31. As) =F 2) 32, Ao = Ge a 

1 
D = 
phe x- : Sade g Be x : ) 


See ae + AN Se 
S6af) aia? + Li? ex 1) 


x2 + c? 
37. fk) = 5 5, ¢ is aconstant 
x? — ¢? 
2 2 
38. f(x) = <— * cis aconstant 
as Cae ‘ 


In Exercises 39-54, find the derivative of the trigonomet 
function. 


39. f(t) = t? sint 40. f(@) = (8 + 1) cos @ 
41. f(t) = — 42. fx) = = a 
43. f(x) = —x + tanx 44. y=x+cotx 
45. o(t) = 4/t + 8sect 46. h(s) = - —) LOieseas 
3 as 1 , Reker Pl ae 
47k gi 3(1 — sin x) Agee sec x 
; 2 cos x : x 
49. vies am CSGae Sin 50. y = x sinx + cos x 
51. f(x) = x? tanx 52. f(x) = sin x cos x 
53. y = 2x sin x + x2 cos x 54. h(@) = 50sec 6 + @Otar 


In Exercises 55-58, use a computer algebra system to differe 
tiate the function. 


55, 9(x) = (: 5 LYiax 5) 


x 4:2 
, x?—x-—3)\,, 
56. f(x) = (2 \e +x +1) 
0 sin 0 
57. g(0) = Tene 58. f(6) = Leen 


In Exercises 59-62, evaluate the derivative of the function at t 
indicated point. Use a graphing utility to verify your result. 


Function Point 
ag 1 + cscx (Z -3) 
; lR=Jescks 6 
60. f(x) = tan x cot x (it) 
61. h(t) = See G -1) 
t T 
62. f(x) = sin x(sin x + cos x) (z 1) 


SECTION 2.3 


| Exercises 63-68, (a) find an equation of the tangent line to 
e graph of f at the indicated point, (b) use a graphing utility 
graph the function and its tangent line at the point, and (c) 
e the derivative feature of a graphing utility to confirm your 
sults. 


Function Point 
. f(x) = (3 — 3x + 1)(x + 2) (1, —3) 
mfx) = (x = 1)(x? — 2) (Oh 
. f(x) = er (2, 2) 
: (x — 1) 1 
p= Gan) (2.5) 
im f(x) = tanx (z 1) 
. f(x) = sec x (z 2] 


| Exercises 69 and 70, determine the point(s) at which the 
-‘aph of the function has a horizontal tangent. 


a 
x2 


x 
= x?24+1 


f(x) = 70. f(x) = 


1 


x 


| Exercises 71 and 72, verify that f’(x) = g(x), and explain the 
lationship between f and g. 


3x Spear a 

fe fa) = x+2’ Sie x+2 
Sins: Shs sin-x + 2x 
ef) =2-—— a(x) = eas 


| Exercises 73 and 74, find the derivative of the function f for 
= 1, 2,3, and 4. Use the result to write a general rule for f(x) 
terms of n. 


COS X 


74. f(x) = 


. f(x) = x" sin x zs 


. Area The length of a rectangle is given by 2¢ + | and its 
height is ./t, where t is time in seconds and the dimensions are 
in centimeters. Find the rate of change of the area with respect 
to time. 

. Volume The radius of a right circular cylinder is given by 
/t + 2 and its height is 5) t; where ¢ is time in seconds and 
the dimensions are in inches. Find the rate of change of the 
volume with respect to time. 


. Inventory Replenishment The ordering and transportation 
cost C for the components used in manufacturing a certain 
product is 


200 x 
oa 
52 et z 


C= 100 


where C is measured in thousands of dollars and x is the order 
size in hundreds. Find the rate of change of C with respect to x 
when (a) x = 10, (b) x = 15, and (c) x = 20. What do these 
rates of change imply about increasing order size? 


The Product and Quotient Rules and Higher-Order Derivatives 125 


78. Boyle’s Law This law states that if the temperature of a gas 
remains constant, its pressure is inversely proportional to its vol- 
ume. Use the derivative to show that the rate of change of the 
pressure is inversely proportional to the square of the volume. 


79. Population Growth A population of 500 bacteria is introduced 
into a culture and grows in number according to the equation 


At 
P(t) = as 
= se(1+ 5) 
where ¢ is measured in hours. Find the rate at which the popu- 
lation is growing when t = 2. 


80. Rate of Change Determine whether there exist any values of 
x in the interval [0,27) such that the rate of change of 
f(x) = sec x and the rate of change of g(x) = csc x are equal. 


81. Prove the following differentiation rules. 


d 

(a) —(sec x= sec x tan x 
dx 

(b) La ees = t 
lose x] = —ese x cot x 


d 2 
(c) let x] = —esc2x 


Pe 82. Modeling Data The table shows the number of motor homes n 


(in thousands) in the United States and the retail value v (in mil- 
lions of dollars) of these motor homes for the years 1992 through 
1997. The year is represented by ¢, with t = 2 corresponding to 
1992. (Source: Recreation Vehicle Industry Association) 


|) ¥ear4 1992 1993 | 1994 | 1995 | 1996 1997 
n 226.3 | 243.8 | 306.7 | 281.0 | 274.6 | 239.3 
v $6963 | $7544 | $9897 | $9768 | $9788 | $9139 


(a) Use a graphing utility to find quadratic models for the 
number of motor homes n(ft) and the total retail value v(r) 
of the motor homes. 


(b) Find A = v(t)/n(t). What does this function represent? 


(c) Find A “(t). Interpret the derivative in the context of these 
data. 


In Exercises 83-88, find the second derivative of the function. 


83. f(x) = 4x3/2 


x 


85.f(x) aig 
87. f(x) = 3 sinx 


In Exercises 89-92, find the higher-order derivative. 


Given Find 
89. f(x) = x? rx) 
90. fe) =2-= rr") 
918 77G) = 25% FO) 
92. f(x) = 2x + 1 f(x) 
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93. Sketch the graph of a differentiable function f such that 
hid) =" 08 SSO tor Rocka tor and ay ee ON tor 
De X= CO. 


| 94. Sketch the graph of a differentiable function f such that | 


f > Oand f’ < 0 for all real numbers x. 


| In Exercises 95-98, find f (2) given the following. 
g(2) = 3 
| h(2)=-1 and 


and g'(2)= —2 
h’(2) = 4 
| 95. f(x) = 2g(x) + h(x) 


| 97. f(x) a 


96. f(x) = 4 — h(x) 


ae 98. fla) = gla)h(x) 


| In Exercises 99 and 100, the graphs of f, f’, and f” are shown 


on the same set of coordinate axes. Which is which? To | 
| Pe Linear and Quadratic Approximations The linear and quadrat 


| print an enlarged copy of the graph, go to the website 
| www.mathgraphs.com. 


101. Acceleration The velocity of an object in meters per second is 
WO) = 360 — 7, OS 7S. 


Find the velocity and acceleration of the object when t = 3. 
What can be said about the speed of the object when the 
velocity and acceleration have opposite signs? 


102. Stopping Distance A car is traveling at a rate of 66 feet per 
second (45 miles per hour) when the brakes are applied. The 
position function for the car is 


s(t) = —8.25t? + 66t 


where s is measured in feet and ft is measured in seconds. Use 
this function to complete the table, and find the average 
velocity during each time interval. 


t 0 ] 2 | 3 | a 
s(t) 
v0) | 
a(t) 


103. Acceleration An automobile’s velocity starting from rest : 
— 100 
se dt ce 15 


v(t) 


where v is measured in feet per second. Find the acceleratic 
at each of the following times. 


(b) 10 seconds (c) 20 seconds 
104. Finding a Pattern Develop a general rule for f ™)(x) if 


(a) 5 seconds 


(a) f(x) = x" and (b) f(x) = . 


105. Finding a Pattern Consider the function f(x) = g(x)A(a). 
(a) Use the product rule to generate rules for finding f’( 
if Gc)andap xy. 
(b) Use the results in part (a) to write a general rule for f(x 


106. Finding a Pattern Develop a general rule for [xf(x)]' 
where f is a differentiable function of x. 


approximations of a function f at x = a are 
P(x) = f(a@)(x — a) + f(a) and 


P(x) = 3f’@)& — a? + fax — a) + fo. 


In Exercises 107 and 108, (a) find the specified linear an 
quadratic approximations of f, (b) use a graphing utility 1 
graph f and the approximations, (c) determine whether P, or J 
is the better approximation, and (d) state how the accurac 
changes as you move farther from x = a. 


107. f(x) = cos x 108. f(x) = sinx 


Q 
lI 
wy 
| 
Sr) 


True or False? In Exercises 109-114, determine whether tt 
statement is true or false. If it is false, explain why or give a 
example that shows it is false. 

109. If y = f(x)g(x), then dy/dx = f(x)g(x). 

110. If y = (w+ 1) + 2) + 3) + 4), then d>y/dx> = 0. 
111. If fc) and g (c) are zero and h(x) = f(x)g(x), then h(c) = 
112. If f(x) is an nth-degree polynomial, then f* (x) = 0. 


113. The second derivative represents the rate of change of the fit 
derivative. 


114. If the velocity of an object is constant, then its acceleration 
zero. 


115. Find the derivative of f(x) = x|x|. Does f’(0) exist? 


116. Think About It Let f and g be functions whose first ar 
second derivatives exist on an interval 7. Which of the folloy 
ing formulas is (are) true? 


(a) fe” — fe = Ue’ — fe) 
(b) fe” + f’e = (fg)” 
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Section 2.4 The Chain Rule 


* Find the derivative of a composite function using the Chain Rule. 

* Find the derivative of a function using the General Power Rule. 

* Simplify the derivative of a function using algebra. 

* Find the derivative of a trigonometric function using the Chain Rule. 


The Chain Rule 


We have yet to discuss one of the most powerful differentiation rules—the Chain 
Rule. This rule deals with composite functions and adds a surprising versatility to the 
rules discussed in the two previous sections. For example, compare the following 
functions. Those on the left can be differentiated without the Chain Rule, and those on 
the right are best done with the Chain Rule. 


Without the Chain Rule With the Chain Rule 
y=x?4+1 y= ay Pore | 

y = sinx y = sin 6x 
y=3x+2 y = x + 2)P 
Ve et tan y = x. tan x7 


Basically, the Chain Rule states that if y changes dy/du times as fast as u, and u 
changes du/dx times as fast as x, then y changes (dy/du)(du/dx) times as fast as x. 


ereccannineeevetsoeccta vous diverocahttrAnabniveietnAtaiete SSE RSSneV anid Mints etcthne nae IAennniNnSteteenratuiakunsiorreetOsnaidaintnit tan Molten SiC tnehAAn noe iun temeaneyefcecotnsinanmocreyyinecrcntnanescmeinnewoncaasicnmernanmcncnit satin 


Example 1 ‘The Derivative of a Composite Function 


A set of gears is constructed, as shown in Figure 2.23, such that the second and third 
gears are on the same axle. As the first axle revolves, it drives the second axle, which in 
turn drives the third axle. Let y, u, and x represent the numbers of revolutions per minute 
of the first, second, and third axles. Find dy/du, du/dx, and dy/dx, and show that 


dy _ dy du 
phe Ail) Vile 


Solution Because the circumference of the second gear is three times that of the first, 
the first axle must make three revolutions to turn the second axle once. Similarly, the 
second axle must make two revolutions to turn the third axle once, and you can write 


e 1: y revolutions per minute dy _ ; Fi du _ 

» 2: uw revolutions per minute Aide Stk AE ft ek 

e 3: x revolutions per minute 
ure 2.23 Combining these two results, you know that the first axle must make six revolutions 


to turn the third axle once. So, you can write 


dy Rate of change of first axle Rate of change of second axle 
as ~ | with respect to second axle * with respect to third axle 
dy du 
=. = 3-2 = 6 
du dx 


4 Rate of change of first axle 
with respect to third axle 

In other words, the rate of change of y with respect to x is the product of the rate of 
change of y with respect to u and the rate of change of u with respect to x. 


Zz 
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Using the Chain Rule Each of the 
following functions can be differenti- 
ated using rules that you studied in 
Sections 2.2 and 2.3. For each func- 
tion, find the derivative using those 
rules. Then find the derivative using 
the Chain Rule. Compare your 
results. Which method is simpler? 


f 2 
“3x+1 


b. “Ge 2)? 


ec. sin 2x 


Example | illustrates a simple case of the Chain Rule. The general rule is sta 
below. 


THEOREM 2.10 ‘The Chain Rule 


If y = f(u) is a differentiable function of u and u = g(x) is a differentiable 
function of x, then y = f(g(x)) is a differentiable function of x and 


dy _ dy | du 
be (ah abs 


or, equivalently, 


“LFlg())] = F(g))9"00. 


Proof Let h(x) = f(g(x)). Then, using the alternative form of the derivative, y 
need to show that, for x = c, 


hc) = f(g(c))g (co). 


An important consideration in this proof is the behavior of g as x approaches c. 
problem occurs if there are values of x, other than c, such that g(x) = g(c). 
Appendix B we show how to use the differentiability of f and g to overcome t 
problem. For now, assume that g(x) # g(c) for values of x other than c. In the pro 
of the Product Rule and the Quotient Rule, we added and subtracted the same quant 
to obtain the desired form. This proof uses a similar technique—multiplying a 
dividing by the same (nonzero) quantity. Note that because g is differentiable, it is a 
continuous, and it follows that (x) > g(c) as xc. 


ae ee f(g(x)) — f(g(c)) 


xe Maan C 
meh Fe) is PC) ee ete) . 
i. im | (x) — g(c) onere | g(x) # g(c) 


vila SleCureuilate)) |e wel lie! sla) 
tim OO Jim : 
= f(e(c)e'(c) 


xc AS 


mT 


When applying the Chain Rule, it is helpful to think of the composite functi 


f° g as having two parts—an inner part and an outer part. 


Outer function 


nse \ 
y = f(g) = flu) 
sales 


Inner function 


The derivative of y = f(u) is the derivative of the outer function (at the inner funct 
u) times the derivative of the inner function. 


y= fu) + w’ 


[UDY TIP You could also solve the 
yblem in Example 3 without using the 
ain Rule by observing that 


rx sx + 3x? + 1 


erOx + 124° 6x. 


rify that this is the same as the deriva- 
> in Example 3. Which method would 
u use to find 


£2 + 1) 
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Example 2 Decomposition of a Composite Function 


y = f(g) u = g(x) y = flu) 
ay= u=x+ I gee 
xa Uu 
b. y = sin 2x u = 2x y = sinu 
a y= /3r2-—x4+1 Oe ae y= ai 
d. y = tan?x u = tanx y= 


Example 3 Using the Chain Rule 


Find dy/dx for y = (x? + 1). 


Solution For this function, you can consider the inside function to be u = x? + 1. 
By the Chain Rule, you obtain 


“ = 362 + 1)°Cx) = 6xxa 1). 
du dx FA 
The General Power Rule 


The function in Example 3 is an example of one of the most common types of 
composite functions, y = [u(x)]". The rule for differentiating such functions is called 
the General Power Rule, and it is a special case of the Chain Rule. 


THEOREM 2.11 The General Power Rule 


If y = [u(x)]", where wu is a differentiable function of x and n is a rational 
number, then 


GVFen 


en Mle a 


or, equivalently, 


sea) = nu"! y/. 


dx 


Proof Because y = uw”, you apply the Chain Rule to obtain 


said 
dx du) \dx 


By the (Simple) Power Rule in Section 2.2, you have D,[w”"] = nu"~', and it follows 
that dy/dx = n[u(x))"~ '\(du/dx). V4 
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fa) = VG? — 1)? 


The derivative of f is 0 at x = 0 and is 
undefined atx = +1. 
Figure 2.24 


NOTE Try differentiating the function 
in Example 6 using the Quotient Rule. 
You should obtain the same result, but 
using the Quotient Rule is less efficient 
than using the General Power Rule. 


a ee eT | 
Example 4 Applying the General Power Rule 
EE 


Find the derivative of f(x) = (3x — 2x7)?. 


Solution Let u = 3x — 2x?. Then 
f= 6x a2) =e 
and, by the General Power Rule, the derivative is 


/ 


n pee u 
| ——— ees 


(Abs aie) Bite was eS < [3x — 2x?| Apply General Power Rule. 


= 3(3x — ere = 4x). Differentiate 3x — 2x2. 


Example 5 Differentiating F unctions Involving Radicals 


Find all points on the graph of f(x) = 3/(x* — 1)? for which f(x) = 0 and those 
which f(x) does not exist. 


Solution Begin by rewriting the function as 


fle) = 62 = 1p 
Then, applying the General Power Rule (with u = x* — 1) produces 


2 
= 3 (x2 — 1)~1/3 (2x) Apply General Power Rule. 
ie Write 1 dical f 
=~ rite in radical form. 
OR) a el 


So, f(x) = 0 when x = 0 and f(x) does not exist when x = £1, as indicated 
Figure 2.24. 


Example 6 ‘Differentiating Quotients ‘with C onstant ‘Numerators 


ei: 


Differentiate g(t) = (Or = 3)2" 


Solution Begin by rewriting the function as 
elt) = —7(2t — 3)-2. 
Then, applying the General Power Rule produces 


, 


n ure? u 


g (t) =(— De 2)(2t art Bye (2) Apply General Power Rule. 
Se 
Constant 
Multiple Rule 
= 28(21 — 3) Simplify. 
28 


= = a3 | Write with positive exponent. 
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Simplifying Derivatives 


The next three examples illustrate some techniques for simplifying the “raw deriva- 
tives” of functions involving products, quotients, and composites. 


Example 7 Simplifying by Factoring Out the Least Powers 


f(x) a) Dee Original function 
Sa ae Rewrite. 
Wa oy 2)1/2 ay1/2 4 5,2 
FAa) ee ee) ee ee ee Product Rule 
dx dx 
1 
= ab (= (29) | + (1 — x?)!/2(2x) General Power Rule 
(te pee + 2x(1 — py) Simplify. 
= x(1 — x2)=!/[—x2(1) + 201 — x?)] Factor. 
D) ree 2 
= oe Simplify. 


ies 


Example 8 Simplifying the Derivative of a Quotient 


‘ECHNOLOGY Symbolic differ- f@) = x Gree 
ntiation utilities are capable of 3/x2 + 4 : 
jifferentiating very complicated ~ 

unctions. Often, however, the result = Grea Rewrite. 


$ given in unsimplified form. If you 
jave access to such a utility, use it to 


4) = GEE AA) = x(1/3)(2? + 4)? 2x) 


ind the derivatives of the functions fx) (x2 + 4)2/3 Quotient Rule 
iven in Examples 7, 8, and 9. Then > } 5 
ompare the results with those given = Le ae 4)-20| 2 iva) | Bactor. 
n this page. 3 i 
x? + 12 ee 
= 302 + 4) Simplify. 
rx Example 9 Simplifying the Derivative of a Power 
y= (z=) Original function 
; 8 3 
n peo” u’ 
— en 
= (3 r ;| “ E nl ;| General Power Rule 
: x Bel been 
a 2 he = 
= Ee 2 |" is ae is ves) Quotient Rule 
Xie Js = 
= 2 Dae 
j 2(3x ~ = 6x2 + 2x) ignite 


gk LV ey 
get i. ; ae —— fe y 
ba : = 


Trigonometric Functions and the Chain Rule 


The “Chain Rule versions” of the derivatives of the six trigonometric functions are 
follows. 


d ; y 
< [sin u] = (cos u) u’ Brees u|] = —(sin uv) u 
d ee 
tan u| = (sec? u) u + [eot u|'="— (ese? u) u 
aes u| = (sec u tan u) u’ ae u| = —(cscu cotu) u 
dx dx 


Example 1 0 “Applying the Chain Rule to Trigonometric Functions 


COS Ut Ue 
nM maim i cama 
ES d 
pS ie y “= COS 2x [2x] = (cos 2x)(2) = 2 cos 2x 
b.y= cos(x — 1) iy. = sini a0) 
c. y = tan 3x y’ = 3 sec? 3x L 


Be sure that you understand the mathematical conventions regarding parenthe: 
and trigonometric functions. For instance, in Example 10a, sin 2x is written to me 
sin(2x). 


Example 11 Parentheses and Trigonometric Functions 


a. ¥ =2COs. 5121 _cos(ax-) y’ = (—sin 3x?)(6x) = —6x sin 3x? 

b. y = (cos 3)x? = (cos 3)(2x) = 2x cos 3 

Cig = cos (3x)2 = cos(9x) y’ = (=sin 9x2)(18x) = —18x sin 9x? 

d. y = cos?x = (cos x)? y’ = 2(cos x)(—sin x) = —2 cosxsinx 
e. y = \/cos x = (cos x)!/2 y= ae x)-/2(—sinx) = -—“22 


i) 


2./cos x 


To find the derivative of a function of the form k(x) = f(g(h(x))), you need 
apply the Chain Rule twice, as shown in Example 12. 


Example ser “Repeated . Application of the Chain R Rule 


f(t) = sin? 4¢ Original function 
= (sin 41)? Rewrite. 
/ dy. 
tic (t) = 3(sin 4t)? “ein 4t| Apply Chain Rule once. 


: d 
= 3(sin 4t)?(cos 41) Ap [4¢] Apply Chain Rule a second time. 


= 3(sin 41)*(cos 4t)(4) 
= 12 sin? 4t cos 4t Simplify. 
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We conclude this section with a summary of the differentiation rules studied so 
far. To become skilled at differentiation, you should memorize each rule. 


Summary of Differentiation Rules 


General Differentiation Rules Let f, g, and u be differentiable functions of x. 
Constant Multiple Rule: Sum or Difference Rule: 
d d 
Pitts ee / phes ak Sf Gg! 
Product Rule: Quotient Rule: 
7 d d f) sete 
see — + % Comat (anne! es 
qty = etsy - a 
Derivatives of Algebraic Constant Rule: (Simple) Power Rule: 
Functions 
d d d 
el = ped SS jhe aap ae | 
Derivatives of lee: d 5 d 
=> | Sil X|| ="COS = i [tallice| —= SCG-x = [sec X| = sec x tan x 
[rigonometric Functions dx isin : dx l dx | 
Hiri ‘|= =sin x lve X= csc" x Sie a= Col COL 
dx dx dx 
Chain Rule Chain Rule: General Power Rule: 
d 


d 4 / hy ix a heed 
fw aes (u) u oF [u | = nu Uu 


STUDY TIP As an aid to memorization, note that the cofunctions (cosine, cotan- 
gent, and cosecant) require a negative sign as part of their derivatives. 


XERCISES FOR SECTION 2.4 


Exercises 1-6, complete the table using Example 2 as a model. 15. y = 39x? +4 16. e(x) = /x2—2x 41 
y = f(g(x)) u = g(x) y = flu) 17. y= 2/4 =x" 1S) ee 
— De 5 4 — ns = 
y = k6x — 5) ON ae ae 050) = aaa 

1 
es te a Ler\2 <a rene 
pees 21. f= (44) 22. y= G+ 3) 
y= 
y = 3 tan(ax?) 23. y= ape 24. g(t) = aS 
Poreccd 3 
8 aries 25) Fg) =e) 26if ieee 
y = cos 27, ys r/ Lae 28. y= 5x2 Rete 
29. y = 30a eae 
Exercises 7-34, find the derivative of the function. a x cs 
; SP aPeN ' pe \2 
y = (2x — 7)3 8. y = (2x3 + 1)? 31. g(x) = (4 BS) 32. h(t) = (= ce ;| 
sre (4 = Ox)* 10.: y= 3(4 = x? 1 = 2y\3 ere Ns 
ay 2/3 33. f(v) = ( : 34. 9(x) = 7 
po (9 = x? 12. f (2) = (9t + 2)?" Nea Dee ae 3 


= wl = t 47 ex) = ./5 — 3x 
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Differentiation 


ae In Exercises 35-44, use a computer algebra system to find the -- In Exercises 67-74, evaluate the derivative of the function at 


derivative of the function. Then use the utility to graph the 
function and its derivative on the same set of coordinate axes. 
Describe the behavior of the function that corresponds to any 


zeros of the graph of the derivative. 


Sx +1 
alae eof 
3¢2 
37. 2(t) = 
go 
x1 
39. y= 2 
Ns 
=2(0 = 7)./ 1 + 
Kh da 2 f 
3 
at 
Tih, oh a 


In Exercises 45 and 46, find the slope of the tangent line to the 
sine function at the origin. Compare this value with the number 
of complete cycles in the interval [0, 277]. What can you conclude 


36. y = 


seek 


38. (G) =e = 2 
40. y = (¢? -—9) /t + 2 


42. g(x) = Vx -14+Vx4+1 


44, y= x? tan = 


about the slope of the sine function sin ax at the origin? 


45. 


(a) y 
rN 


y=sin 3x 


(b) 


ete y=sin 2x 


In Exercises 47—66, find the derivative of the function. 


47. 
49. 
51. 
BRE 


SB 


Sie 
Su). 
61. 
63. 
65. 


y = cos 3x 
g(x) = 3 tan 4x 


y = sin(7x) 


h(x) = sin 2x cos 2x 


cot 

fie) = —— 
sin x 

y = 4sec? x 

f(0) = 4 sin? 26 


f(@) = 3 sec*(at — 1) 
y=S/xt+ i sin(2x)? 


y = sin(cos x) 


48. y = sinax 
50. h(x) = sec x? 
52. y = cos(l 2x)" 
54. 9(0) = sec(+6) tan(46) 
56. g(v) = cle 
csc v 
58. y = 2 tan? x 
60. g(t) = 5 cos? mt 


62. 
64. 
66. 


) 
h(t) = 2 cot2(at + 2) 


y = 3x — S’cos(arx)? 


y = sind/x + 3/sinx 


indicated point. Use a graphing utility to verify your result. 


Function Point 
(9h SG) = wee 42 Di a & (2, 4) 
68. y = 3x3 + 4x (2) 
Bee _ -2) 
69. f(x) Fe al ( I, 5 
70. Ges eee (4 =) 
ONS (x2 — 3x)? * 16 
+ 
71. f(t) = a = (0, -2) 
325 Ill 
128 fC) eas (2, 3) 
73. y = 37 — sec3(2x) (0, 36) 


74, y= : aie (COST 


In Exercises 75-78, (a) find an equation of the tangent lin 
the graph of f at the indicated point, (b) use a graphing uti 
to graph the function and its tangent line at the point, and 
use the derivative feature of a graphing utility to confirm y 
results. 


Function Point 
(bp dce) 2 eee (3, 5) 
16. f(x) = aus/ao ed (2, 2) 
77. f(x) = sin 2x (zz, 0) 
78. f(x) = tan2x & 7 


In Exercises 79-82, find the second derivative of the functio 


80. f(x) = +s 


82. f(x) = sec2arx 


79, f(x) = 2(x? — 1)3 


81. f(x) = sin x? 


Getting at the Concept 


In Exercises 83-86, the graphs of a function f and its deriy 
ative f’ are shown. Label the graphs as f or f’ and write : 
short paragraph stating the criteria used in making th 
selection. To print an enlarged copy of the graph, go to th 
website www.mathgraphs.com. 


—_ 


es 


Getting at the Concept 


In Exercises 87 and 88, the relationship between f and g is 
given. State the relationship between f’ and g’. 


87. g(x) = f(3x) 


PeGiven that 9¢(5) = —3, (5) = 6, h(5).=. 3, and 


(continued ) 


eX 


88. g(x) = f(x’) 


h(5) = —2, find f(5) (if possible) for each of the follow- 
ing. If it is not possible, state what additional information 
is required. 


(a) f(x) = g(x)h(x) 
(©) fo) = 8 


(b) f(x) = g(h(x)) 
(d) f(x) = [g@)P 


h(x) 


. (a) Find the derivative of the function g(x) = sin? x + cos? x 
in two ways. 


(b) For f(x) = sec? x and g(x) = tan? x, show that f(x) = g(x). 


. Doppler Effect The frequency F of a fire truck siren heard by 


a stationary observer is 


_ 132,400 
~ 3314+ 


where +v represents the velocity of the accelerating fire truck 

in meters per second (see figure). Find the rate of change of F 

with respect to v when 

(a) the fire truck is approaching at a velocity of 30 meters per 
second (use —v). 

(b) the fire truck is moving away at a velocity of 30 meters per 
second (use +yv). 


_ 132,400 A 132,400 
"3314 331 —v 
yess 


. Harmonic Motion The displacement from equilibrium of an 


object in harmonic motion on the end of a spring is 
ees 5 cos 12¢ — isin 12t 


where y is measured in feet and ris the time in seconds. 
Determine the position and velocity of the object when t = 7/8. 


93. 


94. 


95% 


PE 96. 
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Pendulum A 15-centimeter pendulum moves according to 
the equation 


6 = 0.2 cos 8t 


where @ is the angular displacement from the vertical in radians 
and f is the time in seconds. Determine the maximum angular 
displacement and the rate of change of 6 when ft = 3 seconds. 


Wave Motion A buoy oscillates in simple harmonic motion 


y = Acos ot 


as waves move past it. The buoy moves a total of 3.5 feet 
(vertically) from its low point to its high point. It returns to its 
high point every 10 seconds. 


(a) Write an equation describing the motion of the buoy if it is 
at its high point at t = 0. 
(b) Determine the velocity of the buoy as a function of ¢. 


Circulatory System The speed S of blood that is r centimeters 
from the center of an artery is 


Sr Cl R254) 


where C is a constant, R is the radius of the artery, and S is mea- 
sured in centimeters per second. Suppose a drug is administered 
and the artery begins to dilate at a rate of dR/dt. At a constant 
distance r, find the rate at which S changes with respect to ¢ for 
GOL Ras 2 el 0me wanda daa 

Modeling Data The normal daily maximum temperature 
T (in degrees Fahrenheit) for Denver, Colorado, is shown in 


the table. (Source: National Oceanic and Atmospheric 
Administration) 
_ 
Month Jan | Feb | Mar | Apr | May | Jun 
Temperature | 43.2 | 46.6 | 52.2 | 61.8 | 70.8 | 81.4 
1. 

ie 

Month Jul | Aug | Sep | Oct | Nov | Dec 
Temperature | 88.2 | 85.8 | 76.9 | 66.3 | 52.5 | 44.5 


(a) Use a graphing utility to plot the data and find a model for 
the data of the form 


T(t) = a + bsin(mt/6 — c) 


where T is the temperature and f is the time in months, with 
t = | corresponding to January. 


(b 


7 


Use a graphing utility to graph the model. How well does 
the model fit the data? 


Find 7’ and use a graphing utility to graph the derivative. 


wa 


(c 
(d) Based on the graph of the derivative, during what times 
does the temperature change most rapidly? Most slowly? 
Do your answers agree with your observations of the 


temperature changes? Explain. 


Sz, 
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Modeling Data The cost of producing x units of a product is 
C = 60x + 1350. For one week management determined the 
number of units produced at the end of ¢ hours during an 
8-hour shift. The average values of x for the week are shown 
in the table. 


5 | 6 | ais 
271 | 336 | 384 392 | 


moo fa 23 | 


oe) 60 205 


16 | 60 | 130 


98. 


99. 


100. 


101. 


(a) Use a graphing utility to fit a cubic model to the data. 
(b) Use the Chain Rule to find dC/dt. 


(c) Explain why the cost function is not increasing at a con- 
stant rate during the 8-hour shift. 


Think About It The table shows some values of the deriva- 
tive of an unknown function f. Complete the table by finding 
(if possible) the derivative of each transformation of f. 


(a) g(x) = f(x) — 2 (b) A(x) = 2 f(x) 
(c) r(x) = f(—3x) (d) s(x) =f(@ + 2) 


x 24 (a 0 1 2, 3 
fa, 4 
feo 
h'(x) 
r(x) 
s’(x) 


TN ee Peete ak 
-1 | -1 | -2 | -4 


WI 


te 


Finding a Pattern Consider the function f(x) = sin Bx, 
where B is a constant. 


(a) Find the first-, second-, third-, and fourth-order derivatives 
of the function. 


(b) Verify that the function and its second derivative satisfy 
the equation f’(x) + B? f(x) = 0. 

(c) Use the results in part (a) to write general rules for the 
even- and odd-order derivatives 
f(x) and f° (x). 


[Hint: (—1)* is positive if k is even and negative if k is odd.] 

Conjecture Let f be a differentiable function of period p. 

(a) Is the function f’ periodic? Verify your answer. 

(b) Consider the function g(x) = f(2x). Is the function g’(x) 
periodic? Verify your answer. 


Think About It Let r(x) = f(g(x)) and s(x) = g(f(x)) where 
f and g are shown in the figure. Find (a) r(1) and (b) s (4). 


102. Show that the derivative of an odd function is even. That is, 


f(—x) = —f(), then f(—x) = f'@). 


103. The geometric mean of x and x + n is g = V x(x + n),"a 
the arithmetic mean is a = [x + (x + n)]/2. Show that 
dg _a 
as. © a 
104. Let ube a differentiable function of x. Use the fact tt 
|u| = \/u? to prove that 
d u 
= = iy #0 
pelle ectoaey ae 


In Exercises 105-108, use the result of Exercise 104 to find t 
derivative of the function. 

105. g(x) = |2x — 3] 

106. f(x) = |x? - 4| 

107. h(x) = |x| cos x 

108. f(x) = |sin x| 


Ae Linear and Quadratic Approximations The linear and qua 


ratic approximations of a function f at x = a are 


P,(x) = f(a)\(x — a) + f(a) and 
Pix) = 5f’"@a - a)? +f@ea - a) + f@. 


In Exercises 109 and 110, (a) find the specified linear ar 
quadratic approximations of f, (b) use a graphing utility 
graph f and the approximations, (c) determine whether P, 
P, is the better approximation, and (d) state how the accura 
changes as you move farther from x = a. 


110. f(x) 


109. f(x) = tan a SeG or 


a= 1 = — 
a 


True or False? In Exercises 111-114, determine whether t 
statement is true or false. If it is false, explain why or give ; 
example that shows it is false. 


111. If y = (1 — x)”, then y’ = 4(1 — x)-2, 

112. If f(x) = sin?(2x), then f(x) = 2(sin 2x)(cos 2x). 
113. If y is a differentiable function of u, u is a differentiable fur 
tion of v, and v is a differentiable function of x, then 

dy _ dy dudv 


dx du dv dx’ 


114. You would first apply the General Power Rule to find t 


derivative of y = x sin? x. 


Section 2.5 _ 


r raphing an Implicit Equation How 
ould you use a graphing utility to 
ketch the graph of the equation 

EC 


me x — 2y? + 4y = 2? 


fere are two possible approaches. 


. Solve the equation for x. Switch 

_ the roles of x and y and graph 

_ the two resulting equations. The 

_ combined graphs will show a 

- 90° rotation of the graph of the 
original equation. 


. Set the graphing utility to 
parametric mode and graph the 
equations 


b aay 


BEY prea rere) 
yee 

and 
eee Ar 2 
Seen ye. 


rom either of these two approaches, 
an you decide whether the graph 
as a tangent line at the point (0, 1)? 
Xplain your reasoning. 
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implicit Differentiation 


* Distinguish between functions written in implicit form and explicit form. 
* Use implicit differentiation to find the derivative of a function. 


Implicit and Explicit Functions 


Up to this point in the text, most functions have been expressed in explicit form. For 
example, in the equation 
Vie Oxi 5S 


Explicit form 


the variable y is explicitly written as a function of x. Some functions, however, are 
only implied by an equation. For instance, the function y = 1/x is defined implicitly 
by the equation xy = 1. Suppose you were asked to find dy/dx for this equation. For 
this equation, you could begin by writing y explicitly as a function of x and then 
differentiating. 


Implicit Form Explicit Form Derivative 

] dy 1 
xy = 1 =—= 77! oe ee 
é a dx x? 


This strategy works well whenever you can solve for the function explicitly. You can- 
not, however, use this procedure when you are unable to solve for y as a function of 
x. For instance, how would you find dy/dx for the equation 


n° S2y? + Ay =) 2 


where it is very difficult to express y as a function of x explicitly? To do this, you can 
use implicit differentiation. 

To understand how to find dy/dx implicitly, you must realize that the differentia- 
tion is taking place with respect to x. This means that when you differentiate terms 
involving x alone, you can differentiate as usual. However, when you differentiate 
terms involving y, you must apply the Chain Rule, because you are assuming that y is 
defined implicitly as a differentiable function of x. 


Example 1 Differentiating with Respect tox _ 


Variables agree: use Simple Power Rule. 


d 3] = 2 
a. at | 3x 


Si 


Variables agree 


u" ie 


ae oa eS 

d 

Ebl= 92 
dx dx 


x | 


Variables disagree 


Variables disagree: use Chain Rule. 


d 
4 Chain Rule: 25) = By’ 


d ) 
c. a t 31 = I le dx dx 


Product Rule 


d d 
2 ee ie Se Pee + ay 2— 
d. bxy7}= x aed l] ey 7,171 


- (22) + y(1) Chain Rule 
max 
= day 2 a y? Simplify. 
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Implicit Differentiation : 


Guidelines for Implicit Differentiation 


1. Differentiate both sides of the equation with respect to x. : 

2. Collect all terms involving dy/dx.on the left side of the equation and move : 
all other terms to the right side of the equation. 

3. Factor dy/dx out of the left side of the equation. 

4. Solve for dy/dx by dividing both sides of the equation by the left-hand factor 
that does not contain dy/dx. 


Example 2 "Implicit Differentiation | 
Find dy/dx given that y> + y? — 5y — x? = —4. 


NOTE In Example 2, note that implicit Solution 
differentiation can produce an expression 


for dy/dx that contains both x and y. 1. Differentiate both sides of the equation with respect to x. 


dean d 
ae ras yey |) = = 
ae on ye Ane 4] 


“1y3] + S1y"] - S05] - St) = 4-4] 


3. Factor dy/dx out of the left side of the equation. 


Win 

(By date 2y-—-5)-—= 2x 

dx 

4. Solve for dy/dx by dividing by (3y? + 2y — 5). 
ee yo +y* = 5y—x7 =—4 

dy = 2x 
Point Slope USES Nae Pale —= 3) P 
on Graph of Graph 
(2,0) a5 To see how implicit derivati i in Fi 

you can use an implicit derivative, consider the graph shown in Fig 

(3) 8 2.25. From the graph, you can see that y is not a function of x. Even so, the derivat 
me 0 0 found in Example 2 gives a formula for the slope of the tangent line at a point on t 
(on Wadenned graph. The slopes at several points on the graph are shown below the graph. 


TECHNOLOGY With most graphing utilities, it is easy to sketch the graph 
_ an equation that explicitly represents y as a function of x. Sketching graphs 


The implicit equation 


BLL et 


yp a y? Pus Sy = x2 — A ‘ , e 5 5 
: other equations, however, can require some ingenuity. For instance, to ske 
has the derivative _ the graph of the equation given in Example 2, try using a graphing utility, set 
dy x _ parametric mode, to sketch the graphs given by x = Vii+?— 51+ 4,y =the 
de 3p t+ 5 px=—-VP +1? —5t+ 4, y =t, for —5 < t < 5. How does the result comp 


Figure 2.25 _ with the graph shown in Figure 2.25? 


ne graph segments can be repre- 
ted by differentiable functions. 
ure 2.26 


pe of tangent line is i. 


ure 2.27 
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It is meaningless to solve for dy/dx in an equation that has no solution points. 
(For example, x* + y? = —4 has no solution points.) If, however, a segment of a 
graph can be represented by a differentiable function, dy/dx will have meaning as the 
slope at each point on the segment. Recall that a function is not differentiable at (1) 
points with vertical tangents and (2) points at which the function is not continuous. 


Example 3 Representing a Graph by Differentiable Functions 


If possible, represent y as a differentiable function of x (see Figure 2.26). 


aa yy — 0 Day Cake el 


Solution 


a. The graph of this equation is a single point. Therefore, it does not define y as a 
differentiable function of x. 


b. The graph of this equation is the unit circle, centered at (0, 0). The upper semicircle 
is given by the differentiable function 


y= J1 — x2, =| <6 < Il 
and the lower semicircle is given by the differentiable function 
ys —Vlae, -<l<x <1. 
At the points (— 1, 0) and (1, 0), the slope of the graph is undefined. 
c. The upper half of this parabola is given by the differentiable function 


Vie 1x, gree al 

and the lower half of this parabola is given by the differentiable function 
Ves oes he at Ne sels 

At the point (1, 0), the slope of the graph is undefined. 


Example 4 Finding the Slope of a Graph Implicitly 
Determine the slope of the tangent line to the graph of 
x + 4y7 = 


at the point (oo = 1/2). (See Figure 2.27.) 


Solution 
x2 + 4y?=4 Write original equation. 
dy oad toy aoe 
2x 8y—= ='0 Differentiate with respect to x. 
“OX 

d ome x ly 
_ = ; Solve for &. 

dx 8y Ay dx 


So, at (v2. - Wey the slope is 
pie et) | 


dy l 
SS SS eS SS SS Evaluate — when x = \/2 and y= ==. 
dx -4//2 2 dx v2 


NOTE To see the benefit of implicit differentiation, try doing Example 4 using the explicit 
function y = —3/4 — x”. 
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Differentiation 


CHAPTER 2 


+ 
3(x? + y?)? = 100xy 


Lemniscate 
Figure 2.28 


l 


eee eri)! 
The derivative ss = ear 
Figure 2.29 


Example 5 Finding the Slope of a Graph Implicitly 


Determine the slope of the graph of 3(x? + y?)? = 100xy at the point (3, 1). 


Solution 

db-ay ce tipi Gaied 

ee 2 Ze Ta 

oe dye) | 70 xy] 

dy dy | 
mie oe ® + y(1 
32) (x? Fy i(2x ie 27 109] re y(1) 
12y(x? + y pieS 100x— Q = 100y — 12x07 Fy) 
Z dx dx 


[id 2y eect ie 100%) = 


100% = 12x17 +7) 


1O0y — 12x tay) 


e007 - 12yG? yy) 


25 Ste ey) 
—25x + 3y(x? + y2) 


At the point (3, 1), the slope of the graph is 


dy 25) = BOG) eee 0 
dx —25(3) + 3(1)(32+ 12) -754+30 


~=65 13 


45 90 


as shown in Figure 2.28. This graph is called a lemniscate. 


Example 6 Determining a Differentiable Function 


Find dy/dx implicitly for the equation sin y = x. Then find the largest interval of 
form —a < y < asuch that y 1s a differentiable function of x (see Figure 2.29). 


Solution 


d 
= al 


bhi 
Ae [sin y| 


weet 

Gig 
Canes 
dx cosy 


The largest interval about the origin for which y is a differentiable function of ; 
—m/2 <y < m/2.To see this, note that cos y is positive for all y in this interval ; 
is 0 at the endpoints. If you restrict y to the interval — 7/2 < y < a/2, you should 
able to write dy/dx explicitly as a function of x. To do this, you can use 


cosy = /1 — sin? y 
= lawn < yet 
TD, Wer 2 
and conclude that 


dymurie mdde f 
dx Jf, — x2 


Isaac Barrow (1630-1677) 


The graph in Example 8 is called the kappa 
curve because it resembles the Greek letter 
kappa, x. The general solution for the tangent 
line to this curve was discovered by the 
English mathematician Isaac Barrow. Newton 
was Barrow’ student and they corresponded 
frequently regarding their work in the early 
development of calculus. 


SSS ee Shs 


1e kappa curve 
gure 2.30 
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With implicit differentiation, the form of the derivative often can be simplified (as 
in Example 6) by an appropriate use of the original equation. A similar technique can 
be used to find and simplify higher-order derivatives obtained implicitly. 


Example 7 Finding the Second Derivative Implicitly 
SS EID BCL IID BEE DIT EEE SE SE DI TESTE PES IT TEASER PETE PSP ET SSE ST TEES RIT ST ESET EISNER 


d*y 
. 


Givenwc> + > =.25, find 
dx 


Solution Differentiating each term with respect to x produces 


dy 
De =p Dy = 
% a 0 
dy 
DIS = =2 
Y ax ig 
dy al —2% soy 
dx 2y y 


Differentiating a second time with respect to x yields 


d*y _ _(y)Q) — @)@y/dx) 


Quotient Rule 


Ae y2 
i = (ba ise) dy 
pai ( i [ ) Substitute —x/y for >—° 
we dx 
eyed x ae 
= ace Simplify. 
Ly 
DS 


= S20 Substitute 25 for x? + y?. 


Example 8 Finding a Tangent Line to a Graph 


Find the tangent line to the graph given by x?(x? + y?) = y? at the point 
(72: V3) as shown in Figure 2.30. 
Solution By rewriting and differentiating implicitly, you obtain 


x? + x2ye—y? = 0 


) dy 
Ax? (2y@) aX) = pe =0 
dx ; 


Dye I) = Ox 2s ey?) 


Oye On eta) 


dx y(1 — x?) 

At the point (272) ./2/2), the slope i 
dy _ (V2/2)[2(1/2) + (1/2)] _ 3/2 _, 
dx (/2/2)[1 — (1/2)] Nh 


and the equation of the tangent line at this point is 


SZ a(: = 2) 


17 2) 


> 


2 


y= 3x- V2. Z 
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EXERCISES FOR SECTION 2.5 


In Exercises 1-16, find dy/dx by implicit differentiation. 


17 y= "36 20k 16 

Som 2a 2 = 4.x%+y=8 

5 xy t y2 = 4 6. x2y + y*x = —2 
Toy? =y =x 8. /xy = = 2y 

9, x3 — 3x?y + 2xy?=12 #10. 2sinxcosy=1 
11. sinx + 2.cos2y = 1 12. (sin mx + cos ary)? = 2 
13. sinx = x(1 + tan y) 14. coty =x-y 
15. y = sin(xy) 16. x = sec : 


y 


In Exercises 17-20, (a) find two explicit functions by solving the 
equation for y in terms of x, (b) sketch the graph of the equation 
and label the parts given by the corresponding explicit 
functions, (c) differentiate the explicit functions, and (d) find 
dy/dx implicitly and show that the result is equivalent to that of 
part (c). 


17. x? + y? = 16 
19. 9x2 + 16y? = 144 


18.47 4+ 4? — 4x + 6y + 9 = 0 
20. 9y? — x7 =9 


In Exercises 21-28, find dy/dx by implicit differentiation and 
evaluate the derivative at the indicated point. 


Equation Point 
Alla ian =a (—4, —1) 
225 ty =) (1, 1) 
ak 
y= 2 
as eatteadh (2, 0) 


24, (x 4)? = Ey? ( 
25. 12/3 + y2/3 = 5 ( 
26. x? y? = Axy + 1 (2504) 
27. tan(x + y) =x ( 


28. xcosy = | (2, z) 
In Exercises 29-32, find the slope of the tangent line to the 


graph at the indicated point. 


29. Witch of Agnesi: 30. Cissoid: 


(x? + 4)y = 8 (4x) y7 =x 
Point: (2, 1) Point: (2, 2) 
y y 
A A 
see 2+ 
1+ 
i+ = pte 
2 Pie 
——}. f ! > 7% -1-+ ' 
=) =i i 2 
=i Oe 


32. Folium of Descartes: 
2 +? — ory = 0 
Point: (3 ) 


y y, 


31. Bifolium: 
(x? + y2? = ary 
Point: (1, 1) 


| 

~) 

| 
= 
N+ 


In Exercises 33 and 34, find dy/dx implicitly and find the large 
interval of the form —a < y < a such that y is a differentiab 
function of x. Then express dy/dx as a function of x. 


33. tany = x 34. cosy =x 


In Exercises 35-40, find dy/dx? in terms of x and y. 
25a eG 
Sh se = ye = 116: 
39. y2=x3 


36..%7y — 2k 
38. 1 xy) = aay 
40. y? = 4x 


Ay In Exercises 41 and 42, use a graphing utility to graph the equ 


tion. Find an equation of the tangent line to the graph at tl 
indicated point and sketch its graph. 


41. Jx+ Jy =4, (9,1) ye (2.4) 


AL In Exercises 43 and 44, find equations for the tangent line a1 


normal line to the circle at the indicated points. (The norm 
line at a point is perpendicular to the tangent line at the poin 
Use a graphing utility to graph the equation, tangent line, a1 
normal line. 


43.0%? 4+ y? = 25 
(4, 3), (—3, 4) 


44, x2 + y2=9 
(0,3), (27975) 


45. Show that the normal line at any point on the cir¢ 
x? + y? = r? passes through the origin. 

46. Two circles of radius 4 are tangent to the graph of y? = 4x 
the point (1, 2). Find equations of these two circles. 


In Exercises 47 and 48, find the points at which the graph of t 
equation has a vertical or horizontal tangent line. 


47, 25x? + 16y? + 200x — 160y + 400 = 0 
48. 4x7 + y?— 8x + 4y + 4=0 
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logonal Trajectories In Exercises 49-52, use a graphing Py 61. Consider the equation x* = 4(4x? — y?). 
ty to sketch the intersecting graphs of the equations and 


U : fe =e 
v that they are orthogonal. [Two graphs are orthogonal if at COG CLE Aa Ay aig aie riba 


r point(s) of intersection their tangent lines are perpendicu- Pe an prapa tie Tour tangent |ines tothe Curve tony = 2. 
to each other.] (c) Find the exact coordinates of the point of intersection of the 
two tangent lines in the first quadrant. 

me + y7=6 50. y? = x° ; , ; 

< a i 62. Orthogonal Trajectories The figure below gives the topo- 
ie 2x° + 3y* = 5 graphic map carried by a group of hikers. The hikers are in a 
*+y=0 S22 = By a 1) wooded area on top of the hill shown on the map and they 
& = siny x(3y — 29) =3 decide to follow a path of steepest descent (orthogonal trajec- 


tories to the contours on the map). Draw their routes if they 
start from point A and if they start from point B. If their goal is 
to reach the road along the top of the map, which starting point 
should they use? To print an enlarged copy of the graph, go to 
the website www.mathgraphs.com. 


ogonal Trajectories In Exercises 53 and 54, verify that the 

families of curves are orthogonal where C and K are real 
ibers. Use a graphing utility to graph the two families for 
values of C and two values of K. 


my =C 545x7 + y? = C2 
me —y?=K y= Kx 


ixercises 55-58, differentiate (a) with respect to x (y is a func- 
of x) and (b) with respect to ¢ (x and y are functions of £). 


2y? — 3x4 = 0 56. x2 — 3xy? + y3 = 10 


cos wry — 3 sin mx = 1 58. 4 sinx cos y = | 


63. Prove (Theorem 2.3) that 
d 


Dad ae = nx"! 


dx 


. Describe the difference between the explicit form of a func- 
tion and an implicit equation. Give an example of each. 


. In your own words, state the guidelines for implicit differ- 
entiation. 


for the case in which n is a rational number. (Hint: Write 
y = x?/¢ in the form y? = x? and differentiate implicitly. 
Assume that p and q are integers, where g > 0.) 

64. Let L be any tangent line to the curve Jx + /y = V/c. Show 
that the sum of the x- and y-intercepts of L is c. 
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each graph below, an optical illusion is created by having (c) Lines: ax = by (d) Cosine curves: y = Ccos x 
es intersect a family of curves. In each case, the lines appear x= /3,y = 3, 
be curved. Find the value of dy/dx for the indicated values BEA Beb ad 
x and y. ? 
) Circles: x? + y? = C? (b) Hyperbolas: xy = C y 
g= 3,9 = 4C=5 x=l1y=4,C=4 


a 


FOR FURTHER INFORMATION For more information on the 
mathematics of optical illusions, see the article “Descriptive 
Models for Perception of Optical Illusions” by David A. Smith 
in The UMAP Journal. To view this article, go to the website 
www.matharticles.com. 
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Section 2.6 


Related Rates 


—<_— / —>1 


Volume is related to radius and height. 
Figure 2.31 


FOR FURTHER INFORMATION To 

learn more about the history of related- 
rate problems, see the article “The 
Lengthening Shadow: The Story of 
Related Rates” by Bill Austin, Don 
Barry, and David Berman in Mathematics 
Magazine. To view this article, go to the 
website www.matharticles.com. 


¢ Find a related rate. 
* Use related rates to solve real-life problems. 


Finding Related Rates 


You have seen how the Chain Rule can be used to find dy/dx implicitly. Anot 
important use of the Chain Rule is to find the rates of change of two or more relé 
variables that are changing with respect to time. 

For example, when water is drained out of a conical tank (see Figure 2.31} 
volume V, the radius r, and the height / of the water level are all functions of tim 
Knowing that these variables are related by the equation 

a 


V= 3 on Original equation 


you can differentiate implicitly with respect to ¢ to obtain the related-rate equatic 


ad _4d(7, 
pate 4 (Zn) 


dV > ah dr 
oi 3 |? Z| 93 e + al 2r op )| Differentiate with respect to f. 
dh dr 
=2 (2 + on) 


From this equation you can see that the rate of change of V is related to the rate: 
change of both / and r. 


Finding a Related Rate _{n the conical tank shown in Figure 2.31, suppose tha 
the height is changing at a rate of —0.2 foot per minute and the radius is chang- 
ing at a rate of —0.1 foot per minute. What is the rate of change in the volume 
when the radius is r = | foot and the height is h = 2 feet? Does the rate of ‘i 
change in the volume depend on the values of 7 r and /? Explain. ; 


nenonnconsnene atnansrvomaannarsarvasastasatarahanasanvenretetarmmentecerssntecstenntesenuneaeseeivessesieteeatecstceattoteysestsdeskttnissasnsnaiessaraenseatanneta 


Example 1 “Two Rates That Are Related 


Suppose x and y are both differentiable functions of ¢ and are related by the equa’ 
y = x? + 3. Find dy/dt when x = 1, given that dx/dt = 2 when x = 1. 


Solution Using the Chain Rule, you can differentiate both sides of the equation 1 
respect to t. 


ve oe Write original equation. 
ie [y] = ae a 3| Differentiate with respect to rt. 
dt dt 
dy _ dt | 
at X i Chain Rule 
When x = | and dx/dt = 2, you have 
dy 
“= 2(1)(2) = 4. 


dt 


tal area increases as the outer radius 
creases. 
igure 2.32 


OTE When using these guidelines, be 
re you perform Step 3 before Step 4. 
ibstituting the known values of the 
riables before differentiating will 
oduce an inappropriate derivative. 
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Problem Solving with Related Rates 


In Example 1, you were given an equation that related the variables x and y and were 
asked to find the rate of change of y when x = 1. 


Equation; y=x? +3 


Given rate: =2 when x=1 


dt 
dy 


Find: == Whenua —al 
dt 


In each of the remaining examples in this section, you must create a mathematical 
model from a verbal description. 


Example 2 Ripples ina Pond 


A pebble is dropped into a calm pond, causing ripples in the form of concentric 
circles, as shown in Figure 2.32. The radius r of the outer ripple is increasing at a 
constant rate of 1 foot per second. When the radius is 4 feet, at what rate is the total 
area A of the disturbed water changing? 


Solution The variables r and A are related by A = zr’. The rate of change of the 
radius r is dr/dt = 1. 


Equation: A = tr? 


dr 
Gi te: = 
wen rate ‘df 
dA 
Find: when s7e—94 
dt 


With this information, you can proceed as in Example 1. 


d d 
ae = Seah Differentiate with respect to f. 
dt 3 dt ‘ 

le = 2 eile Chain Rul 

At T a ain Rule 

dA 


Ut == 27r(4)(1) = 8r Substitute 4 for r and 1 for dr/dt. 
Qa 


When the radius is 4 feet, the area is changing at a rate of 877 square feet per second. 


Guidelines For Solving Related-Rate Problems 


1. Identify all given quantities and quantities to be determined. Make a sketch 
and label the quantities. 

2. Write an equation involving the variables whose rates of change either are 
given or are to be determined. 

3. Using the Chain Rule, implicitly differentiate both sides of the equation with 
respect to time t. 

4. After completing Step 3, substitute into the resulting equation all known 
values for the variables and their rates of change. Then solve for the required 
rate of change. 
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Inflating a balloon 
Figure 2.33 


The following table lists examples of mathematical models involving rates 
change. For instance, the rate of change in the first example is the velocity of a car. 


Verbal Statement Mathematical Model 
The velocity of a car after traveling for | hour | x = distance traveled 
is 50 miles per hour. e Bat uke yes) 


Water is being pumped into a swimming pool | V = volume of water in pool 
at a rate of 10 cubic meters per hour. dV 


= 10m°/hr 
It Om?/ 
A gear is revolving at a rate of 25 revolutions | @ = angle of revolution 
er minute (1 revolution = 277 rad). 
: “ = 25(27) rad/min 


Example 3 An Inflating Balloon = 


Air is being pumped into a spherical balloon (see Figure 2.33) at a rate of 4.5 cub 
feet per minute. Find the rate of change of the radius when the radius is 2 feet. 


Solution Let V be the volume of the balloon and let r be its radius. Because tl 
volume is increasing at a rate of 4.5 cubic feet per minute, you know that at time f tl 
rate of change of the volume is dV/dt = 2, So, the problem can be stated as follows 


Gi te: Ve A (constant rate) 
wen rate. dt 2 
dr 


Find: when ~=—2 


dt 
To find the rate of change of the radius, you must find an equation that relates t] 
radius r to the volume V. 


Equation: V = 3 qr? Volume of a sphere 


Implicit differentiation with respect to t produces 


dv = 47r2 ar Differentiate with respect to t 
dt dt 
dr lovay . 

Fr = ie (2). Solve for dr/dt. 


Finally, when r = 2, the rate of change of the radius is 


dr hs : 
ae (3) ~ 0.09 foot per minute. p 


In Example 3, note that the volume is increasing at a constant rate but the radi 
is increasing at a variable rate. Just because two rates are related does not mean tt 
they are proportional. In this particular case, the radius is growing more and mc 
slowly as ft increases. Do you see why? 


{= Example 4 ‘The § Speed of an Airplane Tracked by Radar 


n Fplane i is flying at an site of 6 
iles, s miles from the station. 
igure 2.34 


television camera at ground level is filming 
e lift-off of a space shuttle that is rising 
tically according to the position equation 
= §5(2, where s is measured in feet and fis 
asured in seconds. The camera is 2000 feet 
ym the launch pad. 

gure 2.35 
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An airplane is flying on a flight path that will take it directly over a radar tracking 
station, as shown in Figure 2.34. If s is decreasing at a rate of 400 miles per hour when 
s = 10 miles, what is the speed of the plane? 


Solution Let x be the horizontal distance from the station, as shown in Figure 2.34. 
Notice that when s = 10, x = ./102 — 36 = 8. 


ds/dt = —400 when s = 10 
Find: dx/dt s=10 and x=8 


Given rate: 


when 


You can find the velocity of the plane as follows. 


Equation: x* + 67 = s? Pythagorean Theorem 

dx ds 

OBS ae = 2s br Differentiate with respect to f. 
ap (2) Solve for dx/d 
=o at olve for dx/dt. 
dt dt a : 
ax 10 
oe 8 —(—400) Substitute for s, x, and ds/dt. 

= —500 miles per hour Simplify. 


Because the velocity is —500 miles per hour, the speed is 500 miles per hour. 


Example z A Changing Angle of Elevation | 


Find the rate of change in the angle of elevation of the camera shown in Figure 2.35 
at 10 seconds after lift-off. 


Solution Let 6 be the angle of elevation, as shown in Figure 2.35. When t = 10, the 
height s of the rocket is s = 507 = 50(10)? = 5000 feet. 


ds/dt = 100t = velocity of rocket 
t= 10 and s = 5000 


Given rate: 
Find: d6/dt 
Using Figure 2.35, you can relate s and @ by the equation tan 6 = s/2000. 


when 


Equation: tan 6 = se See Figure 2.35. 
feed?) at =e (4 Differentiate with respect to t. 
a = COs-U sank Substitute 100t for ds/dt. 
2000 2 100t 
= | ——————_ -__ s 0 = 2000/./s2 + 20002 
Gz Ee aa 2000) BE 
When t = 10 and s = 5000, you have 


dO _ 2000(100)(10) ee 
dt 5000? + 20007 29 


radian per second. 


So, when t = 10, 6 is changing at a rate of ms radian per second. VA 
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Law of Cosines: 
b? = a? + c? — 2accos 0 
Figure 2.37 


Differentiation 


Example 6 The Velocity of a Piston 
In the engine shown in Figure 2.36, a 7-inch connecting rod is fastened to a crat 


of radius 3 inches. The crankshaft rotates counterclockwise at a-constant rate of 2( 
revolutions per minute. Find the velocity of the piston when 6 = a/3. 


The velocity of a piston is related to the angle of the crankshaft. 
Figure 2.36 


Solution Label the distances as shown in Figure 2.36. Because a complete revolutic 
corresponds to 27r radians, it follows that d0/dt = 200(27) = 400zrradians per minut 


dé 
Given rate: —— = 4007 (constant rate) 


dt 
; dix ei 
Find: oii when 6§= 3 
You can use the Law of Cosines (Figure 2.37) to find an equation that relates x and 
Equation: ce once 2 3)Cr ease 
dx dé dx 
= 2D — i —. j —4+ Sek 
0 xo of x sin 6 i cos 6 | 
dx a0 
(6 cos-@'— 2x) pies 6x sin 6 ¥ 
dx __6xsin 6 (@) 
dita 6 costo 2% \ dt 
When 6 = 7/3, you can solve for x as follows. 
T? = 32: + x7 = 2(3)@) cos + 
49 =9 + x? — ox(+) 
; ane), 
0 =x? — 3x — 40 
0 =( — 8) + 5) 
= 8 Choose positive solution. 


So, when x = 8 and 6 = 77/3, the velocity of the piston is 
dx _ 6(8)(/3/2) 
dt 6(1/2) — 16 
_ 96007/3 
=13 


~ —4018 inches per minute. li 


(40077) 


NOTE Note that the velocity in Example 6 is negative because x represents a distance that 
decreasing. 
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XERCISES FOR SECTION 2.6 


Exercises 1-4, assume that x and y are both differentiable 
ctions of ¢ and find the required values of dy/dt and dx/dt. 


Equation Find Given 
p= /x (a) @ whens = 4 o 23 
(b) = when x = 25 o =2 
m= 2(x* — 3x) (a) © when x = 3 “ = 7) 
(b) © when x = 1 2 =5 
y= 4 (a) @ whenx = 8 = = 10 
(b) = Whenx zd aS = 6 
me +-y* = 25 (2) whens = 3,y =4 a=8 
(b) S whenx = 4,y = 3 o = ~2 


ixercises 5—8, a point is moving along the graph of the func- 
| such that dx/dt is 2 centimeters per second. Find dy/dt for 
specified values of x. 


Function Values of x 

2+ | (a) ee (Die =10) Fac) = 1 
= (ay x = —2 (b) x = 0 (c) x=2 
7 = tan x (a) ares O)s=74 (c) x =0 
) = sin x @x=s (b) x =— Ox.xes 


1 Exercises 9 and 10, using the graph of /, (a) determine 
hether dy/dt is positive or negative given that dx/dt is 
sgative, and (b) determine whether dx/dt is positive or 
gative given that dy/dt is positive. 


y 10. y 
A 
4 = 
2 
1+ f 
ee Ses 
1 DNS tie. 


f= 


. Consider the linear function y = ax + b. If x changes at a 
constant rate, does y change at a constant rate? If so, does it 
change at the same rate as x? Explain. 


12. 


13. 


14. 


iI6}. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23 


24, 


In your own words, state the guidelines for solving related rate 
problems. 


Find the rate of change of the distance between the origin 
and a moving point on the graph of y = x7 + 1 if dx/dt = 2 
centimeters per second. 

Find the rate of change of the distance between the origin 
and a moving point on the graph of y = sinx if dx/dt = 2 
centimeters per second. 

Area _ The radius r of a circle is increasing at a rate of 3 cen- 
timeters per minute. Find the rate of change of the area when 
(a) r = 6 centimeters and (b) r = 24 centimeters. 


Area Let A be the area of a circle of radius r that is changing 
with respect to time. If dr/dt is constant, is dA/dt constant? 
Explain. 


Area The included angle of the two sides of constant equal 
length s of an isosceles triangle is 0. 


(a) Show that the area of the triangle is given by A = $s? sin 0. 


(b) If @ is increasing at the rate of radian per minute, find the 
rate of change of the area when @ = 77/6 and @ = 77/3. 


(c) Explain why the rate of change of the area of the triangle is 
not constant even though d6/dt is constant. 


Volume The radius r of a sphere is increasing at a rate of 2 
inches per minute. 


(a) Find the rate of change of the volume when r = 6 inches 
and r = 24 inches. 


(b) Explain why the rate of change of the volume of the sphere 
is not constant even though dr/drt is constant. 


Volume _ A spherical balloon is inflated with gas at the rate of 
800 cubic centimeters per minute. How fast is the radius of the 
balloon increasing at the instant the radius is (a) 30 centimeters 
and (b) 60 centimeters? 


Volume All edges of a cube are expanding at a rate of 3 cen- 
timeters per second. How fast is the volume changing when 
each edge is (a) | centimeter and (b) 10 centimeters? 


Surface Area ‘The conditions are the same as in Exercise 20. 
Determine how fast the surface area is changing when each 
edge is (a) 1 centimeter and (b) 10 centimeters. 


Volume The formula for the volume of a cone is V = ir rh. 
Find the rate of change of the volume if dr/dt is 2 inches 
per minute and h = 3r when (a) r = 6 inches and (b) r = 24 
inches. 


Volume Ata sand and gravel plant, sand is falling off a con- 
veyor and onto a conical pile at a rate of 10 cubic feet per 
minute. The diameter of the base of the cone is approximately 
three times the altitude. At what rate is the height of the pile 
changing when the pile is 15 feet high? 


Depth A conical tank (with vertex down) is 10 feet across the 
top and 12 feet deep. If water is flowing into the tank at a rate 
of 10 cubic feet per minute, find the rate of change of the depth 
of the water when the water is 8 feet deep. 
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25. Depth A swimming pool is 12 meters long, 6 meters wide, 
1 meter deep at the shallow end, and 3 meters deep at the deep 
end (see figure). Water is being pumped into the pool at ? cubic 
meter per minute, and there is | meter of water at the deep end. 


(a) What percent of the pool is filled? 


(b) At what rate is the water level rising? 


Figure for 26 


Figure for 25 


26. Depth A trough is 12 feet long and 3 feet across the top (see 
figure). Its ends are isosceles triangles with altitudes of 3 feet. 


(a) If water is being pumped into the trough at 2 cubic feet per 
minute, how fast is the water level rising when it is 1 foot 
deep? 

(b) If the water is rising at a rate of : inch per minute when 
h = 2, determine the rate at which water is being pumped 
into the trough. 


27. Moving Ladder A ladder 25 feet long is leaning against the 
wall of a house (see figure). The base of the ladder is pulled 
away from the wall at a rate of 2 feet per second. 


(a) How fast is the top moving down the wall when the base of 
the ladder is 7 feet, 15 feet, and 24 feet from the wall? 


(b) Consider the triangle formed by the side of the house, the 
ladder, and the ground. Find the rate at which the area of 
the triangle is changing when the base of the ladder is 7 feet 
from the wall. 


(c) Find the rate at which the angle between the ladder and the 
wall of the house is changing when the base of the ladder is 
7 feet from the wall. 


Figure for 27 Figure for 28 


FOR FURTHER INFORMATION For more information on the 
mathematics of moving ladders, see the article “The Falling 
Ladder Paradox” by Paul Scholten and Andrew Simoson in 
The College Mathematics Journal. To view this article, go to 
the website www.matharticles.com. 


28. Construction A construction worker pulls a 5-meter plank up 
the side of a building under construction by means of a rope 
tied to one end of the plank (see figure). Assume the opposite 
end of the plank follows a path perpendicular to the wall of the 


building and the worker pulls the rope at a rate of 0.15 mi 
per second. How fast is the end of the plank sliding along 
ground when it is 2.5 meters from the wall of the building’ 


29. Construction <A winch at the top of a 12-meter building fF 
a pipe of the same length to a vertical position, as shown in 
figure. The winch pulls in rope at a rate of —0.2 meter 
second. Find the rate of vertical change and the rate of horis 
tal change at the end of the pipe when y = 6. 


y 


dS m 
‘ ii = 02 ae 


(x, y) 


Not drawn to se 


Figure for 29 Figure for 30 


30. Boating A boat is pulled into a dock by means of a wincl 
feet above the deck of the boat (see figure). 


(a) The winch pulls in rope at a rate of 4 feet per secc 
Determine the speed of the boat when there is 13 fee 
rope out. What happens to the speed of the boat as it | 
closer to the dock? 


(b 


wa 


Suppose the boat is moving at a constant rate of 4 feet 
second. Determine the speed at which the winch pull 
rope when there is a total of 13 feet of rope out. W 
happens to the speed at which the winch pulls in rope as 
boat gets closer to the dock? 


31. Air Traffic Control An air traffic controller spots two ple 
at the same altitude converging on a point as they fly at r 
angles to each other (see figure). One plane is 150 miles f 
the point moving at 450 miles per hour. The other plane is 
miles from the point moving at 600 miles per hour. 


(a) At what rate is the distance between the planes decreasi 


(b) How much time does the air traffic controller have to 
one of the planes on a different flight path? 


Distance (in miles) 


Distance (in miles) 


Figure for 31 Figure for 32 


32. Air Traffic Control An airplane is flying at an altitude 
miles and passes directly over a radar antenna (see fig) 
When the plane is 10 miles away (s = 10), the radar det 
that the distance s is changing at a rate of 240 miles per I 
What is the speed of the plane? 


3. Baseball A baseball diamond has the shape of a square with 
sides 90 feet long (see figure). A player running from second 
base to third base at a speed of 28 feet per second is 30 feet 
from third base. At what rate is the player’s distance s from 

_ home plate changing? 


igure for 33 and 34 Figure for 35 


4. Baseball For the baseball diamond in Exercise 33, suppose 
the player is running from first to second at a speed of 28 feet 
per second. Find the rate at which the distance from home plate 
is changing when the player is 30 feet from second base. 


5. Shadow Length A man 6 feet tall walks at a rate of 5 feet per 
second away from a light that is 15 feet above the ground (see 
figure). When he is 10 feet from the base of the light, 


(a) at what rate is the tip of his shadow moving? 
(b) at what rate is the length of his shadow changing? 


6. Shadow Length Repeat Exercise 35 for a man 6 feet tall 
walking at a rate of 5 feet per second toward a light that is 20 
feet above the ground (see figure). 


one —— 


igure for 36 Figure for 37 


7. Machine Design The endpoints of a movable rod of length 
1 meter have coordinates (x, 0) and (0, y) (see figure). The 
position of the end on the x-axis is 

at 


Le, 
x(t) = 5 sin ree 


where t is the time in seconds. 

(a) Find the time of one complete cycle of the rod. 

(b) What is the lowest point reached by the end of the rod on 
the y-axis? 

(c) Find the speed of the y-axis endpoint when the x-axis 
endpoint is a 0). 

3. Machine Design Repeat Exercise 37 for a position function 
of x(t) = 2 sin rt. Use the point (4, 0) for part (c). 
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39. Evaporation As a spherical raindrop falls, it reaches a layer 
of dry air and begins to evaporate at a rate that is proportional 
to its surface area (S = 4ar*). Show that the radius of the rain- 
drop decreases at a constant rate. 


40. Electricity The combined electrical resistance R of R, and R,, 
connected in parallel, is given by 
eet: 
Ted, welts 
where R, R,, and R, are measured in ohms. R, and R, are 
increasing at rates of 1 and 1.5 ohms per second, respectively. At 
what rate is R changing when R, = 50 ohms and R, = 75 ohms? 


41. Adiabatic Expansion When a certain polyatomic gas 
undergoes adiabatic expansion, its pressure p and volume V 
satisfy the equation 


pVie=k 


where k is a constant. Find the relationship between the related 
rates dp/dt and dV/dt. 


42. Roadway Design Cars on a certain roadway travel on a 
circular are of radius r. In order not to rely on friction alone to 
overcome the centrifugal force, the road is banked at an angle 
of magnitude @ from the horizontal (see figure). The banking 
angle must satisfy the equation 


rg tan 0 = vy? 


where v is the velocity of the cars and g = 32 feet per second 
per second is the acceleration due to gravity. Find the relation- 
ship between the related rates dv/dt and d6/dt. 


43. Angle of Elevation A balloon rises at a rate of 3 meters per sec- 
ond from a point on the ground 30 meters from an observer. Find 
the rate of change of the angle of elevation of the balloon from 
the observer when the balloon is 30 meters above the ground. 


44. Angle of Elevation A fish is reeled in at a rate of | foot per 
second from a point 10 feet above the water (see figure). At 
what rate is the angle between the line and the water changing 
when there is a total of 25 feet of line out? 
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45. Angle of Elevation An airplane flies at an altitude of 5 miles 
toward a point directly over an observer (see figure). The speed 
of the plane is 600 miles per hour. Find the rate at which the 
angle of elevation @ is changing when the angle is (a) 6 = 30°, 
(b) 0 = 60°, and (c) 6 = 75°. 


46. Linear vs. Angular Speed A patrol car is parked 50 feet from 
a long warehouse (see figure). The revolving light on top of the 
car turns at a rate of 30 revolutions per minute. How fast is the 
light beam moving along the wall when the beam makes angles 
of (a) @ = 30°, (b) 6 = 60°, and (c) 8 = 70° with the line per- 
pendicular from the light to the wall? 


Figure for 46 


Figure for 47 


y 47. Linear vs. Angular Speed A wheel of radius 30 centimeters 
revolves at a rate of 10 revolutions per second. A dot is painted 
at a point P on the rim of the wheel (see figure). 


(a) Find dx/dt as a function of 6. 
(b) Use a graphing utility to graph the function in part (a). 


(c) When is the absolute value of the rate of change of x 
greatest? When is it least? 


(d) Find dx/dt when 6 = 30° and @ = 60°. 
Flight Control An airplane is flying in still air with an air- 


speed of 240 miles per hour. If it is climbing at an angle of 22°, 
find the rate at which it is gaining altitude. 


48. 


49. Security Camera A security camera is centered 50 feet above 
a 100-foot hallway (see figure). It is easiest to design the cam- 
era with a constant angular rate of rotation, but this results in a 
variable rate at which the images of the surveillance area are 
recorded. Therefore, it is desirable to design a system with a 
variable rate of rotation and a constant rate of movement of the 
scanning beam along the hallway. Find a model for the variable 


rate of rotation if |dx/dt| = 2 feet per second. 


50. Think About It Describe the relationship between the rata 
change of y and the rate of change of x in each of the folloy 
ing. Assume all variables and derivatives are positive. 


dy _,& 
(3) ign 

i ee, ae 
b) = ol 0 sx sk 


Acceleration In Exercises 51 and 52, find the acceleration ¢ 
the specified object. (Hint: Recall that if a variable is changin 
at a constant rate, its acceleration is zero.) 


51. Find the acceleration of the top of the ladder described 1 
Exercise 27 when the base of the ladder is 7 feet from the wal 


52. Find the acceleration of the boat in Exercise 30(a) when thet 


is a total of 13 feet of rope out. 


oe 53. Modeling Data The table shows the numbers (in millions) « 
single women s and married women m in the civilian wot 
force in the United States for the years 1990 through 199: 
(Source: U.S. Bureau of Labor Statistics) 


— 


Year 1990] 1991 1992) 1993) 1994] 1995 1996 1997 | 1998 


s 14.6 | 14.7| 14.9 15.0) 15.3 | 15.5) 15.8 }165 | 174 


SOL) ail] Sle y/ 32.0 32.9 |33.4 | 33.6 33.8] 338 


(a) Use the regression capabilities of a graphing utility to fin 
a model of the form m(s) = as? + bs + c for the dat: 
where f¢ is the time in years, with t = 0 correspondin 
to 1990. 


dm 

(sy) TsvinGlh =, 

(b) Fin i 
(c) Use the model to estimate dm/dt for t = 5 if it is predicte 
that the number of single women in the work force wi 


increase at the rate of 1.2 million per year. 


54. A ball is dropped from a height of 20 meters, 12 meters awa 
from the top of a 20-meter lamppost (see figure). The ball 
shadow, caused by the light at the top of the lamppost, 

moving along the level ground. How fast is the shadow movir 
| second after the ball is released? (Submitted by Denn 


Gittinger, St. Philips College, San Antonio, TX) 


>. Shadow 
aa 


In Exercises 1—4, find the derivative of the function by 
ing the definition of the derivative. 
I 


, f(x) =x? —2x +3 2s fe) == 


ef(x) = /xt+1 4. f@) == 


Exercises 5 and 6, describe the x-values at which f is 
ferentiable. 


f(x) = (x + 13 6. f(x) = 
y 
ral 
3-- 
2-- 
: ot mG 
t——f—» x aes 
<9) PS ie ee) 


_ Sketch the graph of f(x) = 4 — |x — 2]. 

(a) Is f continuous at x = 2? 

(b) Is f differentiable at x = 2? Explain. 
x? + 4x + 2, 
Neca 8 ts od 
(a) Is f continuous at x = —2? 

(b) Is f differentiable at x = —2? Explain. 


yee 


. Sketch the graph of f(x) = | x >-2 


Exercises 9 and 10, find the slope of the tangent line to the 
ph of the function at the specified point. 


25 _% Res. 


3x e Sey eee 
h(x) =“ — 2x7, ( a a 


Exercises 11 and 12, (a) find an equation of the tangent line 
the graph of f at the indicated point, (b) use a graphing utility 
sraph the function and its tangent line at the point, and (c) 
. the derivative feature of the graphing utility to confirm your 
ults. 


Gia) =x? — 1, 
2 erat (0, 2) 


(=i, 2) 


2 
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In Exercises 13 and 14, use the alternative form of the derivative 
to find the derivative at x = c (if it exists). 


13..2() = x%2(4 = 1),0 e='2 


147 6G)" Ci 


me Ar 
Seal! 
Writing In Exercises 15 and 16, the figure shows the graphs of 
a function and its derivative. Label the graphs as f or f’ and 
write a short paragraph stating the criteria used in making the 


selection. To print an enlarged copy of the graph, go to the 
website www.mathgraphs.com. 


15. y 16. y 


In Exercises 17-32, find the derivative of the function. 


i. y= 25 18. y = —12 

19. f(x) = x8 20. ¢(x) = x 

21. h(t) = 324 22. f(t) = —86 

D3snf (x) = xe saxe 24. g9(s) = 4s* — 5s? 

25. h(x) = 6/x + 33/x 26. f(x) = xl/2 — x71? 
2 2 

27. g(t) = 372 IS AG) = Gx? 

29. f(0) = 20 — 3sin6 30. g(a) = 4cosat+ 6 

sin 6 a sina _ 


31. f(6) = 3. cos 6 — 32. g(a) a 


3 


33. Vibrating String When a guitar string is plucked, it vibrates 
with a frequency of F = 200 /T, where F is measured in vibra- 
tions per second and the tension T is measured in pounds. Find 
the rate of change of F when (a) T = 4 and (b) T = 9. 


34. Vertical Motion A ball is dropped from a height of 100 feet. 
One second later, another ball is dropped from a height of 75 
feet. Which ball hits the ground first? 


35. Vertical Motion To estimate the height of a building, a weight 
is dropped from the top of the building into a pool at ground 
level. How high is the building if the splash is seen 9.2 seconds 
after the weight is dropped? 


36. Vertical Motion A bomb is dropped from an airplane at an 
altitude of 14,400 feet. How long will it take for the bomb to 
reach the ground? (Because of the motion of the plane, the fall 
will not be vertical, but the time will be the same as that for a 
vertical fall.) The plane is moving at 600 miles per hour. How 
far will the bomb move horizontally after it is released from the 
plane? 
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CHAPTER 2 Differentiation 


Projectile Motion A ball thrown follows a path described by 
y =x — 0.02x?. 

(a) Sketch a graph of the path. 

(b) Find the total horizontal distance the ball was thrown. 


(c) At what x-value does the ball reach its maximum height? 
(Use the symmetry of the path.) 


(d) Find an equation that gives the instantaneous rate of change 
of the height of the ball with respect to the horizontal 
change. Evaluate the equation at x = 0, 10, 25, 30, and 50. 


(e) What is the instantaneous rate of change of the height when 
the ball reaches its maximum height? 


Projectile Motion The path of a projectile thrown at an angle 
of 45° with level ground is 


where the initial velocity is vj feet per second. 


(a) Find the x-coordinate of the point where the projectile 
strikes the ground. Use the symmetry of the path of the 
projectile to locate the x-coordinate of the point where 
the projectile reaches its maximum height. 


(b) What is the instantaneous rate of change of the height when 
the projectile is at its maximum height? 


(c) Show that doubling the initial velocity of the projectile 
multiplies both the maximum height and the range by a 
factor of 4. 


(d) Find the maximum height and range of a projectile thrown 
with an initial velocity of 70 feet per second. Use a graph- 
ing utility to sketch the path of the projectile. 


Horizontal Motion ‘The position function of a particle 
moving along the x-axis is 

x(t) = t? — 3t +2 

IOI” "Oe ff? KISS 

(a) Find the velocity of the particle. 


(b) Find the open f-interval(s) in which the particle is moving 
to the left. 


(c) Find the position of the particle when the velocity is 0. 
(d) Find the speed of the particle when the position is 0. 


Modeling Data The speed of a car in miles per hour and the 
stopping distance in feet are recorded in the table. 


Speed (x) 20 | 30 | 40 | 50 | 60 
keer TEESE aa 
Stopping Distance (y) | 25 | as) || Os | 188 | 300 


(a) Use the regression capabilities of a graphing utility to find 
a quadratic model for the data. 


(b) Use a graphing utility to plot the data and graph the model. 

(c) Use a graphing utility to graph dy/dx. 

(d) Use the model to approximate the stopping distance at a 
speed of 65 miles per hour. 

(e) Use the graphs in parts (b) and (c) to explain the change in 
stopping distance as the speed increases. 


In Exercises 41—57, find the derivative of the functi 


AL f(y) = (axe > Ge eo 
42. ox) = @ > 3x) 42) 


43. h(x) = \/x sin x 44. f(t) =f cost 
ON see psec 
45 2 46. f(x) = ee 
eee il 16S 
47. f(x) a 48. f(x) = td 
oie sy a 
Sl bareen ys eta 3x ee 
51. y = — 52, y= = 
cos x x 
53. y = 3x* sec x 54, y = 2x — x? tanx 
ore 
Sen yy = Sar elas 56. y = pate 
1 *sinke 


3] y — 9G COSe ae SINEY 


58. Acceleration The velocity of an object in meters per secc 
is v(t) = 36 — t?, 0 < t < 6. Find the velocity and accele 
tion of the object when t = 4. 


In Exercises 59-62, find the second derivative of the functio1 


60. f(x) = 124/x 
62. h(t) = 4sint — 5cost 


59. o(t) = — 3r+2 
61. f(6) = 3 tan 0 


In Exercises 63 and 64, show that the function satisfies 1 
equation. 


Function Equation 


63. y = 2sinx + 3cosx y"+y=0 


10 — cos x 


64. y= xy’ + y = sinx 


In Exercises 65-80, find the derivative of the functi 


65. f(x) = J/I—- x3 66. f(x) = Ye —1 
a 1\5 
67. h(x) = yes 
u(x) (3 t 7 68. f(x) (: + 
: ‘ A 6 
69. f(s) = (s* — 1)9/2(s3 + 5 70../ = ie 
f(s) = )>/2(s ) n( 0) (i — 6 
71.5 y = "3 cos(ax chal) 72. y = 1— cos 2x +208 
73. y= + csc 2% 74. y = csc 3x + cot 3x 
x sin 2x sec"xX sec 7x 
Th = oe SS —————— = Se 
So a 1a 5 
Die Bo 2 Shs 
77. y = = sin3/2x — = sin’/2x 78: fo) = 
yas : fe) = 
_ Sina, cos(x = 1) 
1) aa = 
a pee oO, r= Il 


1 Exercises 81-88, use a computer algebra system to find the 
erivative of the function. Use the utility to graph the function 
ad its derivative on the same set of coordinate axes. Describe 
ie behavior of the function that corresponds to any zeros of the 
raph of the derivative. 


me f(t) = 12(t — 15 82. f(x) = [@ — 2)@ + 4)]? 


2 
33. g(x) = FA 84. g(x) = xVx?24+ 1 


mS. f(t) = VYt+17t4+ 1 
37. y = tan/1 — x 


86. y = /3x(x + 2)3 
88. y = 2 esc3(/x) 


1 Exercises 89-92, find the second derivative of the function. 


39. y = 2x? + sin 2x 90. y=— + tana 


1. f(x) = cotx 92. y = sin?x 


1 Exercises 93-96, use a computer algebra system to find the 
cond derivative of the function. 


B. f() =— 8 94, g(x) = woe 


5. 2(6) = tan30@—sin(O6—1) 96. Ate) =xVx?- 1 


17. Refrigeration The temperature T of food put in a freezer is 


700 
Saracens 10 


where f is the time in hours. Find the rate of change of T with 
respect to ¢ at each of the following times. 
(a) t=1 (b) t=3 (c) t=5 (d) t= 10 

8. Fluid Flow The emergent velocity v of a liquid flowing from 
a hole in the bottom of a tank is given by v = \/2gh, where g 
is the acceleration due to gravity (32 feet per second per 
second) and h is the depth of the liquid in the tank. Find the rate 
of change of v with respect to h when (a) h = 9 and (b) h = 4. 
(Note that g = +32 feet per second per second. The sign of g 
depends on how a problem is modeled. In this case, letting g be 
negative would produce an imaginary value for v.) 


In Exercises 99-104, use implicit differentiation to find 
idx. 

9, x2 + 3xy + y? = 10 
Ml. y/x — x/y = 16 
)3. x sin y = ycosx 


LOC ca ee Sy2 Ant Sy=.0 
102. y? = (x — y)(x? + y) 
104. cos(x + y) =x 


. Exercises 105 and 106, find the equations of the tangent line 
1d the normal line to the graph of the equation at the indicated 
yint. Use a graphing utility to graph the equation, the tangent 
1e, and the normal line. 


5. x2 + y? = 20, (2, 4) 106. x2 — y? = 16, (5,3) 


REVIEW EXERCISES 155 


107. A point moves along the curve y = \/x in such a way that the 
y-value is increasing at a rate of 2 units per second. At what 
rate is x changing for each of the following values? 


(ayes (b) x=" (ey k= 4 


108. Surface Area The edges of a cube are expanding at a rate of 
5 centimeters per second. How fast is the surface area chang- 
ing when each edge is 4.5 centimeters? 


109. Changing Depth The cross section of a 5-meter trough is an 
isosceles trapezoid with a 2-meter lower base, a 3-meter upper 
base, and an altitude of 2 meters. Water is running into the 
trough at a rate of 1 cubic meter per minute. How fast is the 
water level rising when the water is | meter deep? 


110. Linear and Angular Velocity A rotating beacon is located 1 
kilometer off a straight shoreline (see figure). If the beacon 
rotates at a rate of 3 revolutions per minute, how fast (in kilo- 
meters per hour) does the beam of light appear to be moving 
to a viewer who is . kilometer down the shoreline? 


Not drawn to scale 


111. Moving Shadow A sandbag is dropped from a balloon at a 
height of 60 meters when the angle of elevation to the sun is 
30° (see figure). Find the rate at which the shadow of the sand- 
bag is traveling along the ground when the sandbag is at a 
height of 35 meters. [Hint: The position of the sandbag is 
given by s(t) = 60 — 4.9r?.] 


ye Fg 
we 4a ‘ 
Position: i - os 4 
s(t) =60—4.9¢? ! 
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od 1. Consider the graph of the parabola y = x?. 5. Find a third-degree polynomial p(x) that is tangent to the lir 
y = 14x — 13 at the point (1,1), and tangent to the lir 


(a) Find the radius r of the largest possible circle centered on the ‘ 
y = —2x — 5 at the point (—1, —3). 


y-axis that is tangent to the parabola at the origin, as 


indicated in the figure. This circle is called the circle of 6. Find a function of the form f(x) = a + bcos cx that is tange! 
curvature (see Section 11.5). Use a graphing utility to graph to the line y = | at the point (0, 1), and tangent to the line : 
the circle and parabola in the same viewing window. aaiee 
(b) Find the center (0, b) of the circle of radius 1 centered on the We ae er 

y-axis that is tangent to the parabola at two points, as 
indicated in the figure. Use a graphing utility to graph the er ee ( 7 3) 
circle and parabola in the same viewing window. se lis aac 

y y Pe 7. The graph of the eight curve, 

A A 


x =a? — y7),a = 0, 


is shown below. 


y 


2 | 4 | > x 
se 


Figure for 1(a) Figure for 1(b) 


2. Graph the two parabolas y = x? and y = —x? + 2x — 5 in the 
same coordinate plane. Find equations of the two lines simulta- 
neously tangent to both parabolas. 


(a) Explain how you could use a graphing utility to obtain tt 
graph of this curve. 


3. (a) Find the polynomial P,(x) = a) + a,x whose value and (b) Use a graphing utility to graph the curve for various value 
slope agree with the value and slope of f(x) = cos x at the of the constant a. Describe how a affects the shape of tk 
point x = 0. curve. 

(b) Find the polynomial P,(x) = dy + a,x + a,x? whose value (c) Determine the points on the curve where the tangent line | 
and first two derivatives agree with the value and first two horizontal, 


derivatives of f(x) = cos x at the point x = 0. This polyno- ad 8. The graph of the pear-shaped quartic, 

he as je tee second-degree Taylor polynomial of pepe ast eer ach eee 

f(x) = cosx atx = 0. 

(c) Complete the table comparing the values of f and P,. What is shown below. 
do you observe? y 


A 


| x 1.0 0.1 | 0.001 | 0 | 0.001 | 0.1 IEG) 


| cos Xx | 


| P,(x) | ee cee 


(d) Find the third-degree Taylor polynomial of f(x) = sin x at 


10: 
4. (a) Find an equation of the tangent line to the parabola y = x? at : 
the point (2, 4). (a) Explain how you could use a graphing utility to obtain tl 
‘ ‘ raph of thi 3 
(b) Find an equation of the normal line to y = x? at the point oe e ete ; 
(2, 4). (The normal line is perpendicular to the tangent line.) (b) Use a graphing utility to graph the curve for various valu 
Where does this line intersect the parabola a second time? of the constants a and b. Describe how a and b affect tl 


é : shape of the curve. 
(c) Find equations of the tangent line and normal line to y = x? : 


at the point (0, 0). (c) Determine the points on the curve where the tangent line 


horizontal. 
(d) Prove that for any point (a,b) # (0,0) on the parabola eae 


y = x’, the normal line intersects the graph a second time. 


A man 6 feet tall walks at a rate of 5 feet per second toward a aca 13. 


street light that is 30 feet high. The man’s 3-foot-tall child 
follows at the same speed, but 10 feet behind the man. At times, 

the shadow behind the child is caused by the man, and at other 
times, by the child. 


3 ft| A» : 
10 ft 


Not drawn to scale 


(a) Suppose the man is 90 feet from the street light. Show that 
the man’s shadow extends beyond the child’s shadow. 


(b) Suppose the man is 60 feet from the street light. Show that 
the child’s shadow extends beyond the man’s shadow. 


(c) Determine the distance d from the man to the street light at 
which the tips of the two shadows are exactly the same dis- 
tance from the street light. 


(d) Determine how fast the tip of the shadow is moving as a 
function of x, the distance between the man and the street 
light. Discuss the continuity of this shadow speed function. 

A particle is moving along the graph of y = 3x. When x = 8, 

the y-component of its position is increasing at the rate of 1 

centimeter per second. 


A 


(a) How fast is the x-component changing at this moment? 


(b) How fast is the distance from the origin changing at this 
moment? 

(c) How fast is the angle of inclination @ changing at this 
moment? 

Let L be a differentiable function for all x. Prove that if 

L(a + b) = L(a) + L(b) for all a and b, then L’(x) = L’(0) for 

all x. What does the graph of L look like? 

Let E be a function satisfying E(0) = E’(0) = 1. Prove that if 

E(a + b) = E(a)E(b) for all a and b, then E is differentiable 

and E’(x) = E(x) for all x. Find an example of a function satis- 

fying E(a + b) = Ela)E(b). 


14. 


ES? 
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ps. 


The fundamental limit 


Sin % 
in. — 
5 to 0 eee 


assumes that x is measured in radians. What happens if we 
assume that x is measured in degrees instead of radians? 


(a) Set your calculator to degree mode and complete the table. 


z (in degrees) 


0.1 | 0.01 | 0.0001 


for z in degrees. What is the exact value of this limit? (Hint: 
180° = zr radians) 


Use the limit definition of the derivative to find 


(c 


wa 


= Sin.Z 


dz 

for z in degrees. 
(d) Define the new functions S(z) = sin(cz) and C(z) = cos(cz), 
where c = 77/180. Find S(90) and C(180). Use the Chain 
Rule to calculate 


na 


d 
i (z). 


(e 


wa 


Explain why calculus is made easier by using radians 
instead of degrees. 


An astronaut standing on the moon throws a rock into the air. 
The height of the rock is 


UG 
s=—— 72 + 27+ 
5 10! 6 


where s is measured in feet and f is measured in seconds. 

(a) Find expressions for the velocity and acceleration of the 
rock. 

(b) Find the time when the rock is at its highest point by find- 
ing the time when the velocity is zero. What is its height at 
this time? 

(c) How does the acceleration of the rock compare with the 
acceleration due to gravity on earth? 

If a is the acceleration of an object, the jerk j is defined by 

j= a). 

(a) Use this definition to give a physical interpretation of /. 

(b) Find j for the slowing vehicle in Exercise 102 in Section 2.3 
and interpret the result. 
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Packaging: The Optimal Form 


Many people are involved in deciding how to package 
the products you see in grocery stores. Packaging engi- 
neers select materials and package shapes to adequately 
protect the product through shipping at a reasonable 
cost. 

A container’s shape, as well as its material, is impor- 
tant in determining its strength. From an engineering 


Product Radius (in.) 
Coffee creamer 1.50 
Cleanser 1.45 
Coffee 1.95 
Pineapple juice 210 
Frosting 1.63 
Soup 1°30 
Tomato puree LQ) 
Baking powder 125 


An infinite number of dimensions can be used to 
construct a right circular container of a given volume. 
The graph at the right shows the relationship between 
the radius and surface area for containers that have a 
volume of 48.4 cubic inches. 


QUESTIONS 


perspective, the sphere is the strongest form, followed 
by the circular cylinder. The rectangular box comes in a 
poor third. From a cost perspective, it is preferable to use 
the smallest amount of material possible. 

The table gives the approximate measurements in 
inches of several common items packed in cylindrical 
containers. 


Height (in.) Volume (in.>) 


6.85 48.42 
7.50 49.54 
5.20 62.12 
6.70 92.82 
3.60 30.05 
3.80 20.18 
4.40 SENS 
3.65 eo? 


1.2 1.4 1.6 1.8 2.0 22) 225G 28 3.0 
Radius (in inches) *e 


1. Create a table of values for the dimensions of a cylinder with a volume of 49.54 cubic inches. 
Does it appear that the cleanser container minimizes surface area? 


2. Suppose you are designing a coffee creamer container that has a volume of 48.42 cubic inches. 
Use the equations for the surface area of a cylinder and the volume of a cylinder to develop an 


equation relating the radius r and surface area S. 


S = 2ar* + 2arh 
V = arzh 


Volume of a right circular cylinder 


Surface area of a right circular cylinder 


3. Repeat Question 2 for each of the other containers in the table. Use a graphing utility to plot 
each equation. Determine whether the radius of each container is larger than, smaller than, or 


equal to the “optimal” radius. 


4. Suppose, in order to fit more writing on the cylinder, you want to maximize the surface area of a 
cylinder that holds 49.5 cubic inches. Can you do this? Explain. 


The concepts presented here will be explored further in this chapter. For an extension of this 
application, see Lab 5 in the lab series that accompanies this text at college.hmco.com. 


Soumie acting, 
SAKING P' 


aM; cassic™ - 


NESTRONE & ey | 
eg oa S.Srisnn oe 


sy the time packaging engineers begin work on a container, design specialists 
ave already done their work. Designers use color, shape, and words to create 
n image that they think will appeal to their targeted market. Many designers 

elieve that the package is at least as important as the product inside. 


wt 


Snr 
Rs! 


CAUACHYLIGHTLY GLAZED. pePtoAN 


In addition to strength, engineers 
must consider not only how a pack- 
age will fit into a shipping container 
but also how it will be displayed on 
a store shelf. The sphere may be the 
strongest form, but it would surely 
be impractical to use for product 
packaging. 


Successful designer Primo Angeli feels 
so strongly about the importance of 
packaging that he has designed entire 
lines of packaged product ideas in 
realistic packages so that consumer 
response to these ideas can be mea- 
sured before massive investments are 
made in product development. 


Primo Angeli 
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_ Maximum 


f@=x7 41 


5 i ~ No maximum 


1) — xe + 1 


_- Maximum 


2 
Se ixa- lax s:0) 
awaf eh 


—1 1 2 
(c) g is not continuous, [—1, 2] is closed. 


Extrema can occur at interior points or 
endpoints of an interval. Extrema that occur 


at the endpoints are called endpoint extrema. 


Figure 3.1 


Applications of Differentiation 


Extrema on an Interval 


: 

a ae 7. fad o . . = ’ 

¢ Understand the definition of extrema of a function on an interval. : 
¢ Understand the definition of relative extrema of a function on an open interval. 


e Find extrema on a closed interval. 


Extrema of a Function 


In calculus, much effort is devoted to determining the behavior of a function f on al 
interval J. Does f have a maximum value on J? Does it have a minimum value? Wher 
is the function increasing? Where is it decreasing? In this chapter you will learn hoy 
derivatives can be used to answer these questions. You will also see why thes 
questions are important in real-life applications. 


Definition of Extrema 
Let f be defined on an interval J containing c. 


1. f(c) is the minimum of f on J if f(c) < f(x) for all x in J. 
2. f(c) is the maximum of f on J if f(c) = f(x) for all x in /. 


The minimum and maximum of a function on an interval are the extreme 
values, or extrema, of the function on the interval. The minimum and 
maximum of a function on an interval are also called the absolute minimum 
and absolute maximum on the interval. 


A function need not have a minimum or a maximum on an interval. For instance 
in Figure 3.1(a) and (b), you can see that the function f(x) = x? + 1 has both | 
minimum and a maximum on the closed interval [— 1, 2], but does not have a maxi 
mum on the open interval (—1, 2). Moreover, in Figure 3.1(c), you can see tha 
continuity (or the lack of it) can affect the existence of an extremum on the interval 
This suggests the following theorem. (Although the Extreme Value Theorem i 
intuitively plausible, a proof of this theorem is not within the scope of this text.) 


THEOREM 3.1 The Extreme Value Theorem 


If f is continuous on a closed interval [a, b], then f has both a minimum and a 
maximum on the interval. 


Finding Minimum and Maximum Values The Extreme Value Theorem (like the 
Intermediate Value Theorem) is an existence theorem because it tells of the existence 
of minimum and maximum values but does not show how to find these values. Use 
the extreme-value capability of a graphing utility to find the minimum and maximum 
values of each of the following. In each case, do you think the x-values are exact or 
approximate? Explain your reasoning. 


a. f(x) = x? — 4x + 5 on the closed interval [—1, 3] 
b. f(x) = x3 — 2x? — 3x — 2 on the closed interval [— 1, 3] 


as a relative maximum at (0, 0) anda 
itive minimum at (2, — 4). 
sure 3.2 


9(x? — 3) 
x3 


A Relative f(s) = 


maximum 


Relative 
Zea 
> xX 
ei Nonlo2 
-1-+ (0,0) 


(0) does not exist. 


y 


f(x) = sin x 


(5 1 ) Relative 
maximum 


Relative 
minimum 


ure 3.3 
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Relative Extrema and Critical Numbers 


In Figure 3.2, the graph of f(x) = x* — 3x? has a relative maximum at the point 
(0, 0) and a relative minimum at the point (2, —4). Informally, you can think of a 
relative maximum as occurring on a “hill” on the graph, and a relative minimum as 
occurring in a “valley” on the graph. Such a hill and valley can occur in two ways. If 
the hill (or valley) is smooth and rounded, the graph has a horizontal tangent line at 
the high point (or low point). If the hill (or valley) is sharp and peaked, the graph 
represents a function that is not differentiable at the high point (or low point). 


Definition of Relative Extrema 


1. If there is an open interval containing c on which f(c) is a maximum, then f(c) 
is called a relative maximum of f. 


2. If there is an open interval containing c on which f(c) is a minimum, then f(c) 
is called a relative minimum of f. 


The plural of relative maximum is relative maxima, and the plural of relative 
minimum is relative minima. 


Example | examines the derivatives of functions at given relative extrema. (Much 
more is said about finding the relative extrema of a function in Section 3.3.) 


caren eevee et nnn earn nnn alan nein Asa sacar nrsiaetninnnint At eet atanvrvimtore Aatementersian ninemsn ranean oanerne-iannintpcnmneaaaraeae 


Example 1 The Value of the Derivative at Relative Extrema 


Find the value of the derivative at each of the relative extrema shown in Figure 3.3. 


Solution 
ex sii 
a. The derivative of f(x) = oe is 
3 = x2 Seis 2 
f(x) = x*(18x) ae Meds Differentiate using Quotient Rule. 
Xe) 
= 2iny 31) Simplify. 
i 
At the point (3, 2), the value of the derivative is f’(3) = 0 (see Figure 3.3a). 
b. At x = 0, the derivative of f(x) = |x| does not exist because the following one- 
sided limits differ (see Figure 3.3b). 
lim fix) = £10) lim a = 1 Limit from the left 
x30 x-—0 x30" X 
lim fx) ~ £(0) lim iy) =] Limit from the right 
x>0+ me = 0) OG 


c. The derivative of f(x) = sin x is 
f(x) = cos x. 


At the point (7/2, 1), the value of the derivative is (7/2) = cos(7/2) = 0. At the 
point (37/2, —1), the value of the derivative is f’(37/2) = cos(3m/2) = 0 (see 


ral 


Figure 3.3c). A 
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Mary Evans Picture Library 


PIERRE DE FERMAT (1601-1665) 


For Fermat, who was trained as a lawyer, 
mathematics was more of a hobby than a 
profession. Nevertheless, Fermat made many 
contributions to analytic geometry, number 
theory, calculus, and probability. In letters to 
friends, he wrote of many of the fundamental 
ideas of calculus, long before Newton or 
Leibniz. For instance, the theorem at the right 
is sometimes attributed to Fermat. 


Applications of Differentiation 


Note in Example | that at the relative extrema, the derivative is either zero or d 
not exist. The x-values at these special points are called critical numbers. Figure 
illustrates the two types of critical numbers. 


Definition of a Critical Number 


Let f be defined at c. If f(c) = 0 or if f is not differentiable at c, then c is a 
critical number of /. 


FoE=0 


Horizontal 
tangent 


eX 


c is a critical number of f. 
Figure 3.4 


THEOREM 3.2 Relative Extrema Occur Only at Critical Numbers 


If f has a relative minimum or relative maximum at x = c, then c is a critical 
number of f. 


Proof 


Case 1: If f is not differentiable at x = c, then, by definition, c is a critical number 
f and the theorem is valid. 


Case 2: If f is differentiable at x = c, then fc) must be positive, negative, or 
Suppose fc) is positive. Then 


Se sienaetay 


uo D Gia mand (8 


fc) 0 


which implies that there exists an interval (a, b) containing c such that 


Mao > (0, forall =45¢ im (a, D). 


(See Exercise 58, Section 1.2) 

Because this quotient is positive, the signs of the denominator and numerator m 

agree. This produces the following inequalities for x-values in the interval (a, b). 
Left of cs 1% < cand f(x)" fle) 
Right of c: x > cand f(x) > f(c) 


=>  f(c) is not a relative minimum 


m=> f(c) is not a relative maximum 


So, the assumption that f(c) > 0 contradicts the hypothesis that f(c) is a relat 
extremum. Assuming that f(c) < 0 produces a similar contradiction, you are left w 
only one possibility—namely, f’(c) = 0. So, by definition, c is a critical number « 
and the theorem is valid. | 


1)? 


—4 Minimum 


fe) = 3x4 — 4x3 


the closed interval [— 1, 2], f has a 
imum at (1, — 1) and a maximum 
2, 16). 

ure 3.5 
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Finding Extrema on a Closed Interval 


Theorem 3.2 states that the relative extrema of a function can occur only at the critical 
numbers of the function. Knowing this, you can use the following guidelines to find 
extrema on a closed interval. 


Guidelines for Finding Extrema on a Closed Interval 


To find the extrema of a continuous function f on a closed interval [a, b], use the 
following steps. 

1. Find the critical numbers of f in (a, b). 

2. Evaluate f at each critical number in (a, b). 

3. Evaluate f at each endpoint of [a, b]. 


4. The least of these values is the minimum. The greatest is the maximum. 


The next three examples show how to apply these guidelines. Be sure you see that 
finding the critical numbers of the function is only part of the procedure. Evaluating 
the function at the critical numbers and the endpoints is the other part. 


Example 2 Finding Extrema on a Closed Interval 


Find the extrema of f(x) = 3x*+ — 4x3 on the interval [—1, 2]. 


Solution Begin by differentiating the function. 


Ties ox = 4° 
Ae xe 2x8 


Write original function. 
Differentiate. 


To find the critical numbers of f, you must find all x-values for which f’(x) = 0 and 
all x-values for which f(x) does not exist. 


an 12x 1277 "0 
(207% a 1) = 0 Factor. 


x=0,1 Critical numbers 


Set f(x) equal to 0. 


Because f’ is defined for all x, you can conclude that these are the only critical num- 
bers of f. By evaluating f at these two critical numbers and at the endpoints of [— 1, 2], 
you can determine that the maximum is f(2) = 16 and the minimum is f(1) = —1, as 
indicated in the table. The graph of f is shown in Figure 3.5. 


Left Critical Critical Right 
|. Endpoint Number Number Endpoint 
1) ey OO iL 1 ry 16 
Minimum Maximum V4 


In Figure 3.5, note that the critical number x = 0 does not yield a relative 
minimum or a relative maximum. This tells you that the converse of Theorem 3.2 is 
not true. In other words, the critical numbers of a function need not produce relative 
extrema. 
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(0, 0); Maximum 


(3, —0.24) 


Minimum 
(Cl, =) 


fx) = 2x — 3x8 


On the closed interval [— 1, 3], f has a 
minimum at (— 1, — 5) and a maximum 
at (0, 0). 

Figure 3.6 


47 (4, 3) Maximum 


f(x) = 2sin x — cos 2x 


a le 
3.4 nae 
Minima 


On the closed interval [0, 27r], f has 
two minima at (7277/6, — 3/2) and 
(11/6, — 3/2) and a maximum at 
(a/2, 3). 


Applications of Differentiation 


Example 3 Finding Extrema on a Closed Interval 
Find the extrema of f(x) = 2x — 3x?/3 on the interval [—1, 3]. 


Solution Differentiating produces the following. 
it 

; 2 oa | 
FQ) =2 he 2 xB 


From this derivative, you can see that the function has two critical numbers in t 
interval [—1,3]. The number | is a critical number because f(1) = 0, and t 
number 0 is a critical number because f (0) does not exist. By evaluating fat these 
numbers and at the endpoints of the interval, you can conclude that the minimum 
f(—1) = —5 and the maximum is f(0) = 0, as indicated in the table. The graph o 
is Shown in Figure 3.6. 


x — 3x2/3 ‘ Write original function. 


Differentiate. 


Left Critical Critical Right 
Endpoint Number Number Endpoint 
(1 ney OO fQ) =-1 | fB)=6-33/ = -0.24 
Minimum Maximum 


Example 4 Finding Extrema on a Closed Interval 


Find the extrema of f(x) = 2 sin x — cos 2x on the interval [0, 277]. 


Solution This function is differentiable for all real x, so you can find all criti 

numbers by differentiating the function and setting f(x) equal to zero, as follows. 
f(ev=2 sine feos 2% 

T(x) = 200s ey 2isin 2x = 0) 

2cosx + 4cosxsinx = 0 

2(cos x)(1 + 2 sinx) = 0 


Write original function. 

Set f’(x) equal to 0. 

sin 2x = 2 cos x sinx 

Factor. 

In the interval [0, 277], the factor cos x is zero when x = 7/2 and when x = 377, 
The factor (1 + 2 sin x) is zero when x = 7277/6 and when x = 1177/6. By evaluati 
fat these four critical numbers and at the endpoints of the interval, you can conclu 


that the maximum is f(7/2) =3 and the minimum occurs at two poir 
f(77/6) = —3/2 and f(117/6) = —3/2, as indicated in the table. The graph 


Figure 3.7 shown in Figure 3.7. 
Left Critical Critical Critical Critical Right 
Endpoint Number Number Number Number ia Endpoint 
Sa Aye? LT ee Sli ps iin) _ 72 _ 
po=-1 | AZ)=3 | (B)=-3 | Z)=-1 [A 42)-4] pem=-i 
Maximum Minimum Minimum 


i} indicates that in the Interactive 3.0 CD-ROM and Internet 3.0 versions of this’ 
(available at college.hmco.com) you will find an Open Exploration, which further explores . 
example using the computer algebra systems Maple, Mathcad, Mathematica, and Derive. 


EXERCISES FOR SECTION 3.1 


a Exercises 1—6, find the value of the derivative (if it exists) at 
ach indicated extremum. 


2 
x TX 


r(x) = EA AG cos 


a Exercises 7-10, approximate the critical numbers of the 
inction shown in the graph. Determine whether the function 
as a relative maximum, relative minimum, absolute maximum, 
bsolute minimum, or none of these at each critical number on 
ie interval shown. 
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9 y 10. y 
A 
5 3+ 
4 6+ 
3 
4 
3 il 
Oh 
1 
+—§—+—t fm x t i se 
-1 tor Aces — ae ae 


In Exercises 11-16, find any critical numbers of the function. 


11 6) = 7 3) 12. (x) = x-> — 4) 
13. 0) = 1/4 tt 3 14. f(x) = = ; 
a 
15. h(x) = sin? x + cos x 16. f(0) = 2 sec 9 + tan 6 
O< x <= Dg 0 OF 25 


In Exercises 17-32, locate the absolute extrema of the function 
on the closed interval. 


17. fe) = 213 = ®,; [$2] 18. f(x) = =>, [0,5] 
19. (Gy = =x Fox, [0,3] 20. f(x) = x2 + 2x — 4, [-1,1] 
21. fay =e — 2 [=—1,2] 22. fi) =x? — 12x, 10/4] 


23. yan mee | 1,1) 24g), | al || 


5 


tf 


2528) ceglg ll 2%. y= 3 l= Bl 1=1,5] 
| t 
27. his) = —s, [0.1] 28. At) = = [3.5] 
ms dh \eeoed eae 
29. f(x) = cos wx, lo. | 30. g(x) = sec x, 6° Z| 


4 bp 
31. y= = + tan( =), Ie 


32, px = 2 — cos'x, [—1;3] 


In Exercises 33-36, locate the absolute extrema of the function 
(if any exist) over the indicated intervals. 


33. f(x) = 2x — 3 34. f(x) =5-—x 
(a) [0,2]  (b) [0, 2) (a) [1,4] —_(b) [1, 4) 
(c) 0,2] ayo?) (c) (1, 4] (d) (1, 4) 


4-- 
[-—> x aor 
B) 
yee 
i+ 
ee 
i ey Aecia tos eatiae 
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Sof te et 36. f(x) = V4 — x? Getting at the Concept 
(a) [-1,2] () (1,3] (a) [= 2,2) yalenes 0) ; : 
i the int ] 
eae ots () (-2,2) @) [1.2) In Exercises 49 and 50, graph a function on the interva 


[—2, 5] having the given characteristics. 


49. Absolute maximum at x = —2 
Absolute minimum at x = | 
Relative maximum at x = 3 


Po In Exercises 37—40, use a graphing utility to graph the function. 
Locate the absolute extrema of the function on the closed 


interval. 
: 50. Relative minimum at x = —1 
Function Interval Critical number at x = O, but no extrema 
he so, OS eS 1 Absolute maximum at x = 2 
37. f(x) = 4x2, Ve aes [0, 3] Absolute minimum at x = 5 
38. f(x) = | ytd x <i3 (1, 5] In Exercises 51-54, determine from the graph whether f 
r= We 8) oe has a minimum in the open interval (a, b). 
97 == (1,4] Sia) (b) 
X= 5 = 
A A 
40S Oar 5 oe 0, 2) 
: f Mj 
Py In Exercises 41 and 42, (a) use a computer algebra system to a | 
graph the function and approximate any absolute extrema on 
the indicated interval. (b) Use the utility to find any critical 
numbers, and use them to find any absolute extrema not locat- 
ed at the endpoints. Compare the results with those in part (a). i a poe a Cie 
Function Interval 52. (a) (b) 
Ai, He) Soe ae (0, 1] i i 


4 
42. (i) == xix [0, 3] ; 
3 | & fi 
a In Exercises 43 and 44, use a computer algebra system to find 


the maximum value of |f’(x)| on the closed interval. (This 
value is used in the error estimate for the Trapezoidal Rule, as 
discussed in Section 4.6.) 


> 
Q 
Ss 


Function Interval (b) 

43. fix) =~ le [0, 2] , 
I eo 

44, f(x) = ee 

ona 5 | f f 

Ay In Exercises 45 and 46, use a computer algebra system to find ep 

the maximum value of | f4(x)| on the closed interval. (This 
value is used in the error estimate for Simpson’s Rule, as e 
discussed in Section 4.6.) one Va hae 


Function Interval (b) 
45. f(x) = (« + 1)% [0, 2] ‘ 
1 
46. f(x) = =—— [-1, 1] 
ne) x?4+1 
47. Explain why the function f(x) = tanx has a maximum on 
[0, 7/4] but not on [0, z]. 
48. Writing Write a short paragraph explaining why a continuous f ‘ Df 
function on an open interval may not have a maximum or | 
minimum. Illustrate your explanation with a sketch of the graph b a preg 


of a function. 


Power The formula for the power output P of a battery is 
P= VI-— RI? where V is the electromotive force in volts, 
R is the resistance, and / is the current. Find the current (mea- 
sured in amperes) that corresponds to a maximum value of P in 
a battery for which V = 12 volts and R = 0.5 ohm. Assume 
that a 15-ampere fuse bounds the output in the interval 
0 <1 < 15. Could the power output be increased by replacing 
the 15-ampere fuse with a 20-ampere fuse? Explain. 


Lawn Sprinkler A lawn sprinkler is constructed in such a 


way that d0/dt is constant, where 6 ranges between 45° and 
135° (see figure). The distance the water travels horizontally is 


v2 sin 26 
x = — 


I < fe) 
37° 45° < 6 < 135 


{ 


where v is the speed of the water. Find dx/dt and explain why 
this lawn sprinkler does not water evenly. What part of the lawn 
receives the most water? 


— 


7 MTs esis yo @=75° 
(coat ge, 
4 ‘ 


s 


Water sprinkler: 45° < @ < 135° 


FOR FURTHER INFORMATION For more information on the 
“calculus of lawn sprinklers,’ see the article “Design of an 
Oscillating Sprinkler” by Bart Braden in Mathematics Magazine. 
To view this article, go to the website www.matharticles.com. 


Honeycomb The surface area of a cell in a honeycomb is 


Bisa (3 = (G08 


p sin 6 


iS — Ons + 


where h and s are positive constants and @ is the angle at which 
the upper faces meet the altitude of the cell. Find the angle 
6 (7/6 < @< 7/2) that minimizes the surface area S. 


FOR FURTHER INFORMATION For more information on the 
geometric structure of a honeycomb cell, see the article “The 
Design of Honeycombs” by Anthony L. Peressini in UMAP 
Module 502, published by COMAP, Inc., Suite 210, 57 Bedford 
Street, Lexington, MA. To view this article, go to the website 
www.matharticles.com. 


58. 


59. 


60. 


True or False? 
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Inventory Cost A retailer has determined that the cost C of 
ordering and storing x units of a certain product is 


C = 2x + 300,000 
x 


ise s 300. 

The delivery truck can bring at most 300 units per order. Find the 
order size that will minimize cost. Could the cost be decreased if 
the truck were replaced with one that could bring at most 400 
units? Explain. 


Highway Design In order to build a highway it is necessary to 
fill a section of a valley where the grades (slopes) of the sides 
are 9% and 6% (see figure). The top of the filled region will have 
the shape of a parabolic arc that is tangent to the two slopes at 
the points A and B. The horizontal distance between the points 
A and B is 1000 feet. 


(a) Find a quadratic function y = ax? + bx +c, —500 < 
x < 500, that describes the top of the filled region. 


(b) Complete the table giving the depths d of the fill at the 
specified values of x. 


x | ~500 | 400 | -300 | -200 | -100 
a | ran 


200 | 300 400 | 500 


a | | 


(c) What will be the lowest point on the completed highway? 
Will it be directly over the point where the two hillsides 
come together? 


er ORE EO 


SSP 


Find all critical numbers of the greatest integer function 


f@) = Bt. 


In Exercises 61-64, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


61. 


62. 


63. 


64. 


The maximum of a function that is continuous on a closed 
interval can occur at two different values in the interval. 

If a function is continuous on a closed interval, then it must 
have a minimum on the interval. 

If x = c is a critical number of the function f, then it is also a 
critical number of the function g(x) = f(x) + k, where k is a 
constant. 

If x = c is a critical number of the function f, then it is also a 
critical number of the function g(x) = f(x — k), where k is a 
constant. 
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ROLLE’S THEOREM 


French mathematician Michel Rolle first 
published the theorem that bears his name in 
1691. Before this time, however, Rolle was one 
of the most vocal critics of calculus, stating 
that the subject gave erroneous results and was 
based on unsound reasoning. Later in life, 
Rolle came to see the usefulness of calculus. 


— 


Relative 
maximum 


1 
1 
' 
1 
a 


Q----- 


(a) f is continuous on [a, b] and differentiable 
on (a, b). 


Relative 
maximum 


1 
1 
1 
1! 
a 


i} 
b 


| See 


(b) f is continuous on [a, b]. 


Figure 3.8 


Applications of Differentiation 


Rolle’s Theorem and the Mean Value Theorem 


e Understand and use Rolle’s Theorem. 
e Understand and use the Mean Value Theorem. 


Rolle’s Theorem 


The Extreme Value Theorem (Section 3.1) states that a continuous function or 
closed interval [a, b] must have both a minimum and a maximum on the interval. B 
of these values, however, can occur at the endpoints. Rolle’s Theorem, named af 
the French mathematician Michel Rolle (1652-1719), gives conditions that guatag 
the existence of an extreme value in the interior of a closed interval. 


Extreme Values in a Closed Interval Sketch a rectangular coordinate plane on 
piece of paper. Label the points (1, 3) and (5, 3). Using a pencil or pen, draw th 
graph of a differentiable function f that starts at (1, 3) and ends at (5, 3). Is there : 
least one point on the graph for which the derivative is zero? Would it be possibl 
to draw the graph so that there isn’t a point for which the derivative is zero? Explai 
your reasoning. 


THEOREM 3.3 Rolle’s Theorem 


Let f be continuous on the closed interval [a, b] and differentiable on the open 
interval (a, b). If 


fla) = f(b) 


then there is at least one number c in (a, b) such that f(c) = 0. 


Proof Let f(a) = d = f(b). 


Case 1: If f(x) = d for all x in [a, b], f is constant on the interval and, by Theor 
2.2, f(x) = 0 for all x in (a, b). 


Case 2: Suppose f(x) > d for some x in (a, b). By the Extreme Value Theorem, } 
know that f has a maximum at some c in the interval. Moreover, because f(c) > 
this maximum does not occur at either endpoint. So, f has a maximum in the oy 
interval (a, b). This implies that f(c) is a relative maximum and, by Theorem 3.2, 
a critical number of f. Finally, because f is differentiable at c, you can conclude t 
{CEA 

Case 3: If f(x) < d for some x in (a, b), you can use an argument similar to tha 
Case 2, but involving the minimum instead of the maximum. | 


From Rolle’s Theorem, you can see that if a function f is continuous on [a, b]: 
differentiable on (a, b), and if f(a) = f(b), there must be at least one x-value betw 
a and b at which the graph of f has a horizontal tangent, as shown in Figure 3.8 
If the differentiability requirement is dropped from Rolle’s Theorem, f will still h 
a critical number in (a, b), but it may not yield a horizontal tangent. Such a cas 
shown in Figure 3.8(b). 


f@) =x? —3x+2 


| | Horizontal 


tangent 


he x-value for which f(x) = Ois between 
e two x-intercepts. 
igure 3.9 


-2)=8 f 
8 


f'(0) =0 


61) =0. 945 £1) =0 


x) = 0 for more than one x-value in the 
terval (—2, 2). 
igure 3.10 


=3 


gure 3.11 
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Example 1 Illustrating Rolle’s Theorem 


Find the two x-intercepts of 
JAR) = X= Bre 


and show that f(x) = 0 at some point between the two intercepts. 


Solution Note that f is differentiable on the entire real line. Setting f(x) equal to 0 
produces 


<2 37. 2a 0 Set f (x) equal to 0. 
(eo = 1)@i= 2) = 0. Factor. 


So, f(1) = f(2) = 0, and from Rolle’s Theorem you know that there exists at least one 
c in the interval (1, 2) such that f(c) = 0. To find such a c, you can solve the equation 


Ak) = 28 — Sta) Set f(x) equal to 0. 


and determine that f(x) = 0 when x = 3. Note that the x-value lies in the open inter- 
val (1, 2), as shown in Figure 3.9. fl 


Rolle’s Theorem states that if f satisfies the conditions of the theorem, there must 
be at least one point between a and b at which the derivative is 0. There may of course 
be more than one such point, as illustrated in the next example. 


Example z Illustrating Rolle’s Theorem , 


Let f(x) = x+ — 2x2. Find all values of c in the interval (— 2, 2) such that fc) = 0. 


Solution To begin, note that the function satisfies the conditions of Rolle’s 
Theorem. That is, f is continuous on the interval [—2, 2] and differentiable on the 
interval (—2, 2). Moreover, because f(—2) = 8 = f(2), you can conclude that there 
exists at least one c in (—2, 2) such that f(c) = 0. Setting the derivative equal to 0 
produces 


f(x) = 40° -— 4x =0 
An(x*!= 1) ="0 Factor. 
oC — a () Fl eee le 


Set f(x) equal to 0. 


x-values for which f(x) = 0 


So, in the interval (— 2, 2), the derivative is zero at three different values of x, as shown 


in Figure 3.10. | 


= TECHNOLOGY PITFALL A graphing utility can be used to indicate whether the 
points on the graphs in Examples | and 2 are relative minima or relative maxima of 
_ the functions. When using a graphing utility, however, you should keep in mind that 
_ it can give misleading pictures of graphs. For example, try using a graphing utility 
: to graph 

: | 
net a 


With most viewing windows, it appears that the function has a maximum of | when 
_ x = 1 (see Figure 3.11). By evaluating the function at x = 1, however, you can see 
"that f(1) = 0. To determine the behavior of this function near x = 1, you need to 
_ examine the graph analytically to get the complete picture. 
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The Mean Value Theorem | 


Rolle’s Theorem can be used to prove another theorem—the Mean Value Theorem 


« Slope of tangent line = f’(c) 


Tangent line 


THEOREM 3.4 The Mean Value Theorem 


If f is continuous on the closed interval [a, b] and differentiable on the open 
interval (a, b), then there exists a number c in (a, b) such that 


f(b) = fla) 
6 = 


Secant line 
(b, f(b)) 
(Ate = 


a; “ [es 

Figure 3.12 Proof Refer to Figure 3.12. The equation of the secant line containing the poin 
(a, f(a)) and (b, f(b)) is 

D) = jAG 

= ae =f ‘Ne a) + f(a). 
a 
Let g(x) be the difference between f(x) and y. Then 
Br) = O)— y 
b a 
= p(y) ~ | POLO NG - a) ~ fa. 


By evaluating g at a and b, you can see that g(a) = 0 = g(b). Furthermore, becaus 

f is differentiable, g is also differentiable, and you can apply Rolle’s Theorem to th 

function g. So, there exists a number c in (a, b) such that g’(c) = 0, which implies th; 
0 = gc) 

pat AlN RA 

fo) s lligad a 


Therefore, there exists a number c in (a, b) such that 


WMT) — Fla): 
po- i 


a 


NOTE The “mean” in the Mean Value Theorem refers to the mean (or average) rate of chan; 
of f in the interval [a, b]. 


Although the Mean Value Theorem can be used directly in problem solving, it 
used more often to prove other theorems. In fact, some people consider this to be tl 
most important theorem in calculus—it is closely related to the Fundamental Theore 
of Calculus discussed in Chapter 4. For now, you can get an idea of the versatility | 
this theorem by looking at the results stated in Exercises 57—62 in this section. 

The Mean Value Theorem has implications for both basic interpretations of tl 
derivative. Geometrically, the theorem guarantees the existence of a tangent line th 
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JOSEPH-LOUIS LAGRANGE (1736-1813) 


The Mean Value Theorem was first proved 
by the famous mathematician Joseph-Louis 
Lagrange. Born in Italy, Lagrange held a 
position in the court of Frederick the Great 


in Berlin for 20 years. Afterward, he moved 
to France, where he met emperor Napoleon 
Bonaparte, who 1s quoted as saying, 


is parallel to the secant line through the points (a, f(a)) and (b, f(b)), as shown 
Figure 3.12. Example 3 illustrates this geometric interpretation of the Mean Vah 
Theorem. In terms of rates of change, the Mean Value Theorem implies that the 


“Lagrange 1s the lofty pyramid of the mathe- 
matical sciences.” 


must be a point in the open interval (a, b) at which the instantaneous rate of change 
equal to the average rate of change over the interval [a, b]. This is illustrated 
Example 4. 
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= Example 3 “Finding a Tangent Line 


Tangent line 


e tangent line at (2, 3) is parallel to the 
ant line through (1, 1) and (4, 4). 
sure 3.13 


some time f, the instantaneous velocity is 
al to the average velocity over four minutes. 
sure 3.14 


RLS TES TEI SETAE EEN ST POT OS CS IT NITE SEED LE LE SESE OPE YS ERSTE OES APT LSE SCRE 
Given f(x) = 5 — (4/x), find all values of c in the open interval (1, 4) such that 


file) = fay Z aye ey 


Solution The slope of the secant line through (1, f(1)) and (4, f(4)) is 


yide fll) 4 1 


si = 


Because f satisfies the conditions of the Mean Value Theorem, there exists at least one 
number c in (1, 4) such that f(c) = 1. Solving the equation f(x) = 1 yields 
; 4 
fa=3=1 
Xx 
which implies that x = +2. So, in the interval (1, 4), you can conclude that c = 2, as 
shown in Figure 3.13. 


Example 4 Finding an Instantaneous Rate of Change 


Two stationary patrol cars equipped with radar are 5 miles apart on a highway, as 
shown in Figure 3.14. As a truck passes the first patrol car, its speed is clocked at 55 
miles per hour. Four minutes later, when the truck passes the second patrol car, its 
speed is clocked at 50 miles per hour. Prove that the truck must have exceeded the 
speed limit (of 55 miles per hour) at some time during the four minutes. 


Solution Let t = 0 be the time (in hours) when the truck passes the first patrol car. 
The time when the truck passes the second patrol car is 


4 1 
aa he hour. 
By letting s(t) represent the distance (in miles) traveled by the truck, you have 
s(O) = 0 and s() = 5. So, the average velocity of the truck over the 5-mile stretch 
of highway is 


s(1/15) — s(0) 


Average velocity = (1/15) — 0 


5 
eS raphy 
1/15 oe 


Assuming that the position function is differentiable, you can apply the Mean Value 
Theorem to conclude that the truck must have been traveling at a rate of 75 miles 
per hour sometime during the four minutes. vA 


A useful alternative form of the Mean Value Theorem is as follows: If f is continu- 
ous on [a, b] and differentiable on (a, b), then there exists a number c in (a, b) such that 


f(b) =f (a) ae (b = a)f(c). Alternative form of Mean Value Theorem 


NOTE When working the exercises for this section, keep in mind that polynomial functions, 
rational functions, and trigonometric functions are differentiable at all points in their domains. 
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EXERCISES FOR SECTION 3.2 


In Exercises 1 and 2, explain why Rolle’s Theorem does not 
apply to the function even though there exist a and b such that 


f(a) =f). 
1a = |e 1 


1+ ae 2 
(2, 0) =1-4 
COME De 


In Exercises 3—6, find the two x-intercepts of the function f and 
show that f(x) = 0 at some point between the two intercepts. 


So (ee f(x) =e = 3) 
Gy, Aba) = Sealeg eo) fi) = 37/0 a 


In Exercises 7-20, determine whether Rolle’s Theorem can be 
applied to f on the closed interval [a, b]. If Rolle’s Theorem can 
be applied, find all values of c in the open interval (a, b) such 
that f (c) = 0. 


4 Nee Ax, 2x! (0,2) Sinfilx)ieee? Sate: Lie] 
Fx) = Ged) oe Qe 13) y9[ tS] 
LOS ix) = oO) 1), (— 13] 
ays 


x 


117 f(x) =77 — 1,[—8,8] 12. f(x) = 3 — |x — 3}, [0, 6] 
Le ni 
13. f(x) = eS lei) 14. fo) ==, 1,1] 
15. f(a) = sin x, (0,271 16. f(x) = cos x, [0, 27] 
7 OT ovat 
1 i Ie [o. z| 18. f(x) = cos 2x, |-3, 4 
19. f(x) = tan x, [0, ar] 20. f(x) = sec x, |-2, z| 


Py In Exercises 21-24, use a graphing utility to graph the function 


on the closed interval [a,b]. Determine whether Rolle’s 
Theorem can be applied to f on the interval and, if so, find all 
values of c in the open interval (a, b) such that f (c) = 0. 


215, fo) =. |x| — 1, whl 22.07 (x) See eae (05 t 


23. a = 4x — tan 7x, spa | 


24. f(x) = 5 ~ sin = [2101 


25. Vertical Motion The height of a ball t seconds after it is 
thrown upward from a height of 32 feet and with an initial 
velocity of 48 feet per second is f(t) = —1617 + 48¢ + 32. 
(a) Verify that f(1) = f(2). 

(b) According to Rolle’s Theorem, what must be the velocity at 
some time in the interval (1, 2)? Find that time. 


26. Reorder Costs The ordering and transportation cost C of co 
ponents used in a manufacturing process is approximated by 


C(x) = 1o( 2 ss = 5) 


where C is measured in thousands of dollars and x is the ore 
size in hundreds. 


(a) Verify that C(3) = C(6). | 
(b) According to Rolle’s Theorem, the rate of change of ¢ 


must be 0 for some order size in the interval (3, 6). Fi 
that order size. 


In Exercises 27 and 28, copy the graph and sketch the secz 
line to the graph through the points (a, f(a)) and (6, f (b)). Th 
sketch any tangent lines to the graph for each value of c gu: 
anteed by the Mean Value Theorem. To print an enlarged co 
of the graph, go to the website www.mathgraphs.com. 


Die y 28. y 
A A 


i 
> 
Q ------- 
SS 


In Exercises 29 and 30, explain why the Mean Value Theore 
does not apply to the function on the interval [0, 6]. 


29. fla) == 30. f(x) = 


—3 


x —3| 


In Exercises 31-38, determine whether the Mean Val 
Theorem can be applied to f on the closed interval [a, b]. If t 
Mean Value Theorem can be applied, find all values of c in 1 
open interval (a, b) such that 


fle) = LO) = Hal, 


31. f(@) = x7; [=2) 1] 
32, of (hy = ae — ee 2) no] 


34. f@) == 


36. f(x) = x3, [0, 1] 


Sua (x) [On 8} 

fic) ease |e 2 
37. f(x) = sinx, [0, 7] 
38. f(x) = 2 sinx + sin 2x, [0, 7] 


ad In Exercises 39-42, use a graphing utility to (a) graph the fu 


tion f on the indicated interval, (b) find and graph the sec: 
line through points on the graph of f at the endpoints of | 
indicated interval, and (c) find and graph any tangent lines 
the graph of f that are parallel to the secant line. 


39. f(x) = re - [-4, 2] 40. f(x) =x—2sinx, [-7, 
AL.of (was orl a9 | 


42. f(x) = —x* + 4x3 + 8x2 +5, [0,5] 


SECTION 3.2 


. Vertical Motion The height of an object t seconds after it is 
dropped from a height of 500 meters is s(t) = —4.972 + 500. 


(a) Find the average velocity of the object during the first 
3 seconds. 


(b) Use the Mean Value Theorem to verify that at some time 
during the first 3 seconds of fall the instantaneous velocity 
equals the average velocity. Find that time. 


. Sales A company introduces a new product for which the 
number of units sold S$ is 


a 
a) Se if 


_ where f is the time in months. 


S(t) = 200(3 = 


(a) Find the average value of S(t) during the first year. 


_(b) During what month does S’(t) equal the average value 
during the first year? 


etting at the Concept 


45. Let f be continuous on [a, b] and differentiable on (a, b). If 


there exists c in (a, b) such that f(c) = 0, does it follow | 


that f(a) = f(b)? Explain. 


46. Let f be continuous on the closed interval [a, b] and differ- 
entiable on the open interval (a,b). Also, suppose that 
f(a) = f(b) and that c is a real number in the interval such 
that f(c) = 0. Find an interval for the function g over 
which Rolle’s Theorem can be applied, and find the 
corresponding critical number of g (k is a constant). 


(a) g(x) = f(x) +k (b) g(x) =f — k) 

(c) g(x) = f(kx) 

17. A plane begins its takeoff at 2:00 P.M. on a 2500-mile flight. 
The plane arrives at its destination at 7:30 p.M. Explain why 


there were at least two times during the flight when the 
speed of the plane was 400 miles per hour. 


18. When an object is removed from a furnace and placed in an 
environment with a constant temperature of 90°F, its core 
temperature is 1500°F. Five hours later the core tempera- 
ture is 390°F. Explain why there must exist a time in the 


interval when the temperature is decreasing at a rate of | 


222°F per hour. 


. Graphical Reasoning The figure gives two parts of the graph 
of a continuous differentiable function f on [— 10, 4]. The deriv- 
ative f’ is also continuous. To print an enlarged copy of the 
graph, go to the website www.mathgraphs.com. 


8 


=8u=4 


4 
re 
Ee aoe see 
> 
<4 


-8 
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Rolle’s Theorem and the Mean Value Theorem 


(a) Explain why f must have at least one zero in [— 10, 4]. 


(b) Explain why f’ must also have at least one zero in the 
interval [— 10, 4]. What are these zeros called? 


(c) Make a possible sketch of the function with one zero of f’ 
on the interval [— 10, 4]. 


(d) Make a possible sketch of the function with two zeros of f’ 
on the interval [— 10, 4]. 


(e) Were the conditions of continuity of f and f’ necessary to 
do parts (a) through (d)? Explain. 


Consider the function f(x) = 3 cos? (2), 


(a) Use a graphing utility to graph f and f’. 
(b) Is f a continuous function? Is f’ a continuous function? 


(c) Does Rolle’s Theorem apply on the interval [—1, 1]? Does 
it apply on the interval [1, 2]? Explain. 


(d) Evaluate, if possible, lim f’(x) and lim f(x). 
L335 On 


Think About It Yn Exercises 51 and 52, sketch the graph of an 
arbitrary function f that satisfies the given condition but does 
not satisfy the conditions of the Mean Value Theorem on the 
interval [—5, 5]. 


51. f is continuous on [—5, 5]. 


52. f is not continuous on [—5, 5]. 


True or False? 


In Exercises 53-56, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


53: 


54. 


SIS) 


56. 


BY/- 


58. 


oe) 


60. 


61. 


62. 


The Mean Value Theorem can be applied to f(x) = 1/x on the 
interval [—1, 1]. 

If the graph of a function has three x-intercepts, then it must 
have at least two points at which its tangent line is horizontal. 
If the graph of a polynomial function has three x-intercepts, 
then it must have at least two points at which its tangent line is 
horizontal. 

If f(x) = 0 for all x in the domain of f, then f is a constant 
function. 


Prove that if a > 0 and n is any positive integer, then the 
polynomial function p(x) = x7"*! + ax + b cannot have two 
real roots. 

Prove that if f(x) = 0 for all x in an interval (a, b), then f is 
constant on (a, b). 

Let p(x) = Ax? + Bx + C. Prove that for any interval [a, b], 
the value c guaranteed by the Mean Value Theorem is the 
midpoint of the interval. 

Prove that if f is differentiable on (— 00, oo) and f(x) < 1 for 
all real numbers, then f has at most one fixed point. A fixed 
point of a function f is a real number c such that f(c) = c. 
Use the result of Exercise 60 to show that f(x) = ; cos x has at 
most one fixed point. 


Prove that |cos x — cos y| < |x — y| for all x and y. 


174 CHAPTER 3 Applications of Differentiation 


f@<0 | f’@=0 | f’@>0 


The derivative is related to the slope of a 
function. 
Figure 3.15 


x 


Increasing and Decreasing Functions and the First 
Derivative Test 


¢ Determine intervals on which a function is increasing or decreasing. 
« Apply the First Derivative Test to find relative extrema of a function. 


: 
Increasing and Decreasing Functions : 


In this section you will learn how derivatives can be used to classify relative extrer 
as either relative minima or relative maxima. We begin by defining increasing a 
decreasing functions. 


Definitions of Increasing and Decreasing Functions 


A function f is increasing on an interval if for any two numbers x, and x, in 
the interval, x, < x, implies f(x,) < f(x). 

A function f is decreasing on an interval if for any two numbers x, and x, in 
the interval, x, < x, implies f(x,) > f(x). 


A function is increasing if, as x moves to the right, its graph moves up, and 
decreasing if its graph moves down. For example, the function in Figure 3.15 
decreasing on the interval (—o, a), is constant on the interval (a, b), and is increé 
ing on the interval (b, oo). As shown in Theorem 3.5 below, a positive derivati 
implies that the function is increasing; a negative derivative implies that the functi 
is decreasing; and a zero derivative on an entire interval implies that the function 
constant on that interval. 


THEOREM 3.5 ‘Test for Increasing and Decreasing Functions 


Let f be a function that is continuous on the closed interval [a, b] and differen- 
tiable on the open interval (a, b). 

1. If f(x) > 0 for all x in (a, b), then f is increasing on [a, b]. 

2. If f(x) < 0 for all x in (a, b), then f is decreasing on [a, b]. 

3. If f(x) = 0 for all x in (a, b), then f is constant on [a, b]. 


Proof To prove the first case, assume that f(x) > 0 for all x in the interval (a, b)a 
let x, < x, be any two points in the interval. By the Mean Value Theorem, you kn 
that there exists a number c such that x, < c < x,, and 


a f(x) = fey) 


XQ X) 


fc) 
Because f(c) > 0 and x, — x, > 0, you know that 


Fp) ephiln,) > 0 


which implies that f(x,) < f(x5). So, f is increasing on the interval. The second c: 
has a similar proof (see Exercise 77), and the third case was given as Exercise 58 
sectioni3:2. 


id 


NOTE The conclusions in the first two cases of Theorem 3.5 are valid even if f(x) = 0 ¢ 
finite number of x-values in (a, b). 


y 


Oe 


Syee 


x<0 
Osx I 


Gea ie, ssi 


Not strictly monotonic 


ure 3.17 
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Increasing and Decreasing Functions and the First Derivative Test 


Example 1 Intervals on Which f is Increasing or Decreasing 
Find the open intervals on which f(x) = x3 — 3x? is increasing or decreasing. 


Solution Note that f is continuous on the entire real line. To determine the critical 
numbers of f, set f(x) equal to zero. 


S) 
f(x) ht rae Write original function. 
Vis) = ox — 3x — 0 Differentiate and set f/(x) equal to 0. 
3(x)(x — 1) =0 Factor. 
x=0,1 Critical numbers 


Because there are no points for which f’ does not exist, you can conclude that x = 0 
and x = | are the only critical numbers. The table summarizes the testing of the three 
intervals determined by these two critical numbers. 


| Interval TOO Fa) Ope ema Le X5< CO 
Test Value Dia dl x= ; =2 
Sign of fa) | f(-1) =6 >0|fG)=-2 <0] f(2)=6>0 
Conclusion Increasing Decreasing Increasing 


So, f is increasing on the intervals (—0o, 0) and (1, co) and decreasing on the interval 
(0, 1), as shown in Figure 3.16. V4 


Example | gives you one example of how to find intervals on which a function is 
increasing or decreasing. The guidelines below summarize the steps followed in the 
example. 


Guidelines for Finding Intervals on Which a Function Is Increasing or 
Decreasing 


Let f be continuous on the interval (a, b). To find the open intervals on which f 
is increasing or decreasing, use the following steps. 


1. Locate the critical numbers of f in (a, b), and use these numbers to determine 
test intervals. 


2. Determine the sign of f/(x) at one test value in each of the intervals. 


3. Use Theorem 3.5 to determine whether f is increasing or decreasing on each 
interval. 


These guidelines are also valid if the interval (a, b) is replaced by an interval of 
the form (— oo, b), (a, co), or (— 00, 00). 


A function is strictly monotonic on an interval if it is either increasing on the 
entire interval or decreasing on the entire interval. For instance, the function f(x) = x? 
is strictly monotonic on the entire real line because it is increasing on the entire real 
line, as shown in Figure 3.17(a). The function shown in Figure 3.17(b) is not strictly 
monotonic on the entire real line because it is constant on the interval [0, 1]. 
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Relative 
maximum 
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= + 
Relative 
minimum 


Relative extrema of f 
Figure 3.18 


| 
The First Derivative Test : 
| 
After you have determined the intervals on which a function is increasing or decrez 
ing, it is not difficult to locate the relative extrema of the function. For instance, 


Figure 3.18 (from Example 1), the function 


pa2 3 


has a relative maximum at the point (0, 0) because f is increasing immediately to t 
left of x = 0 and decreasing immediately to the right of x = 0. Similarly, f has 
relative minimum at the point (1, —3) because f is decreasing immediately to the Ie 
of x = 1 and increasing immediately to the right of x = 1. The following theores 
called the First Derivative Test, makes this more explicit. 


THEOREM 3.6 The First Derivative Test 


Let c be a critical number of a function f that is continuous on an open interval 
I containing c. If f is differentiable on the interval, except possibly at c, then 
f(c) can be classified as follows. 


1. If f(x) changes from negative to positive at c, then f(c) is a relative minimum 
of f- 

2. If f(x) changes from positive to negative at c, then f(c) is a relative maximum 
of f- 

3. If f(x) does not change sign at c, then f(c) is neither a relative minimum nor a 
relative maximum. 


(+) : (3) 
(& nih Kis 


i Gy era 


g 
is) 
> 
Eel Ce ee 


a Cc 


Relative minimum Relative maximum 


f(x) >0 


Neither relative minimum nor relative maximum 


Proof Assume that f(x) changes from negative to positive at c. Then there exist 
and bin J such that 


f(x) < 0 for all x in (a, c) 
and 
f(x) > 0 for all x in (c, b). 


By Theorem 3.5, f is decreasing on (a, c) and increasing on (c, b). So, f(c) is a mit 
mum of f on the open interval (a, b) and, consequently, a relative minimum of pa: 
proves the first case of the theorem. The second case can be proved in a similar w 


(see Exercise 78). ? 


Relative 
maximum 


> xX 


Relative 23) 
minimum 


relative minimum occurs where f changes 
om decreasing to increasing, and a relative 
aximum occurs where f changes from 
creasing to decreasing. 

igure 3.19 
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Example 2 ‘Applying the First Derivative Test 


Find the relative extrema of the function f(x) = 5x — sin x in the interval (0, 27). 


Solution Note that f is continuous on the interval (0, 27). To determine the critical 
numbers of f in this interval, set f(x) equal to 0. 


Tix) =+_cosx=0 


Set f(x) equal to 0. 


| 
COS X= 5 

7 D7 
Baas 


BG Critical numbers 

Because there are no points for which f’ does not exist, you can conclude that x = 7/3 
and x = 52/3 are the only critical numbers. The table summarizes the testing of the 
three intervals determined by these two critical numbers. 


Interval Ov 5 NS oe Sees ot Ne 
3 3 3 

Test Value x= 7 x=7 x= 2 

Sign of f(x) (7) < 0 fm) >0 AZ) < 0 

Conclusion. | Decreasing Increasing Decreasing 


By applying the First Derivative Test, you can conclude that f has a relative mini- 
mum at 


sg ee x-value of relative minimum 


3 


and a relative maximum at 


347 i ; 
55 SS ay x-value of relative maximum 
as shown in Figure 3.19. VA 


i eee EXP LORETO Nae a eae 


Comparing Graphical and Analytical Approaches In Section 3.2, we pointed 
out that, by itself, a graphing utility can give misleading information about the 
relative extrema of a graph. Used in conjunction with an analytical approach, 
however, a graphing utility can provide a good way to reinforce your conclusions. 
Try using a graphing utility to graph the function in Example 2. Then use the 
zoom and trace features to estimate the relative extrema. How close are your 
graphical approximations? 


Note that in Examples | and 2 the given functions are differentiable on the entire 
real line. For such functions, the only critical numbers are those for which f(x) = 0. 
Example 3 concerns a function that has two types of critical numbers—those for 
which f(x) = 0 and those for which f is not differentiable. 
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y= (x? a Ay23 


Relative 
‘| maximum 


3+ (0, W16) 


ay + $+ x 

=4 -3 y =1 I we 4 
(—2, 0) (2, 0) 
Relative Relative 
minimum minimum 


You can apply the First Derivative Test to 
find relative extrema. 
Figure 3.20 


Applications of Differentiation 


Example 3 Applying the First Derivative Test 
Find the relative extrema of 
fla) = (x? = 427 
Solution Begin by noting that f is continuous on the entire real line. The derivatin 
of f 
2 
f'Q) = Fle? = 4)-172x) 


General Power Rule 


oe Simplif 

== Te a Imply. 

3(? — 4) oe 
is 0 when x = O and does not exist when x = +2. So, the critical numbers a1 
x = —2, x = 0, and x = 2. The table summarizes the testing of the four interva 


determined by these three critical numbers. 


Interval = COTE a eee x. <0 O<x< 2) | 2a eee 
Test Value hia x=-1 x=1 1 x=3 
Sign of f(x) | f(-—3) <0 f(-1) > 0 $A 1) c=.) 73) S30 
Conclusion Decreasing Increasing Decreasing Increasing 


By applying the First Derivative Test, you can conclude that f has a relative minimut 
at the point (—2, 0), a relative maximum at the point (0, 3/16 ), and another relatiy 


minimum at the point (2, 0), as shown in Figure 3.20. v. 


_ TECHNOLOGY PITFALL When using a graphing utility to graph a functic 
_ involving radicals or rational exponents, be sure you understand the way the utili 
_ evaluates radical expressions. For instance, even though 


fel = G4" 
and 
g(x) = [(x2 — 4)2]/3 


f are the same algebraically, many graphing utilities distinguish between these tw 
_ functions. Which of the graphs shown in Figure 3.21 is incorrect? Why did th 
graphing utility produce an incorrect graph? 


feo= (x? — 42/3 g(x) = [(x? by 4)2] 1/3 
5 


Which graph is incorrect? 
. Figure 3.21 


fe 
(-1, 2) (1, 2) 


Relative 1+ Relative 


minimum minimum 
aS pope 
=2 -| 1 2 3 


values that are not in the domain of /, 
well as critical numbers, determine test 
tervals for f”. 
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When using the First Derivative Test, be sure to consider the domain of the func- 
tion. For instance, in the next example, the function 


x*++ 1 


fe) = = 


is not defined when x = 0. This x-value must be used with the critical numbers to 
determine the test intervals. 


‘srveoacamnminsonntutc2ooeossac smear ore vec eter ss RrRTSRITE US OnaAahavorBHGiiHREretscasthatmenerevwieicosdstinitiientnne 


Example 4 Applying the First Derivative Test 
EEE ESE RR ETAT IBIS DELP PD SRT GERD TI TTS SCE I SSE TT IT I EIRP EE OTSAONO OL 


x*+4+ 1 


2) 


Find the relative extrema of f(x) = 
ie 


Solution 


f(x) Ss x Rewrite original function. 


a) iy Dae Differentiate. 
2 
i oe) 
Ne — 1 
aa ane Simplify. 
Q(x? + 1)(x — 1) + 1) 
= Factor. 


x3 


So, f(x) is zero at x = +1. Moreover, because x = 0 is not in the domain of f, you 


should use this x-value along with the critical numbers to determine the test intervals. 
x=+!1] Critical numbers, f(+1) = 0 


x= 0 0 is not in the domain of f. 


The table summarizes the testing of the four intervals determined by these three 
x-values. 


| Interval Bae. cei eee ar eee se On Oey ak WR ee Pahoa! 
Test Value et? .= —} —— x=2 
Sign of fe) | f(-2 <0 | F-3)>0 | FB) <o | f@>0 
Conclusion Decreasing Increasing Decreasing Increasing 


By applying the First Derivative Test, you can conclude that f has one relative 
minimum at the point (— 1, 2) and another at the point (1, 2), as shown in Figure 3.22. 


’ TECHNOLOGY The most difficult step in applying the First Derivative Test is find- 
ing the values for which the derivative is equal to 0. For instance, the values of x for 
_ which the derivative of 


: is equal to zero are 0 and +/ e/F= ARIE you have access to technology that can 


: perform symbolic differentiation and solve equations, try using it to apply the First 


_ Derivative Test to this function. 


Brian Bailey/Tony Stone Images 
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CHAPTER 3 


If a projectile is propelled from ground 
level and air resistance is neglected, the 
object will travel farthest with an initial 
angle of 45°. If, however, the projectile is 
propelled from a point above ground level, 
the angle that yields a maximum horizon- 
tal distance is not 45° (see Example 5). 


Applications of Differentiation 


—————- 


Example 5‘ 5 The Path of a Projectile 


Neglecting air resistance, the path of a projectile that is propelled at an angle 4 is 


2 
aa O<6< 


2+ (tan 6)x + h, 
2Vo° 


wy 


where y is the height, x is the horizontal distance, g is the acceleration due to gravit 
Vo is the initial velocity, and /h is the initial height. (This equation is derived in Secti¢ 
11.3.) Let g = —32 feet per second per second, v) = 24 feet per second, and h = 

feet. What value of 6 will produce a maximum horizontal distance? 


Solution To find the distance the projectile travels, let y = 0, and use the quadrat 
formula to solve for x. | 


ee + (tan dx +h =0 
0 
—32 sec? | 
Som + ner =O 
2 
— 222? + (tan Ox + 9 = 0 


=tan 6 + ¢/tan20 + sec" 6 
—sec? 0/18 

18 cos 6(sin 6 + \/sin? 6 + 1), 

At this point, you need to find the value of 6 that produces a maximum value of . 

Applying the First Derivative Test by hand would be very tedious. Using technolog 


to solve the equation dx/d@ = 0, however, eliminates most of the messy comput 
tions. The result is that the maximum value of x occurs when 


6 = 0.61548 radians, or 35.3°. 


i xe 0) 


This conclusion is reinforced by sketching the path of the projectile for differei 
values of 6, as shown in Figure 3.23. Of the three paths shown, note that the distanc 
traveled is greatest for 9 = 35°. 


The path of a projectile with initial angle @ 
Figure 3.23 ld 


NOTE A computer simulation of this example is given in the Interactive CD-ROM version 
this text (available at college.hmco.com). Using that simulation, you can experimental 
discover that the maximum value of x occurs when 9 ~ 35.3°. 
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Exercises 1-10, identify the open intervals on which the func- Py In Exercises 33 —36, consider the function on the interval (0, 277). 


m is increasing or decreasing. 


f(x) = x? — 6x + 8 = Se yy 


y y 

i 
3.=- 

2+ 

1+ 

———t xX 

Papin gcs/4 's 

tao Shhh & 

=| 3x AleX) =x" Ox 


2 X 
> X 
=) 

ian x2 
BIG) = CRG S 
meo(x) = x? — 2x — 8 8. h(x) = 27x — 2 

4 
my = x</16 — x? lho siaweS 


Exercises 11-32, find the critical numbers of f (if any). Find 

e open intervals on which the function is increasing or 
creasing and locate all relative extrema. Use a graphing 
ility to confirm your results. 


BAX) = x? — 6x phage Ch ae taeneceae a Ie 
B(x) = —2x? + 4x +3 14. f(x) = —(a? +, 8x4 12) 
x) = 2x° + 3x? — 12x 16: fix) =x? — Gi7+ 15 
eric) =-x7(3.— x) 18.2 fla (x. + 2)(x — 1) 
. f(x) = a : u 20. fix) = x° — ox 4 
ico = xi +1 22 ee ei 4 
f(x) = G1" AfOo=]Ga1)" 
Bri) = 5 — |x — 5| 26. f(x) = |x + 3| - 1 
, fle) =x +2 28. f(x) = — 

ye Cpe ee) 
» f(x) = aS 30. f(x) = 2 

=); 1 3 a she Ul 
fi) =" — 32. f(x) == ; “2 


Find the open intervals on which the function is increasing or 
decreasing and locate all relative extrema. Use a graphing utility 
to confirm your results. 


33.70) = + cos x 34. f(x) = sin x cos x 
sin x 

‘c SA = a 2 + si : -) = ————_ 

35. f(x) = sin? x + sinx 36. f(x) cee 


acd In Exercises 37-40, (a) use a computer algebra system to 


differentiate the function, (b) sketch the graphs of f and f’on the 
same set of coordinate axes over the indicated interval, (c) find 
the critical numbers of f in the open interval, and (d) find the 
interval(s) on which f’ is positive and the interval(s) on which it 
is negative. Compare the behavior of f and the sign of f’. 


37. f(x) = 24.9 sxe =3.8 
38. f(x) = 10(5 — Vx? — 3x + 16), [0, 5] 
39. f(t) = t? sin t,[0, 277] 


40. f(x) = 5 + cos s [0, 477] 


In Exercises 41 and 42, use symmetry, extrema, and zeros to 
sketch the graph of f. How do the functions f and g differ? 
Explain. 


x° — 4x3 + 3x 


AL fe 


42. f(t) = cos? t — sin’ t, 


glx) = ax? = 3) 


ei) — Ie 2 cine ie 20) 
Think About It In Exercises 43-48, the graph of f is 
shown in the figure. Sketch a graph of the derivative of f. To 
print an enlarged copy of the graph, go to the website 
www.mathgraphs.com. 


43. y 44, 3 


45. y 46. 


47. y 48. y 
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Getting at the Concept 
In Exercises 49-54, assume that f is differentiable for all x. 
The sign of f’ is as follows. 


f (x) > 0 on (—00, —4) 
f (x) < 0 on (—4, 6) 
f (x) > 0 on (6, co) 
Supply the appropriate inequality for the indicated value of c. 


Function 


49. g(x) = f(x) + 5 g (0) 0 
50> gaye afte) es g(—-5) 0 
51. g(x) = —f(x) g(—-6) 0 
52. g(x) = —f() g(0) 0 
53. g(x) =f — 10) g (0) 0 
540 2G) = 7 = 10) (8) 0 


| 55. Sketch the graph of an arbitrary function f such that 


> 0, yee a 


f(x); undefined, x = 4 
< 0, Ae 
56. A differentiable function f has one critical number at x = 5. 


Identify the relative extrema of f at the critical number if 
f (4) = —2.5 and f (6) = 3. 


57. Think About It The function f is differentiable on the inter- 
val [—1, 1]. The table shows the values of f’ for selected values 
of x. Sketch the graph of f, approximate the critical numbers, 
and identify the relative extrema. 


x 1 |) =0i5-| = 050 | 0.25 

foom -—10 | -32 | -05 | 08 

x 0 0951) 050" 180.75 I 
fx) | 56 36 |*-02 | —67 | —20.1 


58. Rolling a Ball Bearing A ball bearing is placed on an 
inclined plane and begins to roll. The angle of elevation of the 
plane is @. The distance (in meters) the ball bearing rolls in ¢ 
seconds is 


s(t) = 4.9(sin 6)t?. 


(a) Determine the speed of the ball bearing after t seconds. 


(b) What value of @ will produce the maximum speed at a 
particular time? 


asd 59. Numerical, Graphical, and Analytic Analysis Consider t 


functions f(x) = x and g(x) = sin x on the interval (0, 7). 


(a) Complete the table and make a conjecture about which 
the greater function on the interval (0, 7). 
ie al Se 2.5 aa 
ot | | | 
fe} a 


(b) Use a graphing utility to graph the functions and use t 
graphs to make a conjecture about which is the great 
function on the interval (0, 77). 


(c) Prove that f(x) > g(x) on the interval (0, 7). [Hint: She 
that h(x) > 0 where h = f — g.] 


acd 60. Numerical, Graphical, and Analytic Analysis The conce 


61. 


62. 


63. 


tration C of a chemical in the bloodstream t hours after injecti: 
into muscle tissue is 


C(t) = 


t 
7+r 


(a) Complete the table and use the table to approximate t 
time when the concentration is greatest. 


t 0 | os pee: 2.5 -\iea 


a Fe 


(b) Use a graphing utility to graph the concentration functi 
and use the graph to approximate the time when the co 
centration is greatest. 


(c) Use calculus to determine analytically the time when t 
concentration is greatest. 


Trachea Contraction Coughing forces the trachea (win 
pipe) to contract, which affects the velocity v of the air passi 
through the trachea. Suppose the velocity of the air duri 
coughing is 


V=kKR—7)r2 0=7 oR 


where k is constant, R is the normal radius of the trachea, anc 
is the radius during coughing. What radius will produce t 
maximum air velocity? 


Profit The profit P (in dollars) made by a fast-food restauré 
selling x hamburgers is 


5 


Xx 

P44 ee =x5 
x 30.000 5000, 0 < x < 35,000. 

Find the open intervals on which P is increasing or decreasit 
Power The electric power P in watts in a direct-current circ 
with two resistors R, and R, connected in series is 

_ _VR,R, 

(Ry +e R35) 


where v is the voltage. If v and R, are held constant, what res 
tance R, produces maximum power? 
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. Electrical Resistance The resistance R of a certain type of Re Creating Polynomial Functions In Exercises 67-70, find a 


resistor is 


== ./0.001T* — 4T + 100 


where R is measured in ohms and the temperature T is 
measured in degrees Celsius. 


(a) Use a computer algebra system to find dR/dT and the 
critical number of the function. Determine the minimum 
resistance for this type of resistor. 


(b) Use a graphing utility to graph the function R and use the 
graph to approximate the minimum resistance for this type 
of resistor. 


- Modeling Data The number of bankruptcies (in thousands) 
for the years 1981 through 1998 are as follows. 


1981: 360.3; 1982: 367.9; 1983: 374.7; 1984: 344.3; 

1985: 364.5; 1986: 477.9; 1987: 561.3; 1988: 594.6; 

1989: 643.0; 1990: 725.5; 1991: 880.4; 1992: 972.5; 

1993: 918.7; 1994: 845.3; 1995: 858.1; 1996: 1042.1; 

1997: 1317.0; 1998: 1411.4 

(Source: Administrative Office of the U.S. Courts) 

(a) Use the regression capabilities of a graphing utility to find 
a model of the form 


B=at*+be4+ ct? +dtt+e 


for the data. (Let t = 1 represent 1981.) 
(b) Use a graphing utility to plot the data and graph the model. 


(c) Analytically find the minimum of the model and compare 
the result with the actual data. 
. Use a graphing utility to graph f(x) = 2 sin 3x + 4 cos 3x. 
Find the maximum value of f. How could you use calculus to 
estimate the maximum? 


SECTION PROJECT RAINBOWS : 


Zainbows are formed when light strikes raindrops and is reflect- 
d and refracted, as shown in the figure. (This figure shows a 
toss section of a spherical raindrop.) The Law of Refraction 
tates that (sin a)/(sin B) = k, where k ~ 1.33 (for water). The 
ingle of deflection is given by D = 7 + 2a — 48. 


a) Sketch the graph of D for 
0<a< 7/2. Use a graph- 
ing utility with 


jeans 
D=7+2a-4 sin( sin a) 


Water 


polynomial function 
DQ)O,e ne et ar ar 


that has only the specified extrema. (a) Determine the minimum 
degree of the function and give the criteria you used in 
determining the degree. (b) Using the fact that the coordinates 
of the extrema are solution points of the function, and that the 
x-coordinates are critical numbers, determine a system of linear 
equations whose solution yields the coefficients of the required 
function. (c) Use a graphing utility to solve the system of equa- 
tions and determine the function. (d) Use a graphing utility to 
confirm your result graphically. 


67. Relative minimum: (0, 0); Relative maximum: (2, 2) 
68. Relative minimum: (0, 0); Relative maximum: (4, 1000) 
69. Relative minima: (0, 0), (4, 0) 

Relative maximum: (2, 4) 


70. Relative minimum: (1, 2) 
Relative maxima: (— 1, 4), (3, 4) 


True or False? In Exercises 71-76, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 

71. The sum of two increasing functions is increasing. 

72. The product of two increasing functions is increasing. 

73. Every nth-degree polynomial has (n — 1) critical numbers. 
74. Annth-degree polynomial has at most (n — 1) critical numbers. 


75. There is a relative maximum or minimum at each critical 
number. 


76. The relative maxima of the function f are f(1) = 4 and f(3) = 
10. Therefore, f has at least one minimum for some x in the 
interval (1, 3). 


77. Prove the second case of Theorem 3.5. 
78. Prove the second case of Theorem 3.6. 


79. Let x > 0 and n > 1 be real numbers. Prove that (1 + x)" > 
jhesierlige 


(b) Prove that the minimum angle of deflection occurs when 


os 


Same 
Pao) 
For water, what is the minimum angle of deflection, D,,,,,,? 
(The angle 7 — D,,,,,, is called the rainbow angle.) What value 
of a produces this minimum angle? (A ray of sunlight that 
strikes a raindrop at this angle, a, is called a rainbow ray.) 
FOR FURTHER INFORMATION For more information about the 
mathematics of rainbows, see the article “Somewhere Within the 
Rainbow” by Steven Janke in The UMAP Journal. To view this 
article, go to the website www.matharticles.com. 


cos a >= 
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Section 3.4 


Ff) =x Sa ie 


Concave m 
downward 


0 


(0, =i) 


PG)=x = 
f’ is decreasing f’ is increasing 


The concavity of f is related to the slope of 
the derivative. 
Figure 3.25 


Concavity and the Second Derivative Test 


* Determine intervals on which a function is concave upward or concave downward. 
¢ Find any points of inflection of the graph of a function. 
* Apply the Second Derivative Test to find relative extrema of a function. 


Concavity ; 


You have already seen that locating the intervals in which a function f increases 
decreases helps to describe its graph. In this section, you will see how locating tl 
intervals in which f’ increases or decreases can be used to determine where the gray 
of f is curving upward or curving downward. ; 


Definition of Concavity 


Let f be differentiable on an open interval /. The graph of f is concave upward 
on J if f’ is increasing on the interval and concave downward on / if f’ is 
decreasing on the interval. 


The following graphical interpretation of concavity is useful. (See Appendix 
for a proof of these results.) 


1. Let f be differentiable on an open interval /. If the graph of f is concave upwa. 
on /, then the graph of f lies above all of its tangent lines on /. (See Figure 3.24¢ 


2. Let f be differentiable on an open interval /. If the graph of f is concave downwa 
on /, then the graph of f lies below all of its tangent lines on /. (See Figure 3.24t 


Concave upward, 
f’ is increasing. 


Concave downward, 
f’ is decreasing. 


> X ee 


(a) The graph of f lies above its tangent lines. (b) The graph of f lies below its tangent lines 


Figure 3.24 


To find the open intervals on which the graph of a function f is concave upwa 
or downward, you need to find the intervals on which f’ is increasing or decreasin 
For instance, the graph of 


f(x) =p — x 


is concave downward on the open interval (—oo,0) because f(x) = x2 — 1 
decreasing there. (See Figure 3.25.) Similarly, the graph of f is concave upward on t 
interval (0, 00) because f” is increasing on (0, 00). 


fx) = 6(x? + 3)! 


(x) >0 f(x) > 0 
mcave Concave 
upward 


TC) < 0 


ym the sign of f” you can determine the 
cavity of the graph of f. 
sure 3.26 


1 
Concave 
downward 
+} | +—>x 
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The following theorem shows how to use the second derivative of a function f to 
determine intervals on which the graph of f is concave upward or downward. A proof 
of this theorem follows directly from Theorem 3.5 and the definition of concavity. 


THEOREM 3.7 Test for Concavity 


Let f be a function whose second derivative exists on an open interval J. 


1. If f(x) > 0 for all x in J, then the graph of f is concave upward in J. 


2. If f(x) < 0 for all x in J, then the graph of f is concave downward in J. 


NOTE A third case of Theorem 3.7 could be that if f’(x) = 0 for all x in J, then f is linear. 
Note, however, that concavity is not defined for a line. In other words, a straight line is neither 
concave upward nor concave downward. 


To apply Theorem 3.7, locate the x-values at which f’(x) = 0 or f” does not exist. 
Second, use these x-values to determine test intervals. Finally, test the sign of f(x) in 
each of the test intervals. 


Example G ‘Determining Concavity | 


Determine the open intervals on which the graph of 


6 
AS gras 


is concave upward or downward. 


Solution Begin by observing that f is continuous on the entire real line. Next, find 
the second derivative of f- 


ie nO Xoo ies Rewrite original function. 
Pay = (—6) 00 4 3) 2x) Differentiate. 
eisai in Oe 
= G2 + 3) irst derivative 
2 2(— — (—12 x* + 3)(2; 
(1) = us = 3) | ey ( & pee Mee) Differentiate. 
; oS 5S 
= gold aa Second derivative 
sree jek 3)3 rivativ 


Because f’(x) = 0 when x = +1 and f” is defined on the entire real line, you should 
test f” in the intervals (— 00, — 1), (—1, 1), and (1, co). The results are shown in the 
table and in Figure 3.26. 


"Interval Ogre < = | =e x el WexeX 100 

| Test value x2 x=0 x=2 | 
Sign of f’(x) Fi 2) 0 f0) <0 if (2) sae) 
Conclusion Concave upward | Concave downward | Concave upward 
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Concave |! Concave 
upward |! Pail ‘| upward 

+ + SSeS 

2 2 4 6 

I 1 2 

1 1 x-4+1 

1 | x)= 

' 1 i ) x? =? 4 


Concave 
downward 


Figure 3.27 


NOTE: The definition of point of 
inflection given in this book requires that 
the tangent line exists at the point of 
inflection. Some books do not require 
this. For instance, we do not consider the 
function 


one 5 aan) 
: een) 


to have a point of inflection at the 
origin, even though the concavity, of the 
graph changes from concave downward 
to concave upward. 


Applications of Differentiation 


| 
: 

The function given in Example | is continuous on the entire real line. If there a 
x-values at which the function is not continuous, these values should be used alo 
with the points at which f(x) = 0 or points at which f is not differentiable to fon 
the test intervals. 


Example 2. Determining Concavity 


9 
: x et 
Determine the open intervals in which the graph of f(x) = rae is concave upwai 
or downward. ) 


Solution Differentiating twice produces the following. 


emtae t — . 
os) =" 4 Write original equation. 
ppm 
ees — 2 ae 
TG) = eee aia Differentiate. 
yee 
ee LOS eee 
= @ < 42 irst derivative 
em Caen 4) nek manta amet ON eee ree 
ie (x) a oe z 4)4 Differentiate. 
10(6x7 424) i. 
5 rae Second derivative 


There are no points at which f(x) = 0, but at x = +2 the function f is not contin 
ous, so you test for concavity in the intervals (—co, —2), (—2, 2), and (2, co), 
shown in the table. The graph of f is shown in Figure 3.27. 


Interval = OO BX ae An pete PED TR. S 
Test value x= =-3 x=0 x3 
Sign of f'(x) | f(—3) > 0 70) <0 773) > 0 
Conclusion Deneve upward | Concave downward Concave upward 


la 


Points of Inflection 


The graph in Figure 3.26 has two points at which the concavity changes. If the tange 
line to the graph exists at such a point, that point is a point of inflection. Three typ 
of points of inflection are shown in Figure 3.28. Note that a graph crosses its tange 
line at a point of inflection. 


y y y 


4 4 


Concave 
downwe 


Concave 


Concave 
downward 


upward 


Concave 
upward 


Concave 
downward 


The concavity of fchanges at a point of inflection. 
Figure 3.28 


Fo) =x 4x" 


Points of 
inflection 


+ 


-18 

—27 | 
Oncave | Concave Concave 
pward downward upward 


pints of inflection can occur where 
(x) = 0 or f” does not exist. 
igure 3.29 


(0) = 0, but (0, 0) is not a point of 
flection. 
igure 3.30 
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To locate possible points of inflection, you need only determine the values of x 
for which f’(x) = Oor for which f is not differentiable. This is similar to the proce- 
dure for locating relative extrema of f. 


THEOREM 3.8 Points of Inflection 


If (c, f(c)) is a point of inflection of the graph of f, then either f’(c) = 0 or f is 
not differentiable at x = c. 


Example 3 Finding Points of Inflection 


Determine the points of inflection and discuss the concavity of the graph of 


JOS x4 4x, 


Solution Differentiating twice produces the following. 
ee) eae 
Fix=4¢ S912x2 
fe alan — 24a = 1) 


Write original function. 

Find first derivative. 

Find second derivative. 

Setting f(x) = 0, you can determine that the possible points of inflection occur at 
x = O and x = 2. By testing the intervals determined by these x-values, you can con- 


clude that they both yield points of inflection. A summary of this testing is shown in 
the table, and the graph of f is shown in Figure 3.29. 


r 


Interval OR eal) OK eta, Be X <1 
| eet 

Test value x=-1 x= 1 \ x=3 

Sign of f(x) |  f(—1) > 0 ff") <0 fB>0 

Conclusion Concave upward Concave downward | Concave upward 


The converse of Theorem 3.8 1s not generally true. That is, it is possible for the 
second derivative to be 0 at a point that is not a point of inflection. For instance, the 
graph of f(x) = x* is shown in Figure 3.30. The second derivative is 0 when x = 0, 
but the point (0,0) is not a point of inflection because the graph of f is concave 
upward in both intervals —oo < x < Oand0 <x < oc. 


PRELORLT IO Nea 


Consider a general cubic function of the form 
f(x) = ae + pe + cx od 


You know that the value of d has a bearing on the location of the graph but has 
no bearing on the value of the first derivative at given values of x. Graphically, 
this is true because changes in the value of d shift the graph up or down but do 
not change its basic shape. Use a graphing utility to graph several cubics with 
different values of c. Then give a graphical explanation of why changes in c do 
not affect the values of the second derivative. 
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if O20 


Concave 


lie = Vandy (0) = 0, (ta) asa. 


relative minimum. 


y 
A fc) <0 


I 
Concave 
downward 


| 
I 
I 
I 
I 
1 
r 
i 
G 


ti (er = Wands ic) = 05 fc) isa 
relative maximum. 
Figure 3.31 


fx) ==3x° + 5x? 


j Relative 
maximum 


(1, 2) 


Gly—2) 
Relative 
minimum 


(0, 0) is neither a relative minimum nor a 
relative maximum. 
Figure 3.32 


The Second Derivative Test 


In addition to testing for concavity, the second derivative can be used to perform 
simple test for relative maxima and minima. The test is based on the fact that if th 
graph of a function f is concave upward on an open interval-containing c, an 
f(c) = 0, f(c)must be a relative minimum of f. Similarly, if the graph of a function, 
is concave downward on an open interval containing c, and fc) = 0, f(c) must be. 
relative maximum of f (see Figure 3.31). 


THEOREM 3.9 Second Derivative Test 


Let f be a function such that fc) = 0 and the second derivative of f exists on 
an open interval containing c. 


1. If fc) > 0, then f(c) is a relative minimum. 


2. If fc) < 0, then f(c) is a relative maximum. 


If f’(c) = 0, the test fails. In such cases, you can use the First Derivative Test. 


Proof If f’(c) = 0 and fc) > 0, there exists an open interval J containing c fe 
which 


FELSTe: HOY, 


O§ ——"E BG IG 


forall xe an Plt 2° 6 then" x=e< 0 and f() Os Alsomik a eae 
x —c > Oand f(x) > 0. So, f(x) changes from negative to positive at c, and the Firs 
Derivative Test implies that f(c) is a relative minimum. A proof of the second case i 
left to you. a 


Example 4 Using the Second Derivative Test — 


Find the‘relative extrema for f(x) = —3x° + 522. 


Solution Begin by finding the critical numbers of f- 
f(x) = —15x* + 15x* = 15x7(1 — x2) =0 Set f(x) equal to 0. 
TOP Critical numbers 
Using 
f(x) = —60x? + 30x = 30(—2x3 + x), 


you can apply the Second Derivative Test as follows. 


Point | (be | (1, 2) (0, 0) 
Sign of f(x) | f#"=1) > 0 | fl) <0 £0) = 0 
Conclusion | Relative minimum | Relative maximum Test fails 


Because the Second Derivative Test fails at (0, 0), you can use the First Derivative Te 
and observe that f increases to the left and right of x = 0. So, (0, 0) is neither a relatiy 
minimum nor a relative maximum (even though the graph has a horizontal tangent lir 
at this point). The graph of f is shown in Figure 3.32. vy. 
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EXERCISES FOR SECTION 3.4 


1 Exercises 1-10, determine the open intervals on which the eX 3x 
‘aph is concave upward or concave downward. AB He) 30 } LG, 47] LEN GEES oy OR 
By —x—-x-2 2. y = —x°7 + 3x2 - 2 23. f() = seo(x = 2) (0, 477) 

. . Dp, >? > 


24. f(x) = sinx + cosx, [0, 27] 
25. f(«)\= 2 sinx + sin 2x, [0,27] 
26. f(x) =x+2cosx, [0,27] 


In Exercises 27—40, find all relative extrema. Use the Second 
Derivative Test where applicable. 


avatar 27. $@) = x4 a 4 2 28. f(x) = x? + 3x — 8 
Generated by Derive Generated by Derive 29. cabs) as (x > Se 30. f(x) = =i — 5) 
ae ete 317 (G) =f Bx +3 32. f(x) = = Ox? + 27x 
f(x) = 4. f@) =2— 
x +12 Coie © x CTT SS 2(%) ex (Oa) 34, g(x) = — g(x + 2)°@ - 4) 
figs 36. fia se 1 
37, ayeoac 38. f(x) = —— 
EG Xena 


39: F(x) ="cos x = x, [0,477] 
40. f(x) = 2.sinx + cos 2x, [0,27] 


Py In Exercises 41-44, use a computer algebra system to analyze 
the function over the indicated interval. (a) Find the first and 
second derivatives of the function. (b) Find any relative extrema 
and points of inflection. (c) Graph f, f’, and f” on the same set 

poe || —3x5 + 40x3 + 135x of coordinate axes and state the relationship between the behay- 

f(x) == — 1 Oe ig 770 = ior of f and the signs of f’ and f”. 


41. f(x) = 0.2x2(x — 3)3, [-1, 4] 
42. f(x) = Pr /6 — x, |- V6, V6] 
(x) 
= 


Generated by Derive 


43. f(x) = sinx — +sin 3x + sin 5x, [0, 7] 


44, f(x /2x sin x, [0, 277] 


Getting at the Concept 


Ly -eee ore ee RS 45. Consider a function f such that f’ is increasing. Sketch 
Generated by Derive Generated by Derive graphs of f for (a) f’ < 0 and (b) dhs (0) 
| 46. Consider a function f such that f’ is decreasing. Sketch 
oto ting 3 Fe d g 
. g(x) = 3x? — x er eo te graphs of f for (a) f’ < 0 and (b) f’ > 0. 
. y = 2x — tan x, (-3, Z| 10. »Sx«+ , (—7, 7) | 47. Sketch the graph of a function f that does not have a point | 
22 seule of inflection at (c, f(c)) even though f’(c) = 0. 


48. S represents weekly sales of a product. What can be said of 


Exercises 11-26, find the points of inflection and discuss the Seed utoreace of the following? 


ncavity of the graph of the function. ; ue : 
(a) The rate of change of sales is increasing. 


= i eyes eye 
Ber) = x — 6x7 + 12x 12. f(x) = 2x 3x 12x + 5 (b) Sales are increasing at a slower rate. 


) Soe! D = Nea (ode 

f(x) = gx* — 2x 14, f(x) = 2x" — 8x + 3 (c) The rate of change of sales is constant. 

, = Names. 

Met) — a(x = 4) 16. f(x) = °(x — 4) (d) Sales are steady. 

» f(x) = xvx + 3 18. f(x) =xVx + 1 (e) Sales are declining, but at a slower rate. 
ese ik 


(f) Sales have bottomed out and have started to rise. 


| rarer 20. f(x) =" 
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In Exercises 49-52, graph f, f’, and f” on the same set of 


coordinate axes. To print an enlarged copy of the graph, go to 
the website www.mathgraphs.com. 


49. 50. 


y 
A 


sik 52. 


Think About It (mn Exercises 53-56, sketch the graph of a func- 
tion f having the indicated characteristics. 


53. f(2) = f(4) = 0 54. f(0) = f(2) = 0 
3) 


f (3) is defined. FG) SPO 1k 
aad <8 CL 0 
f(3) does not exist. Thee aaah rel 
af (x )ee> Ovahowest 3 al) 


fia) 0,43 
55. f(2) = f(4) =0 
TG) > 0itx <3 


56. f(0) = f(2) = 0 
iy Ont coal 


f'(3) does not exist. fi) =0 
Himes 1h S93 PUG ae Se eh se 5 I 
f(x) > 0,x #3 £7) >-0 


57. Think About It The figure shows the graph of f” Sketch a 
graph of f. (The answer is not unique.) 


+ 
= 
Figure for 57 


Figure for 58 


58. Think About It Water is running into the vase shown in the 
figure at a constant rate. 


(a) Graph the depth d of water in the vase as a function of time. 
(b) Does the function have any extrema? Explain. 


(c) Interpret the inflection points of the graph of d. 


aed 59. Conjecture Consider the function f(x) = (x — 2)”. 


(a) Use a graphing utility to graph f for n = 1, 2, 3, and 4. Us 
the graphs to make a conjecture about the relationshi 
between n and any inflection points of the graph of f- 

(b) Verify your conjecture in part (a). 

60. (a) Graph f(x) = </x and identify the inflection point. 

(b) Does f(x) exist at the inflection point? Explain. 


In Exercises 61 and 62, find a, b, c, and d such that the cubi 
f (x) = ax? + bx? + cx + d satisfies the indicated conditions. 


61. Relative maximum: (3, 3) 62. Relative maximum: (2, 4) 


Relative minimum: (5, 1) Relative minimum: (4, 2) 
Inflection point: (4, 2) Inflection point: (3, 3) 


63. Aircraft Glide Path A small aircraft starts its descent from a: 
altitude of 1 mile, 4 miles west of the runway (see figure). 

(a) Find the cubic f(x) = ax? + bx? + cx + d on the interva 

[—4, 0] that describes a smooth glide path for the landing 

(b) The function in part (a) models the glide path of the plane 

When would the plane be descending at the most rapid rate 


y 


FOR FURTHER INFORMATION For more information on this type 
of modeling, see the article “How Not to Land at Lake Tahoe!” by 
Richard Barshinger in The American Mathematical Monthly. To 
view this article, go to the website www.matharticles.com. 


Py 64. Highway Design A section of highway connecting tw 


hillsides with grades of 6% and 4% is to be built between tw: 
points that are separated by a horizontal distance of 2000 fee 
(see figure). At the point where the two hillsides come togethe: 
there is a 50-foot difference in elevation. 


(a) Design a section of highway connecting the hillside 
modeled by the function f(x) = ax? + bx? + cx +. 
(—1000 < x < 1000). At the points A and B, the slope c 
the model must match the grade of the hillside. 

(b) Use a graphing utility to graph the model. 

(c) Use a graphing utility to graph the derivative of the mode 


(d) Determine the grade at the steepest part of the transitions 
section of the highway. 


B(1000, 90) a _- ti 


oe 


. Highway 
fe ade 


~>.~ A(-1000, 60) 
078 a 


EES -= 


SECTION 3.4 


19] 


Concavity and the Second Derivative Test 


5. Beam Deflection The deflection D of a particular beam of Pe Linear and Quadratic Approximations In Exercises 71-74, use 
a graphing utility to graph the function. Then graph the linear 
and quadratic approximations 


P(x) = f(a) + f(@& — a) 


length L is 
D = 2xt-— 51 + 317x2 


where x is the distance from one end of the beam. Find the 
value of x that yields the maximum deflection. 


. Specific Gravity A model for the specific gravity of water S is 


SEIS! So 20540 
Si 108 LT? 5 Pap OSS. Os P< YS 


3 
+ 10° 10° 


where T is the water temperature in degrees Celsius. 


(a) Use a computer algebra system to find the coordinates of 
the maximum value of the function. 


(b) Sketch a graph of the function over the specified domain. 
(Use a setting in which 0.996 < S < 1.001.) 


(c) Estimate the specific gravity of water when T = 20°. 

. Average Cost A manufacturer has determined that the total 
cost C of operating a factory is 

C = 0.5x* + 15x + 5000 


where x is the number of units produced. At what level of 
production will the average cost per unit be minimized? (The 
average cost per unit is C/x.) 


. Inventory Cost ‘The total cost C for ordering and storing x 
units is 


a 300,000 
5 
What order size will produce a minimum cost? 
. Sales Growth The annual sales S of a new product is given by 


Z 5000r? 
8 + t? 


where f is time in years. Find the time when sales are increas- 
ing at the greatest rate. 


. Modeling Data The average typing speed S of a typing 
student after t weeks of lessons is shown in the table. 


» Be EIERE 

Ps | 38 | 56 | 79 90 | 93 | 94 
eee OUr 

A model for the data isS Hee S40), 


(a) Use a graphing utility to plot the data and graph the model. 

(b) Use the second derivative to determine the concavity of S. 
Compare the result with the graph in part (a). 

(c) What is the sign of the first derivative for t > 0? Combining 
this information with the concavity of the model, what infer- 
ences can be made about the typing speed as f¢ increases? 


and 


P,(x) = f(a) + f(@@& — a) + 5 f(a)(x — a? 

in the same viewing window. Compare the values of f, P,, and 
P, and their first derivatives at x = a. How do the approxima- 
tions change as you move farther away from x = a? 


71. 


72. 
73. 


Ay TS 


76. 


We 


78. 


True or False? 


Function Value of a 


f(x) = 2(sin x + cos x) 


f(x) = 2(sin x + cos x) 


a 
ye) = at a= 


oo Aly 


ll 
1) 


Use a graphing utility to graph y = x sin(1/x). Show that the 
graph is concave downward to the right of x = 1/7. 


Show that the point of inflection of f(x) = x(x — 6)? lies 
midway between the relative extrema of f. 


Prove that every cubic function with three distinct real zeros has 
a point of inflection whose x-coordinate is the average of the 
three zeros. 


Show that the cubic polynomial p(x) = ax? + bx? + cx + d 
has exactly one point of inflection (Xp, yo), where 
Sab pee 


ape ag 


3a 


aie eh 


ues ae 


Use this formula to find the point of inflection of p(x) = 
Bee a ie 2 


In Exercises 79-84, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


ihe), 


80. 


81. 
82. 
83. 
84. 


The graph of every cubic polynomial has precisely one point of 
inflection. 


The graph of f(x) = 1/x is concave downward for x < 0 and 
concave upward for x > O, and thus it has a point of inflection 
at x = 0. 


The maximum value of y = 3sin x + 2cos x is 5. 
The maximum slope of the graph of y = sin(bx) is b. 
If f(c) > 0, then f is concave upward at x = c. 


If f’(2) = 0, then the graph of f must have a point of inflection 
at x = 2. 
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‘Section 3.5 


Applications of Differentiation ; 


Limits at Infinity 


fx) 3 fa) — 3 


asx > —°2 as x 4 °° 
$f + S444 4 
ad 23-20 =I in eee 


The limit of f(x) as x approaches — co or 
CO is 3). 
Figure 3.33 


NOTE By writing jim f(x) = Lor 
iim f(x) = L, we men ‘that the limit 


exists and the limit is equal to L. 


y 


A 


lim fla) = L 


f(x) is within e units of Las x 300. 
Figure 3.34 


¢ Determine (finite) limits at infinity. 
* Determine the horizontal asymptotes, if any, of the graph of a function. 
¢ Determine infinite limits at infinity. 


Limits at Infinity 


This section discusses the “end behavior” of a function on an infinite interva 
Consider the graph of 

8x2 ; 

jAe3) = ) 


etd 


as shown in Figure 3.33. Graphically, you can see that the values of f(x) appear t 
approach 3 as x increases without bound or decreases without bound. You can com 
to the same conclusions numerically, as shown in the table. 


% Ceres ito bound without bound. x [ners widow bound without [ners widow bound 


The table suggests that the value of f(x) approaches 3 as x increases without boun 
(x — 00). Similarly, f(x) approaches 3 as x decreases without bound (x — —co 
These limits at infinity are denoted by 


jim f(x) = 3 


Limit at negative infinity 


and 


lim f(x) = 


Limit at positive infinity 
x90 


To say that a statement is true as x increases without bound means that for som 
(large) real number M, the statement is true for all x in the interval {x: x > M}. Th 
following definition uses this concept. 


Definition of Limits at Infinity 
Let L be a real number. 


1. The statement tim, f(x) = L means that for each ¢ > 0 there exists an M > 0 


such that LF) - en < € whenever x > M. 
2. The statement lim f(x) = L means that for each ¢ > 0 there exists an N < 0 
i> ae Om 


such that | f(x) — L| < ¢ whenever x < N. 


The definition of a limit at infinity is illustrated in Figure 3.34. In this figure, no 
that for a given positive number e there exists a positive number M such that, fi 
x > M, the graph of f will lie between the horizontal lines given by y = L + « ar 
Vale ce: 


Jse a graphing utility to sketch the 
graph of 


207 An 6 

Be eee 
Jescribe all the important features of 
he graph. Can you find a single 
viewing window that shows all of 
hese features clearly? Explain your 
easoning. 

_ What are the horizontal asymp- 
otes of the graph? How far to the 
ight do you have to move on the 
graph so that the graph is within 
),001 unit of its horizontal asymp- 
ote? Explain your reasoning. 
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Horizontal Asymptotes 


In Figure 3.34, the graph of f approaches the line y = Las x increases without bound. 
We call the line y = L a horizontal asymptote of the graph of f. 


Definition of a Horizontal Asymptote 


The line y = Lis a horizontal asymptote of the graph of f if 
lim f@)=L or lim f(@) =L. 


Note that from this definition, it follows that the graph of a function of x can have 
at most two horizontal asymptotes—one to the right and one to the left. 
Limits at infinity have many of the same properties of limits discussed in Section 
1.3. For example, if lim f(x) and lim g(x) both exist, then 
x—00 x00 


lim [f(x) + g(x)] = lim f(x) + lim g(x) 
and 
Tim [f(@)g@)] = [ lim fO)][ lim, gO) 


Similar properties hold for limits at — co. 
When evaluating limits at infinity, the following theorem is helpful. (A proof of 
this theorem is given in Appendix B.) 


THEOREM 3.10 Limits at Infinity 


If r is a positive rational number and c is any real number, then 


Example 1 Evaluating a Limit at Infinity 


cr nS ISSAC SSSR SS SS NAST ST TI I LDL LL EO ILS TILDE ISL DIE ALE DPT LCELA ADI REE 


Z 
Find the limit: lim (5 = 2) 
Solution Using Theorem 3.10, you can write the following. 


2 lab: 
lim (5 = 3) =<tim 5) = lim+5 
2 


x09 x00 X00 X~ 


Property of limits 
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1 Gee 
1 5+ 
Wee 
aa 
1 3 ia) x+1 


+—++—+ + 
6h ft ES) 


| 
Ss 


-------4+----- 


y = 21sa horizontal asymptote. 
Figure 3.35 


NOTE When you encounter an indeter- 
minate form such as the one in Example 
2, we suggest dividing the numerator and 
denominator by the highest power of x in 
the denominator. 


0 80 
0 
As x increases, the graph of f moves closer 
and closer to the line y = 2. 
Figure 3.36 


Applications of Differentiation 


crn mmm 


Example a E valuating a Limit at Infinity 


EEL ietteay ieee 
in ele ieee eer 


Solution Note that both the numerator and the denominator approach infinity as 
approaches infinity. 


lim (2x — 1) > co ; 


20° ak a 


lim (x + 
x—=>00 


1) > 00 


This results in —, an indeterminate form. To resolve this problem, you can divic 
ee) 


both the numerator and the denominator by x. After dividing, the limit may be eval 
ated as follows. 


2% —-1 
Die ll a “ei : 

lim = lim Divide numerator and denominator by x. 

x200 x + I] asco K+ 1 
x 
1 
ere 
= hin =——— 
Der Ae.) 


; aise | 
ion 2 = Vbion, = 
x °9o x00 X eee : : 
SS SSS ee Take limits of numerator and denominator. 


= Apply Theorem 3.10. 


So, the line y = 2 is a horizontal asymptote to the right. By taking the limit | 
X— — oo, you can see that y = 2 is also a horizontal asymptote to the left. The gray 
of the function is shown in Figure 3.35. iy’ 


_ TECHNOLOGY You can test the reasonableness of the limit found in Example 2 1 
- evaluating f(x) for a few large positive values of x. For instance, 


f(100) ~ 1.9703, (1000) ~ 1.9970, and (10,000) ~ 1.9997. 


¥ 


; Another way to test the reasonableness of the limit is to use a graphing utility. F 
_ instance, in Figure 3.36, the graph of 


al 
a 


Nhe 


4 is shown with the horizontal line y = 2. Note that as x increases, the graph of 


~ moves closer and closer to its horizontal asymptote. 


vi} Example 3A Comparison of Three Rational Functions 


Marta Aonest (1718-1799) 


A gnesi was one of a handful of women to 
eceive credit for significant contributions to 
nathematics before the twentieth century. In 
ler early twenties, she wrote the first text that 
included both differential and integral calcu- 
us. By age 30, she was an honorary member 
of the faculty at the University of Bologna. 


7, 


y 
4 
2-- af 
fx) cee 
et t } t 1 
=2 =1 1 2 
lim f(x) = 0 lim f(x) =0 
x—y co sr se} 


as a horizontal asymptote at y = 0. 
sure 3.37 


IR FURTHER INFORMATION For 

wre information on the contributions of 
men to mathematics, see the article 
Thy Women Succeed in Mathematics” 
Mona Fabricant, Sylvia Svitak, and 
ricia Clark Kenschaft in Mathematics 
icher. To view this article, go to the 
bsite www.matharticles.com. 
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Find each of the limits. 


we Die ae rae Ee eS) i 5 eS 
"p90 3x? + I * psc 3x2 + 1 el 
Solution In each case, attempting to evaluate the limit produces the indeterminate 


form co/co. 
a. Divide both the numerator and the denominator by x?. 


(yx) 45 /x7)— 0 4 Oe 0 
34+(1/x2) 3+0 3 


eg 
x00 3x2 = 1 “3 ae 


= 0 


b. Divide both the numerator and the denominator by x?. 


Di 2 NO Ne ee 2 tee Ole 2 


eats eo ko 0 


c. Divide both the numerator and the denominator by x?. 


ee 2S lim 24 (Ox) 0 
x30 3x2 +1 x90 34+ (1/x2) 3 


You can conclude that the limit does not exist because the numerator increases 


ra} 


without bound while the denominator approaches 3. Va 


a 


Guidelines for Finding Limits at Infinity of Rational Functions 


1. If the degree of the numerator is /ess than the degree of the denominator, 
then the limit of the rational function is 0. 


2. If the degree of the numerator is equal to the degree of the denominator, 
then the limit of the rational function is the ratio of the leading coefficients. 


3. If the degree of the numerator is greater than the degree of the denominator, 
then the limit of the rational function does not exist. 


Use these guidelines to check the results in Example 3. These limits seem reasonable 
when you consider that for large values of x, the highest-power term of the rational 
function is the most “influential” in determining the limit. For instance, the limit as x 
approaches infinity of the function 


Coe = 
ft) Bias ia | 
is 0 because the denominator overpowers the numerator as x increases or decreases 
without bound, as shown in Figure 3.37. 

The function shown in Figure 3.37 is a special case of a type of curve studied by 
the Italian mathematician Maria Gaetana Agnesi. The general form of this function is 


8a? 
x? + 4a? 


f(x) = Witch of Agnesi 
and, through a mistranslation of the Italian word vertéré, the curve has come to be 
known as the Witch of Agnesi. Agnesi’s work with this curve first appeared in a 


comprehensive text on calculus that was published in 1748. 
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oe te 
meats 

rele Horizontal 
asymptote 


to the right 


Horizontal 
asymptote 
to the left 


Functions that are not rational may have dif- 


ferent right and left horizontal asymptotes. 
Figure 3.38 


4 


The horizontal asymptote appears to be the 
line y = | but is actually the line y = 2. 
Figure 3.39 


Applications of Differentiation 


In Figure 3.37, you can see that the function f (x) = 1/(x? + 1) approaches th 


same horizontal asymptote to the right and to the left. This is always true of ration 
functions. Functions that are not rational, however, may approach different horizont 
asymptotes to the right and to the left. This is demonstrated in Example 4, 


a ooo 


Example 4 4 “A Func tion with Two Horizontal Asymptotes 


Determine each of the limits. 


i aye = 2 ante she = 2 
A ———<$<——<$—— : ——————— 
x00 /2x2 + | x00 /Dx2 + J 
Solution 


a. For x > 0, you can write x = \/x?. So, dividing both the numerator and tl 


denominator by x produces 


OX pte 3-2 3-- 


abe = 2 


Ay 2x ones zal ee! + a te 


and you can take the limit as follows. 


b. For x < 0, you can write x = —./x*. So, dividing both the numerator and tl 


denominator by x produces 


phe e- 2 Z 
o) gaat bi ae 
Sxtent2t Ta os Le os x 
/ 2x sicall Vidnteahl oe | | 
: _ AMER eae | OI age 
PU KS a x2 
and you can take the limit as follows. 
2 
3 = 
. Skee 2 : ¥ a0) 3 
lim lim = = === 
x90 2x2 +] x9-00 { = 
= Ua 
ae 
The graph of f(x) = (3x — 2)//2x? + 1 is shown in Figure 3.38. iy 


Se ate ea ee 
5 2 Sees 


Psaates serotonin a 


| TECHNOLOGY PITFALL 
_ sure that you also confirm the estimate analytically—the pictures shown by 


If you use a graphing utility to help estimate a limit, 
graphing utility can be misleading. For instance, Figure 3.39 shows one view of t 
graph of 


2x3 + 1000x2 + x 
x? + 1000x2 + x + 1000° 


From this view, one could be convinced that the graph has y = 1 as a horizon 


_ asymptote. An analytical approach shows that the horizontal asymptote is actua 
_ y = 2. Confirm this by enlarging the viewing window on the graphing utility. 
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= In Section 1.3 (Example 9), you saw how the Squeeze Theorem can be used to 


evaluate limits involving trigonometric functions. This theorem is also valid for 
limits at infinity. 


Example 5 Limits Involving Trigonometric Functions 


Determine each of the limits. 


‘ : .  sinx 
a. lim sinx b. lim 

x—0o x— 00 XS 
Solution 


a. As x approaches infinity, the sine function oscillates between | and —1. So, this 
limit does not exist. 


b. Because —1 < sin x < 1, it follows that for x > 0, 


1 sin x 


1 
—— 
X xX X 


where lim (—1/x) = 0 and lim (1/x) = 0. Therefore, by the Squeeze Theorem, 
x00 x00 
you can obtain 


i Sin x 0 
} x increases without bound, f(x) Saee ye 
proaches 0). ao om 
igure 3.40 as indicated in Figure 3.40. 


vo cc nmevevericatewvn Arena VT Pron ACID eS OI URE nr PUP RAN EYRE RPO 


Example 6 Oxygen Level in a Pond 


Suppose that f(t) measures the level of oxygen in a pond, where f(t) = 1 is the normal 
(unpolluted) level and the time ¢ is measured in weeks. When ft = 0, organic waste is 
dumped into the pond, and as the waste material oxidizes, the level of oxygen in the 
pond is 


?—t+1 
+1 


fi) = 


What percent of the normal level of oxygen exists in the pond after 1 week? After 2 
weeks? After 10 weeks? What is the limit as ¢ approaches infinity? 


Solution When t = 1, 2, and 10, the levels of oxygen are as follows. 


fe =F 
peers sa = 5 = 50% 1 week 
tee 
f(2) = | =3- 60% 2 weeks 
2— 10+ 
f(10) = ” — 1 = = = 90.1% 10 weeks 


To take the limit as t approaches infinity, divide the numerator and the denominator 
by 7 to obtain 

yaeiris t+) laa) ceutl/ tera mn Oe.O) 
ie level of oxygen in a pond approaches the [a ar a 1 + (1/t?) ns i 
rmal level of 1 as tf approaches co. * 
sure 3.41 (See Figure 3.41.) TA 


1 = 100%. 
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NOTE Determining whether a function 
has an infinite limit at infinity is useful 
in analyzing the “end behavior” of its 
graph. You will see examples of this in 
Section 3.6 on curve sketching. 


Figure 3.42 


Figure 3.43 


Infinite Limits at Infinity 


Many functions do not approach a finite limit as x increases (or decreases) withor 
bound. For instance, no polynomial function has a finite limit at infinity. To describe th 
behavior of polynomial and other functions at infinity, we use the following definition 


Definition of Infinite Limits at Infinity 


Let f be a function defined on the interval (a, 20). 


1. The statement jim nf (x) = co means that for each positive number M, there is 
a corresponding Ae N > O such that f(x) > M whenever x > N. 
2. The statement lim f(x) = —oo means that for each negative number M, there 
x79 


is a corresponding number N > 0 such that f(x) <M whenever x > N. 


Similar statements can be made about the notations lim f(x) = oo an 
x3—-90 


E vample 7 Finding Infinite | Limits at Infinity 


Find each limit. 


a. lim x? b. lim x° 
x00 x — 00 
Solution 


a. As x increases without bound, x? also increases without bound. So, you can writ 
limes =-oc! 


x98 
b. As x decreases without bound, x* also decreases without bound. So, you can writ 
lumy 271= > co. 
x—>—oo 


The graph of f(x) = x in Figure 3.42 illustrates these two results. These results agre 
with the Leading Coefficient Test for polynomial functions as described in Section P. 


Example 8 Finding Infinite L imits at Infinity y 


Find each limit. 


Solution One way to evaluate these limits is to use long division to rewrite tl 
improper rational function as the sum of a polynomial and a rational function. 


_ 2x2 — 4x , 6 
. lim —— = =n a ee 
a jim me tim (2s () ar ar 7) CO 


x>=908 X 1 x>-cO 


The above statements can be interpreted as saying that as x approaches +00, the fun: 
tion f(x) = (2x? — 4x)/(x + 1) behaves like the function g(x) = 2x — 6. In Sectic 
3.6, you will see that this is graphically described by saying that the line y = 2x — 
is a slant asymptote of the graph of h as shown in Figure 3.43. Cd 


EXERCISES FOR SECTION 3.5 


| Exercises 1—6, match the function with one of the graphs [(a), 
), (c), (d), (e), or (f)] using horizontal asymptotes as an aid. 


(b) 


) (d) y 
A 
3-- 
yell 
1+ 
Se) = > x 
(lati? ga 
pei 
=3 =. 
) y (f) y 
A A 
s+ 4+ 
Diels 
}—+—+S4 44» 
x -—3 -2 -l 2 
Bey 24022 QA it 
fe) = = 2. fx) = —S 
ee 2 2 ne +2 
aX J 
Ff) = 4. f(x) = 2+ 
BG) => f(x) = 2 spe 
_ 4sinx €5 2x4 34 4-5 
BIG) = 6. fix) = a =“ 1 


umerical and Graphical Analysis In Exercises 7-12, use a 
aphing utility to complete the table and estimate the limit as 
approaches infinity. Then use a graphing utility to graph the 
nction and estimate the limit graphically. 


¢ 10° 10! | 10 


1s 10" 1) 10> | 10° 


| 

| _ 4x +3 bowong 

ci => BS ae 
pees xe apa Le 

Ff6) = ar 10. i) = 

Bees 1 f(x) =44+5 


eae 2) 
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In Exercises 13 and 14, find lim h(x), if possible. 
x7 00 
13, f= 5x?-— 3x% + 10 


a roy = 22 yay = 
x a 
(c) h(x) = fe 
14, fay = 5x7 3x7 
(a) ne) = 22) ume! 
a Xe 
(c) hx) = im 


In Exercises 15-18, find each of the limits, if possible. 


tt 
15. (a) lim = 16. (a) Jim eee 
SSO 1 oo 3X 3 
x27 +2 3 — 2x 
I) lite, S$ 
Oy at Oy od 
x2 +2 — 2x? 
(c) aa all ) a ered 1 
5 — 2x3/2 5x3/2 
Mize i == 3 arta ee 
©) ae 34 8) Nae? 1 
: 5 = 2x3/2 Sx pif, 
ORE rea (0) lim Fol 
5 — 2x3/2 5x3/2 
(@) kat) = e) bia SS 
xoco 3x —4 i) x00 4./x + ] 
In Exercises 19-32, find the limit. 
On 1 3x3 + 2 
tee ae 3x +2 us ie 9x3 — 2x2 + 7 
x 3 
21, lies 22. lim (4 A 3) 
XC. KF 1 x—0O K 
5x2 ’ 1 4 
23. PET, x+3 od a & a 4) 
Sin 26. lim = 
x—>—00 x2-—x x —90 3 a= I 
x + —3x + 
Dr nen ee FY Naa gee 
x00 \/x2 — x x00 \/x2 + x 
ey bits 
29. tm 30. in 
x90 re, x00 XG 
31. lim = aha aa 32. lim oe 
Se Rin x * x30 5G 


In Exercises 33 and 34, use a graphing utility to graph the func- 


tion and verify that it has two horizontal asymptotes. 


aL a 


ae x*7+2 


33. f(x) = 
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In Exercises 35 and 36, find the limit. (Hint: Let x = 1/t and 
find the limit as t— 0+.) 


ay, ihe oe nee 36. lim x tan t 
x—00 ae BE 


x— co 


cd In Exercises 37—40, find the limit. (Hint: Treat the expression 
as a fraction whose denominator is 1, and rationalize the 
numerator.) Use a graphing utility to verify your result. 


37. lim (x + Jx? +3) 38. lim (2x — /4x2 +7) 
39. lim (x — /x? +x) 


X= eo) 


40. lim (3x + V9x? = x) 


cd Numerical, Graphical, and Analytic Analysis In Exercises 41-44, 
use a graphing utility to complete the table and estimate the limit 
as x approaches infinity. Then use a graphing utility to graph the 
function and estimate the limit graphically. Finally, find the limit 
analytically and compare your results with the estimates. 


* ONO! Oe | i? | iG Ge jigs 
fe) | a= 
AT ok a ae — 1) 42> fG) =e ta 1) 
Pe aig | 
43. f(x) = x sin 5 44, f(x) = 2 


Getting atthe Concept | 
45. The graph of a function f is shown below. To print 


an enlarged copy of the graph, go to the website 
www.mathgraphs.com. 


(a) Sketch f”. 


(b) Use the graphs to estimate lim f(x) and lim f’(x). 
x co X00 


(c) Explain the answers you gave in part (b). 


. Sketch a graph of a differentiable function f that satisfies 
the following conditions and has x = 2 as its only critical 
number. 


iG) < Oise a < BD 
i Gli 0 for xn = 2 
lim f(x) = lim f(x) = 6 


. Is it possible to sketch a graph of a function that satisfies the 
conditions of Exercise 46 and has no points of inflection? 
Explain. 


Getting at the Concept (continued) 


48. If f is a continuous function such that lim. f(x) = 5, find, 


if possible, lim f(x) for each specified condition. 
t= = 00: 


(a) The graph of f is symmetric to the y-axis. 


(b) The graph of f is symmetric to the origin. 


acd In Exercises 49-66, sketch the graph of the equation. Look fc 
extrema, intercepts, symmetry, and asymptotes as necessar 
Use a graphing utility to verify your result. 


+ 
ieee 
1- 
x 
ai aay 
2 
a 
52: eG 
x2 
SS ea 
57.497 =4 
59. y= ae 
5 ih = ge 
rye 
% 
2 
6357 =35 = 
x 
me 
6500). —— 
Jx?—4 


50. 


52. 


54. 


56. 
58. 


60. 


62. 


64. 


66. 


i 


Il 


Ga 
sy) 


04. 


a] In Exercises 67-76, use a computer algebra system to analyz 
the graph of the function. Label any extrema and/or asymptote 
that exist. 


l 


67. f(x) =5-—= 


68. fl) = 
R= I 
69. f(x) = =~ 
ct x2 — 4 
l 
70. f(x) = SLR 
oa 
Tle Wats 
f(x) x2 — 4x +3 
wor Ml 
Pee = 
ie) x7 +x4+1 
She 
73. = 
fla) 4x2 + 1 
2x 
74. o(x) = ———— 
at J3x2 + 1 
75, g(x)\k= sin x ; 
je = DQ 
76. f(x) 2 sin 2x 
x 


Pad 


3 i SCO 
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1 Exercises 77 and 78, (a) use a graphing utility to graph f and Fy 83. Modeling Data A heat probe is attached to the heat exchanger 

in the same viewing window, (b) verify algebraically that f 
nd g represent the same function, and (c) zoom out sufficiently 
ir so that the graph appears as a line. What equation does this 
ne appear to have? (Note that the points at which the function 
not continuous are not readily seen when you zoom out.) 


Me te ere ok tee 
I. f(x) = Pay 78. f(x) = 52 
2 1 i 
Noe ale a cs Poe 
glx) = x xa — 3) simp ectihring 


. 


= 


| pee § 


iw 


Average Cost A business has a cost of C = 0.5x + 500 for 
producing x units. The average cost per unit is 


C= 


ae) 


Find the limit of C as x approaches infinity. 


Engine Efficiency The efficiency of an internal combustion 
engine is 


; 1 
Efficiency (%) = 100 [ com 
where v,/v, is the ratio of the uncompressed gas to the 
compressed gas and c is a positive constant dependent on the 
engine design. Find the limit of the efficiency as the compres- 
sion ratio approaches infinity. 


. A line with slope m passes through the point (0, 4). 


(a) Write the distance d between the line and the point (3, 1) as 
a function of m. 


(b) Use a graphing utility to graph the equation in part (a). 
(c) Find lim d(m) and lim d(m). Interpret the results 
m+ co i=>— CO 


geometrically. 


. Modeling Data The table shows the world record times for 


running one mile, where ¢ represents the year with t = 0 corre- 
sponding to 1900, and y is the time in minutes and seconds. 


t ] 23 33 45 54 
a es | 
y 4:10.4 4:07.6 4:01.3 3:59.4 
t 58 66 719 85 99 
3:54.5 | Bailes 3:48.9 3:46.3 3:43.1 
ye a 


A model for the data is 


3.3511? + 42.461t — 543.730 
y = 


t2 
where the seconds have been changed to a decimal part of a 
minute. 
(a) Use a graphing utility to plot the data and graph the model. 


(b) Does there appear to be a limiting time for running one 
mile? Explain. 


PE sa. 


85. 


86. 


True or False? 


of a heating system. The temperature T (degrees Celsius) is 
recorded t seconds after the furnace is started. The results for the 
first 2 minutes are recorded in the table. 


Pao 150) 36. |) 43" 60 | 
ett 

T | 25.2° | 36.9° | 45.5° | 51.4° | 56.0° 

fa 

5 "50 1 ios | 120 

T | 59.6° | 62.0° | 64.0° | 65.2° 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form 7, = at? + bt + c for the data. 


(b) Use a graphing utility to graph T,. 
(c) A rational model for the data is 
45 + 86s 


58 +t 
Use a graphing utility to graph the model. 
(d) Find 7,(0) and T,(0). 
(e) Find lim T,. 
(f) fvierore: the result in part (e) in the context of the problem. 
Is it possible to do this type of analysis using T,? Explain. 


Modeling Data The average typing speed S of a typing 
student after t weeks of lessons is shown in the table. 


10072 
65 + ft? 


(a) Use a graphing utility to plot the data and graph the model. 


A model for the data is § = t> 0. 


(b) Does there appear to be a limiting typing speed? Explain. 


In your own words, state the guidelines for finding the limit of 
a rational function. Give examples. 


Prove that if p(x) = a,x" +--+ + a,x + ay and 


gine boars * - 4 bx + by (a, = 0,b,, = 0), then 
0, n<m 

lim p(x) = “ n=m 

x00 q(x) Din 


In Exercises 87 and 88, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


87. 


88. 


If f(x) > O for all real numbers x, then f increases without 
bound. 
If f’(x) < 0 for all real numbers x, then f decreases without 
bound. 
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40 
6} ©) 
-10 
200 
+10 30 
~1200 
Different viewing windows for the same 
graph 
Figure 3.44 


A Summary of Curve Sketching 


e Analyze and sketch the graph of a function. 


Analyzing the Graph of a Function 


It would be difficult to overstate the importance of using graphs in mathematics 
Descartes’s introduction of analytic geometry contributed significantly to the rapi 
advances in calculus that began during the mid-seventeenth century. In the words ¢ 
Lagrange, “As long as algebra and geometry traveled separate paths their advance wa 
slow and their applications limited. But when these two sciences joined company, the 
drew from each other fresh vitality and thenceforth marched on at a rapid pace towar 
perfection.” 

So far, you have studied several concepts that are useful in analyzing the graph c 
a function. 


* x-intercepts and y-intercepts (Section P.1) 
e¢ Symmetry (Section P.1) 
¢ Domain and range (Section P.3) 
¢ Continuity (Section 1.4) 
¢ Vertical asymptotes (Section 1.5) 
¢ Differentiability (Section 2.1) 
¢ Relative extrema (Section 3.1) 
¢ Concavity (Section 3.4) 
¢ Points of inflection (Section 3.4) 
¢ Horizontal asymptotes (Section 3.5) 
e Infinite limits at infinity (Section 3.5) 


When you are sketching the graph of a function, either by hand or with a graph 
ing utility, remember that normally you cannot show the entire graph. The decision a 
to which part of the graph you choose to show is often crucial. For instance, which ¢ 
the viewing windows in Figure 3.44 better represents the graph of 


Ce a 25x" 4 208 


By seeing both views, it is clear that the second viewing window gives a more com 
plete representation of the graph. But would a third viewing window reveal othe 
interesting portions of the graph? To answer this, you need to use calculus to interpre 
the first and second derivatives. Here are some guidelines for determining a goo 
viewing window for the graph of a function. 


Guidelines for Analyzing the Graph of a Function 


1. Determine the domain and range of the function. 
2. Determine the intercepts, asymptotes, and symmetry of the graph. 


3. Locate the x-values for which f(x) and f(x) are either zero or do not exist. 
Use the results to determine relative extrema and points of inflection. 


NOTE In these guidelines, note the importance of algebra (as well as calculus) for solving tl 
equations f(x) = 0, f(x) = 0, and f(x) = 0. 


ma 
] 


Horizontal minimum 


asymptote: 


2 
— O eae 
S aa 1 9 B 
oe! eases 
5 > il Oe il 
> ser 1 > BR 
1 
| Relative 
1 
! 
! 


Jsing calculus, you can be certain that you 
lave determined all characteristics of the 
raph of (f. 

figure 3.45 


7OR FURTHER INFORMATION For 

nore information on the use of technol- 
yy to graph rational functions, see the 
ticle “Graphs of Rational Functions for 
Somputer Assisted Calculus” by Stan 
syrd and Terry Walters in The College 
Aathematics Journal. To view this article, 
(0 to the website www.matharticles.com. 


=e) 


sy not using calculus you may overlook 
nportant characteristics of the graph of g. 
‘igure 3.46 
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sreecercenenansnanconovomssnaten niente 


Example 1 Analyzing and Sketching the Graph of a Rational Function 


Analyze and sketch the graph of f(x) = a 
Solution 
First derivative: f(x) = oa 
Second derivative: f(x) = ee 


x-intercepts: (—3, 0), (3, 0) 

y-intercept: (0, 3) 
Vertical asymptotes: x = —2,x = 2 
Horizontal asymptote: y = 2 
Critical number: x = 0 
Possible points of inflection: None 
Domain: A\ll real numbers except x = +2 
Symmetry: With respect to y-axis 
Test intervals: (—oo, —2), (—2,0), (0, 2), (2; co) 


The table shows how the test intervals are used to determine several characteristics of 
the graph. The graph of f is shown in Figure 3.45. 


f(x) Fld) Wp Ax) Characteristic of Graph 
168) << je Kay) = = Decreasing, concave downward 
x= -2 Undef. | Undef. | Undef. ie Vertical asymptote 
=) ye 0) = oF Decreasing, concave upward 
l x=0 “ 0 + Relative minimum 
Onamrs 2 adh ef ia Increasing, concave upward 
x=2 Undef. | Under. | Undef. Vertical asymptote 
O a 30 CE =e = Increasing, concave downward 4 


Be sure you understand all of the implications of creating a table such as that 
shown in Example |. Because of the use of calculus, you can be sure that the graph has 
no relative extrema or points of inflection other than those indicated in Figure 3.45. 


= TECHNOLOGY PITFALL Without using the type of analysis outlined in Example 1, 
_ it is easy to obtain an incomplete view of a graph’s basic characteristics. For 


: instance, Figure 3.46 shows a view of the graph of 


2(x? — 9)(x — 20) 
(4 )in 217 


g(x) = 


: From this view, it appears that the graph of g is about the same as the graph of f 
_ shown in Figure 3.45. The graphs of these two functions, however, differ signifi- 


i cantly. Try enlarging the viewing window to see the differences. 
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D2 


oo 
a 


fo) 
H 
i 


(4, 6) 
Relative 


Vertical asymptote: x 


ae 
Ne -------i+-=------- 
y 
be 


4 6 


4 
<— Relative 
| maximum 
apeay: 


_ x? -2x+4 
MMe a 


Figure 3.47 


2 


a 


*s Vertical asymptote: x 


_x?-2x+4 
ee 


A slant asymptote 
Figure 3.48 


ketching the Graph of a Rational Function 


Example 2 Analyzing and § 


Ke 2x 4 
Analyze and sketch the graph of f(x) = aoe : 
Solution : 
First derivative: f(x) = = 

8 


Second derivative: f(x) = (=a 


x-intercepts: None 
y-intercept: (0, —2) 
Vertical asymptote: x = 2 
Horizontal asymptotes: None 
End behavior: Jim, f(x) = -0, jim, f(x) = c0 
Critical numbers: x = 0,x = 4 
Possible points of inflection: None 
Domain: A\l real numbers except x = 2 
Test intervals: (—oo, 0), (0, 2), (2, 4), (4, ce) 


The analysis of the graph of f is shown in the table, and the graph is shown in 
Figure 3.47. 


f(x) f(x) Se) Characteristic of Graph 
=66 237 = 4 = Increasing, concave downward 
x=0 2 0 5 Relative maximum 
Oe GD) = = Decreasing, concave downward 
x= baie Undef. | Undef. Vertical asymptote 
2<x<4 = at Decreasing, concave upward 
x=4 6 0 + Relative minimum 
At<= % =906 + + Increasing, concave upward 


Although the graph of the function in Example 2 has no horizontal asymptote, i 
does have a slant asymptote. The graph of a rational function (having no commot 
factors) has a slant asymptote if the degree of the numerator exceeds the degree o 
the denominator by 1. To find the slant asymptote, use long division to rewrite thé 
rational function as the sum of a first-degree polynomial and another rational function 

ote Dx see 


f(x) SS Rewrite using long division. 
b iesae 


=x+ y = x is a slant asymptote. 


SD 


In Figure 3.48, note that the graph of f approaches the slant asymptote y = x as . 
approaches — oo or 00. 


* 


Horizontal 
asymptote: 
I 


---— 
(0, 0) 
Point of 
inflection 


Horizontal 


asymptote: 
ia 


igure 3.49 


y Relative 
maximum 
(0, 0) 


fx) Ps 9x5/3 es 543 


i= 3) 
Point of 
inflection 


(8, —16) 
Relative minimum 


sure 3.50 
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Example 3 Analyzing and Sketching the Graph of a Radical Function 


Xx 


Analyze and sketch the graph of f(x) = ————. 
ee on 24 


Solution 
eae 2 af 6x 
iy (x) = (x2 if 2)3/2 ip (x) a (x? te 2)5/2 
The graph has only one intercept, (0, 0). It has no vertical asymptotes, but it has two 
horizontal asymptotes: y = | (to the right) and y = —1 (to the left). The function has 


no critical numbers and one possible point of inflection (at x = 0). The domain of the 
function is all real numbers, and the graph is symmetric with respect to the origin. The 
analysis of the graph of f is shown in the table, and the graph is shown in Figure 3.49. 


f(x) f(x) Sx) Characteristic of Graph 
— oon =< () +: + Increasing, concave upward 
| 
x=0 0) a 0 Point of inflection 
Ones Se RCS a = Increasing, concave downward 


Example 4 Analyzing and Sketching the Graph ofa Radical F unction 


Analyze and sketch the graph of f(x) = 2x°/9 — 5x*/?. 


Solution 


- 200121 
£7) = Bares —2) pe) = METS 
The function has two intercepts: (0, 0) and (72°, 0). There are no horizontal or verti- 
cal asymptotes. The function has two critical numbers (x = 0 and x = 8) and two 
possible points of inflection (x = 0 and x = 1). The domain is all real numbers. The 
analysis of the graph of f is shown in the table, and the graph is shown in Figure 3.50. 


[ f Gre ie) fc) Characteristic of Graph 
100. <X <0 | S me Increasing, concave downward 
x=0 be 0 0 Undef. Relative maximum 
OR=av—ell a — Decreasing, concave downward | 
| ox=1 = = 0 Point of inflection 
Pec 8 = + Decreasing, concave upward 
x= 8 i 16 4 Relative minimum 
8 =x =< CO fs + “i + Increasing, concave upward 


r A 
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ee corer rea 


ix Example 5 ; Analyzing and Sketching the Graph of a Polynomial Functio 
EE 
Analyze and sketch the graph of f(x) = x4 — 12x? + 48x? — 64x. 


Solution Begin by factoring to obtain 
fix) = x0 = 1253 48x — O40 
xte 74)? 


II 


Then, using the factored form of f(x), you can perform the following analysis. 


First derivative: f(x) = 4(x — 1)(x — 4)? 
Second derivative: f’(x) = 12(x — 4)(x — 2) 


fx) = x4 — 12x73 + 48x? — 64x 
(0, 0) 


y 


i y! ae x-intercepts: (0, 0), (4, 0) 
-5 y-intercept: (0, 0) 
Point of : 
-10 inflection Vertical asymptotes: None 
Horizontal asymptotes: None 
ea (2, -16) 
Point of End behavior: lim f(x) = 00, lim f(x) = co 
oo inflection i se 
Critical numbers: x = 1,x = 4 
pja = 
aR Possible points of inflection: x = 2,x = 4 
Cl, S27 
A Sei TE Domain: All real numbers 
(a) Test intervals: (—co, 1), (1, 2), (2, 4), (4, co) 


The analysis of the graph of f is shown in the table, and the graph is shown in Figu 
3.51(a). Using a computer algebra system such as Derive (see Figure 3.51b) can he 
you verify your analysis. 


f (x) f(x) F(x) Characteristic of Graph 
oon tee = +e Decreasing, concave upward 
x=1 p27 0 ae Relative minimum 
2 NE ae Z ae ts Increasing, concave upward 
i} x= 2 = h6 a 0 Point of inflection 
(b) 2<% <4 i. = Increasing, concave downwarc 
A polynomial function of even degree must : : : 
have at least one relative extremum. aly 0 0 0 Point of inflection 
Figure 3.51 Ava Xe 66 + a Increasing, concave upward 


y 


The fourth-degree polynomial function in Example 5 has one relative minimt 
and no relative maxima. In general, a polynomial function of degree n can have 
most n — | relative extrema, and at most n — 2 points of inflection. Moreover, po 
nomial functions of even degree must have at least one relative extremum. 

Remember from the leading coefficient test described in Section P.3 that the “‘e 
behavior” of the graph of a polynomial function is determined by its leading coe! 
cient and its degree. For instance, because the polynomial in Example 5 has a posit 
leading coefficient, the graph rises to the right. Moreover, because the degree is ev 
the graph also rises to the left. 


ears 
2 


Ra 
ii} i 
ta uy R 
o, A o , 
3) 5 
= 
Qu! Q. 
q! & 
ay a 
a | a 
ms =| 
SI i) 
fl 2 
real 
oOo; 3 
Pal > 
woe 
IG 20 


| 
= 


+ ( 


Point of 
-2T inflection 


—3-+- 


Racose: 
ea ink 


a) 


Generated by Derive 


b) 
‘igure 3.52 


SECTION 3.6 =A Summary of Curve Sketching 207 


Example 6 Analyzing and Sketching the Graph of a Trigonometric Function 


Analyze and sketch the graph of f(x) = | Tee 
sin x 


Solution Because the function has a period of 27, you can restrict the analysis of 
the graph to the interval (— 7/2, 37/2). 


1 
First derivative: 20) tea aa 
x) 1 => sins 
cos x 
Second derivative: f(x) = —————} 
#1) (1 + sin x)? 
Period: 27 
7 
x-intercept: (Z 0) 
y-intercept: (0, 1) 
: 7 307 
Vertical asymptotes: x = ie: Xa > 


Horizontal asymptotes: None 
Critical numbers: None 
: ‘ : ; T 
Possible points of inflection: x = > 


3 + 4n 
2 


Domain: A\ll real numbers except x = 


est intervals: 9” 9 5 7” 2 


Tos 


The analysis of the graph of f on the interval (— 77/2, 3277/2) is shown in the table, and 
the graph is shown in Figure 3.52(a). Compare this with the graph generated by the 
computer algebra system Derive in Figure 3.52(b). 


f(x) FF) Sx) Characteristic of Graph 
ee ee 
xi -2 Undef. | Undef. | Undef. Vertical asymptote 
le re 
7 7 : 
ee SS = + Decreasing, concave upward 
[ee 2 
T ] : ; 
1 Sere 0 aa 0 Point of inflection 
2 Pet 
7 ce aks 2 = = Decreasing, concave downward 
37 : 
ney Undef. Undef. | Undef. Vertical asymptote 


NOTE The work involved in sketching the graph of a trigonometric function can be lessened 
sometimes by using trigonometric identities. For instance, the function in Example 6 can be 
rewritten as 


fls) = = coi( + 7), 


=i sinx 


In this form, you can recognize the familiar cotangent graph shown in Figure 3.52. 
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EXERCISES FOR SECTION 3.6 


In Exercises 1-4, match the graph of f in the left column with 
that of its derivative in the right column. 


Graph of f Graph of f” 
1. y (a) ss 


Ds 2 (b) 


Sa y (c) 


4. y (d) y 


| 
wt 
y 


5. Graphical Reasoning The graph of f is given in the figure. 
(a) For which values of x is f(x) zero? Positive? Negative? 
(b) For which values of x is f(x) zero? Positive? Negative? 
(c) On what interval is f’ an increasing function? 


(d) For which value of x is f(x) minimum? For this value of x, 
how does the rate of change of f compare with the rate of 
change of f for other values of x? Explain. 


Figure for 5 


6. Graphical Reasoning Identify the real numbers Xp, x, x5, x 
and x, in the figure such that each of the following is true. 


(a) f(x) =0 


(c) f(x) does not exist. 


y 
rN 


Figure for 6 


(b) f(x) = 0 


(d) f has a relative maximum. 


(e) f has a point of inflection. 


ne 
ed eae 3 
1 
9 y= —— 3 
2x 
11. y= 
oes 
4 
x)=xt 
13. g(x) =x ae 
ae 
CR ae eas 
i 
x — 6x 12 
17. y= 
: ig Ct 
19. y=xVJ/4-x 


256 -¥ Sr = 3x 
27..v 2 = 4 98 
29. f(x) = 3x3 — 9x + 1 


x5 
5:2 yes | 
oe aril 
10. y= 229 
+ 
12 4G) 
6 
32 
14) 
ie 
16a 
0) tie, ram x2 = 4 
2x2 — 5x +5 
iby oo == 
: =P) 
20. g(x) =x/9 — x 
22. y= xJ/16 — 2 
24. y= 3(x -—1P?8-@-1L 


Py In Exercises 7-38, analyze and sketch a graph of the functio1 
Label any intercepts, relative extrema, points of inflection, an 
asymptotes. Use a graphing utility to verify your results. 


y = —3(3 — 3x + 2) 
FR = Feo eee 


32. y = 3x4 — 6x? +2 


34. f(x) = x* — 8x3 + 18x? — 16x +5 
36. y= (x — 1)° 
38. y = |x? — 6x + 5| 


35icy)= 0 = 5x 
37. y = |2x — 3| 
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Exercises 39-46, sketch a graph of the function over the indi- 
ted interval. Use a graphing utility to verify your graph. 


: Getting at the Concept (continued) 


Function Interval 
. y = sinx — 7 sin 3x ss 2a 
. y = cosx — + cos 2x ORS 27; 
* y = 2x — tan = Bi 
y = 2x Xx Sei 
mey = 2(x — 2) + cotx O<x<7 
» y = 2(csc x + sec x) Oni 
(Submitted by Bill Fox, Moberly Area Community College, 
Moberly, MO 
jy = sec'( 2) ~ 2 tan( 2) = 1 sag aah ae} bites j 
B() - Ae Ban | 57. Suppose f(t) < 0 for all ¢ in the interval (2, 8). Explain 
. g(x) = x tanx ome: why f(3) > (5). 
. e(x) = xcotx Pe ge) or 58. Suppose f(0) = 3 and2 < f(x) < 4 for all x in the interval 


[—5, 5]. Determine the greatest and least possible values of 


f(2). 


Exercises 47-50, use a computer algebra system to analyze 
id graph the function. Identify any relative extrema, points of 
flection, and asymptotes. 

acd In Exercises 59 and 60, use a graphing utility to graph the 


. f(x) = cole ved 48. f(x) = s(t aoxn function. Use the graph to determine whether it is possible for 
x +h x AS the graph of a function to cross its horizontal asymptote. Do you 
: = x 50 S 4x think it is possible for the graph of a function to cross its vertical 
» f(x) = Se +7 » £0) = Sx + 15 asymptote? Why or why not? 
eae ly Nee oe 5B 
DE x*— 4x45 Bb a x4+1 


etting at the Concept 


[In Exercises 51 and 52, the graphs of f, f’, and f” are shown 
on the same set of coordinate axes. Which is which? To 
print an enlarged copy of the graph, go to the website 

www.mathgraphs.com. | 


ad Writing In Exercises 61 and 62, use a graphing utility to graph 
the function. Explain why there is no vertical asymptote when a 
superficial examination of the function may indicate that there 
should be one. 


1. le ee 
5 y @ = De RANE x aD 
3) = ie wee il 


61. h(x) = 


ad Writing In Exercises 63 and 64, use a graphing utility to graph 
the function and determine the slant asymptote of the graph. 
Zoom out repeatedly and describe how the graph on the display 
appears to change. Why does this occur? 


x2 — 3x - 1 2x2 — 8x — 15 
x-2 64. glx) = x—5 


63. f(x) = - 


In Exercises 53—56, use the graph of f’ to sketch a graph of 
f and the graph of f”. To print an enlarged copy of the 
sraph, go to the website www.mathgraphs.com. | 


acd 65. Graphical Reasoning Consider the function 


COs? 77x 
Sa Oe: 
FO) J +1 
(a) Use a computer algebra system to graph the function and 
use the graph to visually approximate the critical numbers. 


By 54. y 


y 


(b) Use a computer algebra system to find f’ and approximate 
the critical numbers. Are the results the same as the visual 
approximation in part (a)? Explain. 
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Pe 66. Graphical Reasoning Consider the function 
f(x) = tan(sin rx). 


(a) Use a graphing utility to graph the function. 

(b) Identify any symmetry of the graph. 

(c) Is the function periodic? If so, what is the period? 
(d) Identify any extrema on (—1, 1). 


(e) Use a graphing utility to determine the concavity of the 
graph on (0, 1). 


Think About It In Exercises 67-70, create a function whose 
graph has the indicated characteristics. (There is more than 
one correct answer.) 


67. Vertical asymptote: « = 5 
Horizontal asymptote: y = 0 
68. Vertical asymptote: x = —3 


Horizontal asymptote: None 
69. Vertical asymptote: x = 5 
Slant asymptote: y = 3x + 2 
70. Vertical asymptote: x = 0 


Slant asymptote: y = —x 


Ae 71. 


Graphical Reasoning Consider the function 


ax 


(va bP 


fx) = 


(a) Determine the effect on the graph of f if b # O and a is 
varied. Consider cases where a is positive and a is negative. 


(b) Determine the effect on the graph of f if a # 0 and b is 
varied. 


Py WP 


Consider the function 

fx) = Sax)? = (ax), a= 0, 

(a) Determine the changes (if any) in the intercepts, extrema, 
and concavity of the graph of f when a is varied. 


(b) In the same viewing window, use a graphing utility to graph 
the function for four different values of a. 


Py Ws 


Investigation Consider the function 


for nonnegative integer values of n. 

(a) Discuss the relationship between the value of n and the 
symmetry of the graph. 

(b) For which values of n will the x-axis be the horizontal 
asymptote? 

(c) For which value of n will y = 3 be the horizontal asymptote? 

(d) What is the asymptote of the graph when n = 5? 


(e) Use a graphing utility to graph f for the indicated values of 
n in the table. Use the graph to determine the number of 
extrema M and the number of inflection points N of the 
graph. 


lau 
| | 

: BRS 
Table for 73(e) 


74. Investigation Let P(xXp, yo) be an arbitrary point on the gra 
of f such that f’(x,) # 0, as indicated in the figure. Verify ea 


of the following. 

< f (Xp) 0) 

o A)’ 

(b) The y-intercept of the tangent line is (0, f(%)) — xo f’(% 
(c) The x-intercept of the normal line is (x) + f(%o) f(x), 


(a) The x-intercept of the tangent line is (x, 


: ee Xo 
(d) The y-intercept of the normal line is (0. Vo 1 on 
= FX) 
estas 
(f) |PC| = / ey id Goll 
Xo 


g) |AB| = |fO%)f’Co)| 
(h) |AP| = |flo)|V1 + Lf’Go)P 


/ 


Fe Tike 


Modeling Data The data in the table show the number N 
bacteria in a culture at time ¢, where ¢ is measured in days. 


t l 2 3 4 | 
N | 25 | 200 | 804 | 1756 | 
as) | 6 | , 8 
N | 2296 | 2434 | 2467 | 2473 


A model for this data is given by 


24,670 eso nloStcnele 2o0r 
= Bios, 


y 100 — 39t + 7t? = 


(a) Use a graphing utility to plot the data and graph the moc 

(b) Use the model to estimate the number of bacteria wl 
t= 10. 

(c) Approximate the day when the number of bacteria y 
greatest. 


(d) Use a computer algebra system to determine the time wl 
the rate of increase in the number of bacteria was greate 


(e) Find lim N(2). 
t>o00 
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Section 3.7 : Optimization Problems 


* Solve applied minimum and maximum problems. 


Applied Minimum and Maximum Problems 


One of the most common applications of calculus involves the determination of 
minimum and maximum values. Consider how frequently you hear or read terms such 
as greatest profit, least cost, least time, greatest voltage, optimum size, least size, 
greatest strength, and greatest distance. Before outlining a general problem-solving 
strategy for such problems, let’s look at an example. 


oncraoronwersnitateantits 


sroeomtncnaanenco rth) oO BStAhssaeCAIE RASC NAALAAOMORLE NOSE ARRAS RAC ADA ORAL ONAN ROCTSERAAR OCA ERTL RE NSSERNS AL AER 


Example 1 Finding Maximum Volume 


A manufacturer wants to design an open box having a square base and a surface area 
of 108 square inches, as shown in Figure 3.53. What dimensions will produce a box 
with maximum volume? 


Solution Because the box has a square base, its volume is 


Vee Primary equation 


pen box with square base: (This equation is called the primary equation because it gives a formula for the quan- 
= 2+ Arh = 108 tity to be optimized.) The surface area of the box is 


igure 3.53 S = (area of base) + (area of four sides) 


S = x* + 4xh-= 108; Secondary equation 


Because V is to be maximized, you want to express V as a function of just one vari- 
able. To do this, you can solve the equation x? + 4xh = 108 for h in terms of x to 
obtain h = (108 — x?)/(4x). Substituting into the primary equation produces 


V=xh Function of two variables 


BeOS oe 
==1p Oa |e or area Substitute for h. 


x . . 
== ise — Function of one variable 


4 
Before finding which x-value will yield a maximum value of V, you should determine 
the feasible domain. That is, what values of x make sense in this problem? You know 
that V = 0. You also know that x must be nonnegative and that the area of the base 
(A = x?) is at most 108. So, the feasible domain is 


Os 4 S108; Feasible domain 
To maximize V, you can find the critical numbers of the volume function. 


TECHNOLOGY You can verify your dV 3x2 _ 
answer by using a graphing utility to ae 2h 7 ae 0 Set derivative equal to 0. 
graph the volume 


3 
Vi = Di be "a ye = 26 Critical numbers 

Meine windowin which So, the critical numbers are x = +6. You do not need to consider —6 because it is 

O<x< Ga ~ 10.4 and outside the domain. Evaluating V at the critical number x = 6 and at the endpoints of 

0 < y < 120, and the trace feature to the domain produces V(0) = 0, V(6) = 108, and VY 108) = 0. Thus, V is maximum 


determine the maximum value of V. when x = 6 and the dimensions of the box are 6 x 6 x 3 inches. VA 
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NOTE When performing Step 5, recall 
that to determine the maximum or 
minimum value of a continuous function 
f on a closed interval, you should 
compare the values of f at its critical 
numbers with the values of f at the 
endpoints of the interval. 


) 


In Example 1, you should realize that there are infinitely many open boxes he 


ing 108 square inches of surface area. To begin solving the problem, you might at 
yourself which basic shape would seem to yield a maximum volume. Should the bs 
be tall, squat, or nearly cubical? . 


You might even try calculating a few volumes, as shown in Figure 3.54, to see 


you can get a better feeling for what the optimum dimensions should be. RememeE 
that you are not ready to begin solving a problem until you have clearly identifi 
what the problem is. 


$i 
Volume = 744 Volume = 92 Volume = 1033 


3 
5x5x459 


eS Z 
4x4x57Z 


1 
3x3x 8] 


Volume = 88 


6X6x3 


Which box has the greatest volume? 
Figure 3.54 


Example | illustrates the following guidelines for solving applied minimum a1 


maximum problems. 


Guidelines for Solving Applied Minimum and Maximum Problems 


1. 


Identify all given quantities and quantities to be determined. When feasible, 
make a sketch. 


. Write a primary equation for the quantity that is to be maximized (or mini- 


mized). (A review of several useful formulas from geometry is presented 
inside the front cover.) 


- Reduce the primary equation to one having a single independent variable. 


This may involve the use of secondary equations relating the independent 
variables of the primary equation. 3 


. Determine the feasible domain of the primary equation. That is, determine the 


values for which the stated problem makes sense. 


. Determine the desired maximum or minimum value by the calculus techniques 


discussed in Sections 3.1 through 3.4. 


1 


Phe quantity to be minimized is distance: 


ee 0)? + (y = 2)" 
figure 3.55 


r Re 
Best: Prencntey ioe as 


= ee 

Steak 5 a 

Pas Re ge: 
Gsoe Pe nee | 15 in 
Re AISEE vents Da 


he quantity to be minimized is area: 


= (x + 3)(y + 2). 
igure 3.56 
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Example oh Finding Minimum Distance 


Which points on the graph of y = 4 — x? are closest to the point (0, 2)? 


Solution Figure 3.55 indicates that there are two points at a minimum distance from 
the point (0, 2). The distance between the point (0, 2) and a point (x, y) on the graph 
of y = 4 — x is given by 


d= af & = 0)? ae (y a Da Primary equation 


Using the secondary equation y = 4 — x’, you can rewrite the primary equation as 
C= aie (A le x 3 A, 


Because d is smallest when the expression inside the radical is smallest, you need only 
find the critical numbers of f(x) = x*+ — 3x? + 4. Note that the domain of f is the 
entire real line. Moreover, setting f’(x) equal to 0 yields 


iO) = 453 —-6r = 2x07 S13) = 10 


The First Derivative Test verifies that x = 0 yields a relative maximum, whereas both 
x = \/3/2 and x = — \/3/2 yield a minimum distance. Hence, the closest points are 
(/3/2, 5/2) and (— /3/2, 5/2). 


Example 3 “Finding Minimum Area 


A rectangular page is to contain 24 square inches of print. The margins at the top and 
bottom of the page are to be ibs inches, and the margins on the left and right are to be 
1 inch (see Figure 3.56). What should the dimensions of the page be so that the least 
amount of paper is used? 


Solution Let A be the area to be minimized. 
A= (x + 3)(y + 2) Primary equation 
The printed area inside the margins is given by 
24 = xy. Secondary equation 
Solving this equation for y produces y = 24/x. Substitution into the primary equation 
produces 
24 v2 
Avie (4 oF 2] = 30 4 2x oF Function of one variable 
x x 
Because x must be positive, you are interested only in values of A for x > 0. To find 
the critical numbers, differentiate with respect to x. 


a = x? = 36 
dx x 


So, the critical numbers are x = +6. You do not have to consider —6 because it is 
outside the domain. The First Derivative Test confirms that A is a minimum when 

= 6. Therefore, y = 2 = 4 and the dimensions of the page should be x + 3 = 9 
RES byy+2=6 Renee Lf 
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Two posts, one 12 feet high and the other 28 feet high, stand 30 feet apart. They ar 
to be stayed by two wires, attached to a single stake, running from ground level to th 
top of each post. Where should the stake be placed to use the least wire? 


Solution Let W be the wire length to be minimized. Using Figure 3.57, you can writ 


W=yt+z. Primary equation 


In this problem, rather than solving for y in terms of z (or vice versa), you can soly 


The quantity to be minimized is length. for both y and z in terms of a third variable x, as shown in Figure 3.57. From th 
From the diagram, you can see that x varies Pythagorean Theorem, you obtain 

between 0 and 30. : r i 

Figure 3.57 sae oe ale 


(30 = x)? + 282 = 27 
which implies that 


y= x? + 144 
z= Jx? — 60x + 1684. 


Thus, W is given by 
Wi vere 
PAA n/a? — G0 1684, ce: 
Differentiating W with respect to x yields 
dW _ x ee aU 


MPM cated 9/2, 00s 164, 
By letting dW/dx = 0, you obtain 
x ai Koes AS ays 
Vie anLAA dawex/ 262 aw OO a LOSA 
xJ/x2 — 60x + 1684 = (30 — x) Vx? + 144 
x(x? — 60x + 1684) = (30 — x)?(x? + 144) 
x* — 60x3 + 1684x? = x4 — 60x? + 1044x?2 — 8640x + 129,606 
640x? + 8640x — 129,600 = 0 
320(x — 9)(2x + 45) = 0 
yO, Gy. 


Because x = — 22.5 is not in the domain and 
W(0) ~ 53.04, Ww(9) = 50, and W(30) ~ 60.31 


you can conclude that the wire should be staked at 9 feet from the 12-foot pole. 


: 

TECHNOLOGY From Example 4, you can see that applied optimization problem 

_ can involve a lot of algebra. If you have access to a graphing utility, you can cor 

_ firm that x = 9 yields a minimum value of W by sketching the graph of 

You can confirm the minimum value of W : a 7} jaa 
with a graphing utility. : Wi ita Eases 


Figure 3.58 : as shown in Figure 3.58. 


45 


iG Area: x 


val 


9 


% 


Perimeter: 4.x 


& 4 feet 


Circumference: 27r 
le quantity to be maximized is area: 
=x+ ar. 
igure 3.59 


What would the answer be if Example 
5 asked for the dimensions needed to 
enclose the minimum total area? 
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In each of the first four examples, the extreme value occurs at a critical number. 
Although this happens often, remember that an extreme value can also occur at an 
endpoint of an interval, as shown in Example 5. 


Example 5 An Endpoint Maximum 


Four feet of wire is to be used to form a square and a circle. How much of the wire 
should be used for the square and how much should be used for the circle to enclose 
the maximum total area? 
Solution The total area (see Figure 3.59) is given by 
A = (area of square) + (area of circle) 
A =x? + ar’. Primary equation 


Because the total amount of wire is 4 feet, you obtain 


4 = (perimeter of square) + (circumference of circle) 
4=4x + 27r. 


So, r = 2(1 — x)/z, and by substituting into the primary equation you have 


gare (20=ap 


= ae + o)x— SoA), 
7 


The feasible domain is 0 < x < I restricted by the square’s perimeter. Because 


dA Um+4)x—8 


dx 1 
the only critical number in (0, 1) is x = 4/(a + 4) ~ 0.56. Therefore, using 
A(0) = 1.273,. A(0'56) ~0.56,. and A(l)=41 


you can conclude that the maximum area occurs when x = 0. That is, all the wire is 
used for the circle. | 


Let’s review the primary equations developed in the first five examples. As appli- 
cations go, these five examples are fairly simple, and yet the resulting primary equa- 
tions are quite complicated. 


W = x2 + 144 + /x? — 60x + 1684 
Ge Bx 34 A= “[(r + 4)x? — 8x + 4] 


72 
US: ea 


You must expect that real-life applications often involve equations that are at least as 
complicated as these five. Remember that one of the main goals of this course is to 
learn to use calculus to analyze equations that initially seem formidable. 
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EXERCISES FOR SECTION 3.7 


Pe 1. Numerical, Graphical, and Analytic Analysis Find two 

positive numbers whose sum is 110 and whose product is a 

maximum. 

(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) 


First Second 
Number x 


Number Product P 


10(110 — 10) = 1000 


20(110 — 20) = 1800 


(b) Use a graphing utility to generate additional rows of the 
table. Use the table to estimate the solution. (Hint: Use the 
table feature of the graphing utility.) 


(c) Write the product P as a function of x. 


(d) Use a graphing utility to graph the function in part (c) and 
estimate the solution from the graph. 


(e) Use calculus to find the critical number of the function in 
part (c). Then find the two numbers. 


In Exercises 2-6, find two positive numbers that satisfy the 
given requirements. 

2. The sum is S and the product is a maximum. 

3. The product is 192 and the sum is a minimum. 


4. The product is 192 and the sum of the first plus three times the 
second is a minimum. 


5. The second number is the reciprocal of the first and the sum is 
a minimum. 


6. The sum of the first and twice the second is 100 and the product 
is a maximum. 


In Exercises 7 and 8, find the length and width of a rectangle 
that has the given perimeter and a maximum area. 


7. Perimeter: 100 meters 


8. Perimeter: P units 
In Exercises 9 and 10, find the length and width of a rectangle 
that has the given area and a minimum perimeter. 


9. Area: 64 square feet 


10. Area: A square centimeters 


In Exercises 11-14, find the point on the graph of the function 
that is closest to the given point. 


Function Point 


11. f(x) = Vx (4, 0) 
13. f(x) = x2 (2,3) 


Function Point 


12) RPS) fore (2, 0) 
14, f(x) = (x + 1)? (5, 3) 


Lab LAB 
Series 5 


15. Chemical Reaction In an autocatalytic chemical reaction, 1 
product formed is a catalyst for the reaction. If Qy is the amon 
of the original substance and x is the amount of catalyst form 
the rate of enema reaction is 


dQ 


ae = kx(Qy - a) 


For what value of x will the rate of chemical reaction 
greatest? 


16. Traffic Control On a given day, the flow rate F (cars I 
hour) on a congested roadway is 


Vv 
~ 22 + 0.02v2 


where v is the speed of the traffic in miles per hour. What spe 
will maximize the flow rate on the road? 


17. Area A farmer plans to fence a rectangular pasture adjac« 
to a river. The pasture must contain 180,000 square met 
in order to provide enough grass for the herd. What dime 
sions would require the least amount of fencing if no fencing 
needed along the river? 


18. Area A rancher has 200 feet of fencing with which to encle 
two adjacent rectangular corrals (see figure). What dimensic 
should be used so that the enclosed area will be a maximum 


19. Volume 
(a) Verify that each of the rectangular solids shown in— 
figure has a surface area of 150 square inches. 
(b) Find the volume of each. 
(c) Determine the dimensions of a rectangular solid (with 


square base) of maximum volume if its surface area is 
square inches. 


1. (a) 


12. Numerical, Graphical, and Analytic Analysis 


4). Numerical, Graphical, and Analytic Analysis An open box 


of maximum volume is to be made from a square piece of mate- 
rial, 24 inches on a side, by cutting equal squares from the cor- 
ners and turning up the sides (see figure). 


(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) Use the table to 
guess the maximum volume. 


Length and 
Height Width Volume 
1 24 (1) 1[24 — 2(1)P = 484 
2 24a 12) 2(24°— 2(2) a=. 800 


(b) Write the volume V as a function of x. 


(c) Use calculus to find the critical number of the function in 
part (b) and find the maximum value. 

(d) Use a graphing utility to graph the function in part (b) and 
verify the maximum volume from the graph. 


Solve Exercise 20 given that the square piece of material 
is s meters on a side. 


(b) If the dimensions of the square piece of material are dou- 
bled, how does the volume change? 

A physical 

fitness room consists of a rectangle with a semicircle on each 

end. A 200-meter running track runs around the outside of 

the room. 

(a) Draw a figure to represent the problem. Let x and y repre- 
sent the length and width of the rectangle. 

(b) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) Use the table to 
guess the maximum area of the rectangular region. 


Length x Width y Area 
2 2 
10 =(100 — 10) | (10)—(100 — 10) ~ 573 
T a; 
2 2 
20 =(100 — 20) | (20)—(100 — 20) ~ 1019 
| = 7 


(c) Write the area A as a function of x. 

(d) Use calculus to find the critical number of the function in 
part (c) and find the maximum value. 

(e) Use a graphing utility to graph the function in part (c) and 
verify the maximum area from the graph. 


23. 


24. 


BE 2s. 


26. 


27. 
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Optimization Problems 


Area A Norman window is constructed by adjoining a semi- 
circle to the top of an ordinary rectangular window (see figure). 
Find the dimensions of a Norman window of maximum area if 
the total perimeter is 16 feet. 


Area A rectangle is bounded by the x- and y-axes and the 
graph of y = (6 — x)/2 (see figure). What length and width 
should the rectangle have so that its area is a maximum? 


Figure for 24 


Figure for 25 


Length A right triangle is formed in the first quadrant by the 
x- and y-axes and a line through the point (1, 2) (see figure). 


(a) Write the length L of the hypotenuse as a function of x. 


(b) Use a graphing utility to graphically approximate x such 
that the length of the hypotenuse is a minimum. 


(c) Find the vertices of the triangle such that its area is a 
minimum. 


Area Find the area of the largest isosceles triangle that can be 
inscribed in a circle of radius 4 (see figure). 


(a) Solve by writing the area as a function of h. 
(b) Solve by writing the area as a function of a. 


(c) Identify the type of triangle of maximum area. 


| 
| 


Z\ “iN 


Figure for 26 Figure for 27 


Area A rectangle is bounded by the x-axis and the semicircle 
y = /25 — x? (see figure). What length and width should the 
rectangle have so that its area is a maximum? 


218 


28. 


29. 


30. 


1 31. 


32. 


33. 


Figure for 33 
34. 


35: 


36. 
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Area Find the dimensions of the largest rectangle that can be 
inscribed in a semicircle of radius r (see Exercise 27). 


Area A rectangular page is to contain 30 square inches of 
print. The margins on each side are | inch. Find the dimensions 
of the page such that the least amount of paper is used. 


Area A rectangular page is to contain 36 square inches of print. 
The margins on each side are to be 1 inches. Find the dimen- 
sions of the page such that the least amount of paper is used. 


Numerical, Graphical, and Analytic Analysis A right circu- 
lar cylinder is to be designed to hold 22 cubic inches of a soft 
drink (approximately 12 fluid ounces). 


(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) 


Radius r | Height Surface Area 
DD Do) 
; : VP Se renee || at PHAN) 
0.2 70.22 27(0 2)|0.2 al 0.3 
22 22 
; } 4 ae | : 
; 0.4 70.4) 2n(0.4)| 0.4 a iii 


(b) Use a graphing utility to generate additional rows of the 
table. Use the table to estimate the minimum surface area. 
(Hint: Use the table feature of the graphing utility.) 


(c) Write the surface area S as a function of r. 


(d) Use a graphing utility to graph the function in part (c) and 
estimate the minimum surface area from the graph. 


(e) Use calculus to find the critical number of the function in 
part (c) and find dimensions that will yield the minimum 
surface area. 


Surface Area Use calculus to find the required dimensions 
for the cylinder in Exercise 31 if its volume is V, cubic units. 


Volume A rectangular package to be sent by a postal service 
can have a maximum combined length and girth (perimeter of 
across section) of 108 inches (see figure). Find the dimensions 
of the package of maximum volume that can be sent. (Assume 
the cross section is square.) 


SS 


Figure for 35 
Volume Rework Exercise 33 for a cylindrical package. (The 
cross section is circular.) 


Volume Find the volume of the largest right circular cone that 
can be inscribed in a sphere of radius r (see figure). 


Volume Find the volume of the largest right circular cylinder 
that can be inscribed in a sphere of radius r. 


Getting at the Concept 


37. The perimeter of a rectangle is 20 feet. Of all possible 
dimensions, the maximum area is 25 square feet when its 
length and width are both 5 feet. Are there dimensions that 
yield a minimum area? Explain. 

38. A plastic ‘shampoo bottle is a right circular cylinder. 

Because the surface area of the bottle does not change when 

it is squeezed, is it true that the volume remains the same? 

Explain. 


39. Surface Area A solid is formed by adjoining two hem 
spheres to the ends of a right circular cylinder. The total volum 
of the solid is 12 cubic centimeters. Find the radius of th 
cylinder that produces the minimum surface area. 


40. Cost An industrial tank of the shape described in Exercise 3 
must have a volume of 3000 cubic feet. The hemispherical enc 
cost twice as much per square foot of surface area as the side: 
Find the dimensions that will minimize cost. 


41. Area The sum of the perimeters of an equilateral triangle an 
a square is 10. Find the dimensions of the triangle and th 
square that produce a minimum total area. 


42. Area Twenty feet of wire is to be used to form two figures. ] 
each of the following cases, how much should be used for eac 
figure so that the total enclosed area is maximum? 


(a) Equilateral triangle and square 

(b) Square and regular pentagon 

(c) Regular pentagon and regular hexagon 
(d) Regular hexagon and circle 


What can you conclude from this pattern? {Hint: The are 
of a regular polygon with n sides of length x is A = 
(n/4)Lcot(a7/n) 2°. } 

43. Beam Strength A wooden beam has a rectangular cro} 
section of height 4 and width w (see figure). The strength S « 
the beam is directly proportional to the width and the square « 
the height. What are the dimensions of the strongest beam th’ 
can be cut from a round log of diameter 24 inches? (Hin 
S = kh’w, where k is the proportionality constant.) ) 


(—x, 0) (x, 0) 


Figure for 43 Figure for 44 | 


44. Minimum Length Two factories are located at the coordinat! 
(—x, 0) and (x, 0) with their power supply located at the poi 
(0, h) (see figure). Find y such that the total amount of pow 
line from the power supply to the factories is a minimum. 


Projectile Range The range R of a projectile fired with an 
initial velocity vj at an angle 6 with the horizontal is 


_ Vor Sin 26 
§ 


where g is the acceleration due to gravity. Find the angle 6 such 
that the range is a maximum. 


and 


f= 32 


Consider the functions 
5x2 on the domain [0, 4]. 


Conjecture 

Bix) = iex* — 

(a) Use a graphing utility to graph the functions on the speci- 
fied domain. 

0) Write the vertical distance d between the functions as a 


function of x and use calculus to find the value of x for 
which d is maximum. 


(c) Find the equations of the tangent lines to the graphs of f 
and g at the critical number found in part (b). Graph the 
tangent lines. What is the relationship between the lines? 


(d) Make a conjecture about the relationship between tangent 
lines to the graphs of two functions at the value of x at 
which the vertical distance between the functions is great- 


est, and prove your conjecture. 


Illumination A light source is located over the center of a 
circular table of diameter 4 feet (see figure). Find the height h 
of the light source such that the illumination / at the perimeter 
of the table is maximum if J = k(sin a)/s?, where s is the slant 
height, a is the angle at which the light strikes the table, and k 
is a constant. 


Mlumination The illumination from a light source is directly 
proportional to the strength of the source and inversely propor- 
tional to the square of the distance from the source. Two light 
sources of intensities 7, and /, are d units apart. What point on the 
line segment joining the two sources has the least illumination? 


$1. 
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Optimization Problems 


(c) Suppose the man can row at v, miles per hour and walk at 
v, miles per hour. Write the time T as a function of a. Show 
that the critical number of T depends only on v, and v, and 
not the distances. Explain how this result would be more 
beneficial to the man than the result of Exercise 49. 


(d 


wa 


Describe how to apply the result of part (c) to minimizing 
the cost of constructing a power transmission cable that 
costs c, dollars per mile under water and c, dollars per mile 
over land. 


Minimum Time The conditions are the same as in Exercise 
49 except that the man can row at v, miles per hour and walk at 
v, miles per hour. If 6, and 6, are the magnitudes of the angles, 


show that the man will reach point Q in the least time when 
sin #, _ sin 0, 


Vi Vo 


52. Minimum Time When light waves, traveling in a transparent 


medium, strike the surface of a second transparent medium, 
they change directions. This change of direction is called 


refraction and is defined by Snell’s Law of Refraction, 
sin #, _ sin 6, 


Vy Vo 


where 6, and @, are the magnitudes of the angles shown in the 
figure and v, and v, are the velocities of light in the two media. 
Show that this problem is equivalent to that of Exercise 51, and 
that light waves traveling from P to Q follow the path of mini- 
mum time. 


“s Medium 1 


Medium 2 


. Sketch the graph of f(x) = 2 — 2 sin x on the interval [0, 7/2]. 


Figure for 49 


Figure for 47 


Minimum Time A man is in a boat 2 miles from the nearest 
point on the coast. He is to go to a point Q, located 3 miles 
down the coast and | mile inland (see figure). If he can row at 
2 miles per hour and walk at 4 miles per hour, toward what 
point on the coast should he row in order to reach point Q in the 
least time? 

Minimum Time Consider Exercise 49 if the point Q is on the 
shoreline rather than | mile inland. 


(a) Write the travel time 7 as a function of a. 


(b) Use the result of part (a) to find the minimum time to 
reach Q. 


54 


(a) Find the distance from the origin to the y-intercept and the 
distance from the origin to the x-intercept. 


(b) Express the distance d from the origin to a point on the 
graph of f as a function of x. Use your graphing utility to 
graph d and find the minimum distance. 

(c) Use calculus and the root finding capabilities of a graphing 
utility to find the value of x that minimizes the function d 
on the interval [0, 7/2]. What is the minimum distance? 


(Submitted by Tim Chapell, Penn Valley Community 
College, Kansas City, MO.) 


Minimum Cost An offshore oil well is 2 kilometers off the 
coast. The refinery is 4 kilometers down the coast. If laying 
pipe in the ocean is twice as expensive as on land, what path 
should the pipe follow in order to minimize the cost? 
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Sib 


56. 


Minimum Force A component is designed to slide a block of 58. 


steel with weight W across a table and into a chute (see 
figure.) The motion of the block is resisted by a frictional force 
proportional to its apparent weight. (Let k be the constant of 
proportionality.) Find the minimum force F’ needed to slide the 


Maximum Profit Assume that the amount of money depos 
in a bank is proportional to the square of the interest rate the t 
pays on this money. Furthermore, the bank can reinvest 
money at 12%. Find the interest rate the bank should pa 
maximize profit. (Use the simple interest formula.) 


block, and find the corresponding value of 0. (Hint: F cos @ is Ae 59. Minimum Cost The ordering and transportation cost C of 


the force in the direction of motion, and F sin @ is the amount 
of force tending to lift the block. Therefore, the apparent weight 
of the block is W — F sin @.) 


Volume _ A sector with central angle 6 is cut from a circle of 
radius 12 inches (see figure), and the edges of the sector are 
brought together to form a cone. Find the magnitude of @ such 
that the volume of the cone is a maximum. 


Fara eer ve, 
ab Say ay 


ie 


bees Hemera aaa 


Figure for 56 Figure for 57 


. Numerical, Graphical, and Analytic Analysis The cross 


sections of an irrigation canal are isosceles trapezoids of which 

three sides are 8 feet long (see figure). Determine the angle of a 62 
elevation 6 of the sides such that the area of the cross section is 

a maximum by completing the following. 


(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) 


Base 1 Base 2 | Altitude | Area | 
8 Ser 16icos 10% |) 8 sini 10" = 22.1 
| 8 | ae lo) eros 0? | isin DOW’ ~4).5 


(b) Use a graphing utility to generate additional rows of the 
table and estimate the maximum cross-sectional area. 
(Hint: Use the table feature of the graphing utility.) 


(c) Write the cross-sectional area A as a function of 0. 


(d) Use calculus to find the critical number of the function in 
part (c) and find the angle that will yield the maximum 
cross-sectional area. 


(e) Use a graphing utility to graph the function in part (c) and 
verify the maximum cross-sectional area. 


components used in manufacturing a certain product is 


at x 


Se ee 1 


where C is measured in thousands of dollars and x is the 0 
size in hundreds. Find the order size that minimizes the c 
(Hint: Use the root feature of a graphing utility.) 


60. Diminishing Returns The profit P (in thousands of doll 


for a company spending an amount s (in thousands of doll 
on advertising is 


P = —7s3 + 6s? + 400. 
(a) Find the amount of money the company should spenc 
advertising in order to yield a maximum profit. 


(b) The point of diminishing returns is the point at which 
rate of growth of the profit function begins to decline. ] 
the point of diminishing returns. 


Minimum Distance In Exercises 61-63, consider a fuel dis 
bution center located at the origin of the rectangular coordil 
system (units in miles; see figures). The center supplies tl 
factories with coordinates (4, 1), (5, 6), and (10, 3). A trunk. 
will run from the distribution center along the line y = mx, , 
feeder lines will run to the three factories. The objective i 
find m such that the lengths of the feeder lines are minimize¢ 


61. 


Minimize the sum of the squares of the lengths of ven 
feeder lines given by 


S, = (4m — 1)? + (5m — 6)? + (10m — 3)?. 


Find the equation for the trunk line by this method and 
determine the sum of the lengths of the feeder lines. 


. Minimize the sum of the absolute values of the length 


vertical feeder lines given by 

= |4m — 1| + |5m — 6| + |10m — 3}. 
Find the equation for the trunk line by this method and 
determine the sum of the lengths of the feeder lines. (Hint:. 


a graphing utility to graph the function S$, and approximate 
required critical number.) 


8+ (10, 10m) 


Ai (5, 6) Ng 


Figure for 61 and 62 


. Minimize the sum of the perpendicular distances (see Exer- 
cises 83-88 in Section P.2) from the trunk line to the factories 
given by 


pr te eee © 
glee 1} [5m 6| , |10m 3} 


J/m+1 Sm? +1 J/m2+1- 


Find the equation for the trunk line by this method and then 
determine the sum of the lengths of the feeder lines. (Hint: Use 
a graphing utility to graph the function S, and approximate the 
required critical number.) 


‘SECTION PrRoJEcT CONN ECTI CUT RI aoe 


—- 


Whenever the Connecticut River reaches a level of 105 feet 
above sea level, two Northampton, Massachusetts flood control 
station operators begin a round-the-clock river watch. Every two 
1ours, they check the height of the river, using a scale marked 
off in tenths of a foot, and record the data in a log book. In the 
spring of 1996, the flood watch lasted from April 4, when the 
iver reached 105 feet and was rising at 0.2 foot per hour, until 
April 25, when the level subsided again to 105 feet. Between 
hose dates, their log shows that the river rose and fell several 
imes, at one point coming close to the 115-foot mark. If the 
iver had reached 115 feet, the city would have closed down 
Viount Tom Road (Route 5, south of Northampton). 

The graph below shows the rate of change of the level of 
he river during one portion of the flood watch. Use the graph to 
inswer the following questions. 


R 
4 
oS : 
: cay 
eS 2 
Sie eee 
5D 
Bs | 2 
ee 3 
ea? 


Day (0 © 12:01AM. April 14) 
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64. Area Consider a symmetric cross inscribed in a circle of 


radius r (see figure). 


(a) Write the area A of the cross as a function of x and find the 
value of x that maximizes the area. 

(b) Write the area A of the cross as a function of 6 and find the 
value of 6 that maximizes the area. 


(c) Show that the critical numbers of parts (a) and (b) yield the 
same maximum area. What is that area? 


(a) On what date was the river rising most rapidly? How do you 
know? 


~(b) On what date was the river falling most rapidly? How do 


you know? 

(c) There were two dates in a row on which the river rose, then 
fell, then rose again during the course of the day. On which 
days did this occur, and how do you know? 

(d) At one minute past midnight, April 14, the river level was 
111.0 feet. Estimate its height 24 hours later and 48 hours 
later. Explain how you made your estimates. 

(e) The river crested at 114.4 feet. On what date do you think 
this occurred? 

(Submitted by Mary Murphy, Smith College, 
Northampton, MA) 


UPI/Corbis-Bettmann 
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Applications of Differentiation 


Newton’s Method 


(x, fla) 


(a) 


QF------------- 


(b) 

The x-intercept of the tangent line approxi- 
mates the zero of f. 

Figure 3.60 


NEWTON’S METHOD 


Isaac Newton first described the method for 
approximating the real zeros of a function in 
his text Method of Fluxions. Although the 
book was written in 1671, it was not pub- 
lished until 1736. Meanwhile, in 1690, Joseph 
Raphson (1648-1715) published a paper 
describing a method for approximating the 
real zeros of a function that was very similar 
to Newton’. For this reason, the method is 
often referred to as the Newton-Raphson 
method. 


* Approximate a zero of a function using Newton’s Method. 


Newton’s Method 


In this section you will study a technique for approximating the real zeros of a fun 
tion. The technique is called Newton's Method, and it uses tangent lines to appro» 
mate the graph of the function near its x-intercepts. 

To see how Newton’s Method works, consider a function f that is continuous « 
the interval [a, b] and differentiable on the interval (a, b). If f(a) and f(b) differ in sig 
then, by the Intermediate Value Theorem, f must have at least one zero in the intery 
(a, b). Suppose you estimate this zero to occur at 


XX First estimate 


as shown in Figure 3.60(a). Newton’s Method is based on the assumption that t! 
graph of f and the tangent line at (x,, f(x,)) both cross the x-axis at about the san 
point. Because you can easily calculate the x-intercept for this tangent line, you c: 
use it as a second (and, usually, better) estimate for the zero of f. The tangent li: 
passes through the point (x,, f(x,)) with a slope of f(x,). In point-slope form, ti 
equation of the tangent line is therefore 


ny, fe) = f(x) m3 x) 
Vat sq) eam anes reels 


Letting y = 0 and solving for x produces 


pacers ee Gy) 
‘ : 
Ga) 
So, from the initial estimate x, you obtain a new estimate 
Xy =X Gy) Second estimate (see Figure 3.60b) 
@) — Adil ~~ Yayen NG econd estimate (see Figure 5. 
f(x) 
You can improve on x, and calculate yet a third estimate 
(x3) 


Third estimate 


X53 = Xp FC) 


Repeated application of this process is called Newton’s Method. 


Newton’s Method for Approximating the Zeros of a Function 


Let f(c) = 0, where f is differentiable on an open interval containing c. Then, 
to approximate c, use the following steps. 


1. Make an initial estimate x, that is “close to” c. (A graph is helpful.) 


2. Determine a new approximation 


3. If |x, — x,,+,| is within the desired accuracy, let x, , , serve as the final 
approximation. Otherwise, return to Step 2 and calculate a new approxima- 
tion. 

Each successive application of this procedure is called an iteration. 


TE For many functions, just a few 
ations of Newton’s Method will pro- 
€ approximations having very small 
yrs, as Shown in Example 1. 


‘first iteration of Newton’s Method 
ure 3.61 


1 three iterations of Newton’s Method, 
zero of f is approximated to the desired 
racy. 

ure 3.62 
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Example 1 Using Newton’s Method 
SS 


Calculate three iterations of Newton’s Method to approximate a zero of f(x) = 
x? — 2. Use x, = 1 as the initial guess. 


Solution Because f(x) = x? — 2, you have f(x) = 2x, and the iterative process is 
given by the formula 


2 (ies) = re wae 
Xn+1 — Xn — = Xp ° 


- yi (xc) 2X, 


The calculations for three iterations are shown in the table. 


f,) fc,) 
me, fede £6) | ey i 
1 | 1.000000 — 1.000000 | 2.000000 | —0.500000 | 1.500000 
2 | 1.500000 0.250000 | 3.000000 0.083333 | 1.416667 
3 | 1.416667 0.006945 | 2.833334 0.002451 | 1.414216 
4 | 1.414216 sah 
| 


Of course, in this case you know that the two zeros of the function are + /2. To six 
decimal places, YS Os, So, after only three iterations of Newton’s Method, 
you have obtained an approximation that is within 0.000002 of an actual root. The first 
iteration of this process is shown in Figure 3.61. 


Example 2 Using Newton’s Method 


Use Newton’s Method to approximate the zeros of 
Fae a ae 


Continue the iterations until two successive approximations differ by less than 0.0001. 


Solution Begin by sketching a graph of f, as shown in Figure 3.62. From the graph, 
you can observe that the function has only one zero, which occurs near x = — 1.2. 
Next, differentiate f and form the iterative formula 

ie) 2X ef ne — Xn ue 
ey : 

Meo ace Gree. 4) 


The calculations are shown in the table. 


Xn a=! = xX; 


ci fle,) fe,) 
ae Sead aL) ee) Ge) 
Mi 1 | —1.20000 0.18400 5.24000 0.03511 — 1.23511 
Dae Los siil — 0.00771 5.68276 —().00136 —1.23375 
3 | —1.23375 0.00001 5.66533 0.00000 = I P3305) 
AN el 23375 
Ie 


Because two successive approximations differ by less than the required 0.0001, you 
can estimate the zero of f to be — 1.23375. VA 
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Newton’s Method fails to converge for every 
x-value other than the actual zero of f. 
Figure 3.64 


When, as in Examples | and 2, the approximations approach a limit, the sequel 
X1s Xp) Xq,- «sXe s » - iS Said to converge. Moreover, if the limit is c, it can 
shown that c must be a zero of f. 

Newton’s Method does not always yield a convergent sequence. One way this « 
happen is shown in Figure 3.63. Because Newton’s Method involves division by f * 
it is clear that the method will fail if the derivative is zero for any x, in the sequen 
When you encounter this problem, ‘you can usually overcome it by choosin; 
different value for x,. Another way Newton’s Method can fail is illustrated in the n 


example. 


Newton’ Method fails to converge if f(x,) = 0. 
Figure 3.63 


Example 3 An Example in Which Newton’s Method Fails 


Using x, = 0.1, show that Newton’s Method fails to converge for f(x) = x!/3. 


Solution Because f(x) = 5x 2/ 3. the iterative formula is 


ae Pact 

n+1 n Ce) 
eae xii? 
a Xn oi 3%, 


= = 2x8 


The calculations are shown in the table. This table and Figure 3.64 indicate tha: 
continues to increase in magnitude as n — oo, and thus the limit of the sequence d 
not exist. 


! flce,) x,) | 
raga essivean beaches EES es 
l 0.10000 0.46416 1.54720 0.30000 — (0.20000 
2 | —0.20000 — 0.58480 0.97467 — 0.60000 0.40000 
3 0.40000 0.73681 0.61401 1.20000 — 0.80000 | 
4 | —0.80000 — 0.92832 0.38680 4 — 2.40000 [. 1.60000 


NOTE In Example 3, the initial estimate x, = 0.1 fails to produce a convergent seque 
Try showing that Newton’s Method also fails for every other choice of x, (other than 
actual zero). | 

j 


NieLs HENRIK ABEL (1802-1829) 


EyarIsTE GALols (1811—1832) 


Although the lives of both Abel and Galois 
vere brief, their work in the fields of analysis 
ind abstract algebra was far-reaching. 
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It can be shown that a condition sufficient to produce convergence of Newton’s 
Method to a zero of f is that 


Fo) fC) 


LPO) P 


1 Condition for convergence 


on an open interval containing the zero. For instance, in Example | this test would 
yicldexy— x 2, f (x= Dv) Se eand 


fo f')| _ |@2 - 20 "i ! ‘ 
eae 4x? 2amateee 

On the interval (1, 3), this quantity is less than | and therefore the convergence of 

Newton’s Method is guaranteed. On the other hand, in Example 3, you have 


fla) = 29,710) = 28) = Boo, and 


poy la) | Mee (= 2/9) ee) 


[FP (1/9)(x-*”*) 


which is not less than 1 for any value of x, so you cannot conclude that Newton’s 
Method will converge. 


Example | 


=2 Example 3 


Algebraic Solutions of Polynomial Equations 
The zeros of some functions, such as 
ee 


can be found by simple algebraic techniques, such as factoring. The zeros of other 
functions, such as 


fa) =x x + 1 


cannot be found by elementary algebraic methods. This particular function has only 
one real zero, and by using more advanced algebraic techniques you can determine the 
zero to be 


By mn) 23) degen OO eN 23/8 
6 ioe 


2 


Because the exact solution is written in terms of square roots and cube roots, it is 
called a solution by radicals. 


NOTE Try approximating the real zero of f(x) = x7 — x + 1 and compare your result with 
the exact solution shown above. 


The determination of radical solutions of a polynomial equation is one of the fun- 
damental problems of algebra. The earliest such result is the Quadratic Formula, 
which dates back at least to Babylonian times. The general formula for the zeros of a 
cubic function was developed much later. In the sixteenth century an Italian mathe- 
matician, Jerome Cardan, published a method for finding radical solutions to cubic 
and quartic equations. Then, for 300 years, the problem of finding a general quintic 
formula remained open. Finally, in the nineteenth century, the problem was answered 
independently by two young mathematicians. Niels Henrik Abel, a Norwegian math- 
ematician, and Evariste Galois, a French mathematician, proved that it is not possible 
to solve a general fifth- (or higher-) degree polynomial equation by radicals. Of 
course, you can solve particular fifth-degree equations such as x° — 1 = 0, but Abel 
and Galois were able to show that no general radical solution exists. 


226 CHAPTER 3 Applications of Differentiation 


EXERCISES FOR SECTION 3.8 


In Exercises 1-4, complete two iterations of Newton’s Method 
for the function using the indicated initial guess. 


2. f(x) = 248). t= a 
4, f(x) =tanx, x, = 0.1 


Py Olaax = 3, x = 17 
3. f(x) =sinx, xp= 3 


acd In Exercises 5-14, approximate the zero(s) of the function. Use 


Newton’s Method and continue the process until two successive 
approximations differ by less than 0.001. Then find the zero(s) 
using a graphing utility and compare the results. 


ee +x-1 6. foe eat aw il 
f(x) =3Vx —1-x 8. f(x) =x-2/x4+1 
f= x 3 10,76) = 1 ee 

11. oe = = Se cere = bail 

12. es ae 

13..fi= we sinke-a) 14. f(x) = x — cosx 


In Exercises 15-18, apply Newton’s Method to approximate the 
x-value of the indicated point(s) of intersection of the two 
graphs. Continue the process until two successive approxima- 
tions differ by less than 0.001. [Hint: Let h(x) = f(x) — g(x).] 


15. f(x) =2x +1 16.)f() = 
ga) = Ja +4 pla) = a 1 
i 
f }+—> x 
2 3 
18. f(x) = x? 
e(x) = cos x 


In Exercises 19 and 20, use Newton’s Method to obtain a 
general rule for approximating the required radical. 


19. x = /a_ [Hint: Consider f(x) = x? — a.] 
20. x = fa [Hint: Consider f(x) = x" — a.] 


In Exercises 21-24, use the results of Exercises 19 and 20 
approximate the indicated radical to three decimal places. 


Mas ppd eS) 
23, 6 24. 3/15 


In Exercises 25 and 26, approximate 77 to three decimal plac 
using Newton’s Method and the given function. 


25. (x) = 1s COs x 26. f(x) = tanx 


In Exercises 27-30, apply Newton’s Method using the indicat 
initial guess, and explain why the method fails. 


21. = 26 = OX" Oren 
28. y= 47= 1277 + 12g, 


Figure for 27 Figure for 28 
29: f(x) = —x? -F Ox? — 10x 4 aoe 
3 
30. f(x) = 2 sinx + cos 2x, x, = a 
y y 
A A 
3+ 2-7 
ae 
1+ A 
pase 
ff x 
x5 x) 
Figure for 29 Figure for 30 
Getting at the Concept 


31. In your own words and using a sketch, describe Newton’ 
Method for approximating the zeros of a function. 


32. Under what conditions will Newton’s Method fail? 


Fixed Point In Exercises 33 and 34, approximate the fix 
point of the function to two decimal places. [A fixed point X¢ 
a function f is a value of x such that f(x») = xp-] 


33. f(x) = cos x 0. a 


34. f(x) = cot x, 


. Writing Consider the function f(x) = x3 — 3x2 + 3. 
(a) Use a graphing utility to obtain the graph of f. 
(b) Use Newton’s Method with x, = 1 as an initial guess. 


(c) Repeat part (b) using x, = ; as an initial guess and observe 
that the result is different. 


(d) To understand why the results in parts (b) and (c) are differ- 
ent, sketch the tangent lines to the graph of f at the points 
(1, f(1)) and (4, f(3)). Find the x-intercept of each tangent 
line and compare the intercepts with the first iteration of 
Newton’s Method using the respective initial guesses. 


(e) Write a short paragraph summarizing how Newton’s 
Method works. Use the results of this exercise to describe 
why it is important to select the initial guess carefully. 


. Writing Repeat the steps in Exercise 35 for the function 
f(x) = sin x with initial guesses of x, = 1.8 and x, = 3. 


. Use Newton’s Method to show that the equation 
An +1 =a x,(2 ra ax, 


can be used to approximate 1/a if x, is an initial guess of the 
reciprocal of a. Note that this method of approximating recipro- 
cals uses only the operations of multiplication and subtraction. 
[Hint: Consider f(x) = (1/x) — a.] 

. Use the result of Exercise 37 to approximate the indicated 
reciprocal to three decimal places. 


(a) 3 (Olan 


Exercises 39 and 40, approximate the critical number of f on 
2 interval (0, z). Sketch the graph of f, labeling any extrema. 


; f(x) = x cos x 40. f(x) = x sin x 
Exercises 41—44, we review some typical problems from the 
evious sections of this chapter. In each case, use Newton’s 
ethod to approximate the solution. 


. Minimum Distance Find the point on the graph of f(x) = 
4 — x? that is closest to the point (1, 0). 


. Minimum Distance Find the point on the graph of f(x) = x 
that is closest to the point (4, —3). 


. Minimum Time You are in a boat 2 miles from the nearest 
point on the coast (see figure). You are to go to a point Q, which 
is 3 miles down the coast and 1 mile inland. You can row at 3 
miles per hour and walk at 4 miles per hour. Toward what point 
on the coast should you row in order to reach Q in the least time? 
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44. Medicine The concentration C of a certain chemical in the 
bloodstream ¢ hours after injection into muscle tissue is given by 
C = (377 + t)/(50 + £3). When is the concentration greatest? 


45. Advertising Costs A company that produces portable cassette 
players estimates that the profit for selling a particular model is 


P = —76x° + 4830x? — 320,000, 0 < x < 60 


where P is the profit in dollars and x is the advertising expense 
in 10,000s of dollars (see figure). According to this model, find 
the smaller of two advertising amounts that yield a profit P of 
$2,500,000. 


P 
& 3 oS 
oO e Th 
eo 2-8 & 
res is =< 
[2" Ke) ie s 
= i+ 2 
= F iS) 
eff = 
(=| i ae re 
ce - x 
10 20 30 40 50 60 A ela Te) 
Advertising expense Engine speed 
(in tens of thousands of dollars) (in thousands of rpm) 
Figure for 45 Figure for 46 


46. Engine Power The torque produced by a compact automobile 
engine is approximated by the model 


T= 0.808%? = 17.974x? + 711248 110.843, 1a xs 5 


where T is the torque in foot-pounds and x is the engine speed 
in thousands of revolutions per minute (see figure). Approxi- 
mate the two engine speeds that yield a torque T of 170 foot- 
pounds. 


True or False? In Exercises 47—50, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


47. The zeros of f(x) = p(x)/q(x) coincide with the zeros of p(x). 


48. If the coefficients of a polynomial function are all positive, then 
the polynomial has no positive zeros. 


49. If f(x) is a cubic polynomial such that f(x) is never zero, then 
any initial guess will force Newton’s Method to converge to the 
zero of f. 

50. The roots of /f(x) = 0 coincide with the roots of f(x) = 0. 


fad In Exercises 51 and 52, write a computer program or use a 


spreadsheet to find the zeros of a function using Newton’s 
Method. Approximate the zeros of the function accurate to 
three decimal places. The output should be a table with the 
following headings. 


(ite) i) 
es ait 


3 
51. f(x) = ~ = he ae ran 2 


2g) =1./ 4 2x sin — 2) 


Nn, Xn» 7,); Hil); 
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Differentials 


: | Section 3.9 


Tangent Line Approximation 
Use a graphing utility to sketch the 
graph of 


f(x) = x?. 


In the same viewing window, sketch 
the graph of the tangent line to the 
graph of f at the point (1, 1). Zoom in 
twice on the point of tangency. Does 
your graphing utility distinguish 
between the two graphs? Use the 
trace feature to compare the two 
graphs. As the x-values get closer to 1, 
what can you say about the y-values? 


i= 


y : 
Nn Tangent line 


{ESS Ml se chi ee 


Ala 
Nia 


The tangent line approximation of f at the 
point (0, 1) 
Figure 3.65 


¢ Understand the concept of a tangent line approximation. 

* Compare the value of the differential, dy, with the actual change in y, Ay. 
¢ Estimate a propagated error using a differential. 

¢ Find the differential of a function using differentiation formulas. 


Linear Approximations 


Newton’s Method (Section 3.8) is an example of the use of a tangent line to a gra 
to approximate the graph. In this section, you will study other situations in which t 
graph of a function can be approximated by a straight line. 

To begin, consider a function f that is differentiable at c. The equation for t 
tangent line at the point (c, f(c)) is given by 


pei te) = Ita — ec) 
y =f(d + FO - 2. : 
Because c is a constant, y is a linear function of x. Moreover, by restricting the valu 


of x to be sufficiently close to c, the values of y can be used as approximations (to a 
desired accuracy) of the values of the function f. In other words, as x — c, the limit 


vis fic), 


Example 1 Using a 1 Tangent Line Approximation 


Find the tangent line approximation of 

fio Saa= Sle 
at the point (0, 1). Then use a table to compare the y-values of the linear function w, 
those of f(x) in an open interval containing x = 0. 
Solution The derivative of f is 

Ae ICOSex. First derivative 
So, the equation of the tangent line to the graph of f at the point (0, 1) is 

y — f(0) = f(0)@ — 0) 

a Ss Nie MONTE) 


yo Lox, Tangent line approximation 


The table compares the values of y given by this linear approximation with the valt 
of f(x) near x = 0. Notice that the closer x is to 0, the better the approximation is. T 
conclusion is reinforced by the graph shown in Figure 3.65. 


x —0.5 | =0.1 | Zi Waly we 01 | 05 | 
f(x) = 1 + sinx | 0.521] 0.9002] 0.990002] 1 | 1.0099998 | 1.0998 1.479) 
y=ltx OS amos | 0.99 Ee 1.01 ROS | 


NOTE Be sure you see that this linear approximation of f(x) = 1 + sin x depends on} 


point of tangency. At a different point on the graph of f, you would obtain a different tang 
line approximation. ; 


(c + Ax, f(c + Ax)) 


¢, f(c)) 
— ; f(c + Ax) 
| ef(c) 
z c @ As s 
SS 
Ax 
mn Ax issmall, Ay = f(c + Ax) — f(c) 
yproximated by f’(c)Ax. 
ure 3.66 
y=ly = 
! Ay 
! ‘ 


change in y, Ay, is approximated by the 
rential of y, dy. 
ire 3.67 
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Differentials 
When the tangent line to the graph of f at the point (c, f(c)) 
Ve flo) +t f(x =_¢} Tangent line at (c, f(c)) 


is used as an approximation to the graph of f, the quantity x — c is called the change 
in x, and is denoted by Ax, as shown in Figure 3.66. When A x is small, the change in 
y (denoted by Ay) can be approximated as follows. 


Ay = fle + Ax) — f(c) Actual change in y 
a= f (GNX Approximate change in y 


For such an approximation, the quantity Ax is traditionally denoted by dx, and is 
called the differential of x. The expression f(x) dx is denoted by dy, and is called the 
differential of y. 


Definition of Differentials 


Let y = f(x) represent a function that is differentiable in an open interval 


containing x. The differential of x (denoted by dx) is any nonzero real number. 
The differential of y (denoted by dy) is 


dy = f'(x) dx. 


In many types of applications, the differential of y can be used as an approximation of 
the change in y. That is, 


Ay = dy or Ay = f'(x)dx. 


Example 2 Comparing Ay and dy 


Let y = x’. Find dy when x = 1 and dx = 0.01. Compare this value with Ay for x = 1 
and Ax = 0.01. 


Solution Because y = f(x) = x’, you have f(x) = 2x, and the differential dy is 
given by 

dy = f(x) dx = f'(1)(0.01) = 2(0.01) = 0.02. _ Differential of y 
Now, using Ax = 0.01, the change in y is 

Ay= f(x + Ax) — f() = 01.01) - f(1) = (1.01)? — 1? = 0.0201. 


Figure 3.67 shows the geometric comparison of dy and Ay. Try comparing other 
values of dy and Ay. You will see that the values become closer to each other as dx 
(or Ax) approaches 0. VA 


In Example 2, the tangent line to the graph of f(x) = x? at x = | is 

veo = 1 Geely) = 2x = 1. Tangent line to the graph of f atx = 1. 
For x-values near 1, this line is close to the graph of f, as shown in Figure 3.67. For 
instance, 

FU.01) = 1.017 = 1.0201 and» g(1.01) = 2(1.01) — 1 = 1.02. 


We say that the line y = 2x — 1 is the linear approximation or tangent line approx- 
imation to the graph of f(x) = x? atx = 1. 
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Error Propagation 


Physicists and engineers tend to make liberal use of the approximation of Ay by 
One way this occurs in practice is in the estimation of errors propagated by phys 
measuring devices. For example, if you let x represent the measured value of a v 
able and let x + Ax represent the exact value, then Ax is the error in measureme 
Finally, if the measured value x is used to compute another value f (x), the differe 
between f(x + Ax) and f(x) is the propagated error. 


Measurement Propagated 
error error 
ZS Za 
if Gone "Aiea ry 
a 2 
Exact Measured 
value value 


Example 3 Estimation of Error 


The radius of a ball bearing is measured to be 0.7 inch, as shown in Figure 3.68. If 
measurement is correct to within 0.01 inch, estimate the propagated error in 
volume V of the ball bearing. 


Solution The formula for the volume of a sphere is V = sar, where r is the rac 
of the sphere. So, you can write 


r = 0.7 Measured radius 
Ball bearing with measured radius that is and 
correct to within 0.01 inch 
Figure 3.68 col) Ole oA re 0.01 Possible error 


To approximate the propagated error in the volume, differentiate V to ob 
dV/dr = 4zr? and write 
AV ~ dV Approximate AV by dV. 
= Aqr~dr 
= 47(0.7)2(+0.01) Substitute for ~ and dr. 
+0.06158 in’. 


X 


So the volume has a propagated error of about 0.06 cubic inch. 


Would you say that the propagated error in Example 3 is large or small? | 
answer is best given in relative terms by comparing dV with V. The ratio 


dV 4mr*dr 
Whe me ar Ratio of dV to V 
3dr 
= =e Simplify. 
3 | 
= 07 (+0.01) Substitute for dr and r. . 
=~ +0.0429 


is called the relative error. The corresponding percent error is approxima. 
4.29%. 


g 
> 


GoTTFRIED WILHELM LEIBNIZ (1646-1716) 


oth Leibniz and Newton are credited with 
eating calculus. It was Leibniz, however, 

ho tried to broaden calculus by developing 
les and formal notation. He often spent days 
100sing an appropriate notation for a new 
yncept. 
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Calculating Differentials 


Each of the differentiation rules that you studied in Chapter 2 can be written in 
differential form. For example, suppose u and v are differentiable functions of x. By 


the definition of differentials, you have 
du—wide and dy = yi dx. 


Therefore, you can write the differential form of the Product Rule as follows. 


Differential of wv 


dluyv| = “(uw dx 


= [uv’ + vu'] dx 
= iy" ae +e won’ Ghs 
=udy + vdu 


Product Rule 


Differential Formulas 
Let uw and v be differentiable functions of x. 


Constant multiple: d{cu] = c du 


Sum or difference: du + v| = du + dv 


Product: dluv] = udv + v du 


a|*| Fe v du — udy 


Quotient: 5 
v v 


Example 4 Finding Differentials 


Function Derivative Differential 
dy 
a. y =x" =~ = 2x dy = 2x dx 
y ae : 
dy 
b. y = 2 sinx dy 7 808% dy = 2cosx dx 
dy : 
Cc. y = xcosx ao Sx TACOSet dy = (—x sinx + cos x) dx 
x 
l dy 1 dx 
d.y=- = dy = -F 
en: dx ie : aie 


The notation in Example 4 is called the Leibniz notation for derivatives and 
differentials, named after the German mathematician Gottfried Wilhelm Leibniz. The 
beauty of this notation is that it provides an easy way to remember several important 
calculus formulas by making it seem as though the formulas were derived from 
algebraic manipulations of differentials. For instance, in Leibniz notation, the Chain 
Rule 


dy _ dy du 
he ails 


would appear to be true because the du’s cancel. Even though this reasoning is 
incorrect, the notation does help one remember the Chain Rule. 
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Example 5 Finding the Differential of a Composite Function 


y = f(x) = sin 3x Original function 
TQ) = 3.c0s 3x Apply Chain Rule. 
dy = f(x) dx = 3 cos 3x dx Differential form 


EEE 


y = f(x) = (x? + We Original function 


Apply Chain Rule. 


NN eo any: ep es ie 
f@)=5@ +11) DONS ae 


Differential form 


dy = f(x) dx = mae 3 


Differentials can be used to approximate function values. To do this for the fur 
tion given by y = f(x), you use the formula 


F(x + Ax) = fx) + dy = f(a) + f'@) dx 


which is derived from the approximation Ay = f(x + Ax) — f(x) =~ dy. The key 
using this formula is to choose a value for x that makes the calculations easier, 
shown in Example 7. 


Example 7 Approximating Function Values 


> Use differentials to approximate \/16.5. 
4 
a Solution Using f(x) = /x, you can write 


g(x) = axt2 f(x + Ax) ~ f(x) + fa) dx = /x + ae 


Le 


Now, choosing x = 16 and dx = 0.5, you obtain the following approximation. 


fa Ae 0/165 = 6c (05 ee (4)(3) = 4.0625 


fs) = Vi 


comercial 2/16 8/\2 U 

4 o" 12. er) 20 
~2+ The tangent line approximation to f(x) = /x at x= 16 is the L 
g(x) = ax + 2. For x-values near 16, the graphs of f and g are close together, 


Figure 3.69 shown in Figure 3.69. For instance, 


I 
f(16.5) = 16.5 ~ 4.0620 and 9(16.5) = g (6.5) + 2 = 4.0625. 
| 
In fact, if you use a graphing utility to zoom in near the point of tangency (16, 4), y 
will see that the two graphs appear to coincide. Notice also that as you move fa 


away from the point of tangency, the linear approximation is less accurate. 
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XERCISES FOR SECTION 3.9 
ixercises 1—6, find the equation of the tangent line T to the 23 24. y 
ph of f at the indicated point. Use this linear approximation i 
5 
omplete the table. 
4 =a 
Aye) D) | 2SOM | 2D) 3 5 
| ‘i 
pian | 
(2, 1) 
frracaaiia 
Lee See 


Function Point 
f(x) = x? (2, 4) 
fa) = 5 (2,3) 
Bex) = 3° (2, 32) 
Bix) = ~/x (22 | 
7s) = sinx (2, sin 2) 
f(x) = cse x (2;esc72) 


xercises 7-10, use the information to evaluate and compare 
and dy. 


B= 3x =2 Ax = dx = 0.1 
y = 1 — 2x? x=0 Ax = dx = -0.1 
y=x*+ 1 hs ell Ax = dx = 0.01 
y=2x+1 x=2 Ax = dx = 0.01 


xercises 11—20, find the differential dy of the given function. 


p= 3x7 + 4 120 yp = a7" 
ee | ; 
re 14. y= JS9 - x* 


y = x/1 — x? 


y = 2x — cot*x 
1 (vas — Il 

— — ——————— 20. 

y + cos 5 0 


ixercises 21-24, use differentials and the graph of f to 
roximate (a) f(1.9) and (b) f(2.04). To print an enlarged 
y of the graph, go to the website www.mathgraphs.com. 


Il 
16. y= a aS 
i vx Jx 


18. y = xsinx 


sec?.x 


y IPAS 3) 


ee x 
1 


In 


Exercises 25-28, use differentials and the graph of g’ to 


approximate (a) g(2.93) and (b) 2(3.1) given that ¢(3) = 8. 


25. 


27. 


29. 


30. 


31. 


32. 


Area The measurement of the side of a square is found to be 
12 inches, with a possible error of i inch. Use differentials to 
approximate the possible propagated error in computing the 
area of the square. 


Area ‘The measurements of the base and altitude of a triangle 
are found to be 36 and 50 centimeters. The possible error in 
each measurement is 0.25 centimeter. Use differentials to 
approximate the possible propagated error in computing the 
area of the triangle. 


Area The measurement of the radius of the end of a log is 
found to be 14 inches, with a possible error of ; inch. Use 
differentials to approximate the possible propagated error in 
computing the area of the end of the log. 


Volume and Surface Area The measurement of the edge of a 
cube is found to be 12 inches, with a possible error of 0.03 inch. 
Use differentials to approximate the maximum possible propa- 
gated error in computing 


(a) the volume of the cube. 


(b) the surface area of the cube. 
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33: 


34. 


5s 


36. 
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Area The measurement of a side of a square is found to be 15 
centimeters. The possible error in measuring the side is 0.05 
centimeter. 


(a) Approximate the percent error in computing the area of the 
square. 
(b) Estimate the maximum allowable percent error in measur- 


ing the side if the error in computing the area cannot exceed 
er 


Circumference The measurement of the circumference of a 

circle is found to be 56 centimeters. The possible error in 

measuring the circumference is 1.2 centimeters. 

(a) Approximate the percent error in computing the area of the 
circle. 


(b) Estimate the maximum allowable percent error in mea- 
suring the circumference if the error in computing the 
area cannot exceed 3%. 

Volume and Surface Area The radius of a sphere is measured 

to be 6 inches, with a possible error of 0.02 inch. Use differen- 

tials to approximate the maximum possible error in calculating 

(a) the volume of the sphere, (b) the surface area of the sphere, 

and (c) the relative errors in parts (a) and (b). 

ie The profit P for a company is given by 

= (500x — x2) — (4x2 — 77x + 3000). 


Approximate the change and percent change in profit as 
production changes from x = 115 to x = 120 units. 


In Exercises 37 and 38, the thickness of the shell is 0.2 centime- 
ter. Use differentials to approximate the volume of the shell. 


Sie 


38. 


39. 


A cylindrical shell with height 40 centimeters and radius 5 cen- 
timeters 


A spherical shell of radius 100 centimeters 


0.2 cm 
H 


<< 100 cm> 


5 cm 


Figure for 37 Figure for 38 


Pendulum The period of a pendulum is given by 


where L is the length of the pendulum in feet, g is the acceler- 
ation due to gravity, and T is the time in seconds. Suppose that 
the pendulum has been subjected to an increase in temperature 
such that the length has increased by 5%. 


(a) Find the approximate percent change in the period. 


(b) Using the result in part (a), find the approximate error in 
this pendulum clock in one day. 


40. Ohm’s Law A current of J amperes passes through a resi 
of R ohms. Ohm’s Law states that the voltage E applied to 
resistor is 


E = IR. 
If the voltage is constant, show that the magnitude of the 1 


tive error in R caused by a change in / is equal in magnitud 
the relative error in /. 


41. Triangle Measurements The measurement of one side - 
right triangle is found to be 9.5 inches, and the angle oppc 
that side is 26°45’ with a possible error of 15’. 


(a) Approximate the percent error in computing the lengt 
the hypotenuse. 


(b) Estimate the maximum allowable percent error in mea 
ing the angle if the error in computing the length of 
hypotenuse cannot exceed 2%. 


42. Area Approximate the percent error in computing the are 
the triangle in Exercise 41. 


43. Projectile Motion The range R of a projectile is 


v2 
R= 3 (sin 26) 
where v, is the initial velocity in feet per second and @ is 
angle of elevation. If vg = 2200 feet per second and 
changed from 10° to 11°, use differentials to approximate 
change in the range. 


44. Surveying A surveyor standing 50 feet from the base of al 
tree measures the angle of elevation to the top of the tre 
71.5°. How accurately must the angle be measured if the per 
error in estimating the height of the tree is to be less than 6 


In Exercises 45-48, use differentials to approximate the valu 
the expression. Compare your answer with that of a calculz 


45. ./99.4 46. 3/26 47. +/624 48. (2.4 


Writing In Exercises 49 and 50, give a short explanatio) 
why the approximation is valid. 


49, ./4.02 ~ 2 + }(0.02) 50. tan 0.05 ~ 0 + 1(0.08 
Getting at the Concept 


51. Describe the change in accuracy of dy as an approximati: 
for Ay when Ax is decreased. . 


52. When using differentials, what is meant by the terms pro 
agated error, relative error, and percent error? 


True or False? 


In Exercises 53-56, determine whethen 
statement is true or false. If it is false, explain why or in 
example that shows it is false. 


53. If y= x +c, then dy = dx. 
54, If y = ax + b, then Ay/Ax = dy/dx. 
55. If y is differentiable, then Jim, (Ay —"dy)-==-0: 


56. Ify = Hn oe f is increasing ae differentiable, and Ax > 0, 
Ay 2 


: 
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EVIEW EXERCISES FOR CHAPTER 3 


Give the definition of a critical number, and graph a function f 
showing the different types of critical numbers. 


Consider the odd function f that is continuous, differentiable, 
and has the functional values shown in the table. 


(a) Determine f(4). 
(b) Determine f(—3). 


(c) Plot the points and make a possible sketch of the graph of f 
on the interval [—6,6]. What is the smallest number of 
critical points in the interval? Explain. 


(d) Does there exist at least one real number c in the interval 
(—6, 6) where f(c) = —1? Explain. 
(e) Is it possible that lim f(x) does not exist? Explain. 
ie 


(f) Is it necessary that f’(x) exists at x = 2? Explain. 


ixercises 3 and 4, find the absolute extrema of the function 
he closed interval. Use a graphing utility to graph the func- 
| over the indicated interval to confirm your results. 


4. f(x) = SS 


In Exercises 5 and 6, determine whether Rolle’s 
orem can be applied to f on the closed interval [a, b]. If 
le’s Theorem can be applied, find all values of c in the open 
rval (a, b) such that f(c) = 0. 


Re 2) tS). [3x2] 
f(x) = |x = 2| — 2, [0,4] 


ix) = 2x + 5cosx, [0,27] 10,2] 


Consider the function f(x) = 3 — |x — 4]. 
(a) Graph the function and verify that f(1) = f(7). 


(b) Note that f(x) is not equal to zero for any x in [1, 7]. 
Explain why this does not contradict Rolle’s Theorem. 


Can the Mean Value Theorem be applied to the function 
f(x) = 1/x? on the interval [—2, 1]? Explain. 


ixercises 9-12, find the point(s) guaranteed by the Mean 
1e Theorem for the closed interval [a, 5]. 


He) =.x2/3, [1,8] 10. fy = * (1, 4] 


f(x) = x — cosx, |-3. Z| 12. f(x) ='</x = 2x, [0,4] 


For the function f(x) = Ax? + Bx + C, determine the value of c 
guaranteed by the Mean Value Theorem on the interval [x,, x5]. 


Demonstrate the result of Exercise 13 for f(x) = 2x? — 3x + 1 
on the interval [0, 4]. 


In Exercises 15-18, find the critical numbers (if any) 
and the open intervals on which the function is increasing or 
decreasing. 

15. f(x) = (« — 1)2@ = 3) 

16. g(x) = (« + 1)3 

17. h(x) = Vx(x -— 3), x>0 

18. f(@) = sinx + cosx, [0, 27] 


PY In Exercises 19 and 20, use the First Derivative Test to find any 
relative extrema of the function. Use a graphing utility to verify 
your results. 


19. h(t) = rim =: 


20. 9(x) = 5 sin( = = i), [0, 4] 


21. Harmonic Motion The height of an object attached to a spring 
is given by the harmonic equation 


v= + cos ie ‘sin 12t 


where y is measured in inches and f is measured in seconds. 


(a) Calculate the height and velocity of the object when 
= 7/8 second. 


(b) Show that the maximum displacement of the object is = 
inch. 


(c) Find the period P of y. Also, find the frequency f (number 
of oscillations per second) if f = 1/P. 


22. Writing ‘The general equation giving the height of an oscillat- 
ing object attached to a spring is 


k k 
y = Asin alee + Bcos ayy 
m m 


where k is the spring constant and m is the mass of the object. 


(a) Show that the maximum displacement of the object is 
At Bo. 


(b) Show that the object oscillates with a frequency of 


iI 
J ains 


k 
On m 


In Exercises 23 and 24, determine the points of 
inflection of the function. 
23. fix) =x + cos.x, [0,22] 2A, fix) = (ee 2) — 4) 


In Exercises 25 and 26, use the Second Derivative Test to find all 
relative extrema. 


25. g(x) = 2x7(1 — x?) 26. A(t} =t-— 4/7 + 1 
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Think About It In Exercises 27 and 28, sketch the graph of a ‘acd 32. Modeling Data The manager of a store recorded the ant 
function f having the indicated characteristics. 


27. 


28. 


29: 


30. 


mcd Sie 


if (0) =SF(ey= 0 

TG) =F3) = 0 

gut a) We 2 3 

FQ 0 srete = 5 
if aU ita SS 
f(x) < Oifx <3 andx> 4 
{PAC OR! 
OVS EO 
f'@) < Oifx <2andx>4 
f(2) does not exist. 
f(4) = 0 
Fale 0 tt Deeg 4: 
Fe) sO 2 


Writing A newspaper headline states that “The rate of growth 
of the national deficit is decreasing.” What does this mean? What 
does it imply about the graph of the deficit as a function of time? 


Inventory Cost The cost of inventory depends on the ordering 
and storage costs according to the inventory model 


c= (Gh 


Determine the order size that will minimize the cost, assuming 
that sales occur at a constant rate, Q is the number of units sold 
per year, r is the cost of storing one unit for | year, s is the cost 
of placing an order, and x is the number of units per order. 


Modeling Data Outlays for national defense D (in billions of 
dollars) for selected years from 1970 through 1999 are shown 
in the table, where ¢ is time in years, with t = 0 corresponding 
to 1970. (Source: U.S. Office of Management and Budget) 


t | 0 5 10 15 20 
°° 4 KOS Weil || 270) || Be | 
if 25 26 27 28 29 
a 30959 | 302.7 || 30978 | 3103 ig 


(a) Use the regression capabilities of a graphing utility to fit a 
model of the form D = at* + bt? + ct? + dt + e to the 
data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) For the years shown in the table, when does the model 
indicate that the outlay for national defense is at a maxi- 
mum? When is it at a minimum? 


(d) For the years shown in the table, when does the model 
indicate that the outlay for national defense is increasing at 
the greatest rate? 


sales S (in thousands of dollars) of a product over a perioc 
7 years, as shown in the table, where f is the time in years, \ 
t = | corresponding to 1991. 


a | | 2 3 4 5 6 7 
s 54° | 69 | 11.5 | 15.5 |.19.0.| 22.0. 12m 


(a) Use the regression capabilities of a graphing utility to : 
a model of the form S = at? + bt? + ct + d for the dz 


(b) Use a graphing utility to plot the data and graph the mo 


(c) Use calculus to find the time t when sales were increas 
at the greatest rate. 


(d) Do you think the model would be accurate for predic’ 
future sales? Explain. 


In Exercises 33-36, find the limit. 


D2 2% 
SS a a aoe 
35) mee a6lniia es 
x00 ae x300 j/x* + 4 


acd In Exercises 37—40, find any vertical and horizontal asympte 


of the graph of the function. Use a graphing utility to ve: 
your results. 


2x + 3 5x2 
37 kOe 38. g(x) = 
3 3% 
39. f(x) =——2 405 (3) 
f (x) x f(x) fee AD 


acd In Exercises 41-44, use a graphing utility to graph the functi 


Use the graph to approximate any relative extrema: 
asymptotes. 
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aE A) Bah ie 42. f(x) = [x3 — 3x2 + 2x] 


Be 


49. TO tan ay 


44. (x) = =a — 4cos x + co) 


In Exercises 45-62, analyze and sketch the graph of: 
function. 


45. f(x) = 4x — x? 46. f(x) = 4x3 — x4 
47. f(x) = xJ16 — x? 48. te x) = (x? — 4)? 
49, f(x) = (x — 1)3(x — 3)? f(x) = (&« — 3)(@ + 2)3 
51. f(x) = x”3(~ + 3)%/3 52. ee ) = (x — 2)¥3(x + 1) 

eco | 
53. f(x) = 

DX 

54. f(x) = 7s 


_ 4 
eo) = iP Sb ae 
ne 
.> = | se ae 


ee ees o 
x 


fx) = 24+ 
x 


Be) = |x? — 9| 
mx) = |x — 1| + |x — 3] 


w(x) = x + cos x, Osx = 27 


1 
f(x) = 2 sin 7x — sin 27rx), Ieee | 


Find the maximum and minimum points on the graph of 
Bory — 2x — 1l6y + 13 = 0 


(a) without using calculus. 
(b) using calculus. 
Consider the function f(x) = x” for positive integer values of n. 


(a) For what values of n does the function have a relative 
minimum at the origin? 


‘(b) For what values of n does the function have a point of 
inflection at the origin? 


Minimum Distance At noon, ship A is 100 kilometers due 
east of ship B. Ship A is sailing west at 12 kilometers per hour, 
and ship B is sailing south at 10 kilometers per hour. At what 
time will the ships be nearest to each other, and what will this 
distance be? 


Maximum Area Find the dimensions of the rectangle of 
maximum area, with sides parallel to the coordinate axes, that 
can be inscribed in the ellipse given by 


2 2 


Dy 


x 


ia’ 16 


Minimum Length A right triangle in the first quadrant has 
the coordinate axes as sides, and the hypotenuse passes through 
the point (1, 8). Find the vertices of the triangle such that the 
length of the hypotenuse is minimum. 

Minimum Length The wall of a building is to be braced by a 
beam that must pass over a parallel fence 5 feet high and 4 feet 
from the building. Find the length of the shortest beam that can 
be used. 

Maximum Area Three sides of a trapezoid have the same 
length s. Of all such possible trapezoids, show that the one of 
maximum area has a fourth side of length 2s. 

Maximum Area Show that the greatest area of any rectangle 
inscribed in a triangle is one half that of the triangle. 
Minimum Distance Find the length of the longest pipe that 
can be carried level around a right-angle corner at the intersec- 
tion of two corridors of widths 4 feet and 6 feet. (Do not use 
trigonometry.) 
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72. Minimum Distance Rework Exercise 71, given corridors of 
widths a meters and b meters. 


73. Minimum Distance A hallway of width 6 feet meets a 
hallway of width 9 feet at right angles. Find the length of the 
longest pipe that can be carried level around this corner. [Hint: 
If L is the length of the pipe, show that 


L = 6 ese 0+ 9ese( 2 — 7 


where 6 is the angle between the pipe and the wall of the 
narrower hallway. ] 


74. Minimum Distance Rework Exercise 73, given that one 
hallway is of width a meters and the other is of width b meters. 
Show that the result is the same as in Exercise 72. 


Minimum Cost In Exercises 75 and 76, find the speed y, in 
miles per hour, that will minimize costs on a 110-mile delivery 
trip. The cost per hour for fuel is C dollars, and the driver is 
paid W dollars per hour. (Assume there are no costs other than 
wages and fuel.) 

Vv vy? 


60 76. Fuel cost: C = 500 


Driver: W = $7.50 


75. Fuel cost: C = 


Driver: W = $5 


AL In Exercises 77 and 78, use Newton’s Method to 


approximate any real zeros of the function accurate to three 
decimal places. Use the root-finding capabilities of a graphing 
utility to verify your results. 


Tag (h\sa0 a Ort 
T8062 at 


Fo In Exercises 79 and 80, use Newton’s Method to approximate, to 


three decimal places, the x-value of the points of intersection of 
the equations. Use a graphing utility to verify your results. 


79, y=x4 80. y = sin 7x 


y=x+3 y=1-x 


In Exercises 81 and 82, find the differential dy. 
81. y = x(1 — cos x) 


82. y = /36 — 2 


83. Surface Area and Volume ‘The diameter of a sphere is 
measured to be 18 centimeters, with a maximum possible error 
of 0.05 centimeter. Use differentials to approximate the possible 
propagated error and percent error in calculating the surface area 
and the volume of the sphere. 


84. Demand Function A company finds that the demand for its 
commodity is p = 75 — ea If x changes from 7 to 8, find and 
compare the values of Ap and dp. 
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ips. Problem Solving 


1. Prove Darboux’s Theorem: Let f be differentiable on the closed 8. The amount of illumination of a surface is proportional to 


interval [a,b] such that f(a) = y, and f(b) = y). If d lies 
between y, and y,, then there exists c in (a, b) such that f(c) = d. 


2. (a) Let V = x?. Find dV and AV. Show that for small values of 


x, the difference AV — dV is very small in the sense that 
there exists « such that AV — dV = eAx, where e-0 as 
Ax->0. 


Generalize this result by showing that if y = f(x) is a differ- 
entiable function, then Ay — dy = eAx, where e0 as 
Ax 0. 


(b 


wma 


3. (a) Graph the fourth-degree polynomial p(x) = ax* — 6x? for 


a = —3, —2, —1,0, 1, 2, and 3. For what values of the con- 
stant a does p have a relative minimum or relative maximum? 


(b 


er 


Show that p has a relative maximum for all values of the 
constant a. 


(c) Determine analytically the values of a for which p has a 
relative minimum. 


Let (x, y) = (x, p(x) be a relative extremum of p. Show that 
(x, y) lies on the graph of y = —3x?. Verify this result graph- 
ically by graphing y = — 3x? together with the seven curves 
from part (a). 


(d 


wa 


. Let f and g be continuous functions on [a, b] and differentiable 
on (a, b). Prove that if f(a) = g(a) and g(x) > f(x) for all x in 
(a, b), then g(b) > f(b). 

. Graph the fourth-degree polynomial p(x) = x* + ax? + 1 for 
various values of the constant a. 


(a) Determine the values of a for which p has exactly one 
relative minimum. 


(b) Determine the values of a for which p has exactly one 
relative maximum. 


(c) Determine the values of a for which p has exactly two 
relative minima. 


(d) Show that the graph of p cannot have exactly two relative 
extrema. 

. (a) Let f(x) = ax? + bx + c, a # 0 be a quadratic polynomial. 
How many points of inflection does the graph of f have? 

(b) Let f(x) = ax? + bx? + cx + d, a # 0 be a cubic polyno- 
mial. How many points of inflection does the graph of f 


have? 

(c) Suppose the function y = f(x) satisfies the equation 
d 
a = ky(L — y), where k and L are positive constants. 


Show that the graph of f has a point of inflection at the point 
ii 
where y = 7 (This equation is called the logistics differen- 


tial equation.) 


c 5 ‘ 
> Let 7) = 2 + x. Determine all values of the constant c such 


that f has a relative minimum, but no relative maximum. 


intensity of the light source, inversely proportional to — 
square of the distance from the light source, and proportiona 
sin 0, where @ is the angle at which the light strikes the surfa 
A rectangular room measures 10 feet by 24 feet, with a 10-f 
ceiling. Determine the height at which the light should 
placed to allow the corners of the floor to receive as much hi 
as possible. 


9. Prove the following Extended Mean Value Theorem. If f < 
f’ are continuous on the closed interval [a, b], and if f” exists 
the open interval (a, b), then there exists a number c in (a: 
such that 


f(b) = f(a) + flab — a) + ; f(b — a). 


10. The line joining P and Q crosses the two parallel lines,. 
shown in the figure. The point R is d units from P. How 
from Q should the point S be chosen so that the sum of 
areas of the two shaded triangles is a minimum? So that 
sum is a maximum? 


S Q 


We oe en 
d 


11. The efficiency E of a screw with square threads is 


R= tan (1 — wtan d) 
w+ tan d 


where yu is the coefficient of sliding friction and ¢ is the an 
of inclination of the threads to a plane perpendicular to the a 
of the screw. Find the angle ¢ that yields maximum office 
when p = 0.1. 


A pee 


(a) Prove that lim x? = oo. 


x—>o0o 


Xx 


(b) Prove that lim (5) = 0. 
X00 


(c) Let L be a real number. Prove that if lim f(x) = L, then 
Bess x=>co 


lim f (2) =L, 
y>0t y 
In the engine shown in the figure, a connecting rod 18 centime- 
ters long is fastened to a crank of radius 6 centimeters at point 
P. The crankshaft rotates counterclockwise at a constant rate of 
200 revolutions per minute. The horizontal velocity (cm/min) of 
point P is 


y = —24007 sin 0 


where @ is the central angle of the crankshaft. What values of 0 
produce a maximum horizontal velocity? 


ae 3} 


Consider a room in the shape of a cube, 4 meters on each side. 
A bug at point P wants to walk to point Q at the opposite 
corner, as indicated in the figure. Use calculus to determine the 
shortest path. Can you solve the problem without calculus? 


4m 


vs ES ‘ te 
rete 


. Find the point on the graph of y = 
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Py 16. The police department must determine the speed limit on a 


bridge such that the flow rate of cars is maximum per unit time. 
The greater the speed limit, the farther apart the cars must be in 
order to keep a safe stopping distance. Experimental data on the 
stopping distance d (in meters) for various velocities v (in kilo- 
meters per hour) are shown in the table. 


| v | 20 | 40 60 80 | 100 


| d | Doll 1) USI), Yi. ||, Ae | 66.4 


(a) Convert the speeds v in the table to the speeds s in meters 
per second. Use the regression capabilities of a graphing 
utility to find a model of the form d(s) = as? + bs + c for 
the data. 


(b) Consider two consecutive vehicles of average length 5.5 
meters, traveling at a safe speed on the bridge. Let T be the 
difference between the times (in seconds) when the front 
bumpers of the vehicles pass a given point on the bridge. 
Verify that this difference in times is given by 


Ay as 
AS iS 


T 


(c) Use a graphing utility to graph the function T and estimate 
the speed s that minimizes the time between vehicles. 


(d) Use calculus to determine the speed that minimizes 7. What 
is the minimum value of 7? Convert the required speed to 
kilometers per hour. 


(e) Find the optimal distance between vehicles for the posted 
speed limit determined in part (d). 


Poe where the tangent 
X 


line has the greatest slope, and the point where the tangent line 
has the least slope. 


The figures show a rectangle, a circle, and a semicircle Py 18. (a) Let x be a positive number. Use the table feature of a graph- 


inscribed in a triangle bounded by the coordinate axes and the 
first quadrant portion of the line with intercepts (3, 0) and 
(0, 4). Find the dimensions of each inscribed figure such that its 
area is maximum. State whether calculus was helpful in finding 
the required dimensions. Explain your reasoning. 


y y y 
4 4 4 
3 3 3 
2 2 2 
1 1 1 
xX xX x 


12°34 died? wo A Lod 2324 


ing utility to verify that /1 + x < eh eee 
(b) Use the Mean Value Theorem to prove that 
Ale on + 1 for all positive real numbers +x. 


Py 19. (a) Let x be a positive number. Use the table feature of a graph- 


ing utility to verify that sin x < x. 


(b) Use the Mean Value Theorem to prove that sin x < x for all 
positive real numbers x. 


IAD 


The Wankel Rotary Engine and Area 


Named for Felix Wankel, who developed its basic prin- power. Compared with about 97 major moving parts in 


ciples in the 1950s, the Wankel rotary engine presents a V-8 engine, the typical two-rotor rotary engine has 
an alternative to the piston engine commonly used in only three major moving parts. As a result, the Wankel 
automobiles. Many auto makers, including Mercedes- engine has lower labor and material costs and less inter- 
Benz, Citroén, and Ford, have experimented with nal energy waste. 
rotary engines. By far the greatest number of Wankel- Although many different designs are possible for 
powered vehicles have been put on the road by Mazda, the rotary engine, the most common configuration is 
whose current rotary engine design is the RX-7. a two-lobed housing containing a three-sided rotor. 

The Wankel rotary engine has several advantages The size of the rotor in comparison with the size of the 
over the piston engine. A rotary engine is approximately housing cavity is critical in determining the compression 
half the size and weight of a piston engine of equivalent ratio and thus the combustion efficiency. 


QUESTIONS 


1. The region shown in the figure on the right above is bounded above by the graph of 
fe) = —2./3.+ /16 —@— 27 


and below by the x-axis. Describe different ways in which you might approximate the area of 
the region. Then choose one of the ways and use it to obtain an approximation. What type of 
accuracy do you think your approximation has? 


2. Now that you have found one approximation for the area of the region, describe a way that you 
can improve your approximation. Does your strategy allow you to obtain an approximation that 
is arbitrarily close to the actual area? Explain. 


3. Use your approximation to estimate the area of the “bulged triangle” shown in the figure on the 
left above. 


The concepts presented here will be explored further in this chapter. For an extension of this 
application, see Lab 6 in the lab series that accompanies this text at college.hmco.com. 


2001, Mazda Motor Corporation 
weiled the new RX-8 concept car 
the North American International 
uto Show in Detroit. The RX-8 is 
ywered by an iteration of the 
ankel rotary engine. Although the 
st mass-produced car equipped 

ith a rotary engine sold worldwide 
as the RX-7, whose shipment to 

e United States ended in 1995, the 
azda Corporation intends to 
establish an interest in rotary- 
ywered cars through new designs 
ce the RX-8. 


Reuters/Rebecca Cook/Archive Photos 


A sweeps out 
exhaust, B begins 
compression, and C 
is nearly finished 
with expansion. 


Ignition takes place in 
B, A continues intake, 
and C continues 
exhaust. 


Integration 


A moves back to allow 
intake while B continues 
compression. C begins to 
push out exhaust. 


Intake is nearly complete 
in A, B expands following 
ignition, and C is nearly 
finished with exhaust. 
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Section 4.1 


Finding Antiderivatives For each of © 
the following derivatives, describe the - 
original function F. 


a. Fi) = 
b FG) = 5% 
C.F) =e 


jie 
d. Fx=3 


1 
e. F(x) = 3 


f= cosa 


What strategy did you use to find F?- 


Antiderivatives and Indefinite Integration 
* Write the general solution of a differential equation. 

* Use indefinite integral notation for antiderivatives. 

¢ Use basic integration rules to find antiderivatives. 

* Find a particular solution of a differential equation. 


Antiderivatives 


Suppose you were asked to find a function F whose derivative is f (x) = 3x7, Prat 
your knowledge of derivatives, you would probably say that 


F(x) = x? because tes ihe 
dx 


The function F is an antiderivative of f. 


Definition of an Antiderivative 


A function F is an antiderivative of f on an interval / if F(x) = f(x) for all x in 1. 


Note that F is called an antiderivative of f, rather than the antiderivative of f. 7 
see why, observe that 


Pit (is) = Sand eee) = ect 97 


are all antiderivatives of f(x) = 3x*. In fact, for any constant C, the function evel t 
F(x) = x? + Cis an antiderivative of f. 


THEOREM 4.1 Representation of Antiderivatives 


If F is an antiderivative of f on an interval /, then G is an antiderivative of f on 
the interval / if and only if G is of the form 


G(x) = F(x) + C, for all x in J 


where C is a constant. 


Proof The proof of one direction is straightforward. That is, if G(x) = F(x) + ¢ 
F(x) = f(x), and C is a constant, then 


Ga) = S[FQ) + C]= FQ) + 0= Flo). 


To prove the other direction, you can define a function H such that 
H(x) = G(x) — F(x). 


If H is not constant on the interval /, there must exist a and b (a < b) in the interyv 
such that H(a) # H(b). Moreover, because H is differentiable on (a, b), you can app 
the Mean Value Theorem to conclude that there exists some c in (a, b) such that 


H(b) — H(a) 
ey 


Because H(b) # H(a), it follows that H’(c) # 0. However, because G’(c) = F'(c), yc 
know that H’(c) = Gc) — Fc) = 0, which contradicts the fact that H/(c) # 
Consequently, you can conclude that H(x) is a constant, C. Therefore, G(x) — F(x) = 
and it follows that G(x) = F(x) + C. 


inka 


SECTION 4.1 Antiderivatives and Indefinite Integration 243 


Using Theorem 4.1, you can represent the entire family of antiderivatives of a 
function by adding a constant to a known antiderivative. For example, knowing that 
D,{x?] = 2x, you can represent the family of all antiderivatives of f(x) = 2x by 


G(x) =x? + C Family of all antiderivatives of f(x) = 2x 


where C is a constant. The constant C is called the constant of integration. The 
family of functions represented by G is the general antiderivative of f, and 
G(x) = x? + Cis the general solution of the differential equation 


G (x) = 2x. Differential equation 


A differential equation in x and y is an equation that involves x, y, and 
derivatives of y. For instance, y’ = 3x and y’ = x? + 1 are examples of differential 
equations. 


Example 1 Solvinga Differential Equation 


Find the general solution of the differential equation y’ = 2. 


Solution To begin, you need to find a function whose derivative is 2. One such 
3 function is 


y = 2x. 2x is an antiderivative of 2. 


Now, you can use Theorem 4.1 to conclude that the general solution of the differential 
equation is 


‘ V¥=2x + C. General solution 
nctions of the form y = 2x + C 


sure 4.1 The graphs of several functions of the form y = 2x + C are shown in Figure 4.1. 


Notation for Antiderivatives 


When solving a differential equation of the form 


dy _ 
5 ame A, 

it is convenient to write it in the equivalent differential form 
dy = f(x)dx. 


The operation of finding all solutions of this equation is called antidifferentiation (or 
indefinite integration) and is denoted by an integral sign Jf. The general solution is 
denoted by 


Constant of 
integration 


Variable of 


integration 


y= [reac SIP) 2G. 


TE In this text, whenever we write The expression f f(x) dx is read as the antiderivative of f with respect to x. So, the 
‘(x) dx = F(x) + C, we mean that F differential dx serves to identify x as the variable of integration. The term indefinite 


in antiderivative of fon an interval. integral is a synonym for antiderivative. 
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‘ 
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fl 


Basic Integration Rules 


The inverse nature of integration and differentiation can be verified by substitutir 
F(x) for f(x) in the indefinite integration definition to obtain 


[rw dx = F(x) + C. Integration is the “inverse” of differentiation. 


Moreover, if f f(x) dx = F(x) + C, then 


d 
ak J 0 | = f(x). Differentiation is the “inverse” of integration. 


These two equations allow you to obtain integration formulas directly from diffe 
entiation formulas, as shown in the following summary. 


Basic Integration Rules 


Differentiation Formula Integration Formula 
d ie 
“(cl =0 (a6 
© Tk] = k [eac=mee 
dx 
<-Lefla)] = kf’) [ero ax=e[r00 a 
4 (769) + el] =F) * 0) [tre = etolac= frorace [at a 
n+] 
$ [x] = nx" [v dx. = aver Con Ohi ee eB Power Rule 


eas isin cos x 


cosxdx = sinx + C 
dx 


d : : 
7, Hoos 2] = —sin x sinx dx = —cosx + C 


d 
—[sec x]'= sec x tan x sec x tan x dx = secx + C 


d A 4 
= tamer sec? x sec*x dx = tanx + C 
dx 


dx 

d ; : 

7 [oot x) == csctx esc?xdx = —cotx +C 

d 

oe [esex) = — ese'x cot x esc xcotxdx = —cscx+C 


NOTE Note that the Power Rule for integration has the restriction that n # —1. TI 


evaluation of f1/x dx must wait until the introduction of the natural logarithm function 
Chapter 5. 
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Example 2 Applying the Basic Integration Rules 


Describe the antiderivatives of 3.x. 


Solution [x dx = ax dx Constant Multiple Rule 
— 3} dx Rewrite (x = me) 
x2 
= > ae (C Power Rule (n = 1) 
ee cot: Simplif 
y) Xx Imphity. VA 


When indefinite integrals are evaluated, a strict application of the basic integration 
rules tends to produce complicated constants of integration. For instance, in Example 2, 
we could have written 


[xar= frac 


a) 
es) 
=3(5 +c) 
2 
3» 
=e 3G: 
2 
However, because C represents any constant, it is both cumbersome and unnecessary 
to write 3C as the constant of integration, and we choose the simpler form, 32 a2 C. 
In Example 2, note that the general pattern of integration is similar to that of 
differentiation. 


Original integral [> Rewrite [> Integrate [> — Simplify 


i] Example 3 Rewriting Before Integrating 


ECHNOLOGY Some software Original Integral Rewrite Integrate Simplify 
rograms, such as Derive, Maple, is po as 
fathcad, Mathematica, and the TI-89, 2 He ee ee = ze Ay 

re capable of performing integration Xs *2 De 
ymbolically. If you have access to 3/2 ) 

ich a symbolic integration utility, try b. | x dx | KY dx 3/2 +C gee 24+C 

sing it to evaluate the indefinite a = 

a) orale >: C. [2 sin x dx >| sin x dx 2(—cos x) + C —2cosx +C 


Remember that you can check your answer to an antidifferentiation problem by 
5 2 0 
differentiating. For instance, in Example 3b, you can check that 4x7? + C is the 
correct antiderivative by differentiating the answer to obtain 


DADS ; 
p| ap c| = (2)(3)x = Wie Use differentiation to check antiderivative. 


ie indicates that in the Interactive 3.0 CD-ROM and Internet 3.0 versions of this text 
(available at college.hmco.com) you will find an Open Exploration, which further explores this 
example using the computer algebra systems Maple, Mathcad, Mathematica, and Derive. 
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The basic integration rules listed earlier in this section allow you to integrate 
polynomial function, as demonstrated in Example 4. 


Example 4 Integrating Polynomial Functions 


a. | dx = | 1 dx ; Integrand is understood to be_ 
Sanit Integrate. 
b. [oc 2) an fra + fra 
x2 
= “En, ie Papa e Integrate. 
x2 
=p eine ee C=C,+C, 


The second line in the solution is usually omitted. 


iS) x2 
c. [ou — 5x7 + x) dx = 3(£) - 5( 3 35 za ar € Integrate. 


5) 1 
= a = cua + al +16 Simplify. 


Example 5 Rewriting Before Integrating 


[ae | (2+ +) ax Remi eee 
© = a a ewrite as two fractions. 
iii Ne 


= [ow ay od 2) dx Rewrite with fractional 
exponents. 
3/2 1/2 

Xx XxX 
= as Ge Integrate. 

3/2 1/2 ntegrate 

2 3/2 1/2 
= 3% ae EN ae (C Simplify. [ 


NOTE When integrating quotients, do not integrate the numerator and denomina 
separately. This is no more valid in integration than it is in differentiation. For instance, 
Example 5, be sure you understand that 


x+1 S@ + 1) ad 
Hees Cos Greig: 


Example 6 Rewriting Before Integrating 


SSS STS TS a SS SS ST NSS TS 
sin x d | sin x d 
an LS Be Rewrite as a pro , 
COS? % cos x/\cos x pe 
Sr | poeta ie Rewrite using trigonometric 
identities. 


SCCE Wain G Integrate. [ 


C=-4 
FQ) =x3 -x+C 

particular solution that satisfies 

initial condition F(2) = 4 is 

7 =x — 2. 

ure 4.2 


particular solution that satisfies 
nitial condition F(1) = 0 is 
=i /x) + 1,x > 0: 

ure 4.3 
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Initial Conditions and Particular Solutions 


You have already seen that the equation y = f f(x)dx has many solutions (each 
differing from the others by a constant). This means that the graphs of any two 
antiderivatives of f are vertical translations of each other. For example, Figure 4.2 
shows the graphs of several antiderivatives of the form 


HyRE= [ow sa 1) dx Sox a C General solution 


for various integer values of C. Each of these antiderivatives is a solution of the 
differential equation 


Lae 


ae 3x7 — 1. 


In many applications of integration, you are given enough information to 
determine a particular solution. To do this, you need only know the value of 
y = F(x) for one value of x. (This information is called an initial condition.) For 
example, in Figure 4.2, only one curve passes through the point (2, 4). To find this 
curve, you can use the following information. 


To) ee PO General solution 
F(2) = 4 Initial condition 


By using the initial condition in the general solution, you can determine that 
F(2) = 8 — 2 + C = 4, which implies that C = —2. So, you obtain 


F(x) =x — x —- 2. Particular solution 


en nance metntn ne centre tentuten AAR at PANS ARN Nt eR DARPA REASON REA OA AAMC EH HOLL SO ABLES PEN At BOE MARE RCORRPC MN RICRAAR ICR AEN Ane OC RAR eI AARNE IEICE CCRO CENT CCE 


Example 7 Finding a Particular Solution 


Find the general solution of 
f i 
Fx) = aes 0 
and find the particular solution that satisfies the initial condition F(1) = 0. 


Solution To find the general solution, integrate to obtain 


1 
FQ)= | =e F(x) = JF (x)dx 
ae 
= fr dx Rewrite as a power. 
he 
= aay =r Integrate. 
SSS, se s50 General solution 


Using the initial condition F(1) = 0, you can solve for C as follows. 


Fl) =-7+C=0 wip? (eety 


So, the particular solution, as shown in Figure 4.3, is 


1 . 
F(x) —— + 1, x.> 0; Particular solution v4 
x ae 
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s(t) =—16t? + 64t + 80 


Height (in feet) 


1 2 3 4 5) 
Time (in seconds) 


Height of a ball at time ¢ 
Figure 4.4 


NOTE In Example 8, note that the 
position function has the form 
s(t) = 3gt? + vot + So 


where g = —32, vo is the initial velocity, 
and so is the initial height, as presented 
in Section 2.2. 


So far in this section we have been using x as the variable of integration, 
applications, it is often convenient to use a different variable. For instance, in t 
following example involving time, the variable of integration is t. | 


Cama ocean ST 


Example 8 Solving a Vertical Motion Problem 


A ball is thrown upward with an initial velocity of 64 feet per second from an init 
height of 80 feet. See Figure 4.4. 


a. Find the position function giving the height s as a function of the time f. 


b. When does the ball hit the ground? 


Solution 


a. Let t = 0 represent the initial time. The two given initial conditions can be writt 
as follows. 


s(0) = 80 
(0) OA 


Using —32 feet per second per second as the acceleration due to gravity, you ¢ 
write 


s(t) = —32 


B(1)e— [ow = [-s24 = —32t + C\. 


Initial height is 80 feet. 


Initial velocity is 64 feet per second. 


Using the initial velocity, you obtain s(0) = 64 = —32(0) + C;, which impli 
that C; = 64. Next, by integrating s(t), you obtain 


s(t) = [roa = ic 64) at = —16i* + 640 + Ca, 


Using the initial height, you obtain 
s(0) = 80 = —16(07) + 64(0) + C, 

which implies that C, = 80. Therefore, the position function is 
s(t) = —16¢? + 64¢ + 80. 


b. Using the position function found in part (a), you can find the time that the ball h 
the ground by solving the equation s(t) = 0. 
s(t) = —16 + 64t + 80 = 0 
—16(¢ + 1)(¢— 5) =0 
Pail ee 


Because t must be positive, you can conclude that the ball hits the ground 


seconds after it was thrown. iy 


Example 8 shows how to use calculus to analyze vertical motion problems 
which the acceleration is determined by a gravitational force. You can use a simi 
strategy to analyze other linear motion problems (vertical or horizontal) in which t 
acceleration (or deceleration) is the result of some other force, as you can see 
Exercises 77-88. 
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Before you begin the exercise set, be sure you realize that one of the most 
important steps in integration is rewriting the integrand in a form that fits the basic 
integration rules. To further illustrate this point, here are some additional examples. 


Original Integral Rewrite Integrate Simplify 
a) HZ 
ee. 21x Ve (| — 1/2 4 
[2. ix iF 9 172 C 4x C 
2 2 4 2 f° ° ! 2 
(tine )2dt (t4 + 242+ 1) dt lie Cy lea Eile Wein 
x +3 x a 1 3 
d. + 3x72 — + 3{—— =y2— = + 
p@ & [o Breas 5 (SS) +e ra ad G 
7/3 4/3 2 
eA\d 4/3 = 4,08 ee (5) + 2B g Boas 
[vie x fo we) a 773 473 G 5x @-7)+C 


XERCISES FOR SECTION 4.1 


Exercises 1-4, verify the statement by showing that the In Exercises 15-34, find the indefinite integral and check the 
ivative of the right side equals the integrand of the left side. result by differentiation. 
9 3 
eget G 15.) |Geres dx 16. | (5 — x)dx 
5 x 
1 1 
[(° 4) ax = x*+ : Ea es 17. fox = ye) ee 18. [ow + 6x* — 1)dx 
[o — 2)(% + 2)dx = me = re ae: 19. [oe + 2)dx 20. oe — 4x + 2)dx 
x — | 2(x? + 3) 1 
ee, SE hE 3/2 2 : 
i yp dx 3x 21. | (3/2 + 2x + 1)dx 720). (ve + =a) 
ixercises 5—8, find the general solution of the differential 23. WS? dx 24, | (ox a 1) dx 
ation and check the result by differentiation. ' ' 
25. [ea 26 [ea 
dy zs Oe aC x 
Be fae 2txt] ?+2x-3 
| i 27, |= — ax 28. | = ax 
2 gi (3/2 8. a = 2x73 nf ze 
in X 
29. [o + -1)(3x — 2)dx 30. [ee — 1)?dt 
ixercises 9-14, complete the table using Example 3 and the 
nples at the top of this page as a model. 31. | yr/y dy 32. | (1430) # ce 
re so -mplify 
Original Integral Rewrite Integrate Simplify 33. i di 34. | 3 dt 
{ ¥Yx dx 
In Exercises 35-42, find the indefinite integral and check the 
E dx result by differentiation. 
x 
[oe 35. [e sinx + 3 cos x) dx 36. fe — sin ft) dt 
vale 
foc? + 3)dx 37. ic — esc t cot t) dt 38. iG + sec? 6) d@ 
[are 7 39, | oece 6 — sin @) d@ 40. [se y(tan y — sec y) dy 
25 


41. | (tan? y + 1) dy 42. | ax 
Ga ym IR SCOSsG 
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In Exercises 43 and 44, sketch the graphs of the function Fy Slope Fields 1n Exercises 53 and 54, a differential equatio: 


g(x) = f(x) + C for C = —2, C = 0, and C = 3 on the same set 
of coordinate axes. 


43. f(x) = cosx 44. {@).=~/% 


In Exercises 45-48, the graph of the derivative of a func- 
tion is given. Sketch the graphs of two functions that have the 
given derivative. (There is more than one correct answer.) To 
print an enlarged copy of the graph, go to the website 
www.mathgraphs.com. 


45. } 46. y 


47. 


In Exercises 49-52, find the equation for y, given the derivative 
and the indicated point on the curve. 


49. oo { ge 


’ 
: 
: 
; 
: 
A 


point, and a slope field are given. A slope field (or direction fi: 
consists of line segments with slopes given by the differen 
equation. These line segments give a visual perspective of 
slopes of the solutions of the differential equation. (a) Ske 
two approximate solutions of the differential equation on 
slope field, one of which passes through the indicated po 
(To print an ‘enlarged copy of the graph, go to the web 
www.mathgraphs.com.) (b) Use integration to find the particu 
solution of the differential equation and use a graphing uti 
to graph the solution. Compare the result with the sketches 
part (a). 


1 dy Se 
53 7% (a) 54. Tas x 1, (1,3) 
y y 


: SRE estou [l/l /se34N—7 111 

\ NS See LP) c= Soe 

\ SsS=2 ses Ll tl 7— NN =—Z II] 

\ eens 1p Lb PARENRKS Se 

a RS ake lL] / 4—N4AsN—Z7 I 11 

: SS le aco oe | 
\ Papo term ect he AY +++ + ++} ++ > 

\ Newt rs s/s : 2:3 | /7—~ N-/! es 

x 114 /4—NxN—7 114 

LL I S—NAN=Z ET I 

1} / 7—N*N-—Z7 11d 

I] /7—-N\~N—-7 1] 1 1 

| TW = 33 Sa a 


In Exercises 55-62, solve the differential equation. 


55. f(x) = 4x, f(0) = 6 

56. 2’(x) = 6x7, 2(0) = —-1 

57. h(t) = 8P + 5,h01) = —4 

58. f(s) = 6s — 853, f(2) = 3 
59.~f"(x) = 2, f(2) = 5, f(2) = 10 
60. f(x) = x’, f(0) = 6, FO) = 3 
61. f(x) = x37, f(4) = 2, fC) = 0 
62. f(x) = sinx, f(0) =1, fO) =6 


63. Tree Growth An evergreen nursery usually sells a cert 
shrub after 6 years of growth and shaping. The growth 1 
during those 6 years is approximated by 
dh 


— = 15t+ 
7 t+5 


where f is the time in years and h is the height in centimet 
The seedlings are 12 centimeters tall when planted (t = 0). 


(a) Find the height after ¢ years. 
(b) How tall are the shrubs when they are sold? 


64. Population Growth The rate of growth dP/dt of a populat 
of bacter‘a is proportional to the square root of t, where P is 
population size and t is the time in days (0 < t < 10). That 


dP 
Nt 


The initial size of the population is 500. After 1 day the po 
lation has grown to 600. Estimate the population after 7 day 
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Vertical Motion In Exercises 71-74, use a(t) = —9.8 meters 
per second per second as the acceleration due to gravity. 

95. Use the graph of f”’ in the figure to answer the following, (Neglect air resistance.) 

given that f(0) = —4. 


(a) Approximate the slope of f at x = 4. Explain. 


retting at the Concept 


71. Show that the height above the ground of an object thrown 
upward from a point sy meters above the ground with an initial 


(b) Is it possible that f(2) = —1? Explain. velocity of vj) meters per second is given by the function 
(c) Is f(5) = 74) > 0? Explain. f(t) pat — 4,97? ale Vot a So. 
(d) Approximate the value of x where f is maximum. 
Explain. 72. The Grand Canyon is 1600 meters deep at its deepest point. A 


rock is dropped from the rim above this point. Express the 
height of the rock as a function of the time t in seconds. How 
long will it take the rock to hit the canyon floor? 


(e) Approximate any intervals in which the graph of f is 
concave upward and any intervals in which it is 
concave downward. Approximate the x-coordinates of 


any points of inflection. 73. A baseball is thrown upward from a height of 2 meters with a 


velocity of 10 meters per second. Determine its maximum 


(f) Approximate the x-coordinate of the minimum of f(x). heione 
pode cian ay aopromimats graph of f- To pant pcaiaized 74. With what initial velocity must an object be thrown upward 
copy of the graph, go to the website www.math- 


(from a height of 2 meters) to reach a maximum height of 200 
meters? 


graphs.com. 


75. Lunar Gravity On the moon, the acceleration due to gravity 
is — 1.6 meters per second per second. A stone is dropped from 
a cliff on the moon and hits the surface of the moon 20 seconds 
later. How far did it fall? What was its velocity at impact? 


76. Escape Velocity The minimum velocity required for an object 
to escape earth’s gravitational pull is obtained from the solution 
of the equation 


Figure for 65 Figure for 66 | vdv = —GM i ug dy 
y 


96. The graphs of f and f’ each pass through the origin. Use the | 
graph of f” shown in the figure to sketch the graphs of f 
and f’. To print an enlarged copy of the graph, go to the 
website www.mathgraphs.com. 


where v is the velocity of the object projected from earth, y is 
the distance from the center of earth, G is the gravitational 
/ constant, and M is the mass of earth. Show that v and y are 


related by the equation 


1 1 
a= V6 + iiag i) 
Vv VG 2oM(2 R 


rtical Motion In Exercises 67-70, use a(t) = —32 feet per 


ond per second as the acceleration due to gravity. (Neglect where v, is the initial velocity of the object and R is the radius 


- resistance.) Papen 

. A ball is thrown vertically upward from a height of 6 feet with 
an initial velocity of 60 feet per second. How high will the Rectilinear Motion mn Exercises 77-80, consider a particle 
ball go? moving along the x-axis where x(t) is the position of the particle 


_ Show that the height above the ground of an object thrown at time 1, x (0) is its velocity, and x”(¢) is its acceleration. 


upward from a point s, feet above the ground with an initial 11. x(t) = 8 -— 62 + 9t — 2, (Mean tan 


ity of is given by the functi 
econ piven by the tuncuon (a) Find the velocity and acceleration of the particle. 


f(t) = —16t7 + vot + 55. (b) Find the open r-intervals on which the particle is moving to 
With what initial velocity must an object be thrown upward the right. 
(from ground level) to reach the top of the Washington (c) Find the velocity of the particle when the acceleration is 0. 
Monument (approximately 550 feet)? 78. Repeat Exercise 77 for the position function 
_ A balloon, rising vertically with a velocity of 16 feet per AO "anes 
second, releases a sandbag at the instant it is 64 feet above the 
ground. 79. A particle moves along the x-axis at a velocity of v(t) = 1/t, 


t > 0. At time ¢ = 1, its position is x = 4. Find the acceleration 


(a) How many seconds after its release will the bag strike the 
and position functions for the particle. 


ground? 
(b) At what velocity will it hit the ground? 
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, i 
80. A particle, initially at rest, moves along the x-axis such that its Py 86. Data Analysis A vehicle slows to a stop from 45 miles per ha 


acceleration at time t > 0 is given by a(t) = cos ¢. At the time 
t = 0, its position is x = 3. 

(a) Find the velocity and position functions for the particle. 
(b) Find the values of t for which the particle is at rest. 


81. Acceleration The maker of a certain automobile advertises 
that it takes 13 seconds to accelerate from 25 kilometers per 
hour to 80 kilometers per hour. Assuming constant acceleration, 
compute the following. 


(a) The acceleration in meters per second per second 
(b) The distance the car travels during the 13 seconds 


82. Deceleration A car traveling at 45 miles per hour is brought 
to a stop, at constant deceleration, 132 feet from where the 
brakes are applied. 


(a) How far has the car moved when its speed has been reduced 
to 30 miles per hour? 


(b) How far has the car moved when its speed has been reduced 
to 15 miles per hour? 


(c) Draw the real number line from 0 to 132, and plot the points 
found in parts (a) and (b). What can you conclude? 


83. Acceleration At the instant the traffic light turns green, a car 
that has been waiting at an intersection starts with a constant 
acceleration of 6 feet per second per second. At the same 
instant, a truck traveling with a constant velocity of 30 feet per 
second passes the car. 


(a) How far beyond its starting point will the car pass the truck? 
(b) How fast will the car be traveling when it passes the truck? 


84. Think About It Two cars starting from rest accelerate to 
65 miles per hour in 30 seconds. The velocity of each car is 
shown in the figure. Are the cars side by side at the end of the 
30-second time interval? Explain. 


Velocity 

(in miles per hour) 
- lon 
i=) So 

as 
: e) 
s 
\ 


+ t et 
O20) 0) 
Time (in seconds) 


by 85. Data Analysis The table shows the velocities (in miles per 
hour) of two cars on the entrance ramp of an interstate highway. 
The time f is in seconds. 


(a) Rewrite the table converting miles per hour to feet per 
second. 

(b) Use the regression capabilities of a graphing utility to fit 
quadratic models to the data in part (a). 


(c) Approximate the distance traveled by each car during the 
30 seconds. Explain the difference in distances. 


in 6 seconds. The table shows the velocities in feet per second 


(a) Use the.regression capabilities of a graphing utility to fit 
cubic model to the data. 

(b) Approximate the distance traveled by the car during the 
seconds. 

87. Acceleration Assume that a fully loaded plane starting fra 
rest has a constant acceleration while moving down a runwé 
The plane requires 0.7 mile of runway and a speed of 160 mil 
per hour in order to lift off. What is the plane’s acceleration? 


Fle 88. Airplane Separation Two airplanes are in a straight-line lan: 


ing pattern and, according to FAA regulations, must keep at lee 
a 3-mile separation. Airplane A is 10 miles from touchdown as 
is gradually slowing its speed from 150 miles per hour to a lan: 
ing speed of 100 miles per hour. Airplane B is 17 miles fro 
touchdown and is gradually slowing its speed from 250 miles p 
hour to a landing speed of 115 miles per hour. 


(a) Assuming the deceleration of each airplane is constant, fit 
the position functions s, ands, for Airplane A and Airplai 
B. Let t = 0 represent the times when the airplanes are _ 
and 17 miles from the airport. 


(b) Use a graphing utility to graph the position functions. 
(c) Find a formula for the magnitude of the distance d betwee 
the two airplanes as a function of t. Use a graphing utili 


to graph d. Is d < 3 for some time prior to the landing | 
Airplane A?If so, find that time. | 


True or False? In Exercises 89-94, determine whether tl 
statement is true or false. If it is false, explain why or give < 
example that shows it is false. 


89. Each antiderivative of an nth-degree polynomial function is < 
(n + 1)th-degree polynomial function. 


90. If p(x) is a polynomial function, then p has exactly o1 
antiderivative whose graph contains the origin. 

91. If F(x) and G(x) are antiderivatives of f(x), then F(x) 
Gia ick CG 

92. If f(x) = g(x), then fg(x)dx = f(x) + C. 

93. Jf (x)g(xjdx = Sf (x)dx Je(x)dx 


94. The antiderivative of f(x) is unique. 


. it Wisipe : 
Sf Qe | , f is continuous, and f(1) = 3, 


She PSG 
find f. Is f differentiable at x = 2? 

96. Let s(x) and c(x) be two functions satisfying s‘(x) = c(x) an 
c(x) = —s(x) for all x. If s(0) = 0 and c(0) = 1, prove th 
[s(x)P + [e(x)P = 1. 


Section 4.2 — 


R FURTHER INFORMATION For a 
metric interpretation of summation 
nulas, see the article, “Looking at 


k and 5} k? Geometrically” by Eric 
k= 1 


rblom in Mathematics Teacher. To 
wv this article, go to the website 
w.matharticles.com. 


+ 


ll 
(=) 


ive 


SA! + HEH HHI H+ 


From parts (a) and (b), notice that the same sum can be represented in different ways 
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Area 


* Use sigma notation to write and evaluate a sum. 
¢ Understand the concept of area. 

¢ Approximate the area of a plane region. 

* Find the area of a plane region using limits. 


Sigma Notation 


In the preceding section, you studied antidifferentiation. In this section, you will look 
further into a problem introduced in Section 1.1—that of finding the area of a region 
in the plane. At first glance, these two ideas may seem unrelated, but you will discover 
in Section 4.4 that they are closely related by an extremely important theorem called 
the Fundamental Theorem of Calculus. 


We begin this section by introducing a concise notation for sums. This notation is 


called sigma notation because it uses the uppercase Greek letter sigma, written as >. 


Sigma Notation 


The sum of n terms a), a>, a3,. . ., d,, 18 written as 


n 
ian = a itiastias te avg a 


i=] 


n 


where j is the index of summation, a; is the ith term of the sum, and the 
upper and lower bounds of summation are n and 1. 


NOTE The upper and lower bounds must be constant with respect to the index of summation. 
However, the lower bound doesn’t have to be 1. Any integer less than or equal to the upper 
bound is legitimate. 


Example the Examples of Sigma Notation 


ter 2 sa 5S 6 


ll 
— 


ioe 


| ee ORE el aoc amas Be an 


2 fA ala ss Ta ln 


= 
ll 
[et 


(nr |) 


sl 


. Spl) Ax = fle, Ax + fle) Ax +--+ fla,) Ax 


using sigma notation. Le | 


Although any variable can be used as the index of summation i, j, and k are often 


used. Notice in Example 1 that the index of summation does not appear in the terms 
of the expanded sum. 
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THE SUM OF THE First 100 INTEGERS 


Carl Friedrich Gauss’s (1777-1855) teacher 
asked him to add all the integers from | to 100. 
When Gauss returned with the correct answer 
after only a few moments, the teacher could 
only look at him in astounded silence. This is 
what Gauss did: 


b+ 2+ 3+ + + 100 
100 +) 99 + 9B Foe HT 
10) + 101 + 101 +\--- + 101 
LOIN 5555 


This is generalized by Theorem 4.2, where 
100 100(101) 


ya = Tho AG = 5050. 


ni + + 
> : i _n = 3 
10 0.65000 
100 0.51500 
1,000 0.50150 
10,000 | 0.50015 


The following properties of summation can be derived using the associative al 
commutative properties of addition and the distributive property of addition ov 
multiplication. (In the first property, k is a constant.) 


The next theorem lists some useful formulas for sums of powers. A proof of tl 
theorem is given in Appendix B. 


Summation Formulas 


THEOREM 4.2 


n pees 11 8 W 
2, 


~ 
II 


1. ¢ =cn 


n(n + 1)(2n + 1) 3 


n ne 
3. De 6 


_ 
II 


Example 2 Evaluating 2 a ‘Sum 


Evaluate oo 


i=] 


get te = 10, 100, 1000, and 10,000. 


Solution Applying Theorem 4.2, you can write 
wir L 1 


» m pe. 1) 


Factor constant 1/n? out of sum. 


Write as two sums. 


1 | n(w 1) 
= i 5) n Apply Theorem 4.2. 
Lite on 
= ae Simplify. 
my) 5 implify 
ner 
= , Simplify. 


Now you can evaluate the sum by substituting the appropriate values of n, as shov 
in the table at the left. y 


In the table, note that the sum appears to approach a limit as n increases. Althou 
the discussion of limits at infinity in Section 3.5 applies to a variable x, where x c 
be any real number, many of the same results hold true for limits involving t 
variable n, where n is restricted to positive integer values. So, to find the limit 
(n + 3)/2n as n approaches infinity, you can write 


ure 4.5 


> 
g 
=| 
4 
2 
5 
g 
5 
2 
=I 
| 
=a 
> 
a 
4 
3 
g 
= 


ARCHIMEDES (287-212 B.C.) 


rchimedes used the method of exhaustion to 
srive formulas for the areas of ellipses, 
arabolic segments, and sectors of a spiral. 

e is considered to have been the greatest 
yplied mathematician of antiquity. 


R FURTHER INFORMATION For an 
mative development of the formula for 
area of a circle, see the article “Proof 
hout Words: Area of a Disk is 7R?” 
Russell Jay Hendel in Mathematics 
gazine. To view this article, go to the 
site www.matharticles.com. 
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Area 


In Euclidean geometry, the simplest type of plane region is a rectangle. Although 
people often say that the formula for the area of a rectangle is A = bh, as shown in 
Figure 4.5, it is actually more proper to say that this is the definition of the area of a 
rectangle. 


From this definition, you can develop formulas for the areas of many other plane 
regions. For example, to determine the area of a triangle, you can form a rectangle 
whose area is twice that of the triangle, as shown in Figure 4.6. Once you know 
how to find the area of a triangle, you can determine the area of any polygon by 
subdividing the polygon into triangular regions, as shown in Figure 4.7. 


Parallelogram Hexagon Polygon 
Figure 4.7 


Finding the areas of regions other than polygons is more difficult. The ancient 
Greeks were able to determine formulas for the areas of some general regions 
(principally those bounded by conics) by the exhaustion method. The clearest 
description of this method was given by Archimedes. Essentially, the method is a 
limiting process in which the area is squeezed between two polygons—one inscribed 
in the region and one circumscribed about the region. 

For instance, in Figure 4.8 the area of a circular region is approximated by an 
n-sided inscribed polygon and an n-sided circumscribed polygon. For each value of n 
the area of the inscribed polygon is less than the area of the circle, and the area of the 
circumscribed polygon is greater than the area of the circle. Moreover, as n increases, 
the areas of both polygons become better and better approximations of the area of 
the circle. 


The exhaustion method for finding the area of a circular region 
Figure 4.8 


In the remaining examples in this section, we use a process that is similar to that 
used by Archimedes to determine the area of a plane region. 
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fix) =x? +5 
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2 “Gumigé 0 
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(a) The area of the parabolic region is greater 
than the area of the rectangles. 


f@)=—? +5 


Ae 
3-H 
2+ 
i 
+ a X 
2 4 6 8 10 
5} 5 5 5} 5 


(b) The area of the parabolic region is less 
than the area of the rectangles. 


Figure 4.9 


The Area of a Plane Region 


Recall from Section 1.1 that the origins of calculus are connected to two class 
problems: the tangent line problem and the area problem. We begin the investigati 
of the area problem with an example. 


Example cD "Approximating the Area of a Plane Region 
Use the five rectangles in Figure 4.9(a) and (b) to find two approximations of the ar 
of the region lying between the graph of 

JNO) Sethe 


and the x-axis between x = O and x = 2. 


Solution 


a. The right endpoints of the five intervals are zi where i = 1, 2,3, 4, 5. The width| 
each rectangle is - and the height of each rectangle can be obtained by evaluati: 
f at the right endpoint of each interval. 


os shlesblSshlss 
fesshsjaen ohhania 


Evaluate f at the right endpoints of these intervals. 


The sum of the areas of the five rectangles is 
Height Width 
——— pa 


$/(:)@)-3[-2) JQ) 120m 


Because each of the five rectangles lies inside the parabolic region, you c 
conclude that the area of the parabolic region is greater than 6.48. 

b. The left endpoints of the five intervals are = — 1), where 1 = 102, 3254557 
width of each rectangle is Z, and the height of each rectangle can be obtained | 
evaluating f at the left endpoint of each interval. 


Height Width 
(i nes 


SPQ 8-2) os] =a - 


Because the parabolic region lies within the union of the five rectangular regiot 
you can conclude that the area of the parabolic region is less than 8.08. 


By combining the results in parts (a) and (b), you can conclude that 


i} 


6.48 < (Area of region) < 8.08. 


NOTE By increasing the number of rectangles used in Example 3, you can obtain closer a 
closer approximations of the area of the region. For instance, using 25 rectangles of width 
each, you can conclude that 


7.17 < (Area of region) < 7.49. 


a b 


region under a curve 
ire 4.10 


<< 


interval [ a, b| is divided into n 
—a 


: b 
tervals of width Ax = 
re 4.11 
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Upper and Lower Sums 


The procedure used in Example 3 can be generalized as follows. Consider a plane 
region bounded above by the graph of a nonnegative, continuous function y = f(x), as 
shown in Figure 4.10. The region is bounded below by the x-axis, and the left and right 
boundaries of the region are the vertical lines x = a and x = b. 

To approximate the area of the region, begin by subdividing the interval [a, b] into 
n subintervals, each of width Ax = (b — a)/n, as shown in Figure 4.11. The end- 
points of the intervals are as follows. 


a— Xo Xi Xo Thy 
 ———a a. > SSN See 
a+ O(Ax) < a+ 1(Ax) < a + 2(Ax) < +--+ < at n(Ax) 


Because f is continuous, the Extreme Value Theorem guarantees the existence of a 
minimum and a maximum value of f(x) in each subinterval. 


f(m;) = Minimum value of f(x) in ith subinterval 
f(M;) = Maximum value of f(x) in ith subinterval 


Next, define an inscribed rectangle lying inside the ith subregion and a 
circumscribed rectangle extending outside the ith subregion. The height of the ith 
inscribed rectangle is f(m,) and the height of the ith circumscribed rectangle is f(M,). 
For each i, the area of the inscribed rectangle is less than or equal to the area of the 
circumscribed rectangle. 


(as of inscribed 


Area of ac | 
rectangle 


rectangle 


) =m) Ax < flat) dx = ( 


The sum of the areas of the inscribed rectangles is called a lower sum, and the sum 
of the areas of the circumscribed rectangles is called an upper sum. 


n 
Lower sum = s(n) = >, f(m;) Ax Area of inscribed rectangles 


i=l 
rn 
Upper Sum) = S(n) = SS F(M;) x Area of circumscribed rectangles 
i=1 


From Figure 4.12, you can see that the lower sum s() is less than or equal to the upper 
sum S(n). Moreover, the actual area of the region lies between these two sums. 


s(n) < (Area of region) < S(n) 


il y=f@) i y=f@) 
S(n) 
x x x 
a b 
Area of inscribed rectangles Area of region Area of circumscribed 
is less than area of region. rectangles is greater than 


area of region. 


Figure 4.12 
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Integration 


=il 


it) 


=| 


Circumscribed rectangles 
Figure 4.13 


Example 4 Vinding Upper and Lower Sums fora Region 


Find the upper and lower sums for the region bounded by the graph of f(x) = x7 
the x-axis between x = O and x = 2. : 


Solution To begin, partition the interval [0, 2] into n subintervals, each of width 


ee ae 


n n n 


Figure 4.13 shows the endpoints of the subintervals and several inscribed 
circumscribed rectangles. Because f is increasing on the interval [0, 2], the minim 
value on each subinterval occurs at the left endpoint, and the maximum value occ 
at the right endpoint. 


Left Endpoints 


Right Endpoints 
m, = 0+ (i (2) ee 
n n 


> : 
M,=O0O+i (2) = Zs 
n n 

Using the left endpoints, the lower sum is 


s(n) = Sim) ax = $ | = Ie} 


i=1 


sabilreray |G) 


fs aE tel) Gn tale 2| a a | we | 
ae 6 


4 
(5) = 2 
373 AOA RY eo 


8 4 4 
= 3 7 =i Bn" Lower sum 


Using the right endpoints, the upper sum is 
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=e a (2n ean on) 


Upper sum 


n = 10, 100, and 1000. Use your 


s to determine the area of the 


/ 
Ke 


cr \ b 
Me 


el i 


vidth of the ith subinterval is 
Bite *i—1- 
re 4.14 
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Example 4 illustrates some important things about lower and upper sums. First, 
notice that for any value of n, the lower sum is less than (or equal to) the upper sum. 
8 4 4 8 4 4 


SDarng ids fe Whaler leah, Ok 


Second, the difference between these two sums lessens as n increases. In fact, if you 
take the limit as n > 00, both the upper sum and the lower sum approach 4 


lim s(n) = lim (3 = ay 5) = é Lower sum limit 


n—co noo \3 n 3n? 3 
lim S(n) = lim (3 ar # oe *) = g Upper sum limit 
noo noo \3 n 3n- 3 


The next theorem shows that the equivalence of the limits (as n > oo) of the upper 
and lower sums is not mere coincidence. It is true for all functions that are continuous 
and nonnegative on the closed interval [a, b]. The proof of this theorem is best left to 
a course in advanced calculus. 


THEOREM 4.3 Limit of the Lower and Upper Sums 


Let f be continuous and nonnegative on the interval [a, b]. The limits as n co 
of both the lower and upper sums exist and are equal to each other. That is, 


n 


lim s(n) = lim SY f(m;) Ax 
n—-0co n>00 <= 


lim 5) f(M;) Ax 
n—00 ft, 


= lim S{n) 


noo 


where Ax = (b — a)/n and f(m,) and f(M,) are the minimum and maximum 
values of f on the subinterval. 


Because the same limit is attained for both the minimum value f(m;) and the 
maximum value f(M,), it follows from the Squeeze Theorem (Theorem 1.8) that the 
choice of x in the ith subinterval does not affect the limit. This means that you are free 
to choose an arbitrary x-value in the ith subinterval, as in the following definition of 
the area of a region in the plane. 


Definition of the Area of a Region in the Plane 


Let f be continuous and nonnegative on the interval [a, b]. The area of the 
region bounded by the graph of f, the x-axis, and the vertical lines x = a and 
= bis 


n 


Arew— lim S f(c,)Ax,  %,.; S ¢ = 4; 
n-oco i=1 


where Ax = (b — a)/n (see Figure 4.14). 
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d, 1) 


-- 
(0, 0) 1 


The area of the region bounded by the graph 
of f, the x-axis, x = 0,andx = | isq. 
Figure 4.15 


The area of the region bounded by the graph 
of f, the x-axis, x = 1, andx = 2 is ‘i 
Figure 4.16 


Example in "Finding Area by the Limit Definition 


Find the area of the region bounded by the graph f(x) = x°, the x-axis, and the vert 
lines x = 0 and x = 1, as shown in Figure 4.15. 


Solution Begin by noting that f is continuous and nonnegative on the interval [0. 
Next, partition the interval [0,1] into n subintervals, each of width Ax = 1 
According to the definition of area, you can choose any x-value in the ith subinter 
For this example, the right endpoints c, = i/n are convenient. 


N—90O n>co 45 \n nN 


Right endpoints: c; = : 


1 
5 


Area = lim S fle) 


The area of the region is é 


Example 6 Finding ‘Area by the Limit Definition 


Find the area of the region bounded by the graph of f(x) = 4 — x?, the x-axis, and 
vertical lines x = 1 and x = 2, as shown in Figure 4.16. 


Solution The function f is continuous and nonnegative on the interval [1, 2], anc 
you begin by partitioning the interval into n subintervals, each of width Ax = ]} 
Choosing the right endpoint, 

Right endpoints 


l 
¢,=a+iAx=1+—-— 
n 


of each subinterval, you obtain the following. 


sf (-2710 


1 
5 
ye | 
3 


The area of the region is A 
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The last example in this section looks at a region that is bounded by the y-axis 
(rather than by the x-axis). 


E3 rample va A Region Bounded by the y- “Axis 


Find the area of the region bounded by the graph of f(y) = y? and the y-axis for 
0 < y § 1, as shown in Figure 4.17. 


Solution When f is a continuous, nonnegative function of y, you still can use the 

a, D same basic procedure illustrated in Examples 5 and 6. Begin by partitioning the 
interval [0, 1] into n subintervals, each of width Ay = 1/n. Then, using the upper 
endpoints c; = i/n, you obtain the following. 


_ © ua ia aa 
Area = | ell =) ta ; ints: ¢; = 
rea oe a fle) Ay im De (*) Upper endpoints: c, 
i n 
= EN? 
oe =p} 
0, 0) ri m4 
Se dnGier DQn 1) 
area of the region bounded by the graph ea 6 
fand the y-axisfor0 < y < 1 is}. 
ure 4.17 = lim (G+ ae iL = ! a5) 
n> 00 \3 6n? 
derill 
2) 
The area of the region is 3. vA 


XERCISES FOR SECTION 4.2 


Exercises 1—6, find the sum. Use the summation capabilities Be D) ag é Qn 2/9 
. graphing utility to verify your result. 7 
3 r : ee ae oe galls 
n n n n 


14. (4) r- (2) +--+ (4) Aes, 


Mien? 4. (i) cd In Exercises 15-20, use the properties of summation and 
Theorem 4.2 to evaluate the sum. Use the summation capabili- 
ties of a graphing utility to verify your result. 


(2i + 1) 
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ixercises 7-14, use sigma notation to write the sum. 


15. .2i 16. — 3) 
_ 4 2 tees a XC 
Bid), ) 3(2) , 313) 3(9) 20 10 
17> eal) 1S) 1) 
: a6 2 ale 2 ceo Wie : a i=] 
ee Le 2. lla Lats a “ 
1 D 3 19.) iG 4? 20:2 Yn at) 
= = + -+/5(—] +3 i= i= 
Bre es) ales 14s)" : | 
ie (2) ee E o (2) ts) o [ ¥ (2) PE In Exercises 21 and 22, use the summation capabilities of a 
4 4 4 graphing utility to evaluate the sum. Then use the properties of 
B\3-91/2 an\3 Qn 2) summation and Theorem 4.2 to verify the sum. 
(7) z | s) es (3) =a 


20 15 
21. > (i? + 3) 22) 
tll b= 
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In Exercises 23-26, bound the area of the shaded region by 
approximating the upper and lower sums. Use rectangles of 
width 1. 


tO 
we) 


In Exercises 27-30, use upper and lower sums to approximate 
the area of the region using the indicated number of subintervals 
(of equal width). 


Mey = J/x 28. y= /x +2 


y 


29, y=- 


a | Se 
1 2 > Xx 

In Exercises 31-34, find the limit of s(m) as n > 0. 

eg . 8llwoe | 
ai Si) = A [eee 

+ 
arbi ne 1)(2n + 2) 
n- 6 
n(n + 2 hdl wiriethel) 
She a) 2 15) aa 34. s(n) = 2 5 | 


: 


In Exercises 35-38, use the summation formulas to rewrite t 
expression without the summation notation. Use the result 
find the sum for n = 10, 100, 1000, and 10,000. | 


2 Qi é I 2, 4j + 3 : 
35) Pans 36. > = : 
n 1 4i-(i — 
a a= 1) 38. eee « ws 
=i 


In Exercises 39-44, find a formula for the sum of 1 terms. L 
the formula to find the limit as 1 — co. 


th 16: oe 
39. im 2 ao 40. iio Dy (2)(2) 
. i pos ft 
41. lim. » “ald - Be 42. Jim, ys (1 = # ( 


a n I 2 ‘ Ee 2i\3/2 
43. im te 44. lim Y\1 + — i 


i=1 i=1 


45. Numerical Reasoning Consider a triangle of area 2 bound 
by the graphs of y = x, y = 0, and x = 2. 
(a) Sketch the region. 


(b) Divide the interval [0, 2] into n subintervals of equal wic 
and show that the endpoints are 


2, 2 p 
O< i(2) < 2 <lip= (2) < n(2). 
n n n 


(c) Show that s(n) = $c = n(=)|(2) 


i=1 


d) Sh h aS (2) 2) 
(d) Show that S(n) = 3|i(2 Ie : 


i=l 


(e) Complete the table. 


(f) Show that lim s(7) = lim S(n) = 2. 
n-Co n—-co 


46. Numerical Reasoning Consider a trapezoid of area 4 bound 
by the graphs of y = x, y = 0, x = 1, and x = 3. 


(a) Sketch the region. 


(b) Divide the interval [1, 3] into n subintervals of equal wic 
and show that the endpoints are 


rerniG)e e+e) ha 
(c) Show that s(n) = S| 1 + (i - (=) (2) 


(d) Show that S(n) = 


(e) Complete the table. | . 


s(n) | 


a 


(f) Show that Jim, s(n) = lim S(n) = 4. 


noo 


ixercises 47-56, use the limit process to find the area of the 
on between the graph of the function and the x-axis over the 
cated interval. Sketch the region. 


Function Interval Function Interval 
= —-2x+3 [0,1] 48. y=3x-4 [2,5] 
we x? + 2 [Ont | 50. y =x? +1 [0, 3] 
p= 16 — x Wey 52. y = 1 — x? [=1, 1] 
y = 64 — x3 [1, 4] 54.) = 25 — x [0, 1] 
m= x — x? aay 1 56. y =x? — x [1,0] 


ixercises 57-62, use the limit process to find the area of the 
ion between the graph of the function and the y-axis over the 
icated y-interval. Sketch the region. 


7) =3y,0<y<2 
oo) —y,0sys3 
Py) = 47 —38 el) < ps3 
Sr yo |i Sy = 2 


58. g(y) =fy,2<y <4 
60. fG) = 4y —y2,1<y<2 


ixercises 63-66 use the Midpoint Rule 


a a= > (= ves tax 


1 n = 4 to approximate the area of the region bounded 
the graph of the function and the x-axis over the indicated 
rval. 


Function Interval 
ftxy = a+ 3 [0,2] 
x)= x2 + 4x -[0, 4] 


Fx) fo | 
3] 


ite a program for a graphing utility to approximate areas by 
1g the Midpoint Rule. Assume that the function is positive 
r the indicated interval and the subintervals are of equal 
th. In Exercises 67-70, use the program to approximate the 
1 of the region between the graph of the function and the 
<is over the indicated interval, and complete the table. 


— tani 


f(x) = sin x 


4 [38 | 12 16 | 20 


pproximate area | | | 


Function Interval Function Interval 
8 

f=ve (0.4) 8 fW=z__ RS 

f(x) = an( 2") (ine | 70. f(x) = cos Vx [0,2] 
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Area 


Getting at the Concept — 
‘a, 


In your own words and using appropriate figures, otare 
the methods of upper sums and lower sums in approximat- | 
ing the area of a region. 


. Give the definition of the area of a region in the plane. 


pe 73. Graphical Reasoning Consider the region bounded by the 
graphs of 


x=0, x=4, and y=0, as shown in the figure. To 
print an enlarged copy of the graph, go to the website 


www.mathgraphs.com. 
ay) 


‘t 
nr 
4 


2 


{——l__» 
3) 34 


tt 
ib 2 


(a) Redraw the figure, and complete and shade the rectangles 
representing the lower sum when n = 4. Find this lower sum. 


(b) 


Redraw the figure, and complete and shade the rectangles 
representing the upper sum when n = 4 Find this upper sum. 


(c) Redraw the figure, and complete and shade the rectangles 
whose heights are determined by the functional values at 
the midpoint of each subinterval when n = 4. Find this sum 


using the Midpoint Rule. 


(d) Verify the following formulas for approximating the area of 
the region using n subintervals of equal width. 
4 
i : ==/f) 
Lower sum: s(n) = > a i a \(¢ ) 
Upper sum: S(n) = y a <\( *) 
i=1 
Midpoint Rule: M(n) = y s|(i- A (4) 
idpc z 2 y 
(e) Use a graphing utility and the formulas in part (d) to complete 
the table. 
n 4 8 20 100 | 200 
s(n) 
S(n) 
M(n) 


(f) Explain why s(7) increases and S(n) decreases for increasing 
values of n, as shown in the table in part (e). 
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: 
fe 74. Use a graphing utility to complete the table for approximations 80. Graphical Reasoning Consider an n-sided regular a 


of the area of the region bounded by the graphs of f(x) = </x, inscribed in a circle of radius r. Join the vertices of the polygon to 
= 0, sae 8, and y =O; center of the circle, forming n congruent triangles (see figure). 
Ai i (a) Determine the central angle 0 in terms of n. 
n LOM ZO SOR LOOR R200 na oat 
“| (b) Show that the area of each triangle is 5r~ sin 0. 

s(n) (c) Let A, be the sum of the areas of the n triangles. EF: 

S(n) lim A,,. 

M(n) 


Approximation In Exercises 75 and 76, determine which value 
best approximates the area of the region between the 
x-axis and the graph of the function over the indicated interval. /\ 


(Make your selection on the basis of a sketch of the region and 
not by performing calculations.) 


Toe fc — ae [022] ‘> a 

Es I ROTA BOS Figure for 80 Figure for 81 

a LES 

76. f(x) = sin Fae [0, 4] 81. Writing Use the figure to write a short paragraph explain: 

Eye nT > (d) 8 (e) 6 why the formula 

a ©) = e 

) 1+2+-+-+n=3n(n + 1) 

True or False? In Exercises 77 and 78, determine whether the is valid for all positive integers n. 
statement is true or false. If it is false, explain why or give an 82. Prove each of the formulas by mathematical induction. (¥ 
example that shows it is false. may need to review the method of proof by induction fron 


ae : precalculus text.) 
77. The sum of the first n positive integers is n(n + 1)/2. 


78. If f is continuous and nonnegative on [a, b], then the limits as (a) er =n(n + 1) 
noo of its lower sum s(n) and upper sum S(n) both exist and a 7 1 
are equal. b 3 Ww mI 
(b) Si i 


i=1 
79. Monte Carlo Method The following computer program ad 83. Modeling Data The table lists the measurements of a 
approximates the area of the region under the graph of a monot- bounded by a stream and two straight roads that meet at ri: 
onic function and above the x-axis between x = a and x = b. angles, where x and y are measured in feet (see figure). 
Run the program for a = 0 and b = z/2 for several values of 


N2. Explain why the Monte Carlo Method works. [Adaptation | x | 0 | 50 | 100 | 150 | 200 | 250 | 300 
of Monte Carlo Method program from James M. Sconyers, : 
“Approximation of Area Under a Curve,’ MATHEMATICS | ay | 450 | 362 | 305 | 268 | 245 | 156 0 


TEACHER 77, no. 2 (February 1984). Copyright © 1984 by 
the National Council of Teachers of Mathematics. Reprinted 


ag (a) Use the regression capabilities of a graphing utility to f 
with permission. | 


a model of the form 


10 DEF FNF(X)=SIN(X) y = ax? + bx* + ex4+d. 

me a atta (b) Use a graphing utility to plot the data and graph the moc 
40 PRINT “Input Number of Random Points” (c) Use the model in part (a) to estimate the area of the lot. 
50 INPUT N2 é 

60 NI=0 _ Road 

70 IF FNF(A)>FNF(B) THEN YMAX=FNF(A) ELSE 450 - 


YMAX=FNF(B) 

80 FOR I=1 TO N2 

90 X=A+(B-A)*RND(1) 270 
100 Y=YMAX*RND(1) 

110 IF Y>=FNF(X) THEN GOTO 130 
120 N1=N1+1 90 
130 NEXTI f ey 

140 AREA=(N1/N2)*(B-A)* YMAX 50 100 150 200 250 300 
150 PRINT “Approximate Area:”; AREA 
160 END 
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subintervals do not have equal widths. 
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area of the region bounded by 

sraph of x = y? and the y-axis for 
ys lis3. 
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Riemann Sums and Definite Integrals 
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¢ Understand the definition of a Riemann sum. 
¢ Evaluate a definite integral using limits. 
* Evaluate a definite integral using properties of definite integrals. 


Riemann Sums 


In the definition of area given in Section 4.2, the partitions have subintervals of equal 
width. This was done only for computational convenience. We begin this section with 
an example that shows that it is not necessary to have subintervals of equal width. 


Example 1_ A Partition with Subintervals of Unequal Widths 


Consider the region bounded by the graph of f(x) = \/x and the x-axis for 0 < x < 1, 
as shown in Figure 4.18. Evaluate the limit 


lim i FLAG, 
eke eed 


where c; is the right endpoint of the partition given by x, = i7/n? and Ax; is the width 
of the ith interval. 


Solution The width of the ith interval is given by 


ee) 
ik hora 
TRESS Ene B09) ih 
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itt 
— ee nd 


So, the limit is 


lim S fl) Ax = lim sy EAS 1) 
Oa u i : 2 


patil 4 a= + 1)(2n + 2) _ nln + u] 
n>oo n? 6 D 
af An? + 3n? = n 
noo 6n?> 
_2 é 
= 3 Or | 


From Example 7 in Section 4.2, you know that the region shown in Figure 4.19 
has an area of Z Because the square bounded by 0 < x < 1 and 0 < y < 1 has an 
area of 1, you can conclude that the area of the region shown in Figure 4.18 has an 
area of - This agrees with the limit found in Example 1, even though that example 
used a partition having subintervals of unequal widths. The reason this particular 
partition gave the proper area is that as n increases, the width of the largest subinter- 
val approaches zero. This is a key feature of the development of definite integrals. 
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In the preceding section, the limit of a sum was used to define the area of a regi: 
in the plane. Finding area by this means is only one of many applications involv 
the limit of a sum. A similar approach can be used to determine quantities as diver 
as arc length, average value, centroids, volumes, work, and surface areas. The follo 
ing definition is named after Georg Friedrich Bernhard Riemann. Although t 
definite integral had been defined and used long before the time of Riemann, 
generalized the concept to cover a broader category of functions. 

In the following definition of a Riemann sum, note that the function f has - 
restrictions other than being defined on the interval [a, b]. (In the preceding sectic 
the function f was assumed to be continuous and nonnegative because we we 


dealing with the area under a curve.) 


The Granger Collection 


NAP Ps aed SW vie er rag Definition of a Riemann Sum 
GEORG FRIEDRICH BERNHARD RIEMANN ‘ 
(1826-1866) 

German mathematician Riemann did his most 
famous work in the areas of non-Euclidean 
geometry, differential equations, and number 
theory. It was Riemann’ results in physics and 
mathematics that formed the structure on 
which Einstein’s theory of general relativity 
is based. 


Let f be defined on the closed interval [a, b], and let A be a partition of [a, b] 
given by 


a= xy < X <> eee ee 


where Ax, is the width of the ith subinterval. If c; is any point in the ith sub- 
interval, then the sum 


U 


= 


jie) Ax, Mim SG S 5s 
i=1 


ll 


is called a Riemann sum of f for the partition A. 


NOTE The sums in Section 4.2 are examples of Riemann sums, but there are more gene. 
Riemann sums than those covered there. 


The width of the largest subinterval of a partition A is the norm of the partiti: 
and is denoted by ||Al|. If every subinterval is of equal width, the partition is regul 
and the norm is denoted by 


||| = Ax = on Regular partition 


For a general partition, the norm is related to the number of subintervals of [a, b]) 
the following way. | 


=a 
TT es 
A] 


n General partition 


So, the number of subintervals in a partition approaches infinity as the norm of t 
partition approaches 0). That is, ||A|| > 0 implies that n > oo. 
The converse of this statement is not true. For example, let A, be the partition 


| 
Ill] = = the interval [0, 1] given by 
es ph tn Fost obit, ee 
oft O stinnrs Syepes Sg <p same sl. 


N= 


As shown in Figure 4.20, for any positive value of n, the norm of the partition Ae 
n—> co does not imply that || A || > 0. So, letting n approach infinity does not force ||A|| to approach 0. In a regular partitic 
Figure 4.20 however, the statements ||A|| > 0 and n > 00 are equivalent. 


} FURTHER INFORMATION For 

xht into the history of the definite 
sral, see the article “The Evolution 
itegration” by A. Shenitzer and J. 
ans in The American Mathematical 
ithly. To view this article, go to the 
site www.matharticles.com. 
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Definite Integrals 


To define the definite integral, consider the following limit. 


||A|0 


lim S' f(c,) Ax; = L 
i=1 


To say that this limit exists means that for « > 0 there exists a 6 > O such that for 
every partition with ||A|| < 6 it follows that 


Ee S flc,) Aximaas: 


i=1 


(This must be true for any choice of c; in the ith subinterval of A.) 


Definition of a Definite Integral 


If f is defined on the closed interval [a, b| and the limit 


Ae, » f(e;) Ax; 


exists (as described above), then f is integrable on [a, b| and the limit is 
denoted by 


n b 
lim, Dy FicjAgk= [ f(x) dx. 


||Al|> 


The limit is called the definite integral of f from a to b. The number a is the 
lower limit of integration, and the number b is the upper limit of integration. 


It is not a coincidence that the notation for definite integrals is similar to that used 
for indefinite integrals. You will see why in the next section when we discuss the 
Fundamental Theorem of Calculus. For now it is important to see that definite inte- 
grals and indefinite integrals are different identities. A definite integral is a number, 
whereas an indefinite integral is a family of functions. 

A sufficient condition for a function f to be integrable on [a, b] is that it is 
continuous on [a, b]. A proof of this theorem is beyond the scope of this text. 


THEOREM 4.4 Continuity implies Integrability 


If a function f is continuous on the closed interval [a, b], then f is integrable on 
la, b]. 


ERO 


The Converse of Theorem 4.4 Is the converse of Theorem 4.4 true? That is, if a 
function is integrable, does it have to be continuous? Explain your reasoning and 
give examples. 

Describe the relationships among continuity, differentiability, and integrabil- 
ity. Which is the strongest condition? Which is the weakest? Which conditions 
imply other conditions? 
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Because the definite integral is negative, it 
does not represent the area of the region. 
Figure 4.21 


You can use a definite integral to find the 
area of the region bounded by the graph of 
f, the x-axis, x = a,andx = b. 

Figure 4.22 


Example 2 Evaluating a Definite Integral as a Limit 
ene nse 


1 
Evaluate the definite integral | 


Ds bse. 
2 


Solution The function f(x) = 2x is integrable on the interval [—2, 1] because i 
continuous on [—2, 1]. Moreover, the definition of integrability implies that any F 
tition whose norm approaches 0) can be used to determine the limit. For computatioa 
convenience, define A by subdividing [—2, 1] into n subintervals of equal width 
Mo ro eS 

a OF eee: 


Nae, = DNs 


Choosing c; as the right endpoint of each subinterval produces 
3; 
c= at (Ax) = -2 += 
So, the definite integral is given by 


1 n 
i 2xdx = lim Y f(c;) Ax; 
7) 


Alo 
= lim i f(c,) Ax 
n—->co =1 


| 
i= 
wae: 
TM 
i) 
a 
| 
i) 
+ 
B12 
See. 
ae tee 
| Wo 
ees 


ll 
si 
eS 
gs 
= | 
oN 

| 

i) 

= 

+ 
=H ke) 
Eee oil 

=) 

=) 
Me 

— 

— 
— 
ae 


T 
= 


im (-12 +9 +2) 
n— oo n 


] 
| 
oe 


Because the definite integral in Example 2 is negative, it does not represent 
area of the region shown in Figure 4.21. Definite integrals can be positive, negati 
or zero. For a definite integral to be interpreted as an area (as defined in Section 4 
the function f must be continuous and nonnegative on [a, b], as stated in the follc 
ing theorem. (The proof of this theorem is straightforward—you simply use the d: 
nition of area given in Section 4.2.) 


THEOREM 4.5 The Definite Integral as the Area of a Region 


If f is continuous and nonnegative on the closed interval [a, b], then the area of 
the region bounded by the graph of f, the x-axis, and the vertical lines x = a 
and x = b is given by 


b 
Area = | We) ae 


(See Figure 4.22.) 


f(x) = 4x — x? 
a a > x 
1 2 3 4 
4 
= [ x — x") dx 
0 


E The variable of integration in 
inite integral is sometimes called 
nmy variable because it can be 
ced by any other variable without 
ging the value of the integral. For 
nce, the definite integrals 


3 
| (e+ 2)ax 
0 


[ener 


0 
the same value. 
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As an example of Theorem 4.5, consider the region bounded by the graph of 
f(x) = 4x -— 


and the x-axis, as shown in Figure 4.23. Because f is continuous and nonnegative on 
the closed interval [0, 4], the area of the region is 


4 
Area = | (4x — x+) dx. 
0 


A straightforward technique for evaluating a definite integral such as this will be 
discussed in Section 4.4. For now, however, you can evaluate a definite integral in two 
ways—you can use the limit definition or you can check to see whether the definite 
integral represents the area of a common geometric region such as a rectangle, triangle, 
or semicircle. 


Example 3 Areas of Common Geometric Figures 


Sketch the region corresponding to each definite integral. Then evaluate each integral 
using a geometric formula. 


3 
8) | 4 dx 
1 


Solution A sketch of each region is shown in Figure 4.24. 


3 2 
b. | (x12) ax Cc. | V4 =x dx 
0 =3 


a. This region is a rectangle of height 4 and width 2. 
3 
| 4 dx = (Area of rectangle) = 4(2) = 8 
1 
b. This region is a trapezoid with an altitude of 3 and parallel bases of lengths 2 and 
5. The formula for the area of a trapezoid is 3h(b, + ,). 


3 

Dal 
[ (x + 2) dx = (Area of trapezoid) = 52 + 5) = 5 
10) 


c. This region is a semicircle of radius 2. The formula for the area of a semicircle is 


I 
Kee 


2 
| 
| /4 — x? dx = (Area of semicircle) = 57 (2") = 27 


Y  f@=4 Y f@=xt2 

es st 44 s 
re. f@) = V4-x" 

Sisk jee 
3+ 

oe 

_ 2 

Ss ita. A 

eo {ppp fofom p—j—}-—_}- > x 

aes Sree URNS At 4S —2 -l 1 2, 


(a) (b) (c) 
Figure 4.24 | 
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* Ae | 
Properties of Definite Integrals : 
The definition of the definite integral of f on the interval [a, b] specifies that a < 
Now, however, it is convenient to extend the definition to cover cases in which a 
or a > b. Geometrically, the following two definitions seem reasonable. For instar 
it makes sense to define the area of a region of zero width and finite height to be ’ 


Definition of Two Special Definite Integrals 


1. If f is defined at x = a, then | f(x) dx = 0. 


a b 
2. If f is integrable on [a, b], then | f(x) dx = -| f(x) dx. 
b 


a 


{59 Example 4 Evaluating Definite Integrals 


a. Because the sine function is defined at x = a, and the upper and lower limits 
integration are equal, you can write . 


| Sin seabe = Oy 


7 


b. The integral iG + 2) dx is the same as that given in Example 3b except that. 
upper and lower limits are interchanged. Because the integral in Example 3b hz 
value of a you can write 


0 3 21 
| (vee hn -| (2) d= 
3 0) 2 
y le Ore In Figure 4.25, the larger region can be divided at x = c into two subregions wh 
ee See intersection is a line segment. Because the line segment has zero area, it follows + 


peas io crm of the area of the larger region is equal to the sum of the areas of the two smaller regic 


THEOREM 4.6 Additive Interval Property 


If f is integrable on the three closed intervals determined by a, b, and c, then 


b c b 
| io) axe | f(x) dx + [ f(x) dx. 


Example 5 Using the Additive Interval Property ee ae 


1 0 1 
| |x | ax = | 05a 45 [ x dx Theorem 4.6 
=" = 0 


al 


~ + 
2? 
I 


©. Bea eer 


a b 
wa Ta 4 _—Y 


“f (x) dx + f(x) dx 
[ip ax + J 


Figure 4.25 


Area of a triangle 


a b 


b 


f(x) dx < | g(x) dx 


a 


ure 4.26 


he 
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Because the definite integral is defined as the limit of a sum, it inherits the prop- 
erties of summation given at the top of page 254. 


THEOREM 4.7 Properties of Definite Integrals 


If f and g are integrable on [a, b] and k is a constant, then the functions of kf 
and f + g are integrable on [a, b], and 


b b 
1. | kr) dv = & f (x) dx 


b b 
2. | ie eee | fl) dx i soya 


Note that Property 2 of Theorem 4.7 can be extended to cover any finite number of 
functions. For example, 


b b b b 
| Lf) + g(x) + h(x)] dx = | ye) ae i g(x) dx + | h(x) dx. 


Example ‘6s Evaluation of a Definite Integral 


3 
Evaluate | (—x* + 4x — 3) dx using each of the following values. 
1 


3 3 3 
| eee | On ats | av 2 
1 3 i 1 


Solution 


3 3 3 3 
[ (=x? + 4x — 3) dx = | (—x?) dx + | 4x dx + i (—3) dx 
1 


3 3 3 
-| drt 4 vax — 3] dx 
1 l ] 


-(2°) + 4(4) — 3(2) 


II 


If f and g are continuous on the closed interval [a, b] and 


0 < f(x) < g(x) 


fora < x < b, the following properties are true. First, the area of the region bounded 
by the graph of f and the x-axis (between a and b) must be nonnegative. Second, this 
area must be less than or equal to the area of the region bounded by the graph of g and 
the x-axis (between a and b), as shown in Figure 4.26. These two results are generalized 
in Theorem 4.8. (A proof of this theorem is given in Appendix B.) 
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THEOREM 4.8 | Preservation of Inequality 


1. If f is integrable and nonnegative on the closed interval [a, b], then 


b 
Qs | f (x) dx. 


2. If f and g are integrable on the closed interval [a, b] and f(x) < g(x) for every 


x in [a, b], then 


[ 1 ax e(x) dx. 


EXERCISES FOR SECTION 4.3 


In Exercises 1 and 2, use Example 1 as a model to evaluate the 
limit 
lim WS f(c;) Ax; 
1 


now 


over the region bounded by the graphs of the equations. 


i =p Ont — 0, x= 3 
(Hint: Let c,; = 3i7/n?.) 

2. fa) =2%, y=0, x=0, x= 1 
(Hint: Let c, = i3/n>.) 


In Exercises 3-8, evaluate the definite integral by the limit def- 
inition. 


2 
8. | (3x2 + 2) dx 


2 
Te [ (x2 + 1) dx 
1 


In Exercises 9-12, express the limit as a definite integral on the 
interval [a, b], where c; is any point in the ith subinterval. 


Limit Interval 

9.@ lin (Be) 1010) Ax, [5] 
A\|>0 j=] 

10. lim S) 6¢;(4 — ¢;)? Ax; [0, 4] 
A\>0 j=] 

11s dim Sale? 474 Ax) [0, 3] 
Al 0 j=1 


12. lim s (3) ax [1, 3] 


30 j=1 \Gj- 


aye 


In Exercises 13-22, set up a definite integral that yields the ar« 
of the region. (Do not evaluate the integral.) 


13. f(x) = 3 14. f(x) =e OG 
yy) y 
A 
sh 4 
4 
3+ 
98 
<_ 
1-3 la 
+—+—}—+—+—}-— 1 }—> x 
Le 28S ete —| 1 2: 3 
15. f(x) =4 — |x| 16. f(x) = x? 
y y 
A A 
8 44+ 
6+ 3 
al 
Woe 
ees + | + Se 
-4 -2 aA = easly) | 
j 1 
17. f(x) = 4 — x? Res G/A@s)) = 
f ON sec 
) y 
A A 
eae 


f(x) = sinx 
y 
i 
ae 
1 1 
2 
g(y) = y? 
. 
A 
4+ 
3-- 
a 
aaa 
| t +t > 
ayer ae 


Exercises 23-32, sketch the region whose area is given by the 
inite integral. Then use a geometric formula to evaluate the 


egral (a > 0,r > 0). 


3 
[4a 
0 


le ro) ax 
0 


[ (Loan [x|)dx 


3 
i JS9 — x* dx 
=é 


Exercises 33-40, evaluate the integral using the following 


ues. 


4 
ri dx = 60, [rar =6, 
2 


2 
[ xa 
4 
4 
[rac 
=A 
[ (x — 8) dx 
2 
4 
| (4x3 — 3x + 2) dx 


20. f(x) = tan x 


S 


| — 
a a 
4 2 
Doe FY) = ym 2)? 
2 
4 
3 
2 
1 
aS x 
1 2 3 4 


24. | 
4 

26. i = be 
ye 
8 

28. [os = abs 
0 


30. | (a— |x|) dx 


52) a) fe = x ax 
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41. 


42. 


43. 


44. 


45. 


46. 
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Riemann Sums and Definite Integrals 


Given | #(G@) ax = 10/and / ie enna 
5 


5 
0 


7 0 
(a) [ if idx. (b) [ f(x) dx. 
0 5 


5 5 
(c) | f(x) dx. (d) [ 3f (x) dx. 
5 0 


3 
Given | fa) dx = 4 and ik TOV Serine 
10) 3 


(a) i f(x) dx. (b) [ fico) ae. 


3 6 
(c) [ F(x) dx. (d) [ — Sf (x) dx. 
3 3 


6 
Given | f(a).dx. = 10.and | pea da eo cind 
2 2 


6 6 
@ | Le) + ewer 0) | tet ~ peo a 


6 6 
(c) [ 2e(x) dx. (d) i 3f (x) dx. 
2 2 


Given [ f(x) dx = 0 and [fe dx = 5, find 
=I 0 


0 


(a) ch dx. (b) [ 100 a | sorae 


1 1 
(c) i 3f (x) dx. (d) | 3f (x) dx. 
Zz 0 


Think About It The graph of f consists of line segments and 
a semicircle, as shown in the figure. Evaluate each definite 
integral by using geometric formulas. 


2 6 

(a) i fe) ax () [ fa) ax 
0 2 

(c) | f(x) dx (a) | Fx) dx 
=4 —4 


6 6 
© | olax co | [70 + 2a 
-4 =t! 


Think About It 
the interval [—5, 5] and for which 


Consider the function f that is continuous on 


5 
| f(x) dx = 4. 

0 
Evaluate each integral. 


(a) [ ‘Lple) + 2] dx 
0) 


5 
(c) I f(x) dx (f is even.) 
5 
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Getting at the Concept 


In Exercises 47-50, use the figure to fill in the blank with 
the symbol <, >, or =. 


i 
2°38 4 5" 6 


14 


47. The interval [1, 5] is partitioned into n subintervals of equal | 
width Ax, and x; is the left endpoint of the ith subinterval. 


SI Fo Ax | f(x)dx 


48. The interval [1, 5] is partitioned into n subintervals of equal 
width Ax, and x; is the right endpoint of the th subinterval. 


S fey) Ax | Fix)dx 


49, The interval [1, 5] is partitioned into n subintervals of equal 
width Ax, and x; is the midpoint of the ith subinterval. 


S fle) Ax i; f(x) dx 


50. Let T be the average of the results of Exercises 47 and 48. 


5 
li | f (x) dx 
1 


51. Determine whether the function f(x) = 


a is integrable 
on the interval [3, 5]. Explain. 


52. Give an example of a function that is integrable on the 
interval [—1, 1], but not continuous on [—1, 1]. 


In Exercises 53-56, determine which value best approximates 
the definite integral. Make your selection on the basis of a 
sketch. 


4 
53. [ Jx dx 
10) 


(a) 5 @) = 


(c) 10 (d) 2 (e) 8 
1/2 
54. [ 4 cos ax dx 
10) 
(a)4 ()3 ©) 16 


(d) 2a (e) —6 


1 
55. [ 2 sin mx dx 
10) 
@6 nian © Gd? 
9 
56. | (1 + Sx) de 
0 


(a) =3 (b) 9 (©) 27 (d) 3 


Pe Write a program for your graphing utility to approximate 


definite integral using the Riemann sum 
n 

YS fe) Ax; 

i=1 


where the subintervals are of equal width. The output shou 
give three approximations of the integral where c; is the le 
hand endpoint L(n), midpoint M(n), and right-hand endpoi 
R(n) of each subinterval. In Exercises 57-60, use the progré 
to approximate the definite integral and complete the table. 


A 4 | 8 1, 


n ie || Av 


co 
M(n) 
R(n) 


3 
Mic i Seifes) =" E054 
0 


a/2 
59. [ sin? x dx 
0 


3 
58. [ - 2 dx 
Pe ai 


3 
60. [ x sin x dx 
0 


True or False? In Exercises 61-66, determine whether f 
statement is true or false. If it is false, explain why or give 
example that shows it is false. 


b 
61. [ uv [ f(x) + g(x)] dx = i, f(x) dx +{ g(x) dx 


[rove ) dx = [| sal ie (x) ax| 


63. If the norm of a partition approaches zero, then the number 
subintervals approaches infinity. 


62. 


Nn 


64. If f is increasing on [a, b], then the minimum value of f(x)) 


[a, b] is f(a). 


b 
65. The value of \ f(x) dx must be positive. 


66. it” #¢ x) dx > 0, then f is nonnegative for all x in [a, b]. 


67. Find the Riemann sum for f(x) = x? + 3x over the inten 
[0, 8], where x) = 0, x, = 1, x, = 3, x, = 7, and x, =|8.4 
where c, = 1, c, = 2, c, = 5, andc, = 8. 


68. Find the Riemann sum for f(x) = sin x over the interval [0, 2’ 
where x) = 0, x, = 1/4, x, = 17/3, x, = mw, andx, = 2m,4 
where c, = 77/6, c. = 77/3, cz = 27/3, and c, = 32/2. 

69. Think About It Determine whether the Dirichlet function 


fe) = {} 


is integrable on the interval [0, 1]. Explain. 


x is rational 
xX is irrational 


2 

70. Evaluate, if possible, the integral i [x] dx. 
0 

oe eee! 2 2 

71. Determine Jim, “ail? sb DP ie 32 Ss oe | by) sii 


appropriate Riemann sum. | 
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Section 4.4 The Fundamental Theorem of Calculus 


ration and Antidifferentiation 
ghout this chapter, we have been 
sing the integral sign to denote an 
rivative (a family of functions) 
definite integral (a number). 


ntidifferentiation: | f(x) dx 


g b 
finite integration: [ f(x) dx 
3 - 
he use of this same symbol for both 
perations makes it appear that they 
re related. In the early work with 
alculus, however, it was not known 
at the two operations were related. 
0 you think the symbol f was first 
aplied to antidifferentiation or to 
efinite integration? Explain your 
soning. (Hint: The symbol was 
rst used by Leibniz and was derived 
om the letter S.) 


¢ Evaluate a definite integral using the Fundamental Theorem of Calculus. 
¢ Understand and use the Mean Value Theorem for Integrals. 

¢ Find the average value of a function over a closed interval. 

¢ Understand and use the Second Fundamental Theorem of Calculus. 


The Fundamental Theorem of Calculus 


You have now been introduced to the two major branches of calculus: differential cal- 
culus (introduced with the tangent line problem) and integral calculus (introduced 
with the area problem). At this point, these two problems might seem unrelated—but 
there is a very close connection. The connection was discovered independently by 
Isaac Newton and Gottfried Leibniz and is stated in a theorem that is appropriately 
called the Fundamental Theorem of Calculus. 

Informally, the theorem states that differentiation and (definite) integration are 
inverse operations, in the same sense that division and multiplication are inverse 
operations. To see how Newton and Leibniz might have anticipated this relationship, 
consider the approximations shown in Figure 4.27. When we defined the slope of the 
tangent line, we used the quotient Ay/Ax (the slope of the secant line). Similarly, 
when we defined the area of a region under a curve, we used the product AyAx (the 
area of a rectangle). So, at least in the primitive approximation stage, the operations 
of differentiation and definite integration appear to have an inverse relationship in the 
same sense that division and multiplication are inverse operations. The Fundamental 
Theorem of Calculus states that the limit processes (used to define the derivative and 
definite integral) preserve this inverse relationship. 


Tangent Ay gestae 
line region 
under 
curve 
Ay 
Slope = a Area = AyAx Area = AyAx 
(a) Differentiation (b) Definite integration 
Differentiation and definite integration have an “inverse” relationship. 


Figure 4.27 


THEOREM 4.9 The Fundamental Theorem of Calculus 


If a function f is continuous on the closed interval [a, b] and F is an antideriva- 


tive of f on the interval [a, b], then 


| f(@)idx = F(b) — Fla). 
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Proof The key to the proof is in writing the difference F(b) — F(a) ina convenie 
form. Let A be the following partition of [a, b]. 


Bi Xe, Kk Ny et ce ee 
By pairwise subtraction and addition of like terms, you can write 


F(b) — F(a) = F(x,) — FO ) + F(x, <1) =o oa Fg) te FOG) ee 


n=) 


lI 
M 
A 
& 


Ste). 


By the Mean Value Theorem, you know that there exists a number c; in the ith subi 
terval such that 
Pues Fes 
F(c,) = ( ‘) ( i ) 


co ae 


Because F’(c,) = f(c;), you can let Ax, = x; — x;_, and obtain 
DD) ie EAC) as S) FleJAx;. 
i=1 


This important equation tells you that by applying the Mean Value Theorem you c: 
always find a collection of c,’s such that the constant F(b) — F(a) is a Riemann su 
of f on [a, b]. Taking the limit (as ||A|| > 0) produces 


F(b) — F(a) = | filgc)nd ats q 


The following guidelines can help you understand the use of the Fundament 
Theorem of Calculus. 


Guidelines for Using the Fundamental Theorem of Calculus 


1. Provided you can find an antiderivative of f, you now have a way to evaluate | 
a definite integral without having to use the limit of a sum. 

2. When applying the Fundamental Theorem of Calculus, the following nota- 
tion is convenient. 


| Ove Fc) | 
= F(b) — F(a) 


b 
a 


For instance, to evaluate [ ; x? dx, you can write 


: 4, MS OR ttle Site 
tax == Mian 1S es it 
[: Fg |e epee an ag: oe akan 


3. It is not necessary to include a constant of integration C in the antiderivative | 
because 


[ f(x) dx = | Ft) y a 


= [F(b) + C] - [F(a) + C] 
= F(b) — F(a). 


b 


y y= |2x-1| 


e definite integral of y on [0, 2] is 3. 
sure 4.28 


» area of the region bounded by the graph 
y, the x-axis, x = 0, and x = 21s 0 
ure 4.29 
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Example 1 ‘Evaluating a Definite Integral 


Evaluate each definite integral. 

2 4 
a. [esa b. [avea 

rl 1 
Solution 

2 2 

a = (Pie MSs fe\ if Lee 

2 | 6 +) dr=|5 ax] (3 6) (; 3) = p 


4 /2 4 
b. i aVide= 3] i? dx = 3| 5) = 2(4)?/2 — 2(1)7/? = 


17/4 
Cc. | sec? x dx 
0 


1/4 7/4 
c. | sec? xd = tan | =e Or" 
0 


0 


Example 2 A Definite Integral Involving Absolute Value 


2 
Evaluate [ x 1 ax. 
0 


Solution Using Figure 4.28 and the definition of absolute value, you can rewrite the 
integrand as follows. 


Bea Hh ie x < 
Dey ae 


NI VIR 


From this, you can rewrite the integral in two parts. 


2 1/2 2 
| pr = tfax= | —(2x — 1) dx + (2x — 1) dx 
0 0 1/2 


1/2 2 
= =x +2] +[2-2| 
1/2 


+2)-0+0+4-2-(¢-3) 


Example 3 3 Using the Fundamental Theorem to Find Area 


Find the area of the region bounded by the graph of y = 2x? — 3x + 2, the x-axis, and 
the vertical lines x = 0 and x = 2, as shown in Figure 4.29. 


Solution Note that y > 0 on the interval [0, 2]. 
Integrate between x = 0 and x = 2. 


2 
Area = [ (2x? = 3x + 2) dx 
10) 


Find antiderivative. 


I Bye | a 
ne 
0 


3 2, 
16 
= Bint 6+ 4 (0 — 0.+.0) Apply Fundamental Theorem. 
10 
= 3 Simplify. # 
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nA) 


1 

1 

' 

| 

\ 

' 

1 

' 

: % 
a G 


Mean value rectangle: 
b 
GOD 1a) =" | af) dx 


Figure 4.30 


The Mean Value Theorem for Integrals 


In Section 4.2, you saw that the area of a region under a curve is greater than the ar 
of an inscribed rectangle and less than the area of a circumscribed rectangle. TI 
Mean Value Theorem for Integrals states that somewhere “between” the inscribed ar 
circumscribed rectangles there is a rectangle whose area is precisely equal to the ars 
of the region under the curve, as shown in Figure 4.30. 


THEOREM 4.10 Mean Value Theorem for Integrals 


If f is continuous on the closed interval [a, b], then there exists a number c in 
the closed interval [a, b] such that 


[ 100 ar = fev ~ a) 


Proof 


Case 1: If f is constant on the interval [a, b], the theorem is clearly valid because 
can be any point in [a, b]. | 
Case 2: If f is not constant on [a, b], then, by the Extreme Value Theorem, you cz 
choose f(m) and f(M) to be the minimum and maximum values of f on [a, b]. Becau 
f(m) < f(x) < f(M) for all x in [a,b], you can apply Theorem 4.8 to write tl 
following. 


b b 
| f(m) dx <| f(M) a See Figure 4.31. 


IA 
a 


A 
aS 
& 
x 
- 
IA 


f(m(b — a) Ss f(M\(b — a) 


fm) <= f) dx < flu) 


From the third inequality, you can apply the Intermediate Value Theorem to conclus 
that there exists some c in [a, b] such that 


b b 
ay vil f(x) dx or f(c)\(b — a) = | fixvidx. 


if f f f(A 
f(m) { 
a ; b a ‘ a b 


Inscribed rectangle Mean value rectangle Circumscribed rectangle 
(less than actual area) (equal to actual area) ( eee than actual area) 

b 
| f(m) dx = f(m)(b — a) if f(x) dx “flO ds (M)(b — a) 
Figure 4.31 9 


NOTE Notice that Theorem 4.10 does not specify how to determine c. It merely guarante 
the existence of at least one number c in the interval. 


Average value 


a pest 

1 b 

ige value = en | f(x) dx 

ire 4.32 
(4, 40) 

f@)= oxen 

Average 
value = 16 


re 4.33 
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Average Value of a Function 


The value of f(c) given in the Mean Value Theorem for Integrals is called the average 
value of f on the interval [a, b]. 


Definition of the Average Value of a Function on an Interval 


If f is integrable on the closed interval [a, b], then the average value of f on 


the interval is 


1 b 
| f(x) dx. 


NOTE Notice in Figure 4.32 that the area of the region under the graph of f is equal to the 
area of the rectangle whose height is the average value. 


To see why the average value of f is defined in this way, suppose that you parti- 
tion [a, b] into n subintervals of equal width Ax = (b — a)/n. If c, is any point in the 
ith subinterval, the arithmetic average (or mean) of the function values at the c,’s is 
given by 

! 
a, = 7 L fled) +7 (c;) als Caran epi: 


Average of f(c,),. . -.f(c,) 


By multiplying and dividing by (b — a), you can write the average as 


a=} S ne(2=2)= +S rea(=4 


jel 


] n 
Sapir »y Gees 
Finally, taking the limit as noo produces the average value of f on the interval 
[a, b], as given in the definition above. 

This development of the average value of a function on an interval is only one 
of many practical uses of definite integrals to represent summation processes. In 
Chapter 6, you will study other applications, such as volume, arc length, centers of 
mass, and work. 


Example 4 Finding the Average Value of a Function 


Find the average value of f(x) = 3x? — 2x on the interval [1, 4]. 


Solution The average value is given by 


1 b 1 4 
x) dx =~ | (3x2 — 2x) dx 
wa | reves | Ge x) dx 


| hace 
pee ioe to = (chee il. 


(See Figure 4.33.) 


Archive Photos 
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Integration 


The first person to fly at a speed greater 
than the speed of sound was Charles 
Yeager. On October 14, 1947, flying in an 
X-I rocket plane at an altitude of 12.8 
kilometers, Yeager was clocked at 299.5 
meters per second. If Yeager had been 
flying at an altitude under 10.375 kilome- 
ters, his speed of 299.5 meters per second 
would not have“broken the sound 
barrier.” The photo above shows the X-/ 
and its B-29 mother plane. 


0: a AARON LCST ESE OE 


Example 5 ~ The Speed of Sound 


At different altitudes in earth’s atmosphere, sound travels at different speeds. ’ 
speed of sound s(x) (in meters per second) can be modeled by 


AX =, 34. OneSae eis) 
295, 115s x < 22 
s(x) =43x + 278.5, Day 30 
3x + 254.5, 32 <x < 50 
—3x + 404.5, 50 < x < 80 


where x is the altitude in kilometers (see Figure 4.34). What is the average speec 
sound over the interval [0, 80]? 


Solution Begin by integrating s(x) over the interval [0, 80]. To do this, you can br 
the integral into five parts. 


11.5 AES) 11.5 
[ s(x) dx = | (—4x + 341) dx = | -2 2 34x] = 3657 
0) (hy, 0 
22 22 22 
i s(x) dx = | (295) dx = | 2952 = 3097.5 
105 11S 115 
32 32 32 
[ s(x) dx = | (3x + 278.5) dx = he + 278.5x| = 20875 
ee a on 
[ s(x) dx = | (3x + 254.5) dx = [ee 254.5:| = 5688 
32 32 32 


80 80 80 
| s(x) dx = | (—3x + 404.5) dx = Es + 404.5x| = 9210 
5 5 


50 50 


By adding the values of the five integrals, you have 
80 
| s(x) dx = 24,640. 
0 


Therefore, the average speed of sound from an altitude of 0 kilometers to an altit 
of 80 kilometers is 


_ 24,640 
80 


| 80 
Average speed = 80 | s(x) dx = 308 meters per second. 
10) 


AY 


Speed of sound (in m/sec) 


10 20 30 40 50 60 70 80 90. 
Altitude (in km) 


Speed of sound depends on altitude. 
Figure 4.34 


e a graphing utility to graph 
: function 


F(x) = [ cos t dt 
0 


r0 < x < x. Do you recognize 


is graph? Explain. 
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The Second Fundamental Theorem of Calculus 


When we defined the definite integral of f on the interval [a, b], we used the constant 
b as the upper limit of integration and x as the variable of integration. We now look at 
a slightly different situation in which the variable x is used as the upper limit of inte- 
gration. To avoid the confusion of using x in two different ways, we temporarily 
switch to using ¢ as the variable of integration. (Remember that the definite integral is 
not a function of its variable of integration.) 


The Definite Integral as a Number The Definite Integral as a Function of x 


F is a function of x. 


x 


b 
| f(x) dx F(x) = | f(t) dt 
Constant 


Example 6 ‘The Definite Integral as a Function 


fisa 
Constant function of tf. 


fisa 
function of x. 


Evaluate the function 


F(x) =| cos t dt 
0 
at x = 0, 7/6, 77/4, 7/3, and 7/2. 


Solution You could evaluate five different definite integrals, one for each of the 
given upper limits. However, it is much simpler to fix x (as a constant) temporarily and 
apply the Fundamental Theorem once, to obtain 


2.9 x 
[ cos rdt = sins| = Gide = Sun) = Sinse. 
(0) 0 


Now, using F(x) = sin x, you can obtain the results shown in Figure 4.35. 


A A 
Vi 3 
a” gna >» os 
.Y 
s 
‘\ XN 
% i 
- Se 7 Wed 
eo Cae 


PF 
= | cos ¢ dt is the area under the curve f(t) = cos ¢ from 0 to x. 
0 


ure 4.35 


You can think of the function F(x) as accumulating the area under the curve 
f(t) = cos t from t = 0 tot = x. For x = 0, the area is 0 and F(O) = 0. For x = 1/2, 
F(a/2) = 1 gives the accumulated area under the cosine curve on the entire interval 
[0, 2/2]. This interpretation of an integral as an accumulation function is used often 
in applications of integration. 
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ee nay 
Ye x + Ax 


x Ax 


f(x) Ax = | f(t) dt 


x 


Figure 4.36 


In Example 6, note that the derivative of F is the original integrand (with only 
variable changed). That is, 


nT = < (sin. = S| [cos rat = COS X. 


We generalize this result in the following theorem, called the Second Fundamer 
Theorem of Calculus. 


THEOREM 4.11 The Second Fundamental Theorem of Calculus 


If f is continuous on an open interval / containing a, then, for every x in the 
interval, 


< | “FO at| = f(x). 


Proof Begin by defining F as 


F(x) = [ 70 dt. 


Then, by the definition of the derivative, you can write 


+ —— 
F(x) = tim, F(x a F(x) 


x+ Ax ‘x 
= tim, || f(t) a | f(t) ar| 


a 


1 Neate Abs a 
tim, a | f(t) dt + [ f(t) at| 


1 


| 
ee 
LB 
F | 
= 
=m! 
+ 
ie 
Ss 
a 
Q 
~ 
ee 


From the Mean Value Theorem for Integrals (assuming Ax > 0), you know th 
exists a number c in the interval [x, x + Ax] such that the integral in the express 
above is equal to f(c) Ax. Moreover, because x < c < x + Ax, it follows that c- 
as Ax 0. So, you obtain 


fet Ke Fle) ax| 
aye 
= 'f (3). 


A similar argument can be made for Ax < 0. 


F(x) 


II 


NOTE Using the area model for definite integrals, you can view the approximation 


x+ Ax 
f(x) Ax = | f(t) dt 


as saying that the area of the rectangle of height f(x) and width Ax is approximately equi 
the area of the region lying between the graph of f and the x-axis on the interval [x,x +. 
as shown in Figure 4.36. 
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Note that the Second Fundamental Theorem of Calculus tells you that if a func- 
tion is continuous, you can be sure that it has an antiderivative. This antiderivative 
need not, however, be an elementary function. (Recall the discussion of elementary 
functions in Section P.3.) 


Example 7 Using the Second F undamental Theorem of Calculus: 
aha A ees 
Evaluate oe il ni tee | ar| 
0 


Solution Note that f(t) = \/t? + | is continuous on the entire real line. So, using 
the Second Fundamental Theorem of Calculus, you can write 


All ee el ar| = A Xie le ee 
ax | Jo VA 


The differentiation shown in Example 7 is a straightforward application of the 
Second Fundamental Theorem of Calculus. The next example shows how this theo- 
rem can be combined with the Chain Rule to find the derivative of a function. 


Example 8 Using the Second Fundamental Theorem of Calculus 


x3 


Find the derivative of F(x) = i cos t dt. 


a/2 


Solution Using u = x3, you can apply the Second Fundamental Theorem of Calculus 
with the Chain Rule as follows. 


dF du 
1243) = == Chain Rule 
() du dx 

d du “3 dF 

7 ae) re Definition off 
lie du ~ } 

= Bee cos t dt a Substitute cos ¢ dt for F(x). 
au ar/2 1/2 


Substitute w for 2°. 


II 
=|% 
—— 
3 2 
al = 
ii) 

ra) 

io) 

Dn 

x 

na 

=™ 
hn 
2/8 


(cos u)(3x7) Apply Second Fundamental Theorem of Calculus. 


= (cos x3)(3x?) Rewrite as function of x. vA 


Because the integrand in Example 8 is easily integrated, you can verify the deriv- 
ative as follows. 


3 we 


F(x) = | cos tdt = sin | = Sin xo sin > =(sinx?))— 1 


1/2 n1/2 
In this form, you can apply the Power Rule to verify that the derivative is the same as 
that obtained in Example 8. 


Fc). = (cos x°) (3x7) 
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EXERCISES FOR SECTION 4.4 


PY Graphical Reasoning In Exercises 1-4, use a graphing utility 
to graph the integrand. Use the graph to determine whether the 
definite integral is positive, negative, or zero. 


1. | = ax am cos x dx 
a2 


0 
2 2 
3h. i x/x2 + 1 dx 4. LED = Seas 


fe In Exercises 5—26, evaluate the definite integral of the algebraic 
function. Use a graphing utility to verify your result. 


1 7 
Sh [ 2x dx 6. i 3 dv 
0 2 


ey) 


he | (x — 2) dx 8. [ (—3v + 4) dv 
= 2 
‘i 3 
9, i (2 — 2) dt 10. { CQ aun 
=" 1 
1 1 
11. [ (2t — 1)? dt 12. i (@ — 92) dt 
0 a4 
2 =1 
13: | (3 = 1) dx 14. i (. = 5) du 
1 x” =2 u 
rates 3 
15. du 16. | v3 dy 
| Ju =3 
1 8 fy 
(Wh [ (3/1 — 2) at 18 [ ~ de 
=] 1 
1 2 
19. [ xa vx 4 20. [ (2-)Jtdt 
0 3 0 
0 a x — x2 
21 SIN 22. I : d 
jt BE ORF. i 
3 4 
232) 2x Bi ax 24. [ (Behl 3 ate 
0 


, 
25. | [x=] de 26. | Ix — 4x + 3] dat 
0 0 


Fy In Exercises 27-32, evaluate the definite integral of the trigono- 
metric function. Use a graphing utility to verify your result. 


Die [ (1 + sin x) dx 
0 


7/6 a/2 

29. [ sec? x dx 30. | (2 — esc?x) dx 
—1/6 a/4 
1/3 1/2 

31. | 4 sec @ tan 0d6 2h | (2t + cos t) dt 
=m/3 — 1/2 


33. Depreciation A company purchases a new machine for which 
the rate of depreciation is dV/dt = 10,000(t — 6),0 < t < 5, 
where V is the value of the machine after ¢ years. Set up and 
evaluate the definite integral that yields the total loss of value 
of the machine over the first 3 years. 


34. Buffon’s Needle Experiment A horizontal plane is ruled \ 
parallel lines 2 inches apart. If a 2-inch needle is tossed rando: 
onto the plane, the probability that the needle will touch a lin 


1/2 
p=2| . sin 6dé 
T Jo 


where @ is the acute angle between the needle and any on 
the parallel lines. Find this probability. 


In Exercises 35-40, determine the area of the indicated regi 


3S. ea 36. y= 1-—x* 
y y 
A 4 
al: re 
4 
: EN 
1 > xX 
=I 1 
1 
378 y= (3a) 38. y=—> 
iG? 
> 
A 
3+ 
I+ 
2-+- 
1-4 
ja > i, 
1 2 3 1 2 
39. y = cos x 40. y=x+ sinx 
y 
\ 
he 
qk 
oe 
1+ 
+ xX a 4» * 
x X t 1 
4 2 2 


In Exercises 41—44, find the area of the region bounded by; 
graphs of the equations. 


41. y = 3x? + 1, x = 0, peek y=0 
4. y=1+ 37% x =_0, x= 8, y | 
43. y = x3 + x, _ y= 


44. y= —x? + 3x, y=0 


Exercises 45-48, find the value(s) of c guaranteed by the 
an Value Theorem for Integrals for the function over the 
icated interval. 
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61. Force The force F (in newtons) of a hydraulic cylinder in a 


press is proportional to the square of sec.x, where x is the 
distance (in meters) that the cylinder is extended in its cycle. 
The domain of F is [0, 77/3], and F(0) = 500. 


Function Interval 
ae ee [0, 2] (a) Find F as a function of x. 
9 (b) Find the average force exerted by the press over the interval 
70) =—3 3] [0, 7/3]. 
62. Blood Flow The velocity v of the flow of blood at a distance r 
= 2 es 
Flx) = 2 sec*x [— 7/4, 77/4] from the central axis of an artery of radius R is 
(x) = cos x [— 7/3, 7/3] 


v = K(R? — r?) 


Exercises 49-52, find the average value of the function over 
interval and all values of x in the interval for which the func- 
1 equals its average value. 


where k is the constant of proportionality. Find the average rate 
of flow of blood along a radius of the artery. (Use 0 and R as the 
limits of integration.) 


Function Interval 63. Respiratory Cycle The volume V in liters of air in the lungs 
Pa) 4+ x2 [-2, 2] during a 5-second respiratory cycle is approximated by the 
(2 model 
4(x- + 1 
a(x) = aa eal [1, 3] Vi= 017298 015227 — 0.037477 
7 (x) = sinx [0, a] where f is the time in seconds. Approximate the average volume 
f(x) = cos x [0, 7/2] of air in the lungs during one cycle. 
64. Average Profit A company introduces a new product, and the 
z profit in thousands of dollars over the first 6 months is approx- 
retting at the Concept imated by the model 


3. State the Fundamental Theorem of Calculus. 


4. The graph of f is given in the figure. 
a 
(a) Evaluate | f (x) dx. 
1 


(c) Determine the answers to parts (a) and (b) if the graph 
is translated two units upward. 


y y 


(b) Determine the average value of f on the interval [1, 7]. | 
| 
t | 


= penal ae aR 
i 26 Sede Sil) Gale? 


igure for 54 Figure for 55-60 

1 Exercises 55-60, use the graph of f shown in the figure. 
he shaded region A has an area of 1.5, and f° f(x) dx = 3.5. 
se this information to fill in the blanks. 


5. | f(x) dx = 56. | f(x) dx = 
0 2 


6 2 
/. [ |f(x)| dx = 58. [ —2 f(x) dx = 
0 0 


). [ [2 + f(x)] dx = 


). The average value of f over the interval [0, 6] is 


jal Glance) Ras ata Phe ls 


(a) Use the model to complete the table and use the entries to 
calculate (arithmetically) the average profit over the first 
6 months. 


ee lac 2 sale etadalin cot acieats 
P | 


(b) Find the average value of the profit function by integration 
and compare the result with that in part (a). (Integrate over 
the interval [0.5, 6.5].) 


(c) What, if any, is the advantage of using the approximation of 
the average given by the definite integral? (Note that the 
integral approximation utilizes all real values of f in the 
interval rather than just integers.) 


Py 65. Average Sales A company fit a model to the monthly sales 


data of a seasonal product. The model is 
So) = r Se hte) Se (OLS) sin), Oe p24 


where S is sales (in thousands) and ¢ is time in months. 

(a) Use a graphing utility to graph f(t) = 0.5 sin(at/6) for 
0 < t < 24. Use the graph to explain why the average value 
of f(t) is 0 over the interval. 

(b) Use a graphing utility to graph S(t) and the line 
g(t) = t/4 + 1.8 in the same viewing window. Use the 
graph and the result of part (a) to explain why g is called 
the trend line. 


286 


PY 66. 


PE 68. 


CHAPTER 4 Integration 


Modeling Data In the manufacturing process of a product, 
there is a repetitive heating cycle of 4 minutes. During a 
review of the process, the flow R (cubic feet per minute) of 
natural gas was measured in 1-minute intervals and the results 
were recorded in the table. 


DRE 
0 


o;ft 


R 


} 82 Toy | 38) 


(a) Use a graphing utility to find a model of the form 
R= at’ + bt + ci” + at + e for the data. 
(b) Use a graphing utility to plot the data and graph the model. 


(c) Use the Fundamental Theorem of Calculus to approximate 
the number of cubic feet of natural gas used in one heating 
cycle. 


. Modeling Data A radio-controlled experimental vehicle is 


tested on a straight track. It starts from rest, and its velocity v 
(meters per second) is recorded in the table every 10 seconds 
for 1 minute. 


10 | 20 | 30 | 40 


ain 40 | 62 


(a) Use a graphing utility to find a model of the form 
v = at? + bt? + ct + d for the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Use the Fundamental Theorem of Calculus to approximate 
the distance traveled by the vehicle during the test. 


Modeling Data A department store manager wants to 
estimate the number of customers that enter the store from noon 
until closing at 9 P.M. The table shows the number of customers 
N entering the store during a randomly selected minute each 
hour from ¢ — | to ¢, with t = O corresponding to noon. 


CORREA ARE 


nN} 6 | 7| 9 (Galas eth wave 2 


(a) Draw a histogram of the data. 


(b) Estimate the total number of customers entering the store 
between noon and 9 P.M. 


(c 


wm 


Use the regression capabilities of a graphing utility to find 
a model of the form 


N(t) = at? + bt + ct+d 


for the data. 
(d 


(e) Use a graphing utility to evaluate {} N(t) dt, and use the 
result to estimate the number of customers entering the 
store between noon and 9 p.M. Compare this with your 
answer in part (b). 


wa 


Use a graphing utility to plot the data and graph the model. 


(f 


wa 


Estimate the average number of customers entering the 
store per minute between 3 P.M. and 7 P.M. 


In Exercises 69-74, find F as a function of x and evaluate it 
x =2,x =5,andx = 8. 


x 


69. F(x) = [ (t — 5) dt 70.. F(x) = | (e+ 21-2 
0 Zz 
a x 2 


71. F(x) = 72. F(x) = [fe 


1 
x 


74, F(x) = [ sin 6d@ 


0 


“i 
dy 
73. F(x) = i cos 0 dé 


In Exercises 75-80, (a) integrate to find F as a function of x < 
(b) demonstrate the Second Fundamental Theorem of Calcu 
by differentiating the result in part (a). 


76. F(x) = if t(t? + 1) dt 


0 


i = [ sev at 
10) 


77. F(x) = 
8 


79. F(x) = i ; 


a/4 


 htdt 71%. Fay= [ Jt dt 
4 


sec? t dt 80. F(x) = [ sec ¢t tan t di 
x/3 


In Exercises 81-86, use the Second Fundamental Theorem 
Calculus to find F (x). 


81. Fa) = [ (22 — 28) dt 82. 


$35 FG | ees 84. 
=1 


85. F(x) -| t cos t dt 86. 
0 


In Exercises 87-92, find F(x). 


de ne) x 
87. F(x) = | (4t + 1) dt 88. F(x) = i pdt 


89, Fi = Vidt 90. F(x) = [ | <r 
0 oy US 

1, Faye | Sin, 22a? 92. F(x) = [ Aarnet de 
10) 10) 


93. Graphical Analysis Approximate the graph of g on 
interval 0 < x <4 where g(x) = fj f(t) dt. Identify 
x-coordinate of an extremum of g. To print an enlarged cop: 
the graph, go to the website www.mathgraphs.com. 
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Jse the function f in the figure and the function g defined by True or False? In Exercises 97-99, determine whether the 
x statement is true or false. If it is false, explain why or give an 
(x) = [ f(t) dt. example that shows it is false. 
0 


97. If F(x) = G(x) on the interval [a, b], then F(b) — F(a) = 
G(b) — G(a). 


| 2 | 3 4 | 5 | é | 7/3819 1/10 98. If f is continuous on [a, b], then f is integrable on [a, b]. 


al 1 
| eg v9. | vtde= |<] ae tee 
=f —1 


b) Plot the points from the table in part (a) and graph g. 


a) Complete the table. 


Vv 


(x) 
f(t) a = f(v(x))v’(x) — f(u(x))u(x). 


u(x) 


100. Prove: & 
c) Where does g have its minimum? Explain. ei th d 


d) Where does g have a maximum? Explain. 101. Show that the function 
e) On what interval does g increase at the greatest rate? ix 4 x 4 
Explain. fa) = | Pee i pot (ae 
f) Identify the zeros of g. 
" is constant for x > 0. 
at f 102. Let G(x) = [ [5] flat ds, where f is continuous for all 
—————— ed 0 0 
eT real t. Find 
t-———— 
maa lew ni! K 
ai : i : ; i (a) G(O). (b) G“(0). 
al — (c) G7). (d) G0). 
eA + 


Rectilinear Motion In Exercises 103-105, consider a particle 
! ; moving along the x-axis where x(f) is the position of the particle 
quipment for x years is at time ¢, x (0) is its velocity, and f° |x‘(t)|dt is the distance the 
ys 5 000 Tee [ ‘ 1/4 at) particle travels in the interval of time. 


0 


Jost The total cost of purchasing and maintaining a piece of 


3 : 3 : 103. The position function is 
a) Perform the integration to write C as a function of x. 


; - Se) = v E25) 
b) Find C(1), C(5), and C(10). xm) =P — 67 + 9-2, Ost <5. 


rea The area A between the graph of the function g(t) = Find the total distance the particle travels in 5 units of time. 

/— 4/1? and the t-axis over the interval [1, x] is 104. Repeat Exercise 103 for the position function given by 
a 4 x(t) = (¢ — 1)¢ — 3)?, Os rs 5. 

(x) = | (4 ; 5) ole 105. A particle moves along the x-axis with velocity v(t) = 1/V‘t, 


: t > 0. At time ¢ = 1, its position is x = 4. Find the total 
a) Find the horizontal asymptote of the graph of g. distance traveled by the particle on the interval 1 < t < 4. 


b) Integrate to find A as a function of x. Does the graph of A 
have a horizontal asymptote? Explain. 


crion Prosyecr DEMONSTRATING THE FUNDAMEN TA L TH E OREM ~ 


- a graphing utility to graph the function y, = sin*r on the (b) Use the integration capabilities of a graphing utility to 
rval 0 < t < 7. Let F(x) be the following function of x. graph F. 


ne (c) Use the differentiation capabilities of a graphing utility to 
ie [ sin? t dt graph F (x). How is this graph related to the graph in part (b)? 

i (d) Verify that the derivative of y = (1/2)¢ — (sin 2r)/4 is sin7t. 
poli ee ao why te aloes af Fam Graph y and write a short paragraph about how this graph is 
increasing. 


related to those in parts (b) and (c). 


x | 0 w/6 | m/3| /2 | 20/3 | 5u/6| 7 
| 


seine 
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NOTE The statement of Theorem 4.12 
doesn’t tell how to distinguish between 
f(g(x)) and g(x) in the integrand. As you 
become more experienced at integration, 
your skill in doing this will increase. Of 
course, part of the key is familiarity with 
derivatives. 


STUDY TIP There are several tech- 
niques for applying substitution, each 
differing slightly from the others. 
However, you should remember that the 
goal is the same with every technique— 
you are trying to find an antiderivative 
of the integrand. 


Integration by Substitution 


* Use pattern recognition to evaluate an indefinite integral. 

¢ Use a change of variables to evaluate an indefinite integral. 

° Use the General Power Rule for Integration to evaluate an indefinite-integral. 
* Use a change of variables to evaluate a definite integral. 

¢ Evaluate a definite integral involving: an even or odd function. 


Pattern Recognition 


In this section you will study techniques for integrating composite functions. 
discussion is split into two parts—pattern recognition and change of variables. | 
techniques involve a u-substitution. With pattern recognition you perform the su 
tution mentally, and with change of variables you write the substitution steps. 

The role of substitution in integration is comparable to the role of the Chain. 
in differentiation. Recall that for differentiable functions given by y = F(u) 
u = g(x), the Chain Rule states that 


< [Flg)] = F(g)9"@9. 


From the definition of an antiderivative, it follows that 


| F'(g()9'(x) de = Flg(a)) + C 
= F(u) + C. 


These results are summarized in the following theorem. 


THEOREM 4.12  Antidifferentiation of a Composite Function 


Let g be a function whose range is an interval /, and let f be a function that is 
continuous on /. If g is differentiable on its domain and F is an antiderivative 
of f on J, then 


[revo dx = F(g(x)) + C 
If u = g(x), then du = g(x) dx and 


[rv du = F(u) + C. 


Recognizing Patterns The integrand in each of the following integrals fits th 


pattern f(g(x))g‘(x). Identify the pattern and use the result to evaluate the integ 


b. faeve + ldx Cc. | so?xttans + 3) dn 


The next three integrals are similar to the first three. Show how you can mult 
and divide by a constant to evaluate these integrals. 


d. fre edu wires e. Jove +1 dx 


a. | Die ee by ax 


f. | 2 sec? x(tan x + 3) d 


CHNOLOGY Try using a com- 
fer algebra system, such as Maple, 
rive, Mathematica, Mathcad, or the 
59, to solve the integrals given in 
amples 1 and 2. Do you obtain the 
ne antiderivatives that are listed in 
examples? 
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Examples | and 2 show how to apply Theorem 4.12 directly, by recognizing the 
presence of f(g(x)) and g’(x). Note that the composite function in the integrand has an 
outside function f and an inside function g. Moreover, the derivative g’(x) is present as 
a factor of the integrand. 


Outside function 


[revere ae = rleQo) + 


Inside function Derivative of 
inside function 


Example 1 Recognizing the f(g()g “x) Pattern 


Find [oe + 1)70x) de 


Solution Letting g(x) = x? + 1, you obtain 
a(x) = 2x 

and 
I) a we) tah), 


From this, you can recognize that the integrand follows the f(g(x))g(x) pattern. Using 
the Power Rule for integration and Theorem 4.12, you can write 


flg(x)) — g(x) 
(x? +1)? (2x) dv = 5 (0? +13+4+C. 


Try using the Chain Rule to check that the derivative of F(x? + 1)? + C is the inte- 
grand of the original integral. 


Example 2 _ Recognizing the f(g(x)g(a) Pattern 
Find [> cos 5x dx. 


Solution Letting g(x) = 5x, you obtain 


g(x) =5 
and 
fg(x)) = f(5x) = cos.5x. 
From this, you can recognize that the integrand follows the f(g(x))g(x) pattern. Using 


the Cosine Rule for integration and Theorem 4.12, you can write 
f(g) g(x) 
a a, 
[cos Sv dx — sinow + GC. 


You can check this by differentiating sin Sx + C to obtain the original integrand. 


290 


CHAPTER 4 


Integration 


The integrands in Examples 1 and 2 fit the f(g(x))g’(x) pattern exactly—you 
had to recognize the pattern. You can extend this technique considerably with 
Constant Multiple Rule 


[ere ies K{f00 dx. 


Many integrands contain the essential part (the variable part) of g(x) but are mis 
a constant multiple. In such cases, you can multiply and divide by the necessary | 
stant multiple, as demonstrated in Example 3. 


Example 3 “Multiplying and Dividing by a Constant 
Find [re + 1)? dx. 


Solution This is similar to the integral given in Example 1, except that the integ: 
is missing a factor of 2. Recognizing that 2x is the derivative of x7 + 1, you ca 
g(x) = x? + 1 and supply the 2x as follows. 


1 
| A al a | (eae We (F)2» dx Multiply and divide by 2. 


f(g) g(x) 
— ee 


1 

= 5 (x? = 1)? (2x) dx Constant Multiple Rule 
1{ (x? + a 

= =| + grate. 
5 | 3 G Integrate 


I 
a po Giet LAckEC 


In practice, most people would not write as many steps as are shown in Exal 
3. For instance, you could evaluate the integral by simply writing 


[re + 1)? dx = Ale + 1)? 2x dx 


NOTE Be sure you see that the Constant Multiple Rule applies only to constants. You ¢ 
multiply and divide by a variable and then move the variable outside the integral sigr 
instance, | 


[oe + 1)? dx # = [oe a) 2) ae 


After all, if it were legitimate to move variable quantities outside the integral sign, you : 
move the entire integrand out and simplify the whole process. But the result would be ince 


DY TIP Because integration is 


ly more difficult than differentiation, 
hould always check your answer to 
egration problem by differentiating. 


istance, in Example 4 you should 
entiate z(2x — 1)3/2 + C to verify 
ou obtain the original integrand. 
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Change of Variables 


With a formal change of variables, you completely rewrite the integral in terms of u 
and du (or any other convenient variable). Although this procedure can involve more 
written steps than the pattern recognition illustrated in Examples | to 3, it is useful for 
complicated integrands. The change of variable technique uses the Leibniz notation 
for the differential. That is, if uw = g(x), then du = g’(x) dx, and the integral in 
Theorem 4.12 takes the form 


[reonet ar = [fad au = rea) + 


Example 4 Change of Variables 


Find |v = 1) be 


Solution First, let uw be the inner function, uw = 2x — 1. Then calculate the differen- 
tial du to be du = 2 dx. Now, using /2x — 1 = Ju and dx = du/2, substitute to 
obtain the following. 


Jame [ald 


= 5 fu a 
ed) 
== i 
od) 2 

1 
= a ae (€ 


Integral in terms of u 


Antiderivative in terms of u 


Antiderivative in terms of x 


=5Qr- 13? +C 


f= Example 5 i Cha nge of Variables 


Find [rv se Nahe 


Solution As in the previous example, let u = 2x — 1 and obtain dx = du/2. 
Because the integrand contains a factor of x, you must also solve for x in terms of u, 


as follows. 


ii = Die = Al E> x =(u+ 1)/2 Solve for x in terms of w. 


Now, using substitution, you obtain the following. 
zeal | ye 
[vaste [(5 jun (%) 


ES i foee + u'/2) du 


(ee y/2 
S| Se 
ANS eee 


| 3/2 I 3 
= — 1)5/2 + = (2x — 1)3/7+C r 4 
10 (2 1) 6 (2x ) 


)+e 
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STUDY TIP When making a change 
of variables, be sure that your answer is 
written using the same variables as in 
the original integrand. For instance, in 
Example 6, you should not leave your 
answer as 


sua + C 


but rather, replace u by sin 3x. 


To complete the change of variables in Example 5, we solved for x in terms 
Sometimes this is very difficult. Fortunately it is not always necessary, as shown i 
next example. 


Example 6 Change of Variables _ 
Find i 3x COS 3x dx. 


Solution Because sin? 3x = (sin 3x)?, you can let u = sin 3x. Then 
du = (cos 3x)(3) dx. 


Now, because cos 3x dx is part of the given integral, you can write 
du 
oS oe 


Substituting uw and du/3 in the given integral yields the following. 


[sw 3x COs 3x.de = [u o 


1/{w 
=| — | 
AGE 


| 
= 9 sin? 3x + C 


You can check this by differentiating. 
d)| >. 
| = Sita 
x g sin | 


Because differentiation produces the original integrand, you know that you 
obtained the correct antiderivative. 


(5 )iayisin 3x)?(cos3x)(3) 


sin? 3x cos 3x 


We summarize the steps used for integration by substitution in the folle 
guidelines. 


Guidelines for Making a Change of Variables | 

1. Choose a substitution uv = g(x). Usually, it is best to choose the inner p 
a composite function, such as a quantity raised to a power. 

. Compute du = g(x) dx. 

. Rewrite the integral in terms of the variable uw. 

Find the resulting integral in terms of wu. 

. Replace u by g(x) to obtain an antiderivative in terms of x. 

. Check your answer by differentiating. 


NAn FW N 


pose you were asked to find one 
1c following integrals. Which one 
Id you choose? Expos your - 
oning. | 


a ldx or 


Laer dx 
fan) sec2(3x) dx or 


tan(3x) dx 


SECTION 4.5 Integration by Substitution 293 


The General Power Rule for Integration 


One of the most common u-substitutions involves quantities in the integrand that are 
raised to a power. Because of the importance of this type of substitution, it is given a 
special name—the General Power Rule for integration. A proof of this rule follows 
directly from the (simple) Power Rule for integration, together with Theorem 4.12. 


THEOREM 4.13 The General Power Rule for Integration 


If g is a differentiable function of x, then 


| fie) Wa) ee Ga 


ear || 


Equivalently, if uw = g(x), then 
n+1 


u 
au 4 
fe du me; Cc. 


Ez vample 7 "Substitution and i the Ge General Power Rule 


inv du PAYS 
, 4 (3x — 1) 
ao i337 1) de = (See 8) diet oe 
u! du u?/2 
SSNS SSS a 
2 aA 2 
b. fer + 1)? teax)dx = [ee ee (24 at) ae = (oar +-C 
ui/2 du Ut /}(3/2)) 
' = Ws ai c y 
Coen HO ax = 1) O21 Bx) aS 3/2 + C= =(x3 — 2)3/+C 
2 du ie) 
= 4% ee (1 — 2x?)7! 
= ON (Oe Ss) Se 
d. que - fa 2x2) 24x) dx ss é 
ur du uw3/3 
ain Sint aeLOO NN hanes (cos x)? C | 
(A COSTX SIN ax = COS xX sin x Xx 3 VA 


Some integrals whose integrands involve a quantity raised to a power cannot be 
found by the General Power Rule. Consider the two integrals 


Jee + 1)?dx and [oe + 1)dx. 


The substitution wu = x? + 1 works in the first integral but not in the second. (In the 
second, the substitution fails because the integrand lacks the factor x needed for du.) 
Fortunately, for this particular integral, you can expand the integrand as 
(x2 + 1)? = x*+ + 2x? + 1 and use the (simple) Power Rule to integrate each term. 
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Integration 


Change of Variables for Definite Integrals 


When using u-substitution with a definite integral, it is often convenient to deter 
the limits of integration for the variable u rather than to convert the antiderivative 
to the variable x and evaluate at the original limits. This change of variables is s 
explicitly in the next theorem. The proof follows from Theorem 4.12 combined 
the Fundamental Theorem of Calculus. 


THEOREM 4.14 Change of Variables for Definite Integrals 


If the function u = g(x) has a continuous derivative on the closed interval la, 
and f is continuous on the range of g, then 


2(b) 


| ‘Pigg Kova =| anal ded 


g(a) 


Example 8 “Change of Variahles 


Evaluate [ FAR cotalciell Wis o 
0 


Solution To evaluate this integral, let uw = x? + 1. Then, you obtain 
=x el du = 2x dv. 
Before substituting, determine the new upper and lower limits of integration. 


Lower Limit Upper Limit 
Whenx =0, u=0?+1=1. When x = 1, u = 17+ 1 =) 


Now, you can substitute to obtain 


ean ae 
J 


2 3 : . : eee ae 
(x? + 1)2(2x) dx Integration limits for x 


[ se iy ay — 
Mu Deo see 


3 . . . . 
u? du Integration limits for u 


“oJ 


15, 
8 


Try converting the antiderivative (u*/4) back to the variable x and evaluate th , 
nite integral at the original limits of integration, as follows. | 


fe] = 3[{< =] =H LenS 
A Em hc Oa 


Notice that you obtain the same result. 


5 
4 
Bi > = x 
ye 
2x-1 
9 


region before substitution has an area 


ire 4.37 


2 
la 1) 
1 


op 
1 2 3 4 5 
=1 


region after substitution has an area 


ire 4.38 
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Example 9 "Change of Variables : 


Evaluate A 


- [ea 
inte ae 


Solution To evaluate this integral, let vu = ./2x — 1. Then, you obtain 


pees peel 
ie 1 Ox 
ies a ea 
9) = VX 
udu = dx. Differentiate both sides. 


Before substituting, determine the new upper and lower limits of integration. 


Lower Limit 
Wineinse = il, =" 2 = || = Il, 


Now, substitute to obtain 


[ ae ie PS d 
os = a) u au 
‘amy ne = Il 1 U 2 

1 3 


Upper Limit 


When x = 5, u = /10 —- 1 =3. 


——— 2 
sf + 1) du 
1] uw 3 
=-|—+ 
aE u| 
1 1 
= —_— of —_- — — 
s(o Sige 7 
= LOn 
3 


Geometrically, you can interpret the equation 


: x +d 
Sa = du 
fn ae ed im 
to mean that the two different regions shown in Figures 4.37 and 4.38 have the same 
area. 
When evaluating definite integrals by substitution, it is possible for the upper 
limit of integration of the u-variable form to be smaller than the lower limit. If this 


happens, don’t rearrange the limits. Simply evaluate as usual. For example, after 
substituting vu = 1 — x in the integral 


r 
[ x2(1 — x)!/2 dx 
0 


you obtain u = 1 — 1 = 0 when x = 1, and u = 1 — 0 = 1 when x = 0. So, 
the correct u-variable form of this integral is 


0 
-2| (1 — u*)?u? du. 
1 
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Odd function 
Figure 4.39 


3) 


y=sin’ x cos x + sin-x cos x 


Because f is an odd function, 


a/ 2 
| f(x) dx = 0. 


—7/2 


Figure 4.40 


Integration of Even and Odd Functions 


Even with a change of variables, integration can be difficult. Occasionally, you ¢ 
simplify the evaluation of a definite integral (over an interval that is symmetric abo 
the y-axis or about the origin) by recognizing the integrand to be.an even or 01 
function (see Figure 4.39). 


THEOREM 4.15 Integration of Even and Odd Functions 


Let f be integrable on the closed interval [—a, a]. 


1. If f is an even function, then i f(x) dx = 2 [ ff) dx 
iri 0 


2. If f is an odd function, then f(x) dx = 0. 


Proof Because f is even, you know that f(x) = f(—x). Using Theorem 4.12 with # 
substitution u = —x produces 


0 0 0 a a 
[_ reaae= [ p-wt—an = =| pa au= [Aen au = [p00 a 


Finally, using Theorem 4.6, you obtain 
a 0 a 
| f(x) dx = | f(x) dx + | f(x) dx 
ad =a 0 
= [1 a [1 dx = 2 [1 dx. 
0 0 0 


This proves the first property. The proof of the second property is left to you (s 
Exercise 116). P 


Example 10 Integration of an Odd Function 


a/2 
Evaluate | (sin? x cos x + sin. x cos x) dx. 


—q/2 


Solution Letting f(x) = sin? x cos x + sin x cos x produces 


if (=x) 


sin3(— x) cos(—x) + sin(—.x) cos(—x) 


II 


=sin* x cos x — sinix cos x = —f(x), 


So, f is an odd function, and because f is symmetric about the origin o\ 
[— 7/2, 1/2], you can apply Theorem 4.15 to conclude that 


/2 
| (sin? x cos x + sin x cos x) dx = 0. 


—a/2 L 


NOTE From Figure 4.40 you can see that the two regions on either side of the y-axis have 
same area. However, because one lies below the x-axis and one lies above it, integration p 
duces a cancellation effect. (We will say more about this in Section 6.1.) | 


SECTION 4.5 Integration by Substitution 297 


XERCISES FOR SECTION 4.5 


ixercises 1-6, complete the table by identifying wu and du for In Exercises 35-38, solve the differential equation. 
integral. d 
y 4x 
== = ke SSS 
; dx VG 2 
| S(g(x))g Cx) dx u = g(x) du = g(x) dx : i 
36 dy CDE ELOKR 
i ’ "ax Sl +93 
(ox- + 1)2(10x) dx Ls a een 
“dx (x2 + 2x = 3)? 
eSB FT dx . 
dy x4 
38. = 
| ilar dx x? = 8x + 1 
= ax 
Py Slope Fields Yn Exercises 39 and 40, a differential equation, a 
sec 2x tan 2x dx point, and a slope field are given. A slope field consists of line seg- 
ments with slopes given by the differential equation. These line 
i tan2 x sec2x dx segments give a visual perspective of the directions of the solu- 
tions of the differential equation. (a) Sketch two approximate 
cust solutions of the differential equation on the slope field, one of 
Scare which passes through the indicated point. (To print an enlarged 
copy of the graph, go to the website www.mathgraphs.com.) (b) 
Exercises 7-34, find the indefinite integral and check the Use integration to find the particular solution of the differential 
ilt by differentiation. equation and use a graphing utility to graph the solution. 
Compare the result with the sketches in part (a). 
fo + 2x)4(2) dx 8. [oe — 9)3(2x) dx As ee 
39. ae mae, (2, 2) 40. 2 09S x (O01) 
[v — x? (—2x) dx 10. [x — 2x?)(—4x) dx > if 
A h 
[rots apa 1a forte + shat Scit Lo rn a einai 
= \ We Gea ae ai 
SER WEN ee ew P NON 7 eee NY TK 
[ree 1)* dx 14. [rare + aya — \ \nN+? 24 f/f f/f EN ENA ANS SAN TON EN 
= NA T wd eh Fae Sy eel ee 
5) Bind Se NINA Ye Ne =A hy, NV Ree SRS 
[verze is. {1 + 5 dt So Afi Pv uw N he Sak Ni) Vaio 
rf NON OE pe ey ey PU TREN Ao Za ms So eter ION 
[ova 18. [ever aan = esti eS ay DN DN ASA SIN PN 
ee ohh 20. rea dx 
| Mie 2)* (1 + x*/ In Exercises 41—54, find the indefinite integral. 
G2 xe 
se shine aon : 
e ae) oe as He —xp @ 41. |e sin mx dx 42. [ae sin x* dx 
3 
x x 
——— dx 24S — 
1 — x? a fez + x4 ‘ 43. [sm 2x dx 44, [evs 6x dx 
Lefty 2 | 
= — 4 Cae TN 1 : 2? 
{( ‘i _ (5) Zi ae ie (3x2 |} 45. Ip cos 50 46. iE sin x? dx 
1 i 
5 dx 
/2x dx 23 lee : 47. [sn 2x cos 2x dx 48. [scot — x) tan(1 — x) dx 
eux tT tb 2? 
= h dt 2 
Jx ae a i YE: 49. [en x sec? x dx 50. [ven x sec? x dx 
2 aed 
2 = — — x 
fi ( 1 a [G oo Ae any 51. |e ~ dx 52. [== dx 
cot? x cos? x 
= ry 2 x 
[o yy dy ~ [om re S35 [ove x dx 54, [oe (2) dx 
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In Exercises 55 and 56, find an equation for the function f that 
has the indicated derivative and whose graph passes through 
the given point. 


Derivative Point 
55. f(x) = cos 5 (0, 3) 
56. f(x) = msec mx tan mx (3, 1) 


In Exercises 57-64, find the indefinite integral by the method 
shown in Example 5. 


57. [rs ae hfabe 58. [va ap lb oke 


59. fev = ie 0he 60. [o Se )R/ 2D = se abe 


ae = il Die eh 
61 ee ———— 0X 62. d. 
ws = 111 wise ae A 


XG 
63. d. 64. |13/t—4at 
pe ake A 


Ay In Exercises 65-76, evaluate the definite integral. Use a graph- 


ing utility to verify your result. 


l 4 
65. | x(x? + 1)3 dx 66. i x(x? + 8)? dx 
= =) 
2 1 
67. [ 2x2./x3 + 1 dx 68. [ x/1 — x? dx 
| 0 
a 1 % 
69. ————— ah 70. i) 
UT ete | <eteee 
9 DZ 
1 
71. => x Pe x4 + x? dx 
| SEA Ae | 
5) 5 
i il Tee aul Py Rear 74. [Se 
i x ) x dx Sasa x 
7/2 Dx 1/2 
WS. | COs (=) dx 76. | (x + cos x) dx 
(0) 3 1/3 


Py In Exercises 77-82, find the area of the region. Use a graphing 


utility to verify your result. 


6 


79. y = 2sinx + sin 2x 80. y = sin x + cos 2x 


y 


A 
2-- 
1 
- Ka” 
| 1 1 
2 


7/4 
82. [ csc 2x cot 2x dx 


a/12 


Ala + 
nla + 
y 
a 

a 


acd In Exercises 83-88, use a graphing utility to evaluate | 


integral. Graph the region whose area is given by the defin 
integral. 


84. [ x3./x + 2 dx 
0 


4 
a 
83. ————— 
I oy! Ase eM) ; 
q 
85. | Rew/re = Braue 
3 


3 6 
87. [ (0 =F cos 2) dé 
fs 6 


Writing In Exercises 89 and 90, find the indefinite integral 
two ways. Explain any difference in the forms of the answer, 


86. i; x / 4 = dx 
1 


1/2 
88. [ sin 2x dx 
0 


89. fe = 1)? dx 90. [sn x cos x dx 


In Exercises 91-94, evaluate the integral using the properties 
even and odd functions as an aid. 


4 


- 
Hl | xx +1dx 
0 


78. x? ¥x + 2 dx 


91. | x7(x2 + 1) dx 


93. I x(x? + 1)3 dx 


= 


a/2 
92. | sin? x cos x dx 


=—/2 


a/2 
94, | sin x cos x dx 
=n/2 


95. Use J? x? dx = § to evaluate the definite integrals without us 
the Fundamental Theorem of Calculus. 


0 

@ | BSL 

© | Kady 
0 


(b) iB xe! Gs 


0 
@ | hee aes 


=2 
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Integration by Substitution 


Use the symmetry of the graphs of the sine and cosine func- aed 106. Water Supply A model for the flow rate of water at a pump- 


tions as an aid in evaluating each of the integrals. 


7/4 7/4 
(a) sin x dx (b) cos x dx 
—7/4 —7/4 
a/2 a /2 
(Cc) cos x dx (d) sin x cos x dx 
—a/2 —1/2 


ixercises 97 and 98, write the integral as the sum of the 
eral of an odd function and the integral of an even function. 
this simplification to evaluate the integral. 


Tr 


(sin 3x + cos 3x) dx 


4 
i Ge 6x2 — 2x — 3) dx 98. i 
-4 


= at 


etting at the Concept — 


- In your own words, state the guidelines for making a 


change of variables when integrating. 
0. Describe why f x(5 — x)? dx # fu? du where 
u=5 — x?. 
. Without integrating, explain why J”, x(x? + 1)? dx = 0. 


Cash Flow The rate of disbursement dQ/dt of a 2 million 
dollar federal grant is proportional to the square of 100 — t. 
Time f¢ is measured in days (0 < tr < 100), and @Q is the 
amount that remains to be disbursed. Find the amount that 


remains to be disbursed after 50 days. Assume that all the 
money will be disbursed in 100 days. 


Depreciation The rate of depreciation dV/dt of a machine is 
inversely proportional to the square of ¢ + 1, where V is the 
value of the machine ¢ years after it was purchased. If the initial 
value of the machine was $500,000, and its value decreased 
$100,000 in the first year, estimate its value after 4 years. 


Rainfall The normal monthly rainfall at the Seattle-Tacoma 
airport can be approximated by the model 
R= 3.121 + 2.399.sin(0.524¢ + 1.377) 


where R is measured in inches and f¢ is the time in months, 
with t = 1 corresponding to January. (Source: U.S. National 
Oceanic and Atmospheric Administration) 


(a) Determine the extrema of the function over a l-year period. 


(b) Use integration to approximate the normal annual rainfall. 
(Hint: Integrate over the interval [0, 12].) 


(c) Approximate the average monthly rainfall during the 
months of October, November, and December. 


Sales The sales of a seasonal product are given by the model 


5 = 74.50 + 43.75 sin ss 


where S is measured in thousands of units and f is the time in 
months, with t = 1 corresponding to January. Find the aver- 
age sales for the following periods. 


(a) The first quarter (0 < ¢ < 3) 
(b) The second quarter (3 < t < 6) 
(c) The entire year (0 < t < 12) 


107. 


Pe 108. 


True or False? 


ing station on a given day is 


RG) = 53 + 7 sin( 2 + 36) < 9 cos( ” 89) 


where 0 < ¢ < 24. R is the flow rate in thousands of gallons 
per hour, and f¢ is the time in hours. 


(a) Use a graphing utility to graph the rate function and approx- 
imate the maximum flow rate at the pumping station. 


(b) Approximate the total volume of water pumped in | day. 
Electricity The oscillating current in an electrical circuit is 

I = 2 sin(607zt) + cos(1207r#) 

where / is measured in amperes and f is measured in seconds. 
Find the average current for each time interval. 

(a) OS t<% (Owe sa S ory Cie: 


Graphical Analysis Consider the functions f and g, where 


f(x) = 6sinxcos?x and g(t) = [10 dx. 
0 


(a) Use a graphing utility to graph f and g in the same 
viewing window. 

(b) Explain why g is nonnegative. 

(c) Identify the points on the graph of g that correspond to the 
extrema of f. 

(d) Does each of the zeros of f correspond to an extremum of 
g? Explain. 


(e) Consider the function h(t) = J‘). f(x) dx. Use a graphing 
utility to graph h. What is the relationship between g and 
h? Verify your conjecture. 


In Exercises 109-114, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


fox + 1? dx =3#(2x + 13 +C 

[roe + Idx =42 (G8 + x) +C 
10 

fe. 
b b+27 

i sin x dx = | sin x dx 


4 sinxeos.xd = '— cos 2% + C 


10 
(ax? + bx? + cx + d) dx = 2 (bx? + d) dx 
0 


i 2x cos 2x dx = + sin32x + C 


Show that if f is continuous on the entire real line, then 


b+h 


f(x) dx. 


ath 


b 
[ f(x + h) dx = 


Complete the proof of Theorem 4.15. 
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| Section 4.6 _ Numerical Integration 


¢ Approximate a definite integral using the Trapezoidal Rule. 
¢ Approximate a definite integral using Simpson’s Rule. 
¢ Analyze the approximate error in the Trapezoidal Rule and in Simpson’s Rule. 


The Trapezoidal Rule 
y Some elementary functions simply do not have. antiderivatives that are element 
t functions. For example, there is no elementary function that has any of the follow 


functions as its derivative. 


/x/1 — x, ./x cos x, Spe zi J/1— x, sin x? 


If you need to evaluate a definite integral involving a function whose antideriva 
cannot be found, the Fundamental Theorem of Calculus cannot be applied, and - 
must resort to an approximation technique. Two such techniques are described in. 


section. 
. gaa One way to approximate a definite integral is to use n trapezoids, as show! 
pce ae kee “RES Figure 4.41. In the development of this method, assume that f is continuous 
The area of the region can be approximated positive on the interval [a, b]. So, the definite integral 
using four trapezoids. b 
Figure 4.41 | f(x) dx 
represents the area of the region bounded by the graph of f and the x-axis, fi 
x = ato x = b. First, partition the interval [a, b] into n subintervals, each of wi 
Ax = (b — a)/n, such that 
Ue SeXy Sy me Pe 
y Then form a trapezoid for each subinterval, as shown in Figure 4.42. The area of 
| he ith trapezoid is 
wel Area of ith trapezoid = | feet f (=). 
ie 2 n 
Rf This implies that the sum of the areas of the n trapezoids is 
SX) We 
-7 Area = (? 2) | eal = ae Go © ab f@n-1) | 
fle,) n 2 
b= a 
- = a X = ( on Jira) shi (4) thigh: (Xa) stad boxe.) aj ttt Pace + £() 1h 
pub ot . 
b-a by) = @ 
é = (SAIL + 270) + 27m) ++ + 2F 4) + FN 
The area of the first trapezoid is 
pe + La) = " Letting Ax = (b — a)/n, you can take the limit as n > oo to obtain 
2 Pee 
: ; eal) 
Figure 4.42 im on Lie) + 2flm) +--+ + 2f@n=1) + F,)] : 
S| uh ae 2) ee | 
Se 2 fe as 
peer G) ote) ea) : 
= | i 
ae On eg Sahu 


b 
Ot i f(x) dx. 


The result is summarized in the following theorem. 


y=sinx 


ua ua 3m 1 
4 2 4 


Four subintervals 


y=sinx 


fe Ge She Wee lik shee as 
Sees 2) 184) 8 


Eight subintervals 


ezoidal approximations 
ire 4.43 
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THEOREM 4.16 The Trapezoidal Rule 


Let f be continuous on [a, b]. The Trapezoidal Rule for approximating 
J? f(x) dx is given by 


-+ 2f(x,_1) + f(,)]- 


| f(x) dx = =" FFG) + 2f(x,) + 2F (x5) +-- 


Moreover, as n — 00, the right-hand side approaches f 2 f (x) dx 


NOTE Observe that the coefficients in the Trapezoidal Rule have the following pattern. 
fh, PED APONTE SoAk oh 2 OPA IT 


socom csSU ere ENA CRORE ESTERS PDC ARP ST OPC BED SST ROSES TSE SSL PERU RRO 90S REA UDO EPSP ODOR 


Example 1 Approximation with the Trapezoidal Rule 


Use the Trapezoidal Rule to approximate 


T 
| sin x dx. 
0 


Compare the results for n = 4 and n = 8, as shown in Figure 4.43. 


Solution When n = 4, Ax = 77/4, and you obtain 


4 2 4 
a(1 + /2) 
4 


ae 3 ar 
| sin x dx ~T(sino + 2sin + 2 sin + 2sin 52 + sin 7] 
0 


= 70+ V2+2+ V2+0)= ~ 1.896. 

When n = 8, Ax = 77/8, and you obtain 
E d. (sin + 2sin se 2 Sin == igre ls ae rein 
pase “6s! 8 4 8 2 


57 3 77 1% 
aot + a 
+ 2 sin 5 2. sin —— A 2 sin 3 sin 77) 


377 
4+ — + —| = 
= 2 (2422 4 sin = 4 sin =) 1.974. 
For this particular integral, you could have found an antiderivative and determined that 
the exact area of the region is 2. VA 


7 TECHNOLOGY Most graphing utilities and computer algebra systems have built-in 
_ programs that can be used to approximate the value of a definite integral. Try using 
_ such a program to approximate the integral in Example 1. How close is your approx- 
_ imation? 

: When you use such a program, you need to be aware of its limitations. Often, 
you are given no indication of the degree of accuracy of the approximation. Other 
_ times, you may be given an approximation that is completely wrong. For instance, 
: try using a built-in numerical integration program to evaluate 


~ Your calculator should give an error message. Does yours? 
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Integration 


It is interesting to compare the Trapezoidal Rule with the Midpoint Rule giver 
Section 4.2 (Exercises 63-66). For the Trapezoidal Rule, you average the funct 
values at the endpoints of the subintervals, but for the Midpoint Rule you take 
function values of the subinterval midpoints. 


b ‘a 
| ie) dx = » (AB) Ax Midpoint Rule 
as S 1 

| f(x) dx = > jee Ax Trapezoidal Rule 


i=1 


NOTE There are two important points that should be made concerning the Trapezoidal R 
(or the Midpoint Rule). First, the approximation tends to become more accurate as n increa 
For instance, in Example 1, if n = 16, the Trapezoidal Rule yields an approximation of 1.$ 
Second, although you could have used the Fundamental Theorem to evaluate the integra 
Example 1, this theorem cannot be used to evaluate an integral as simple as fp sin x? dx beca 
sin x? has no elementary antiderivative. Yet, the Trapezoidal Rule can be applied easily to 
integral. 


Simpson’s Rule 


One way to view the trapezoidal approximation of a definite integral is to say that 
each subinterval you approximate f by a first-degree polynomial. In Simpson’s Rt 
named after the English mathematician Thomas Simpson (1710-1761), you take t 
procedure one step further and approximate f by second-degree polynomials. 

Before presenting Simpson’s Rule, we list a theorem for evaluating integrals 
polynomials of degree 2 (or less). 


THEOREM 4.17 Integral of p(x) = Ax? + Bx + C 
If p(x) = Ax? + Bx + C, then 


[ v0 ae (P| ria a 4p( : ”) sr p(o)| 


Proof 


b b 
i p(x) dx = i (Ax? + Bx + C) dx 


2 + + C(b — a) 


| =, 
= (? : 2) (2Ale? + ab + b*) + 3B(b + a) + 6C] 


By expansion and collection of terms, the expression inside the brackets becomes 


b+a\, bea 
: + al : 


(Aa* + Ba+ C) + 4fa( 
eee 


p(a) a3 (2 + 4) p(b) 


and you can write 


[ v0 dx = (24) pi) + 4p(“ : 2) + p(o)| 


)+cl+ur+ av +o 
ee 


E Observe that the coefficients 
mpson’s Rule have the following 
m. 


MY AnD) As 4241 


Ve] Example 2. Approximation with Simpson’s Rule 


E_ In Example 1, the Trapezoidal 
with n = 8 approximated 

n x dx as 1.974. In Example 2, 
son’s Rule with n = 8 gave an 
yximation of 2.0003. The antideriva- 
vould produce the true value of 2. 
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To develop Simpson’s Rule for approximating a definite integral, you again 
partition the interval [a, b] into n subintervals, each of width Ax = (b — a)/n. This 
time, however, n is required to be even, and the subintervals are grouped in pairs such 
that 


CX nh ea ee ae Xo << Xp = A, = DO. 
[xo ¥] [x9, x4] [x,,—2 Xp] 


On each (double) subinterval [x,_5, x;], you can approximate f by a polynomial p of 
degree less than or equal to 2. (See Exercise 46.) For example, on the subinterval 
[x, x2], choose the polynomial of least degree passing through the points 
(Xp. Yo), (X1, ¥,), and (x, y>), as shown in Figure 4.44. Now, using p as an approxima- 
tion of f on this subinterval, you have, by Theorem 4.17, 


| oft) go | : po) dr = 2 =| p(x.) + 4p(22) + ple) 


Xo 


= Ath alia) [ p(X) + 4p (x,) Li P(x) | 


“Ti le) + AFG.) + Fad) 


Repeating this procedure on the entire interval [a, b] produces the following theorem. 


THEOREM 4.18  Simpson’s Rule (7 is even) 


Let f be continuous on [a, b]. Simpson’s Rule for approximating [? f(x) dx is 


e Hh 
[10 ae = PS Lplag) + 47) + 240) + flay) + 
a8 4 f (Xn-1) ¥ fan. 


Moreover, as n — 00, the right-hand side approaches Jf? f(x) dx. 


In Example 1, the Trapezoidal Rule was used to estimate J’ sin x dx. In the next 
example, Simpson’s Rule is applied to the same integral. 


Use Simpson’s Rule to approximate 


T 
| sin x dx. 
0 


Compare the results forn = 4 andn = 8. 


Solution When n = 4, you have 


“i f oe) ; 
i sinxdx = (sind + 4sin + 2sin 5 + 4 sin f+ sin 7) 


=~ 2.005. 


When n = 8, you have | sinx dx ~ 2.0003. i 


0 Yih 
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) TECHNOLOGY If you have access 
to a computer algebra system, try 

using it to evaluate the definite 
integral in Example 3. You should 

_ obtain a value of 


: [vee 1/3 + in (1 +V3)] 


=~ 1.14779. 


2 (“In” represents the natural logarith- 
E mic function, which you will study in 
Section 5.1.) 


y 


eo X 


p+ 


I 
1.144 < | a ex dn <= 1.164 
0 


Figure 4.45 


Error Analysis 


If you must use an approximation technique, it is important to know how accurate 
can expect the approximation to be. The following theorem, which we list wit 
proof, gives the formulas for estimating the errors involved in the-use of Simps 
Rule and the Trapezoidal Rule. 


THEOREM 4.19 Errors in the Trapezoidal Rule and Simpson’s Rule . 


If f has a continuous second derivative on [a, b], then the error E in approxi- 
mating f” f(x) dx by the Trapezoidal Rule is 


(DEGy 


Dre [max Fer) |S ae <b. Trapezoidal Rule 


Moreover, if f has a continuous fourth derivative on [a, b], then the error E in 
approximating a Z 4 (x) dx by Simpson’s Rule is 


pe (Oe rane y “ibe Oa a <a id: Simpson’s Rule 


Theorem 4.19 states that the errors generated by the Trapezoidal Rule 
Simpson’s Rule have upper bounds dependent on the extreme values of f(x) 
f(x) in the interval [a, b]. Furthermore, these errors can be made arbitrarily smal 
increasing n, provided that f” and f are continuous and therefore bounded in [a 


Example zs The Approximate Error i in the Trapezoidal Rule 


Determine a value of n such that the Trapezoidal Rule will approximate the valu 
J 1 + x2 dx with an error that is less than 0.01. 


Solution Begin by letting f(x) = /1 + x? and finding the second derivative o 
F() = xk 2) 2 and 7 1h) =i eee) 


The maximum value of | f”(x)| on the interval [0, 1] is | f”(0)| = 1. So, by Theo 
4.19, you can write 


(b =a) 


: l | 
< “7 = 
Sa 12n? If") 


Ih eres 
1272 ) 12n2. 


To obtain an error E that is less than 0.01, you must choose n such 
1/(12n7) < 1/100. 


100 < 127? gmp n=. ~2.99 


Therefore, you can choose n = 3 (because n must be greater than or equal to 2 
and apply the Trapezoidal Rule, as shown in Figure 4.45, to obtain 


! 
[ vie Rac~ IFO + ais OF + 2/14 + TEP 
10) 
aa lly 


So, with an error no larger than 0.01, you know that 


1 
1.144 < [ J/1 + x* dx < 1.164. 
0 


XERCISES FOR SECTION 4.6 


xercises 1-10, use the Trapezoidal Rule and Simpson’s Rule 
pproximate the value of the definite integral for the indi- 
d value of n. Round your answer to four decimal places and 
pare the results with the exact value of the definite integral. 


2, 1 2 
[ ea. n=4 a (5 +1) ax n=4 
0 9 \2 
— —= 


2 2 
[ sae n— 4 4 SS 0bs,. i = 
0 1 
2 8 
| sax n= 8 6. | 2ide -n S83 
0 0 
9 3 
x dk, m= 8 8. (4 — x2) dx, n=4 


10. | ny Case lai ea 4 
0 


xercises 11-20, approximate the definite integral using the 
yezoidal Rule and Simpson’s Rule with n = 4. Compare 
e results with the approximation of the integral using a 
yhing utility. 


2 2 1 
J/1 + x3 dx 12. rd 
| | J/1 + x3 


4. | J/x sin x dx 
a/2 
Jaa 
is. | tan x2 dx 
0 


1/2 
18. [ /1 + cos?x dx 
0 


[ ve VT= ae 


J 7/2 
| cos x2 dx 
0 


het 
=, 2 
| sin x- dx 
1 


a/4 
| x tan x dx 


i sz. > 0 
ACEC ett a taal 

“ ile, = 0) 

etting at the Concept 


_ If the function f is concave upward on the interval [a, b], 
will the Trapezoidal Rule yield a result greater than or less 
than f? f(x) dx? Explain. 

. The Trapezoidal Rule and Simpson’s Rule yield approxi- 
mations of a definite integral fe f(x) dx based on polyno- 
mial approximations of f. What degree polynomial is used 
for each? 


xercises 23 and 24, use the error formulas in Theorem 4.19 
timate the error in approximating the integral, with n = 4, 
g (a) the Trapezoidal Rule and (b) Simpson’s Rule. 


2 1 
e 1 
3 ¥ 
[ x? dx 24. [ in dx 
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lab LAB 
‘Series 6 


In Exercises 25 and 26, use the error formulas in Theorem 4.19 
to find n such that the error in the approximation of the definite 
integral is less than 0.00001 using (a) the Trapezoidal Rule and 


(b) Simpson’s Rule. 
5 i 
1 
25% | = (0b: 26. [ ey 
ade iy ls 


In Exercises 27-30, use a computer algebra system and the 
error formulas to find n such that the error in the approxima- 
tion of the definite integral is less than 0.00001 using (a) the 
Trapezoidal Rule and (b) Simpson’s Rule. 


2s [ J1+xdx 28. [ Caaralj= ax 
0 0 


1 1 
29. [ tan x? dx 30. i sin x? dx 
0 0 


31. Prove that Simpson’s Rule is exact when approximating the 
integral of a cubic polynomial function, and demonstrate the 
result for 


| 
| x? dx, n= 2. 
0 


acd 32. Write a program for a graphing utility to approximate a definite 


integral using the Trapezoidal Rule and Simpson’s Rule. Start 
with the program written in Section 4.3, Exercises 57—60, and 
note that the Trapezoidal Rule can be written as 


T(n) = 5[L(n) + R(n)] 
and Simpson’s Rule can be written as 
S(n) = 3[T(n/2) + 2M(n/2)]. 


[Recall that L(n), M(n), and R(n) represent the Riemann sums 
using the left-hand endpoint, midpoint, and right-hand endpoint 
of subintervals of equal width. ] 


In Exercises 33-36, use the program in Exercise 32 to approxi- 
mate the definite integral and complete the table. 


n | Lin) | M(n) | Rv) | T(n) | Sn) 


4 1 
33. [ J2 + 3x? dx 34. | wf ll = 3 ake 
0 0 


36. | Saks dx 
i] 28 


A 
35. [ sin \/x dx 
10) 
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37. Area Use Simpson’s Rule with n = 14 to approximate the 


38. 


39. 


PE 40. 


Approximation of Pi 


area of the region bounded by the graphs of y = /x cos x, 
y= 0, m= 0,,and x% = 7/2. 


Circumference The elliptic integral 
1/2 

3 V1 — }sin? 6d0 
10) 


gives the circumference of an ellipse. Use Simpson’s Rule with 
n = 8 to approximate the circumference. 


Work ‘To determine the size of the motor required to operate 
a press, a company must know the amount of work done when 
the press moves an object linearly 5 feet. The variable force to 
move the object is 


F(x) = 100x-/125= x 


where F is given in pounds and x gives the position of the unit 
in feet. Use Simpson’s Rule with n = 12 to approximate the 
work W (in foot-pounds) done through one cycle if 


The table lists several measurements gathered in an experiment 

to approximate an unknown continuous function y = f(x). 

(a) Approximate the integral f> f(x) dx using the Trapezoidal 
Rule and Simpson’s Rule. 


x | 0.00 | 0.25 | 0.50 | 0.75 1.00 | 
y | 432 | 436 | 4.58 | 5.79 6.14 | 
© | 1.25.| 1.50 | 1.75 | 2.00 

ai! 
y | 7.25 | 7.64 | 8.08 | 8.14 


(b) Use a graphing utility to find a model of the form 
y = ax? + bx? + cx + d for the data. Integrate the result- 
ing polynomial over [0,2] and compare the result with 
part (a). 


In Exercises 41 and 42, use Simpson’s 


Rule with n = 6 to approximate 7 using the given equation. (In 
Section 5.9, you will be able to evaluate the integral using 
inverse trigonometric functions.) 


Area In Exercises 43 and 44, use the Trapezoidal Rule 
estimate the number of square meters of land in a lot whet 
and y are measured in meters, as shown in the figures. The I. 
is bounded by a stream and two straight roads that meet at ri 


angles. 
43. [x 
OnPI25 
100 | 125 
200 | 120 
X00) | IZ 
400 | 90 
500 | 90 
600 | 95 
700 | 88 
800 | 75 
SOR ISS 
LOOOR AO" 5 
44. [ y 
0 TS 
10 81 
20 84 
30 76 
40 67 
50 68 
60 69 
70 72 
80 68 
90 56 
100 42 
110 23 
120 0 


Py 45. 


46. 


150 --Road 


pn 
100 


50 


200 400 600 800 100( 


Stream 
fl. 


20 40 60 80 


100 120 


Use Simpson’s Rule with n = 10 and a computer alge 
system to approximate ¢ in the integral equation 


rt 
| Sill w/o Cua oe 
0 


Prove that you can find a polynomial p(x) = Ax? + Bx - 
that passes through any three points (x,,y,), (%, y>), 
(x3, y3), where the x, are distinct. 


g In Exercises 1 and 2, use the graph of f’ to sketch a 
ah of f. To print an enlarged copy of the graph, go to the 
site www.mathgraphs.com. 


y Pp 


xercises 3-8, find the indefinite integral. 


[ev +x — 1)dx 


2 
dx 
|e 


tf (4x — 3 sin x) dx 


| (5 cos x — 2 sec? x) dx 


Find the particular solution of the differential equation 
f(x) = —2x whose graph passes through the point (— 1, 1). 
Find the particular solution of the differential equation 
f’(x) = 6(x — 1) whose graph passes through the point (2, 1) 
and is tangent to the line 3x — y — 5 = O at that point. 
Velocity and Acceleration An airplane taking off from a 
runway travels 3600 feet before lifting off. If it starts from rest, 
moves with constant acceleration, and makes the run in 30 
seconds, with what speed does it lift off? 

Velocity and Acceleration The speed of a car traveling in a 
straight line is reduced from 45 to 30 miles per hour in a 
distance of 264 feet. Find the distance in which the car can be 
prought to rest from 30 miles per hour, assuming the same 
onstant deceleration. 

Velocity and Acceleration A ball is thrown vertically upward 
from ground level with an initial velocity of 96 feet per second. 


a) How long will it take the ball to rise to its maximum height? 

‘b) What is the maximum height? 

c) When is the velocity of the ball one-half the initial 
velocity? 

d) What is the height of the ball when its velocity is one-half 
the initial velocity? 


Velocity and Acceleration Repeat Exercise 13 for an initial 
velocity of 40 meters per second. 
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15. Write in sigma notation (a) the sum of the first ten positive odd 
integers, (b) the sum of the cubes of the first n positive integers, 
and (c)6 + 10+ 14+ 18 +---+ 42. 


16. Evaluate each sum for x, = 2,x, = —1, x3 = 5, x, = 3, and 
cea) 2 
ihe Sl 
(a) 5% (b) » ie 


5 5 
(cy (2x— 37) Opyer 2) 
i=1 i=2 


In Exercises 17 and 18, use upper and lower sums to approxi- 
mate the area of the region using the indicated number of subin- 
tervals of equal width. 


18. y = 9 — 4x? 


i 1 
10 Hel 


In Exercises 19-22, use the limit process to find the area of the 
region between the graph of the function and the x-axis over the 
indicated interval. Sketch the region. 


Function Interval 
19. y=6—x [0, 4] 
20. y=x? + 3 [0, 2] 
21S Sa [=2, 1] 
22. 9: =4x2 [2, 4] 


23. Use the limit process to find the area of the region bounded by 
x = 5y — y*,x =0, y = 2, andy = 5. 

24. Consider the region bounded by y = mx, y = 0,x = 0, and 
x=b. 


(a) Find the upper and lower sums to approximate the area of 
the region when Ax = b/4. 

(b) Find the upper and lower sums to approximate the area of 
the region when Ax = b/n. 

(c) Find the area of the region by letting n approach infinity in 


both sums in part (b). Show that in each case you obtain the 
formula for the area of a triangle. 
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In Exercises 25 and 26, express the limit as a definite 
integral on the interval [a,b], where c, is any point in the ith 
subinterval. 


Limit Interval 
LTR AOR Sore 4, 6 
25. lim, Y Ge; — 3)Ax, [4, 6] 


i=1 
n 


26. lim: I} 30 eP)Axe [173] 


lal>0 = 


In Exercises 27 and 28, sketch the region whose area is given by 
the definite integral. Then use a geometric formula to evaluate 
the integral. 


S) 4 
27s | G6 ap eel idx 28. | NV Gi ereds 
0 4 


In Exercises 29 and 30, use the given values to evaluate each 
definite integral. 


6 6 
29. If | f(x) dx = 10 and | g(x) dx = 3, find 
2 


5 


(a) [ Meee Cit ta [ PPC) = seats 


6 


6 
(c) | yt) — selx)\idx ~~ (d) | 5f (x) dx. 


7 


3 6 
30. | f(x) dx = sand | f(x) dx = —1, find 
0 3 
6 3 
(a) | Ae ucke, (b) | foo) ax. 
0 6 


4 6 
(c) [ #0 dx. (d) | — 10 f(x) dx. 
4 3 


| 4.4 | In Exercises 31 and 32, select the correct value of the 
definite integral. 


8 319 
31. [(e + 1) dx 32. | dx 
1 | Ne 
(a) () Ons (b) —* 
(hen (as (c) -3 (aye 


In Exercises 33-40, use the Fundamental Theorem of Calculus 
to evaluate the definite integral. 


4 i 
33. [ (2 + x) dx 34. | (t? + 2) dt 
0 = 


1 2 
35. | Gr 25) dt 36. | (xt + 2x? — 5) dx 


9 2 
37. [ xJ/x dx 38. | (+ = + dx 
4 he ee ee 


37/4 
39. [ sin 6d@ 
0 


In Exercises 41-46, sketch the graph of the region whose are 
given by the integral, and find the area. 


3 2 
41. | (26a) ae 42. [ Ga 4) dx: 
0 


1 
4 2 
43. (= 19o aa 44. (-7+x+ 


2} =I 


| 1 
ss. | (x — x3) dx 46. | Jx (1 — x) dx 
0 0 


In Exercises 47 and 48, sketch the region bounded by the gra 
of the equations, and determine its area. 


1. y= y=0, x=1, x=9 
x 


48. y=sec?x, y=0, x=0, x= s 
In Exercises 49 and 50, find the average value of the funct 


over the interval. Find the values of x at which the funct 
assumes its average value, and graph the function. 


Function Interval 
| 
49. =-— = 4,9 
F(a) We [4, 9] 
50. f(x) = x [0, 2] 


In Exercises 51-54, use the Second Fundamental Theorem 
Calculus to find F(x). 


Sik, (P63) = [ t?/1 + # dt 52. F(x) = I “at 
0 if 


53. F(x) = | (t? + 3t + 2) dt SY A c3) = [ csc? t dt 


=a 0 
(4) sn Exercises 55-68, find the indefinite integral. 


56. | (x + iy dx 
K 


Oe | (ete TE) ax. 


57. | SS dx 58. | Je +3 dx 
, ae 
59, | x(1 — 3x2)4 dx 60. - 
fa an Ea 


61. [snes cos x dx 62. [. sin 3x? dx 


sin 6 COS x 
6350 ee ——————— 00 6459) | ae 
ilanCOSEO Va 


65. [aw x sec? x dx, n#-—l 
66. i sec 2x tan 2x. dx 
67. fu + sec mx)? secmx tanax dx 


68. [oor a csc? ada 


cercises 69-76, evaluate the definite integral. Use a graph- 
tility to verify your result. 


2 1 
x(x? — 4) dx 70. [ ee 1) ax 
e, 0 


4 a 72 IC r= dy 

Seely 2 a eee 

0) i GF a 3 Bens. 
I 0 

=| Gi 1)/ l= yay 74. 27] x*?JVx+1dx 
0 2 

7 x Le 

cos.— dx 76. i sin 2x dx 

0 2 —7/4 


ability In Exercises 77 and 78, the function 


= kx" (1 — x)", O0O<x<l 


en > 0,m > 0, and k is a constant, can be used to repre- 
various probability distributions. If k is chosen such that 


x)dx =1 


robability that x will fall between a and b (0 < a < b < 1) is 


b 
= [ f(x) dx. 


The probability that a person will remember between a% and 
1% of material learned in a certain experiment is 


m5 
ie rion ae 


vhere x represents the percent remembered. (See figure.) 


a) For a randomly chosen individual, what is the probability 
that he or she will recall between 50% and 75% of the 
material? 

b) What is the median percent recall? That is, for what value 
of b is it true that the probability from 0 to 6 is 0.5? 


y 
A 
i 
Pa, b es b 
| oo 
at [> x + +—> x 
POS 10 15 a by g 
re for 77 Figure for 78 


‘he probability that ore samples taken from a certain region 
ontain between a% and b% iron is 


b 
DS 
a = i 39 x1 = x)3/2 dx 


yhere x represents the percent of iron. (See figure.) What is the 
robability that a sample will contain between 


a) 0% and 25% iron? 
dD) 50% and 100% iron? 


iS 


80. 
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Suppose that gasoline is increasing in price according to the 
equation 


p = 1.20 + 0.04t 


where p is the dollar price per gallon and t is the time in years, 
with ¢ = 0 representing 1990. If an automobile is driven 15,000 
miles a year and gets M miles per gallon, the annual fuel cost is 


i 0 atu 
c = 15,000 


M p dt. 


t 


Estimate the annual fuel cost for the year (a) 2000 and (b) 2005. 


Respiratory Cycle After exercising for a few minutes, a 
person has a respiratory cycle for which the rate of air intake is 


5. Wit 
v = 1.75 sin > 


Find the volume, in liters, of air inhaled during one cycle by 
integrating the function over the interval [0, 2]. 


aa In Exercises 81-84, use the Trapezoidal Rule and 
Simpson’s Rule with n = 4, and use the integration capabilities 
of a graphing utility, to approximate the definite integral. 
Compare the results. 


81. 


83. 


85. 


2) ] 3/2 
ae 82. | ——y ax 
Honk Ginev On eee 
a/2 T 
J/x cos x dx 84. | /1 + sin? x dx 
0 0 
Let 
4 
1= [09 dx 
0 


where f is shown in the figure. Let L(n) and R(n) represent the 
Riemann sums using the left-hand endpoint and right-hand 
endpoint of n subintervals of equal width. (Assume n is even.) 
Let 7(n) and S(n) be the corresponding values of the 
Trapezoidal Rule and Simpson’s Rule. 


(a) For any n, list L(n), R(n), T(n), and J in increasing order. 


(b) Approximate S(4). 
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Integration 


Ps, | Problem oolving 


x 
1 


| 
Let L(x) = | 7 dt, ne 0: 


(a) Find L(1). 
(b) Find L’(x) and L’(1). 


(c) Use a graphing utility to approximate the value of x (to three 
decimal places) for which L(x) = 1. 


(d) Prove that L(x,x,) = L(x,) + L(x) for all positive values of 
x, and x5. 
Let F(x) = [ sin t? dt. 
2 
(a) Use a graphing utility to complete the table. 


x 0 1.0 ES 1) 2.0 


Fe) 


x pI DS) 3.0 4.0 
F(x) | 


uae ae 3510. ae 
(b) Let a0) = 4 ry = [sins dt. Use a graph 


ing utility to complete the table and estimate lim G(x). 
x2 


i | 19 | 1.95 1.99 | 2.01 | 21 | 
Gtx) | pee FO] 


(c) Use the definition of the derivative to find the exact value of 
the limit lim G(x). 
i 


. The Fresnel function S is defined by the integral 


SG) = i sin( =) dt. 
é ?) 
Tx 


(a) Graph the function y = sin( 2) on the interval [0, 3]. 


(b) Use the graph in part (a) to sketch the graph of S on the 
interval [0, 3]. 


(c) Locate all relative extrema of S on the interval (0, 3). 


(d) Locate all points of inflection of S on the interval (0, 3). 


. Galileo Galilei (1564-1642) stated the following proposition 


concerning falling objects: 


The time in which any space is traversed by a uniformly 
accelerating body is equal to the time in which that same 
space would be traversed by the same body moving at a 
uniform speed whose value is the mean of the highest 
speed of the accelerating body and the speed just before 
acceleration began. 


Use the techniques of this section to verify this proposition. 


5. The graph of the function f consists of the three line segm 
joining the points (0, 0), (2, —2), (6, 2), and (8, 3). The func 
F is defined by the integral 


FG) = [ “6 dt. 
0 


(a) Sketch the graph of f. 
(b) Complete the table of values. 


. BRRBBBBs 
» EDRs 


(c) Find the extrema of F on the interval [0, 8]. 


(d) Determine all points on inflection of inflection of F on 
interval (0, 8). 


6. A car is traveling in a straight line for one hour. Its velocity 
miles per hour at six-minute intervals is shown in the table. 


| (hours) 0 0.1 0.2 0.3 | 04 0.5 
v (mi/hr) 0 10 20 40 60 50 


t(hours) | 0.6 0.7 0.8 0.9 1.0 


40 50 65 


v (mi/hr) 


(a) Produce a reasonable graph of the velocity function ) 
graphing these points and connecting them with a sm 
curve. 


(b) Find the open intervals over which the acceleration 
positive. 


(c) Find the average acceleration of the car (in miles per 
squared) over the interval [0, 0.4]. 


(d) What does the integral Sov(0) dt signify? Approximate 
integral using the Trapezoidal Rule with five subinterva 


(e) Approximate the acceleration at t = 0.8. 


7. The Two-Point Gaussian Quadrature Approximation fot 


‘rou -) 5) 


(a) Use this formula to approximate 


1 
| cos x dx. 
il 


Find the error of the approximation. 


(b) Use this formula to approximate 


poate 
lee 


(c) Prove that the Two-Point Gaussian Quadrature App 
mation is exact for all polynomials of degree 3 or less. 


Prove [ roe — t)dt = [([r av) dt. 


b 
Prove [ FOF) de = HL FO)P — [F@P). 
Use an appropriate Riemann sum to evaluate the limit 


Be 2 85 tn 


n>oo ne / 2 


Use an appropriate Riemann sum to evaluate the limit 


. PHO 4+354+---4+ 0 
lim : 


noo n® 


Archimedes showed that the area of a parabolic arch is equal to 
a the product of the base and the height, as indicated in the figure. 


b ———————> | 
(a) Graph the parabolic arch bounded by y = 9 — x? and the 
x-axis. Use an appropriate integral to find the area A. 


(b) Find the base and height of the arch and verify Archimedes’ 
formula. 


(c) Prove Archimedes’ formula for a general parabola. 


Suppose that f is integrable on [a, b] and 0 < m < f(x) < M 
for all x in the interval [a, b]. Prove that 


b 
m(a — b) < | f(x) dx < M(b — a). 
] 
Use this result to estimate / /1-+ x* dx. 
0 


Verify that 

Ree in a 1) Qn. 1) 
ee 

ral 6 
by showing the following. 
Mri P= 3r 4+ Si + 1 
igs = > GP + 3+ 1).+ 1 


x1 
() Se eS n(n + Men +1) 


Prove that if f is a continuous function on a closed interval 
la, b], then 


[ soa 


< [ | f(x)| dex. 
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16. The temperature in degrees Fahrenheit is 


T2102 19 sin| 2 


where ¢ is time in hours, with t = O representing midnight. 
Suppose the hourly cost of cooling a house is $0.10 per degree. 


(a) Find the cost C of cooling the house if its thermostat is set 
at 72°F by evaluating the integral 


= a(t — 8) 
C=0.1 \72 + 12 sin Te 72] dt. (See figure.) 
8 


T 


Temperature (in °F) 


Time (in hours) 


(b) Find the savings from resetting the thermostat to 78°F by 
evaluating the integral 


: a(t — 8) 
C=0.1 |72 ted 2 SID ee -78] dt. (See figure.) 
10 


T 


84 ie 
73 kee 
72 
66 
60 


QO mee 


~~ Thermostat setting: 


Temperature (in °F) 


TAK: ae SING Rt) 


10'412 14> 16-1832 20: 22°94 
Time (in hours) 


17. A manufacturer of fertilizer finds that national sales of fertilizer 


18. 


follow the seasonal pattern 


att — | 


= + si 
F = 100,000 | 1 + sin 365 


where F is measured in pounds and f is time in days, with tf = | 
representing January 1. The manufacturer wants to set up a 
schedule to produce a uniform amount of fertilizer each day. 
What should this amount be? 


Let f be continuous on the interval [0, b]. Show that 


b 
fx) ae 
es ae 


Use this result to evaluate 


sin x 


1 
i sin(l — x) + sinx af 
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Plastics and Cooling 


What do Corvette fenders, panty hose, and garbage 
bags have in common? They are all made of plastic. 
The Greek word plastikos, meaning “able to be 
shaped,” was modified to name the most versatile 
family of materials ever created. Since Bakelite was 
introduced in 1909, the plastics industry has steadily 
expanded to the point where today, plastics are used 
in nearly every aspect of our daily lives. 

Several methods are used to shape plastic 
products, one of the most common being to pour 
hot, syrupy plastic resin into a mold or cast. The 
temperature of the molten resin is over 300°F. The 
mold is then cooled in a chiller system that is kept 


QUESTIONS 


at 58°F before the part is ejected from the mold. 
To minimize the cost, it helps to eject the parts quickly, 
allowing the mold to be reused as soon as possible. 
Yet ejecting the part when it is too hot can cause 
warping or punctures. The rate at which objects cool 
is therefore of great interest. 

To illustrate the rate of cooling, the Texas Instru- 
ments Calculator-Based Laboratory (CBL) System 
was used to measure the temperature of a cup of water 
over a 40-second period. The room temperature was 
measured at 69.55°F, and the water temperature at time 
t = 0 was measured at 165.58°F. The results are 
shown in the following scatter plot. 


poepeooee, | 
 pheeneese 


Time (in seconds) 


STIS TLE SS ELI EL LLL L ILLES IIE LLL NDEI DS LE LIDS ELVEELDLEE DEEL LTE CDESC TELE RTLLEASEDE  S SE TE RELE EY S C ES TE ELLE IT I SEE TEES 


1. Describe the pattern of the temperature points over time. Does the rate at which the tempera- 
ture changes seem to increase, decrease, or remain constant? 


2. Imagine a curve running through the data points. How would you expect the curve to behave 
as the value of ft increases? Would you expect the curve to intersect the line T = 69.55? 


Explain your reasoning. 


3. Would the derivative of a function modeling the data points be increasing, decreasing, or 


constant? Explain your reasoning. 


4. The data in the scatter plot can be modeled using a function of the form 


T= @ OW a @, 


Find values of a, b, and c that produce a reasonable model. 


The concepts presented here will be explored further in this chapter. For an extension of this 
application, see Lab 7 in the lab series that accompanies this text at college.hmco.com. 


Logarithmic, 
Exponential, and Other 
Transcendental Functions 


Plastic resin is produced in very 
small pieces that are easy to heat 
to a liquid state. The resin can 
then go through the injection 
molding process described on the 
facing page. 


Ron Kimball 


In 1953, Chevrolet introduced the Corvette, 
the first mass-produced automobile with a 
plastic body. 


Leo Hendrik Baekeland attempted 
to create a shellac by combining 
phenol and formaldehyde. The 
experiment “failed” in that it did 
not result in shellac, but it did 
form the first completely synthetic 
plastic resin. Bakelite is still used 
today in the automotive and elec- 
tronics industries. 
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_ Section 5.1 


The Granger Collection 


JOHN Napier (1550—1617) 


Logarithms were invented by the Scottish 
mathematician John Napier. Although he did 
not introduce the natural logarithmic function, 
it is sometimes called the Napierian logarithm. 


The Natural Logarithmic Function: Differentiation 


* Develop and use properties of the natural logarithmic function. 
* Understand the definition of the number e. 
¢ Find derivatives of functions involving the natural logarithmic function. 


The Natural Logarithmic Function 


Recall that the General Power Rule 


x” +1 
x" dx = ae (C, n#—l1 General Power Rule 
acar il 


has an important disclaimer—it doesn’t apply when n = — 1. Consequently, we h 
not yet found an antiderivative for the function f(x) = 1/x. In this section, we will 
the Second Fundamental Theorem of Calculus to define such a function. T 
antiderivative is a function that we have not encountered previously in the text. I 
neither algebraic nor trigonometric, but falls into a new class of functions cal 
logarithmic functions. This particular function is the natural logarithmic functio 


Definition of the Natural Logarithmic Function 


The natural logarithmic function is defined by 
x 1 
nx= | ta je SS (0. 
1 


The domain of the natural logarithmic function is the set of all positive real 
numbers. 


From the definition, you can see that Inx is positive for x > 1 and negative 
0 < x < 1, as shown in Figure 5.1. Moreover, In(1) = 0, because the upper and lot 
limits of integration are equal when x = 1. 


eal 
iat 


Ifx< 1, [ par<0. 


t+} => 1 oot t+ 
| 2 B74. oe | 2 3 4 
If x > 1, thenInx > 0. lf 0 <x = Jo then tnx e700) 
Figure 5.1 
ee ae 


Graphing the Natural Logarithmic Function Using only the definition of 
the natural logarithmic function, sketch a graph of the function. Explain your 
reasoning. 


1 small line segment has a slope of ds 
x 


ire 5.2 


TE Slope fields can be helpful 
etting a visual perspective of the 
ctions of the solutions of a differen- 
equation. 


natural logarithmic function 1s increas- 
and its graph is concave downward. 
ire 5.3 


LOGARITHMS 


pier coined the term /ogarithm, from the 

o Greek words Jogos (or ratio) and arithmos 
number), to describe the theory that he 

nt 20 years developing and that first 

yeared in the book Mirifici Logarithmorum 
1onis descriptio (A Description of the 
rvelous Rule of Logarithms). 
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To sketch the graph of y = In x, you can think of the natural logarithmic function 
as an antiderivative given by the differential equation 


dy 1 


Figure 5.2 is a computer-generated graph, called a slope (or direction) field, showing 
small line segments of slope 1/x. The graph of y = In x is the solution that passes 
through the point (1, 0). For a complete discussion of slope fields, see Appendix A. 

The following theorem lists some basic properties of the natural logarithmic 
function. 


THEOREM 5.1 Properties of the Natural Logarithmic Function 
The natural logarithmic function has the following properties. 


1. The domain is (0, co) and the range is (—0, 00). 


2. The function is continuous, increasing, and one-to-one. 


3. The graph is concave downward. 


Proof The domain of f(x) = In x is (0, cc) by definition. Moreover, the function is 
continuous because it is differentiable. It is increasing because its derivative 


1 
TAG hea First derivative 
is positive for x > O, as shown in Figure 5.3. It is concave downward because 
2 


” 1 ere 
PAX) = = Second derivative 
X 


is negative for x > 0. We leave the proof that f is one-to-one as an exercise (see 
Exercise 104). The following limits imply that its range is the entire real line. 


lim In x = —oo and lim In x = oo 
x=30* x— CO 
Verification of these two limits is given in Appendix B. V4 


Using the definition of the natural logarithmic function, you can prove several 
important properties involving operations with natural logarithms. If you are already 
familiar with logarithms, you will recognize that these properties are characteristic of 
all logarithms. 


THEOREM 5.2 Logarithmic Properties 


If a and b are positive numbers and n is rational, then the following properties 
are true. 


1. inl) =0 
2. In(ab) = Ina +Inb 


3. In(a”) = nIna 


4. in(2) eee ind 
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Proof We have already discussed the first property. The proof of the second prope 
follows from the fact that two antiderivatives of the same function differ at most b 
constant. From the Second Fundamental Theorem of Calculus and the definition of} 
natural logarithmic function, you know that 


d Gat gel 1 
it = dt = -. 
il x] All t ; x 


So, consider the two derivatives 


d a 1 
gy dnlax)] ax =x 


and 


d 1 ] 
—[ina + =Q0+-=— 
rau a+iInx]=0 Lisi 


Because In(ax) and (In a + In x) are both antiderivatives of 1/x, they must differ 
most by a constant. 

In(ax) = Ina +Inx+C 
By letting x = 1, you can see that C = 0. The third property can be proved simila 
by comparing the derivatives of In(x”) and n Inx. Finally, using the second and th 
properties, you can prove the fourth property. 


in( 2) = In[a(b~')] = Ina + In(d“!) = Ina — Inb [ 


Example | shows how logarithmic properties can be used to expand logarithr 
expressions. 


Example 1 Expanding Logarithmic Expressions 


10 
ay int — in LO Ini 9 Property 4 
f(x) =I1n oe 5 9 
b. In./3x + 2 = In@x + 2)¥2 Rewrite with rational exponent. 
| 
ote Fes In(3x + 2) Property 3 
=5 5 
6x 
c. Ine = In(6x) — In 5 Property 4 
Sl 001 OM an 100 items 000) Property 2 
-5 5 9 
Xt 3))e 
d. na = In(x? + 3)? — In(x3/x? + 1) 
KAN 
5 8(x)=2Inx = 2 In(x? + 3) — [Inx + Ine? + 1)¥9] 
= 2 In(x? + 3) — Inx — In(@x? + 1)'3 
9 i 9) 
= 2 In(x? + 3) — Inx — =In(x? + 1) 
-5 5 3 
When using the properties of logarithms to rewrite logarithmic functions, you m 
check to see whether the domain of the rewritten function is the same as the domait 
-5 


the original. For instance, the domain of f(x) = In x? is all real numbers except x = 
Figure 5.4 and the domain of g(x) = 2 In x is all positive real numbers. (See Figure 5.4.) 


SECTION 5.1 The Natural Logarithmic Function: Differentiation 317 


The Number e 


It is likely that you have studied logarithms in an algebra course. There, without the 
benefit of calculus, logarithms would have been defined in terms of a base number. 
For example, common logarithms have a base of 10 because log,,10 = 1. (We will 
say more about this in Section 5.5.) 

To define the base for the natural logarithm, we use the fact that the natural 
logarithmic function is continuous, is one-to-one, and has a range of (—co, 00). 
Hence, there must be a unique real number x such that In x = 1, as shown in Figure 
5.5. This number is denoted by the letter e. It can be shown that e is irrational and has 
the following decimal approximation. 


G= 22 


1e base for the natural logarithm e = 2.71828182846 
se Ine = |. 
Be5.5 


Definition of e 


The letter e denotes the positive real number such that 


ne= | igus f- 
qb 


pom, (ec? 2) FOR FURTHER INFORMATION To learn more about the number e, see the article “Unexpected 


Occurrences of the Number e” by Harris S. Shultz and Bill Leonard in Mathematics Magazine. 
To view this article, go to the website www.matharticles.com. 


Once you know that In e = 1, you can use logarithmic properties to evaluate the 
natural logarithms of several other numbers. For example, by using the property 


In(e") =nIne 
n(1) 


= e" thenInx = n. ert 
re 5.6 


you can evaluate In(e”) for various powers of n, as shown in the table and in Figure 5.6. 


ae 0.368 | e® = 1 | e ~ 2.718 | e* = 7.389 


(& 


E Brg 0504 = 0.135 
(ar ee 


vi Zz Zoi | 0 mee. 3 


The logarithms given in the table above are convenient because the x-values are 
integer powers of e. Most logarithmic expressions are, however, best evaluated with a 
calculator. 


Example 2 Evaluating Natural Logarithmic Expressions _ 
a. In2 ~ 0.693 


b. In 32 ~ 3.466 
e 100 f-=— —2°303 é 


be 
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and 


d 
yy = lin] 


in the same viewing window, in 


which Os x<9> andi —2 =) = 8. 


Explain why the graphs appear to be 
identical. 


The Derivative of the Natural Logarithmic Function 


The derivative of the natural logarithmic function is given in Theorem 5.3. The f 
part of the theorem follows from the definition of the natural logarithmic functiot 
an antiderivative. The second part of the theorem is simply the Chain Rule versiot 
the first part. 


THEOREM 5.3 Derivative of the Natural Logarithmic Function 


Let u be a differentiable function of x. 


d oll ace at 
1. yalund eats 0 2 7tln u| - 


Example 3 Differentiation of Logarithmic Functions 
SSS EE A RT AEE OE EE SDM IDLE ELE IED L DEL TL LEDS ELLA LLL LEED ELE ELD ALL 


d laa 1 
ee = SS SS SS = 25 
a. 7tl (2x) | i ax 5 u Xx 
d 2 we 2x wee 
b. gen Rt ae ary u=x-+1 
cy mals in x} = (Zt 1) rae Lt »(£0) Product Rule 
= (2) + (In x)(1) 
a 
=1+Inx 
d. aii 2) line dea al Chain Rule 
dx dx 
Sty ja 
£3 


Napier used logarithmic properties to simplify calculations involving produ 
quotients, and powers. Of course, given the availability of calculators, there is now L 
need for this particular application of logarithms. However, there is great value in us 
logarithmic properties to simplify differentiation involving products, quotients, 
powers. 


Example 4 Logarithmic Properties as Aids to Differentiation 


Differentiate f(x) = In/x + I. 
Solution Because 

f(x) =InJ/x + 1 = Ine + 1)/2 = inte + 1) Rewrite before differentiating, 
you can write the following. 


i\ &*(el see eee, 
7) =e s(- “a ) = Ox fe 1) Differentiate. 


Vi} indicates that in the Interactive 3.0 CD-ROM and Internet 3.0 versions of this 
(available at college.hmco.com) you will find an Open Exploration, which further explores 
example using the computer algebra systems Maple, Mathcad, Mathematica, and Derive. 
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Example 5 Logarithmic Properties as Aids to Differentiation 


Kc or Le 


J2x3 — 1 


Differentiate f(x) = In 


Solution 


x(x2 + 1)? 


f(x) = In {pees Write original function. 
os 


i 
Inx + 2InG? 2") — 5 In@xe— 1) Rewrite before differentiating. 


lI 


1 2X Lh 6x2 
/ _ =L D; 5 é 
f(x) = (= rf :) (3 = ;) Differentiate. 
a. is 4x Sx2 Pee 
ee eee ee vA 


NOTE In Examples 4 and 5, be sure that you see the benefit of applying logarithmic proper- 
ties before differentiating. Consider, for instance, the difficulty of direct differentiation of the 
function given in Example 5. 


On occasion, it is convenient to use logarithms as aids in differentiating 
nonlogarithmic functions. This procedure is called logarithmic differentiation. 


Example 6 - Logarithmic Differentiation 


oe 


Find the derivative of y-= Gia # 2. 
Fo) 


Solution Note that y > O for all x # 2 and hence that In y is defined. Begin by 
taking the natural logarithms of both sides of the equation. Then apply logarithmic 
properties and differentiate implicitly. Finally, solve for y’. 


cay ke 
y= Gna” Re Se 7) Write original equation. 
; <6 tee) 
(xiees 2)? : 
Iny = In 5 Take natural log of both sides. 
teas saa | 
l 2 Ri 
n'y = 2 In(x’— 2)'= 5 n(x? 0) Logarithmic properties 
y 1 i 2% 
== 2 ia Differentiate. 
y (- - 5) 2\x% + I 
a cs Simplifi 
= = implify. 
or Covina “ar 
f : = Solve for y’ 
y= = SS olve for y’. 
3 OES rasa 


Substitute for y. 


al x7+2x+2 
ee hi = ee 
(ae 2) (x2 sx 2) Ce 

(x2 + 1)¥2 Simplify. VA 
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y=In (x? + 2x +3) 


(—1, In 2) 


Relative minimum 


The derivative of y changes from negative to 
positive atx = —1, 
Figure 5.7 


Because the natural logarithm is undefined for negative numbers, you will oft 
encounter expressions of the form In|u|. The following theorem states that you c 
differentiate functions of the form y = In|u| as if the absolute value sign were 1 


present. 


THEOREM 5.4 Derivative Involving Absolute Value 


If u is a differentiable function of x such that uv # O, then 


he 


u 
a 


d 
* [inal] = 


Proof If u > 0, then |u| = u, and the result follows from Theorem 5.3. If u < 
then |u| = —u, and you have 

d d 

7nd = Flint u) | 


/ 


—u 


2] 


Example 7 Derivative Involving Absolute Value 


Find the derivative of 


f(x) = In|cos x]. 


Solution Using Theorem 5.4, let uv = cos x and write 


d u’ d : 
Fin) COs aS = 
aie |cos x|] , junlul] = = 
—sin x 
ao he a uw = COs X 
COs Xx 
mealies Simplify. 


Example 8 Finding Relative Extrema 
LES LL LS BIDE SE ELT NERD ISLET TRAE SL LLL _ LE EL CLE LIE TE LI TE ET IEE PL IETS PT TEED EEE ED EID TORT 
Locate the relative extrema of 


y = In(x? + 2x + 3). 


Solution Differentiating y, you obtain 


hp Bs ke 
dx x?4+2x+3 


Because dy/dx = 0 when x = —1, you can apply the First Derivative Test < 
conclude that the point (— 1, In 2) is a relative minimum. Because there are no ot! 
critical points, it follows that this is the only relative extremum (see Figure 5.7). 
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XERCISES FOR SECTION 5.1 


Complete the table below. Use a graphing utility and Simpson’s In Exercises 17 and 18, use the properties of logarithms to 
Rule with n = 10 to approximate the integral approximate the indicated logarithms, given that In 2 ~ 0.6931 
xy and In 3 = 1.0986. 
[ md. 2 

pt 17, @) m6 O@nz ©-W8l Wm 


18. (a) 1n0.25  (b) n24_ (c) NJV12_—s (d) In 


In Exercises 19-28, use the properties of logarithms to expand 
the logarithmic expression. 


19. In3 20. In./23 
(a) Plot the points generated in Exercise 1 and connect them xy 
with a smooth curve. Compare the result with the graph of 4 22. In(xyz) 
ean? 23. In /a2 + 1 24. InJ/a— 1 
(b) Use a graphing utility to graph y= f;(1/s)dt for 21% 
0.2 < x < 4. Compare the result with the graph of 25: in| ; 26. In(3e7) 
y = Inx. a 
pag, Vinee Ne 28. In 
Uxercises 3—6, use a graphing utility to evaluate the logarithm € 
(a) using the natural logarithm key, and (b) using the 
gration capabilities to evaluate the integral In Exercises 29-34, write the expression as a logarithm of a 
\ single quantity. 
Ss 29. In(x — 2) — In(x + 2) 
In 45 4. 1n83 30. 3Inx + 2Iny — 4Inz 
In0.8 6 In 06 31. A2 In(x + 3) + Inx — In(@? — 1)] 
32. 2/inx — In@ + 1) —In@ = 1)] 
Exercises 7-10, match the function with its graph. [The eey ing = + In(x? + 1) 


phs are labeled (a), (b), (¢), and (d).] 34. $fin(x? + 1) —In@ + 1) -In@ — 1)] 


y (b) 
Ay In Exercises 35 and 36, show that f = g by using a graphing 
utility to graph f and g in the same viewing window. 


35. f(x) = In = 


36. f(x) = In/x(x? + 1), g(x) = S[In x + In(x? + 1)] 


x>0, g(x) =2Inx— In4 


re NW Hh NM 
T t 


In Exercises 37—40, find the limit. 


(d) 
AWh lim In(x — 3) 38. lim In(6 — x) 
39. ‘lim In[x?(3 = x 40. lim | : 
ee tis evecare 
-| + 
2 In Exercises 41-44, find the slope of the tangent line to the 
aol graph of the logarithmic function at the point (1, 0). 
fx) =Inx+ 2 8. f(x) = —Inx 41. y = Inx? 42, y= In x3/2 
Fix) = In — 1) 10. f(x) = —In(—x) y 7 
A 
4-+- 
‘xercises 11-16, sketch the graph of the function and state its Biate 
lain. pe 
Se ACEO) 
Fix) = 3 nx 12. f(x) = —2Inx ~ Ht 
: sje 23: 4 Sie6 
f(x) = In 2x 14. f(x) = In|x| eo 


fe) =ints — 1) 16. g(x) =2+ Inx 
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43. y = Inx? 44, y = Inx'/? 


In Exercises 45-70, find the derivative of the function. 


45. g(x) = In x? 46. h(x) = In(2x? + 1) 

47. y = (In x)* 48. y = xInx 

49, y = In(x/x? — 1) 50. y = InV/x? — 4 

5 = 2x 

51. f(x) = in ‘ -} S25) = in - i ;] 
Int 

ey AS a SAN = 

55. y = In(In x?) 56. y = In(In x) 


Dat ce 
ih, 7 = = | 
57. y = In 1 58. y = In 1 


[Age x2 
59. f(x) = n( A=) 60. f(x) = In(x + /4 ¥ x2) 
= fs 4E 
61. poe SS eS Je +1) 
x 
—~J/xe+4 | 2+ Sx? +4 
62. y= In 
Dx? 4 x 
63. y = In|sin x| 64. y = In|csc x| 
65. y = Inj—* | 66. y = In|sec x + tan x| 
COSP anal 
—— + 1 
67. y= | eeu 68. y = InJ1 + sin? x 
2; Sin% 
Inx 
69. f(x) = sin 2x In x? 70. g(x) = { (¢? +"3) dt 


By In Exercises 71 and 72, (a) find an equation of the tangent line to 
the graph of f at the indicated point, (b) use a graphing utility to 
graph the function and its tangent line at the point, and (c) use the 


derivative feature of a graphing utility to confirm your results. 
Function Point 

71. f@)= 3x" = nx (iL, 3) 

72. f(x) = 4-—x2?-Inljx+1) (0,4) 


In Exercises 73 and 74, use implicit differentiation to find dy/dx. 


7300 = 3 ny ye 10 74, Inxy + 5x = 30 


In Exercises 75 and 76, show that the function is a solution of 


the differential equation. 

Function Differential Equation 
75. y=2Inx+ 3 xy” + y’=0 
76. y = xInx — 4x Xt) ay 0 


acd In Exercises 77-82, locate any relative extrema and inflect 
points. Use a graphing utility to confirm your results. 


TA y= 5 Inx 78. y =x —Inx 
In x 
79. y=xInx 80. Shee aS 
x Bee Seng 
2 i 82. y = x°In7 


acd Linear and Quadratic Approximations In Exercises 83 and 
use a graphing utility to graph the function. Then graph 


P(x) =f) +f’ - 1D) 
and 
P,(x) = f(l) + fe — 1) + 3f’)@ — I? 


in the same viewing window. Compare the values of f, P,, | 
P, and their first derivatives at x = 1. 


$3. f(x) = Inx 84. f(x) = xInx 


Ay In Exercises 85 and 86, use Newton’s Method to approximate 
three decimal places, the x-coordinate of the point of inter 
tion of the graphs of the two equations. Use a graphing utilit 
verify your result. 


85. y = Inx 86. y = Inx 


WS 55 y= XN 


In Exercises 87-92, find dy/dx using logarithmic differentiat 


87. y =xJ/x?- 1 88 y = /G@ = De =2Ge 
Oo (ano ee, 
ah a 0. = 
(ieee)? sp ae 
x(x — 1)3/2 (1) Gee) 
0 = 2. y = See eee 
; Sx 1 : Ge De =v) 


| Getting at the Concept 


93. In your own words, state the properties of the natur 
logarithmic function. 


94. Define the base for the natural logarithmic function. 
_ 95. Explain why In e* = x. 
| 96. Let f be a function that is positive and differentiable on tl 
entire real line. Let g(x) = In f(x). 
(a) If g is increasing, must f be increasing? Explain. 
(b) If the graph of f is concave upward, must the graph 
g be concave upward? Explain. 
| 97. Consider the function f(x) = x — 2 Inx on [1, 3]. 
(a) Explain why Rolle’s Theorem (Section 3.2) does n 
apply. 
(b) Do you think the conclusion of Rolle’s Theorem is tr 
for f? Explain. 


SECTION 5.1 


. Home Mortgage _ The term t (in years) of a $120,000 home acd 101. 


mortgage at 10% interest can be approximated by 


z 5.315 


me -c7965 x 


where x is the monthly payment in dollars. 
(a) Use a graphing utility to graph the model. 
(b) Use the model to approximate the term of a home mort- 


gage for which the monthly payment is $1167.41. What is 
the total amount paid? 


(c) Use the model to approximate the term of a home mort- 
gage for which the monthly payment is $1068.45. What is 
the total amount paid? 


(d) Find the instantaneous rate of change of t with respect to 
x when x = 1167.41 and x = 1068.45. 


(e) Write a short paragraph describing the benefit of the 
higher monthly payment. 


. Sound Intensity The relationship between the number of 
decibels 8 and the intensity of a sound J in watts per 
centimeter squared is 


i 
B = 10 lose 3q=18) 


Use the properties of logarithms to write the formula in 
simpler form, and determine the number of decibels of a 
sound with an intensity of 10~'!° watts per square centimeter. 


. Modeling Data The table shows the temperature T (°F) at 
which water boils at selected pressures p (pounds per square 
inch). (Source: Standard Handbook of Mechanical Engineers) 


p 5 10 | 14.696 (1 atm) | 20 
lr | Pee | 21200 227.96° 
| 
et 30 40 60 80 | 100 
T | 250.33° | 267.25° | 292.71° | 312.03° | 327.81° 
a 


A model that approximates the data is 
T = 87.97 + 34.96 Inp + 7.91 \/p. 


(a) Use a graphing utility to plot the data and graph the 
model. 


(b) Find the rate of change of T with respect to p when 
p = 10 and p = 70. 


(c) Use a graphing utility to graph 7’. Find 
lim T’(p) 
p00 


and interpret the result in the context of the problem. 


Pe 102. 


Pe 103. 


104. 


True or False? 
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Modeling Data The atmospheric pressure decreases with 
increasing altitude. At sea level, the average air pressure is one 
atmosphere (1.033227 kilograms per square centimeter). The 
table shows the pressure p (in atmospheres) at a given altitude 
h (in kilometers). 


OE 
Pe 1 | 0.55 0.25 


FO0 asi5 | 25 


0.02 


(a) Use a graphing utility to find a model of the form 
= a+ blinh for the data. Explain why the result is an 
error message. 


20 
0.12 | 0.06 


(b) Use a graphing utility to find the logarithmic model 
h =a-+ b\np for the data. 


(c) Use a graphing utility to plot the data and graph the loga- 
rithmic model. 


(d) Use the model to estimate the altitude at which the 
pressure is 0.75 atmosphere. 


(e) Use the model to estimate the pressure at an altitude of 13 
kilometers. 


(f) Find the rate of change of pressure when h = 5 and 
h = 20. Interpret the results in the context of the problem. 


Tractrix A person walking along a dock drags a boat by a 
10-meter rope. The boat travels along a path known as a trac- 
trix (see figure). The equation of this path is 


10 + /100 — x? = 
y= 10n( = =) /100 — x2. 


(a) Use a graphing utility to graph the function. 


(b) What is the slope of this path when x = 5 and x = 9? 


(c) What does the slope of the path approach as x— 10? 


iy 
ry 


10+ . 
3 Tractrix 
‘ 
‘ 
5+ x‘ 
s 
x 
a 
4 }——*$—> x 
3 10 
Conjecture Use a graphing utility to graph f and g in the 


same viewing window and determine which is increasing at 
the faster rate for “large” values of x. What can you conclude 
about the rate of growth of the natural logarithmic function? 


(a) f(x) = Inx, g(x) = ~/x 
(b) f(x) = Inx, etc) = 4/% 


Prove that the natural logarithmic function is one-to-one. 


In Exercises 105 and 106, determine whether 


the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


105. 
106. 


In(x + 25) = Inx + In 25 


If y = In a, then y’ = 1/7. 
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Section 5.2 


Integrating Rational Functions 
Early in Chapter 4, you learned rules 
that allowed you to integrate any 
polynomial function. The Log Rule 
presented in this section goes a long 
way toward enabling you to integrate 
rational functions. For instance, each 
of the following functions can be 
integrated with the Log Rule. 


2 E le 1 
et Xample 
% 1 

: E le 2: 

am 

Age | apt sas 

z Example 3 
are xample 
3x? + I 
Aes Example 4a 
ciel . ee 
at xample 4c 

: E le 4d 
ee Le 5) XamMpie 
x?+x41 z ae 
roan ee a4 xample 
ieee ee cleag 
Ca xample 


There are still some rational functions 
that cannot be integrated using the 
Log Rule. Give examples of these 


functions, and explain your reasoning. 


The Natural Logarithmic Function: Integration 


Logarithmic, Exponential, and Other Transcendental Functions 


¢ Use the Log Rule for Integration to integrate a rational function. 


¢ Integrate trigonometric functions. 


Log Rule for Integration 
The differentiation rules 


“tinlx(] 20d 


Xx 


d Te 
ele] te 


Uu 


that you studied in the preceding section produce the following integration rule. 


THEOREM 5.5 


Let u be a differentiable function of x. 


Log Rule for Integration 


1. [i ac=in| +c Ze [au = tnjul + c 


Because du = u’ dx, the second formula can also be written as 


[iac- Inlul + C. 


Alternative form of Log Rule 


Example 1 Using the Log Rule for Integration 


[Pax=2fha 
a x 


=2Inkx|+C 
= In(x?) 2G 


Log Rule for Integration 


Property of logarithms 


Because x? cannot be negative, the absolute value is unnecessary in the final forn 
the antiderivative. 


senseusnetsesasennsatesssensesvaneoenanessoenessisststnnasen <>00/ nnn OETA NE Ass nen hnvererneNANAA RET 


Example 2 Using the Log Rule with a Change of Variables 
anemia 


l 
Find dx. 
in { 7 ox 


Solution If you let u = 4x — 1, then du = 4 dx. 


| I | 
[atper=H{(Ga)ea 


Multiply and divide by 4. 
Substitute: w = 4x — 1. 
Apply Log Rule. 


=< in| a (G 
= 3 infu 


1 
= A In|4x = 1| aPC Back-substitute, 


3 
ic 
a= | ——da 
[= l 


> area of the region bounded by the graph 
y, the x-axis, and x = 3 is } In 10. 
ure 5.8 
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Example 3 uses the alternative form of the Log Rule. To apply this rule, look for 
quotients in which the numerator is the derivative of the denominator. 


nrevaccbecoaenteshersesososeoesonieinomctimre oo os0 none ehatIc et bean Oren eesdetoelaneenicenetetsrosoathonandenancnt or imeraCascesie 


Example 3 Finding Area with the Log Rule 
STEER A PER EASIEST SEA ET LL LTE BT PST EE GPR EAI TSP IIE DF ETERS TOS TS RE NLR TESST 
Find the area of the region bounded by the graph of 


2: 
x2+ 1 


ny 
the x-axis, and the line x = 3. 


Solution From Figure 5.8, you can see that the area of the region is given by the 
definite integral 


If you let uw = x? + 1, then u’ = 2x. To apply the Log Rule, multiply and divide by 2 
as follows. 


3 3) 
aX 1 Dx é vA 
dx == dx Multiply and divide by 2. 
0 ov 
3 


as 2 Le ee 
= 5| in a pI [ea = In|u| + C 


= lin 10 =eln.1) 


= 5 In 10 in) =) 


SAIS | 


Example 4 Recognizing Quotient Forms of the Log Rule 


244 
a. ie dx = In|x? + x| air KG) u=x+x 

Xa 
b. [22 ax = tan ae. u = tanx 

tan x 

cial il jf ae se 2 9 

= -_= — fe Se Ase 
A [sha 5 ee ae 

1 
= 5 Inj? + 2x] + C 

| i 3 
. | ax = = dx = 3x +2 
a Peet slats : pee 


I 
= 3 In[3x + 2| + Va 


With antiderivatives involving logarithms, it is easy to obtain forms that look 
quite different but are still equivalent. For instance, which of the following are equiv- 
alent to the antiderivative listed in Example 4d? 


In|(3x + 2)”?| + C, 3 in|s +340, Inf3x+2|”34+C 
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Integrals to which the Log Rule can be applied often appear in disguised fot 
For instance, if a rational function has a numerator of degree greater than or equai 
that of the denominator, division may reveal a form to which you can apply the L 
Rule. This is illustrated in Example 5. 


SSSA 


i] Example 5 Using Long Division Before Integrating 


f xz7+x4+1 
Find | eer ale. 


Solution Begin by using long division to rewrite the integrand. 


2 
OEE) gy pee 


ae x? + I 
: be +1 
2 
Now, you can integrate to obtain 
Seon e ee | % on i 
aes Ca dx = laa | aX Rewrite using long division. 
Kote i ae Il 
1 PEs 
= dx + — |S. dx Rewrite as two integrals. 
page? a | 
I 2 
=X + 5 In + 1) 4G Integrate. 
Check this result by differentiating to obtain the original integrand. [ 


The next example gives another instance in which the use of the Log Rule 
disguised. In this case, a change of variables helps you recognize the Log Rule. 


Example 6 Change of Variables with the Log Rule 


‘ DX 
Find iF ay? dx. 


Solution If you let u = x + 1, then du = dx andx =u — 1. 


2x 2(u — 1) 
ON ee (1 LL sti 
Iz +1)? | vp Substitute. 
u 
= Sa ee au Rewrite as two fractions. 
u~ u~ 
du 
= 2| = af du Rewrite as two integrals. 
ve! 
=2 In| | =) a ar (GE Integrate. 


TECHNOLOGY _ If you have access 

_ to a computer algebra system, try —, In|u| fis 2 Gl 
using it to find the indefinite integrals u 

_ in Examples 5 and 6. How does the ») : 

_ form of the antiderivative that it gives ca. mini caias | fe ae te yi CO Back-substitute. 

you compare with that given in 4 

Examples 5 and 6? Check this result by differentiating to obtain the original integrand. ) 


Simplify. 


RN oareeneccet 


SSRs 
= BS 


eee. 


UDY TIP. Keep in mind that you 
check your answer to an integration 
lem by differentiating the answer. 
instance, in Example 7, the derivative 
= In|Inx| + Cis y’ = 1/(x In x). 
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As you study the methods shown in Examples 5 and 6, be aware that both 
methods involve rewriting a disguised integrand so that it fits one or more of the basic 
integration formulas. Throughout the remaining sections of Chapter 5 and in Chapter 
7 we will devote much time to integration techniques. To master these techniques, you 
must recognize the “form-fitting” nature of integration. In this sense, integration is not 
nearly as straightforward as differentiation. Differentiation takes the form 


“Here is the question; what is the answer?” 
Integration is more like 
“Here is the answer; what is the question?” 


We suggest the following guidelines for integration. 


Guidelines for Integration 


1. Learn a basic list of integration formulas. (Including those given in this 
section, you now have 12 formulas: the Power Rule, the Log Rule, and ten 
trigonometric rules. By the end of Section 5.9, this list will have expanded to 
20 basic rules.) 


2. Find an integration formula that resembles all or part of the integrand, and, 
by trial and error, find a choice of u that will make the integrand conform to 
the formula. 


3. If you cannot find a u-substitution that works, try altering the integrand. You 
might try a trigonometric identity, multiplication and division by the same 
quantity, or addition and subtraction of the same quantity. Be creative. 

4. If you have access to computer software that will find antiderivatives 
symbolically, use it. 


Example Fe | u-Substitution and the Log Rule 


sf 1 
Solve the differential equation oY = . 
0s rs vs & 


Solution The solution can be written as an indefinite integral. 


y= | dx 
F xInx 


Because the integrand is a quotient whose denominator is raised to the first power, you 
should try the Log Rule. There are three basic choices for u. The choices u = x and 
u = x In x fail to fit the u’/u form of the Log Rule. However, the third choice does fit. 
Letting u = In x produces u’ = 1/x, and you obtain the following. 


1 1/x 
dx = LE? dx Divide numerator and denominator by x. 
x In x In x 
Uu / 
= |—dx Substitute: uw = In x. 
u 
= In|u| se Apply Log Rule. 
= Inlinxhst C Back-substitute. 


So, the solution is y = In|In x| + C. TA 
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Integrals of Trigonometric Functions 


In Section 4.1, you looked at six trigonometric integration rules—the six that co 
spond directly to differentiation rules. With the Log Rule, you can now complete 
set of basic trigonometric integration formulas. 


Example ie ‘Using a Trigonometrié Identity 
Find ftan x dx. 


Solution This integral does not seem to fit any formulas on our basic list. Howe 
by using a trigonometric identity, you obtain the following. 


sin x 
fin xdx = | dx 
cos x 


Knowing that D.[cos x] = —sin x, you can let u = cos x and write 


fin x aX 


Trigonometric identity 


| 

| 
—=, 
a 
|e. 
S 
= lee 

i 


/ 
u . 
=— iE dx Substitute: « = cos x. 
u 
= —In|u| eee Apply Log Rule. 
= —In|cos x| a KG. Back-substitute. 


Example 8 uses a trigonometric identity to derive an integration rule for 
tangent function. In the next example, we take a rather unusual step (multiplying . 
dividing by the same quantity) to derive an integration rule for the secant functior 


Example 9 Derivation of the Secant Formula 


Find fsec x dx. 


Solution Consider the following procedure. 


SOCUG retains 
Rae osehe = | ae s4| = |] obs 
SCGEG aia Lanes 


Ss fe sec x tan x 


SCO eaeataniey 
Letting u be the denominator of this quotient produces 
i SS SXe a8 ae eval’ => “= sec x tan x + sec? x. 


Therefore, you can conclude that 


(sect x + See xitan x 
sec x dx = dx Rewrite integrand. 


SCG alan: 


u’ 
= a dx Substitute: uw = sec x + tan x. 


= In|u| eG Apply Log Rule. 
= In|sec x + tan x| aoe. Back-substitute. 


ITE Using trigonometric identities 
d properties of logarithms, you could 
vrite these six integration rules in 

1er forms. For instance, you could 
ite 


Sese u du = In|csc u — cot ul + C. 


se Exercises 51—54.) 


Average value = 0.441 


sure 5.9 
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With the results of Examples 8 and 9, you now have integration formulas for 
sin x, cos x, tan x, and sec x. All six trigonometric rules are summarized below. 


Integrals of the Six Basic Trigonometric Functions 


[sinudu = -cosu + ¢ eosudu=sinu + ¢ 


[an udu = Infeos a) + € [eocudu = tnjsinal + € 


[cc udu 


Example 10° “Integrating Trigonometric Functions 


In|sec uw + tanu| + C [ex udu = —In|cse u + cotu| + C 


1/4 
Evaluate | yet tan* Xan: 
0 
Solution Using 1 + tan*x = sec? x, you can write 


1/4 1/4 
| J/1°+ tan? x dx = | /sec? x dx 
0 0 


a/4 
= | sec x dx secx > Ofor0<x< i 
(0) 
1/4 
= In|sec x + tan al 
0 


= In( /2 + 1) — Int 
~ 0.8814. 


| Example Lt Finding a an n Average V Value 


Find the average value of f(x) = tan x on the interval [0, 77/4]. 


Solution 
, aa 
Average value = (a0 ar a ae alk Average value = ee Al f (x) dx 
_ Tn tan x dx Simplify. 
= =[- In|cos x| ey ie Integrate. 


l| 
| 
= 
=} 
ee ae oS 
Ise 
i) 
ee 
| 
= 
Ca 
= 
— 
——— | 


i 


s(S') 
7 2 
= (0.441 


The average value is about 0.441, as indicated in Figure 5.9. VA 
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EXERCISES FOR SECTION 5.2 


In Exercises 1-24, find the indefinite integral. 


5 10 1 
ike [oa Dh 7, & 3. {A 1 
1 
4. [ne 5. (aes 6. ese 
x x? 
bs |wae 8. aac 
x2—4 5G 
E 5 ON ee ——— rr. 
s. | iB dx Ss x 
x2? + 2x +3 le) 
Le | tethe Ue ee apm, 
p [>t 11 ieee I ax 
ipae ll 
x3 — 3x2 +5 = 6x — 20 
15. (eee 16. ee a 
A ef = = 
pig eae 18. bashes 
3 se sas 
19. [eee 20. \=45 
ik x In(x 
21 l dx 22, pce nl Die so 
| eee Aly jee = x?) 
2x x(x — 2) 
23. 4 | 
cs eae Se: 


In Exercises 25-28, find the indefinite integral by u-substitution. 
(Hint: Let u be the denominator of the integrand.) 


1 1 
AB, |S S= hi iy | —— = 4 
Fees xe la 
3/5 
ihe | Vx dx 28. | yx dx 
oe Seba 
In Exercises 29-36, find the indefinite integral. 
cos 0 
29. i ; dé 30. fin 50 dé 
sin 0 
31. | ese 2x dx 3), [sco% a 
a) ane eat 34, | ae tt 
ll ae Gon 7 cot t 
t - 
a8, [eam dx 36. [over + tan ft) dt 
SCCE ial 


mcd In Exercises 37-40, solve the differential equation. Use a graph- 


ing utility to graph three solutions, one of which passes through 
the indicated point. 
dy 3 dy 2% 


aI = ue 
dx 2-x (1, 0) ty dx x-9 


ds dr sec? t 
= Sian2@, (2 40. — = ———_ 
Toe Fee N02) Ode Gaol eee 


Py Slope Fields 1n Exercises 41 and 42, a differential equation 


point, and a slope field are given. (a) Sketch two approxin 
solutions of the differential equation on the slope field, one 
which passes through the indicated point. (b) Use integratior 
find the particular solution of the differential equation and u: 
graphing utility to graph the solution. Compare the result y 
the sketches in part (a). To print an enlarged copy of the gra 
go to the website www.mathgraphs.com. 


42s om ef ea) 
2 8 


In Exercises 43-50, evaluate the definite integral. Use a gra 
ing utility to verify your result. 


a 5 el 

43. b ; Pe 

: [Re a [ee 

e de x 2 e2 

45. [ (tein 46. i Lie 
; 3; i x lms 
Pe pe | _ 

47i| 2 dx 48. eee 
grate yous 

49 "1 = cos 6 10 50 ey, sc 20 — cot 26)2 de 

. 6 ZY un 0 ¢ i. be GSG:z Cot Z 


In Exercises 51-54, show that the two formulas are equivale 


51. fin x dx = —In|cos x| + C 
tan x dx = In|sec x] + C 
cot x dx = In|sinx| + C 


cot x dx = —In|csc x| + C 


secxdx = —In|secx — tanx| + C 
esc x dx = —In|csc x + cotx| + C 


ese x dx = In|cse x — cotx| + C 


53: [se x dx = In|sec x + tanx| + C 
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Exercises 55-60, use a computer algebra system to find or 
aluate the integral. 


1 1- Jx 
| ib 56. d. 
F + Sx fi ieee 
2 
, feosa = x) dx 58. [= dx 
sec 2x 

He 74 sin? x — cos? x 
: (csc x — sin x) dx 60. [ ——— 

a/4 —7/4 COS X 


Exercises 61-64, find F’(x). 


~4 x 

. F(x) =| at 62. F(x) = [nea 
x 1 Ps 

a F(x) = i yu 64. F(x) =| 7a 
x 1 


proximation In Exercises 65 and 66, determine which value 
st approximates the area of the region between the x-axis and 
e graph of the function over the given interval. (Make your 
lection on the basis of a sketch of the region and not by 
rforming any calculations.) 
By(x) =secx, [0,1] 

easy tb) —6) © 1) 


Des 
-f(x) = 2 eT: 


(a) 3 (b) 7 


(d) 1.25 © 2 
[0, 4] 
eye 2. ae (de) = ((e) 
ea In Exercises 67-70, find the area of the region bounded 


the graphs of the equations. Use a graphing utility to graph 
e region and verify your result. 


aA 
-y=- »x=1x=4,y=0 
x 
x+4 
y= x=t,x=4,y=0 


By = 28ec-=, x= 0,x=2,y=0 


. y = 2x — tan(0.3x),x=1,x=4,y=0 


n Exercises 71-74, state the integration formula you would 
ise to perform the integration. Do not integrate. | 


1. [ara 


5 | = dx 74. Fe 
x2 + tan x 


15, What is the first step when integrating 


de? 
eal 


6. Make a list of the integration formulas studied so far in the 


text. | 
we eee 


The Natural Logarithmic Function: Integration 331 


In Exercises 77-80, find the average value of the function over 
the interval. | 


Function Interval 


A(x + 1) 
2 


Function Interval 


77. f(x) == (2, 4] [2, 4] 


79. f(x) = ms [1, e] 80. f(x) = seo [0, 2] 


81. Population Growth A population of bacteria is changing at a 


rate of 
dP 4 3000 
dt Ih se Oey: 


where ¢ is the time in days. The initial population (when t = 0) 
is 1000. Write an equation that gives the population at any time 
t, and find the population when t = 3 days. 


82. Heat Transfer Find the time required for an object to cool 
from 300°F to 250°F by evaluating 


300 
feel” hee 
In 2 Joso T — 100 


where f is time in minutes. 


83. Average Price The demand equation for a product is 
£90,000 7 
P~ 400 + 3x 
Find the average price p on the interval 40 < x < 50. 


84. Sales The rate of change in sales S is inversely proportional 
to time ¢ (t > 1) measured in weeks. Find S as a function of ¢ 
if sales after 2 and 4 weeks are 200 units and 300 units. 


Py 85. Orthogonal Trajectory 


(a) Use a graphing utility to graph the equation 2x? — y? = 8. 
(b) Evaluate the integral to find y? in terms of x. 
y2 = en SUl/s) ax 
For a particular value of the constant of integration, graph 
the result on the same screen used in part (a). 


(c) Verify that the tangents to the graphs of parts (a) and (b) are 
perpendicular at the points of intersection. 


86. Graph the function 


for k = 1, 0.5, and 0.1 on [0, 10]. Find Jim, We 
ih 


True or False? In Exercises 87-90, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


87. (In x)'/2 = 4(In x) $8. fInx dx = (1/x) + C 


89. i dx = In|cx|, c #0 


2 2 
90. i * ae = | inf =In2—Inl = In2 
ie Sl 
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- Section 5.3 | Inverse Functions 
* Verify that one function is the inverse function of another function. 
¢ Determine whether a function has an inverse function. 
¢ Find the derivative of an inverse function. 
Inverse Functions 
Recall from Section P.3 that a function can be represented by a set of ordered pa 
For instance, the function f(x) = x + 3 and A = {1, 2, 3, 4} to B = {4, 5, 6, 7} 

ya be written as 
fei(te 4) (2, 5), (3,.6), 4 eNe 
a By interchanging the first and second coordinates of each ordered pair, you can fe 


the inverse function of f. This function is denoted by f~!. It is a function from B 
A, and can be written as 


Domain of f = range of f~! PO LEE Dat. 2). (Gu) lta) 


Domain of f~' = range of f Note that the domain of f is equal to the range of f~', and vice versa, as shown 

Figure 5.10 Figure 5.10. The functions f and f! have the effect of “undoing” each other. That 
when you form the composition of f with f~! or the composition of f~' with f, j 
obtain the identity function. 


Tf) = ew ee 0) 


Definition of Inverse Function 


Finding Inverse Functions Explain 
how to “undo” each of the following 

functions. Then use your explanation 
to write the inverse function of f. 


A function g is the inverse function of the function f if 


f(g(x)) =x for each x in the domain of g 


and 
a, f(%) =x —5 
be oe g(f(x)) =x for each x in the domain of f. 
ope x The function g is denoted by f~! (read “f inverse’’). 
c. f(x) = 5 
d. f(x) = 3x +2 
e. f(x) = 3 NOTE Although the notation used to denote an inverse function resembles exponen 


notation, it is a different use of — 1 as a superscript. That is, in general, f-'(x) # 1/f(x). 


f. f(x) = 4(« — 2) 


Use a graphing utility to graph each Here are some important observations about inverse functions. 
function and its inverse function in 


Ge uae niewine window. 1. If g is the inverse function of f, then f is the inverse function of g. 
What observation can you make 2. The domain of f~ is equal to the range of f, and the range of f~! is equal to 
about each pair of graphs? domain of f. 


3. A function need not have an inverse function, but if it does, the inverse functio 
unique (see Exercise 99). 


You can think of f~! as undoing what has been done by f. For example, subti 
tion can be used to undo addition, and division can be used to undo multiplicati 
Use the definition of an inverse function to check the following. 


f@®) =x+ec and =f !(x) =x — c _ are inverse functions of each oth 


be 
cere and aif Ait ae #0, are inverse functions of each oth 


id g are inverse functions of each other. 
ure 5.11 


graph of f—! isa reflection of the graph 
‘in the line y = x. 
ure 5.12 
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Example a: Verifying Inverse Functions 


Show that the functions are inverse functions of each other. 


By Pa 


f(x) =2x3 -1 and a(x) = 5 


Solution Because the domains and ranges of both f and g consist of all real 
numbers, you can conclude that both composite functions exist for all x. The 
composite of f with g is given by 


f(g(x) = a(/H _— ty a 


The composite of g with f is given by 


Axe =e ls 
g(f(x)) ae ree 


p 


= 3/x3 


= X. 


Because f(g(x)) =x and g(f(x)) =x, you can conclude that f and g are inverse 
functions of each other (see Figure 5.11). VA 


STUDY TIP In Example 1, try comparing the functions f and g verbally. 


For f: First cube x, then multiply by 2, then subtract 1. 
For g: First add 1, then divide by 2, then take the cube root. 


Do you see the “undoing pattern”? 


In Figure 5.11, the graphs of f and g = f_! appear to be mirror images of each 
other with respect to the line y = x. The graph of f~! is a reflection of the graph of f 
in the line y = x. This idea is generalized in the following theorem. 


THEOREM 5.6 _ Reflective Property of Inverse Functions 


The graph of f contains the point (a, ) if and only if the graph of f contains 
the point (d, a). 


Proof If (a, b) is on the graph of f, then f(a) = b and you can write 
fAO) =f fla) =a. 


o, (b, a) is on the graph of f', as shown in Figure 5.12. A similar argument will 


prove the theorem in the other direction. P| 
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y 5 Existence of an Inverse Function 
ya fe 


S(@ =f) 


Sepa SS 


1 
I 
l 
! 
\ 
\ 
I 
1 
1 

a 


If a horizontal line intersects the graph of f 
twice, then f is not one-to-one. 
Figure 5.13 


therefore has an inverse function. 


Not every function has an inverse, and Theorem 5.6 suggests a graphical test for th 
fa = 2 = = that do—the horizontal line test for an inverse function. This test states that a funct 
f has an inverse function if and only if every horizontal line intersects the graph of; 
most once (see Figure 5.13). The following theorem formally states why the horiz 
tal line test is valid. (Recall from Section 3.3 that a function is strictly monotonic 1 
x is either increasing on its entire domain or decreasing on its entire domain.) 


THEOREM 5.7 The Existence of an Inverse Function 


1. A function has an inverse function if and only if it is one-to-one. 


2. If f is strictly monotonic on its entire domain, then it is one-to-one an 


Proof To prove the second part of the theorem, recall from Section P.3 that f is o 
to-one if for x, and x, in its domain 


fie Lee) > xX, = Xp. 


The contrapositive of this implication is logically equivalent and states that 


x, FX, > flx,) #F(%). 


tonic, it follows that either 


On) ae) OF wer) > F Gey 


N- 
y 
be 


Fey 


f(x) = 


Now, choose x, and x, in the domain of f. If x, # x,, then, because f is strictly mo 
In either case, f(x,) # f(x,). So, f is one-to-one on the interval. The proof of the 
part of the theorem is left as an exercise (see Exercise 100). 


Example 2 The Existence of an Inverse Function 
RE A SELATAN EULESS MNT NEA SDT IE ANSI AEE ARETE NE ELOISE IETS TSE LETTE SEAN MRIS SANG ie OTD ENS ALE LT EEO PL SEA SEAT ATE EE 


Which of the functions has an inverse function? 


(a) Because f is increasing over its entire 


domain, it has an inverse function. a. f(x) =y+x- 1 b. f(x) =x 7-x+1 


y Solution 


inverse function. 


value when x = —1, 0, and 1. 


a. From the graph of f given in Figure 5.14a, it appears that f is increasing overt 
entire domain. To verify this, note that the derivative, f(x) = 3x? + 1, is posi 
for all real values of x. Therefore, f is strictly monotonic and it must have 


b. From the graph in Figure 5.14b, you can see that the function does not pass the I 
izontal line test. In other words, it is not one-to-one. For instance, f has the sé 


=I) = fil) Oa Not one-to-one 


Therefore, by Theorem 5.7, f does not have an inverse function. 


(b) Because f is not one-to-one, it does not NOTE Often it is easier to prove that a function has an inverse function than to find 
have an inverse function. inverse function. For instance, it would be difficult algebraically to find the inverse functio 


Figure 5.14 the function in Example 2a. 
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The following guidelines suggest a procedure for finding an inverse function. 


Guidelines for Finding an Inverse Function 

1. Use Theorem 5.7 to determine whether the function given by y = f(x) has an 
inverse function. 

. Solve for x as a function of y: x = g(y) = f(y). 

. Interchange x and y. The resulting equation is y = f!(x). 

. Define the domain of f~! to be the range of f. 

3 Venty thaty(7 (a) =x ands Wf) = © 


a & WwW Ww 


Example 3 Finding an Inverse Function 


Find the inverse function of f(x) = /2x — 3. 


Solution The function has an inverse function because it is increasing on its entire 
domain (see Figure 5.15). To find an equation for the inverse function, let y = f(x) and 
solve for x in terms of y. 


V2 Sey Let y = f(x). 


Ltvea 7 Square both sides. 
ee. 
=== Solve for x. 
2 
e domain of f~', [0, co), is the range x? +3 
= 5 Interchange x and y. 
ure 5.15 
S Ui 2 43 ; 
fe) = 5 Replace y by f—!(x). 


The domain of f~! is the range of f, which is [0, co). You can verify this result as 
follows. 


iG alt) gee Ske =x, ee 


= 2 Dp hen Q 
Tel (G) ne ee ae ee 


NOTE Remember that any letter can be used to represent the independent variable. So, 


y= 
f @) = _ : 
p= 


all represent the same function. 
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en ee 


\ Nass 
=a = AN i 
A A 
eo oF ! (x) = sin x 
(-3.-1) ‘ 
f is one-to-one on the interval 
[= 2,3) 2). 
Figure 5.16 
PLORATION “0. 
Graph the inverse functions 
f(x) = x3 
and 
ala) = x! 


Calculate the slope of f at (1, 1), 

(2, 8), and (3, 27), and the slope of g 

at (1, 1), (8, 2), and (27, 3). What do 

you observe? What happens at (0, 0)? 


Theorem 5.7 is useful in the following type of problem. Suppose you are giver 
function that is not one-to-one on its domain. By restricting the domain to an inter 
on which the function is strictly monotonic, you can conclude that the new functi 
is one-to-one on the restricted domain. 


Example 4 Testing Whether a a Function Is One-to- One 


Show that the sine function 


f() = sinx 


is not one-to-one on the entire real line. Then show that [— 7/2, 7/2] is the larg 
interval, centered at the origin, for which f is strictly monotonic. 


Solution It is clear that f is not one-to-one, because many different x-values yie 
the same y-value. For instance, 
sin(0) = 0 = sin(z). 
Moreover, f is increasing on the open interval (— 77/2, 77/2), because its derivative 
io\ie=cosa 


is positive there. Finally, because the left and right endpoints correspond to relat 
extrema of the sine function, you can conclude that f is increasing on the clos 
interval [— 7/2, m/2] and that in any larger interval the function is not stric 


monotonic (see Figure 5.16). C 


Derivative of an Inverse Function 


The next two theorems discuss the derivative of an inverse function. The reasonab 
ness of Theorem 5.8 follows from the reflective property of inverse functions 
shown in Figure 5.12. Proofs of the two theorems are given in Appendix B. 


THEOREM 5.8 Continuity and Differentiability of Inverse Functions 


Let f be a function whose domain is an interval /. If f has an inverse function, 
then the following statements are true. 

1. If f is continuous on its domain, then f~! is continuous on its domain. 

2. If f is increasing on its domain, then f is increasing on its domain. 

3. If f is decreasing on its domain, then f! is decreasing on its domain. 

4. If f is differentiable at c and fc) # 0, then f is differentiable at f(c). 


THEOREM 5.9 


The Derivative of an Inverse Function 


Let f be a function that is differentiable on an interval /. If f has an inverse 
function g, then g is differentiable at any x for which f(g(x)) # 0. Moreover, 


(ye ; 
g(x) ~ f(e(x))’ f(g(x) a 0 


e graphs of the inverse functions f and 
| have reciprocal slopes at points (a, b) 
d (b, a). 

pure 5.17 


(0, 0), the derivative of f is 0, and the 
ivative of f—! does not exist. 
sure 5.18 
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Example E Evalua ting the Derivative of an Inverse Function 


Let f(x) = 9° +x —- 1, 


a. What is the value of f~'(x) when x = 3? 
b. What is the value of (f~')’(x) when x = 3? 


Solution Notice that f is one-to-one and hence has an inverse function. 


a. Because f(x) = 3 when x = 2, you know that f-!(3) = 2. 


b. Because the function f is differentiable and has an inverse function, you can apply 
Theorem 5.9 (with g = f~') to write 


Coy Se ae i iil Mie 
FY) = FB) = FO 


Moreover, using f’(x) = 3x2 + 1, you can conclude that 


(8) = 55 a = 5 


FQ 40241 4 VA 


In Example 5, note that at the point (2, 3) the slope of the graph of f is 4 and at 
the point (3, 2) the slope of the graph of f~ is + (see Figure 5.17). This reciprocal 
relationship (which follows from Theorem 5.9) is sometimes written as 


aye 
Xe dk aye 


Example a ~ Graphs of Inver erse e Functions Have Reciprocal Slopes 


Let f(x) = x? (for x = 0) and let f-!(x) = Vx. Show that the slopes of the graphs of 
f and f~ are reciprocals at each of on peace: points. 


a. (2, 4) and (4, 2) 
b. (3, 9) and (9, 3) 


Solution The derivatives of f and f—! are given by 


1 
fi = 2s rand = (fF 3) Dail 
a. At (2, 4), the slope of the graph of f is f(2) = 2(2) = 4. At (4, 2), the slope of the 
graph of f~ is 
1 1 1 
—1)\/ 4 i 
(Fy) IE 3) 4 


b. At (3, 9), the slope of the graph of f is f(3) = 2(3) = 6. At (9, 3), the slope of the 
graph of f~! is 


ae 
9 ==. 
So, in both cases, the slopes are reciprocals, as shown in Figure 5.18. Le | 
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EXERCISES FOR SECTION 5.3 


In Exercises 1-8, show that f and g are inverse functions (a) 


analytically and (b) graphically. 


fefey er, g(x) = (x — 1)/5 

Daft) = 3 = 4x, g(x) = 3 — x)/4 

3. fx) = a(x) = 

Agi (sale x g(x) = Yl — x 

5, f(x) = /x —4, ex) = 4° 4” x 20 

6. fx) = 16 — x2, x = 0; g(x) = 16 — x 

Ta) = 1x, ge Wx 

8. f@) =. x = @. el) = —, Hie we < il 


In Exercises 9-12, match the graph of the function with the 
graph of its inverse function. [The graphs of the inverse func- 


tions are labeled (a), (b), (c), and (d).] 
(a) y (b) y 


(d) y 


teat oalnncinmas 
—3 -2 if, Age 
Poe 
9. 10. y 
A 
g+ 
6-- 
x Aen, 
i ' =F eX 
-42 1246 8 
—-4-+- 
11. 12. y 


In Exercises 13-16, use the horizontal line test to determ: 
whether the function is one-to-one on its entire domain a 
therefore has an inverse function. To print an enlarged copy 
the graph, go to the website www.mathgraphs.com. 


13. f(x) = ix + 6 14. f(x) = 5x -3 


1+ 
— p> x 
—2 -l 1 2 
-l1-+ 
—2 
—3 
15. f(0) = sin 0 16. f(x) = 
ao 6 ae — 
x2+4 
y y 
A A 
4 
af 
Bla 
padi fo 
oot SS 
=3=9 21 ee 
—2-+- 


Ay In Exercises 17-22, use a graphing utility to graph the functi 


Determine whether the function is one-to-one on its ent 
domain. 


1 
= 3 18. a 
sh12 ato a at 


20. f(x) = S5xJ/x -—1 
22. A(x) = [2 4| eel Ss 


17. his) = 


19. f(x) = Inx 
21.) 9(x)*= (x +5)2 


In Exercises 23-28, use the derivative to determine whether 
function is strictly monotonic on its entire domain and theref 
has an inverse function. : 


24. f(x) = cos EL 


23. f(x) =@+a?2+5b 5 


x* 


25. f(x) = qui 2x2 


27. f(x) =2-—x- x3 


26. f(x) = x3 — 6x? +12 


28. f(x) = In — 3) 


In Exercises 29-36, find the inverse function of f. Graph 
hand) f and f~. Describe the relationship between the grap 


29. f(x) = 2x — 3 30. f@) = 3x 
31. f(x) = x3 32. f(s) = ek 
330 f(x) =~ x 34576 Oye, 


Oe 
Nn 
+ 
Sooo 
= 
— 
Il 
oo 
i) 
| 
us 
* 
IV 
ie) 


Exercises 37—42, find the inverse function of f. Use a graph- 
3 utility to graph f and f~ in the same viewing window. 
scribe the relationship between the graphs. 

ef (x).= x —1 38. f(x) = 33/2x — 1 

myix) = x73, x 20 40. f@) = x7 


a x ere 
rear 42. f(x) = — 


Exercises 43 and 44, use the graph of the function 
to complete the table and sketch the graph of f—. To 
int an enlarged copy of the graph, go to the website 
yw.mathgraphs.com. 


y 44, 


peje Se 


f@) | | 


. Cost Suppose you need 50 pounds of two commodities cost- 
ing $1.25 and $1.60 per pound. 


(a) Verify that the total cost is 
y =-1,25x + 1.60(50 — x) 


where x is the number of pounds of the less expensive 
commodity. 

(b) Find the inverse function of the cost function. What does 
each variable represent in the inverse function? 

(c) Use the context of the problem to determine the domain of 
the inverse function. 

(d) Determine the number of pounds of the less expensive 
commodity purchased if the total cost is $73. 

Think About It The function f(x) = k(2 — x — x*) is one- 
to-one and f-!(3) = —2. Find k. 


Exercises 47-52, show that f is strictly monotonic on the 
licated interval and therefore has an inverse function on that 
erval. 


Function Interval 
icy GP 4)* [4, co) 
f(x) = |x + 2| [=2, co) 
a) (0, 2) 
f(x) = cotx (0, 77) 
f(x) = cos x [0, 77] 

f(x) = sec x 0. 2) 
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Ay In Exercises 53 and 54, find the inverse function of f over the 


indicated interval. Use a graphing utility to graph f and f~ in 
the same viewing window. Describe the relationship between the 
graphs. 


Function Interval 
x 
BEE) = = 
3. js) Sy eae, 
3 
54. f(x) = ae O. <x < iMG) 


acd Graphical Reasoning In Exercises 55-58, (a) use a graphing 


utility to graph the function, (b) use the drawing feature of a 
graphing utility to draw the inverse of the function, and (c) 
determine whether the graph of the inverse relation is an 
inverse function. Explain your reasoning. 


55%) = ew ae 4 
56. h(x) = x/4 — x2 


In Exercises 59—62, determine whether the function is one-to- 
one. If it is, find its inverse function. 


59. f(a) = vee 
60. f(x) = —3 


661M) =" |p hh a =< 2 


62. f(x) =ax+b, a#0 


In Exercises 63-66, delete part of the domain so that the 
function that remains is one-to-one. Find the inverse function of 
the remaining function and give the domain of the inverse 
function. (Note: There is more than one correct answer.) 


64. f(x) = 16 — x* 
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Think About It In Exercises 67-70, decide whether the func- 
tion has an inverse function. If so, what is the inverse function? 


67. g(t) is the volume of water that has passed through a water line 
t minutes after a control valve is opened. 


68. h(t) is the height of the tide ¢ hours after midnight, where 
ORSt <4: 


69. C(t) is the cost of a long distance call lasting t minutes. 


70. A(r) is the area of a circle of radius r. 


In Exercises 71-76, find (f~')(a) for the function f and real 
number a. 


Function Real Number 

IL. fONS et D1 GO, = 2 

Tz. fa) = ae + 20), a=—11 
: 7 7 1 
= a ee == 
73.37 (a) sin, 7 SSG a= 
74. f(x) = cos 2x, Do Sbpeig a=1 

4 

Es dG aa ale a= 
76. (@) =~/7-A a= 2 


In Exercises 77-80, (a) find the domains of f and f~, (b) find 
the ranges of f and f~, (c) graph f and f~, and (d) show that 
the slopes of the graphs of f and f~! are reciprocals at the 
indicated points. 


Functions Point 
Tipo ae ow 
fie = a (3) 
78. f(x) =3 — 4x (1, =1) 
fig) === (-1,1) 
79. f(x) = J/x -—4 (5, 1) 
fm x4, ox. 0 (1,5) 
4 
80. FQ) = Fe? xe 0 (il, D 
pias ./-= (2, 1) 
XxX 


In Exercises 81 and 82, find dy/dx at the indicated point for the 
equation. 


81. x = y? = Ty? +2 82. x = 2 In(y? — 3) 
(—4, 1) (0, 4) 


In Exercises 83-86, use the functions f(x) = 5x — 3 and 
g(x) = x3 to find the indicated value. 


83. (7 2g *)(1) 
85. Aie af oaO) 
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In Exercises 87-90, use the functions f(x) =x+4 a 
g(x) = 2x — 5 to find the indicated function. 


S8ifr tag A 
90. (g of) 


STecte 
89. (fg)! 


| Getting at the Concept 


91. Describe how to find the inverse function of a one-to-one 
function given by an equation in x and y. Give an example 


92. Describe the relationship between the graph of a functior 
and the graph of its inverse function. 


93. Give an example of a function that does not have an inverst 
function. 


| 94. State the theorem that gives the method for finding the 
derivative of an inverse function. 


| In Exercises 95 and 96, the derivative of the function ha: 
| the same sign for all x in its domain, but the function is no 
one-to-one. Explain. 


| 95. f(x) = tanx 96. f= ri 


= 
x 


97. Prove that if f and g are one-to-one functions, th 
(feet) (ge gta), 


98. Prove that if f has an inverse function, then (f~!)~! = f. 


99. Prove that if a function has an inverse function, then 1 
inverse function is unique. 


100. Prove that a function has an inverse function if and only i 
is One-to-one. 


True or False? In Exercises 101-104, determine whether 1 
statement is true or false. If it is false, explain why or give 
example that shows it is false. 


101. If f is an even function, then f~! exists. 


102. If the inverse function of f exists, then the y-intercept of / 
an x-intercept of f~!. 

103. If f(x) = x" where n is odd, then f~! exists. 

104. There exists no function f such that f = f~!. 


105. Is the converse of the second part of Theorem 5.7 true? T 
is, if a function is one-to-one (and hence has an inverse fu 
tion), then must the function be strictly monotonic? If 
prove it. If not, give a counterexample. 


106. Let f be twice-differentiable and one-to-one on an open int 
val J. Show that its inverse function g satisfies 


Jey 

Lf (g(x) 3° 
If f is increasing and concave downward, what is the conc 
ity of f-! = g? 


107. If f(x). = [ ot find (f-!)’(0). 


Section 5.4 


PG set 


a¢ inverse function of the natural logarith- 
ic function is the natural exponential 
nction. 

igure 5.19 


THE NUMBER e 


The symbol ¢ was first used by mathematician 
Leonhard Euler to represent the base of 
natural logarithms in a letter to another 
mathematician, Christian Goldbach, in 1731. 
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Exponential Functions: Differentiation and Integration 


* Develop properties of the natural exponential function. 
¢ Differentiate natural exponential functions. 
* Integrate natural exponential functions. 


The Natural Exponential Function 


The function f(x) = In x is increasing on its entire domain, and hence it has an inverse 
function f~'. The domain of f~! is the set of all reals, and the range is the set of 
positive reals, as shown in Figure 5.19. So, for any real number x, 


ee) = li [sfe (x) ] OG x is any real number. 
If x happens to be rational, then 
In(e*) =xlIne= x(1) ater x is a rational number. 


Because the natural logarithmic function is one-to-one, you can conclude that f~ !(x) 
and e* agree for rational values of x. The following definition extends the meaning of 
e* to include all real values of x. 


Definition of the Natural Exponential Function 


The inverse function of the natural logarithmic function f(x) = In x is called 
the natural exponential function and is denoted by 


fo) =e 
That is, 


y=e ifandonlyif x =Iny. 


The inverse relationship between the natural logarithmic function and the natural 
exponential function can be summarized as follows. 


In(e*) = x and eux Inverse relationship 


Example Hin Solving Exponential Equations 


Solve 7 = e*"*. 


Solution You can convert from exponential form to logarithmic form by taking the 
natural log of both sides of the equation. 


7 =e" Write original equation. 
fn nes *) Take natural log of both sides. 
Ne ete Apply inverse property. 
Es olin se Solve for x. 
0.946 ~ x Use a calculator. 


Check this solution in the original equation. VA 
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The natural exponential function is increas- 
ing, and its graph is concave upward. 
Figure 5.20 


eee seater eeCseRPeEN NI 


Example 2 Solving a Logarithmic Equation 
Solve In(2x — 3) = 5. 


Solution To convert from logarithmic form to exponential form, you can exponen 
ate both sides of the logarithmic equation. 


In(Qx —3) =5 Write original equation. 
elnQ@x=3)'= @5 Exponentiate both sides. 
=e" Apply inverse property. 
x= 5(e5 + 3) Solve for x. 
x = 75.707 Use a calculator. ip 


The familiar rules for operating with rational exponents can be extended to t 
natural exponential function, as indicated in the following theorem. 


THEOREM 5.10 Operations with Exponential Functions 


Let a and b be any real numbers. 


Leste? =, est De ee 


Proof To prove Property 1, you can write 


In(e%e”) = In(e“) + In(e?) 
= GED 
= Ineo): 


Because the natural log function is one-to-one, you can conclude that 


efe" = e4 +b 


The proof of the second property is left to you (see Exercise 130). \ 


In Section 5.3, you learned that an inverse function f-' shares many properti 
with f. So, the natural exponential function inherits the following properties from t 
natural logarithmic function (see Figure 5.20). 


Properties of the Natural Exponential Function 


1. The domain of f(x) = e* is (—o0, oo), and the range is (0, 00). 


2. The function f(x) = e* is continuous, increasing, and one-to-one on its entire 
domain. 


3. The graph of f(x) = e* is concave upward on its entire domain. 


4. lim e* =O and lim e* = co 
x —9O X— CO 


R FURTHER INFORMATION To find 
about derivatives of exponential 
ictions of order 1/2, see the article 
Child’s Garden of Fractional 
rivatives” by Marcia Kleinz and 

omas J. Osler in The College 
thematics Journal. To view this article, 
to the website www.matharticles.com. 


FG) = xe* 


(-1,-e7!) 
Relative minimum 


derivative of f changes from negative to 
itiveatx = —1. 
ure 5.21 
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Derivatives of Exponential Functions 


One of the most intriguing (and useful) characteristics of the natural exponential func- 
tion is that it is its own derivative. In other words, it is a solution to the differential 
equation y’ = y. This result is stated in the next theorem. 


THEOREM 5.11 
Let u be a differentiable function of x. 


du 


The Derivative of the Natural Exponential Function 


d ‘i => x id u — CC 
1. pelea eae , pple nee 


Proof To prove Property 1, use the fact that In e* = x, and differentiate both sides of 
the equation. 


Ine* =x Definition of exponential function 
d : d tes 
mer: [In e*| = salts Differentiate both sides with respect to x. 
dx dx 
ig 
——le;=1 
e* dx 
d 
—|e*|] = ex 
Axle 
The derivative of e“ follows from the Chain Rule. A 


NOTE You can interpret this theorem geometrically by saying that the slope of the graph of 


f(x) = e* at any point (x, e*) is equal to the y-coordinate of the point. 


Example 3 Differentiating Exponential Functions 


ee TTR SSR IE PEE EY SSIES ESL SE ET A ESTE SE ST ST ES AT SC ET 


d. 

a. £ eas nee oe u=2x-1 
dnt, du ;) - Be" 3/* 3 
ep o/h t= pass Se 3/x — ee 

b ae “dx pe . x? a 


Example 4 Locating Relative Extrema 
Find the relative extrema of f(x) = xe”. 


Solution The derivative of f is given by 


f(x) = x(e*) + e*(1) 
=e (aon 1), 


Product Rule 


Because e* is never 0, the derivative is 0 only when x = —1. Moreover, by the First 
Derivative Test, you can determine that this corresponds to a relative minimum, as 
shown in Figure 5.21. Because the derivative f(x) = e*(x + 1) is defined for all x, 


3 


there are no other critical points. a 
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y) 
Two points of A Sei 2 
inflection Fo) V2n . 


= 
=] 


—2 


T + > 
1 


The bell-shaped curve given by a normal 
probability density function 


Figure 5.22 
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Figure 5.23 
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Example § The Normal Probability Density Function 


Show that the normal probability density function 


= ] —x?/2 
f(x) qr 


has points of inflection when x = +1. 


Solution To locate possible points of inflection, find the x-values for which 
second derivative is 0. 


f(x) = = entle Write original function. 
T 


ee 2 First derivative 


(ee 
eS ie xe 
“a= op (lees care Bee 


1 


= (e~**/2)(x2 — 1) Second derivative 


J20 


Therefore, f’(x) = 0 when x = +1, and you can apply the techniques of Chapter 4 
conclude that these values yield the two points of inflection shown in Figure 5.22. 


NOTE The general form of a normai probability density function (whose mean is 0 
given by 


f(x) = e [207 


where o is the standard deviation (a is the lowercase Greek letter sigma). This “bell-sha 
curve” has points of inflection when x = +o. 


Example 6 M.D.s in the United States 


The number y of medical doctors (in thousands) in the United States from 1‘ 
through 1997, can be modeled by 


a 475,520e°-0271t 
where ¢t = 0 represents 1980. At what rate was the number of M.D.s changing 
1992? (Source: American Medical Association) 
Solution The derivative of the given model is 


y’ = (0.0271)(475,520)e9-0271# 
=~ 12,887¢9.0271¢, 


By evaluating the derivative when t = 12, you can conclude that the rate of chang 
1992 was about 


17,839 doctors per year. 


The graph of this model is shown in Figure 5.23. 
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Integrals of Exponential Functions 


Each differentiation formula in Theorem 5.11 has a corresponding integration formula. 


THEOREM 5.12 Integration Rules for Exponential Functions 


Let u be a differentiable function of x. 


1. fea=e+c 2s [erdu=er+c 


enero corre roomie ens omt srt RAD CaREP HH EN WORSE NRE ANE SCOR UNCC SEC 


Example 7 Integrating Exponential Functions 
Find fe**! dx. 


Solution If you let vu = 3x + 1, then du = 3 dx. 


1 
few dx = re 1(3) dx Multiply and divide by 3. 


1 
= 3 edu Substitute: u = 3x + 1. 
1 
= oa 2G: Apply Exponential Rule. 
eext | 
= 3 = (8) Back-substitute. i" 


NOTE In Example 7, the missing constant factor 3 was introduced to create du = 3 dx. 
However, remember that you cannot introduce a missing variable factor in the integrand. For 
instance, 


few dx # 2 fare (x dx). 


Example 8 Integrating Exponential Functions 


Find f 5xe~” dx. 


Solution If you let u = —x?, then du = —2x dx or x dx = —du/2. 


[ sxe-vax = [so dx) — Regroup integrand. 


= [se (- a) Substitute: uw = —x? 
5 : : 


J 

=-— > e“du Factor —} out of integral. 
Sas 

= 5° EG Apply Exponential Rule. 


lI 
| 
| 
IS 
; 
+ 
YQ 


Back-substitute. VA 
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Larsonecenmanrmaranen yevcconannnnrernenueresaccenteareont 


Example 9 | Integrating Exponential Functions 


=] 
—, 
lax} 
|S 
> 
ll 
| 
—, 
® 
a) 
> 
| 
B|- 
es 
: 
= 
ll 
Ses 


et du 


b. [sine ax = ~ | ems s(~sin xa u = cos x 


— eos x + iG 


Example 10 _ Finding Areas Bounded by Exponential Functions 


Evaluate the definite integral. 


1 yams 0 
a. | e-* dx b. [ ok c. i [e* cos(e*) | dx 
0 ={ 


Oo pe ee 
Solution 
1 1 
a. i e*dx= -<| See Figure 5.24(a). 
0 0) 
Sa: lade 
nace 
(a 
= 0.632 
Lnilss I 
b. [ i Oar mares e"| See Figure 5.24(b). 
0 “* @? 0 
= In(1 + e) — In2 
= 0.620 
0 0 
Cc. | [e* cos(e*) | dx = sin(e’) See Figure 5.24(c). 
—| 7 
= sin 1 — sin(e~!) 
= ().482 
y y yy 
| OE 
1 7° l+e* l 


_ a Vix e” cos(e*) 


> X 


(a) (b) (c) 
Figure 5.24 


Ts aeeery f 
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XERCISES FOR SECTION 5.4 


ixercises 1-4, write the exponential equation as a logarith- 
equation or vice versa. 


7S 


m2°= 0.6931... 


Doers = 1353 ee, 
4. In0.5 = —0.6931... 


ixercises 5-18, solve for x accurate to three decimal places. 


eax = 4 6. el" > = 12 

ex = 12 8. 4e* = 83 

pe — 2e* = 10. —6 + 3e*% = 
50e~* = 30 12. 200e~** = 15 
Inx = 2 14. Inx? = 10 
In(x — 3) =2 16. In4x = 1 

ii /x+2=1 18: In@e = 2)P— 12 
ixercises 19-22, sketch the graph of the function. 
y= e* 20. y= ser 
y=e*r 22. y=e¥? 


Use a graphing utility to graph f(x) = e* and the given function 
in the same viewing window. How are the two graphs related? 
(a) g(x) =e* 2 (b) h(x) = —ter (c) g(x) =e" + 3 
Use a graphing utility to graph the function. Use the graph to 
determine any asymptotes of the function. 


8 


RG ae Pacem 


8 
05: 


ixercises 25-28, match the equation with the correct graph. 
ume that a and C are positive real numbers. [The graphs are 
led (a), (b), (c), and (d).] 


y (b) y 
A A 
2p 
| 
——» x 
2) oil er 2 
=[ -+- 
2 4- 
(d) 
2 
it 
—_—— X 
-1 1 2 
25) = 
y = Ce* 26. y= Ce ® 
fe Cll =e 2") 28. y= 7 eee 


1 
AS: ( rm 1,000,000 


In Exercises 29-32, illustrate that the functions are inverses of 
each other by graphing both functions on the same set of coor- 
dinate axes. 


29. f(x) = e* 30. f(x) = e 
= inex e(x) = Inx? 
31. f(x) =e*- 1 32 
g(x) = In@ + 1) g(x) = 1 + Inx 


Py 33. Graphical Analysis Use a graphing utility to graph 


f(@) = (1 + ) and g(x) = e® 


in the same viewing window. What is the relationship between 
f and g as x4 00? 


34. Conjecture Use the result of Exercise 33 to make a conjec- 
ture about the value of 


as X > OO." 


In Exercises 35 and 36, compare the given number with the 
number e. Is the number less than or greater than e? 


1,000,000 
(See Exercise 34.) 


fovea’: st I l I 
: ~+- - 
ee ho a4  On 720 ©5040 


In Exercises 37 and 38, find the slope of the tangent line to the 
graph of the function at the point (0, 1). 


37. (a) y = e* (b) y=e * 
y ) 
A 
1 (O, 1) 
+ > X 
I 1 
38. (a) y = e* 
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In Exercises 39-58, find the derivative of the function. 

39. f(x) = e* 40. f(x) =e!* 

Ae ip ee nas 

43. y = ev* 44, y = xe* 

45. o(t) = (e+ e')? 46. g(t) = e3/” 

L+e 
Ajay — ine) 48. y= in(} = ) 
x + ma, J 

49, y = In(1 + e”) 50. y= Teeny 
D e*—e* 

sly = ot + enk 52. y= 5 

Soe y= ee ieee Det 54. y = xe* — e* 

55. f(x) =e *Inx 56. f(x) = e? Inx 

57 yee" (Sil 64, COS, x) 58. y = Ine* 

In Exercises 59 and 60, use implicit differentiation to find dy/dx. 


59 
60 


exey — 10es- 3y — 0 
h C2 ae i = ys = iC 


In Exercises 61 and 62, find the second derivative of the 
function. 
61. f(x) = 3 + 2x)e3* 


62. g(x) = /x + eInx 


In 


Exercises 63 and 64, show that the function y = f(x) is a 


solution of the differential equation. 


63. y = e(cos /2x + sin /2x) 


Vieeay res yi—10) 


64. y = e*(3 cos 2x — 4 sin 2x) 


Pe in 


Voy oy = 0) 


Exercises 65-72, find the extrema and the points of inflection 


(if any exist) of the function. Use a graphing utility to graph the 
function and confirm your results. 
x + —x 
65. f(x) = Se i 
2) 
(as as gees 
66. f(x) = 5 
i SS ae ee 
67. 2x) = e~ &—2)?/2 
20 
1 ; 
68. g(x) = e372 
sy J20 
69. f(x) = x2e* 
70. f(x) = xe~* 
71. eft) =1+(2+ He 


72. 


73: 


f(x) = -—2 + e(4 — 2x) 


Area Find the area of the largest rectangle that can be inscribed 
under the curve y = e~* in the first and second quadrants. 


Py 74. Area Perform the following steps to find the maximum ¢ 


1B: 


FS 76. 
Ae 77. 


AS 78. 


Ae 79. 


Fs) = 


of the rectangle shown in the figure. 

(a) Solve for c in the equation f(c) = f(c + x). 

(b) Use the result in part (a) to write the area A as a functio. 
x. (Hint: A = xf(c)] 

(c) Use a graphing utility to graph the area function. Use 
graph to approximate the dimensions of the rectangl 
maximum area. Determine the maximum area. 

(d) Use a graphing utility to graph the expression for c fo 

in part (a). Use the graph to approximate 


wa 


lim c and lim c. 


x30* x—00 
Use this result to describe the changes in dimensions 
position of the rectangle for 0 < x < oe. 


FC) =10xe 


Verify that the function 


IE, 


Sah er es GeO SDE Oa) 


y 


increases at a maximum rate when y = L/2. 


Find the point on the graph of y = e-* where the normal lin 
the curve passes through the origin. (Use Newton’s Metho 
the root-finding capabilities of a graphing utility.) 

Find, to three decimal places, the value of x such that 

ev =x, 

(Use Newton’s Method or the root-finding capabilities « 
graphing utility.) 


Depreciation The value V of an item ¢ years after i 
purchased is 


Vex 1a 000 ert e sy Oa = at 0: 

(a) Use a graphing utility to graph the function. 

(b) Find the rate of change of V with respect to t when t 
and t = 5. 

(c) Use a graphing utility to graph the tangent line to the fi 
tion when ¢t = | and t = 5. 

Writing Consider the function 

25 

ei 

(a) Use a graphing utility to graph f. 


(b) Write a short paragraph explaining why the graph h 
horizontal asymptote at y = 1 and why the function h 
nonremovable discontinuity at x = 0. 
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Harmonic Motion The displacement from equilibrium of a Py Linear and Quadratic Approximations In Exercises 83 and 84, 


mass oscillating on the end of a spring suspended from a 
ceiling is 
y = 1.56e~°?”' cos 4.91 


where y is the displacement in feet and ¢ is the time in seconds. 
Use a graphing utility to graph the displacement function on the 
interval [0, 10]. Find a value of ¢ past which the displacement 
is less than 3 inches from equilibrium. 


Modeling Data A meteorologist measures the atmospheric 
pressure P (in kilograms per square meter) at altitude h (in kilo- 
meters). The data are shown below. 


Bo | CS ine ig Hem 


2376 | 1240 | ayy | 


P 10,332 | 5583 


(a) Use a graphing utility to plot the points (h, In P). Use the 
regression capabilities of the graphing utility to find a linear 
model for the revised data points. 

(b) The line in part (a) has the form In P = ah + b. Write the 
equation in exponential form. 

(c) Use a graphing utility to plot the original data and graph the 
exponential model in part (b). 

(d) Find the rate of change of the pressure when h = 5 and 
h = 18. 

Modeling Data A 1994 Chevrolet Camaro coupe with a 

6-cylinder engine, 5-speed transmission, and air conditioning 

had a retail price of $17,040. A local dealership had the 
following guide for the approximate value of the car for the 

years 1995 through 2000. 


Year 1994 1995 1996 1997 
—— +—-- 
Value | $17,040 | $14,590 | $12,845 | $10,995 
Year 1998 1999 2000 
=H 
Value | $9,220 $8,095 $6,835 


In each of the following, let V represent the value of the 

automobile in the year t, with t = 4 corresponding to 1994. 

(a) Use a computer algebra system to find linear and quadratic 
models for the data. Plot the data and graph the models. 

(b) What does the slope represent in the linear model in 
part (a)? 

(c) Use a computer algebra system to fit an exponential model 
to the data. 

(d) Determine the horizontal asymptote of the exponential 
model found in part (c). Interpret its meaning in the context 
of the problem. 

(e) Find the rate of decrease in the value of the car when t = 5 
and t = 9 using the exponential model. 


use a graphing utility to graph the function. Then graph 
P(x) = f(0) + f (0) — 0) 

and 

P(x) = f(0) + f (Ox — 0) + af (0) — 0) 


in the same viewing window. Compare the values of f, P,, and P, 
and their first derivatives at x = 0. 


$3. f(x) = e7/2 S46), =6.%/2 


ad 85. Finding a Pattern Use a graphing utility to compare the 


graph of the function y = e* with the graphs of each of the 
following functions. 


(a) y,=1+=> 


1! 

e. 32 
(b) Dale eos 

Ge Be 5 
OOS eo eco TIM 


86. Identify the pattern of successive polynomials in Exercise 85. 
Extend the pattern one more term and compare the graph of 
the resulting polynomial function with the graph of y = 
What do you think this pattern implies? 


In Exercises 87-108, find or evaluate the integral. 


87. | e5*(5) dx 88. i e* (—4x°) dx 


1 4 
89. | Ca ax v0. | eo * dx 
0 


91. fre dx 92. te ex /2 dx 
ie ez el/x 
93. dx 94, 
Jx 
95 i 96. : 
oe Re lata 
Pe /2 
7a ig act 98 Weed 
‘hag 
99. fev =e dx 100. este aT - dx 
BE oe EO ONES = GY 
, UO |) Ses the 
101 dies Sate 02 {Z Senge 
a Phe + x 
103. iE ds 104. Pe 
(pee e 
105. i esi ™ cos ax dx 106. | ese 2x sec 2x tan 2x dx 


107. fe tan(e~*) dx 108. [ime ax 


In Exercises 109 and 110, solve the differential equation. 


eae 110. a = (e* — e *)2 
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In Exercises 111 and 112, find the particular solution that 
satisfies the initial conditions. 


HInfae se" 7), 


112. f(x) = sinx + e*, 


FO) = 1,70) = 0 f0 =af'0 =3 


Ae Slope Fields In Exercises 113 and 114, a differential equation, 
a point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the indicated point. (b) Use integration to 
find the particular solution of the differential equation and use 
a graphing utility to graph the solution. Compare the result 
with the sketches in part (a). To print an enlarged copy of the 
graph, go to the website www.mathgraphs.com. 


113. 


dy dy 3 3 
—= = 2e/2, (0, 1) 114. = = xe", (0, -= 
dx ( dx 2 
eA y 
A 
5) VA 4 27---—— SS ae 
VSS 227 ---—— NNN NSH SA SS A Oe 


NNN NSH I OO 
Soi = 
=~ NNN MOE oe a 
NNN HOSA I I 


ENN AME J A Ae 
fe NN eae 

x 
SANNNASS 444 77 


Va a ee eed 


ys 
/ 
Uf 
/ 
/ 
/ 
/ 
MOV GP eel ee err 
/ 
if 
/ 
/ 
/ 
/ 


EE AN NN ee 
: ee NNN O44 74 77-— 
t = —~~NNNN LAS AAR 
5) Ve 5 NNN NHS I 4 
1 Ae Fe nme SASS SN SS E07 == 
SSA 427A NNN NES fe 

/ 


S44 24--—— NNSA I 7 7 


acd Area In Exercises 115-118, find the area of the region bound- 
ed by the graphs of the equations. Use a graphing utility to 
graph the region and verify your result. 


115. y=e*,y=0,x =0,x =5 

116. y=e*,y=0,x=a,x=b 

117, y = xe" y=, x= 0,x = /6 

118. y=e*+2,y=0,x=0,x =2 

119. Given the exponential function f(x) = e*, show that 
(a) f(u — v) ae (b) flkx) = [flx)]*. 


Pe 120. 


Fy 121. 


Approximate each integral using the Midpoint Rule, the 
Trapezoidal Rule, and Simpson’s Rule with n = 12. Then use 
the integration capabilities of a graphing utility to approxi- 
mate the integrals and compare the results. 


4 
(a) i Jx e* dx 
0 


Probability A car battery has an average lifetime of 48 
months with a standard deviation of 6 months. The battery 
lives are normally distributed. The probability that a given 
battery will last between 48 months and 60 months is 


5 


(b) | Dy Aah 
10) 


60. 
0.0665 | Ce ea. 
4 


8 


Use the integration capabilities of a graphing utility to approx- 
imate the integral. Interpret the resulting probability. 
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122. Probability The median waiting time (in minutes) for pec 
waiting for service in a convenience store is given by the s¢ 
tion of the equation 


e5 1 
[ 03am dt = =. 
= D; 


Solve the equation. 


Given e* = 1 for x = 0, it follows that 


[eae | 1 dt. 
0 0 


Perform this integration to derive the inequality e* 2 1 - 
ire xe 22 (0): 


123. 


Pe 124. Modeling Data A valve on a storage tank is opened fe 


hours to release a chemical in a manufacturing process. ’ 
_ flow rate R (in liters per hour) at time f (in hours) is gives 
the table. 


Po | 1 | 3 
| R| 425 | 240 | 118 71 36 | 


cles 


(a) Use the regression capabilities of a graphing utility to 1 
a linear model for the points (¢, In R). Write the result 
equation of the form In R = at + b in exponential for 


(b) Use a graphing utility to plot the data and graph the ex 
nential model. 


(c) Use the definite integral to approximate the numbet 
liters of chemical released during the 4 hours. 


| Getting at the Concept 
125. 


In your own words, state the properties of the natur. 
exponential function. 

| 126. Describe the relationship between the graph of f(x) = In 
and g(x) = e*. 

Is there a function f such that f(x) = f(x)? If so, identify ; 


Without integrating, state the integration formula you ce 
use to integrate each of the following. 


(a) [= + 1 (b) [xe dx 


129. Explain why [ (eke S10). 
0 


| 127. 
| 128. 


(a 
130. Prove that = = e*~?. 
e 


13] Beta ea 


ene 

(a) Graph f on (0, 00) and show that f is strictly decrea: 
on (e, 00). 

(b) Show that ife < A < B, then A? > B4. 

(c) Use part (b) to show that e7 > 7°. 
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2,000 4,000 6,000 8,000 10,000 
Time (in years) 


nalf-life of carbon-14 is about 5730 


ire 5.25 
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Bases Other than e and Applications 


¢ Define exponential functions that have bases other than e. 
* Differentiate and integrate exponential functions that have bases other than e. 
* Use exponential functions to model compound interest and exponential growth. 


Bases Other than e 


The base of the natural exponential function is e. This “natural” base can be used to 
assign a meaning to a general base a. 


Definition of Exponential Function to Base a 


If a is a positive real number (a ¥ 1) and x is any real number, then the expo- 
nential function to the base a is denoted by a* and is defined by 


e= elln ax 


If a = 1, then y = 1* = 1 is a constant function. 


These functions obey the usual laws of exponents. For instance, here are some 
familiar properties. 


121 2.2 = a 
/gPe 

SB Se! 4. (a*)? = a” 
a 


When modeling the half-life of a radioactive sample, it is convenient to use ; as 
the base of the exponential model. 


Example 1 Radioactive Half-Life Model 


The half-life of carbon-14 is about 5730 years. If 1 gram of carbon-14 is present in a 
sample, how much will be present in 10,000 years? 


Solution Let ¢ = 0 represent the present time and let y represent the amount (in 
grams) of carbon-14 in the sample. Using a base of Ss you can model y by the 
equation 


1 1/5730 
s=(5) 


Notice that when t = 5730, the amount is reduced to half of the original amount. 


1 5730/5730 4 
ye (3) — 5 gram 


When t = 11,460, the amount is reduced to a quarter of the original amount, and so 
on. To find the amount of carbon-14 after 10,000 years, substitute 10,000 for f. 


1 10,000/5730 
»=(3) 


~ 0.30 gram 
The graph of y is shown in Figure 5.25. 
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NOTE In precalculus, you learned that 
log, x is the value to which a should be 
raised to produce x. This agrees with the 
definition given here because 


q8ax¥ = q/in a)in x 
<= (e In a)(1/In a)In x 
=e (In a/In a)In x 
= elnx 


Ns 


Logarithmic, Exponential, and Other Transcendental Functions 


Logarithmic functions to bases other than e can be defined in much the same 
as exponential functions to other bases are defined. 


Definition of Logarithmic Function to Base a 
If a is a positive real number (a # 1) and x is any positive real number, then 


the logarithmic function to the base a is denoted by log,x and is defined as 


1 
logy = ro In x. 


Logarithmic functions to the base a have properties similar to those of 
natural logarithmic function given in Theorem 5.2. 


Slog = 0 
2. log, xy = log, x + log, y 


Log of 1 
Log of a product 


3. log, x” = nlog,x Log of a power 


X 
4. log, 7 = log, x — log, y Log of a quotient 


From the definitions of the exponential and logarithmic functions to the base 
follows that f(x) = a* and g(x) = log, x are inverse functions of each other. 


Properties of Inverse Functions 
1. y = a* if and only if x = log, y 
OE, Ok Xa 0 


3. log, a* = x, forall x 


The logarithmic function to the base 10 is called the common logarith 
function. Thus, for common logarithms, y = 10* if and only if x = log, y. 


Example 2. Bases Other than e 
OE ERED LEILA EISELE LI REL TE NOLES LT NSE TES EESTI EE LER ER DELETE ES IA EELS EOE POIRIER SEED NITES RSE ART Sit EI 


Solve for x in each equation. 


a 3% = a 


81 b. log, x = —4 


Solution 


a. To solve this equation, you can apply 
the logarithmic function to the base 3 
to both sides of the equation. 


b. To solve this equation, you can ay 
the exponential function to the ba 
to both sides of the equation. 


3 = mL log, x = —4 

81 Jlogox = ma 
loc. 34 31 ! 
083 9 = 1083 8] x 74 
K= 10Gn3 4 1 
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Differentiation and Integration 


To differentiate exponential and logarithmic functions to other bases, you have three 
options: (1) use the definitions of a* and log, x and differentiate using the rules for the 
natural exponential and logarithmic functions, (2) use logarithmic differentiation, or 
(3) use the following differentiation rules for bases other than e. 


THEOREM 5.13 Derivatives for Bases Other than e 


Let a be a positive real number (a # 1) and let u be a differentiable function of x. 


d Xx — x a u = au 
1. pal |] = dna)a Ds yal V=ina)a re 


1 
(In a)u 


d d 
3. loa sai, : oka u| = 


| £12 


(In a)x 


Proof By definition, a* = e""®*, Therefore, you can prove the first rule by letting 
u = (In a)x and differentiating with base e to obtain 


u 


d d d 
eed [i lipes| =| 2 (lina) | ye pe n'a) x — 6 
oe [a*] a [ eseiiee a tote (Ina) = (Ina)a’. 


To prove the third rule, you can write 


Zest 1=$[ 551 |-()- ! 
ax’ 24") ~ lina ~ Ina \x (In a)x° 
The second and fourth rules are simply the Chain Rule versions of the first and third 


rules. iF 


NOTE These differentiation rules are similar to those for the natural exponential function and 
natural logarithmic function. In fact, they differ only by the constant factors In a and 1/In a. 
This points out one reason why, for calculus, e is the most convenient base. 


Example 3 Differentiating Functions to Other Bases 


Find the derivative of each of the following. 


a. y = 2* 
b. y-="2* 


c. y = log) cos x 
Solution 
ie ee 
a. y’= ae! = (In 2)23 
p. »/ = £ [2] = (1n2)2"3) = Gn 2)2" 
Try writing 2** as 8* and differentiating to see that you obtain the same result. 


= £f tan x : 
CF ee apices in 10” VA 
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NOTE Be sure you see that there is no 
simple differentiation rule for calculating 
the derivative of y = x’. In general, if 

y = u(x)", you need to use logarithmic 
differentiation. 


Occasionally, an integrand involves an exponential function to a base other t 
e. When this occurs, there are two options: (1) convert to base e using the forn 
a* = e(lna)x and then integrate, or (2) integrate directly, using the integration form 
(which follows from Theorem 5.13) 


Example 4 Integrati ng an Exponential Function to Another Base 
Find f 2° dx. 


Solution 


il 
BG = xe 
[oa ind C 


When we introduced the Power Rule, D,[x"] = nx”~!, in Chapter 2, we requi 
the exponent n to be a rational number. We now extend the rule to cover any real vz 
of n. Try to prove this theorem using logarithmic differentiation. 


THEOREM 5.14 The Power Rule for Real Exponents 


Let n be any real number and let uv be a differentiable function of x. 


d nl = aad d ae n—1 au 
1. Wyle") = nx 2: lt] = nu +e 


The next example compares the derivatives of four types of functions. E 
function uses a different differentiation formula, depending on whether the base 
exponent are constants or variables. 


Example 5 Comparing Variables and Constants 


dye 
a. le] = Constant Rule 
die : 
b. ale’ = ¢ Exponential Rule 
d e ee 
c. ral: | OX Power Rule 
d. y=x* Logarithmic differentiation 
In ye 


a (4) + (Inx)(1) = 1 + Inx 


‘= y(1 + Inx) = x*(1 + Inx) 


| n A | 
| 1 | $1080.00 
2 | $1081.60 
4 | $1082.43 
12 | $1083.00 
365 | $1083.28 


( 
x 
x 


10 2.59374 


100 2.7048 1 


1000 2.71692 


10,000 | 2.71815 


100,000 | 2.71827 


1,000,000 | 2.71828 
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Applications of Exponential Functions 


Suppose P dollars is deposited in an account at an annual interest rate r (in decimal 
form). If interest accumulates in the account, what is the balance in the account at the 
end of | year? The answer depends on the number of times 7 the interest is compounded 
according to the formula 


A=P(1+2)" 


nN 


For instance, the result for a deposit of $1000 at 8% interest compounded n times a 
year is shown in the upper table at the left. 

As n increases, the balance A approaches a limit. To develop this limit, we use 
the following theorem. To test the reasonableness of this theorem, try evaluating 
L(x + 1)/x} for several values of x, as shown in the lower table at the left. (A proof of 
this theorem is given in Appendix B.) 


THEOREM 5.15 A Limit Involving e 
lim ( +1) = lim (2+ 1) ay 
x— 00 x x00 a 


Now, let’s take another look at the formula for the balance A in an account in 
which the interest is compounded n times per year. By taking the limit as n approaches 
infinity, you obtain the following. 


: r n 
A= lim p(t = 4 Take limit as n> 00. 
noo n 
1 n/r |r 
= /P Ikra (1 ae nA Rewrite. 
noo n/r 
1 GA 
= P| lim ( af 1) | Let x = n/r. Then x00 as n—> 00. 
x00 Xx 
= Pe’ Apply Theorem 5.15. 


This limit produces the balance after 1 year of continuous compounding. So, for a 
deposit of $1000 at 8% interest compounded continuously, the balance at the end of 
1 year would be 


A = 1000e°°8 = $1083.29. 


These results are summarized as follows. 


Summary of Compound Interest Formulas 


Let P = amount of deposit, t = number of years, A = balance after ¢ years, 
r = annual interest rate (decimal form), and n = number of compoundings per 


year. 


r nt 
1. Compounded n times per year: A = Pl an 4 


2. Compounded continuously: A = Pe” 
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Account balance (in dollars) 


Time (in years) 


The balance in a savings account grows 
exponentially. 
Figure 5.26 


E25 


“1 40,25e-048 


Weight of culture (in grams) 


IW PA ey ES op FP fhe TING) 
Time (in hours) 


The limit of the weight of the culture as 
t— oo 1s 1.25 grams. 
Figure 5.27 


Ve] Example 6 Comparing Continuous and Quarterly Compounding 


A deposit of $2500 is made in an account that pays an annual interest rate of 
Find the balance in the account at the end of 5 years if the interest is compoundec 
quarterly, (b) monthly, and (c) continuously. 


Solution 


nt 4(5) 
a A= p(t SF 4 = 2500( 1 ate on) Compounded quarterly 
nN 
= 2500(1.0125)” 
= $3205.09 
nt 12(5) 
b. A= P(t =F ") = 2500 +f oe) Compounded monthly 
n 


= 2500(1.0041667)° 
~ $3208.40 
@ A= Pe® — 2500/2" >>] Compounded continuously 
= 2500e°> 
=~ $3210.06 


Figure 5.26 shows how the balance increases over the 5-year period. Notice that 
scale used in the figure does not graphically distinguish among the three type 
exponential growth in (a), (b), and (c). 


Example 7 Bacterial Culture Growth 


A bacterial culture is growing according to the logistics growth function 


1225 


wee 0s. ot ee 


yy, 
where y is the weight of the culture in grams and f is the time in hours. Find the we 
of the culture after (a) 0 hours, (b) 1 hour, and (c) 10 hours. (d) What is the limit 


approaches infinity? 


Solution 


1.25 
a. Whent=0, y= 1 + 0.25e-040) 
=) stam. 
ih _ Nees 
b. When t <a ile y = l ae 0.25e7 9-4) 
=~ 1.071 grams. 
a z es) 
c. Whent = 10, y = 1 + 0.25e-04010) 
~ 1.244 grams. 
d. Finally, taking the limit as t approaches infinity, you obtain 
; 125 1.25 
(Hes = = 1.25 grams. 


t>0co 1 + 0.25e— 9-4 ese @ 


The graph of the function is shown in Figure 5.27. 
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XERCISES FOR SECTION 5.5 


eciation In Exercises 1-4, the time in which a machine acd In Exercises 35-38, use a graphing utility to graph the function 


eciates to one-half its purchase price is given. Find a model 
yields the fraction of the purchase price as a function of 


and determine that fraction at time tf) 


Depreciation time to 

3 years 6 years 
8 years 16 years 
] years 10 years 
) years 2 years 


ixercises 5-8, evaluate the expression without using a 


ator. 
1 
OZ) § 


log, | 


xercises 9-12, write the exponential equation as a logarith- 


equation or vice versa. 


fa) 22 =8 

By 371 = 4 

fa) log;, 0.01 = —2 
b) logy; 8 = —3 


xercises 13-18, sketch the graph of the function by hand. 


a= 3” 
y = (3) 
n(x) = 5°? 


10. (a) 2777 =9 


(b) 1637/4 = 8 


12. (a) log; 3 ae 2 


(b) 491/72 = 


14. y= 3*"! 
16. y = 2° 
18. y = 3° FI 


xercises 19-24, solve for x or b. 


a) log; 1000 = x 


b) log,, 0.1 =x 
i) log..x = — 1 
D)-lof,x = —4 


a) x? — x = log; 25 
b) 3x + 5 = log, 64 
a) log; x + log,(x — 


20. (a) log, a =x 


22 


2) =1 


B) log,o(x + 3) — log,)x = 1 


xercises 25-34, solve the equation accurate to three decimal 


S. 

er = 75 

3—z = 625 

, oe)" 
$a |= 3 

i 12 

Bg 1) = 5 


og, x7 = 4.5 


26 
28 


30 


32. 
34 


(b) log, 36 = x 
. (a) log, 27 = 3 
(b) log, 125 = 3 


Sb 


. o* = 8320 
7 ato” *) = 86 


0.10 365t 
(14 Sy" 2 


Oki ke a= 3.2 


and approximate its zero(s) accurate to three decimal places. 


S5teae O(a 25 

36. f(t) = 300(1.0075!2") — 735.41 
37. h(s) = 32 log,(s — 2) + 15 
38. g(x) = 1 = 2 log, axe — 3)i 


In Exercises 39 and 40, illustrate that the functions are inverse 
functions of each other by sketching their graphs on the same 
set of coordinate axes. 


Un iy ae 
g(x) = log, x 
40. f(x) = 3* 


g(x) = log, x 


In Exercises 41—56, find the derivative of the function. 


41. f(x) = 4 42. g(x) = 2-* 
43. y= 5*-2 44 vy = 216°) 
32t 
45. g(t) = 172! 46. f(t) = e 
47. h(@) = 2-° cos 770 48. g(a) = 5~°/2 sin 2a 
49, y= log, x 50. y = log io Dy 
x? BEN ae — Ih 
51. f(x) = log, a 52J:h(x)) logy — 
x? =] 
53, y = log, /x7 = 1 54, y = logjg-—— 
 LOlog , 4 


55. g(t) 56. f(t) = t?/7 log, Vt + 1 


t 


In Exercises 57-60, use logarithmic differentiation to find 
dy |dx. 


57. y= x" 
58. y = x7—} 
59.7 = (c= 2" 
60. y = (1 + x)l* 


In Exercises 61—68, find or evaluate the integral. 


61. i BF oles 62. | 5 abe 


2 0 
63. | Dake 64. | (33 — 52) dx 
—| — 


4 


65. [xa 66. [o — x)78-»* dx 


32x ; 
| ae ae (ey, |) Dee Ls 
67 i 1 3a dx | cos x dx 
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oo Slope Fields In Exercises 69 and 70, a differential equation, a 
point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the indicated point. (b) Use integration to 
find the particular solution of the differential equation and use 
a graphing utility to graph the solution. Compare the result 
with the sketches in part (a). To print an enlarged copy of the 
graph, go to the website www.mathgraphs.com. 


dy ; 1 dy bial 
, == =), x/3 5 , —— = esinx q . 2 
69 ae 0.47/53, (0 1) 70 ee OOS (ar, 2) 


y y 


TISAI EA Ae eer SI NWN 411 NNN 
WAIL LE ELA (CE Led cae oa VI—NN NN 1 NNN 
DNL Fetters J 1—\\ NN 1 NNN 
LI ALLL LIEN NW Sse 
MAI TAYE PIEX SN GN 
_ SS ~ ~ 
bay hogs Us NNN SEE Ge SANS 
bagi Aimee FEAL JERR N NEE IY INNS 
2 GERI NR 
ole UN me 
LET EPL: ss GoNNe 
Gy GS SD 74—SX po aes 
VINK SA 2 ee 47—N\X\ C=NNS 
LUTE DLL LAT ee 44-<< X10 
VIIPED Re aN 
VIE SD AEG CLD eee TN 
| A a A ne A ee ESN 


| 71. List some applications of the exponential functions 
f(x) = a* and g(x) = a~. 


| 72. Describe how to use a calculator to find the logarithm of a 
number if the base is not 10 or e. 


. The table of values below was obtained by evaluating a 
function. Determine which of the statements may be true 
and which must be false, and explain why. 


(a) y is an exponential function of x. 
(b) y is a logarithmic function of x. 
(c) x is an exponential function of y. 


(d) yis a linear function of x. 


. Consider the function f(x) = log), x. 
(a) What is the domain of f? 
(b) Find fry 
(c) If x is a real number between 1000 and 10,000, deter- 
mine the interval in which f(x) will be found. 
(d 


wa 


Determine the interval in which x will be found if f(x) 
is negative. 


(e) If f(x) is increased by one unit, x must have been 
increased by what factor? 


(f) Find the ratio of x, to x, given that f(x,) = 3n and 
fl) = n. 


RA IS AIR OCCA NN TR SRO 


Wes 


76. 


Vik. 


Ordering Functions Order the functions 


f(x) = log, x, g@) =x h@) =x*, and ka) = 2 


from the one with the greatest rate of growth to the one will 
smallest rate of growth for “large” values of x. 


Given the exponential function f(x) = a*, show that 

(a) flu +*v) = flu) > f0). 

(b) f(2x) = Lf@)P. 

Inflation If the annual rate of inflation averages 5% ove 


next 10 years, the approximate cost C of goods or ser\ 
during any year in that decade is 


C(t) = P(1.05)! 


where f is the time in years and P is the present cost. 


(a) If the price of an oil change for your car is presently $2¢ 
estimate the price 10 years from now. 


(b) Find the rate of change of C with respect to t when f 
and t = 8. 


(c) Verify that the rate of change of C is proportional t 
What is the constant of proportionality? 


oe 78. Depreciation After t years, the value of a car purchasec 


$20,000 is 

V(t) = 20,000(3)'. 

(a) Use a graphing utility to graph the function and deterr 
the value of the car 2 years after it was purchased. 


(b) Find the rate of change of V with respect to t when f 
and t = 4. 


(c) Use a graphing utility to graph V(t) and determine 
horizontal asymptote of V(t). Interpret its meaning ir 
context of the problem. 


Py Compound Interest In Exercises 79-82, complete the tab) 
determine the balance A for P dollars invested at rate r | 
years and compounded n times per year. 


E 
| A 
79. 
80. 


$1. 


82. 


| il || 2 | 4 | 12 | 365 | Continuous compounding 
EB Sa 
P = $1000 

r = 35% 

t = 10 years 

P = $2500 

r = 6% 

t = 20 years 

P = $1000 

r=5% 

t = 30 years 

P = $5000 

r= 1% 


t = 25 years 


wound Interest In Exercises 83-86, complete the table to 
rmine the amount of money P (present value) that should 
nvested at rate r to produce a balance of $100,000 in ¢ years. 


eer 


r= 5% 84. r = 6% 

Compounded continuously Compounded continuously 
r=5% 86. r = 7% 

Compounded monthly Compounded daily 


Compound Interest Assume that you can earn 6% on an 

investment, compounded daily. Which of the following options 

would yield the greatest balance after 8 years? 

(a) $20,000 now 

(b) $30,000 after 8 years 

(c) $8000 now and $20,000 after 4 years 

(d) $9000 now, $9000 after 4 years, and $9000 after 8 years 

Compound Interest Consider a deposit of $100 placed in an 

account for 20 years at r% compounded continuously. Use a 

graphing utility to graph the exponential functions giving the 

growth of the investment over the 20 years for each of the 

following interest rates. Compare the ending balances for each 

of the rates. 

(a) r= 3% (b) r=5% (c) r= 6% 

Timber Yield The yield V (in millions of cubic feet per acre) 

for a stand of timber at age ¢ is 

V= 6.7e(—48-D/t 

where f is measured in years. 

(a) Find the limiting volume of wood per acre as ¢ approaches 
infinity. 

(b) Find the rate at which the yield is changing when t = 20 
years and ¢ = 60 years. 

Learning Theory In a group project in learning theory, a 

mathematical model for the proportion P of correct responses 

after n trials was found to be 
0.86 

1+ e025" 

(a) Find the limiting proportion of correct responses as n 
approaches infinity. 

(b) Find the rate at which P is changing after n = 3 trials and 
n = 10 trials. 

Forest Defoliation To estimate the amount of defoliation 

caused by the gypsy moth during a year, a forester counts the 

number of egg masses on 3 of an acre the preceding fall. The 

percent of defoliation y is approximated by 


iad 300 
a 3+ 17e~0.0625x 


where x is the number of egg masses in thousands. 
USDA Forest Service) 


j 


(Source: 
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PS 94. 
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(a) Use a graphing utility to graph the function. 

(b) Estimate the percent of defoliation if 2000 egg masses are 
counted. 

(c) Estimate the number of egg masses that existed if you 
observe that approximately : of a forest is defoliated. 

(d) Use calculus to estimate the value of x for which y is 
increasing most rapidly. 

Population Growth _ A lake is stocked with 500 fish, and their 

population increases according to the logistics curve 

10,000 
| + 19e-# 


where tf is measured in months. 


p(t) = 


(a) Use a graphing utility to graph the function. 
(b) What is the limiting size of the fish population? 


(c) At what rates is the fish population changing at the end of 
1 month and at the end of 10 months? 

(d) After how many months is the population increasing most 
rapidly? 

Modeling Data The breaking strength B (in tons) of a steel 

cable of diameter d (in inches) is given in the table. 


| OS0 | We 1.00 | E25) | 1.50 | I | 


d 
B | 9.85 | 21.8 | 38.3 | 59.2 | g4.4 | 114.0 | 


(a) Use the regression capabilities of a graphing utility to fit an 
exponential model to the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Find the rate of growth of the model when d = 0.8 and 
= 1,5. 


Comparing Models ‘The amount y (in billions of dollars) given 
to philanthropy (from individuals, foundations, corporations, and 
charitable bequests) in the United States for the years 1991 
through 1997 is given in the table, with x = 1 corresponding to 
1991. (Source: AAFRC Trust for Philanthropy) 


| ef 3) eee 


124.3 133.5 | 143.5 


| y | 105.0 | 110.4 | 116.5 | 119.2 


(a) Use the regression capabilities of a graphing utility to find 
the following models for the data. 
y, =ax+b y= at binx 


y3= ab* b 


4, = ax 
(b) Use a graphing utility to plot the data and graph each of the 


models. Which model do you think best fits the data? 

(c) Interpret the slope of the linear model in the context of the 
problem. 

(d) Find the rate of change of each of the models for the year 


1996. Which model is increasing at the greatest rate in 
1996? 
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A 95. Conjecture 


(a) Use a graphing utility to approximate the integrals of the 
functions 


21/3 3 t 
f(t) = 4(3) , g(t) = (2). and h(t) = 4e7 9.653886 
on the interval [0, 4]. 
(b) Use a graphing utility to graph the three functions. 


(c) Use the results in parts (a) and (b) to make a conjecture 
about the three functions. Could you make the conjecture 
using only part (a)? Explain. Prove your conjecture analyt- 
ically. 

96. Area Find the area of the region bounded by the graphs of 

y = 3*,y = 0,x = 0, and x = 3. 

97. Continuous Cash Flow The present value P of a continuous 

cash flow of $2000 per year earning 6% interest compounded 

continuously over 10 years is 


10 
Pie | 2000¢~°-%% dt. 
0 


Find P. 


ad 98. Complete the table to demonstrate that e can also be defined as 


lim (1 + x)!/. 
x07 


lle SEO 
er 
i eee 
(a) Use a graphing utility to graph f in the viewing window 
Ons ey) Se 2 WVihatissthe domain ony) 
(b) Use the zoom and trace features of a graphing utility to 
estimate 
lim f(x). 
x30 
(c) Write a short paragraph explaining why the function f is 
continuous for all real numbers. 
(d) Visually estimate the slope of f at the point (0, 1). 


(e) Explain why the derivative of a function can be approximated 
by the formula 


f(x + Ax) — f(x — Ax) 
2Ax 
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In Exercises 99 and 100, find an exponential function that 
the experimental data collected over time ¢. 


99. 0 f 2 | 3 4 
— | 
y | 1200.00 | 720.00 | 432.00 | 259.20 155.52 
100. | 0 1 po 3 4 
y | 600.00 | 630.00 | 961.50 694.58 | 729.30 


True or False? In Exercises 101-106, determine whether 
statement is true or false. If it is false, explain why or give 
example that shows it is false. 


101. e = 271,801/99,990. 


102. If f(x) = In x, then f(e”*!) — f(e”) = 1 for any value of; 


103. The functions f(x) = 2 + e* and g(x) 
functions of each other. 


= In(x — 2) are inve 


104. The exponential function y = Ce* is a solution of the dif 
ential equation d” y/dx”" = y,n = 1, 2, 3, 


105. The graphs of f(x) = e* and g(x) = e * meet at right ang] 
106. If f(x) = g(x)e*, then the only zeros of f are the zeros of | 


107. Solve the logistics differential equation 
dy _ 8 (; 
dit E254 


and obtain the logistics growth function of Example 7. 


4 
in z = (2 ae 
Pi ete ip SON Ale >! 


T 
108. Find an equation of the tangent line to y = x‘!"* at (2% 


ner 


secTion project USING GRAPHING UTILITIES TO ESTIMATE SLOPI 


for small values of Ax. Use this formula to approx ql 
slope of f at the point (0, 1). 
toy, f+ As) — FO — Ax) _ f(A) — f- Ay) 
je) Ee = 
2Ax 2Ax 
What do you think the slope of the graph of f is at (0, 1)? 
(f) Find a formula for the derivative of f and determine f’(( 


Write a short paragraph explaining how a graphing utility mig 
lead you to approximate the slope of a graph incorrectly. 


(g) Use your formula for the derivative of f to find the relati 
extrema of f. Verify your answer with a graphing utility. — 


FOR FURTHER INFORMATION For more information « 
using graphing utilities to estimate slope, see the artic 
“Computer-Aided Delusions” by Richard L. Hall in The Colle 
Mathematics Journal. To view this article, go to the webs 
www.matharticles.com. 


Section 5.6 


‘E When you integrate both sides 
© equation in Example 1, you don’t 
| to add a constant of integration to 
sides of the equation. If you did, 
would obtain the same result as in 
nple 1. 


fro fo 


BY? +. Cy = 22 +-Cs 
y= x + (Cy— C)) 
bya = 2+, 


Example 1, the general solution of 
‘differential equation is 


pats okt C, 


e a graphing utility to sketch 
eral particular solutions—those 
en by C = +2, C = +1, and 

= 0. Describe the solutions 
phically. Is the following 
fement true of each solution? 


- The slope of the graph at the 

- point (x, y) is equal to twice the 
_ ratio of x and y. 

plain your reasoning. Are all 

ves for which this statement is 

> represented by the general 
ution? 
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Differential Equations: Growth and Decay 


* Use separation of variables to solve a simple differential equation. 
* Use exponential functions to model growth and decay in applied problems. 


Differential Equations 


Up to now in the text, you have learned to solve only two types of differential 
equations—those of the forms 


y’ = f(x) and y”= f(x). 


In this section, you will learn how to solve a more general type of differential 
equation. The strategy is to rewrite the equation so that each variable occurs on only 
one side of the equation. This strategy is called separation of variables. (You will 
study this strategy in detail in Section 5.7.) 


Example 1 


Solving a Differential Equation 


Solve the differential equation y’ = 2x/y. 


Solution 
, _ 2x der 
yo SS Write original equation. 
y 
yy’ = 2x Multiply both sides by y. 


Integrate with respect to x. 


ova = frxa 


[> dy = fx dx dy = y' dx 
ees ; 
aon =H=x+C, Apply Power Rule. 
y = 2 = C Rewrite, letting C = 2C,. 
So, the general solution is given by 
y= 2 = C. 
You can use implicit differentiation to check this result. V4 


In practice, most people prefer to use Leibniz notation and differentials when 
applying separation of variables. Using this notation, the solution of Example | is as 
follows. 


vee 
Terre 
y dy = 2x dx 
[yay = [ara 
ee 3 aaa 
ay ot GC, 


ae ae = C 
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Growth and Decay Models 


In many applications, the rate of change of a variable y is proportional to the valu 
y. If y is a function of time t, the proportion can be written as follows. 


Rate of change of y is proportional to y. 
dy 
= = k 
aa a 


The general solution of this differential equation is given in the following theorer 


THEOREM 5.16 Exponential Growth and Decay Model } 


If y is a differentiable function of t such that y > 0 and y’ = ky, for some 
constant k, then 


Wee. 


C is the initial value of y, and k is the proportionality constant. Exponential 
growth occurs when k > 0, and exponential decay occurs when k < 0. 


NOTE Differentiate the function Proof 
y = Ce* with respect to ¢, and verify 
that y’ = ky. y'=ky Write original equation. 
vy 
ae =k Separate variables. 
y’ 
[x dt = fi dt Integrate with respect to t. 
| 
—dy = |kadt dy = y'dt 
y 
Inivas kt Cy Find antiderivative of each side. 
VS eke Solve for y. 
y = Ce Let C = &%. 


So, all solutions of y’ = ky are of the form y = Ce*, 


Example 2 Using an Exponential Growth Model (aia 


y 
3 SSD TSS ERE EEE ES FSA SO IT I I I SEY OTT TS TS A RE SESE NET SSN SS 


74 The rate of change of y is proportional to y. When t = 0, y = 2. When t = 2, y = 
al (3, 5.657) What is the value of y when t = 3? 
al y = 2¢934661 Solution Because y’ = ky, you know that y and ¢ are related by the equa 
Ae y = Ce”. You can find the values of the constants C and k by applying the in 
conditions. 
3 
2 2=Ceo > C=2 When t = 0, y = 2. 
(0, 2) 1 
1+ 4=2¢* => k= 3 In 2 ~ 0.3466 When t = 2, y = 4. 
+ | fmm 
1 2 8 4 Therefore, the model is 
If the rate of change of y is proportional to y & 260-3461 


y, then y follows an exponential model. 
Figure 5.28 When tf = 3, the value of y is 2e°*4°60) ~ 5.657 (see Figure 5.28). 


> worst nuclear accident in history 
ypened in 1986 at the Chernobyl 

lear plant near Kiev in the Ukraine. 
explosion destroyed one of the plant’s 
r reactors, releasing large amounts of 
ioactive isotopes into the atmosphere. 
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Radioactive decay is measured in terms of half-life—the number of years 
required for half of the atoms in a sample of radioactive material to decay. The half- 
lives of some common radioactive isotopes are as follows. 


Uranium (778U) 4,510,000,000 years 
Plutonium (?3°Pu) 24,360 years 
Carbon (!4C) 5730 years 
Radium (?7°Ra) 1620 years 
Einsteinium (?>4Es) 270 days 
Nobelium (?°7No) 23 seconds 


Example 3 Radioactive Decay 


Suppose that 10 grams of the plutonium isotope Pu-239 was released in the Chernobyl 
nuclear accident. How long will it take for the 10 grams to decay to 1 gram? 


Solution Let y represent the mass (in grams) of the plutonium. Because the rate of 
decay is proportional to y, you know that 
y = Ce” 


where f is the time in years. To find the values of the constants C and k, apply the 
initial conditions. Using the fact that y = 10 when t = 0, you can write 


10 = Ce = Ce? 


which implies that C = 10. Next, using the fact that y = 5 when t = 24,360, you can 
write 


5= 10e*(24.360) 
1 
5 = 924,360k 
1 1 
43a on 


— 2.8454 .% 105° = k, 


Therefore, the model is 


—0.000028454t 


Ve= 21 0e Half-life model 


To find the time it would take for 10 grams to decay to 1 gram, you can solve for f in 
the equation 


f= 10e —0.000028454t 


The solution is approximately 80,923 years. | 


NOTE The exponential decay model in Example 3 could also be written as y = 10 65)" oe 


This model is much easier to derive, but for some applications, it is not as convenient to use. 


From Example 3, notice that in an exponential growth or decay problem, it is easy 
to solve for C when you are given the value of y at ¢ = 0. The next example 
demonstrates a procedure for solving for C and k when you do not know the value of 
yatt=0. 
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Number of fruit flies 


Figure 5.29 


Units sold (in thousands) 


1 


Figure 5.30 


Time (in days) 


te By WL See (6) 


Time (in months) 


7 


a= 
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Example 4 Population Growth 


Suppose an experimental population of fruit flies increases according to the law 
exponential growth. There were 100 flies after the second day of the experiment a 
300 flies after the fourth day. Approximately how many flies were in the origit 
population? 


Solution Let y = Ce* be the number of flies at time ¢, where f is measured in day 
Because y = 100 when t = 2 and y = 300 when ¢ = 4, you can write 
100' = Ce** and™ 300 =e" 


From the first equation, you know that C = 100e~*. Substituting this value into t 
second equation produces the following. 


300 = 100e~ **e** 


300 = 100e* 

lin 3 = De 
xin 3 =k 
0.5493 =k 


Therefore, the exponential growth model is 
y = Ce054930 
To solve for C, reapply the condition y = 100 when ¢ = 2 and obtain 
100 = Ce9-5493(2) 
Cie 100 E1028 = 33. 


So, the original population (when ft = 0) consisted of approximately y = C =_ 
flies, as indicated in Figure 5.29. 


Example 5 Declining Sales 


Four months after it stops advertising, a manufacturing company notices that its sal 
have dropped from 100,000 units per month to 80,000 units per month. If the sal 
follow an exponential pattern of decline, what will they be after another 2 months’ 


Solution Use the exponential decay model y = Ce’, where t is measured in mont 
as shown in Figure 5.30. From the initial condition (t = 0), you know that C 
100,000. Moreover, because y = 80,000 when t = 4, you have 


80,000 = 100,000e% 


0.8°=e" 
In(0.8) = 4k 
—0.0558 = k. 


So, after 2 more months (t = 6), you can expect the monthly sales rate to be 
100,000¢~9.9558(6) 


71,500 units. r 


ul 


a} 


Y 


"ECHNOLOGY | If you didn’t read 
he text at the beginning of the chapter 
m page 312, turn back and read it 
iow. There you can see how data 
ollected using a Texas Instruments 
Jalculator-Based Laboratory (CBL) 
yystem can be used to experimentally 
lerive a model for Newton’s Law of 
‘ooling. 


Time (in minutes) 


ure 5.31 
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In Examples 2 through 5, you did not actually have to solve the differential 
equation 


y ey. 


(This was done once in the proof of Theorem 5.16.) The next example demonstrates 
a problem whose solution involves the separation of variables technique. The example 
concerns Newton’s Law of Cooling, which states that the rate of change in the 
temperature of an object is proportional to the difference between the object’s 
temperature and the temperature of the surrounding medium. 


Example 6 Newton's Law of Cooling 


Let y represent the temperature (in °F) of an object in a room whose temperature is 
kept at a constant 60°. If the object cools from 100° to 90° in 10 minutes, how much 
longer will it take for its temperature to decrease to 80°? 


Solution From Newton’s Law of Cooling, you know that the rate of change in y is 
proportional to the difference between y and 60. This can be written as 
y’ = k(y — 60), 80 < y < 100. 


To solve this differential equation, you can use separation of variables, as follows. 


d 
a = k(y = 60) Differential equation 
dt é 
( : )a k dt Separate variabl 
= eparate variables. 
y — 60 ‘ ‘ 


Integrate both sides. 


1 
[gare [ea 


In|y — 60| = kt + C, 


Find antiderivative of each side. 


Because y > 60, |y — 60| = y — 60, and you can omit the absolute value signs. 
Using exponential notation, you have 


y-60=e8*% > y= 60+ Ce. 
Using y = 100 when f = 0, you obtain 100 = 60 + Ce = 60 + C, which implies 
that C = 40. Because y = 90 when t = 10, it follows that 
90 = 60 + 40eK10) 
30 = 40e1% 
k = 4 In3 ~ — 0.02877. 


Ce eG 


So, the model is 


y= 60 + AQe~ 9:028771 


Cooling model 
and finally, when y = 80, you obtain 


S060 4027992877! 
MO = AQe~ 9-928771 

— g—0.02877t 
In 5 = —0.028771 

t ~ 24.09 minutes. 


Therefore, it will require about 14.09 more minutes for the object to cool to a 
ss 


temperature of 80° (see Figure 5.31). v 
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EXERCISES FOR SECTION 5.6 


In Exercises 1-10, solve the differential equation. In Exercises 21-24, write and solve the differential equati 
that models the verbal statement. Evaluate the solution at 1 
(eee 5 2 dy _ flee 5% specified value of the independent variable. 
” Ge dé ; 


21. The rate of change of y is proportional to y. When x = 0, y = 


3. Wa ec 4. re ae) and when x = 3, y = 10. What is the value of y when x = | 
x 

ee lx 22. The rate of change of N is proportional to N. When t = 

5. == o.7ye= = N = 250 and when t = 1, N = 400. What is the value of 
2 y when t = 4? 

BS By ae 23. The rate of change of V is proportional to V. When ft = 

a 0 i ce oat 2 is 10. xy + y’ = 100x V = 20,000 and when t = 4, V = 12,500. What is the value 

V when t = 6? 

In Exercises 11-14, write and solve the differential equation 24. The rate of change of P is proportional to P. When t = 

AES IGE B EUS EVE NT P = 5000 and when t = 1, P = 4750. What is the value o 
when t = 5? 


11. The rate of change of Q with respect to ¢ is inversely propor- 


tional to the square of t. 


° . . = kt 
12. The rate of change of P with respect to ¢ is proportional to In Exercises 25-28, find the exponential function y = Ce™ 


10m; passes through the two given points. 

13. The rate of change of N with respect to s is proportional to 25. 26 
DAO) = 

14. The rate of change of y with respect to x varies jointly as x and 
Lye 


Py Slope Fields mn Exercises 15 and 16, a differential equation, a 
point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the indicated point. (b) Use integration to 
find the particular solution of the differential equation and use 
a graphing utility to graph the solution. Compare the result 
with the sketch in part (a). To print an enlarged copy of the 
graph, go to the website www.mathgraphs.com. 


dy dy 1 
(i S=HO= wy), (OO) MW Sap, 10.5 
dx 2 ° dx fo Ah (0, 4) 
y : 
r 
! TO OW VA TS Tied 
1 Le UN Nite TT a 
J APA an Toe NY VAS Noses e ae ih aI 
Neale Dye NUON A Pot Ti fia 
ye a WY VA SRY aN Nernst) if 
\ Neches ss iat iat ey eat tae ft 
! NOV Nek NON ee ASF fl of) fi iF 
; \ NON NN SARs Sai @ieripe ey ae faa a 3 4 4 
tite Abed RD AR asain 29. In your own words, describe what is meant by a differentia 
SE Por LN SU equation. Give an example. 
i 1 Na NT SUT aso Sea Nb WO 
Po nN REE SEN Neti Vell eat, iy . od 5 . ie 
LY . 10 aN aM | 30. Give the differential equation that models exponentia 
Sy ir 1 Wh Wad Pane Nt ak growth and decay. 
CP Pa NT AT 


acd In Exercises 17-20, find the function y = f(t) passing through 
the point (0, 10) with the given first derivative. Use a graphing 
utility to graph the solution. 


the solution of the differential equation is an increasing 


i 

| 

| In Exercises 31 and 32, determine the quadrants in whict 
function. Explain. (Do not solve the differential equation. 

1] 

{ 


ay ll 
31S Sy. 
apy || dy 3 ibe Oe 
M7 ee dt 18. = == 
cee es arnt padnal 2 
ee ee phe se Cg nae 
” dt Dd ae 40 
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lioactive Decay In Exercises 33-40, complete the table for ad Population In Exercises 57-60, the population (in millions) of 
a country in 1999 and the continuous annual rate of change k of 
the population for the years 1990 through 2000 are given. Find 
the exponential growth model P = Ce“ for the population by 
letting ¢ = 0 correspond to 2000. Use the model to predict the 
population of the city in 2010. (Source: U.S. Census Bureau, 
“International Data Base’’) 


radioactive isotope. 


Amount Amount 
Half-Life Initial After After 

Isotope (inyears) Quantity 1,000 Years 10,000 Years 
eoRa 1620 10g 
Ra 1620 1.5¢g 
EoRa 1620 0.5g 
=C 5730 2g 
eC 5730 5g 
ae 5730 B29; 
239Py 24,360 2.1g 
Pu 24,360 0.42 


Radioactive Decay Radioactive radium has a half-life of 
approximately 1620 years. What percent of a given amount 
remains after 100 years? 


Carbon Dating Carbon-14 dating assumes that the carbon 
dioxide on earth today has the same radioactive content as it did 
centuries ago. If this is true, the amount of '4C absorbed by a 
tree that grew several centuries ago should be the same as the 
amount of '4C absorbed by a tree growing today. A piece of 
ancient charcoal contains only 15% as much of the radioactive 
carbon as a piece of modern charcoal. How long ago was the 
tree burned to make the ancient charcoal? (The half-life of !*C 
is 5730 years.) 


npound Interest In Exercises 43-48, complete the table for 
vings account in which interest is compounded continuously. 


Initial Annual Time to Amount After 
Investment Rate Double 10 Years 
$1000 6% 

$20,000 55% 

$750 73 yr 

$10,000 5 yr 

$500 $1292.85 
$2000 $5436.56 


npound Interest In Exercises 49-52, find the principal P 
tf must be invested at rate r, compounded monthly, so that 
0,000 will be available for retirement in ¢ years. 

50. r= 6%, t= 40 

52. r=9%, t=25 


A 15%, 1=120 
P= 8%, t=35 


pound Interest In Exercises 53-56, find the time necessary 
$1000 to double if it is invested at a rate of r compounded (a) 
ually, (b) monthly, (c) daily, and (d) continuously. 

54. r = 6% 

56. r = 5.5% 


r= 7% 
Fa" 0.590 


1999 
Country Population k 
57. Bulgaria 8.2 — 0.009 
58. Cambodia 11.6 0.031 
59. Jordan 4.6 0.036 
60. Lithuania 3.6 — 0.004 
61. Writing Use the results of Exercises 57-60 and the exponen- 


63. 


64. 


65. 


66. 


tial model P = Ce* to discuss the relationship between the 
sign of k and the change in population for a given country. 


. Modeling Data One hundred bacteria are started in a culture 


and the number WN of bacteria is counted each hour for 5 hours. 
The results are shown in the table, where f is the time in hours. 


t 1 eae 3 a|s 


N 100 | 126 | 151 | 198 | 243 | 297 


(a) Use the regression capabilities of a graphing utility to find 
an exponential model for the data. 


(b) Use the model to estimate the time required for the popula- 
tion to quadruple in size. 


Atmospheric Pressure Atmospheric pressure P (measured in 
millimeters of mercury) decreases exponentially with increasing 
altitude x (measured in meters). The pressure is 760 millimeters 
of mercury at sea level (x = 0) and 672.71 millimeters of 
mercury at an altitude of 1000 meters. Find the pressure at an 
altitude of 3000 meters. 


Revenue Because of a slump in the economy, a company finds 
that its annual revenue has dropped from $742,000 in 1998 to 
$632,000 in 2000. If the revenue is following an exponential 
pattern of decline, what is the expected revenue for 2002? (Let 
t = O represent 1998.) 

Learning Curve The management at a certain factory has 
found that a worker can produce at most 30 units in a day. The 
learning curve for the number of units N produced per day after 
a new employee has worked ¢ days is 


N = 30(1 — e*). 

After 20 days on the job, a particular worker produces 19 units. 

(a) Find the learning curve for this worker. 

(b) How many days should pass before this worker is producing 
25 units per day? 


Learning Curve If in Exercise 65 management requires a 
new employee to produce at least 20 units per day after 30 days 
on the job, find (a) the learning curve that describes this 
minimum requirement and (b) the number of days before a 
minimal achiever is producing 25 units per day. 
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CHAPTER 5 


Sales The sales S (in thousands of units) of a new product 
after it has been on the market for ¢ years is 


Dicer 

(a) Find S as a function of ¢ if 5000 units have been sold after 1 
year and the saturation point for the market is 30,000 units 
(that is, lim S = 30). 

(b) How mee units will have been sold after 5 years? 

(c) Use a graphing utility to graph this sales function. 

Sales The sales S (in thousands of units) of a new product 

after it has been on the market for ¢ years is 

S = 25(1 — e*): 

(a) Find S as a function of t if 4000 units have been sold after 
1 year. 

(b) How many units will saturate this market? 

(c) How many units will have been sold after 5 years? 

(d) Use a graphing utility to graph this sales function. 

Forestry The value of a tract of timber is 

V(t) = 100,000e°8¥* 

where ¢ is the time in years, with t = 0 corresponding to 1998. 


If money earns interest continuously at 10%, the present value 
of the timber at any time f is 


ING) = Wye as 


Find the year in which the timber should be harvested to 
maximize the present value function. 


Modeling Data The table shows the net receipts and the 
amounts required to service the national debt of the United States 
from 1990 through 1999. The monetary amounts are given in 
billions of dollars. (Source: U.S. Office of Management and 


Budget) 
Year 1990, 199] 1992 1993 1994 
Receipts | 1032.0 | 1055.0 | 1091.3 | 1154.4 | 1258.6 
ll at 
Interest 264.7 | 285.5 PEE) | PERS 296.3 
Year 1995 1996 1997 1998 1999 
eee 
Receipts | 1351.8 | 1453.1 | 1579.3 | 1721.8 | 1806.3 
Interest 332.4 | 3440 | 355.8 | 363.8 353.4 


(a) Use the regression capabilities of a graphing utility to find 
an exponential model R for the receipts and a quartic model 
/ for the amount required to service the debt. Let ¢ represent 
the time in years, with t = 0 corresponding to 1990. 


(b) Use a graphing utility to plot the points corresponding to 
the receipts, and graph the corresponding model. Based on 
the model, what is the continuous rate of growth of the 
receipts? 


71. 


72. 


73. 


74. 


True or False? 
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(c) Use a graphing utility to plot the points corresponding to 
amount required to service the debt, and graph the quai 
model. 

(d) Find a function P(t) that approximates the percent of | 
receipts that is required to service the national debt. Us 
graphing utility to graph this function. 

Sound Intensity The level of sound B, in decibels, with 

intensity of J is 


I 
BU) = 10 logy, i. 
0 


where J, is an intensity of 10~'® watts per square centimet 
corresponding roughly to the faintest sound that can be hea 
Determine A(/) for the following. 


(a) I = 10~'4 watts per square centimeter (whisper) 

(b) J = 10~°? watts per square centimeter (busy street corne 
(c) J = 10~°°> watts per square centimeter (air hammer) 

(d) J = 10-4 watts per square centimeter (threshold of pain 


Noise Level With the installation of noise suppression ma 
rials, the noise level in an auditorium was reduced from 93 
80 decibels. Use the function in Exercise 71 to find the pere 
decrease in the intensity level of the noise as a result of 
installation of these materials. 


Earthquake Intensity On the Richter scale, the magnitude 
of an earthquake of intensity / is 
inven, 
In 10 
where J, is the minimum intensity used for comparisi 
Assume that J) = 1. 
(a) Find the intensity of the 1906 San Francisco earthqué 
(R = 8.3). 
(b) Find the factor by which the intensity is increased if | 
Richter scale measurement is doubled. 
(c) Find dR/dl. 
Newton’s Law of Cooling When an object is removed fror 
furnace and placed in an environment with a constant tempe 
ture of 80°F, its core temperature is 1500°F. One hour after i 


removed, the core temperature is 1120°F. Find the core temp 
ature 5 hours after the object is removed from the furnace. 


In Exercises 75-78, determine whether » 


statement is true or false. If it is false, explain why or give 
example that shows it is false. 


TE 
76. 
Wc 


78. 


In exponential growth the rate of growth is constant. 
In linear growth the rate of growth is constant. 


If prices are rising at a rate of 0.5% per month, then they 
rising at a rate of 6% per year. 


The differential equation modeling exponential growth 
dy/dx = ky where k is a constant. 


Section 5.7 


TE First order linear differential 
ations are discussed in Appendix A. 
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Differential Equations: Separation of Variables 


¢ Use initial conditions to find particular solutions of differential equations. 

* Recognize and solve differential equations that can be solved by separation of variables. 
¢ Recognize and solve homogeneous differential equations. 

¢ Use a differential equation to model and solve an applied problem. 


General and Particular Solutions 


Several times in the text, we have identified physical phenomena that can be described 
by differential equations. For example, in Section 5.6, you saw that problems involv- 
ing radioactive decay, population growth, and Newton’s Law of Cooling can be 
formulated in terms of differential equations. 

A function y = f(x) is called a solution of a differential equation if the equation 
is satisfied when y and its derivatives are replaced by f(x) and its derivatives. For 
example, differentiation and substitution would show that y = e~ ** is a solution of the 
differential equation y’ + 2y = 0. It can be shown that every solution of this 
differential equation is of the form 


y= Cee General solution of y’ + 2y = 0 


where C is any real number. This solution is called the general solution. Some 
differential equations have singular solutions that cannot be written as special cases 
of the general solution. However, we will not consider such solutions in this text. The 
order of a differential equation is determined by the highest-order derivative in the 
equation. For instance, y’ = 4y is a first-order differential equation. 

In Section 4.1, Example 8, you saw that the second-order differential equation 
s”(t) = —32 has the general solution 


s(t) = —16¢? _G¥s-C, General solution of s”(t) = —32 


which contains two arbitrary constants. It can be shown that a differential equation of 
order n has a general solution with n arbitrary constants. 


Example 1 Verifying Solutions 


Determine whether the given function is a solution of the differential equation 
uM 
Voy 0. 


a. y = sinx b. y = 4e* c. y = Ce* 

Solution 

a. Because y = sin x, y’ = cos x, and y” = —sin x, it follows that 
yy sine Sink = = 2 sivx FO. 


Hence, y = sin x is not a solution. 
b. Because y = 4e~*, y’ = —4e*, and y” = 4e ~, it follows that 
Varo 46 * — Ae * = 
Hence, y = 4e~* is a solution. 
c. Because y = Ce*, y’ = Ce’, and y” = Ce’, it follows that 


oye cer = Cer = Q), 
3 


Hence, y = Ce* is a solution for any value of C. | 
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General 
solution: 


y=q 


Solution curves for xy’ + y = 0 
Figure 5.32 


Geometrically, the general solution of a first-order differential equation represe: 
a family of curves known as solution curves, one for each value assigned to 1 
arbitrary constant. For instance, you can verify that every function of the form 


v= = General solution of xy’ + y = 0 
is a solution of the differential equation xy’ + y = 0. Figure 5.32 shows some of t 
solution curves corresponding to different values of C. 

As discussed in Section 4.1, particular solutions of a differential equation < 
obtained from initial conditions that give the value of the dependent variable or o 
of its derivatives for a particular value of the independent variable. The term “init 
condition” stems from the fact that, often in problems involving time, the value 
the dependent variable or one of its derivatives is known at the initial time t = 


For instance, the second-order differential equation s”(t) = —32 having the gene 
solution 
S\t)g ue hOig ae Cate General solution of s’(t) = —32 


might have the following initial conditions. 
s(0) = 80, s(0) = 64 Initial conditions 
In this case, the initial conditions yield the particular solution 


s(t) = —16t2 + 64¢ + 80. Particular solution 


‘nso enone nao rovatacomacinmneanntiacninnvennece soe AN SRS Winn rere aero crc enennonntn 


Example 2 Finding a Particular Solution 


For the differential equation 
xy = 3y-= "0 
verify that y = Cx? is a solution, and find the particular solution determined by 1 


initial condition y = 2 when x = —3. 


Solution You know that y = Cx? is a solution because y’ = 3Cx? and 


Ry = 3 yi—=27(3Cx-) — 3(Cx) 
=) 
Furthermore, the initial condition y = 2 when x = —3 yields 
y= Cr General solution 
2= C(— 3) Substitute initial condition. 
2 
97 = Solve for C, 


and you can conclude that the particular solution is 
i a ee Particular solution 


Try checking this solution by substituting for y and y’ in the original different 
equation. rc 


ld 


NOTE To determine a particular solution, the number of initial conditions must match 
number of constants in the general solution. 
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Separation of Variables 


Consider a differential equation that can be written in the form 


M(x) + N(y) 2 4 


R FURTHER INFORMATION For an 


mple from engineering of a differen- where M is a continuous function of x alone and N is a continuous function of y alone. 


equation that is separable, see the As you saw in the preceding section, for this type of equation, all x terms can be 
cle “Designing a Rose Cutter” by collected with dx and all y terms with dy, and a solution can be obtained by integra- 
. Hartzler in The College Mathematics tion. Such equations are said to be separable, and the solution procedure is called 
nal. To view this article, go to the separation of variables. Here are some examples of differential equations that are 
bsite www.matharticles.com. separable. 
Original Differential Equation Rewritten with Variables Separated 
d 
P+3y2=0 3y dy = —x? dx 
dx 
sin xy’ = cos x dy = cot x dx 
Seay 1 2 
Sa ee dy = —dx 
e+] ei ee 


Ve} Example 3 “Separation of Variables 


dy _ 


Find the general solution of (x? + 4) a 


xy: 


Solution To begin, note that y = 0 is a solution. To find other solutions, assume that 
y # 0 and separate variables as follows. 


(x? + 4) dy = xy dx Differential form 
dy x 
= BBs dx Separate variables. 
Vee eto 


Now, integrate to obtain 


{2 = z a 4 dx Integrate. 


Inly| = 5 Inte? + 4)+C, 


In|y) =n 4 + C, 
ly] = e/x? + 4 


y= tex? + 4. 


Because y = 0 is also a solution, you can write the general solution as 


iw Ai 
y=CVv Toe. General solution Le 


NOTE We encourage you to check your solutions throughout this chapter. In Example 3 you can 
check the solution y = C./x? + 4 by differentiating and substituting into the original equation. 


d Me ; 
(x? + 4) Or xy Original equation 
dx 


Cx 


emer es x(C /x2 + 4) Substitute. 
fa 
CxJx2 + 4 = CxJSx? + 4 Solution checks. 


(x2 + 4) 
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(x = 1)/x 


y= se 


jee / 2) 

at t { f }—§ pe. x 
=) te tiee6 8 
Figure 5.33 


In some cases it is not feasible to write the general solution in the explicit fo 
y = f(x). The next example illustrates such a solution. Implicit differentiation can 
used to verify this solution. 


eenntnteetenncnnecnarestesiNAteNCNRNe CCAR Nte Nett ttt tet Ett S TRENTO tS 


Example 4 Finding a Particular Solution 


Given the initial condition y(0) = 1, find the particular solution of the equation 


xy dx + e-*(y? — 1) dy = 0. 


Solution Note that y = 0 is a solution of the differential equation—but this soluti 
does not satisfy the initial condition. Hence, you can assume that y iz 0. To separ 
variables, you must rid the first term of y and the second term of e *. So, you shot 
multiply by ev / y and obtain the following. 
xy dx + e-*(y? — 1) dy =0 
e-*(y2 — 1) dy = —xy dx 


[o-}o=Jows 


Ve 2 
= niy= =e 
5 Iny 7 GC 
From the initial condition y(0) = 1, you have —-0= —4 + C, which implies t 


C = 1. So, the particular solution has the implicit form 


2 


i aes 
— — = —reV + 
5 Iny 7° l 


y? —Iny? + e? = 
You can check this by differentiating and rewriting to get the original equation. 


Example 5 Finding a Particular Solution Curve 


SRD SSS SAT ELAS ATSB IS FE EE EEL SEIS BES DATE IEEDSEIEI EDO Y AES FLEE ALES ETE DELTA AR LD LST LSI TES PERT IE ERIS 


Find the equation of the curve that passes through the point (1, 3) and has a slope 
y/x? at the point (x, y), as shown in Figure 5.33. 


Solution Because the slope of the curve is given by y/x?, you have 


aye 
(ihe oe 
with the initial condition y(1) = 3. Separating variables and integrating produces 
d | 
| oe eas y#O0 
y if 
| 
laly| = a— 4 C, 
0 


y= e A/a) +c; = Ce !/%, 


Because y = 3 when x = 1, it follows that 3 = Ce~! and C = 3e. Therefore, 
equation of the specified curve is 


y = Bele 1 = 3e%-Dix 0: sya 


TE The notation f(x, y) is used to 
10te a function of two variables in 
ch the same way as f(x) denotes a 
ction of one variable. You will study 
ictions of two variables in detail in 
apter 12. 
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Homogeneous Differential Equations 


Some differential equations that are not separable in x and y can be made separable by 
a change of variables. This is true for differential equations of the form y’ = f(x, y), 
where f is a homogeneous function. The function given by f(x, y) is homogeneous 
of degree n if 


f (tx, ty) = 7 os y) Homogeneous function of degree n 
where n is a real number. 


Exa mple b, ~ Verifying Homogencous Functions 


a. f(x,y) = x*y — 4x3 + 3xy? is a homogeneous function of degree 3 because 
S(tx, ty) = (tx)?(ty) — 4(ex)? + 3(¢x) (ty)? 

Paeyil= P4x) + fx) 

Pe ye de By?) 

=.) 


b. f(x, y) = xe*/” + y sin(y/x) is a homogeneous function of degree 1 because 


; poy! 
fitx, ty) = xe”! + ty sin cS 


(re ry sii 2) 
x 


tf (x, y). 


c. f(x, y) = x + y? is not a homogeneous function because 


flea Sie rty? =x ety?) x r(x + y?). 


d. f(x, y) = x/y is a homogeneous function of degree 0 because 


tx x VA 
tx 0 =—= /o-, LL | 
f(tx, ty) a ‘ 


Definition of Homogeneous Differential Equation 


A homogeneous differential equation is an equation of the form 


M(x, y) dx + N(x, y)dy = 0 


where M and N are homogeneous functions of the same degree. 


Example 7 Testing for Homogeneous Differential Equations 
a. (x2 + xy) dx + y? dy = 0 is homogeneous of degree 2. 


b. x° dx = y* dy is homogeneous of degree 3. ; 
c. (x2 + 1) dx + y? dy = 0 is not a homogeneous differential equation. vA 
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STUDY TIP The substitution y = vx 
will yield a differential equation that is 
separable with respect to the variables 
x and y. You must express your final 

solution, however, in terms of x and y. 


(x? + 2y?)3 = Cx? 


General solutions of 
ay dn say dy 20 
Figure 5.34 


To solve a homogeneous differential equation by the method of separation 
variables, we use the following change of variables theorem. 


THEOREM 5.17 Change of Variables for Homogeneous Equations 


If M(x, y) dx + N(x, y) dy = 0 is homogeneous, then it can be transformed into 
a differential equation whose variables are separable by the substitution 


y= vw 


where v is a differentiable function of x. 


Example 8 Solving a Homogeneous Differential Equation 


Find the general solution of 


(x2 — y?) dx + 3xy dy = 0. 


Solution Because (x? — y?) and 3xy are both homogeneous of degree 2, let y = 
to obtain dy = x dv + v dx. Then, by substitution, you have 


dy 
SSS SSS 
(x2 — y2x2) dx + 3x(vx)(x dv + v dx) = 0 


(x? + 2v2x7) dx + 3x°-v dv = 0 
x2(1 + 2v?) dx + x?2(3vx) dv = 0. 
Dividing by x? and separating variables produces 


(+ 2v?) dx = —3vx dy 


dx oy 
sn. iF ++ Qy? Ay 


In|x| = —in(l oye eo, 
4 In|x| = —3 In(1 + 2v?) + In|C| 
Ine in Cleeve et 


x= Cll + 2p). 


Substituting for v produces the following general solution. 


ener 


(i? b 2") 2 = Cx? General solution 


You can check this by differentiating and rewriting to get the original equation. 


| 
id 


TECHNOLOGY _ If you have access to a graphing utility, try using it to graph seve 
of the solutions in Example 8. For instance, Figure 5.34 shows the graphs of 


G2 ayy Ge 
for C = 1, 2, 3, and 4. 


Sclininniaameinenee 
Egon cncneee cme ae 


Bees: 
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Applications 


375 


Example 9 Wildlife Population — 


The rate of change of the number of coyotes M(t) in a population is directly propor- 
tional to 650 — N(t), where tf is the time in years. When t = 0, the population is 300, 
and when t = 2, the population has increased to 500. Find the population when t = 3. 


Solution Because the rate of change of the population is proportional to 650 — 


you can write the following differential equation. 


dN _ 


Cl a k(650 — N) 


You can solve this equation using separation of variables. 


dN = k(650 = N) dt Differential form 


a = k dt Separate variables. 
—In|650 = N{ =kt+C, Integrate. 
In|650 — N| = —kt — C, 
650 -N=e #% Assume N < 650. 


N = 650 — Ce-** General solution 
Using N = 300 when t = 0, you can conclude that C = 350, which produces 
N = 650 — 350e™. 
Then, using N = 500 when t = 2, it follows that 
500 = 650°= 350e>* => e k= 3 E> k =~ 0.4236. 
So, the model for the coyote population is 
N = 650 — 350e7 °4286, Model for population 
When t = 3, you can approximate the population to be 
N = 650 — 350e—°4236) = 552 coyotes. 


The model for the population is shown in Figure 5.35. 


N 


on N = 650 — 35070-42368 ccc 


Number of coyotes 


1 A) 3 4 5) 6 
Time (in years) 


Figure 5.35 


p # | 


N(t), 
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Each line y = Kx is an orthogonal trajectory 
to the family of circles. 


Figure 5.36 
Orthogonal 
family: 
Given family: y x 
xy=C i Te 


Orthogonal trajectories 
Figure 5.37 


A common problem in electrostatics, thermodynamics, and hydrodynami 
involves finding a family of curves, each of which is orthogonal to all members of 
given family of curves. For example, Figure 5.36 shows a family of circles 


yO Family of circles 
each of which intersects the lines in the family 
y = Kx Family of lines 


at right angles. Two such families of curves are said to be mutually orthogonal, a1 
each curve in one of the families is called an orthogonal trajectory of the oth 
family. In electrostatics, lines of force are orthogonal to the equipotential curves. 
thermodynamics, the flow of heat across a plane surface is orthogonal to the isothe 
mal curves. In hydrodynamics, the flow (stream) lines are orthogonal trajectories | 
the velocity potential curves. 


Example 10 Finding Orthogonal Trajectories 


Describe the orthogonal trajectories for the family of curves given by 


aie 


for C # 0. Sketch several members of each family. 


Solution First, solve the given equation for C and write xy = C. Then, by differe 
tiating implicitly with respect to x, you obtain the differential equation 


xy’ +y=0 Differential equation 
oe) % 
* ax y 
dy y 
i ee Slope of given family 
dx x : 


Because y’ represents the slope of the given family of curves at (x, y), it follows th 
the orthogonal family has the negative reciprocal slope x/y, and we write 


dy x 
ape 


Slope of orthogonal family 
Now you can find the orthogonal family by separating variables and integrating. 
[> dy = iE dx 
y2 


Therefore, each orthogonal trajectory is a hyperbola given by 


The centers are at the origin, and the transverse axes are vertical for K > 0 a 


horizontal for K < 0. Several trajectories are shown in Figure 5.37. iy 
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Lab LAB 
‘Series 7 


| Exercises 1-6, verify the solution of the differential equation. Ay In Exercises 23 and 24, the general solution of the differential 


Solution Differential Equation 
Ey = Ce* y’ = 4y 
mex? + y2 = Cy De a 2277 (a ty”) 
m y = C,cosx + C, sinx y’+y=0 


my — Cie “cosx + Cye* sin x y” + 2y’ + 2y = 0 
y” + y = tan x 


Vihe2y 5 = 2ex 


- y = —cos x In|sec x + tan x| 
2 


. y = 3(e > + e*) 


1 Exercises 7-12, determine whether the function is a solution 
‘the differential equation y“ — 1l6y = 0. 


l. y = 3cosx 8. y = 3 cos 2x 
WK y=e 10. y=5Inx 
Mee Coe ++ C, sin 2x +°C, cos 2%, 
. y = 3e*% — 4sin 2x 


| Exercises 13-18, determine whether the function is a solution 
the differential equation xy’ — 2y = x%e*. 


y= x? 14, y = x7e* 
ey = x2(2 + e*) 16. y = sinx 
. y=Inx 18. y = x7e* = 5x4 


). Think About It It is known that y = Ce* is a solution of the 
differential equation y’ = 0.07y. Is it possible to determine C 
or k from the information given? If so, find its value. 


). Think About It It is known that y = A sin at is a solution of 
the differential equation y” + 16y = 0. Find the value of w. 


. Exercises 21 and 22, some of the curves corresponding to 
fferent values of C in the general solution of the differential 
juation are given. Find the particular solution that passes 
rough the point indicated on the graph. 


Solution Differential Equation 
Be ye= Cx 2xy’— 3y =0 
Bg Slt = C yy’ — 2x =0 


4 / - 

: yy ie 

3 (4, 4) 

1 

et t+ +++ +++ > + 

| Sy Cy a bel 

-2 

3 

~4 a: 

gure for 21 Figure for 22 


equation is given. Use a graphing utility to graph the particular 
solutions for the given values of C. 
23. 4yy’- x =0 24. yy’+x=0 
4y2 = x = C ye as 
C=0,C=+1,C=+4 C=0,C=1,C=4 


In Exercises 25-30, verify that the general solutions satisfy the 
differential equation. Then find the particular solution that 
satisfies the initial condition. 
25. y = Ce * 

y’ + 2y=0 

y = 3 whenx = 0 
Pits 3) = (C;, Kili) she a (Enos obo 

y”+ 9y = 0 

y = 2 whenx = 77/6 


26. 3x7} dy" = 7G 
3x + 2yy’=0 
y = 3 when x = 1 
28. y= C, + C,Inx 
xy ty =s0 
y = O when x = 2 


1 
‘= 5 when x = 2 


y’ = 1 whenx = 77/6 
29. y= Gx Cx 30. y = e#/3(C, + C,x) 

sew! = Bra’ ce By =O Oy” — 12y’ + 4y = 0 

y = 0 whenx = 2 y = 4when x = 0 


y’ = 4 whenx = 2 y = 0 when x = 3 


In Exercises 31—42, use integration to find a general solution of 
the differential equation. 


dy _ 4 DY xserver 
31. ag 3x B2e fee x 4x 

dy 3 dy e 

Sem 5 a - 

“a dx 1 + x : dx ae 2 

CO a8 ow ayran 5 
35. pe ae 36. epee %COSX 
37. 3s it De 38. ae tan? x 

dx dx 
39. Dee ae 40. es 

dx dx 

dy = x? dy = —x/2 
41. vee xe 42. a 5e 


In Exercises 43-54, find the general solution of the differential 
equation. 


yeux dy ~x* +2 
Sis Ngai 
45. a = 0.05r 46. as = 0.05s 
47. (2 + x)y’ = 3y 48. xy’=y 
49. yy’ = sinx 50. yy’ = 6 cos(mx) 
51. /1 = 4x? y’ =x 520A ah OV = 5% 


BR, ilise — 25) =) 54. 4yy’ — 3e* = 0 
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In Exercises 55-64, find the particular solution that satisfies the In Exercises 83-86, find the particular solution that satisfies th 
initial condition. initial condition. 
Differential Equation Initial Condition Differential Equation Initial Condition 
35.) ee ae O y(0) = 83. x dy — (2xe/* + y) dx = 0 y(1)-=.0 
56. /x + J/yy’=0 (a= 84. —y2 dx + x(x + y) dy =0 y(1) = 1 
S7e yarn 1) 0 y(—2) = 1 85. (xsec® +) dv—xdy =0 y(1) = 0 
58. 2xy’ — Inx* =0 y(1) = 2 a 
59. y(1 + x2)y’ — x(1 + y2) =0 y(0) = /3 86. (2x? + y?)dx + xydy =0 y(1) = 0 


7 So Ste ave 4) ‘ 

BD; ide ate? ening e x0) Slope Fields n Exercises 87-90, sketch a few solutions of tl 

61. du = uv sin v2 u(0) = 1 differential equation on the slope field and then find the gener 
dv solution analytically. To print an enlarged copy of the graph, § 


d to the website www.mathgraphs.com. 
62. - = er 4s r(0) =0 grap 
. 7,2 =x gs, © = —4 
63. dP — kP dt = 0 P(0) = Py ST st see oe 
64. dT + kK(T — 70) dt =0 T(0) = 140 y y 
A 
Ni NING Ne ee ey Fo he Aa = Ny Nee 
In Exercises 65 and 66, find an equation of the graph that passes NSN ras ee LT = 
through the point and has the indicated slope. Sone Pao eae bee ne 
CONN SS re i tf Fae Vaan 
Point Slope en eee 
SSS NON AC oer eel eee —4 y= Ey 2 
Ox NOR Zee TELA YN ON =2 Af fale 
65. (1, 1) i eas eG el on ES oS Hog LG 
y NON eS Ec reer em No NON =4 -b = | 7 
2y 
66. (8, 2) y= 
: s 5 d dy 
g9. =4-) 90. ~ = 0.25x(4 — y) 
dx dx 
In Exercises 67 and 68, find all functions f having the indicated y y 
property. oe gt eeu ea eee 
Bar dare 227745588 
67. The tangent to the graph of f at the point (x, y) intersects the WEL Son No Kos ee ae 
x-axis at (x + 2, 0). Joleen Gis foe $2 2a 
68. All tangents to the graph of f pass through the origin. Sf ds aa: T Laie ao WENDY RR Sar eae 
TG ee PT Sy SS Nae ee 
1 IY sree ONY lds nN ary foment hala 8 < 8 x A a S s 
In Exercises 69-76, determine whether the function is homoge- nthe te ees el ee aa Ma a ES: 
neous, and if it is, determine its degree. +8 3 ee 2 IPS 


ae 2 3 ¥ y= x3 Py 2 to ee?) 5 
69. f(x,y) = x? — day? + y® 70. f(x, y) = ° + 3x*y? — 2y Ay In Exercises 91-94, use a computer algebra system to sketch tl 


Ce = Beye 72.4 G-y\ = xy slope field for the differential equation, and graph the solutic 
‘ Vx? + y* aN oye satisfying the specified initial condition. 
73. f(x, y) = 2Inxy 74. f(x, y) = tan(x + y) Be ay 
: f 91. ie 0.5y, y(0) = 6 92. Fase 2 = y, ¥(0) =4 
75. f(x,y) =2 In~ 76. f(x,y) = tan= <i 
af ly 
93. - = 0.02y(10 — y), y(0) = 2 
In Exercises 77-82, solve the homogeneous differential equation. ly 
e 4 94. os = 0.2x(2 — y), y(0) = 9 
ee Met cey me 
Vb — DB. = 
2x xy* 95. Radioactive Decay The rate of decomposition of radioacti 
ote ees. yee = x? + y? radium is proportional to the amount present at any time. T 
eae is y ty ees xy half-life of radioactive radium is 1620 years. What percent o’ 
ty ee By present amount will remain after 25 years? 
81. y= x2 — y2 82. y’= — 96. Chemical Reaction In a chemical reaction, a certain cot 


pound changes into another compound at a rate proportional 
the unchanged amount. If initially there is 20 grams of t 
original compound, and there is 16 grams after 1 hour, wh 
will 75 percent of the compound be changed? 
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ge Fields Yn Exercises 97-100, (a) write a differential 
ation for the statement, (b) match the differential equation 
i a possible slope field, and (c) verify your result by using a 
phing utility to graph a slope field for the differential 
ation. [The slope fields are labeled (a), (b), (c), and (d).] To 
at an enlarged copy of the graph, go to the website 
v.mathgraphs.com. 


| 


Oe 


. The rate of change of y with respect to x is proportional to the 
difference between y and 4. 


. The rate of change of y with respect to x is proportional to the 
difference between x and 4. 


. The rate of change of y with respect to x is proportional to the 
product of y and the difference between y and 4. 


. The rate of change of y with respect to x is proportional to y?. 


. Weight Gain A calf that weighs 60 pounds at birth gains 
weight at the rate 


dw 
== S (AAV = 
td ss 


where w is weight in pounds and t¢ is time in years. Solve the 

differential equation. 

(a) Use a computer algebra system to solve the differential 
equation for k = 0.8, k = 0.9, and k = 1. Graph the three 
solutions. ~ 

(b) If the animal is sold when its weight reaches 800 pounds, 
find the time of sale for each of the models in part (a). 

(c) What is the maximum weight of the animal for each of the 
models? 

Weight Gain A calf that weighs wy pounds at birth gains 
weight at the rate 


dw 

=—- = 1200 - 

di 

where w is weight in pounds and t is time in years. Solve the 


differential equation. 
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103. Sailing Ignoring resistance, a sailboat starting from rest 
accelerates (dy/dt) at a rate proportional to the difference 
between the velocities of the wind and the boat. 


(a) Write the velocity as a function of time if the wind is 
blowing at 20 knots, and after | minute the boat is moving 
at 5 knots. 


(b) Use the result in part (a) to write the distance traveled by 
the boat as a function of time. 


Radio Reception In hilly areas, radio reception may be poor. 
Consider a situation where an FM transmitter is located at the 
point (—1,1) behind a hill modeled by the graph of 
y = x — x’, and a radio receiver is on the opposite side of the 
hill. (Assume that the x-axis represents ground level at the 
base of the hill.) 


(a) What is the closest the radio can be to the hill so that 
reception is unobstructed? 

(b) Write the closest position x of the radio as a function of h 
if the transmitter is located at (— 1, h). 

(c) Use a graphing utility to graph the function in part (b). 
Determine the vertical asymptote of the function and 
interpret the result. 


Fe In Exercises 105-110, find the orthogonal trajectories of the 


family. Use a graphing utility to graph several members of each 
family. 

105. x7 + y2=C 
107. x? = Cy 
109. y? = Cx? 


106. x? — 2y2=C 
108. y2 = 2Cx 
110. y = Ce 


111. In your own words, describe the difference between a 
general solution of a differential equation and a particular 
solution. 


112. When determining a particular solution, how do you deter- 
mine how many initial conditions are required? 


113. State the test for determining if a differential equation is 
homogeneous. Give an example. 


114. In your own words, describe the relationship between two 
families of curves that are mutually orthogonal. 


True or False? In Exercises 115-118, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


115. If y = f(x) is a solution of a first-order differential equation, 
then y = f(x) + C is also a solution. 

116. The differential equation y’= xy — 2y +x-—2 can be 
written in separated variables form. 

117. The function f(x, y) = x? + xy + 2 is homogeneous. 

118. The families x? + y? = 2Cy and x? + y* = 2Kx are mutually 
orthogonal. 
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y=sinx 
Domain: [—2/2, 2/2] 
Range: [-l, 1] 


y 


The sine function is one-to-one on 
[= 2/2, 2/2]. 
Figure 5.38 


NOTE The term “iff” is used to repre- 
sent the phrase “if and only if.” 
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Inverse Trigonometric Functions: Differentiation 


* Develop properties of the six inverse trigonometric functions. 
* Differentiate an inverse trigonometric function. 
* Review the basic differentiation formulas for elementary functions. 


Inverse Trigonometric Functions 


This section begins with a rather surprising statement: None of the six basic trigon 
metric functions has an inverse function. This statement is true because all 
trigonometric functions are periodic and hence not one-to-one. In this section ¥ 
will examine these six functions to see whether their domains can be redefined 
such a way that they will have inverse functions on the restricted domains. 

In Example 4 of Section 5.3, you saw that the sine function is increasing (é 
therefore is one-to-one) on the interval [— 7/2, 7/2] (see Figure 5.38). On t 
interval you can define the inverse of the restricted sine function to be 


y = arcsin x if and only if sin y = x 


where —1 < x < land —7w/2 < arcsinx < w/2. 
Under suitable restrictions, each of the six trigonometric functions is one-to-<« 
and so has an inverse function, as indicated in the following definition. 


Definition of Inverse Trigonometric Functions 


Function Domain Range 
: ee 7 T 
y = aarcsin x iff sin y= x = oxt SG lg 
Pins 2 
y = arccos x iff cos y=x coal Sie eae | 0 sy 
a T 
y = arctan x iff tan y= x =C0 Qi RCS rie aD) 
y = arccot x iff cot y=x ete Sur Ree e O<y< 7 
a = T 
y = arcsec x iff sec y = x lee O<sy<sm, y# = 
7 


arccsc x iff csc y= x 


< 
ll 

ee 
IV 


NOTE The term “arcsin x” is read as “the arcsine of x” or sometimes “the angle whose : 
is x.” An alternative notation for the inverse sine function is “sin~! x.” 


The Inverse Secant Function In the definition above, the inverse secant func 
tion is defined by restricting the domain of the secant function to the intervals 


7 T 
0. Z| U > ar Most other texts and reference books agree with this, but some 


disagree. What other domains might make sense? Explain your reasoning graph 
cally. Most calculators do not have a key for the inverse secant function. How c: 
you use a calculator to evaluate the inverse secant function? | 


y 


y = arcsin x 


nain: [—1, 1] 
ge: [ — a /2, a/2] 


y =arccos x 


em X 


a 


— 
1 
main: {— 1,1] 


ge: [0, 7] 
ure 5.39 


TE When evaluating inverse 
onometric functions, remember that 
/ denote angles in radian measure. 
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Inverse Trigonometric Functions: Differentiation 


381 


The graphs of the six inverse trigonometric functions are shown in Figure 5.39. 


y 


y = arccsc x 
a 
: vie 
os =| SSeS tk 


Domain: (— co, — 1] U[1, co) 
Range: [ — 77/2, 0) U (0, 77/2] 


y 
Ay =arctan x 
Fy et eee LL ee pen ey Sep 
2 
sesie= t f St 
—2 —1 1 2 
ee ae ee el ae eh ee ee 
2 


Domain: (— 00, 00) 


Range: (— 2/2, 7/2) 


y 


A 


y = arcsec x y = arccot x 
2 g/hce: N 2 co 
Scapa Ca carats : 
t t hatha x - f = t t > xX 
=) = 1 2 2 = 1 2 
Domain: (— co, — 1] U [1, 00) Domain: (— 00, co) 
Range: [0, 7/2) U (7/2, 7] Range: (0, 77) 
Example 1 Evaluating Inverse Trigonometric Functions t—~™S 
Evaluate each of the following. 
: ; 
a. aresin( —3) b. arccos 0 c. arctan /3 d. arcsin(0.3) 
Solution 
a. By definition, y= arcsin(—4) implies that siny = —5. In the interval 


[— 7/2, 2/2], the correct value of y is — 77/6. 


b. By definition, y = arccos 0 implies that cos y = 0. In the interval [0, 77], you have 


y= 7/2. 


7 
arccos 0 = > 


c. By definition, y = arctan /3 implies that tany = J/3. In the interval 


(— 1/2, 7/2), you have y = 77/3. 


arctan Lyf = a 


d. Using a calculator set in radian mode produces 


arcsin(0.3) ~ 0.3047. 


» 
[ee 
i 
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Inverse functions have the properties 


FG e@) Bs and Or (a) 


When applying these properties to inverse trigonometric functions, remember that 


Graph y = arccos(cos x) for 


—4Aq < x < 477. Why isn’t the graph = 
the same as the graph of y = x? trigonometric functions have inverse functions only in restricted domains. For x-vah 


outside these domains, these two properties do not hold. For example, arcsin(sin 7 
equal to 0, not 7. ; 


Properties of Inverse Trigonometric Functions : 
If =1. <x <1 and —7/2 = y Ss 7/2, then 
sin(arcsinx) = x and arcsin(sin y) = y. 
If —a/2. < y < w/2, then 
tan(arctanx) =x and arctan(tan y) = y. 
If |x| = 1 andO < y < w/2 or 7/2 < y < 7, then 


sec(arcsec x) =x and arcsec(sec y) = y. 


Similar properties hold for the other inverse trigonometric functions. 


Example 2 Solving an Equation 


WT 
arctant2 = 3) = vi Original equation 


hs 
tanlarctan(2x — 3)] = tan mi Take tangent of both sides. 


toma ml tan(arctan x) = x 


a Solve for x. y 


Some problems in calculus require that you evaluate expressions such 
cos(arcsin x), as illustrated in Example 3. 
x 
Example 3 Using Right Triangles 
V1 —x? 


a. Given y = arcsin x, where 0 < y < 7/2, find cos y. 


arcsec( 15,2), find tan y. 


y = arcsin x b. Given y 
Figure 5.40 


Solution 


a. Because y = arcsin x, you know that sin y = x. This relationship between x an 
can be represented by a right triangle, as shown in Figure 5.40. 
V5 rE 
I cos y = cos(arcsin x) = pL ieee 
hyp. 
(This result is also valid for — 7/2 < y < 0.) 
2 
ee 


b. Use the right triangle shown in Figure 5.41. 


5 
ae 2) tany = anfase( 2) = OPP. = x 
Figure 5.41 adj 2 


TE There is no common agreement 
the definition of arcsec x (or arccsc x) 
negative values of x. When we 

ined the range of the arcsecant, we 
se to preserve the reciprocal identity 


1 
arcsec x = arccos —. 
G 


example, to evaluate arcsec (— 2), 
| can write 


arcsec( — 2) = arccos(—0.5) ~ 2.09. 


> of the consequences of the definition 
he inverse secant function given in 
text is that its graph has a positive 

9e at every x-value in its domain. 

e Figure 5.39.) This accounts for the 
olute value sign in the formula for the 
ivative of arcsec x. 


TECHNOLOGY _ If your graphing 
tility does not have the arcsecant 
unction, you can obtain its graph 
Ising 


1 
f(x) = arcsec x = arccos x 


TE From Example 5, you can see 
. of the benefits of inverse trigono- 

tric functions—they can be used to 

‘grate common algebraic functions. 
‘instance, from the result shown in 

example, it follows that 


= 5 (aresin x aaa = x). 
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Derivatives of Inverse Trigonometric Functions 


In Section 5.1 you saw that the derivative of the transcendental function f(x) = In x 
is the algebraic function f(x) = 1/x. You will now see that the derivatives of the 
inverse trigonometric functions also are algebraic (even though the inverse trigono- 
metric functions are themselves transcendental). 

The following theorem lists the derivatives of the six inverse trigonometric func- 
tions. Note that the derivatives of arccos u, arccot u, and arccsc u are the negatives of 
the derivatives of arcsin u, arctan u, and arcsec u, respectively. 


THEOREM 5.18 Derivatives of Inverse Trigonometric Functions 


Let u be a differentiable function of x. 


/ 


d d 
Sy aresin i) = ae = ANC COSeE i= 


dx af (| = We dx 


u 


ee [arctan u] = ik [arccot u] = 


dx dx 


om [arcesc u] = a 
dx |u| Jw =1 


4 [arcsec u] = 


To derive these formulas, you can use implicit differentiation. For instance, if 
y = arcsin x, then sin y = x and (cos y)y’ = 1. (See Exercise 76.) 


Example 4 Differentiating Inverse Trigonometric Functions 


d 2 f 
p Je . ) = = 
ee oy ae 
d irl Ler 
b. =~ [arctan (3x)] = 7 (x 1 + 9x2 
Le UES) eee 
a Rt Oe eae wy x" 
pee 20 g 


d Dn eee EY ee ee a SE 
d. 7. [arcsec e?*] Gade Je 1 Jem 


The absolute value sign is not necessary because e** > 0. 


Example 5 A Derivative That Can Be Simplified 


Differentiate y = arcsin x + x/1 — x’. 


Solution 
y= ae ae (5 )(-200 — x2)- V2 + Y/1 = x 
== 5F 
1 xe 


I 
i 
5 
iS) 
+ 
| 
*% 
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Example 6 Analyzing an Inverse Trigonometric Graph 
Analyze the graph of y = (arctan x)’. 


Solution From the derivative 


(es 1 
y’ = 2(arctan v(t % 5) 


_ 2 arctan x 
seer 
i you can see that the only critical number is x = 0. By the First Derivative Test, tl 
5 , ei value corresponds to a relative minimum. From the second derivative 
ale ~ A 
eee RSS Se iene Rag ae (i + (5) — (2 arctan x)(2x) 
= 2 2+ =P 
y = (arctan x) We 
Points of ‘ Clisexer 
1 + inflection t 2(1 = 9x arctan x) 
Gd Fx 
A S ' ; Fai it follows that points of inflection occur when 2x arctanx = 1. Using Newto1 
Method, these points occur when x ~ +0.765. Finally, because 
-|- 
2 


lina (arctan 2)a=i= 
» X00 4 
The graph of y = (arctan x) has a hori- 


zontal asymptote at y = 2/4. it follows that the graph has a horizontal asymptote at y = 77/4. The graph is sho\ 
Figure 5.42 in Figure 5.42. 


f=} Example 7 Maximizing an Angle 


A photographer is taking a picture of a 4-foot painting hung in an art gallery. The ca 
era lens is | foot below the lower edge of the painting, as shown in Figure 5.43. He 
far should the camera be from the painting to maximize the angle subtended by t 
camera lens? 


Solution In Figure 5.43, let B be the angle to be maximized. 
B=@-a 


Xx 
= arccot F Saran CCOUEG 


Differentiating produces 


dp -1/5 = 
ax 1 +.(47/25) 1 + x? 
=5) if 
———— 
B+2x 14+ x 
A(5 = x?) 


(25 cb x7): 7) 


The camera should be 2.236 feet from the Because dB/dx = 0 when x = iu BY. you can conclude from the First Derivative T 
painting to maximize the angle B. that this distance yields a maximum value of B. So, the distance is x ~ 2.236 feet < 
Figure 5.43 the angle is B ~ 0.7297 radians ~ 41.81°. [ 


The Granger Collection _ 


salileo’s approach to science departed from 
he accepted Aristotelian view that nature had 
lescribable qualities, such as “fluidity” and 
‘potentiality.’ He chose to describe the physi- 
al world in terms of measurable quantities, 


GALILEO GALILEI (1564-1642) 


uch as time, distance, force, and mass. 
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Review of Basic Differentiation Rules 


In the 1600s, Europe was ushered into the scientific age by such great thinkers as 
Descartes, Galileo, Huygens, Newton, and Kepler. These men believed that nature is 
governed by basic laws—laws that can, for the most part, be written in terms of 
mathematical equations. One of the:most influential publications of this period— 
Dialogue on the Great World Systems, by Galileo Galilei—has become a classic 
description of modern scientific thought. 

As mathematics has developed during the past few hundred years, a small number 
of elementary functions has proven sufficient for modeling most’ phenomena in 
physics, chemistry, biology, engineering, economics, and a variety of other fields. An 
elementary function is a function from the following list or one that can be formed 
as the sum, product, quotient, or composition of functions in the list. 


Algebraic Functions Transcendental Functions 


Polynomial functions Logarithmic functions 


Rational functions Exponential functions 
Functions involving radicals Trigonometric functions 

Inverse trigonometric functions 

With the differentiation rules introduced so far in the text, you can differentiate any 


elementary function. For convenience, we summarize these differentiation rules here. 


Basic Differentiation Rules for Elementary Functions 


1. 


10. 


22 


[eu Cu 

d A eva uv 
dx|v Vv? 
<bl=1 

< [el = eu 


<Tsin u] = (cos u)u’ 
ad 


7 Loot ui = = (csc u) uu’ 


/ 


Uu 


< [aresin u] = pe 


/ 


2 [arccot u] = 


—u 
dx 1+ uv 


d d 
—— ) = / / hee ; = , fe ; , 
Px lt # vj=u’+v 3 pe] Ae oa 
: = d ny) — n—1,,7 
5. pala = 6. lt! le nie 
d Ty ae ie oe 
8. 7 [lel] = ia i. wad Sorell] == 


A 


11. <[log, HL = 12; <[a'] =(Ina@ata 


(In a)u 
4. f cos u] = —(sinu)u’ 15. otak u| = (sec? u) u’ 
; dx dx 
17 LN om u| = (sec u tan u) u’ 18. ee u| = —(csc ucot u)u’ 
ax dx 

d id u’ da ee ay 
20. tatoos u| = aaa 21. Be [arctan u] uae 

d u’ d wil 

Ee es 24. —(axcese u| = 
23. 7 Laresee u| nas Te atces ul He rey 


* Some important functions used in engineering and science (such as Bessel functions and 
gamma functions) are not elementary functions. 
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EXERCISES FOR SECTION 5.8 


Pe Numerical and Graphical Analysis In Exercises 1 and 2, 
(a) use a graphing utility to complete the table, (b) plot the 
points in the table and graph the function by hand, (c) use a 
graphing utility to graph the function and compare the result 
with your hand-drawn graph in part (b), and (d) determine any 
intercepts and symmetry of the graph. 


| x | 1 | 0.8 0.6 0.4 0.2 | 0 0.4 | 0.6 | 0.8 | I 


- i wal 


1. y = arcsin x 2. y = arccos x 


Decide whether the following statement is 
= 5: it follows 


3. True or False? 
true or false, and explain: Because cos(— 7/3) 
that arccos$ = — 27/3. 


4. Determine the missing coordinates of the points on the graph 
of the function. 


1 
> y=arctan x 


In Exercises 5-12, evaluate the expression without using a 


calculator. 
el : 
5. arcsin 5 6. arcsin 0 
1 
7. arccos 5 8. arccos 0 


oI 


arecot(— Ve ) 
Pe pane 
arccos 5 


In Exercises 13-16, use a calculator to approximate the value. 
Round your answer to two decimal places. 


QO, Bia ——— 10. 


3 


11. arccse(— Ya) 12. 


13. arccos(—0.8) 
15. arcsec 1.269 


14. arcsin(— 0.39) 
16. arctan(—3) 


In Exercises 17-20, evaluate the expression without using a 
calculator. (Hint: See Example 3.) 


; 3 
17. (a) sn( arctan 2) 18. (a) ian arcos 2) 


(b) cos{aresin =) 


20. (a) see arctan ~)| 
| aesin( -2)| 
6 


(b) seo aresin :) 
i 
19. (a) cof aresin( = a | 


(b) csc arctan( — all (b) tan 


In Exercises 21-28, write the expression in algebraic form. 


21. cos(arcsin 2x) 22. sec(arctan 4x) 


23. sin(arcsec x) 24. cos(arccot x) 


26. sec[arcsin(x — 1)] 


Pay ( t a xh) 
a GCSCllatiCctal = — 
4) r 


acd In Exercises 29 and 30, use a graphing utility to graph f and g 
the same viewing window to verify that they are equal. Expla 
why they are equal. Identify any asymptotes of the graphs. 


25% tan arcsec *) 


28. cos(aresin 


ENS Ee 
ees ie re 


30. f(x) = tan{arccos | g(x) = sane 


29. f(x) = sin(arctan 2x), 


a) 


In Exercises 31-34, solve the equation for x. 


32. arctan(2x — 5) = —1 


34. arccos x = arcsec x 


31. arcsin(3x — m) =3 


33. arcsin\/2x = arccos/x 


In Exercises 35 and 36, verify each identity. 
al 
35. (a) arccsc x = arcsin = 36 22 II 


1 T 
(b) arctan x + arctan -— = ii 
x ee, 


36. (a) arcsin(—x) = —arcsin x, 


(b) arccos(—x) = 


Py In Exercises 37-40, sketch the graph of the function. Use 
graphing utility to verify your graph. 


37. f(x) = arcsin(x — 1) 38. f(x) = arctan x + S 


40. f(x) = arccos 2 


39. f(x) = arcsec 2x 
f GSECHaR 4 


In Exercises 41—60, find the derivative of the function. 


41. f(x) = 2 arcsin(x — 1) 42. f(t) = arcsin 7? 


x 
. g(x) = 3 arccos 5 44. f(x) = arcsec 2x 


45. f(x) = arctan = 46. f(x) = arctan\/x 
arcsin 3x 
AT oa) ere 48. h(x) = x? arctan x 
49, h(t) = sin(arccos f) 50. f(x) = arcsin x + arcco 


- y= xarecosx — V/1 — 2 52. y = In(t? + 4) — 1 arctar 


ae il 
| ar arctan] 
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f 1 
L y= xv pai es aresin( 5) | 
my = x aresinx + /1 — x2 


. y = xarctan 2x — FIn(1 + 4x2) 


.y=8 arcsin ~ — x/16 = 2 aes 
: 4 2 


3. y= 25 aresin = = aS = 3e 


60. y = arctan as : 


. y = arctanx + 
4 oo 2” W244) 


pest 
ee 
near and Quadratic Approximations 


(x) = f(a) + fax — a) 
id the quadratic approximation 


(x) =f@ + f@e — a) + 5f’"@(e - a? 


the function f at x = a. Sketch the graph of the function and 


: linear and quadratic approximations. 
62. f(x) = arctan x 
a= 1 
| Exercises 63-66, find any relative extrema of the function. 


64. f(x) = arcsinx — 2x 


. f(x) = arctan x — arctan(x — 4) 


= (x) = arcsec x — x 


. A(x) = arcsinx — 2 arctan x 


Getting at the Concept 


67. Explain why the domains of the trigonometric functions are 


restricted when finding the inverse trigonometric functions. 


68. Explain why tan 7 = 0 does not imply that arctan 0 = 7. 


69. Explain how to graph y = arccot x on a graphing utility that 


does not have the arccotangent function. 


70. Are the derivatives of the inverse trigonometric functions 
algebraic or transcendental functions? List the derivatives 


of the inverse trigonometric functions. 


. Angular Rate of Change An airplane flies at an altitude of 5 
miles toward a point directly over an observer. Consider 6 and 


x as shown in the figure. 


(a) Write 6 as a function of x. 


(b) If the speed of the plane is 400 miles per hour, find d6/dt 
when x = 10 miles and x = 3 miles. 


Rede sasyes J 
Not drawn to scale 


In Exercises 61 and 62, 
fe a computer algebra system to find the linear approximation 


72. 


73. Angular Rate of Change 


74. Angular Rate of Change 


TR 


76. 


Wil 


AE 7s. 


True or False? 
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Inverse Trigonometric Functions: Differentiation 


Writing Repeat Exercise 71 if the altitude of the plane is 3 
miles and describe how the altitude affects the rate of change 
of 0. 


In a free-fall experiment, an object 
is dropped from a height of 256 feet. A camera on the ground 
500 feet from the point of impact records the fall of 
the object. 


(a) Find the position function giving the height of the object at 
time ¢ assuming the object is released at time t = 0. At what 
time will the object reach ground level? 


(b) Find the rate of change of the angle of elevation of the 
camera when t = | andt = 2. 


A television camera at ground 
level is filming the lift-off of a space shuttle at a point 750 
meters from the launch pad. Let 6 be the angle of elevation of 
the shuttle and let s be the distance between the camera and the 
shuttle. Write @ as a function of s for the period of time when 
the shuttle is moving vertically. Differentiate the result to find 
d0/dt in terms of s and ds/dt. 


Prove that 


Gain 
il = gay 


arctan x + arctan y = arctan xy #1. 


Use this formula to show that 


arctan S + arctan if =a 
2 3 4 


Verify each differentiation formula. 


: dena ose 


== (lh 
J1— wv () dx 
ie 
Like aa 
=i) 


J/1— wv? 


(e) LPR “|= =— — 


See) d [arccsc u] = ————— 
dx + y? dx |u| Ju =—1 


Existence of an Inverse Determine the values of k such that 
the function f(x) = kx + sin x has an inverse function. 


on Te oe 
(a) Gpuatesin Te ERD 


(c) Less “|= 
dx 


d 
(d ve [arccos u] = 


wa 


Think About It Use a graphing utility to graph 
f(x) =sinx and g(x) = arcsin(sin x). 


(a) Why isn’t the graph of g the line y = x? 


(b) Determine the extrema of g. 


In Exercises 79-82, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


oD: 


80. 


81. 


82. 


The slope of the graph of the inverse tangent function is posi- 
tive for all x. 


The range of y = arcsin x is [0, z]. 
< [arctan(tan x)] = 1 for all x in the domain. 
I 


arcsin2 x + arccos? x = 1 
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Section 5.9 


NOTE Fora proof of part 2 of 
Theorem 5.19, see the article “A Direct 
Proof of the Integral Formula for 
Arctangent” by Arnold J. Insel in The 
College Mathematics Journal. To view 
this article, go to the website 
www.matharticles.com. 


Inverse Trigonometric Functions: Integration 


* Integrate functions whose antiderivatives involve inverse trigonometric functions. 
* Use the method of completing the square to integrate a function. 
* Review the basic integration formulas involving elementary functions. 


Integrals Involving Inverse Trigonometric Functions 


The derivatives of the six inverse trigonometric functions fall into three pairs. In ea 
pair, the derivative of one function is the negative of the other. For example, 


& [arcsin x] = wets 

dx 1 ee 
and 

d 1 

er larccos 4) = ae 


When listing the antiderivative that corresponds to each of the inverse trigonomett 
functions, you need to use only one member from each pair. It is conventional to u 
arcsin x as the antiderivative of 1/./1 — x?, rather than —arccos x. The next theore 
gives one antiderivative formula for each of the three pairs. The proofs of these int 
gration rules are left to you (see Exercise 61). 


THEOREM 5.19 Integrals Involving Inverse Trigonometric Functions 


Let u be a differentiable function of x, and let a > 0. 


Example 1 Integration with Inverse Trigonometric Functions 


a eh Mialn ge en ee 
i) ee Ae ceo) 


dx | 3 dx 
b. = 2) DB) Seba Zz 
E + 9x2" 3 lear PEK ot 


3x 
arctan —= + C 


| 
) 2) 


Il 


dx 2 dx 
Cc. = = = 
fhe — 1) Fes (2x) 3? es eae 
ee arc [2x1 +C L 
3 aresec 3 


The integrals in Example | are fairly straightforward applications of integrati 
formulas. Unfortunately, this is not typical. The integration formulas for inver 
trigonometric functions can be disguised in many ways. ; 


TECHNOLOGY PITFALL Computer 
software that can perform symbolic 
integration is useful for integrating 
functions such as the one in Example 
2. When using such software, 
however, you must remember that it 
can fail to find an antiderivative for 
two reasons. First, some elementary 
functions simply do not have anti- 
derivatives that are elementary 
functions. Second, every symbolic 
integration utility has limitations—you 
might have entered a function that the 
software was not programmed to 
handle. You should also remember that 
antiderivatives involving trigonometric 
functions or logarithmic functions can 
be written in many different forms. 
For instance, when we used a sym- 
bolic integration utility to find the 
integral in Example 2, we obtained 


dx 
a = arctan V/e* = 14 C. 
| pe = 
Try showing that this antiderivative 
is equivalent to that obtained in 
Example 2. 
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Example 2 Integration by Substitution 


dx 
Find | ————.. 
| ex — | 


Solution As it stands, this integral doesn’t fit any of the three inverse trigonometric 
formulas. Using the substitution u = e*, however, produces the following. 


du =e*dx E> fae Stree 


i= e ==> ; 
e u 


With this substitution, you can integrate as follows. 
| dx dx ae aye 
————— ed rite e~ as (e*)-. 
[e2x — | /(e*)? = jl 
i du/u 
ie =i 


| du 
u/u2 — 1 
= arcsec {4 see 


arcsec e% + C 


Substitute. 


Rewrite to fit Arcsecant Rule. 


Apply Arcsecant Rule. 


Back-substitute. 


Example 3 Rewriting as the Sum of Two Quotients 


+ 
Find saa LB aire. 


Jaa2 


Solution This integral does not appear to fit any of the basic integration formulas. 
By splitting the integrand into two parts, however, you can see that the first part can 
be found with the Power Rule and the second part yields an inverse sine function. 


pas dx S dk |= dx 
/4 = x? VA ie a: 
1 1 


= ta = to alae AG Ce Bee 2a 
= oe 
| x’) ] + 2aresin§ + 


2 1/2 2 
Sa ne te? 2 arcsin 5 aC rd 
Completing the Square 


Completing the square helps when quadratic functions are involved in the integrand. 
For example, the quadratic x? + bx + c can be written as the difference of two squares 
by adding and subtracting (b/2)°. 


b\2 b\2 
Pt brte=x tort (3) - (3) +¢ 
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oe 


The area of the region bounded by the 
graph of f, the x-axis, x = 5, and x = tis 
1/6. 

Figure 5.44 


| TECHNOLOGY With definite 

: integrals such as the one given in 

_ Example 5, remember that you can 
_ resort to a numerical solution. For 
_ instance, applying Simpson’s Rule 
_ (with n = 6) to the integral in the 
_ example, you obtain 


9/4 , 
4 (25599) 
ke WK ae 


This differs from the exact value of 
the integral (77/6 ~ 0.5235988) by 
_ less than one millionth. 


Example 4 Completing the Square 


: dx 
sae z —424 7) 
Solution You can write the denominator as the sum of two squares as follows. 
x —4x+7= (0? -444+4)-447=6-2% +3=v+a@ 


Now, in this completed square form, let wu = x — 2 anda = I: 


| A | 
Kaen Ag] i) he ey) R/S G 


If the leading coefficient is not 1, it helps to factor before completing the squa 
For instance, you can complete the square of 2x? — 8x + 10 as follows. 
2x2 — 8x + 10 = 2(x? — 4x + 5) 
Se 4 ey) 
= (x2) elt 
To complete the square when the coefficient of x is negative, use the same “factori 


process” illustrated above. For instance, you can complete the square for 3x — x? 
follows. 


3x — x? 


II 

| 
i) 

| 
es) 

tad 
~— 


Example 5 Completing the Square (Negative Leading Coefficient) 


Find the area of the region bounded by the graph of 
1 
BS ey 
fx) ate 


; 3 9 
the x-axis, and the lines x = 5 and x = j. 


Solution From Figure 5.44, you can see that the area is given by 


9/4 ' 
Area = ie Vege ee 
Using the completed square form derived above, you can integrate as follows. 
oo dx Sus dx 
i Van = 3/2 (3/2)? — [x — B/2)P 
ae CD 


=; ar j = 
csin 3/2 Ly 


Bal 
= arcsin 5 —arcsin 0 
cs 
6 
= ().524 


Basic Integration Rules (a > 0) 


: [ur du = x] 0 du 


fau=utc 


— 


ag 


13. 


15. 


17. 


19. 


du 


cos u du 


cot u du 


escicotu du = —cscu + C 


T 
im 
= 
+ 
oy 


= In|sin u| + C 


= —In|csc u + cot u| + C 14. 


fox udu = —cotu+C 
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Review of Basic Integration Rules 


You have now completed the introduction of the basic integration rules. To be 
efficient at applying these rules, you should have practiced enough so that each rule is 
committed to memory. 


iS 
Foust 
ma 
= 
H+ 


g(u)| du = [re du + | g(u) du 


yrr! 


“du = + pe — 
ei ae ta Cornel 


| 

[erau =e + C 

8. [sin wa = —cosu + € 

10. fim udu = —In|cos u| + C 

12. [secu du = In|sec u + tanu| + C 
[secu du = tan + C 


16. [se uUtan dau = secu + C 


a 


18 eee == Aides 
: [q2 — y2 a 


20 


= Heep see Co 
da 


i du 
‘Jui — @& 


You can learn a lot about the nature of integration by comparing this list with the 
summary of differentiation rules given in the preceding section. For differentiation, you 
now have rules that allow you to differentiate any elementary function. For integration, 
this is far from true. 

The integration rules listed above are primarily those that we happened on when 
developing differentiation rules. We do not find integration rules for the antiderivative 
of a general product or quotient, the natural logarithmic function, or the inverse 
trigonometric functions. More importantly, you cannot apply any of the rules in this 
list unless you can create the proper du corresponding to the u in the formula. The 
point is that we need to work more on integration techniques, which we will do in 
Chapter 7. The next two examples should give you a better feeling for the integration 
problems that you can and cannot do with the techniques and rules you now know. 
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Example 6 i ‘Comparing Integration Problems 
Find as many of the following integrals as you can using the formulas and techniq 
you have studied so far in the text. 
A | dx b x dx P dx 
Nae xe al | nl XE Oey ead 
Solution 


a. You can find this integral (it fits the Arcsecant Rule). 


dx 
SS arcsec |x|" € 
| eel I 
b. You can find this integral (it fits the Power Rule). 


eee = sfc — 1)7!/2(2x) dx 
= 


Z 5 cere | +C 
= ME eee 


c. You cannot find this integral using present techniques. (You should scan the list 
basic integration rules to verify this conclusion.) 


Example 7 Comparing Integration Problems 


Find as many of the following integrals as you can using the formulas and techniqt 
you have studied so far in the text. 


a. | a b. [mee o [insac 
Dales Be 


Solution 


a. You can find this integral (it fits the Log Rule). 


dx 1/x 
= |—— dx 
oanex: In x 


= In|Inx| + C 


b. You can find this integral (it fits the Power Rule). 


[rst [Chm 


seal Nes 
= arn 


¢c. You cannot find this integral using present techniques. | 


NOTE Note in Examples 6 and 7 that the simplest functions are the ones that you cannot 
integrate. 


‘XERCISES FOR 
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Exercises 1—30, find or evaluate the integral. 


2| 


r= 

CG 

O) = ye 

1/6 

[ <a 

0 J1 — 9x2 — 
7) 

[ie 
J3/2 1 

[ fea 


1 
Se 
eee = il 


[sae 


aa 
1 —( + 1)? 


t 
= at 
iE = je 


Exercises 31—42, find or evaluate the integral. (Complete the 


iare, if necessary.) 


“ieee 

er fuer 2 
2x ; 

eres a 


i 
—————_. dx 
poe — 4x 


ee 
J —x? =e 
3 

pect 3 


pe 46 — x" 


ea 
oe 


a 


10. 


12. 


14. 


16. 


18. 


20. 


D2 


24. 


26. 


28. 


30. 


32. 


34. 


36. 


38. 


40. 


42. 


J 


J 
Js 


lm 
ree 
| 
thes 


J 


3 
ab 
Va 

1 
\ 


1 + 9x2 


be 
J4 — x? 


4 
dx 


3 


1 


pa 


1 


7a Sh es 
= il 
ae Hace 
pie” 
ray F 
net 
arccos x 
</ = x2 
3 ae 
ae Ce 


a/2 
cOsx 
eT apr om er 
a 1 resin? & 


J 


| 


| 
| 


| 
J 


3 
2/x(1 Sergey 
Be ae 3) 
l= 32 

ee 
(x + 1)7.+.4 


dx 


dx 


9) 


3 dx 
oe ak 13 
Dee SD he 
2+ 2x +2 


2) 
Bab seis ag 
J —x2 + 4x 


Si tea) ie 
Gem. 
1 


(abe 


Ge) ee 2x 
Ben eee 7, 
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| 48. (a) fe dx 


| 

i 

la (a) [we (b) |e (c) |e 
; J1 — x? J/1 — x? x/1 — x? 

| 
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In Exercises 43 and 44, use the specified substitution to find the 
integral. 


43. [ve = Bali 
u= /e'— 3 


45. What is a perfect square trinomial? 
46. What term must be added to x? + 3x to complete the 
square? Explain how you found the term. 


In Exercises 47-50, determine which of the integrals can be 
found using the basic integration formulas you have studied 
so far in the text. 


(b) [re ax (c) [Zevsac 


49, (a) Le dx ae dx o|2 


50. (a) Jive 


Aai® 


bam) |< = a x 


Pe Slope Fields In Exercises 51 and 52, a differential equation, a 


point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the indicated point. (b) Use integration to 
find the particular solution of the differential equation and use 
a graphing utility to graph the solution. Compare the result 
with the sketches in part (a). To print an enlarged copy of the 
graph, go to the website www.mathgraphs.com. 


dy : 
See ee 00) Y = x./16 — y?, 
y y 


dx 1+x ‘~) 


~ 
~~ 
~ 
Ss 
\ 
XN 
S 
S 
\ 
\ 
SS 
~~ 
SS 


VAT ES AL Foal LL Th 


/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 


|S SSA A: 


Py In Exercises 53 and 54, use a computer algebra system to graph 


the slope field for the differential equation and graph the 
solution satisfying the specified initial condition. 


dy 10 dy ___2y 
: ° J/16 — x? 
y(0) = 2 
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In Exercises 55 and 56, find the area of the region bounded by Ae 62. Consider the integral 
the graphs of the equations. 


SBE 


56. 


Sk 


PE ss. 


PE 59. 


60. 


61. 


ih = Sip 


| 
M 
S 


| 
<< 

| 
= 
= 

| 
= 
be 

ll 


ea 


Approximation Determine which value best approximates 
the area of the region between the x-axis and the function 


1 
it 


over the interval [— 0.5, 0.5]. (Make your selection on the basis 
of a sketch of the region and not by performing any calcula- 
tions.) 


(aad wear ateert®) loljwe( a2 stemeloias 


Approximation Sketch the region whose area is represented 
by the integral 


1 
i arcsin x dx 
0 


and use the integration capabilities of a graphing utility to 
approximate the area. 


(a) Show that 


1 
4 
i rege ae 


(b) Approximate the number 7 using Simpson’s Rule (with 
n = 6) and the integral in part (a). 


fe) = 


(c) Approximate the number 7 by using the integration capa- 
bilities of a graphing utility. 


Investigation Consider the function 
| Bory Ph D 
AGS) = | a jt. 


(a) Write a short paragraph giving a geometric interpretation of 
the function F(x) relative to the function 


2 
+] 


(hea 

x 
Use what you have written to guess the value of x that will 
make F maximum. 


(b) Perform the specified integration to find an alternative form 
of F(x). Use calculus to locate the value of x that will make 
F maximum and compare the result with your guess in part 


(a). 


Verify each rule by differentiating (a > 0). 
du u 
2) 3) = arcsinliatat O 


du 


(0) \a +2 


du 1 
(Cc) = = = — arcsec 
ie = OF el 


1 u 
AIGA sp (C 
a a 


u 
a 


iG 


acd 63. 


64. 


1 
i Tae dx. 
(a) Find the integral by completing the square of the radica 
(b) Find the integral by making the substitution u = oe 
(c) The antiderivatives in parts (a) and (b) appear significar 
different. Use a graphing utility to graph each in the sa 


viewing window and determine the relationship betw 
the two antiderivatives. Find the domain of each. 


Vertical Motion An object is projected upward from grot 
level with an initial velocity of 500 feet per second. In this ex 
cise, the goal is to analyze the motion of the object during 
upward flight. 


(a) If air resistance is neglected, find the velocity of the obj 
as a function of time. Use a graphing utility to graph 1 
function. 


(b 


wm 


Use the result in part (a) to find the position function : 
determine the maximum height attained by the object. 


(G 


wa 


If the air resistance is proportional to the square of 
velocity, you obtain the equation 


dv 
—_—=- + ky? 
i (32 + kv?) 


where —32 feet per second per second is the accelerat 
due to gravity and k is a constant. Find the velocity a 
function of time by solving the equation 


dy 
\ 3 +k - fa 


Use a graphing utility to graph the velocity function v(t 
part (c) ifk = 0.001. Use the graph to approximate the ti 
f) at which the object reaches its maximum height. 


(d 


—S 


(e) Use the integration capabilities of a graphing utility 


approximate the integral 


| v(t) dt 
0 


where v(t) and f) are those found in part (d). This is 
approximation of the maximum height of the object. 


(f 


— 


Explain the difference between the results in parts (b)_ 
(e). 

FOR FURTHER INFORMATION For more information on t 
topic, see “What Goes Up Must Come Down; Will Air 
Resistance Make It Return Sooner, or Later?” by John Leki 
in Mathematics Magazine. To view this article, go to the 
website www.matharticles.com. 


Graph y, = , Y2 = arctan x, and y, = x on [0, 10]. 


1 + x? 


Prove that x 
1 


2 Ki Eidelininse << spite se S> (0) 
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Section 5.10 Hyperbolic Functions 


* Develop properties of hyperbolic functions. 

¢ Differentiate and integrate hyperbolic functions. 

* Develop properties of inverse hyperbolic functions. 

* Differentiate and integrate functions involving inverse hyperbolic functions. 


Hyperbolic Functions 


In this section you will look briefly at a special class of exponential functions called 
hyperbolic functions. The name hyperbolic function arose from comparison of the 
area of a semicircular region, as shown in Figure 5.45, with the area of a region under 
a hyperbola, as shown in Figure 5.46. The integral for the semicircular region involves 
an inverse trigonometric (circular) function: 
i 1 
1 
| SAL Har = 3 [xvi H+ aresin | a = LoT. 
= -1 
The integral for the hyperbolic region involves an inverse hyperbolic function: 


1 


] 
| A | FP de = 5|xVi FE + sinh | =~ 2.296. 
= 


=i 


This is only one of many ways in which the hyperbolic functions are similar to the 


The first person to publish a comprehensive trigonometric functions. 
study on hyperbolic functions was Johann 
Heinrich Lambert, a Swiss-German mathe- y 
‘tmatician and colleague of Euler. 4 
a 
Y=evil— x2 
4 a X x 
=i 1 
Circle: x? + y? = 1 Hyperbola: —x? + y? = 1 
Figure 5.45 Figure 5.46 


OR FURTHER INFORMATION For 
lore information on the development of 
yperbolic functions, see the article “An Bis gas 

1troduction to Hyperbolic Functions in sinh x = — esch x 
lementary Calculus” by Jerome 
osenthal in Mathematics Teacher. To 
iew this article, go to the website 
ww.matharticles.com. 


Definition of the Hyperbolic Functions 


sech x 


coth x = 
t 


NOTE | sinh x is read as “the hyperbolic sine of x,” cosh x as “the hyperbolic cosine of x,” and 
so on. 
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The graphs of the six hyperbolic functions and their domains and ranges are shoy 
in Figure 5.47. Note that the graph of sinh x can be obtained by addition of ordinat 
using the exponential functions f(x) = Sex and g(x) = —4e-*, Likewise, the graph 
cosh x can be obtained by addition of ordinates using the exponential functior 
f(x) = sex and h(x) = 5e7%, 


aya ES 
Domain: (— co, co) Domain: (— 00, co) Domain: (— 00, co) 
Range: (— 00, co) Range: [ 1, oo) Range: (— 1, 1) 
y BA 
A = oe | 
oa RLS Sees i 
y= coth x = tanks 
te oN SSS see Ss Fa - ==) Ll SSS Se 
pf ++} x —+—+—_+—+—} > 3 
=; ema? A Lae Kez 
-]|+ =—--- -]|+--------- 
T A (4 
Domain: (— c0, 0) U (0, co) Domain: (— co, co) Domain: (— co, 0) U (0, 00) 
Range: (— co, 0) U (0, co) Range: (0, 1] Range: (— co, — 1) U(1, cc) 
Figure 5.47 
Many of the trigonometric identities have corresponding hyperbolic identitie 
For instance, 
a. Pe se ad tetas deny en ere \2 
cosh* x — sinh* x = ( 5 ( 5 
Nettie |e) = eis 
4 4 
_4 
FOR FURTHER INFORMATION To Fi; 4 
understand geometrically the relation- 


ship between the hyperbolic and 
exponential functions, see the article 
“A Short Proof Linking the Hyperbolic 
and Exponential Functions” by Michael ‘ OP BPN se oe 
J. Seery in The AMATYC Review. To 2 sinh x cosh x = 2 > )( 2 
view this article, go to the website 

www.matharticles.com. = 


and 


= sinh 2x. 
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Hyperbolic Identities 


cosh? x sinh = 1 sinh(x + y) = sinh x cosh y + cosh x sinh y 
tanh? x + sech? x = 1 sinh(x — y) = sinh x cosh y — cosh x sinh y 
coth? x — teh = 71 cosh(x + y) = coshx cosh y + sinh x sinh y 


cosh(x — y) = cosh x cosh y — sinh x sinh y 


—1+ 
sak? 5 = 1 + cosh 2x mae {3 7cosh 2 
2 2. 
sinh 2x = 2 sinh x cosh x cosh 2x = cosh? x + sinh? x 


Differentiation and Integration of Hyperbolic Functions 


Because the hyperbolic functions are written in terms of e* and e~*, you can easily 
derive rules for their derivatives. The following theorem lists these derivatives with the 
corresponding integration rules. 


THEOREM 5.20 Derivatives and Integrals of Hyperbolic Functions 


Let u be a differentiable function of x. 


< [sinh u] = (cosh u)u’ [eos udu = sinhu + C 

d : : : 

TF [cosh u] = (sinh u)u [sion udu = coshu + C 

< [tanh u] = (sech? u)u’ [secre udu = tanhu + C 

dx 

d 2 / 2 

re [coth uw] = —(csch? u)u | csch? u du = —cothu + C 

< [sech u] = —(sech u tanh u)u’ [seen u tanh u du = —sechu + C 
Ep 


| 


< [csch u] = —(csch uv coth u)u’ [esen u.coth udu = —cschu + C 
x 


Proof 
d AL \ ean Come me 
mae er = =e 
sinh x] ral 5 5 cosh x 
Se eps d Ee 4 _ cosh x(cosh x) — sinh x(sinh x) 
yaar aE dx| cosh x cosh? x 
1 3 = 
ey sae | 


In Exercises 87 and 91, you are asked to prove some of the other differentiation rules. 
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f(x) = (%— 1) cosh x — sinh x 


f“0) < 0,s0 (0, — 1) isa relative 
maximum. f’(1) > 0,so (1, —sinh 1) 
is a relative minimum. 

Figure 5.48 


x 


y=acoshz 


Catenary 
Figure 5.49 


Example 1. Differentiation of Hyperbolic Functions 


a. < [sinh(x2 — 3)] = 2x cosh(x? — 3) 


sinh x 


d = = 
b. oT [In(cosh x)] = ae tanh x 


c. © [x sinh x — cosh x] = x coshx + sinhx — sinhx = x coshx 
be 


crosenroceetne teeCnneca teint SME CCEA ACSC ANS CRORE NC et 


Example 2 Finding Relative Extrema 


Find the relative extrema of f(x) = (x — 1) cosh x — sinh x. 


Solution Begin by setting the first derivative of f equal to 0. 
¥Y (4) "(4 — 1) sinh x +-costix cosh « =O) 
(x ="1)'sinh x = 0 
So, the critical numbers are x = 1 and x = 0. Using the Second Derivative Test, y 
can verify that the point (0, — 1) yields a relative maximum and the point (1, —sinh 
yields a relative minimum, as shown in Figure 5.48. Try using a graphing utility 


confirm this result. If your graphing utility does not have hyperbolic functions, y 
can use exponential functions as follows. 


fle) = — Der + e-) — Here) 
cat 3(xe* + xe-* — eX — e-* — eX +e) 


= S(xe* Teen =e") [ 


When a uniform flexible cable, such as a telephone wire, is suspended from t 
points, it takes the shape of a catenary, as discussed in Example 3. 


ve) Example 3 Hanging Power Cables 


RTE ST TF ETSI NAT SE LID EL TEL MTT ETS SD EDT TTT TE ELD STII FE SE RTE TLE I DA DN ESTERS TI EEE 


Power cables are suspended between two towers, forming the catenary shown 
Figure 5.49. The equation for this catenary is 


a 
y = acosh-. 
a 


The distance between the two towers is 2b. Find the slope of the catenary at the pe 
where the cable meets the right-hand tower. 


Solution Differentiating produces 
1 4 - 
y= o() sinh ~ = sinh=. 
a a a 
At the point (b, a cosh(b/a)), the slope (from the left) is given by 


m= Sense 

a 
FOR FURTHER INFORMATION In Example 3, the cable is a catenary between t 
supports at the same height. To learn about the shape of a cable hanging betw 
supports of different heights, see the article “Reexamining the Catenary” by P 


Cella in The College Mathematics Journal. To view this article, go to the web 
www.matharticles.com. 
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Example 4 Integrating a Hyperbolic Function 
SSS ES LER PISA SE FC OT TEESE IT BLE Ea OG I I RY SIS PI BE TEE PIE I PC 


Find | cosh 2x sinh? 2x dx. 


Solution 


; gil 95. 
| cosh 2x.sinh? 2xdx = 5 | (sinh 2x)?(2 cosh 2x) dx u = sinh 2x 


_ 1{ (sinh 2 
E 5| ‘sae +C 


C sinh? 2x 


6 Cc VA 


Inverse Hyperbolic Functions 


Unlike trigonometric functions, hyperbolic functions are not periodic. In fact, by look- 
ing back at Figure 5.47, you can see that four of the six hyperbolic functions are actu- 
ally one-to-one (the hyperbolic sine, tangent, cosecant, and cotangent). So, you can 
apply Theorem 5.7 to conclude that these four functions have inverse functions. The 
other two (the hyperbolic cosine and secant) are one-to-one if their domains are 
restricted to the positive real numbers, and for this restricted domain they also have 
inverse functions. Because the hyperbolic functions are defined in terms of exponen- 
tial functions, it is not surprising to find that the inverse hyperbolic functions can be 
written in terms of logarithmic functions, as shown in Theorem 5.21. 


THEOREM 5.21 ~ Inverse Hyperbolic Functions 


Function Domain 


sine a In(x + Sx? + 1) (—60, oo) 
cosh~! x = In(x + /x?2 — 1) [1, co) 


1) 


(—oo, —1) U(1, 00) 


(0, 1] 


(=co, 0) 0%es) 


Proof The proof of this theorem is a straightforward application of the properties of 
the exponential and logarithmic functions. For example, if 
pen see 


f(x) = sinh x = 5 


and 
g(x) = In(x + /x? + 1) 


you can show that f(g(x)) = x and g(f(x)) = x, which implies that g is the inverse 
function of f. vA 
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Graphs of the hyperbolic tangent function 
and the inverse hyperbolic tangent function 


=2 


Figure 5.50 
iy 
A 
37 y=cosh! x 
2+ 
1+ 
ast emule? 
3 -2 -l ey oe eee) 
-]-+ 
=e 
3+ 


Domain: [ 1, co) 
Range: [0, co) 


Domain: (0, 1] 
Range: [0, co) 
Figure 5.51 


Logarithmic, Exponential, and Other Transcendental Functions 


TECHNOLOGY You can use a graphing utility to confirm graphically tl 
_ results of Theorem 5.21. For instance, try sketching the graphs of the followir 
_ functions. 


y, = tanhx Hyperbolic tangent 
Be ao Cu 
= a eee Definition of hyperbolic tangent 
ame tg a 
Ve tanh x Inverse hyperbolic tangent 
eee ey Be ee. 
Wie 2 n ‘fas: Definition of inverse hyperbolic tangent 


_ The resulting display is shown in Figure 5.50. As you watch the graphs being 
_ traced out, notice that y, = y, and y, = y,. Also notice that the graph of y, is 
- the reflection of the graph of y, in the line y = x. 


The graphs of the inverse hyperbolic functions are shown in Figure 5.51. 


Domain: (— 1, 1) 
Range: (— 00, co) 


Domain: (— 00, co) 
Range: (— co, co) 


ah 


I 


Domain: (— oo, — 1) U (1, 00) 
Range: (— co, 0) U (0, co) 


Domain: (— co, 0) U (0, 00) 
Range: (— 0, 0) U (0, co) 


The inverse hyperbolic secant can be used to define a curve called a tractrix 
pursuit curve, as discussed in Example 5. 


= 20 sech"! % —-/20?— x? 


erson must walk 41.27 feet to bring the 
it 5 feet from the dock. 
sure 5.52 


SECTION 5.10 Hyperbolic Functions 401 


Example 5 A Tractrix 


A person is holding a rope that is tied to a boat, as shown in Figure 5.52. As the person 
walks along the dock, the boat travels along a tractrix, given by the equation 


x 
yee taisecht! —)h/ae Sx" 
a 


where a is the length of the rope. If a = 20 feet, find the distance the person must walk 
to bring the boat 5 feet from the dock. 


Solution In Figure 5.52, notice that the distance the person has walked is given by 


vat 20 ee (20 secon! = m0 =) + OS 


= 20 sech7! rat 


When x = 5, this distance is 


Pate 2 
FE 0 eet i state) Les 41/4)? 


20 1/4 
= 20 In(4 + /15) 
~ 41.27 feet. VA 


Differentiation and Integration of Inverse Hyperbolic Functions 


The derivatives of the inverse hyperbolic functions, which resemble the derivatives of 
the inverse trigonometric functions, are listed in Theorem 5.22 with the correspond- 
ing integration formulas (in logarithmic form). You can verify each of these formulas 
by applying the logarithmic definitions of the inverse hyperbolic functions. (See 
Exercises 88-90.) 


THEOREM 5.22 Differentiation and Integration Involving Inverse 
Hyperbolic Functions 


Let u be a differentiable function of x. 


< [cosh u| 


d =] 
7th u| t 


one 2 
dx (70 ee 
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Example 6 More About a Tractrix 


For the tractrix given in Example 5, show that the boat is always pointing toward ' 
person. 


Solution For a point (x, y) on a tractrix, the slope of the graph gives the direction 
the boat, as shown in Figure 5.52. 


d ae ae | 
vie = 4} 20 sech— 0 DOs 


~~) asc sera|- (a2) 


ve = 0n mn x 
0 207 

7 205. x2 

a aad 


However, from Figure 5.52, you can see that the slope of the line segment connecti 
the point (0, y,) with the point (x, y) is also m = (- 20? ie )/x. Thus, the boat 
always pointing toward the person. (It is because of this property that a tractrix 
called a pursuit curve.) 


Example 7 “Integration Using Inverse Hyperbolic Functions 


Find eects Ee 
x/4 — 9x? 
Solution Let a = 2 and u = 3x. 


lass lege \w# 


Usa — ue 
ie oe iFrame 
ey IG L jf Me u ie 
2 |3x| a |u| 


Example 8 Integration Using Inverse Hyperbolic Functions 


: dx 
Find iE Ay? 


Solution Leta = a/5 and ui = 2x. 


dx s Nh 2 dx { du 
BAe 2 ae = (2x) Ge 
=< | a|vo- + 2x 5 + 2x -C 2g (Ne “| C 
2\5 75! “ee os = O83 2a ja-t 


Lae A Seatiae 


= n 
4/5 |./5 — 2x 


oF 


i'XERCISES FOR SECTION 5.10 


SECTION 5.10 Hyperbolic Functions 403 


Exercises 1-6, evaluate the function. If the value is not a 
ional number, give the answer to three-decimal-place 
curacy. 


, (a) sinh 3 2. (a) cosh 0 
(b) tanh(—2) (b) sech 1 

, (a) csch(In 2) 4. (a) sinh~! 0 
(b) coth(In 5) (b) tanh~! 0 

ma) cosh 12 6. (a) csch~! 2 
(b) sech~! § (b) coth~! 3 


Exercises 7-12, verify the identity. 


, tanh? x + sech? x = 1 


if coshi2x 
2 


, sinh(x + y) = sinh x cosh y + cosh x sinh y 


p cosh? x = 


. sinh 2x = 2 sinh x cosh x 
sinh 3x =-3 sinh x + 4 sinh? x 
ay: 


Kr 
, cosh x + cosh y = 2 cosh = 2 cosh 


ez) 2 


Exercises 13 and 14, use the value of the given hyperbolic 
iction to find the other hyperbolic functions. 


. sinh x = 7 cosh x = , tanhx = 
esch x = x Sedikee= , cothx = 

. sinh x = , eosh x = , tanhx = 5. 
esch x = sech x = , cothx = 


Exercises 15-28, find the derivative of the function. 


16. y = coth 3x 
18. g(x) = In(cosh x) 


/y = sinh(1 — x?) 
_ f(x) = In(sinh x) 


y= in tanh *) 20. y = xcoshx — sinh x 
Ie 3 
At) = A sinh 2x — 5 22. hit).= t — cotht 
f= arctan(sinh t) 24. 9(x) = sech* 3x 
g(x) = x cosh x 26. f(x) — esinh 2 
y = (coshx — sinh x)? 28. y = sech(x + 1) 


Exercises 29 and 30, find any relative extrema of the function 
J use a graphing utility to confirm your result. 


fix) = sm xsinhx — cosxcoshx, —4 sx <4 
ia), = x sinh(4!==1) — cosh(x — 1) 


Exercises 31 and 32, use a graphing utility to graph the func- 
n and approximate any relative extrema of the function. 


g(x) = x sech x 52) nx) =_2.tanh x’ — % 


In Exercises 33 and 34, show that the function satisfies the 
differential equation. 

Function Differential Equation 
yt 7s, y’ = 0 


irs yet 


33. y = asinh x 


34. y = acoshx 


Pe Linear and Quadratic Approximations In Exercises 35 and 36, 


use a computer algebra system to find the linear approximation 
P(x) = f(a) + f'(@& - a) 

and the quadratic approximation 

P,(x) = f(a) + fale — a) + 3f"@(x — a)? 


to the function f at x = a. Use a graphing utility to graph the 
function and its linear and quadratic approximations. 


35. f(x) = tanh x 36. f(x) = coshx 
a=1 = 0 


Catenary In Exercises 37 and 38, a model for power cables 
suspended between two towers is given. (a) Graph the model, 
(b) find the height of the cable at the towers and at the midpoint 
between the towers, and (c) find the slope of the model at the 
point where the cable meets the right-hand tower. 


37. y = 10 + 15 cosh =, Sayfa nis 


/\ 
= 
IA 
Nw 
Nn 


iG 
38. y = 18 + 25 cosh 55; 2S 


In Exercises 39-54, find or evaluate the integral. 


h ie 
39. {inna — 2x) dx 40. cos a 
41. [costae — 1) sinh(x — 1) dx 
sinh x 
ee iF + sinh? x a 
43, [2 an 44, [scone - 1) dx 
sinh x 
45. | x csch? = dx 46. [con x tanh x dx 
47. jae a pind dx 48. [cost x dx 
x 
oe a1 gee 
Ai 50. ad 
ad leas : | eee 
51 = : d. 52 i Z d. 
F ————_ dx ‘|. on 
0 J1 — 4x? xJ/1 + 4x? 
Xi cosh x 
5 
hs ice ee ls3 = sinh? x 
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In Exercises 55-62, find the derivative of the function. 


55. y = cosh ‘(3x) 56. y = tanh“! ; 
57. y = sinh |(tan x) 

58. y = sech"!(cos 2x), 0 <x < 7/4 

59. y = coth ‘(sin 2x) 60. y = (csch~! x)? 


615 = 2x sinh *Qx) — il a 4a 
622 y= x tanh x 4 In~/ eco 


Getting at the Concept 
63. Define the hyperbolic functions. 


64. List the rules for differentiating inverse hyperbolic func- | 
tions. List the corresponding integration formulas. 


Tractrix In Exercises 65 and 66, use the equation of the tractrix 


x 
y= asech”!= — J/a?-—x*, a>O. 


65. Find dy/dx. 


66. Let L be the tangent line to the tractrix at the point P. If L inter- 
sects the y-axis at the point Q, show that the distance between 
P and Qis a. 


In Exercises 67-74, find the indefinite integral using the 
formulas of Theorem 5.22. 


1 x 
0. |aiee 68. [sane 
1 es 
693) | dx 10S [>= 
lH |S 
=| dx 
vile d ae 
— = as 
73. | sel =. oy 74. i a 
1 = 44 = 2x2 (% ++ 1)\/ 2x? +) 4x + 8 
In Exercises 75-78, solve the differential equation. 
eee : ; 
dx  ./80 + 8x — 16x? 
og 
dx (x — 1)/—4x? + 8x - 1 
ENE eee Ale dy Via 2x 
ee dx 5+ 4x—- x? ths dx 4x — x? 


In Exercises 79-82, find the area of the region bounded by the 
graphs of the equations. 


79. y = sech=, y=0, = 4. fe = Al 


2 

80. y = tanh2x, y=0, x=2 
5x 

81. y = ‘ =0, x=2 

Qe ea Sa 3 

6 

S21 On nD 
Head 


83. Chemical Reactions Suppose that chemicals A and B co 
bine in a 3-to-1 ratio to form a compound. The amount 
compound x being produced at any time ¢ is proportional to 


unchanged amounts of A and B remaining in the solution. | 
if 3 kilograms of A is mixed with 2 kilograms of B, you hay 


dx 3x x ) 
ie, a: See (gti 32), 
X(3 ale z) 16% 12xer B2) 


If 1 kilogram of the compound is formed after 10 minutes, f 
the amount formed after 20 minutes by solving the integ 


equation 
3k dx 
Te) iE Ey IPs or 


cd 84. Vertical Motion An object is dropped from a height of ¢ 


feet 

(a) Find the velocity of the object as a function of time (negl 
air resistance on the object). 

(b) Use the result in part (a) to find the position function. 


(c) If the air resistance is proportional to the square of 
velocity, then 
dy 
=— = — 32 4 by 
dt 
where —32 feet per second per second is the accelerat 
due to gravity and k is a constant. Show that the velocit 
as a function of time is 


y(t) = = 6) 2 wand 32k t) 


by performing the following integration and simplify 
the result. 


dv 
late - | a 


(d) Use the result in part (c) to find lim v(t) and give 
interpretation. a 


(e 


— 


Integrate the velocity function in part (c) and find 
position s of the object as a function of ¢. Use a graph 
utility to graph the position function when k = 0.01 and 
position function in part (b) in the same viewing wind 
Estimate the additional time required for the object to re 
ground level when air resistance is not neglected. 


85. Writing Give a written description of what you believe wo 
happen if k were increased in Exercise 84. Then test your as: 
tion with a particular value of k. 


86. Show that arctan(sinh x) = arcsin(tanh x). 


In Exercises 87-91, verify the differentiation formula. 


d : d =) 
oe C oe “a — —] — 
87. cP [cosh x] = sinh x 88. i [sech7! x] = ie 
d 1 d 1 
89. —|cosh~! x] = ———— 90. —Isinh=! x] = 
mal x] aps fa [sinh~! x] ae 


d 
91. 7 [sech x] = —sech x tanh x 
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oSuperstock, Mc. 


REVIEW EXERCISES 405 


The Gateway Arch in St. Louis, Missouri was constructed using 
the hyperbolic cosine function. The equation used to construct 
the arch was 


y = 693.8597 — 68.7672 cosh 0.0100333x, 
299 239 X= 299 0739 


where x and y are measured in feet. Cross sections of the arch 
are equilateral triangles, and (x, y) traces the path of the centers 
of mass of the cross-sectional triangles. For each value of x, the 
area of the cross-sectional triangle is 


A = 125.1406 cosh 0.0100333.x. 


(Source: Owner’s Manual for the Gateway Arch, Saint Louis, 
MO, by William Thayer) 


(a) How high above the ground is the center of the highest 
triangle? (At ground level, y = 0.) 

(b) What is the height of the arch? (Hint: For an equilateral 
triangle, A = \/3c?, where c is one-half the base of the 
triangle, and the center of mass of the triangle is located at 
two-thirds the height of the triangle.) 


(c) How wide is the arch at ground level? 


5.1 | In Exercises 1 and 2, sketch the graph of the function 
y hand. Identify any asymptotes of the graph. 


2. f(x) = In@ — 3) 


f(x) = Inx + 3 
) Exercises 3 and 4, use the properties of logarithms to 
‘pand the logarithmic function. 


4x? — 1 
4x? + 1 


In 4, Inf (x? + 1I)@ - 1)] 


. Exercises 5 and 6, write the expression as the logarithm of a 
ngle quantity. 


In3 + 31n(4 — x2) — Inx 
3[In x — 2 In(x? + 1)] + 21n5 


. Exercises 7 and 8, solve the equation for x. 


inea/x + | = 2 8. Inx + In(x — 3) = 0 
. Exercises 9-16, find the derivative of the function. 


g(x) = In Sx 10. A(x) = In <5 


1 a 
i = —_— + - + 
13. ) >| in bx) ne | 
14, y= ala + bx — aln(a + bx)] 
1 OX 
ie pee in 
a ; 
(a. Char (axe 
16. y= se sll 
. ax ae x, 


‘ E. - | 
19. i sin x 20. [* Vx 
cose 5 
4 e 
i i 
a. | 2th 22 | ad 
ib yy ee | 
a/3 a/4 
23 sec 6 d0 24. | tan = ) dx 
10) 10) 4 
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ae] In Exercises 25-30, (a) find the inverse of the function, 
(b) use a graphing utility to graph f and f ~' in the same view- 
ing window, and (c) verify that f —'(f(x)) = f(f ~()) = x. 


25, fa) = 5% 
27s f(x) = ~/ 4 I 


29. fix) = VK 


26. f(x) = 5x —7 
28. f(x) =x? + 2 


30. fx) Hx? = 5, x 2.0 


In Exercise 31-34, find (f~')(a) for the function f and real 


number a. 


Function 
S15 fG) = + 2 
B27 fe) = aw XS 


33. f(x) = tan x, rt < 


34. f(x) = Inx 


ae SS 


aly 


Real number 


a=-l 
a=4 
oe 
3 
a=0 


a In Exercises 35 and 36, (a) find the inverse function of 
f, (b) using a graphing utility to graph f and f~! in the same 
viewing window, and (c) verify that f—'(f(x)) = f( f~\(x)) = x. 


35. f@) = In 4/x 


36. f(x) = e!-* 


In Exercises 37 and 38, graph the function without the aid of a 


graphing utility. 


Sy =e 


38. y = 4e = 


In Exercises 39 — 46, find the derivative of the function. 


39. f(x) = In(e*’) 


41. g(t) = te! 


43. y= Ve 
x2 


A5. g(x) = aS 


e 
40. g(x) = In ee 
42. h(z) = e*/? 
44. y = 3e5/ 


Ie pom 
46. f(0) = xo 20 


In Exercises 47 and 48, use implicit differentiation to find dy/dx. 


47. yInx + y* =0 


AS cos y- = xe) 


In Exercises 49 —56, find the indefinite integral. 


49. | xe? dx 


Ae Dee a | 
Sh, i a 


3). | xe!—** dx 


ss. | ik 
er = Il 


1 /x 
50. | e — dx 
ae 
ex — e 2x 
D2: [s pes dx 
54. [vers dx 


56, | 2dr 
eae | 


57. Show that y = e*(a cos 3x + b sin 3x) satisfies the differential 


equation y” — 2y’ + 10y = 0. 


He 58. Depreciation The value V of an item ¢ years after it 


purchased is 


V = 8000g5 oo 0 =a: 


(a) Use a graphing utility to graph the function. 

(b) Find the rate of change of V with respect to t when t = 
and t =-4. 

(c) Use a graphing utility to sketch the tangent line to the fun 
tion when ¢ = | and ¢t = 4. 


In Exercises 59 and 60, find the area of the region bounded | 
the graphs of the equations. 


59. Vien, y=0, x=0, x =4 
60. y = 2e*, y=0, x=0, x=2 


| 5.5 | In Exercises 61-64, sketch the graph of the function | 
hand. 


62.7 = 6(2—)) 


64. y = log, x? 


61a = 32 
63. y = log,(x — 1) 


In Exercises 65-70, find the derivative of the function. 


65. f(x) = 3°! 
67. y = xt! 


66. f(x) = (4eP 
68. y = x(4 2) 


69. g(x) = log, /1 — x 70. h(x) = log, : 


In Exercises 71 and 72, find the indefinite integral. 


Q-1\/t 
72, |—z—at 


71. [o + 1)5&4+1¥ dy 


Py 73. Think About It Find the derivative of each function, giv 


that a is constant. 
(b) y= a’ (d) y= a‘* 


74. Climb Rate The time ft (in minutes) for a small plane to clir 
to an altitude of h feet is 


(a) y = x? (c) y=x* 


18,000 
t= 0108: Tenon a 


where 18,000 feet is the plane’s absolute ceiling. 

(a) Determine the domain of the function appropriate for t 
context of the problem. 

(b) Use a graphing utility to graph the time function a 
identify any asymptotes. 

(c) Find the time when the altitude is increasing at the great 
rate. 

75. Compound Interest How large a deposit, at 7 percent inter 


compounded continuously, must be made to obtain a balance 
$10,000 in 15 years? 


76. Compound Interest A deposit earns interest at a rate o} 
percent compounded continuously and doubles in value in 
years. Find r. 


_ Air Pressure Under ideal conditions, air pressure decreases 
continuously with height above sea level at a rate proportional 
to the pressure at that height. If the barometer reads 30 inches 
at sea level and 15 inches at 18,000 feet, find the barometric 
pressure at 35,000 feet. 


_ Radioactive Decay Radioactive radium has a half-life of 
approximately 1620 years. If the initial quantity is 5 grams, 
how much remains after 600 years? 


, Population Growth A population grows continuously at the 
rate of 1.5%. How long will it take the population to double? 


, Fuel Economy A certain automobile gets 28 miles per gallon 
‘of gasoline for speeds up to 50 miles per hour. Over 50 miles 
per hour, the number of miles per gallon drops at the rate of 12 
percent for each 10 miles per hour. 


(a) If s is the speed and y is the number of miles per gallon, 
find y as a function of s by solving the differential equation 
dy 


= = —0.012y, : 
a= —0012y, 5 > 50 


(b) Use the function in part (a) to complete the table. 


Speed 50 esmlco nines 70 


Miles per gallon | 


In Exercises 81-86, solve the differential equation. 


Bye 3 dy ere 
ese OS ear 
my 2xy — 0 84. y’ — e? sinx = 0 
ey ty go, 2 — 3& +) 

dx 2xy dx 25 


. Verify that the general solution y = C,x + C,x? satisfies the 
differential equation x*y” — 3xy’ + 3y = 0. Then find the 
particular solution that satisfies the initial condition y = 0 and 
y’ = 4 when x = 2. 

Vertical Motion A falling object encounters air resistance that 
is proportional to its velocity. If the acceleration due to gravity 
is —9.8 meters per second per second, the net change in 
velocity is 
dv 
so kv se 9.8: 
dt 
(a) Find the velocity of the object as a function of time if the 

initial velocity is Vo. 
(b) Use the result in part (a) to find the limit of the velocity as 
t approaches infinity. 


(c) Integrate the velocity function found in part (a) to find the 
position function s. 
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In Exercises 89 and 90, sketch the graph of the function 
by hand. 


89. f(x) = 2 arctan(x + 3) 90. h(x) = —3 arcsin 2x 


In Exercises 91 and 92, evaluate the expression without using a 
calculator. (Hint: Make a sketch of a right triangle.) 


91. (a) sin(arcsin 5) 92. (a) tan(arccot 2) 


(b) cos(aresec V5 ) 


(b) cos(arcsin 5) 


In Exercises 93—98, find the derivative of the function. 


94, y = arctan(x? — 1) 


93. y = tan(arcsin x) 
95. y = x arcsec x 96. y = 4 arctan e** 


97, y = x(arcsin x)* = 2% 4+ 2./1 = x? aresin x 


ase Dye 56 ZEN 


98. y 


In Exercises 99-106, find the indefinite integral. 


1 1 
99. [= eh 100. [; meee 


1 
101. 102. | ee 


[pee 


x ak — 35 
103. | igs dx 104. i ae dx 
arctan(x/2) | arcsinx 
105. { see + dx 106. Wiese dx 


107. Harmonic Motion A weight of mass m is attached to a 
spring and oscillates with simple harmonic motion. By 
Hooke’s Law, you can determine that 


where A is the maximum displacement, ¢ is the time, and k is 
a constant. Find y as a function of f, given that y = 0 when 
t= 0. 

108. Think About It Sketch the region whose area is given by 


1 
i arcsin x dx. Then find the area of the region. Explain how 
0 


you arrived at your answer. 


In Exercises 109 and 110, find the derivative of the 
function. 


109. y = 2x — cosh Vx 110. y = x tanh“! 2x 


In Exercises 111 and 112, find the indefinite integral. 


111. 112. [x sech? x? dx 


x 
dx 
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ii 1S Problem oolving 


1. Find the value of a that maximizes the angle 6 indicated in the 


A 3. 


figure. What is the approximate measure of this angle? 


yi 
A 


(a+x,b+y) 


3 


= X 


0 a 10 


Figure for 1 Figure for 2 


. Recall that the graph of a function y = f(x) is symmetric with 


respect to the origin if whenever (x, y) is a point on the graph, 
(—x, —y) is also a point on the graph. We say that the graph of 
the function y = f(x) is symmetric with respect to the point 
(a,b) if whenever (a — x,b — y) is a point on the graph, 
(a + x, b + y) is also a point on the graph, as indicated in the 
figure. 


(a) Sketch the graph of y = sin x on the interval [0, 27]. Write 
a short paragraph explaining how the symmetry of the graph 
with respect to the point (0, 7) allows you to conclude that 


ar 
| sin x dx = 0. 


0 


(b) Sketch the graph of y = sin x + 2 on the interval [0, 277]. 
Use the symmetry of the graph with respect to the point 
(a, 2) to evaluate the integral 


| (sin x + 2) dx. 
0 


(c) Sketch the graph of y = arccos x on the interval [—1, 1]. 
Use the symmetry of the graph to evaluate the integral 


1 
F arccos x dx. 


=| 
a/2 


: 1 
(d) Evaluate the integral i i iene a 


Let f(x) = sin(In x). 

(a) Determine the domain of the function f- 
(b) Find two values of x satisfying f(x) = 1. 
(c) Find two values of x satisfying f(x) = —1. 
(d) What is the range of the function f? 


(e) Calculate f(x) and use calculus to find the maximum value 
of f on the interval [1, 10]. 


(f) Use a graphing utility to graph f in the viewing window 
[0, 5] x [—2, 2] and estimate lim, f(x), if it exists. 


(g) Determine lim, f(x) analytically, if it exists. 


Logarithmic, Exponential, and Other Transcendental Functions 


4, Graph the exponential function y = a* fora = 0.5, 1.2, and 
Which of these curves intersects the line y = x? Determine 
positive numbers a for which the curve y = a* intersects the | 


y=x. 

5. (a) Let P(cos ¢, sin f) be a point on the unit circle x? + y? = 
in the first quadrant. Show that t is equal to twice the areé 
the shaded circular sector AOP. 


(a) » (bye 
A 


t AU, 0) | 


A(1, 0)} 


(b) Let P(cosht, sinh t) be a point on the unit hyperb 
x? — y? = 1 in the first quadrant. Show that r is equa! 
twice the area of the shaded region AOP. Begin by show 
that the area of the shaded region AOP is given by 
formula 

cosh t 


A(t) = 5 cosh t sinh t — Vx = 1 dx. 


1 


6. Consider the three regions A, B, and C determined by the gr. 


of f(x) = arcsin x, as indicated in the figure. 
(a) Calculate the areas of regions A and B. 
(b) Use your answer in part (a) to evaluate the integral 
J2/2 
i arcsin x dx. 
1/2 


(c) Use your answer in part (a) to evaluate the integral 


3 
| In x dx. 
1 


(d) Use your answer in part (a) to evaluate the integral 


V8 
| arctan x dy. 
| 


A A 
l one 
Hs 
Ane 
1 
6 B CG 
VA { > X 
1 v2 1 
Doe 
Figure for 6 Figure for 7 


7. Let L be the tangent line to the graph of the function y = In 


the point (a, b). Show that the distance between b and c is alw 
equal to. 1. 


PS: Problem Solving 409 


Be ct L be the tangent line to the graph of the function y = e* at Ae 14. A $120,000 home mortgage for 35 years at 94% has a monthly 
the point (a, b). Show that the distance between a and c is payment of $985.93. Part of the monthly payment goes for the 
always equal to 1. interest charge on the unpaid balance and the remainder of the 

4 payment is used to reduce the principal. The amount that goes 
for interest is 


a is Pr Te 
u=M (u rr\(1+ 4) 


and the amount that goes toward reduction of the principal is 


Pr r \'2r 
v=(m-2) (1+) : 


In these formulas, P is the size of the mortgage, r is the interest 
rate, M is the monthly payment, and f is the time in years. 


). Use integration by substitution to find the area under the curve 
(a) Use a graphing utility to graph each function in the same 


y= u viewing window. (The viewing window should show all 35 
WHE x years of mortgage payments.) 

between x = 1 and x = 4. (b) In the early years of the mortgage, the larger part of the 

). Use integration by substitution to find the area under the curve monthly payment goes for what purpose? Approximate the 


time when the monthly payment is evenly divided between 


1 3 Ree é 
interest and principal reduction. 


Pe cinta 4 cos? x 


(c) Use the graphs in part (a) to make a conjecture about the 


between x = 0 and x = 77/4. relationship between the slopes of the tangent lines to the 


1. The differential equation dy/dt = ky'*®, where k and e are two curves for a specified value of t. Give an analytical 
positive constants, is called the doomsday equation. argument to verify your conjecture. Find w’(15) and v (15). 
(a) Solve the doomsday equation (d) Repeat parts (a) and (b) for a repayment period of 20 years 

. (M = $1118.56). What can you conclude? 
DY Ah : fos 
Wee Pe 15. Let S represent sales of a new product (in thousands of units), 


let L represent the maximum level of sales (in thousands of 


given that y(0) = 1. units), and let f represent time (in months). The rate of change 


Find the time T at which lim y(1) = 00. of S with respect to f varies jointly as the product of S and 
(b) Solve the doomsday equation dy/dt = ky'*® given that jes gy 
y(0) = yo. (a) Write the differential equation for the sales model if 
Explain why this equation is called the doomsday equation. = 100, S = 10 when t = 0, and S = 20 when ¢ = 1. 
). The differential equation dy/dt = ky(L — y), where k and L are Nees 
positive constants, is called the logistics equation. ee L 
hia Cel” 


(a) Solve the logistics equation 


d 
= y(1 — y) (c) Use a graphing utility to graph the sales function. 


(b) At what time is the growth in sales increasing most rapidly? 


(d) Sketch the solution in part (a) on the slope field shown in 


a4 
given that y(0) = 4. the figure below. To print an enlarged copy of the graph, go 


( ie 1 el, = l to the website www.mathgraphs.com. 
Ne UE (aaa eae (e) If the estimated maximum level of sales is correct, use the 
(b) Graph the solution on the interval —6 < t < 6. Show that slope field to describe the shape of the solution curves for 
the rate of growth of the solution is maximum at the point sales if, at some period of time, sales exceed L. 
of inflection. . 
(c) Solve the logistics equation dy/dt = y(1 — y) given that he i Re 
y(0) = 2. How does this solution differ from that in part 120 s S S S 
2 MOOT Ae tee? Sys 
Ne ae 
;. A thermometer is taken from a room at 72°F to the outdoors, Or 2 foe 
where the temperature is 20°F. Determine the reading on the a Zee 
thermometer after 5 minutes if the reading drops to 48°F after aay 
{2.3 <4 


1 minute. 
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Constructing an Arch Dam 


Dams were originally built to ensure water supplies 
during dry seasons. As technical knowledge has 
increased, they have begun serving other functions. 
Today, dams may be built to create recreational lakes, 
to power generators, and to prevent flooding. Every 
new dam creates concerns. A dam may upset an area’s 
ecology and force the relocation of people and 
wildlife. Also, a poorly constructed dam endangers 
the entire surrounding region, creating the possibility 
of a massive disaster. 

There are several designs used in dam construc- 
tion, one of which is the arch dam. This design curves 
toward the water it contains, and is usually built in 
narrow canyons. The force of the water presses the 
edges of the dam against the walls of the canyon, 
so that the natural rock helps support the structure. 
This added support means that the arch dam can be 


QUESTIONS 


built with less construction materials than its gravity- 
supported counterpart. 

A cross section of a typical arch dam can be 
modeled as shown in the figure below. The model for 
this cross section is as follows. 


0.03x2 + 7.1x + 350, —70 <x < —16 
f(x) = +389, —-16<x<0 
—6.593x + 389, WS sas SY 


To form the arch dam, this cross section is swung 
through an arc, rotating it about the y-axis. The 
number of degrees through which it is rotated and the 
length of the axis of rotation vary, depending primarily 
on how much the water level varies. A possible config- 
uration shows a rotation of 150° and an axis of rotation 
of 150 feet. 


(0, 389) 


(-16, 244) 


1. Find the area of a cross section of the dam. 


2. Describe a strategy for estimating the volume of concrete that would be needed to build 


this dam. 


3. Use the strategy to estimate the volume of concrete needed to build the dam described on 


this page. 


The concepts presented here will be explored further in this chapter. For an extension of this 
application, see Lab 9 of the lab series that accompanies this text at college.hmco.com. 


Applications of 
Integration 


Henryk Kaiser/Leo de Wys 


Hoover Dam, one of the highest concrete dams in the 
world, uses a gravity-arch construction. It relies on 
both the walls of the Black Canyon and its own mass 
to hold back the waters of the Colorado River. 


Frank Crowe calculated the winning 
bid of $48,890,955 for Six Companies, 
the private contracting firm that built 
Hoover Dam. Under his leadership, the 
dam was completed two years early. 


? FURTHER INFORMATION To learn more about the calculus of dam design, see 
culus, Understanding Change, a three-part, half-hour video production by 
MAP and funded by the National Science Foundation. 
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Region 
between 
two 

curves 


Figure 6.1 


Representative rectangle 
Height: f(x,) — g(x;) 
y Width: Ax 


Applications of Integration 


Figure 6.3 


Area of a Region Between Two Curves 


¢ Find the area of a region between two curves using integration. 
¢ Find the area of a region between intersecting curves using integration. 
° Describe integration as an accumulation process. 


Area of a Region Between Two Curves 


With a few modifications you can extend the application of definite integrals from 
area of a region under a curve to the area of a region between two curves. Consi 
two functions f and g that are continuous on the interval [a, b]. If, as in Figure € 
the graphs of both f and g lie above the x-axis, and the graph of g lies below the gre 
of f, you can geometrically interpret the area of the region between the graphs as_ 
area of the region under the graph of g subtracted from the area of the region un 
the graph of f, as shown in Figure 6.2. 


ey X > X 


Q § 


Area of region Area of region Area of region 
between fand g i under f i. under g 


b b 
| f(x) de = [ (x) dx 


To verify the reasonableness of the result shown in Figure 6.2, you can partit 
the interval [a, b] into n subintervals, each of width Ax. Then, as shown in Figure € 
sketch a representative rectangle of width Ax and height f(x;) — g(x,), where x 
in the ith interval. The area of this representative rectangle is 


AA, = (height)(width) = [f(x,) — g(x,)] Ax. 


By adding the areas of the n rectangles and taking the limit as ||A|| 0 (n> 00), 
obtain 


b 
[ Reese = 


Figure 6.2 


lim. SL) = g(x;) | oe 


Because f and g are continuous on [a, b], f — g is also continuous on [a, b] and 
limit exists. Therefore, the area of the given region is 


Area = lim dU) rox, ) Ae 


n—0o = 


II 


| Ane ees 


OTE The height of a representative 
ctangle is f(x) — g(x) regardless of the 
lative position of the x-axis, as shown 

| Figure 6.4. 


fx) =x? +2 


a (x, F(x)) 


Loi=—¥ 


gion bounded by the graph of f, the graph 
g,x = 0,andx = 1 
gure 6.5 
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Area of a Region Between Two Curves 


If f and g are continuous on [a, b] and g(x) < f(x) for all x in [a, b], then the 
area of the region bounded by the graphs of f and g and the vertical lines 


x =aandx = bis 


a | Tey = ene 


In Figure 6.1, the graphs of f and g are shown above the x-axis. This, however, 
is not necessary. The same integrand [ f(x) — g(x)] can be used as long as f and g are 
continuous and g(x) < f(x) for all x in the interval [a, b]. This result is summarized 
graphically in Figure 6.4. 


— 
Se 


(x, fla) ee: 
\ (x, f(x) 1 
r 
wa fix) - g(x) 
5g (x, g(x)) id [| 20) 
Figure 6.4 


Representative rectangles are used throughout this chapter in various applications 
of integration. A vertical rectangle (of width Ax) implies integration with respect to x, 
whereas a horizontal rectangle (of width Ay) implies integration with respect to y. 


Example 1 Finding the Area of a Region Between Two Curves 


Find the area of the region bounded by the graphs of y = x? + 2, y = —x, x = 0, and 
x=1. 
Solution Let g(x) = —x and f(x) = x? + 2. Then g(x) < f(x) for all x in [0, 1], as 


shown in Figure 6.5. Thus, the area of the representative rectangle is 
KA = |Fl— e Ax =o 2) — (—x) Ax 
and the area of the region is 
b 1 
4=| Lie) - ebdlar= | fo? +2) - ota 
a 0 
x3 x2 1 
=|—+—+4+2x 
bape ab 
aa! 
So +54 
3 ke 
ei A 
6 
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(x, f(x)) 


-|-+ 


us (x, g(x)) 


2-- 


Region bounded by the graph of fand the 
graph of g 
Figure 6.6 


g(x) =cos x 


f(x) = sin x 


One of the regions bounded by the graphs of 
the sine and cosine functions 
Figure 6.7 


Area of a Region Between Intersecting Curves 


In Example 1, the graphs of f(x) = x? + 2 and g(x) = —x do not intersect, and th 
values of a and b are given explicitly. A more common problem involves the area | 
a region bounded by two intersecting graphs, where the values of a and b must t 
calculated. 


Example oe “A Region Lying Between Two Intersecting Graphs 
Find the area of the region bounded by the graphs of f(x) = 2 — x? and g(x) = x. 
Solution In Figure 6.6, notice that the graphs of f and g have two points of inte 


section. To find the x-coordinates of these points, set f(x) and g(x) equal to each oth 
and solve for x. 


2—= x7 =x Set f(x) equal to g(x). 
oe pe = Write in general form. 
—(x + 2)(x — 1) =0 Factor. 
eT 2. Or Solve for x. 


Thus, a = —2 and b = 1. Because g(x) < f(x) for all x in the interval [—2, 1], tl 
representative rectangle has an area of 


NA =| fee) Ax 
= (2 7h | Ax 


and the area of the region is 


1 


pets 
abe 2 


[(2 = x?) — x] dx = 


5 


> 
II 
| = 
= 


+ 2x| 


=f) 


] 
NI 


Example 3 A Region Lying Between Two Intersecting Graphs _ 


The sine and cosine curves intersect infinitely many times, bounding regions of equ 
areas, as shown in Figure 6.7. Find the area of one of these regions. 


Solution 

sin x = cos x Set f(x) equal to g(x). 

sin x 2 

= 1 Divide both sides by cos x. 
COS X 
tanx = | Trigonometric identity 
1 ug 
X= A or a Os * S 2ar Solve for x. 


So, a = 7/4 and b = 57/4. Because sinx > cosx for all x in the intery 
[ 7/4, 57/4], the area of the region is 


Whar Sa/4 
A [sin x — cos x| dx = [cos asin | 


1/4 7/4 


— Oe) é 


8X) Sf@) f(x) Sa) 
<a 


MS 


F(x) = 3x — x? — 10x 


[— 2,0], g(x) < f(x) and in [0, 2], 


‘) < g(x). 
ure 6.8 
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If two curves intersect at more than two points, then to find the area of the region 
between the curves, you must find all points of intersection and check to see which 
curve is above the other in each interval determined by these points. 


Example 4 Curves That Intersect at More Than Two Points 


Find the area of the region between the graphs of f(x) = 3x3 — x? — 10x and 
eo () Saxe Ele 


Solution Begin by setting f(x) and g(x) equal to each other and solving for x. This 
yields the x-values at each point of intersection of the two graphs. 


3x3 — x2 — 10x = —x? + 2x Set f(x) equal to g(x). 
Sx lo = 0 Write in general form. 
Bxlis a0 Factor. 
7 =) 052 Solve for x. 
So, the two graphs intersect when x = —2,0, and 2. In Figure 6.8, notice that 


g(x) < f(x) on the interval [—2, 0]. However, the two graphs switch at the origin, and 
f(x) < g(x) on the interval [0, 2]. Hence, you need two integrals—one for the interval 
[—2, 0] and one for the interval [0, 2]. 


a=] Lr) ~ stole + | foe) - relay 


0 2 
= | (3x3 — 12x) dx + | (—3x3 + 12x) dx 


59 0 
3x4 0 — 3x4 ik 

=|—- 6x2] +|—— + 6x 
E ox] + ox) 

= —(12 = 24) + (-12 + 24) 

=O Vd 


NOTE In Example 4, notice that you get an incorrect result if you integrate from —2 to 2. 
Such integration produces 


5 


| Lf) — g(x)] dx = | : (3x3 — 12x) dx = 0. 


=9 


If the graph of a function of y is a boundary of a region, it is often convenient to 
use representative rectangles that are horizontal and find the area by integrating with 
respect to y. In general, to determine the area between two curves, you can use 


Xy 
A= | [ (top curve) = (bottom curve) | dx Vertical rectangles 
x, * 4 


= 
in variable x 
BD) 
A= | [ (right curve) — (left curve) | dy Horizontal rectangles 
i ~— = 
in variable y 


where (x,, y,) and (x, y) are either adjacent points of intersection of the two curves 
involved or points on the specified boundary lines. 


T= indicates that in the Interactive 3.0 CD-ROM and Internet 3.0 versions of this text 
(available at college.hmco.com) you will find an Open Exploration, which further explores this 
example using the computer algebra systems Maple, Mathcad, Mathematica, and Derive. 
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Example 5 Horizontal Representative Rectangles 
Find the area of the region bounded by the graphs of x = 3 — y*andx=y + 1. 


Solution Consider 
gy) =3—y? and fy) —y #1. 


These two curves intersect when y = —2 and y = 1, as shown in Figure 6.9. Becat 
f(y) < g(y) on this interval, you have 


AA = [g(y) — f(y)] Ay 
=| By?) = (yer) Ay: 


Hence, the area is 


a=] (B= Ge dy 


=2 


LS 
om 


Horizontal rectangles (integration with Vertical rectangles (integration with respec 
respect to y) to x) 
Figure 6.9 Figure 6.10 


In Example 5, notice that by integrating with respect to y you need only « 
integral. If you had integrated with respect to x, you would have needed two integt 
because the upper boundary changes at x = 2, as shown in Figure 6.10. 


3 


rai [@ - 1) + JI= alas + | (V3 —x+ J3 — x) dx 


3 


-{ b- inal) — hdc +2 (Saeed 


2 


joe ei ea! 


=(2-2 :) (Fa | 210) + 2(2) = 2 


2 
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Integration as an Accumulation Process 


In this section, we developed the integration formula for the area between two curves 
by using a rectangle as the representative element. For each new application in the 
remaining sections of this chapter, we will construct an appropriate representative ele- 
ment using precalculus formulas you already know. Each integration formula then will 
be obtained by summing or accumulating these representative elements. 


Known precalculus 7 Representative = New integration 
formula element ad formula 


For example, in this section we developed the area formula as follows. 


Mice = BOCs a» | LAO abl ae 


Example 6 Describing Integration as an Accumulation Process 


Find the area of the region bounded by the graphs of y = 4 — x? and the x-axis. 
Describe the integration as an accumulation process. 


Solution The area of the region is given by 
2 
A =| (aa) x: 
9) 


You can think of the integration as an accumulation of the areas of the rectangles 
formed as the representative rectangle slides from x = —2 to x = 2. 


a=f (4 x?) dx = 0 


oe el 

a 

Cr 
f+ +> x 
—3 -2 -l le aes} 
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EXERCISES FOR SECTION 6.1 


In Exercises 1-6, set up the definite integral that gives the area 
of the region. 


1%, 2. (XS ae ee | 


5.0) = 3G? =) 6. f(x) = &@ = 1) 
g(x) = 0 g(x) =x — 


In Exercises 7-12, the integrand of the definite integral is a dif- 
ference of two functions. Sketch the graph of each function and 
shade the region whose area is represented by the integral. 


n 
ie [ c + 1)- 4 dx 


8. LO = x?) = (x? = 1)] dx 


2) 


1/3 a/4. 
11. i (2 — sec x) dx 12 | (see? x =\cOs x) ax 


1/5 —/4 


Think About It Yn Exercises 13 and 14, determine which val 
best approximates the area of the region bounded by the graph 
of f and g. (Make your selection on the basis of a sketch of tl 
region and not by performing any calculations.) 


12x) = 4 g(x) = (x — 1)? 
(a) —2 (b) 2 (c) 10 (d) 4 (e) 8 
14. f(x) = 2-3, g(x) =2 - Vx 


(a) 1 (bore ey (d) 3 (e) 4 


In Exercises 15-30, sketch the region bounded by the graphs | 
the algebraic functions and find the area of the region. 


15. y=52 +2; y=24+ 1.*%=0, 4=2 
16. y 

17... f(x), ==? — 4x, 2(x) = 0 

18. (f(x) = =x? 4x 4 1, e@) =xF1 

19, f(x) = x2 + 2x41, efx) = 3x43 

20., {(%) = sx? ae + 2, ole) = eZ 

21. y=x, y=2-x, y=0 


= =23(7 — 8), y= 10 — 5x, x= 2, x =8 


22, y=—>3, y=0, x=1, x=5 
i 
23. f(x)\=s/3x + 1, 2) =x 41 
24. f(x) = Yx= 1, e&) =x—1 
25. fly) =y, so) =y +2 
26. fly) = y2 — y), gb) Say 
27. f(y) =y? +1, g(y) =0, y=—-1, y=2 
* 
08. fy) — Se) = 
fly) ia g(y) = 0, y=3 
10 
29 fx) == - =0, y=2, y= 10 
30). = s3—-, y= 4250 


aed In Exercises 31-40, use a graphing utility to graph the regic 


bounded by the graphs of the functions, and use the integratic 
capabilities of the graphing utility to find the area of the regio 


Nm 


SL hie xia Sx ae 3) ro aaa, 
32. f (x)= x? = 2x oe 1, o(x) = = 2x, en 
33. y= x? — 4x +3, y=3 4+ 4x —- x? 
is OS ee: 

= x! — 4x7, o(x) = x7 —4 

xa 4X2" oly) =x? — 4 


(x) 
(x) 

37. f(x) = 1/(1 + x2), g(x) = by? 
(x) 


SB y= a /il sb 8. yy Se te w= C 


Al => se 
40. y=x./ = = 
es Ae Uns 


| Exercises 41-46, sketch the region bounded by the graphs of 
e transcendental functions, and find the area of the region. 


| f(x) =2sinx, g(x) =tanx, — as 


Sas Ss 


a 
3 
Pat oi 7 
ee f(x).= sinx, g(x) = cos 2x, oe 


A 
i) 
S) 


. f(x) = cos x, g(x) = 2—cosx,0<x< 
Eef (x) = sees tan ey (RS —- 4)x = thane, 0 
me u)—xe, y=0, 0fx = 7T 

f(x) = 3%, g(x) = 2x + 1 


| Exercises 47-50, use a graphing utility to graph the region 
unded by the graphs of the functions, and use the integration 
pabilities of the graphing utility to find the area of the region. 


x) = 2sinx + sin2x, y= 0, 0O< x <a 


mf (x= 2 sinx + cos2x, y= 0, O<xsa7 


| Exercises 51 and 52, (a) use a graphing utility to graph the 
gion bounded by the graphs of the equations. (b) Set up the 
tegral giving the area of the region. Can you evaluate the inte- 
‘al by hand? (c) Use the integration capabilities of a graphing 
ility to approximate the area. 


| ae 

5 

_y= , y=0, x =3 
y Aho= 3% , :: 


Bye xe, y=0, x=0, x=1 


| Exercises 53-56, find the accumulation function F. Then 
aluate F at each specified value of the independent variable 
id graphically show the area given by each value of F. 


B(x) = is (4¢+1)dt (a) F(0) (b) F(2) (c) F(6) 
AGE [ (522 + 2)dt (a) F(0) (b) F(4) — (c) F(6) 
. Fla) = [ ; cos db (a) F(-1) (b) F(0)_~—(c) F(3) 
. Fly) = | , 4ev2dx (a) F(-1)_— (b) F(0)_~—s (c) F(4) 


Exercises 57 and 58, use integration to find the area of the tri- 
gle having the given vertices. 


. (0, 0), (a, 0), (b, c) 58. (2, —3), (4, 6), (6, 1) 


Exercises 59 and 60, set up and evaluate the definite integral 
at gives the area of the region bounded by the graph of the 
nction and the tangent line to the graph at the indicated point. 


1 1 
x2 + (1.5) 


Paps) = x, (1.1) 60. f(x) = 
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| 
j 
Explain why this is so. Use symmetry to write a single 
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) Getting atthe Concept 


61. Suppose horizontal representative rectangles are used when 
finding the area of the region between two curves. Identify | 
the variable of integration. 


62. In your own words, describe how to proceed from a precal- 
culus formula to a new integration formula when using 
integration to solve applied problems. 


| 63. The graphs of y = x* — 2x? + 1 and y = 1 — x? intersect 
at three points. However, the area between the curves can 
be found by a single integral. Explain why this is so, and 
write an integral for this area. 


64. The area of the region bounded by the graphs of y = x? and | 
y = x cannot be found by the single integral | 


| (x3 — x) dx. 


integral that does represent the area. 


| 65. A college graduate has two job offers. The starting salary 
for each is $32,000, and after eight years of service each 
will pay $54,000. The salary increase for each offer is 
shown in the figure. From a strictly monetary viewpoint, 
which is the better offer? Explain. 


s D 
2 Pinel Offer 2 e 60* Proposal 2 
B 50007 ~— = 50-4 
3S 40,000 +f z > 40 Proposal | 
= 30,000 + Offer 1 5 2 30 
© 20,000-+ Pag ish 
A 10,000-+ 2x76 
ioe lief cc is ieee ae noes 
oer dl onGars 2002 2006 2010 
Year Year 
Figure for 65 Figure for 66 


66. A state legislature is debating two proposals for eliminating 
the annual budget deficits by the year 2010. The rate of 
decrease of the deficits for each proposal is shown in the 
figure. From the viewpoint of minimizing the cumulative 

state deficit, which is the better proposal? Explain. | 


In Exercises 67 and 68, find b such that the line y = b divides 
the region bounded by the graphs of the two equations into two 
regions of equal area. 


67. y=9 = x2, y= 0 68. y=9— |x|, y=0 


In Exercises 69 and 70, evaluate the limit and sketch the graph 
of the region whose area is represented by the limit. 


69. ' jim, »» (x, — x2) Ax 


where x, = i/n and Ax = 1/n 


ua 


70. lim, GS x7) Ax 


i=1 


where x, = —2 + (4i/n) and Ax = 4/n 
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Revenue In Exercises 71 and 72, two models R, and R, are 
given for revenue (in billions of dollars per year) for a large cor- 
poration. The model R, gives projected annual revenues from 
2000 to 2005, with ¢ = 0 corresponding to 2000, and R, gives 
projected revenues if there is a decrease in the rate of growth of 
corporate sales over the period. Approximate the total reduction 
in revenue if corporate sales are actually closer to the model R,. 


71. R, = 7.21 + 0.58 722 Ry = Te2bite 0:26t0440:0217 
R, = 7.21 + 0.45t R, = 7.21 + 0.1t + 0.0177 


Pe 73. Modeling Data The table shows the total receipts R and total 


expenditures E for the Old-Age and Survivors Insurance Trust 
Fund (Social Security Trust Fund) in billions of dollars. The 
time ¢ is given in years, with t = 1 corresponding to 1991. 
(Source: Social Security Administration) 


t 1 2 3 4 5) 


am) 29913 WF SiMe 32323) 932833 42:8 


i) 245.6) | 259°9 | 273.15), 284.1 |) 297.8 


Ha) 303.7 | 397.2 | 42478 | 457.0 


E | SKU) || 332772, | 332.3 S32) 


(a) Use a graphing utility to fit an exponential model to the 
data for receipts. Plot the data and graph the model. 


(b) Use a graphing utility to fit an exponential model to the 
data for expenditures. Plot the data and graph the model. 


(c) If the models are assumed true for the years 2000 through 
2005, use integration to approximate the surplus revenue 
generated during those years. 


(d) Will the models found in parts (a) and (b) intersect? 
Explain. Based on your answer and news reports about the 
fund, will these models be accurate for long-term analysis? 


74. Profit The chief financial officer of a company reports that 
profits for the past fiscal year were $893,000. The officer pre- 
dicts that profits for the next 5 years will grow at a continuous 
annual rate somewhere between 35% and 5%, Estimate the 
cumulative difference in total profit over the 5 years based on 
the predicted range of growth rates. 


75. Area The shaded region in the figure consists of all points 
whose distances to the center of the square are less than the 


distances to the edges of the square. Find the area of the region. 
y y 
A 


x 


Figure for 75 Figure for 76 


76. Mechanical Design The surface of a machine part is tl 
region between the graphs of y, = |x| and y, = 0.08x? + 
(see figure). 

(a) Find k if the parabola is tangent to the graph of y,. 
(b) Find the surface area of the machine part. 


77. Building Design Concrete sections for a new building ha 
the dimensions (in meters) and shape shown in the figure. 
(a) Find the area of the face of the section superimposed on f 
rectangular coordinate system. 


(b) Find the volume of concrete in one of the sections by mt 
tiplying the area in part (a) by 2 meters. 


(c) One cubic meter of concrete weighs 5000 pounds. Find t 
weight of the section. 


1 5M 6 

== Oe x = D - 

i tea Oe (5.5, 0) 

78. Building Design To decrease the weight and to aid in fl 
hardening process, the concrete sections in Exercise 77 oft 
are not solid. Rework Exercise 77 to allow for cylindrical ope 


ings such as those shown in the figure. 


(5.5, 0) 


True or False? In Exercises 79-81, determine whether fl 
statement is true or false. If it is false, explain why or give : 
example that shows it is false. 


79. If the area of the region bounded by the graphs of f and 
is 1, then the area of the region bounded by the graphs 
h(x) = f(x) + C and k(x) = g@(x) + Cis also 1. 


b b 
80. | Lf) = e()] dx =A, tren | [e(x) — f(x)|dx = -A 


81. If the graphs of f and g intersect midway between x = a ai 
x = b, then 


b 
i [f(x) — g(x)] dx = 0. 
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Section 6.2 Volume: The Disk Method 


* Find the volume of a solid of revolution using the disk method. 
* Find the volume of a solid of revolution using the washer method. 
¢ Find the volume of a solid with known cross sections. 


The Disk Method 


In Chapter 4, we mentioned that area is only one of the many applications of the 
definite integral. Another important application is its use in finding the volume of a 
three-dimensional solid. In this section you will study a particular type of three- 
dimensional solid—one whose cross sections are similar. We begin with solids of 
revolution. Such solids are used commonly in engineering and manufacturing. Some 
examples are axles, funnels, pills, bottles, and pistons, as indicated in Figure 6.11. 


Solids of revolution 
Figure 6.11 


If a region in the plane is revolved about a line, the resulting solid is a solid of rev- 
olution, and the line is called the axis of revolution. The simplest such solid is a right 
circular cylinder or disk, which is formed by revolving a rectangle about an axis adja- 
cent to one side of the rectangle, as shown in Figure 6.12. The volume of such a disk is 


Volume of disk = (area of disk)(width of disk) 


= aR-w 


ime of a disk: aR? 
ure 6.12 where R is the radius of the disk and w is the width. 
To see how to use the volume of a disk to find the volume of a general solid of 
revolution, consider a solid of revolution formed by revolving the plane region in 
Figure 6.13 about the indicated axis. To determine the volume of this solid, consider 
: a representative rectangle in the plane region. When this rectangle is revolved about 
the axis of revolution, it generates a representative disk whose volume is 


AV = mR? Ax. 


Approximating the volume of the solid by n such disks of width Ax and radius R(x;) 
produces 


Volume of solid ~ S$) 7[R(x;)]? Ax 
i=1 


7S [R(x,)]* Ax. 


i=1 
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NOTE In Figure 6.14, note that you 
can determine the variable of integration 
by placing a representative rectangle in 
the plane region “perpendicular” to the 
axis of revolution. If the width of the 
rectangle is Ax, integrate with respect to 


x, and if the width of the rectangle is Ay, 


integrate with respect to y. 


Representative 
disk 


Representative 
rectangle 


Axis of 
revolution , 


bid 
age 
oP 


Plane region 


Solid of 


revolution 8) Approximation 


by n disks 


Disk method 
Figure 6.13 


This approximation appears to become better and better as ||A|| +0 (n> 00). There 
fore, you can define the volume of the solid as 


! b 
Volume of solid = jim [RG@,)|? Ax = ar | [R(x)]? dx. 
A a 


Schematically, the disk method looks like this. 


Known Precalculus Representative New Integration 
Formula Element Formula 


Solid of revolution 


Volume of disk ets us 2 eae b 


A similar formula can be derived if the axis of revolution is vertical. 


The Disk Method 


To find the volume of a solid of revolution with the disk method, use one of 
the following, as indicated in Figure 6.14. 


Horizontal Axis of Revolution Vertical Axis of Revolution 


Cc 


b d 
Volume = V = { [R(x)]? dx Volume = V = a [R(y)]? dy 


Ven)’ [RQ ax’ 


R(x) 


1 
| 
\ 
\ 
| 
(es 1 


Horizontal axis of revolution : Vertical axis of revolution 
Figure 6.14 


Solid of revolution 


lane region 2 


g(x) = 
R(x) 
Za ' 
o \ 
Axis of FO) a(x) 
, revolution 
es. > X 


lid of 
volution 


igure 6.16 
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The simplest application of the disk method involves a plane region bounded by 
the graph of f and the x-axis. If the axis of revolution is the x-axis, the radius R(x) is 
simply f(x). 


Example 1 Using the Disk Method 


Find the volume of the solid formed by revolving the region bounded by the graph of 
7) ~~ sit x 
and the x-axis (0 < x < 7) about the x-axis. 


Solution From the representative rectangle in the upper graph in Figure 6.15, you 
can see that the radius of this solid is 


RF ) 
= ./sin x. 


So, the volume of the solid of revolution is 


b 7 
Vex i [R(x)]? dx = a i ie sin x) dx Apply disk method. 
a 10) 


7 
= a sin x dx Simplify. 
0 
T 
= n|~cos | Integrate. 
0 
= Wl + 1) 
= 27. 


Example 2 Revolving About a Line That Is Not a Coordinate Axis 


Find the volume of the solid formed by revolving the region bounded by 
fa) =2-x 
and g(x) = 1 about the line y = 1, as shown in Figure 6.16. 


Solution By equating f(x) and g(x), you can determine that the two graphs intersect 
when x = +1. To find the radius, subtract g(x) from f(x). 


RG) = fi) ae) 
= (2x). = I 
= | = x? 
Finally, integrate between — | and | to find the volume. 
Apply disk method. 


ex [ tear an = | (i = x?)? dx 


i 
= a Qi ieee ax. Simplify. 
=1 


2x3 x5]! 
= ax — a5 ar =| am Integrate. 
we l67 : 
tte) a 
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pean 


Solid of revolution 


Figure 6.17 


R=Vi 


(0, 0) 


Solid of 
revolution 


=|) y= 


Solid of revolution 
Figure 6.19 


Applications of Integration 


The Washer Method 


The disk method can be extended to cover solids of revolution with holes by replac 
ing the representative disk with a representative washer. The washer is formed by 
revolving a rectangle about an axis, as shown in Figure 6.17. If r and R are the inne 
and outer radii of the washer and w is the width of the washer, the volume is given by 


Volume of washer = 7(R2 — r?)w. 


To see how this concept can be used to find the volume of a solid of revolution 
consider a region bounded by an outer radius R(x) and an inner radius r(x), a 
shown in Figure 6.18. If the region is revolved about its axis of revolution, the volum 
of the resulting solid is given by 


Washer method 


b 
ue i ([RG)P. — [r)P) a. 


Note that the integral involving the inner radius represents the volume of the hole anc 
is subtracted from the integral involving the outer radius. 


Solid of revolution 
with hole 


| 
! 
! 
1 
1 
r 


1 
iJ 
b 
Plane region 


Figure 6.18 


Example 3 Using the Washer Method 


Find the volume of the solid formed by revolving the region bounded by the graphs o' 
y = J/x and y = x? about the x-axis, as shown in Figure 6.19. 


Solution In Figure 6.19, you can see that the outer and inner radii are as follows. 


RQ) = Vx 


r(x) = x? 


Outer radius 


Inner radius ; 


Integrating between 0 and | produces 


II 


V Apply washer method. 


us | (RG)? = [ray eax 


=| (x — x*) dx Simplify. 
0 
— ieee se I ; 
2 5 i ntegrate 
37 


\\N\ 
\ 


LS SS SSN) 
ESO] 
PSS / 
Rist = ZA) 
WS 
SS 
SS 


SSS 


SS 


Generated by Mathematica 


ure 6.21 
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In each example so far, the axis of revolution has been horizontal and we have 
integrated with respect to x. In the next example, the axis of revolution is vertical and 
you must integrate with respect to y. In this example, you need two separate integrals 
to compute the volume. 


Example 4 Integrating with Respect to y, Two-Integral Case 


Find the volume of the solid formed by revolving the region bounded by the graphs of 
=x? + 1,y = 0,x = 0, and x = 1 about the y-axis, as shown in Figure 6.20. 


Solid of 
revolution 
For 1 <y<2: 
Rel 
r=/y=—1 


ForO<sySl: 
R= 
r=0 


Plane region 


Figure 6.20 


Solution For the region shown in Figure 6.20, the outer radius is simply R = 1. 
There is, however, no convenient formula that represents the inner radius. When 
0 < y < 1,r =O, but when 1 < y < 2, r is determined by the equation y = x? + 1, 
which implies that r = /y — 1. 


0, 
r(y) = fa 


Using this definition of the inner radius, you can use two integrals to find the volume. 


1 2 
7 (1? ry 07) dy te | [12 = (Vy 7 1)?] dy Apply washer method. 
10) i 


V 


1 2 
a lady + a} (2 —y) ay Simplify. 
0 l 


I y2 2 
= a> ae a2 = | Integrate. 
0 1 


Note that the first integral 7 Te 1 dy represents the volume of a right circular cylinder 
of radius | and height |. This portion of the volume could have been determined with- 


y 


out using calculus. 


= TECHNOLOGY Some graphing utilities have the capability to generate (or have 
. built-in software capable of generating) a solid of revolution. If you have access to 
~ such a utility, try using it to sketch some of the solids of revolution described in 
: this section. For instance, the solid in Example 4 might appear like that shown in 


© Figure 6.21. 
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Example 5 Manufacturing 


A manufacturer drills a hole through the center of a metal sphere of radius 5 inche 
as shown in Figure 6.22(a). The hole has a radius of 3 inches. What is the volume 
the resulting metal ring? 


Solution You can imagine the ring to be generated by a segment of the circle who 
equation is x? + y? = 25, as shown in Figure 6.22(b). Because the radius of the he 
is 3 inches, you can let y = 3 and solve the equation x? + y* = 25 to determine th 
the limits of integration are x = +4. So, the inner and outer radii are r(x). =o 
R(x) = 25 — x? and the volume is given by 


Solid of revolution We | (R(x) ]? = [r(x)]?) abe = | [(/25 — x2) = (3)? dx 


(a) 
(16 = 32) dx 


\| 

S) 
| 2 
BR £ 


a é 
= 7|1l6x — = 
| an 
= = 2 cubic inches. Ca 
Plane region Solids with Known Cross Sections 


(b) 
Figure 6.22 


With the disk method, you can find the volume of a solid having a circular cro 
section whose area is A = 7R?. This method can be generalized to solids of a 
shape, as long as you know a formula for the area of an arbitrary cross section. Sor 
common cross sections are squares, rectangles, triangles, semicircles, and trapezoic 


Volumes of Solids with Known Cross Sections 


1. For cross sections of area A(x) taken perpendicular to the x-axis, 


b 
Volume = | A(x) dx. See Figure 6.23(a). 
a 
2. For cross sections of area A(y) taken perpendicular to the y-axis, 
d 
Volume = [ A(y) dy. See Figure 6.23(b). 
ce 


y=d 


y 


(a) Cross sections perpendicular to x-axis (b) Cross sections perpendicular to y-a 


Figure 6.23 
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-wommocsnceeh tr apartment 


Example 6 ‘Triangular Cross Sections 


Find the volume of the solid shown in Figure 6.24. The base of the solid is the region 
bounded by the lines 


2) Sik ore oC) edie and- > x = 0. 


The cross sections perpendicular to the x-axis are equilateral triangles. 


Solution The base and area of each triangular cross section are as follows. 


= x x 
ye fe) Base = (i = *) = (-1 + *) =2-x Length of base 
ross sections are equilateral triangles. 


3 

Area = “2 (base)? Area of equilateral triangle 
és 

Alz\e= stig me ye Area of cross section 


Because x ranges from 0 to 2, the volume of the solid is 
b 2 
= | ACax = [ ae — x)? dx 
a 0 


Sey 2 el) es 


40 aes 


riangular base in xy-plane Set os ete ee rt = 
igure 6.24 Example 7 An Application to Geometry 


Prove that the volume of a pyramid with a square base is V = inB, where h is the 
height of the pyramid and B is the area of the base. 


y Solution As shown in Figure 6.25, you can intersect the pyramid with a plane 
Area = A(y) parallel to the base at height y to form a square cross section whose sides are of length 
Sy iad jy b’. Using similar triangles, you can show that 

= 


ULeay 
b h 


Ps Degas 
or ies ‘i (i — y) 
where b is the length of the sides of the base of the pyramid. So, 
b2 
Aly b> = 72 heey) 


Integrating between 0 and h produces 


b? 4 xe 
eae Ul ey) ay, 
- = (a 
h? 3 (0) 
b2 fh? 
ae 
— —hB B= LB | 


igure 6.25 4 
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EXERCISES FOR SECTION 6.2 


In Exercises 1-6, set up and evaluate the integral that gives the 
volume of the solid formed by revolving the region about the 
x-axis. 

iy a= Sse FF 2. y= 4 x 


y y 
A 


Pape ie ce 


ee 


Sie 


Saye 4. y= /9 — x? 
y y 
A A 
al 
3-4 
a+ 


> X 
—— x 
ene 9 34 
5.y=x7, y=x? 6 
y y 
5 
‘| aaa 
1 
ag ana 4 sees eels 
! 3 =2 ll It 2) 3 


In Exercises 7-10, set up and evaluate the integral that gives the 
volume of the solid formed by revolving the region about the 
y-axis. 


7. y= x? S$. y= 4/16 =7 


9a = 2" 10. x = sy? + 4y 


+} 
34! 


1 2 


In Exercises 11-14, find the volume of the solid generated by; 
revolving the region bounded by the graphs of the equation: 
about the indicated lines. 


lly He y= 0 4 


(a) the x-axis (b) the y-axis 


(c) the linex =4 (d) the line x = 6 
12. y = 2x7, y=0, x =2 

(a) the y-axis (b) the x-axis 

(c) the line y= 8  (d) the line x = 2 


13, y =x?, y= 44 — x7 

(b) the line y = 6 
14 nj Gomadineek”, Y= xt 6 

(b) the line y = 3 


(a) the x-axis 


(a) the x-axis 


In Exercises 15-18, find the volume of the solid generated b: 
revolving the region bounded by the graphs of the equation 
about the line y = 4. 

15. y = x, } ; 
16. y=48, y= 4, x=0 


= 
io 2} 
lI 
i?) 
iq?) 
(@) 
—_— 
I 
2 
(=) 
IA 
oo 
IA 
wy 


In Exercises 19-22, find the volume of the solid generated b 


revolving the region bounded by the graphs of the equation 
about the line x = 6. 


19. y=x, y=0, y=4, x=6 


i) 
Se 
— 
ll 
ON 
st 
< 
j=) 
< 
aN 
a 
| 
j=) 


n Exercises 23-30, find the volume of the solid generated by 
evolving the region bounded by the graphs of the equations 
bout the x-axis. 


1 


3, 2 = 0, = 0, = 3 
"Sh ale 
me y = x/4 — x7, y=0 
1 
5 = = = = 
y mae OF eal x = 4 
22) Fat See 
a aed pis ae 


=—e* y=0, x=0, x=1 
sy=0, x=0, x=4 


7 
8 
Me ae 0 + 5 Or 3 
0 


n Exercises 31 and 32, find the volume of the solid generated by 
evolving the region bounded by the graphs of the equations 
bout the y-axis. 


my 3(2 — x), y= 0, x =0 


2, y=9-~—x?, y=0, x=2, x =3 


n Exercises 33-38, use the integration capabilities of a graph- 
1g utility to approximate the volume of the solid generated by 
evolving the region bounded by the graphs of the equations 
bout the x-axis. 


3. y=sinx, y=0, x=0, x= 
4. y=cosx, y=0, x=0, x= 
fey=er, y=0, ~=0, x=2 
Bb y= inx, y=O0, x=1, x=3 


tte ee y= ax —1, x= 2 
0, x=5 


8. y = 2arctan(0.2x), y=0, x= 


hink About It In Exercises 39 and 40, determine which value 
est approximates the volume of the solid generated by revolv- 
1g the region bounded by the graphs of the equations about the 
-axis. (Make your selection on the basis of a sketch of the solid 
nd not by performing any calculations.) 


D yee 712, y= 0, ea) 6 = 2 


@o )—-5 ()10 @d@7 (ce) 20 
i. y= arctanx, y=0, x=0, x= 1 

rvadimame(b) Gane (C)d5s Seiya Gu an(e)) 15 
Getting at the Concept 


41. Give the integration formula for finding the volumes of 
solids using (a) the disk method and (b) the washer method. 


42. Give the integration formula for finding the volumes of 
solids of known cross sections. 


45. 


46. 


47. 


48. 


49. 


50. 


Sb 


Getting at the Concept (continued) 
43. A region bounded by the parabola y = 4x — x? and the 
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X-axis is revolved about the x-axis. A second region bounded 
by the parabola y = 4 — x? and the x-axis is revolved about 
the x-axis. Without integrating, how do the volumes of the 
two solids compare? Explain. 


. The region in the figure is revolved about the indicated axes 
and line. Order the volumes of the resulting solids from 
least to greatest. Explain your reasoning. 


(c) x=8 


(a) x-axis (b) y-axis 


If the portion of the line y = 3x lying in the first quadrant is 
revolved about the x-axis, a cone is generated. Find the volume 
of the cone extending from x = 0 to x = 6. 


Use the disk method to verify that the volume of a right circu- 

lar cone is 3mreh, where r is the radius of the base and h is the 

height. 

Use the disk method to verify that the volume of a sphere is 

sar, 

A sphere of radius r is cut by a plane h (h < r) units above the 

equator. Find the volume of the solid (spherical segment) above 

the plane. 

A cone of height H with a base of radius r is cut by a plane 

parallel to and h units above the base. Find the volume of the 

solid (frustum of a cone) below the plane. 

The region bounded by y = wi %, y = 0, x = 0, and x = 4 is 

revolved about the x-axis. 

(a) Find the value of x in the interval [0, 4] that divides the 
solid into two parts of equal volume. 

(b) Find the values of x in the interval [0, 4] that divide the 
solid into three parts of equal volume. 

Volume of a Fuel Tank A tank on the wing of a jet aircraft is 

formed by revolving the region bounded by the graph of 

y= axe) 2 — x and the x-axis about the x-axis (see figure), 

where x and y are measured in meters. Find the tank’s volume. 


430 
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Pe 52. Volume of a Lab Glass A glass container can be modeled by ek 56. Modeling Data A draftsman is asked to determine th 


a3: 


Figure for 54 


BR ss. 


revolving the graph of 


Pee Ose S20 10: On 222) 
ieSes 


OMS Bes, Ales) 
WS) << ge S115) 


about the x-axis, where x and y are measured in centimeters. 
Use a graphing utility to graph the function and find the volume 
of the container. 

Find the volume of the solid generated if the upper half of the 
ellipse 9x? + 25y* = 225 is revolved about 


(a) the x-axis to form a prolate spheroid (shaped like a football). 


(b) the y-axis to form an oblate spheroid (shaped like half of a 
candy). 


Figure for 53(a) Figure for 53(b) 


. Minimum Volume The arc of y = 4 — (x7/4) on the interval 


[0, 4] is revolved about the line y = b (see figure). 

(a) Find the volume of the resulting solid as a function of b. 

(b) Use a graphing utility to graph the function in part (a), and 
use the graph to approximate the value of b that minimizes 
the volume of the solid. 


(c) Use calculus to find the value of b that minimizes the vol- 
ume of the solid, and compare the result with the answer to 
part (b). 


Figure for 56 


Water Depth ina Tank A tank on a water tower is a sphere of 
radius 50 feet. Determine the depths of the water when the tank 
is filled to one-fourth and three-fourths of its total capacity. 
(Note: Use the root-finding capabilities of a graphing utility 
after evaluating the definite integral.) 


57. 


58. 


BM), 


amount of material required to produce a machine part (se 
figure in first column). The diameters d of the part at equalh 
spaced points x are listed in the table. The measurements ar 
listed in centimeters. ae 


ae ae) I | 2 3 = 5 | 
d | 4.2 38 | 42 4.7 | 5.2 57 | 
va 60 7 8 9 10 | 
d|58|54| 49 | 4.4 | 46 | 


(a) Use these data with Simpson’s Rule to approximate th 
volume of the part. 

(b) Use the regression capabilities of a graphing utility to fin 
a fourth-degree polynomial through the points representin; 
the radius of the solid. Plot the data and graph the model. 

(c) Use a graphing utility to approximate the definite integra 
yielding the volume of the part. Compare the result with th 
answer to part (a). 

Think About It Match each integral with the solid whos 

volume it represents, and give the dimensions of each solid. 

(b) Ellipsoid 


(d) Right circular cone 


(a) Right circular cylinder 


(c) Sphere (e) Torus 


Find the volume of concrete in a ramp that is 3 meters wide an 
whose cross sections are right triangles with base 10 meters an 
height 2 meters (see figure). 


Find the volume of the solid whose base is bounded by th 
graphs of y = x + | and y = x? — 1, with the indicated cros 
sections taken perpendicular to the x-axis. 


(a) Squares (b) Rectangles of height 1 


). Find the volume of the solid whose base is bounded by the 


circle x? + y? = 4, with the indicated cross sections taken 
perpendicular to the x-axis. 


(a) Squares 


(b) Equilateral triangles 


(c) Semicircles 


x 


1. The base of a solid is bounded by y = x3, y = 0, and x = 1. 


Find the volume of the solid for each of the following cross sec- 
tions (taken perpendicular to the y-axis): (a) squares, (b) semi- 
circles, (c) equilateral triangles, and (d) semiellipses whose 
heights are twice the lengths of their bases. 


2. Find the volume of the solid of intersection (the solid common 


to both) of the two right circular cylinders of radius r whose 
axes meet at right angles (see figure). 


Two intersecting cylinders Solid of intersection 


OR FURTHER INFORMATION For more information on this 
‘oblem, see the article “Estimating the Volumes of Solid Figures 
ith Curved Surfaces” by Donald Cohen in Mathematics Teacher. 
) view this article, go to the website www.matharticles.com. 


3. 


Cavalieri’s Theorem Prove that if two solids have equal 
altitudes and all plane sections parallel to their bases and at 
equal distances from their bases have equal areas, then the 
solids have the same volume (see figure). 


Area of R, = area of R, 


|x| + [yl =4 
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64. A manufacturer drills a hole through the center of a metal 


sphere of radius R. The hole has a radius r. Find the volume of 
the resulting ring. 


65. For the metal sphere in Exercise 64, let R = 5. What value of r 


will produce a ring whose volume is exactly half the volume of 
the sphere? 


66. The solid shown in the figure has cross sections bounded by the 


graph of 
le + ye = 


where 1 < a < 2. 


(a) Describe the cross section when a = | and a = 2. 


(b) Describe a procedure for approximating the volume of the 
solid. 


x 


|x]@+|yl@=1 |x? +|yP? =1 


67. Two planes cut a right circular cylinder to form a wedge. One 


plane is perpendicular to the axis of the cylinder and the second 

makes an angle of 6 degrees with the first (see figure). 

(a) Find the volume of the wedge if 6 = 45°. 

(b) Find the volume of the wedge for an arbitrary angle 0. 
Assuming that the cylinder has sufficient length, how does 


the volume of the wedge change as @ increases from 0° 
to 90°? 
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Volume: The Shell Method 


¢ Find the volume of a solid of revolution using the shell method. 
* Compare the uses of the disk method and the shell method. 


_ Section 6.3 


The Shell Method 


In this section, you will study an alternative method for finding the volume of a solic 
of revolution. This method is called the shell method because it uses cylindrica 
shells. We will compare the advantages of the disk and shell methods later in thi: 
section. 

To begin, consider a representative rectangle as shown in Figure 6.26, where w i: 
the width of the rectangle, h is the height of the rectangle, and p is the distance 
between the axis of revolution and the center of the rectangle. When this rectangle i: 
revolved about its axis of revolution, it forms a cylindrical shell (or tube) of thicknes: 
w. To find the volume of this shell, consider two cylinders. The radius of the large 
cylinder corresponds to the outer radius of the shell, and the radius of the smalle: 
cylinder corresponds to the inner radius of the shell. Because p is the average radiu: 
of the shell, you know the outer radius is p + (w/2) and the inner radius is p — (w/2) 


Axis of revolution 


Figure 6.26 


ptr 


Outer radius 


Inner radius 


Wl= wl= 


So, the volume of the shell is 


Volume of shell = (volume of cylinder) — (volume of hole) 


2 »\2 
op + ¥)n— o(p— 2) 


= 27phw 


= 27r(average radius) (height)(thickness). 


You can use this formula to find the volume of a solid of revolution. Assume tha 
the plane region in Figure 6.27 is revolved about a line to form the indicated solid. I 
you consider a horizontal rectangle of width Ay, then, as the plane region is revolvec 
about a line parallel to the x-axis, the rectangle generates a representative shell whos 
volume is : 


AV = 2m p(y)h(y)] Ay. 


You can approximate the volume of the solid by n such shells of thickness Ay, heigh 


h(y,), and average radius p(y,). 
Axis of , 


revolution 


Volume of solid ~ $' 27 p(yh(y,)] Ay = nS P(y,)h(y,)] Ay 
i=] 


i= i=] 


This approximation appears to become better and better as ||Al] > 0 (n > 00) 
Therefore, we define the volume of the solid to be 


V | j = j < ; ; 
olume of solid lim, 2m ¥LP)AO)] Ay 


Solid of revolution 


Figure 6.27 


= on | [ p(y)h(y) | dy. 


= 


\xis of 
evolution 


gure 6.29 
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The Shell Method 


To find the volume of a solid of revolution with the shell method, use one of 
the following, as shown in Figure 6.28. 


Horizontal Axis of Revolution Vertical Axis of Revolution 


d 


Volume = V = 2m | 


Cc 


p(y)A(y) dy Volume = V = 2m | P(x)h(x) dx 


h(x) 


Horizontal axis of revolution Vertical axis of revolution 
Figure 6.28 


Example 1 _ Using the Shell Method to Find Volume 


Find the volume of the solid of revolution formed by revolving the region bounded by 
Vie SP 

and the x-axis (0 < x < 1) about the y-axis. 

Solution Because the axis of revolution is vertical, use a vertical representative 

rectangle, as shown in Figure 6.29. The width Ax indicates that x is the variable of 


integration. The distance from the center of the rectangle to the axis of revolution is 
p(x) = x, and the height of the rectangle is 


h(x) = x — x°. 


Because x ranges from 0 to 1, the volume of the solid is 


b | 
V= 2m | p(x)h(x) dx = 2m | xx — x°) dx Apply shell method. 
a 0) 
1 
= | (=x -& x7) dx Simplify. 
0 
5 37! 
= 27 |-= at ah Integrate. 
] | 
= A == an 
=| 5 _ 
gan 
15 # | 
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Axis of 
revolution 


Figure 6.30 


Dy 1 CaN 
p Ven [eR —r?yay) 


Vertical axis 
of revolution 


Disk method: Representative rectangle is 
perpendicular to the axis of revolution. 


Figure 6.31 


Applications of Integration 


Eo cample oa “Using the Shell Method to Find Volume 


Find the volume of the solid of revolution formed by revolving the region bounded by 
the graph of 


= eens, 
and the y-axis (0 < y < 1) about the x-axis. 
Solution Because the axis of revolution is horizontal, use a horizontal representative 
rectangle, as shown in Figure 6.30. The width Ay indicates that y is the variable o1 
integration. The distance from the center of the rectangle to the axis of revolution 1: 


p(y) = y, and the height of the rectangle is h(y) = e ~Y* Because y ranges from 0 te 
1, the volume of the solid is 


d 1 
Y= 2m | p(y)h(y) dy = 2m | ye” dy Apply shell method. 
€ 10) 


1 
ease 
~ ale | Integrate. 


0 


II 


ll 

3 
~~ 
| 
% |e 
Se 


FA 


N 
o 
oo 
ON 


NOTE To see the advantage of using the shell method in Example 2, solve the equatior 
Cae LO Ys 


~ { Osx = Ie 
y flee I< Beisel 


Then use this equation to find the volume using the disk method. 


Comparison of Disk and Shell Methods 


The disk and shell methods can be distinguished as follows. For the disk method, the 
representative rectangle is always perpendicular to the axis of revolution, whereas fo 
the shell method, the representative rectangle is always parallel to the axis of revolu 
tion, as shown in Figure 6.31. 


b D) yas ny L cata. y d CaN 
V=1 [' (R2— r?) (dx) i V=2n [Pon \dx 1 ‘ V=2n i) ph (dy: 

(Ax) — Ax) d\- 

h 
i \ C\= 
1 Pp € 
b an a b ae 
a Sie & 
Horizontal axis Vertical axis Horizontal axis 

of revolution of revolution of revolution 


Shell method: Representative rectangle is 
parallel to the axis of revolution. 


For0<y<1: 
ik = 1 
r=0 


Axis of 
revolution 


a) Disk method 


n(x) =x? + 1 


b) Shell method 
Figure 6.32 


Axis of 
revolution 
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Often, one method is more convenient to use than the other. The following exam- 
ple illustrates a case in which the shell method is preferable. 


Example 3 Shell Method Preferable 


Find the volume of the solid formed by revolving the region bounded by the graphs of 
ye el 0 0s ands x= al 


about the y-axis. 


Solution In Example 4 in the preceding section, you saw that the disk method 
requires two integrals to determine the volume of this solid. See Figure 6.32(a). 


1 2 
V= | (1? = 02) dy + al [12 = (Vy = 1)" dy Apply disk method. 
0 1 


1 2 
= | ldy + | (Qe ay Simplify. 
0 
1 y2 2 
= a | AP Gs EB = | Integrate. 
0 241 
1 
a TT +a(4—2-2+3) 
_3n 
2 


In Figure 6.32(b), you can see that the shell method requires only one integral to find 
the volume. 


b : 
V= 2m | p(x)h(x) dx Apply shell method. 


1 
= 2m | x(x? + 1) dx 
0 


xt x? | 
=r E site | Integrate. 
0 
S) 
= Ia(= 
=(7) 
220 _ 
as: VA 


Suppose the region in Example 3 were revolved about the vertical line x = 1. 
Would the resulting solid of revolution have a greater volume or a smaller volume than 
the solid in Example 3? Without integrating, you should be able to reason that the 
resulting solid would have a smaller volume because “more” of the revolved region 
would be closer to the axis of revolution. To confirm this, try solving the following 
integral, which gives the volume of the solid. 


1 
V= 2n | (1 — x)(x? + 1) dx p(x) = 1 - x 
0 
FOR FURTHER INFORMATION To learn more about the disk and shell methods, see the article 


“The Disc and Shell Method” by Charles A. Cable in The American Mathematical Monthly. To 
view this article, go to the website www.matharticles.com. 
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' TT ig leg arc stake 
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Figure 6.33 


a =3 —D =il 


(a) Disk method 


bt 34 S2-nct 
(b) Shell method 
Figure 6.34 


yy Axis of 
revolution 
! 


pPaHH2=x 


h@)=x2+x+1-1 


Figure 6.35 


Applications of Integration 


Example 4 Volume of a Pontoon 


A pontoon is to be made in the shape shown in Figure 6.33. The pontoon is designec 
by rotating the graph of 


AES 3S 7 
about the x-axis, where x and y are measured in feet. Find the volume of the pontoon 
Solution Refer to Figure 6.34(a) and use the disk method as follows. 


Apply disk method. 


; bee. er 
= al (1 fi = = dx Simplify. 
ye! xs | 
by |x = i a a Integrate. 
= <2 = 13.4 cubic feet 


Try using Figure 6.34(b) to set up the integral for the volume using the shell method 
Does the integral seem more complicated? Le 


For the shell method in Example 4, you would have to solve for x in terms of } 
in the equation 


y= (77/16). 


Sometimes, solving for x is very difficult (or even impossible). In such cases you 
must use a vertical rectangle (of width Ax), thus making x the variable of integration 
The position (horizontal or vertical) of the axis of revolution then determines the 
method to be used. This is illustrated in Example 5. 


Example 5 Shell Method Necessary 


Find the volume of the solid formed by revolving the region bounded by the graphs o 
y =x +x + 1,y = 1, and x = | about the line x = 2, as shown in Figure 6.35. 


Solution In the equation y = x* + x + 1, you cannot easily solve for x in terms 0 
y. (See the section on Newton’s Method.) Therefore, the variable of integration mus 


be x, and you should choose a vertical representative rectangle. Because the rectangl 
is parallel to the axis of revolution, use the shell method and obtain 


b 1 
Vi 2n| P(x)h(x) dx = 2m (2 —x)(Qx? +x+1-—1)dx Apply shell method 
a 10) 


1 
= 2m] (=x44 2x7 — x2 + 2x) dx Simplify. 
0 


5 y) 3 - Integrate. 
ie ae he el 
=). SSS SS 
a( buigh ) 
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EXERCISES FOR SECTION 6.3 


n Exercises 1-12, use the shell method to set up and evaluate 
he integral that gives the volume of the solid generated by 
evolving the plane region about the y-axis. 


ly=x 


2 1s 


il x= 


n Exercises 13-16, use the shell method to set up and evaluate 
he integral that gives the volume of the solid generated by 
evolving the plane region about the x-axis. 


3. y=x : 14ye= 2 x 


2-- 
1 
ipl € {+—¢ at X 
Baal % Pe 
-1 
4 AS. P, 
1 2 i 
1 


In Exercises 17-20, use the shell method to find the volume of 
the solid generated by revolving the plane region about the 
indicated line. 

17. y = x*, y = 4x — x?, about the line x = 4 

18. y = x2, y=4% — 
19. y = 4x — x?, y = 0, about the line x = 5 
20. y = Vx, y = 0, x = 4, about the line x = 6 


x?, about the line x = 2 


In Exercises 21—24, use the disk or the shell method to find the 
volume of the solid generated by revolving the region bounded 
by the graphs of the equations about the indicated line. 


21. y=x7, y=0, x =2 


(a) the x-axis (b) the y-axis (c) the line x = 4 


1 
2 y= y=0,x=1,x=5 


(a) the x-axis (b) the y-axis 
233 ay gs ey — 0 

(a) the x-axis (b) the y-axis 
24, x7/3 + y?/3 = 2/3, a > 0 (hypocycloid) 
(b) the y-axis 


(c) the line y = 10 
(c) the line x =a 


(a) the x-axis 


Getting at the Concept 


25. Give the integration formula for finding the volume of a 
solid using the shell method. 


26. The region in the figure is revolved about the indicated axes 
and line. Order the volumes of the resulting solids from 
least to greatest. Explain your reasoning. 


(a) x-axis (b) y-axis (@) 4 =5 


In Exercises 27 and 28, give a geometric argument that 
explains why the integrals have equal values. 


5 2 
Die n| (x — 1) ax = 2m | yl5 — (y? + 1)] dy 
0 


2 4 : 
28. | [16 — (2y)?]dy = 2m | (3) dx 
0 o \4 
ee ee | 


areca cE RN ORL IONE ETI D DOCS 
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AY In Exercises 29-32, (a) use a graphing utility to graph the plane 


region bounded by the graphs of the equations, and (b) use the 
integration capabilities of the graphing utility to approximate 
the volume of the solid generated by revolving the region about 
the y-axis. 


29. x4? + yy? = 1,x=0,y = 
305 y= = ey = 0.x = 0 
31. y= V(x — 2)" — 6, y= 0,4 = 2,x = 6 


O, first quadrant 


D 
32.9 = —— 7p = Ot aa luxae 3 
el) 


il se 
Think About It In Exercises 33 and 34, determine which value 
best approximates the volume of the solid generated by revolv- 
ing the region bounded by the graphs of the equations about the 
y-axis. (Make your selection on the basis of a sketch of the solid 
and not by performing any calculations.) 


33. y = 2e*,y=0,x =0,x =2 


@) see) -2 «© 48 * @i7S7 He 45 


34. y=tanxy=0,x=00=57 


@) 35 (b) -3 (c) 8 (d) 10 (e) 1 

35. Machine Part A solid is generated by revolving the region 
bounded by y = 3x? and y =2 about the y-axis. A hole, 
centered along the axis of revolution, is drilled through this 
solid so that one fourth of the volume is removed. Find the 
diameter of the hole. 


36. Machine Part A solid is generated by revolving the region 
bounded by y = \/9 — x? and y = 0 about the y-axis. A hole, 
centered along the axis of revolution, is drilled through this 
solid so that one third of the volume is removed. Find the diam- 
eter of the hole. 


37. Volume of a Torus A torus is formed by revolving the region 
bounded by the circle x? + y* = 1 about the line x = 2, as 
shown in the figure. Find the volume of this “doughnut-shaped” 


solid. (Hint: The integral [', \/1 — x? dx represents the area of 


a semicircle.) 
}) y 


ab" 


> X 


& 


Figure for 37 Figure for 40 


38. Volume of a Torus Repeat Exercise 37 for a torus formed by 
revolving the region bounded by the circle x7 + y? = r? about 
the line x = R, where r < R. 


39. Volume of a Segment of a Sphere Let a sphere of radius r be 
cut by a plane, thus forming a segment of height h. Show that 
the volume of this segment is Fath2(3r =h). 


40. Exploration Consider the region bounded by the graphs o 

y = ax", y = ab", and x = 0 (see figure in first column). 

(a) Find the ratio R,(n) of the area of the region to the area 0: 

the circumscribed rectangle. 

(b) Find lim R,(n) and compare the result with the area of the 
circumscribed rectangle. 
Find the volume of the solid of revolution formed by 
revolving the region about the y-axis. Find the ratio R(n 
of this volume to the volume of the circumscribed righ 
circular cylinder. 


(Cc 


SS 


(d 


wa 


Find lim R,(n) and compare the result with the volume 0: 


the circumscribed cylinder. 


a 


Use the results of parts (b) and (d) to make a conjecture 

about the shape of the graph of y = ax"(0 < x < b) a: 

noo. 

41. Think About It Match each of the integrals with the solic 
whose volume it represents, and give the dimensions of eacl 
solid. 


(a) Right circular cone 


(e 


(b) Torus 
(e) Ellipsoid 


(c) Sphere 
(d) Right circular cylinder 


(i) 2m | hx dx 
0 


(ii) 2m | ax (1 -*) dv 
0 


(iii) 2m | IE RNs = BO BS 


(iv) 2m | 19 soe) 4 ee dx 


(v) an | (R — x)(2/r? — x2) dx 


42. Volume of a Storage Shed A storage shed has a circular bass 
of diameter 80 feet (see figure). Starting at the center, the inte 
rior height is measured every 10 feet and recorded in the table 


is 0 10 | 20 30 | 4 


0 
Height | 50 | 45 | 40 | 20 | 0 


(a) Use Simpson’s Rule to approximate the volume of th 
shed. 


(b) Note that the roof line consists of two line segments. Finc 
the equations of the line segments and use integration t 
find the volume of the shed. 


Height 


10 20 30 40 50 
Distance from center 
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13. Modeling Data A pond is approximately circular, with a a aa : 
diameter of 400 feet (see figure). Starting at the center, the depth SECTION PROJECT|' SATURN 
of the water is measured every 25 feet and recorded in the table. canines ie es 


The Oblateness of Saturn Saturn is the most oblate of the nine 
ec | Oa e2) | 2071 73 100 | 125 | 150") 175 | 200 planets in our solar system. Its equatorial radius is 60,268 
Depth | 20 | 19 | 19 | a7 | 45 | Milci0 ee ho kilometers and its polar radius is 54,364 kilometers. 
(a) Find the ratio of the volumes of the sphere and the oblate 
(a) Use Simpson’s Rule to approximate the volume of water in ellipsoid shown below. 
the pond. (b) If a planet were spherical and had the same volume as 
ne . 
(b) Use the regression capabilities of a graphing utility to find Sathmnyhalswould ts aa 


a quadratic model for the depths recorded in the table. Use 
the graphing utility to plot the depths and graph the model. 
(c) Use the integration capabilities of a graphing utility and the 


model in part (b) to approximate the volume of water in the 
pond. 


——<——S 
Pe paw 
PPPS 


(d) Use the result in part (c) to approximate the number of 
gallons of water in the pond if | cubic foot of water is 
approximately 7.48 gallons. 


Computer model of “spherical Saturn,” whose equatorial radius 
is equal to its polar radius. The equation of the cross section 
passing through the pole is 


Depth 


x? + y* = 60,2687. 


| ais. 


50 100 150 200 


Distance from center 


Computer model of “oblate Saturn,’ whose equatorial radius is 
greater than its polar radius. The equation of the cross section 
passing through the pole is 


x? y? 


The color-enhanced photo of Saturn was taken by Voyager 1. 60,268" 54,364° 
In the photograph, the oblateness of Saturn is clearly visible. 


ib 
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Arc Length and Surfaces of Revolution 


* Find the are length of a smooth curve. 
* Find the area of a surface of revolution. 


Arc Length 


In this section, definite integrals are used to find the arc length of a curve and the area 
of a surface of revolution. In both cases, we approximate an arc (a segment of a curve) 
by straight line segments whose lengths are given by the familiar distance formula 


d= JV% — 2 F (y ry vO 


A rectifiable curve is one that has a finite arc length. You will see that a sufficient 
condition for the graph of a function f to be rectifiable between (a, f(a)) and (b, f(b) 
is that f’ be continuous on [a, b]. Such a function is continuously differentiable on 
[a, b], and its graph on the interval [a, b] is a smooth curve. 

Consider a function y = f(x) that is continuously differentiable on the interval 
[a, b]. You can approximate the graph of f by n line segments whose endpoints are 
determined by the partition 


Bettmann/Corbis 


CHRISTIAN HUYGENS (1629-1695) 


The Dutch mathematician Christian Huygens, 
who invented the pendulum clock, and James 
Gregory (1638-1675), a Scottish mathemati- dK OK, <> Aaa 
cian, both made early contributions to the 
problem of finding the length of a rectifiable 
curve. 


as shown in Figure 6.36. By letting Ax, = x, — x,_, and Ay, = y; — y;_,, you can 
approximate the length of the graph by 


Sie YvG 7X, ae (yea Maal 


II 
IM = IMs Ms 

eC 

Res 

. 
lee: 
SSS 

e 


4 y>) 
(x,y) = : Aya), 
Op Yof i¥ = 1+ = (Ax 
S i (X,» ve G :) ; 
fi \AX=X,-X, 1 
iia ta aX This approximation appears to become better and better as ||Al| 0 (n > oo). 
aging Mea \ Therefore, we define the length of the graph to be 
paar r  \ s/t 
} 1 \> x s = lim 1 + eee x). 
[| @=X%) x, % b=x, \ \|Al| 0 » ioe %) 
‘ Because f(x) exists for each x in (x;_ ,, x;), the Mean Value Theorem guarantees the 
A ae sk) existence of c; in (x;_ ,,.x;) such that 
TAX) Bo ies) = (c; ies el) 
s = length of Ay; 
{| curve from |\\ ay ae Ke,). 
fel atob = Ma 
! ! Because f’ is continuous on [a, b], it follows that V1 + [ f(x)]? is also continuous 
(and hence integrable) on [a, b], which implies that 
1 i =— x 
a b \ 


s= lim > 1+TF@P Ax) 


Figure 6.36 |Al|>0 « 


" | VIF TP@P ae 


We call s the arc length of f between a and b. 
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Definition of Arc Length 


Let the function given by y = f(x) represent a smooth curve on the interval 
La, b]. The are length of f between a and b is 


= | V1 + [ f(x) |2 dx. 


Similarly, for a smooth curve given by x = g(y), the are length of g between c 
and d is 


Who | vee) lay, 


Because the definition of arc length can be applied to a linear function, you can 
check to see that this new definition agrees with the standard distance formula for the 
length of a line segment. This is done in Example 1. 


F) vample 1 ~The Length of a a : Line Segment. 


Find the arc length from (x,, y,) to (x, y,) on the graph of f(x) = mx + b, as shown 
in Figure 6.37. 


Solution Because 


mae 
Sets 


m = f(x) = 
it follows that 


So ‘ gpl xe dx Formula for arc length 
> X 


Vout. 
The arc length of the graph of f from =| Vv Let (2 > aan) a 


(x;,.¥1) to (x5, y2) is the same as the standard 


distance formula. (comeeaeti ort. (opncsons) 2 3 
Figure 6.37 = Beet oe ae (x) Integrate and simplify. 


a) = x,)2 


a | ra x4)? tAy, = y)? (x, = x) 
cei ies)? 


= V (x, =a ce F (yy ce yy) 


which is the formula for the distance between two points in the plane. (fl 


® TECHNOLOGY Definite integrals representing arc length often are very difficult to 
evaluate. In this section we present a few examples. In the next chapter, with more 
advanced integration techniques, you will be able to tackle more difficult arc length 
problems. In the meantime, remember that you can always use a numerical integra- 
tion program to approximate an arc length. For instance, try using the numerical 
integration feature of a graphing utility to approximate the arc lengths in Examples 
2 and 3. 
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+++ « 
1 2 3 

The arc length of the graph of y on [4 2] 
is 2. 

Figure 6.38 


FOR FURTHER INFORMATION To see 
how arc length can be used to define 
trigonometric functions, see the article 
“Trigonometry Requires Calculus, Not 
Vice Versa” by Yves Nievergelt in 
UMAP Modules. To view this article, go 
to the website www.matharticles.com. 


a a 


The arc length of the graph of y on [0, 8] is 
approximately 9.0734. 
Figure 6.39 


Applications of Integration 


ne 


Example os Finding Arc Length 


Find the arc length of the graph of 
yer) Or l/(2x) 


on the interval [5, 2|, as shown in Figure 6.38. 


Solution Using 


dy _ 3x? Lens sy 
dx 6 Sage DD) x2 


yields an arc length of 


“ dy\? ; I (NG WE 
s= ll ar (2) dx = | {| =F E (2 = 5) dx Formula for arc length 
e dx 1/2 a x 


| (x2 s) ee 
- He | aX Simplify. 
1/2 2 
eee ee 
313 Els ntegrate. 
eae 
76" oA 
1133 
16° 


Example 3} Finding Arc Length 


Find the arc length of the graph of (y — 1)? = x? on the interval [0, 8], as shown in 
Figure 6.39. 


Solution Begin by solving for x in terms of y: x = +(y — 1)?/2 Choosing the 
positive value of x produces 


de 


peel ae fal = 1/2 
OS 5 I es 


The x-interval [0, 8] corresponds to the y-interval [1, 5], and the arc length is 


d dx\2 5 3 2 
s= [ 1+ (=) dy = | Ji te E (Go p| dy Formula for are lengtt 
5 
oreo 5 
-| 4) 44 


1 f) 
= Al /9y — 5 dy Simplify. 
1 
— TP @y —5)92P 
= 18 3/2 Integrate. 


= 57 (4082 a 43/2) 


=~ 9.0734. VF 
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{= Example 4 Finding Arc Length 


y = In(cos x) 


he arc length of the graph of y on [0, z| is 
proximately 0.8814. 
igure 6.40 


y 
Catenary: x 


y= 150 cosh 159 


¢ arc length of the cable is approximately 
5 feet. 
gure 6.41 


SE TAILS ST LST TE EET TSS ETI LICE TCT ESE ETE ETA LE EEE I EEE SIO 


Find the arc length of the graph of y = In(cos x) from x = 0 to x = 77/4, as shown in 
Figure 6.40. 


Solution Using 


dy sin x ‘ 
aria sao tant 
dx COS x 


yields an arc length of 


b 1/4 
/ Ay\2 
s= | Ih Se (2) dx = | nS tan a Formula for arc length 
a 0 


1/4 
= i / sec? x dx Trigonometric identity 
0 
1/4 
= [ sec x dx Simplify. 
0 
17/4 
= injec x + tan al Integrate. 
0 
= In(V2 + 1) —In1 
= 0.8814. 


erent SU LEY EP RIDE MAA SIDI RASS BEECC DERN CES NELSON IE CEE APES NRE DEOL ESPNS DEEL OEE ESO ILI ESOS EI RE 


Example 5 Length of a Cable 


An electric cable is hung between two towers that are 200 feet apart, as shown in 
Figure 6.41. The cable takes the shape of a catenary whose equation is 


Xx 


= x/150 4 =x/150\ 
y = 75(e e ) = 150 cosh 50 


Find the arc length of the cable between the two towers. 
3 4 / ! (/ 150 Ses NEKO) H 
Solution Because y’ = 5 le" — e +/150) you can write 


(y’)? = rev Ss 5}. e~3/75) 


and 


A) 


” | 
ie (y’? = z(ev® 8 py al e—+/75) — |F(evse ale e180) | ; 


Therefore, the arc length of the cable is 


b 100 
if 
s= | V1 + (y’)? dx = 3] (29/150 4. g— 3/150) dy Formula for arc length 
—100 
¢ 100 
= 75 ev 150 — g-x/ 0] Integrate. 
—100 


= 150(e?/3 — e2/3) 
= 215 feet. 
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Figure 6.42 


Applications of Integration 


Axis of 
revolution 


Area of a Surface of Revolution 


In Sections 6.2 and 6.3, integration was used to calculate the volume of a solid « 
revolution. We now look at a procedure for finding the area of a surface of revolutiot 


Definition of a Surface of Revolution 


If the graph of a continuous function is revolved about a line, the resulting 
surface is a surface of revolution. 


The area of a surface of revolution is derived from the formula for the later 
surface area of the frustum of a right circular cone. Consider the line segment i 
Figure 6.42, where L is the length of the line segment, r, is the radius at the left en 
of the line segment, and r, is the radius at the right end of the line segment. When th 
line segment is revolved about its axis of revolution, it forms a frustum of a right ci 
cular cone, with 


S=2a7rL Lateral surface area of frustum 
where 
1 Liiee 
r= aN =f i): Average radius of frustum 


(In Exercise 55, you are asked to verify the formula for S.) 

Suppose the graph of a function f, having a continuous derivative on the intervs 
[a, b], is revolved about the x-axis to form a surface of revolution, as shown in Figui 
6.43. Let A be a partition of [a,b], with subintervals of width Ax,. Then the lin 
segment of length 


A =~ Ane ee Ay 


generates a frustum of a cone. Let r; be the average radius of this frustum. By th 
Intermediate Value Theorem, a point d; exists (in the ith subinterval) such thi 
r, = f(d;). The lateral surface area AS, of the frustum is 


AS, = 2ar, AL, 
= 2 a) x) AX AY 2 
= 2nf(d)./1+ (2) as, 
Ax; 
y=f(x) al 


Quite = 
ll 
% 


| 


Axis of 
revolutic 


Figure 6.43 


xis of 
svolution 


/ 


Axis of revolution 
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By the Mean Value Theorem, a point c, exists in (x,_,, x,) such that 


fic) = f(x) ese = Ay; 


6 cei bust [Ni 


Therefore, AS, = 27f(d,)V1 + [f%c;,)]? Ax;, and the total surface area can be 
approximated by 


5 ~ any fla)v1 + LF)E Ax. 

It can be shown that the limit of the right side as ||A|| +0 (n > oo), is 
S=27 [ 1ov1 OP dx. 

In a similar manner, if the graph of f is revolved about the y-axis, then S is 


S= 2m | avi coe eallegsse 


In both formulas for S, you can regard the products 2af(x) and 27x as the circum- 
ference of the circle traced by a point (x, y) on the graph of f as it is revolved about 
the x- or y-axis (Figure 6.44). In one case the radius is r = f(x), and in the other case 
the radius is r = x. Moreover, by appropriately adjusting r, you can generalize the 
formula for surface area to cover any horizontal or vertical axis of revolution, as 
indicated in the following definition. 


Definition of the Area of a Surface of Revolution 


Let y = f(x) have a continuous derivative on the interval [a, b]. The area S of 
the surface of revolution formed by revolving the graph of f about a horizontal 
or vertical axis is 


b 
S= an | r(x)V ee PG) dx y is a function of x. 


where r(x) is the distance between the graph of f and the axis of revolution. If 
x = g(y) on the interval [c, d], then the surface area is 


d 
S= 2m | r(y)V1 + [2g “y)]? dy x is a function of y. 


where r(y) is the distance between the graph of g and the axis of revolution. 


The formulas in this definition are sometimes written as 
b 
S= 2m | r(x) ds y is a function of x. 
a 
and 
d 
S= 2m | r(y) ds x is a function of y. 
c 


where ds = V1 + [f(x)]? dx and ds = V1 + [g’(y)]? dy, respectively. 
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Axis of revolution 


Figure 6.46 


Applications of Integration 


Example 6 The Area of a Surface of Revolution 


Find the area of the surface formed by revolving the graph of 


F(x) = 


on the interval [0, 1] about the x-axis, as shown in Figure 6.45. 


Solution The distance between the x-axis and the graph of f is r(x) = f(x), an 
because f(x) = 3x, the surface area is 


b 
S= 2m Acany ice Wa cal eres Formula for surface area 


il 
= 2a low + Bx?) dx 
0 


1 
= = (36x3)(1 + 9x4) 2 dy Simplify. 
0) 
m/ (1 + 9x4)97]! 
= 18 idsca ie 4 Integrate. 


= oF ae 


3.503, 


Example 7 The Area of a Surface of Revolution 


Find the area of the surface formed by revolving the graph of 
fa) = xe 


on the interval [o, J/2| about the y-axis, as shown in Figure 6.46. 


Solution In this case, the distance between the graph of f and the y-axis is r(x) = - 
Using f(x) = 2x, you can determine that the surface area is 


b 
S= 2m r(x) v 1s-e [ f(x)? dx Formula for surface area 


V2 


=27| xV1+ (2x)? dx 


Vf 

=—| . (1+ 4x?)¥2(8x) dx 
8 Jo 

aa |i + eel 


4 3/2 


Simplify. 


Integrate. 
10) 


Seale? = iW 


137 


ae . 
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EXERCISES FOR SECTION 6.4 


n Exercises 1 and 2, find the distance between the points by 25. Think About It The figure shows the graphs of the func- 
sing (a) the Distance Formula and (b) integration. HONS 34. =X, DG X as = ae and y, = al 2 on the 
1. (0,0), (5,12) 2. (1,2), (7,10) interval [0, 4]. To print an enlarged copy of the graph, go to the 


website www.mathgraphs.com. 


n Exercises 3-10, find the arc length of the graph of the func- ay Abele Rin fous, 


ere craicated interval: (b) List the functions in order of increasing arc length. 
Ve . . 4 s, - o ” 
By = $x3/2 FA e014 4. y = 2x7/2 + 3, [0,9] saabnc: intone a eis 7 aaa 
ae tyres length accurate to three decimal places. 
5. y=5x, [1,8] 6. y= px +4, [1,27] y 
<4 bell on 1 f 
1. y=— + 5 Sears elie 
Be a. agar (tn2) me 10 ees: 
9. y = In(sin x) Iz a 10. y = Ne Fes) mal0- 2 
; aualed 24 ee) aay 


n Exercises 11-20, (a) graph the function, highlighting the part 
ndicated by the given interval, (b) find a definite integral that 
epresents the arc length of the curve over the indicated interval 
nd observe that the integral cannot be evaluated with the a 6 
echniques studied thus far, and (c) use the integration capabil- i 


Think About It Explain why the two integrals are equal. 


‘ies of a graphing utility to approximate the arc length. . 1 

oe 2 a S [Jitka- [viree 
y= 4— x7 [0,2] 12) a |, 1) d ‘ v 

1 1 Use the integration capabilities of a graphing utility to verify 
3. y= ee eee 14. y= pete? [0, 1] that the integrals are equal. 

‘ = 7 1 27. Length of Pursuit A fleeing object leaves the origin and 
5. y= sinx, [0, 7] 16. y = cos x, Wigs, moves up the y-axis (see figure). At the same time, a pursuer 
7. x =e-”, [0,2] 1S Se 5 leaves the point (1, 0) and always moves toward the fleeing 

is ’ . ail aaa object. If the pursuer’s speed is twice that of the fleeing object, 

Sy = Zarctanx, [0,1] 20. x = V36 — y’*, [0,3] the equation of the path is 
pproximation In Exercises 21 and 22, determine which value y= 503? By A) 


est approximates the length of the arc represented by the inte- 
ral. (Make your selection on the basis of a sketch of the arc and 


: How far has the fleeing object traveled when it is caught? Show 
ot by performing any calculations.) 


that the pursuer has traveled twice as far. 


‘ d 5) 2 y yy 
eae : } 


(a) 25 (b) 5 (c) 2 (d) —4 (e) 3 


m/4 2 
2. [ VJ + | (an | dx I 
0 
iin > xXx 


ie ee. (0) 4 @ 2 (e) 1 : 


y= 4? 2 3x 1/2 45) y= Bil 10(e%/29 a e020) 
pproximation In Exercises 23 and 24, approximate the arc ! : 
ngth of the graph of the function over the interval [0, 4] in four Figure for 27 Figure for 28 
ays. (a) Use the Distance Formula to find the distance between 28. Roof Area A barn is 100 feet long and 40 feet wide (see 
1e endpoints of the arc. (b) Use the Distance Formula to find figure). A cross section of the roof is the inverted catenary 


1e lengths of the four line segments connecting the points on 
1e arc when x = 0, x = 1, x = 2, x = 3, and x = 4. Find the 
1m of the four lengths. (c) Use Simpson’s Rule with n = 10 to 
pproximate the integral yielding the indicated arc length. 
1) Use the integration capabilities of a graphing utility to 
pproximate the integral yielding the indicated arc length. 


5 f(x) =x 24. f(x) = (x? — 4) 


y= 31 = 10(e" +. 6 -*/?°), 


Find the number of square feet of roofing on the barn. 
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29. Length of a Catenary Electrical wires suspended between two 
towers form a catenary (see figure) modeled by the equation 


Getting at the Concept 


41. Define a rectifiable curve. 


xX 
y = 20 cosh 20’ —20 <x s 20 42. What precalculus formula and representative element are 


used to develop the integration formula for arc length? 
where x and y are measured in meters. Find the length of the 


F 43. What precalculus formula and representative element are 
suspended cable if the towers are 40 meters apart. P P 


used to develop the integration formula for the area of a 
surface of revolution? 

44. The graphs of the functions f, and f, on the interval [a, b} 
are shown in the figure. The graph of each is revolved about 
the x-axis. Which surface of revolution has the greater 
surface area? Explain. 


y 


y 
A 


J SNO0e| 1 \ 
B (-299.2, 0) (299.2, 0) 
Figure for 29 Figure for 30 


30. Length of Gateway Arch The Gateway Arch in St. Louis, 
Missouri, is modeled by 


is) 


y = 693.8597 — 68.7672 cosh 0.0100333x, 
DDI) Ss 59S MDVD. 


(See the Section Project: St. Louis Arch.) Find the length of this 45 
curve (see figure). 


. A right circular cone is generated by revolving the regio 

bounded by y = hx/r, y =h, and x = 0 about the y-axi: 
31. Find the arc length from (0, 3) clockwise to (2: V5 ) along the Verify that the lateral surface area of the cone is 

Circles yor=a9. 


Sk aT Toate ie: 
32. Find the arc length from (—3, 4) clockwise to (4, 3) along the 
circle x* + y? = 25. Show that the result is one-fourth the 46. A sphere of radius r is generated by revolving the graph c 
circumference of the circle. y = \/r? — x? about the x-axis. Verify that the surface area ¢ 
the sphere is 477 r?. 
In Exercises 33-36, set up and evaluate the definite integral for 47. Find the area of the zone of a sphere formed by revolving th 
the area of the surface generated by revolving the curve about graph of y = /9 — x2, 0 < x < 2, about the y-axis. 
UE 48. Find the area of the zone of a sphere formed by revolving th 
33. y =4x3, [0,3] 34. y=2/x, [4,9] graph of y = \/r? — x?, 0 < x < a, about the y-axis. Assum 
se 1 z that a < r. 
= ia oe [1, 2] 20.5) = » [0, 6] 49, Bulb Design An ornamental light bulb is designed by revol\ 
ing the graph of 
In Exercises 37 and 38, set up and evaluate the definite integral ya pyl/2 — 8/2 eye S 
, 2: PO ee Se 
that gives the area of the surface of revolution generated by 
revolving the curve about the y-axis. about the x-axis, where x and y are measured in feet (se 
figure). Find the surface area of the bulb and use the result t 
Function —__ Interval approximate the amount of glass needed to make the bull 
37. y= 3x42 [1, 8] (Assume that the glass is 0.015 inch thick.) 
38. y=9 - x? [0, 3] 


In Exercises 39 and 40, use the integration capabilities of a 


graphing utility to approximate the surface area of the solid of 
revolution. 


Function Interval 
39. y = sinx [0, zr] 
revolved about the x-axis 
40. y = Inx [1, e] 


revolved about the y-axis 


). Modeling Data The circumference C (in inches) of a vase is 
measured at 3-inch intervals starting at its base. The measure- 
ments are shown in the table, where y is the vertical distance in 
inches from the base. 


y 0 3 6 | 9 
Cm 50 | 65.5 | 70 | 66 


(a) Use the data to approximate the volume of the vase by 
summing the volumes of approximating disks. 


12 ie Sigs) 


s1 | 48 | 


58 


(b) Use the data to approximate the outside surface area 
(excluding the base) of the vase by summing the outside sur- 
face areas of approximating frustums of right circular cones. 


(c) Use the regression capabilities of a graphing utility to find 
a cubic model for the points (y, r) where r = C/(27). Use 
the graphing utility to plot the points and graph the model. 


(d) Use the model in part (c) and the integration capabilities of 
a graphing utility to approximate the volume and outside 
surface area of the vase. Compare the results with your 
answers in parts (a) and (b). 
1. Modeling Data Property bounded by two perpendicular 
roads and a stream is shown in the figure. All distances are 
measured in feet. 


(a) Use the regression capabilities of a graphing utility to fit a 
fourth-degree polynomial to the path of the stream. 


(b) Use the model of part (a) to approximate the area of the 
property in acres. 


(c) Use the integration capabilities of a graphing utility to find 
the length of the stream that bounds the property. 


430) 


(150, 
/ (200,425) 


2. Individual Project Select a solid of revolution from everyday 
life. Measure the radius of the solid at a minimum of seven 
points along its axis. Use the data to approximate the volume of 
the solid and the surface area of the lateral sides of the solid. 


3. Let R be the region bounded by y = 1/x, the x-axis, x = 1, and 
x = b, where b > 1. Let D be the solid formed when R is 
revolved about the x-axis. 


(a) Find the volume V of D. 
(b) Express the surface area S as an integral. 
(c) Show that V approaches a finite limit as b — oo. 


(d) Show that S 4 co as b > 0. 
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AS sa. 


55s 


56. 
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2) 2 
Think About It Consider the equation oe = is 


9 64 
(a) Use a graphing utility to graph the equation. 


(b) Set up the definite integral for finding the first quadrant arc 
length of the graph in part (a). 


(c 


wma 


Compare the interval of integration in part (b) and the 
domain of the integrand. Is it possible to evaluate the 
definite integral? Is it possible to use Simpson’s Rule to 
evaluate the definite integral? Explain. (You will learn how 
to evaluate this type of integral in Section 7.8.) 


(a) 


Given a circular sector with radius L and central angle 6 
(see figure), show that the area of the sector is given by 


-ip 
Se 


(b 


Se 


By joining the straight line edges of the sector in part (a), a 
right circular cone is formed (see figure) and the lateral 
surface area of the cone is the same as the area of the sector. 
Show that the area is 


S=arL 


where r is the radius of the base of the cone. (Hint: The arc 
length of the sector equals the circumference of the base of 
the cone.) 


GE. 


_ 
Re ose 


sat 


Figure for 55(a) 


(c) Use the result in part (b) to verify that the formula for the 
lateral surface area of the frustum of a cone with slant 
height L and radii r, and r, (see figure) is 


Figure for 55(b) 


mata waatey®:- 


(Note: This formula was used to develop the integral for 
finding the surface area of a surface of revolution.) 


” & 
Axis of 
revolution 


Writing Read the article “Arc Length, Area and the Arcsine 
Function” by Andrew M. Rockett in Mathematics Magazine. 
Then write a paragraph explaining how the arcsine function can 
be defined in terms of an arc length. (To view this article, go to 
the website www.matharticles.com.) 
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4 ft 


Sea 
ors. “Brae 


The work done in lifting a 50-pound object 


4 feet is 200 foot-pounds. 
Figure 6.47 


Bama 

ere ae 

ie 
eran ie Eee a 


¢ Find the work done by a constant force. 
¢ Find the work done by a variable force. 


Work Done by a Constant Force 


The concept of work is important to scientists and engineers for determining the ene 
gy needed to perform various jobs. For instance, it is useful to know the amount ¢ 
work done when a crane lifts a steel girder, when a spring is compressed, when a rocl 
et is propelled into the air, or when a truck pulls a load along a highway. 

In general, we say that work is done by a force when it moves an object. If th 
force applied to the object is constant, we have the following definition of work. 


Definition of Work Done by a Constant Force 


If an object is moved a distance D in the direction of an applied constant force 
F, then the work W done by the force is defined as W = FD. 


There are many types of forces—centrifugal, electromotive, and gravitational, 1 
name a few. A force can be thought of as a push or a pull; a force changes the state « 
rest or state of motion of a body. For gravitational forces on earth, it is common to us 
units of measure corresponding to the weight of an object. 


Example 1 Lifting an Object. 


Determine the work done in lifting a 50-pound object 4 feet. 


Solution The magnitude of the required force F is the weight of the object, as show 
in Figure 6.47. So, the work done in lifting the object 4 feet is 


W = FD Work = (force)(distance) 
= 50(4) Force = 50 pounds, distance = 4 feet 
= 200 foot-pounds. ld 


In the U.S. measurement system, work is typically expressed in foot-poun 
(ft - Ib), inch-pounds, or foot-tons. In the centimeter-gram-second (C-G-S) syster 
the basic unit of force is the dyne—the force required to produce an acceleration | 
I centimeter per second per second on a mass of | gram. In this system, work 
typically expressed in dyne-centimeters (ergs) or newton-meters (joules), whe 
| joule = 10’ ergs. 


How Much Work? In Example 1, 200 foot-pounds of work were needed to lift 
the 50-pound object 4 feet vertically off the ground. Suppose that once you lifted 
the object, you held it and walked a horizontal distance of 4 feet. Would this 
require an additional 200 foot-pounds of work? Explain your reasoning. 


1e amount of force changes as an object 
anges position (Ax). 
igure 6.48 


bettmann/Corbis 


EMILIE DE BRETEUIL (1706-1749) 


Another major work by de Breteuil was the 
translation of Newton’s “Philosophiae 
Naturalis Principia Mathematica” into 
French. Her translation and commentary 
sreatly contributed to the acceptance of 
Newtonian science in Europe. 
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Work Done by a Variable Force 


In Example 1, the force involved is constant. If a variable force is applied to an object, 
calculus is needed to determine the work done, because the amount of force changes 
as the object changes position. For instance, the force required to compress a spring 
increases as the spring is compressed. 

Suppose that an object is moved along a straight line from x = a tox = b bya 
continuously varying force F(x). Let A be a partition that divides the interval [a, b] 
into n subintervals determined by 


Ga Nye hi Koes ere wi ae 


andJlet Ann x.5,414;. For'eachs,,choose c, such that x,_; < c,)= x; Then at c, the 


L 


force is given by F(c;). Because F is continuous, you can approximate the work done 
in moving the object through the ith subinterval by the increment 


AW, = F(c;) Ax; 


as shown in Figure 6.48. So, the total work done as the object moves from a to b is 
approximated by 


W~ > AW, 


I 
M 
a 
S 
oe 
See 


This approximation appears to become better and better as ||A|| 0 (n— oo). 
Therefore, we define the work to be 


Wee in Se 
jn, 2 Mea 


= | cs (x) dx. 


Definition of Work Done by a Variable Force 


If an object is moved along a straight line by a continuously varying force 
F(x), then the work W done by the force as the object is moved from x = a 
tox = bis 

nN 


W= lim 5) AW, 


|Al0 Ay 
b 
= | F(x) dx. 


The remaining examples in this section use some well-known physical laws. The 
discoveries of many of these laws occurred during the same period in which calculus 
was being developed. In fact, during the seventeenth and eighteenth centuries, there 
was little difference between physicists and mathematicians. One such physicist- 
mathematician was Emilie de Breteuil. Breteuil was instrumental in synthesizing the 
work of many other scientists, including Newton, Leibniz, Huygens, Kepler, and 
Descartes. Her physics text Institutions was widely used for many years. 
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VTTON Ss 


The work done in compressing the 
spring in Example 2 from x = 3 
inches to x = 6 inches is 3375 
inch-pounds. Should the work done 
in compressing the spring from x = 0 
inches to x = 3 inches be more than, 
the same as, or less than this? 
Explain. 


The following three laws of physics were developed by Robert Hook 
(1635-1703), Isaac Newton (1642-1727), and Charles Coulomb (1736-1806). 


1. Hooke’s Law: The force F required to compress or stretch a spring (within it 
elastic limits) is proportional to the distance d that the spring: is compressed o 
stretched from its original length. That is, 


F=kd 


where the constant of proportionality k (the spring constant) depends on th 
specific nature of the spring. 

2. Newton’s Law of Universal Gravitation: The force F of attraction between tw 
particles of masses m, and m, is proportional to the product of the masses an 
inversely proportional to the square of the distance d between the two particle: 
natnass 


ase 


a” 


F=k 


If m,and m, are given in grams and d in centimeters, F will be in dynes for a valu 
of k = 6.670 x 1078 cubic centimeter per gram-second squared. 


3. Coulomb’s Law: The force between two charges g, and gq, in a vacuum | 
proportional to the product of the charges and inversely proportional to the squat 
of the distance d between the two charges. That 1s, 


1192 


ee 


If g, and qg, are given in electrostatic units and d in centimeters, F will be in dyne 
for a value of k = 1. 


i] Ex ‘ample oe ~ Compressing ; a | Spring | 


Natural ee Ss °) 


Figure 6.49 


A force of 750 pounds compresses a spring 3 inches from its natural length of 1 
inches. Find the work done in compressing the spring an additional 3 inches. 


Solution By Hooke’s Law, the force F(x) required to compress the spring x uni 
(from its natural length) is F(x) = kx. Using the given data, it follows that F(3) - 
750 = (k)(3) and thus k = 250 and F(x) = 250x, as shown in Figure 6.49. To find tk 
increment of work, assume that the force required to compress the spring over a sma 
increment Ax is nearly constant. So, the increment of work is 


AW = (force)(distance increment) = (250x) Ax. 


Because the spring is compressed from x = 3 to x = 6 inches less than its natur; 
length, the work required is 


b 6 
W | F(x) dx = | 250x dx Formula for work 
a 8 


6 


125%" = 4500 — 1125 = 3375 inch-pounds. 


3 


Note that you do not integrate from x = 0 to x = 6 because you were asked to dete 
mine the work done in compressing the spring an additional 3 inches (not includir 
the first 3 inches). (A 


ot drawn to scale 


00 
Ax 


4800 


he work required to move a space module 
)0 miles above earth is approximately 
056 x 10!! foot-pounds. 

igure 6.50 
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Example 3 Moving a Space Module into Orbit 


SBA SSS ESSELTE EET SLES ETS INE SIERO ER TEI EF LS SIRES ELIE IE TE ILO EE EBSA ION UCL IMPS SASS 


A space module weighs 15 tons on the surface of earth. How much work is done in 
propelling the module to a height of 800 miles above earth, as shown in Figure 6.50? 
(Use 4000 miles as the radius of earth. Do not consider the effect of air resistance or 
the weight of the propellant.) 


Solution Because the weight of a body varies inversely as the square of its distance 
from the center of earth, the force F(x) exerted by gravity is 


C eee: 
F(x) Theor C is the constant of proportionality. 
ee 
Because the module weighs 15 tons on the surface of earth and the radius of earth is 


approximately 4000 miles, you have 


5 = E 
(4000)? 
240,000,000 = C. 


So, the increment of work is 


AW = (force)(distance increment) 


_ 240,000,000 


. Ax. 


Xx 


Finally, because the module is propelled from x = 4000 to x = 4800 miles, the total 
work done is 


b 4800 
W= | F(x) dx = | a NOLES dx Formula for work 


4000 xe 
—240.000,0007°"" 
= Integrate. 
x 4000 


= —50,000 + 60,000 
= 10,000 mile-tons 


1.056 x 10'! foot-pounds. 


R 


In the C-G-S system, using a conversion factor of 1 foot-pound ~ 1.35582 joules, the 
work done is 


W = 1.432 x 10! joules. v4 


The solutions to Examples 2 and 3 conform to our development of work as the 
summation of increments in the form 


AW = (force)(distance increment) = (F)(Ax). 
Another way to formulate the increment of work is 
AW = (force increment)(distance) = (AF)(x). 


This second interpretation of AW is useful in problems involving the movement of 
nonrigid substances such as fluids and chains. 
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The work required to pump oil out through 
a hole in the top of the tank is approxi- 
mately 589,782 foot-pounds. 

Figure 6.51 


Example 4 Emptying a Tank of Oil 


A spherical tank of radius 8 feet is half full of oil that weighs 50 pounds per cubi 
foot. Find the work required to pump oil out through a hole in the top of the tank. 


Solution Consider the oil to be subdivided into disks of thickness Ay and radius - 
as shown in Figure 6.51. Because the increment of force for each disk is given by it 
weight, you have 
AF = weight 
_ (50 pounds 
_ Ges mds volume) 


= 50(ax?Ay) pounds. 
For a circle of radius 8 and center at (0, 8), you have 
Be OG hey ele 


2) 


x= Oy. — V2 


and you can write the force increment as 
AF = 50(ax? Ay) 
= 50qr(1éy.—"y2) Ay: 


In Figure 6.51, note that a disk y feet from the bottom of the tank must be moved 
distance of (16 — y) feet. Therefore, the increment of work is 


AW = AF(16 — y) 
= 507 (16y — y*) Ay(16 — y) 
= 507(256y — 32y? + y?) Ay. 


Because the tank is half full, y ranges from 0 to 8, and the work required to empty th 
tank is 


8 
W= | 50n(256y — 32y? + y%) dy 
10) 


Wy S25R Al 
= aS Re 
50m] 128y = | 


0 


= 50m ad 


~ 589,782 foot-pounds. le 


To estimate the reasonableness of the result in Example 4, consider that th 
weight of the oil in the tank is 


i, ued ict Wh tape 
(5) votume)(densiy) = (3 778 J(00 
== 53,616.5 pounds. 
Lifting the entire half-tank of oil 8 feet would involve work of 8(53,616.5) ~ 428,92 


foot-pounds. Because the oil is actually lifted between 8 and 16 feet, it seems reaso: 
able that the work done is 589,782 foot-pounds. 


1e work required to raise one end of the 


ain 20 feet is 1000 foot-pounds. 


igure 6.52 


ork done by expanding gas 
igure 6.53 


—i—— | 
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Example 5 Lifting a Chain 


SEER LAST EASE ELSE RTA RIPETV STN ESET ESI ST BTR LS ZTE API OTE TA 


A 20-foot chain weighing 5 pounds per foot is lying coiled on the ground. How much 
work is required to raise one end of the chain to a height of 20 feet so that it is fully 
extended, as shown in Figure 6.52? 


Solution Imagine that the chain is divided into small sections, each of length Ay. 
Then the weight of each section is the increment of force 


5 pounds 


AF = (weight) = ( fae 


Joenst) = S5Ay. 


Because a typical section (initially on the ground) is raised to a height of y, the incre- 
ment of work is 


AW = (force increment)(distance) = (5 Ay)y = 5y Ay. 


Because y ranges from 0 to 20, the total work is 


20 20 
2] 5(400) 
W= dy = —— = —— = ] fs & a 
[ Sy dy anh 5 000 foot-pounds V4 


In the next example we consider a piston of radius r in a cylindrical casing, as 
shown in Figure 6.53. As the gas in the cylinder expands, the piston moves and work 
is done. If p represents the pressure of the gas (in pounds per square foot) against the 
piston head and V represents the volume of the gas (in cubic feet), the work increment 
involved in moving the piston Ax feet is 


AW = (force)(distance increment) = F(Ax) = p(ar?) Ax = p AV. 


So, as the volume of the gas expands from V, to V,, the work done in moving the 
piston is 


Vy 
w= p dv. 


Vo 
Assuming the pressure of the gas to be inversely proportional to its volume, we have 
p = k/V and the integral for work becomes 


vy 
w= £ ay. 
Vo V 


E ample 6 ~ Work D Done bya an E xpanding Gas 


A quantity of gas with an initial volume of 1 cubic foot and a pressure of 500 pounds 
per square foot expands to a volume of 2 cubic feet. Find the work done by the gas. 
(Assume that the pressure is inversely proportional to the volume.) 


Solution Because p = k/V and p = 500 when V = 1, we have k = 500. So, the 
work is 


WH 3 —dV = [2 Sri ygee = 500 ivi] = 346.6 foot-pounds. < 
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EXERCISES FOR SECTION 6.5 


Constant Force In Exercises 1—4, determine the work done by 
the constant force. 

1. A 100-pound bag of sugar is lifted 10 feet. 

2. An electric hoist lifts a 2800-pound car 4 feet. 


3. A force of 112 newtons is required to slide a cement block 
4 meters in a construction project. 


4. The locomotive of a freight train pulls its cars with a constant 
force of 9 tons a distance of one-half mile. 


Getting atthe Concept —_ | 
5. State the definition of work done by a constant force. 


6. State the definition of work done by a variable force. 


7. The graphs show the force F; (in pounds) required to move | 
an object 9 feet along the x-axis. Order the force functions 
from the one that yields the least work to the one that yields 
the most work without doing any calculations. 


(a) F (b) F 


ttegettects tae tee 
QP FAT) G8 


8. Verify your answer to Exercise 7 by calculating the work for 
each force function. 


Hooke’s Law In Exercises 9-16, use Hooke’s Law to determine 
the variable force in the spring problem. 


9. A force of 5 pounds compresses a 15-inch spring a total of 
4 inches. How much work is done in compressing the spring 
7 inches? 


10. How much work is done in compressing the spring in Exercise 
9 from a length of 10 inches to a length of 6 inches? 


11. A force of 250 newtons stretches a spring 30 centimeters. How 
much work is done in stretching the spring from 20 centimeters 
to 50 centimeters? 


12. A force of 800 newtons stretches a spring 70 centimeters on a 
mechanical device for driving fence posts. Find the work done 
in stretching the spring the required 70 centimeters. 


13. 


14. 


iG). 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Lab LAB | 


Series 8 


A force of 20 pounds stretches a spring 9 inches in an exerci: 
machine. Find the work done in stretching the spring | fo 
from its natural position. 


An overhead garage door has two springs, one on each side: 
the door. A force of 15 pounds is required to stretch each sprit 
1 foot. Because of the pulley system, the springs stretch on 
one-half the distance the door travels. Find the work done t 
the pair of springs if the door moves a total of 8 feet and tl 
springs are at their natural length when the door is open. 


Eighteen foot-pounds of work is required to stretch a spring 
inches from its natural length. Find the work required to stret 
the spring an additional 3 inches. 


Seven and one-half foot-pounds of work is required to cor 
press a spring 2 inches from its natural length. Find the wo: 
required to compress the spring an additional one-half inch. 


Propulsion Neglecting air resistance and the weight of the pr 
pellant, determine the work done in propelling a 5-ton satellite 
a height of 


(a) 100 miles above earth. 
(b) 300 miles above earth. 


Propulsion Use the information in Exercise 17 to write tl 
work W of the propulsion system as a function of the height 
of the satellite above earth. Find the limit (if it exists) of W 
h approaches infinity. 


Propulsion Neglecting air resistance and the weight of fl 
propellant, determine the work done in propelling a 10-t 
satellite to a height of 


(a) 11,000 miles above earth. 
(b) 22,000 miles above earth. 


Propulsion A lunar module weighs 12 tons on the surface 

earth. How much work is done in propelling the module fro 
the surface of the moon to a height of 50 miles? Consider tl 
radius of the moon to be 1100 miles and its force of gravity 

be one-sixth that of earth. 


Pumping Water A rectangular tank with a base 4 feet by 


feet and a height of 4 feet is full of water (see figure). The wat 
weighs 62.4 pounds per cubic foot. How much work is done. 
pumping water out over the top edge in order to empty (a) hz 
of the tank? (b) all of the tank? 


Think About It Explain why the answer in part (b) 
Exercise 21 is not twice the answer in part (a). 


. Pumping Water A cylindrical water tank 4 meters high with 
a radius of 2 meters is buried so that the top of the tank is 1 
meter below ground level (see figure). How much work is done 
in pumping a full tank of water up to ground level? (The water 
weighs 9800 newtons per cubic meter.) 


Figure for 23 Figure for 24 


. Pumping Water Suppose the tank in Exercise 23 is located on 
a tower so that the bottom of the tank is 10 meters above the 
level of a stream (see figure). How much work is done in filling 
the tank half full of water through a hole in the bottom, using 
water from the stream? 


. Pumping Water An open tank has the shape of a right circu- 
lar cone (see figure). The tank is 8 feet across the top and 6 feet 
high. How much work is done in emptying the tank by pump- 
ing the water over the top edge? 


y y 


Figure for 25 Figure for 28 


. Pumping Water If water is pumped in through the bottom of 
the tank in Exercise 25, how much work is done to fill the tank 


(a) to a depth of 2 feet? 
(b) from a depth of 4 feet to a depth of 6 feet? 


. Pumping Water A hemispherical tank of radius 6 feet is posi- 
tioned so that its base is circular. How much work is required to 
fill the tank with water through a hole in the base if the water 
source is at the base? 


. Pumping Diesel Fuel The fuel tank on a truck has trape- 
zoidal cross sections with dimensions (in feet) shown in the 
figure. Assume that an engine is approximately 3 feet above the 
top of the fuel tank and that diesel fuel weighs approximately 
55.6 pounds per cubic foot. Find the work done by the fuel 
pump in raising a full tank of fuel to the level of the engine. 
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Pumping Gasoline In Exercises 29 and 30, find the work done 
in pumping gasoline that weighs 42 pounds per cubic foot. 
(Hint: Evaluate one integral by a geometric formula and the 
other by observing that the integrand is an odd function.) 


29. A cylindrical gasoline tank 3 feet in diameter and 4 feet long 
is carried on the back of a truck and is used to fuel tractors. 
The axis of the tank is horizontal. Find the work done in pump- 
ing the entire contents of the fuel tank into a tractor if the 
opening on the tractor tank is 5 feet above the top of the tank in 
the truck. 


30. The top of a cylindrical storage tank for gasoline at a service 
station is 4 feet below ground level. The axis of the tank is 
horizontal and its diameter and length are 5 feet and 12 feet, 
respectively. Find the work done in pumping the entire contents 
of the full tank to a height of 3 feet above ground level. 


Lifting a Chain In Exercises 31-34, consider a 15-foot chain 
hanging from a winch 15 feet above ground level. Find the work 
done by the winch in winding up the specified amount of chain, 
if the chain weighs 3 pounds per foot. 


31. Wind up the entire chain. 


32. Wind up one-third of the chain. 


33. Run the winch until the bottom of the chain is at the 10-foot 
level. 


34. Wind up the entire chain with a 500-pound load attached to it. 


Lifting a Chain Im Exercises 35 and 36, consider a 15-foot 
hanging chain that weighs 3 pounds per foot. Find the work 
done in lifting the chain vertically to the indicated position. 


35. Take the bottom of the chain and raise it to the 15-foot level, 
leaving the chain doubled and still hanging vertically (see 
figure). 


12+ ee 
ar ides 
6+ | ‘ 
Bale wig ee mamma estes fees b 


36. Repeat Exercise 35 raising the bottom of the chain to the 
12-foot level. 


Demolition Crane In Exercises 37 and 38, consider a demoli- 
tion crane with a 500-pound ball suspended from a 40-foot cable 
that weighs 1 pound per foot. 

37. Find the work required to wind up 15 feet of the apparatus. 
38. Find the work required to wind up all 40 feet of the apparatus. 
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Boyle’s Law In Exercises 39 and 40, find the work done by the | 0 | 2 ; 4 5 | 5 
gas for the given volume and pressure. Assume that the pressure Si 3 3 3 

is inversely proportional to the volume. (See Example 6.) | F(x) |0 | 20,000 | 22,000 | 15,000 | 10,000 | 5000 | 0 
39. A quantity of gas with an initial volume of 2 cubic feet and a Table for 42(b) 


pressure of 1000 pounds per square foot expands to a volume 
of 3 cubic feet. 


40. A quantity of gas with an initial volume of 1 cubic foot and a 
pressure of 2500 pounds per square foot expands to a volume 
of 3 cubic feet. 


41. Electric Force Two electrons repel each other with a force 
that varies inversely as the square of the distance between them. 
If one electron is fixed at the point (2, 4), find the work done in 
moving the second electron from (—2, 4) to (1, 4). 


Pe 42. Modeling Data ‘he hydraulic cylinder on a woodsplitter has 


a 4-inch bore (diameter) and a stroke of 2 feet. The hydraulic 
pump creates a maximum pressure of 2000 pounds per square 
inch. Therefore, the maximum force created by the cylinder is 
2000( 727) = 80007 pounds. 


(a) Find the work done through one extension of the cylinder 
given that the maximum force is required. 


(b) The force exerted in splitting a piece of wood is variable. 
Measurements of the force obtained when a piece of wood 
was split are shown in the table. The variable x measures 
the extension of the cylinder in feet, and F is the force in 
pounds. Use Simpson’s Rule to approximate the work done 
in splitting the piece of wood. 


SECTION PROJECT| TIDAL 


Tidal power plants use “tidal energy” to produce electrical 
energy. To construct a tidal power plant, a dam is built to sepa- 
rate a bay from the sea. Electrical energy is produced as the 
water flows back and forth between the bay and the sea. The 
amount of “natural energy” produced depends on the volume of 
the bay and the tidal range—the vertical distance between high 
and low tides. (Throughout the world, several natural bays have 
tidal ranges in excess of 15 feet; the Bay of Fundy in Nova 
Scotia has a tidal range of 47.5 feet.) 


~ 40,000* 


(a) Consider a basin with a rectangular base, as shown in the 
figure. The basin has a tidal range of 25 feet, with low tide 
corresponding to y = 0. How much water does the basin hold 
at high tide? 


(c) Use the regression capabilities of a graphing utility to fir 
a fourth-degree polynomial model for the data. Plot the da 
and graph the model. 


(d) Use the model in part (c) to approximate the extension | 
the cylinder when the force is maximum. 


(e) Use the model in part (c) to approximate the work done 
splitting the piece of wood. 


ad Hydraulic Press Yn Exercises 43-46, use the integratic 
capabilities of a graphing utility to approximate the work dor 
by a press in a manufacturing process. A model for the variab 
force F (in pounds) and the distance x (in feet) the press moy: 


is given. 
Force Interval 
43. F(x) = 1000[1.8 — In(x + 1)] Vs Se 
Cia 

A x)= Se at 
44. F(x) 100 O<x 
45. F(x) = 100x/125 — x3 OS 5 
46. F(x) = 1000 sinh x OR? 


(b) The amount of energy produced during the filling (or the 
emptying) of the basin is proportional to the amount of work 
required to fill (or empty) the basin. How much work is 
required to fill the basin with seawater? (Use a seawater 
density of 64 pounds per cubic foot.) 
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Francois Gohier/Photo Reseai 


The Bay of Fundy in Nova Scotia has an extreme tidal range, as 
displayed in the greatly contrasting photos above. | 


FOR FURTHER INFORMATION For more information on tidal | 
power, see the article “LaRance: Six Years of Operating a Tidal : 
Power Plant in France” by J. Cotillon in Water Power Magazine. 
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Section 6.6 Moments, Centers of Mass, and Centroids 


¢ Understand the definition of mass. 

¢ Find the center of mass in a one-dimensional system. 

¢ Find the center of mass in a two-dimensional system. 

¢ Find the center of mass of a planar lamina. 

* Use the Theorem of Pappus to find the volume of a solid of revolution. 


Mass 


In this section you will study several important applications of integration that are 
related to mass. Mass is a measure of a body’s resistance to changes in motion, and is 

; independent of the particular gravitational system in which the body is located. 
However, because so many applications involving mass occur on earth’s surface, we 
tend to equate an object’s mass with its weight. This is not technically correct. Weight 
is a type of force and as such is dependent on gravity. Force and mass are related by 
the equation 


Force = (mass)(acceleration). 


The table below lists some commonly used measures of mass and force, together with 
their conversion factors. 


System of Measure of 

Measurement Mass Measure of Force 

US. Slug Pound = (slug)(ft/sec?) 
International Kilogram Newton = (kilogram)(m/sec?) 
G-G-S | Gram Dyne = (gram)(cm/sec?) 
Conversions: 

| pound = 4.448 newtons 1 slug = 14.59 kilograms 

1 newton = 0.2248 pound 1 kilogram = 0.06854 slug 

1 dyne = 0.000002247 pound 1 gram = 0.00006854 slug 

1 dyne = 0.00001 newton 1 meter = 0.3048 foot aly 


Example 1 Mass on the Surface of Earth 


Find the mass (in slugs) of an object whose weight at sea level is 1 pound. 


Solution Using 32 feet per second per second as the acceleration due to gravity 
produces 


force 
Mass: = =, Force = (mass)(acceleration) 
acceleration 
1 pound 


~ 32 feet per second per second 


pound 
foot per second per second 


= 0.03125 slug. 


= 0.03125 


Because many applications involving mass occur on earth’s surface, this amount of 
mass is called a pound mass. (A 
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The seesaw will balance when the left and the 
right moments are equal. 
Figure 6.54 


Center of Mass in a One-Dimensional System 


We will consider two types of moments of a mass—the moment about a point and 
the moment about a line. To define these two moments, consider an idealized situa- 
tion in which a mass m is concentrated at a point. If x is the distance between this point 
mass and another point P, the moment of m about the point P is 


Moment = mx 


and x is the length of the moment arm. 

The concept of moment can be demonstrated simply by a seesaw, as illustrated in 
Figure 6.54. Suppose a child of mass 20 kilograms sits 2 meters to the left of 
fulcrum P, and an older child of mass 30 kilograms sits 2 meters to the right of P. 
From experience, you know that the seesaw will begin to rotate clockwise, moving the 
larger child down. This rotation occurs because the moment produced by the child on 
the left is less than the moment produced by the child on the right. 


Left moment = (20)(2) = 40 kilogram-meters 
Right moment = (30)(2) = 60 kilogram-meters 


To balance the seesaw, the two moments must be equal. For example, if the larger 
child moved to a position ; meters from the fulcrum, the seesaw would balance. 
because each child would produce a moment of 40 kilogram-meters. 

To generalize this, you can introduce a coordinate line on which the origin corre- 
sponds to the fulcrum, as shown in Figure 6.55. Suppose several point masses are 
located on the x-axis. The measure of the tendency of this system to rotate about the 
origin is the moment about the origin, and it is defined as the sum of the n products 
m;X;- 


NA = IN Oa eee Rear ae 
_» oY YY 
a) WA A , 
If mx, + myx, + +++ + m,x, = 0, the system is in equilibrium. 
Figure 6.55 


If Mp is 0, the system is said to be in equilibrium. 

For a system that is not in equilibrium, the center of mass is defined as the point 
x at which the fulcrum could be relocated to attain equilibrium. If the system were 
translated x units, each coordinate x, would become (x; — X), and because the moment 
of the translated system is 0, you have 


n n n 
> m, (x; a x) iz Sy M,X; — Ss m,X = 0. 
i=1 i= i=1 


Solving for x produces 


ae. _ moment of system about origin 
total mass of system 


If mx, + mx, ++ + + + m,x, = 0, the system is in equilibrium. 
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Moments and Center of Mass: One-Dimensional System 


Let the point masses m,,m,,. . .,m,, be located at x,,x>, . . .,X, 


n 


1. The moment about the origin is M) = m,x, + myx, ++ + - + m,x,. 


; M 
2. The center of mass is ¥ = —°, where m =m, + m, +--+ +™m, is the 
m 


total mass of the system. 


Example 2 — The Center of Mass of a Linear System 


Find the center of mass of the linear system shown in Figure 6.56. 


m, m, m., m 


Figure 6.56 


Solution The moment about the origin is 
My = mx, + mx, + mx, + MX, 
= 10(—5) + 15(0) + 5(4) + 10(7) 
=a D0i 0 20: +70 
= 40. 


Because the total mass of the system is m = 10 + 15 + 5 + 10 = 40, the center of 
mass is 


x= = 
m 


me 4nae VA 


NOTE In Example 2, where should you locate the fulcrum so that the point masses will be in 
equilibrium? 


Rather than define the moment of a mass, you could define the moment of a force. 
In this context, the center of mass is called the center of gravity. Suppose that a 
system of point masses m,,m,,. . .,m,, is located at x,,.x,,. . .,x,. Then, because 
force = (mass)(acceleration), the total force of the system is 


Fear me Pe nee 


= ma. 
The torque (moment) about the origin is 
T= Anan a Gnka) te ee na) x, 
= Ma 
and the center of gravity is 
To Moa _ Mo 
FP ma m 


Therefore, the center of gravity and the center of mass have the same location. 
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In a two-dimensional system, there is a 


moment abou 


t the y-axis, M,, and a moment 


about the x-axis, M,. 


Figure 6.57 
y 
m= 2 A 
iO) 35 m,=9 
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I 


The center of mass of the system is (2 3), 


Figure 6.58 
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Center of Mass in a Two-Dimensional System 


You can extend the concept of moment to two dimensions by considering a system 0 
masses located in the xy-plane at the points (x,,¥,), (%, Ya). - = + Gp» Vp), aS Shown i 
Figure 6.57. Rather than defining a single moment (with respect-to the origin), w 
define two moments—one with respect to the x-axis and one with respect to th 
y-axis. 


Moments and Center of Mass: Two-Dimensional System 


Let the point masses m,,m,. . .,m,, be located at (x,, y,), (%, Y2),- - -> Xp» Yn): 
1. The moment about the y-axis is M, = m,x, + mx, ++ + + + M,X,. 
2. The moment about the x-axis is M. = m,y, + my, +: + + + M,Y,. 


3. The center of mass (x, y) (or center of gravity) is 


x =—— and 
m m 


where m = m, + m, +- - - + m, is the total mass of the system. 


The moment of a system of masses in the plane can be taken about any horizon 
tal or vertical line. In general, the moment about a line is the sum of the product of th 


masses and the directed distances from the points to the line. 
Moment = =A b)teina iy, 2b) He 


Wye ae me, a) 


my, er m (Vn os 


Be il We a 


b) Horizontal line y = 


Moment Vertical line x = a 


Example 3 The Center of Mass of a Two-Dimensional System 


Find the center of mass of a system of point masses m, = 6,m, = 3,m, = 2, an 
m, = 9, located at 


(3, —2), (0, 0);(—5, 3), and (4, 2) 


as shown in Figure 6.58. 


Solution 
m =6 aos th 2 +9 =20 Mass 
M, = 6(3) + 3(0) + 2(—5) + 9(4) = 44 — Moment about y-axis 
M, = 6(—2) + 3(0) + 2G) + 9(2)=12 — Moment about x-axis 
Therefore, 
Pees 
m 20 5 
and 
male A 
m 20viTeS 


and thus the center of mass is (he, 2), 


ou can think of the center of mass (x, 7) 
a lamina as its balancing point. For a cir- 
lar lamina, the center of mass is the center 
the circle. For a rectangular lamina, the 
mter of mass is the center of the rectangle. 
igure 6.59 
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lanar lamina of uniform density p 
igure 6.60 
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Center of Mass of a Planar Lamina 


So far in this section we have assumed the total mass of a system to be distributed at 
discrete points in a plane or on a line. We now consider a thin, flat plate of material of 
constant density called a planar lamina (see Figure 6.59). Density is a measure of 
mass per unit of volume, such as grams per cubic centimeter. For planar laminas, how- 
ever, density is considered to be a measure of mass per unit of area. Density is denoted 
by p, the lowercase Greek letter rho. 

Consider an irregularly shaped planar lamina of uniform density p, bounded by 
the graphs of y = f(x), y = g(x), and a < x < b, as shown in Figure 6.60. The mass 
of this region is given by 


m = (density)(area) 


ZS, | poeeee 
= pA 


where A is the area of the region. To find the center of mass of this lamina, partition 
the interval [a, b] into n subintervals of equal width Ax. Let x, be the center of the ith 
subinterval. You can approximate the portion of the lamina lying in the ith subinterval 
by a rectangle whose height is h = f(x,) — g(x;,). Because the density of the rectangle 
is p, its mass is 


m, = (density)(area) 
= pL f(x,) —g(x;,)| Ax. 
ee 
Density Height Width 


Now, considering this mass to be located at the center (x,, y,) of the rectangle, the 
directed distance from the x-axis to (x,, y,) is y, = [f(x,) + g(x;)]/2. So, the moment 
of m, about the x-axis is 


Moment = (mass)(distance) 


my; = pLflx) — 8] | 


Summing the moments and taking the limit as n > co suggest the definitions below. 


Moments and Center of Mass of a Planar Lamina 


Let f and g be continuous functions such that f(x) = g(x) on [a, b], and 
consider the planar lamina of uniform density p bounded by the graphs of 
y = f(x), y = g(x), anda <x b. 


1. The moments about the x- and y-axes are 


=o eee) — g(x)] de 


i | Bay eae 


M, M. 
2. The center of mass (x, y) is given by ¥ = os and y = i where 


= p S’[ f(x) — g(x)] dx is the mass of the lamina. 
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fe Fxample4 Th 


fase4=x7 


Figure 6.61 


=) Center of mass: 


The center of mass is the balancing point. 
Figure 6.62 


wm X 


e Center of Mass of a Planar Lamina 
Find the center of mass of the lamina of uniform density p bounded by the graph ¢ 


f(x). =4 — x? and the x-axis. 


Solution Because the center of mass lies on the axis of symmetry, you know thé 
x = 0. Moreover, the mass of the lamina is 


To find the moment about the x-axis, place a representative rectangle in the region, é 
shown in Figure 6.61. The distance from the x-axis to the center of this rectangle is 


eat) 2 Read B 


yi 9» 9) 


Because the mass of the representative rectangle is 
p f(x) Ax = p(4 — x?) Ax 


you have 


2 

Ar pe 

M.=o| % (4 — x?) de 
=) 


= e| (16 — 8x? + x4) dx 
2 = 


p 8x3 =| 
=e Sy cater foe 
Bl 16x 3 5 
_ 2569 

IS 


and y is given by 


Bae Mo opal aes 
ym 32p/3 5 

So, the center of mass (the balancing point) of the lamina is (0, 8), as shown | 

Figure 6.62. ‘A 


The density p in Example 4 is a common factor of both the moments and tl 
mass, and as such cancels out of the quotients representing the coordinates of tt 
center of mass. So, the center of mass of a lamina of uniform density depends only « 
the shape of the lamina and not on its density. For this reason, the point 


(x, y) Center of mass or centroid 


is sometimes called the center of mass of a region in the plane, or the centroid of tl 
region. In other words, to find the centroid of a region in the plane, you simply assun 


that the region has a constant density of g = 1 and compute the corresponding cent 
of mass. 


1e centroid of the region is (- s, 2). 
igure 6.63 


7 Padbased 

a. Hold a pencil vertically and move 
4 the object on the pencil point until 
7 the centroid is located. 

b. Divide the object into representa- 
tive elements. Make the necessary 
measurements and numerically 

- approximate the centroid. Compare 
your result with the result in 
part (a). 


|] > 


2 eS <—____— } —___» |}«—_ 9) — >| 


—nw—~ 1 


) Original region 


. The centroid of the region is (2.9, 1). 
pure 6.64 
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Example 5 The Centroid of a Plane Region 


Find the centroid of the region bounded by the graphs of f(x) = 4 — x? and g(x) = 
Catto 


Solution The two graphs intersect at the points (—2,0) and (1, 3), as shown in 
Figure 6.63. So, the area of the region is 


4=| [a -ele=| @-2-2a=3 


The centroid (x, ¥) of the region has the following coordinates. 


z-4[ xf(4 — x?) — (xt ae =2 | (=x = x7 Pn) ae 


x aa vik ion: 

leva wks es 

= tf [SPEEA - oe ma 
= 2(2)[ (= x2 ox 16)(=x? = x + 2) dx 


af Oy a 1) ax 


Lie 5 ‘ ] 12 
SSS S35 —_— of = 
9 5 By D5 2a > 5 
So, the centroid of the region is (x, y) = (-4, 12) Al 


For simple plane regions, you may be able to find the centroid without resorting 
to integration. 


Example 6 The Centroid of a Simple Plane Region 


Find the centroid of the region shown in Figure 6.64(a). 


Solution By superimposing a coordinate system on the region, as shown in Figure 
6.64(b), you can locate the centroids of the three rectangles at 


i3 eal 
(3.3) (3.5) and (52 1); 


Using these three points, you can find the centroid of the region. 
A = area of region = 3 +3+4= 10 
__ (1/2)(3) + (5/2)(3) + (5)(4) _ 29 


I 10 10 2.9 
__ (3/2)(3) + (1/2)(3) + ()4) _ 10 _ 
10 10 
So, the centroid of the region is (2.9, 1). (f | 


NOTE In Example 6, notice that (2.9, 1) is not the “average” of G, 3), 3, x). and (5, 1). 
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ep eS 
The volume V is 277 rA where A is the area of 
region R. 
Figure 6.65 


Use the shell method to show that the 
volume of the torus is given by 


3 
V= | 4ax/1 — (x — 2)? dx. 
1 


Evaluate this integral using a graph- 
ing utility. Does your answer agree 
with the one in Example 7? 


Theorem of Pappus 


The final topic in this section is a useful theorem credited to Pappus of Alexandria (c 
300 A.D.), a Greek mathematician whose eight-volume Mathematical Collection is 
record of much of classical Greek mathematics. We delay the proof of this theore 
until Section 13.4 (Exercise 54). 


THEOREM 6.1 The Theorem of Pappus 


Let R be a region in a plane and let L be a line in the same plane such that L 
does not intersect the interior of R, as shown in Figure 6.65. If r is the distance 
between the centroid of R and the line, then the volume V of the solid of revo- 
lution formed by revolving R about the line is 

V=271rA 


where A is the area of R. (Note that 27rr is the distance traveled by the centroid 
as the region is revolved about the line.) 


The Theorem of Pappus can be used to find the volume of a torus, as shown - 
the following example. Recall that a torus is a doughnut-shaped solid formed t 
revolving a circular region about a line that lies in the same plane as the circle (b 
does not intersect the circle). 


Example vi i Finding Volume by the Theorem of Pappus 


Find the volume of the torus formed by revolving the circular region bounded by 
(eo = 2)4 + y=] 


about the y-axis, as shown in Figure 6.66(a). 


2+ (@=3e eee 


Centroid 


Torus 


(a) (b) 
Figure 6.66 


Solution In Figure 6.66(b), you can see that the centroid of the circular region 
(2,0). So, the distance between the centroid and the axis of revolution is r = 
Because the area of the circular region is A = 77, the volume of the torus is 


V=271rA 
= 27(2)(77) 
= Anr 


aoe la 
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EXERCISES FOR SECTION 6.6 


1 Exercises 1—4, find the center of mass of the point masses 
ing on the x-axis. 


l. m, = 6,m, = 3,m, =5 


oe et, — 1x, = 3 


Ze m, = 7,m, = 4,m, = 3,m, = 8 


ie 54, — —2,%, —'5,x, = 6 

. m, = 1,m, = 1,m,=1,m,=1,m,= 1 
Mo Xo — 8, 2%, = 12, x, = 15, x, =818 

i m, = 12,m, = 1,m, = 6,m, = 3,m,; = 11 
ieee Os tons 4g oe, Ay = 0, X08 


3. Graphical Reasoning 


(a) Translate each point mass in Exercise 3 to the right 5 units 
and determine the resulting center of mass. 


(b) Translate each point mass in Exercise 4 to the left 3 units 
and determine the resulting center of mass. 


w\ 


. Conjecture Use the result of Exercise 5 to make a conjecture 
about the change in the center of mass that results when each 
point mass is translated k units horizontally. 


atics Problems In Exercises 7 and 8, consider a beam of 
ngth L with a fulcrum x feet from one end (see figure). If there 
-e objects with weights W, and W, placed on opposite ends of 
ie beam, find x such that the system is in equilibrium. 


/, Two children weighing 50 pounds and 75 pounds are going to 
play on a seesaw that is 10 feet long. 


3. In order to move a 550-pound rock, a person weighing 200 
pounds wants to balance it on a beam that is 5 feet long. 


. Exercise 9-12, find the center of mass of the given system of ae Pe arcines 29 


yint masses. 


: m,; 5 1 3 
ee (2.2) | (3.1) | a,-4) 

a4 2 5 
Cee, (,—1) | (5,5) | (-4,9) 


11. 
m, | 3 4 | 


t 


Gy) (-2,-3) | (-1,0) | 


m; 2 1 6 
iy) (7,1) | (0,0) | (-3,0) 

is m; 12 6 = 15 | 
(x;,y,) l (25 3) ( if, 5) (6, 8) (2, 32) 


In Exercises 13-24, find M,,M,, and (x,y) for the laminas of 
uniform density p bounded by the graphs of the equations. 


13. y= J2,7 = 0,04 
14 pS Sx yy Seo 


15. y = 37, y =x 


16. y =~/x,y=x 
Vi ya ae 2 y= x 2 
18. y= Jx+1y=9x4+1 


19 y= x27, y= 0x = 8 
Wy =k y= 4 

21. x= 4 —97 x = 0 
22x 

23. x = —y,x = 2y — y" 
24, % = yt 255 = 2 


= 2y — y?,x=0 


In Exercises 25-28, set up and evaluate the integrals for finding 
the area and moments about the x- and y-axes for the region 
bounded by the graphs of the equations. (Assume p = 1.) 


25. y=x7,y=x 
26. ee ean Sue 
a 


27. y=2x+4,y=0,0sxs 3 
28. y=x?-4,y=0 


-32, use a graphing utility to graph the region 
bounded by the graphs of the equations. Use the integration 
capabilities of the graphing utility to approximate the centroid 
of the region. 


29. y = 10x./125 — 3, y = 0 

30. y= xe*/2, y= 0, x =0, x = 4 

31. Prefabricated End Section of a Building 
y = 5 400 — x2, y=0 

32. Witch of Agnesi 
y = 8/@? + 4), y =0,x = -2,x =2 
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In Exercises 33-38, find and/or verify the centroid of the 39. Graphical Reasoning Consider the region bounded by t 
common region used in engineering. graphs of y = x? and y = b, where b > 0. 


33. Triangle Show that the centroid of the triangle with vertices (@) Skeicha graphyot ther essay: 


(—a, 0), (a, 0), and (b,c) is the point of intersection of the (b) Use the graph in part (a) to determine x. Explain. 
medians (see figure). (c) Set up the integral for finding M,. Because of the form of t 
by y integrand, the value of the integral can be obtained withc 
4 integrating. What is the form of the integrand and what is t 
value of the integral? Compare with the result in part (b). 
(b, c) (a+ b,c) : 
(d) Use the graph in part (a) to determine whether y > > or 


2 


y< * Explain. 


(e) Use integration to verify your answer in part (d). 


Sass 


—a, 0) 


( - (a, 0) 40. Graphical and Numerical Reasoning Consider the regi 
Figure for 33 Figure for 34 bounded by the graphs of y = x7” and y = b, where b > Oa 

34. Parallelogram Show that the centroid of the parallelogram n is a positive integer. 
with vertices (0, 0), (a, 0), (b, c), and (a + b, c) is the point of (a) Set up the integral for finding M,. Because of the form 
intersection of the diagonals (see figure). the integrand, the value of the integral can be obtain 
35. Trapezoid Find the centroid of the trapezoid with vertices without integrating. What is the form of the integrand a: 
(0, 0), (0, a), (c, b), and (c, 0). Show that it is the intersection of what is the value of the integral? Compare with the result 

the line connecting the midpoints of the parallel sides and the part (b). 
line connecting the extended parallel sides, as shown in the Ae DE AO Ned: aT 
figure. (b) Is y > 7 OY < 4? Explain: 
y y (c) Use integration to find y as a function of n. 


(d) Use the result in part (c) to complete the table. 


n ] 2 3} 4 | 


) | 


=r r (e) Find lim y. 


noo 


(f) Give a geometric explanation of the result in part (e). 


Figure for 35 Figure for 36 Py 41. Modeling Data The manufacturer of glass for a window ir 
36. Semicircle Find the centroid of the region bounded by the gor tOn Ven needs 0 approximate its center of mass. A coc 
graphs of y = \/72 — x2 andy = 0 (see figure). dinate system is superimposed on a prototype of the glass (s 


figure). The measurements (in centimeters) for the right half 


37. Semiellipse Find the centroid of the region bounded by the the symmetric piece of glass are shown in the table 


b 
graphs of y = — /a* — x* and y = 0 (see figure). 
a x 0 LOM 20 | 30 40 ] 


By » Parabolic spandrel y 30 29 26 0 0 
1) (a) Use Simpson’s Rule to approximate the center of mass 
b the glass. 
: (b) Use the regression capabilities of a graphing utility to fi 
y=2x-x* a fourth-degree polynomial model for the data. 
> X > X 
—a a (c) Use the integration capabilities of a graphing utility and t 
model to approximate the center of mass of the gla 
Figure for 37 Figure for 38 Compare with the result in part (a). 
38. Parabolic Spandrel Find the centroid of the parabolic y 
spandrel shown in the figure. 40 


—40: —20 20. 40 


2. Modeling Data The manufacturer of a boat needs to approx- 
imate the center of mass of a section of the hull. A coordinate 
system is superimposed on a prototype (see figure). The mea- 
surements (in feet) for the right half of the symmetric 
prototype are listed in the table. 


0.5 1.0 IES | 


a3 0 2 
I 1.50 1.45 | 1.30 | 0.99 | 0 
d 0) 


0.50 | 0.48 | 0.43 0.33 | 


| 


(a) Use Simpson’s Rule to approximate the center of mass of 
the hull section. 


(b) Use the regression capabilities of a graphing utility to find 
fourth-degree polynomial models for both curves shown in 
the figure. Plot the data and graph the models. 


(c) Use the integration capabilities of a graphing utility and the 
model to approximate the center of mass of the hull section. 
Compare with the result in part (a). 


y 


n Exercises 43-46, introduce an appropriate coordinate 
ystem and find the coordinates of the center of mass of the 
lanar lamina. (The answer depends on the position of the 
pordinate system.) 


44. «I> 


|< 2 ——>~<- | > 


~< — |< J) ——_>} 
eh i 


~<— 7 1 


7. Find the center of mass of the lamina in Exercise 43 if the 
circular portion of the lamina has twice the density of the 
square portion of the lamina. 

3. Find the center of mass of the lamina in Exercise 43 if the 
square portion of the lamina has twice the density of the circu- 
lar portion of the lamina. 
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In Exercises 49-52, use the Theorem of Pappus to find the 
volume of the solid of revolution. 


49. The torus formed by revolving the circle (x — 5)* + y? = 16 
about the y-axis 


50. The torus formed by revolving the circle x7 + (y — 3)? = 4 
about the x-axis 


51. The solid formed by revolving the region bounded by the 
graphs of y = x, y = 4, and x = O about the x-axis 


52. The solid formed by revolving the region bounded by the 
graphs of y = 2\/x — 2, y = 0, and x = 6 about the y-axis 


Getting at the Concept _ 
53. Let the point masses m,, m5, . . ., m,, be located at (x,, y,), 

) (Xp, Yo)s= » +» Xp» Y,,)- Define the center of mass (X, y). 

54, What is meant by a planar lamina? Describe what is meant 
by the center of mass (x, y) of a planar lamina. 

_ 55. The centroid of the plane region bounded by the graphs of 
y = f(x), y = 0,x = 0, and x = 1 is (2, 4). Is it possible to 
find the centroid of each of the following regions bounded 
by the graphs of the equations? If so, identify the centroid 
and explain your answer. 

(a) y=f(x) + 2, y= 2, x =0, and x= 1 
(b)y =f — 2), y= 0, x = 2, and x =3 
(CyPy =F (x) y= 0) ee 0 and et 
(d) y=f(x), y= 0, x = —1, and x= 1 


56. State the Theorem of Pappus. 


In Exercises 57 and 58, use the Second Theorem of Pappus, 
which is stated as follows. If a segment of a plane curve C is 
revolved about an axis that does not intersect the curve (except 
possibly at its endpoints), the area S of the resulting surface of 
revolution is given by the product of the length of C times the 
distance d traveled by the centroid of C. 


57. A sphere is formed by revolving the graph of 
ee 
about the x-axis. Use the formula for surface area, S = 47r?, to 
find the centroid of the semicircle y = //r? — x?. 

58. A torus is formed by revolving the graph of 


(el) eye = | 


about the y-axis. Find the surface area of the torus. 


59. Let n = 1 be constant, and consider the region bounded by 
f(x) = x", the x-axis, and x = 1. Find the centroid of this 
region. As n > 00, what does the region look like, and where is 
its centroid? 
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Fluid Pressure and Fluid Force 


¢ Find fluid pressure and fluid force. 


Fluid Pressure and Fluid Force 


Swimmers know that the deeper an object is submerged in a fluid, the greater the pre 
sure on the object. Pressure is defined as the force per unit of area over the surface. 
a body. For example, because a column of water that is 10 feet in height and 1 in 
square weighs 4.3 pounds, the fluid pressure at a depth of 10 feet of water is 4 
pounds per square inch. At 20 feet, this would increase to 8.6 pounds per square inc 
and in general the pressure is proportional to the depth of the object in the fluid. 


Definition of Fluid Pressure 
The pressure on an object at depth / in a liquid is 
Pressure = P = wh 


where w is the weight-density of the liquid per unit of volume. 


Below are some common weight-densities of fluids in pounds per cubic foot. 


5 
g Ethyl alcohol 49.4 
2 Gasoline 41.0—43.0 
2 Glycerin 78.6 
6 Kerosene SZ 
= Mercury 849.0 
BLAISE PAscat (1623-1662) Seawater 64.0 
Pascal is well known for his work in many ME O24 
areas of mathematics and physics, and also When calculating fluid pressure, you can use an important (and rather surprisin 


for his influence on Leibniz. Although much 
of Pascal’s work in calculus was intuitive and 
lacked the rigor of modern mathematics, he 
nevertheless anticipated many important 
results. 


physical law called Pascal’s Principle, named after the French mathematician Blai 
Pascal. Pascal’s Principle states that the pressure exerted by a fluid at a depth h 
transmitted equally in all directions. For example, in Figure 6.67, the pressure at t 
indicated depth is the same for all three objects. Because fluid pressure is given 
terms of force per unit area (P = F/A), the fluid force on a submerged horizont 
surface of area A is 


Fluid force = F = PA = (pressure)(area). 


The pressure at h is the same for all three objects. 
Figure 6.67 


' The total pressure on an object in 10 feet of water would also include the pressure due 
earth’s atmosphere. At sea level, atmospheric pressure is approximately 14.7 pounds per sque 
inch. 


he fluid force on a horizontal metal sheet is 
jual to the fluid pressure times the area. 
igure 6.68 


alculus methods must be used to find the 
uid force on a vertical metal plate. 
igure 6.69 
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Example 1 Fluid Force on a Submerged Sheet 


Find the fluid force on a rectangular metal sheet measuring 3 feet by 4 feet that is 
submerged in 6 feet of water, as shown in Figure 6.68. 


Solution Because the weight-density of water is 62.4 pounds per cubic foot and the 
sheet is submerged in 6 feet of water, the fluid pressure is 
P = (62.4)(6) P = wh 
= 374.4 pounds per square foot. 
Because the total area of the sheet is A = (3)(4) = 12 square feet, the fluid force is 


pounds 
square foot 


= 4492.8 pounds. 


f= PA (374.4 Ie square feet) 


This result is independent of the size of the body of water. The fluid force would be 
the same in a swimming pool or lake. Z| 


In Example 1, the fact that the sheet is rectangular and horizontal means that you 
do not need the methods of calculus to solve the problem. We now look at a surface 
that is submerged vertically in a fluid. The problem is more difficult because the 
pressure is not constant over the surface. 

Suppose a vertical plate is submerged in a fluid of weight-density w (per unit of 
volume), as shown in Figure 6.69. To determine the total force against one side of the 
region from depth c to depth d, you can subdivide the interval [c, d] into n subinter- 
vals, each of width Ay. Next, consider the representative rectangle of width Ay and 
length L(y,), where y, is in the ith subinterval. The force against this representative 
rectangle is 


AF, = w(depth)(area) 
wh(y,)L(y;) Ay. 


The force against n such rectangles is 


S AR = wSh(y)L() Ay. 
1 i=l 


Note that w is considered to be constant and is factored out of the summation. 
Therefore, taking the limit as ||A|| > 0 (n > co) suggests the following definition. 


Definition of Force Exerted by a Fluid 


The force F exerted by a fluid of constant weight-density w (per unit of 
volume) against a submerged vertical plane region from y = c to y = dis 
d 


(y,)L(y,) Ay = w | h(y)L(y) dy 


(6) 


= 
where h(y) is the depth of the fluid at y and L(y) is the horizontal length of the 
region at y. 
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re] 


(a) Water gate in a dam 


(b) The fluid force against the gate is 13,936 
pounds. 


Figure 6.70 


Example 2 Fluid Force ona Vertical Surface 


A vertical gate in a dam has the shape of an isosceles trapezoid 8 feet across the t 
and 6 feet across the bottom, with a height of 5 feet, as shown in Figure 6.70(é 
What is the fluid force on the gate if the top of the gate is 4 feet below the surfa 
of the water? 


Solution In setting up a mathematical model for this problem, you are at liberty 

locate the x- and y-axis in several different ways. A convenient approach is to let 
y-axis bisect the gate and place the x-axis at the surface of the water, as shown 

Figure 6.70(b). So, the depth of the water at y in feet is 


Depth = h(y) = —y. 


To find the length L(y) of the region at y, we find the equation of the line forming tl 
right side of the gate. Because this line passes through the points (3, —9) and (4, —4 
its equation is 


ian) 3 oon area re ea 
ed) Semmens ime) 
yo = 5c 3) 
y = 5x — 24 
Hiyitie dy 
4 5 


In Figure 6.70(b) you can see that the length of the region at y is 
Length = 2x 
D 
==(y+ 
5 (y + 24) 
= L(y). 


Finally, by integrating from y = —9 to y = —4, you can calculate the fluid force to | 


d 
i | h(s)L(y) dy 


] 


F 


II 


62.4 i -eal2}o + 24) dy 


—~62.4 (2) | apy? + 24y) dy 


=) 


2\{ y3 ao 
= 624 Nebel oye 
Ble 1297] 


ou?) 


13,936 pounds. 


II 


i | 


NOTE In Example 2, we let the x-axis coincide with the surface of the water. This y 
convenient, but arbitrary. In choosing a coordinate system to represent a physical situation, y 
should consider various possibilities. Often you can simplify the calculations in a problem 
locating the coordinate system to take advantage of special characteristics of the problem, su 
as symmetry. 


rhe fluid force on the window is 1608.5 
ounds. 
‘igure 6.71 


1.5 15 


-2 


is not differentiable at x = +1. 
‘igure 6.72 
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A circular observation window on a marine science ship has a radius of 1 foot, and the 
center of the window is 8 feet below water level, as shown in Figure 6.71. What is the 
fluid force on the window? 


Solution To take advantage of symmetry, locate a coordinate system such that the 
origin coincides with the center of the window, as shown in Figure 6.71. The depth at 
y is then 


Depth = h(y) =8—y. 


The horizontal length of the window is 2x, and you can use the equation for the circle, 
x? + y? = 1, to solve for x as follows. 


Length = 2x = 2/1 — y* = L(y) 


Finally, because y ranges from —1 to 1, and using 64 pounds per cubic foot as the 
weight-density of seawater, you have 


F=w | h(y)L(y) dy 


= ot | (3 = y)(2) lee a dye 


Initially it looks as if this integral would be difficult to solve. However, if you break 
the integral into two parts and apply symmetry, the solution is simple. 


F= osc) | JI — y2dy — 6412) yV1 — y2dy 


The second integral is 0 (because the integrand is odd and the limits of integration are 
symmetric to the origin). Moreover, by recognizing that the first integral represents 
the area of a semicircle of radius 1, you obtain 


F= 64(16)( 5] — 64(2)(0) 


Sar 
1608.5 pounds. 


II 


Ul 


So, the fluid force on the window is 1608.5 pounds. (f| 


TECHNOLOGY To confirm the result obtained in Example 3, you might have 
' considered using Simpson’s Rule to approximate the value of 


1 
128 (8 — x)J/1 — x? ax. 


=1 


: From the graph of 
: ease — x) 5/1 — x" 


g however, you can see that f is not differentiable when x = +1 (see Figure 6.72). 
. This means that you cannot apply Theorem 4.19 from Section 4.6 to determine the 
e potential error in Simpson’s Rule. Without knowing the potential error, the approx- 
_ imation is of little value. Try using a graphing utility to approximate the integral. 
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EXERCISES FOR SECTION 6.7 


Force on a Submerged Sheet In Exercises 1 and 2, the area of 
the top side of a piece of sheet metal is given. The sheet metal is 
submerged horizontally in 5 feet of water. Find the fluid force 
on the top side. 


1. 3 square feet 2. 16 square feet 


Buoyant Force In Exercises 3 and 4, find the buoyant force of 
a rectangular solid of the given dimensions submerged in water 
so that the top side is parallel to the surface of the water. The 
buoyant force is the difference between the fluid forces on the 
top and bottom sides of the solid. 


ah 4. 


Fluid Force on a Tank Wall In Exercises 5-10, find the fluid 
force on the vertical side of the tank, where the dimensions are 


given in feet. Assume that the tank is full of water. 
5. Rectangle 6. Triangle 


i 


4 —————> -~— 4 ————_+ 


ee 


7. Trapezoid 8. Semicircle 


—_— .| ——__> 


~=x— 2 —1 


9. Parabola, y = x? 10. Semiellipse, 


Fluid Force of Water In Exercises 11-14, find the fluid force o 
the vertical plate submerged in water, where the dimensions ar 
given in meters and the weight-density of water is 9800 newtor 
per cubic meter. 


11. Square 12. Square 


| 


13. Triangle 


Xi 


<——§6——1 


ee 


14. Rectangle 


Force ona Concrete Form In Exercises 15-18, the figure is th 
vertical side of a form for poured concrete that weighs 140. 
pounds per cubic foot. Determine the force on this part of th 
concrete form. 


15. Rectangle 16. Semiellipse, 


yas Viesee 


<>} 
to 


—— |() ft > 


17. Rectangle 18. Triangle 


Se 


3 ft 


19. Fluid Force of Gasoline A cylindrical gasoline tank is place 
so that the axis of the cylinder is horizontal. Find the fluid for 
on a circular end of the tank if the tank is half full, assumir 
that the diameter is 3 feet and the gasoline weighs 42 pounc 
per cubic foot. 
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. Fluid Force of Gasoline Repeat Exercise 19 for a tank that is Be 27. Modeling Data The vertical stern of a boat with a superim- 


full. (Evaluate one integral by a geometric formula and the 
other by observing that the integrand is an odd function.) 


. Fluid Force on a Circular Plate A circular plate of radius r 
feet is submerged vertically in a tank of fluid that weighs w 
pounds per cubic foot. The center of the circle is k (k > r) feet 
below the surface of the fluid. Show that the fluid force on the 
surface of the plate is 


F = wk(rr’). 


(Evaluate one integral by a geometric formula and the other by 
observing that the integrand is an odd function.) 


. Fluid Force ona Circular Plate Use the result of Exercise 21 
to find the fluid force on each of the circular plates shown in the 
figure. Assume the plates are in the wall of a tank filled with 
water and the measurements are given in feet. 


| 
CS) 


. Fluid Force on a Rectangular Plate A rectangular plate of 
height h feet and base b feet is submerged vertically in a tank 
of fluid that weighs w pounds per cubic foot. The center is k 
feet below the surface of the fluid, where h < k/2. Show that 
the fluid force on the surface of the plate is 


F = wkhb. 


. Fluid Force on a Rectangular Plate Use the result of 
Exercise 23 to find the fluid force on each of the rectangular 
plates shown in the figure. Assume the plates are in the wall of 
a tank filled with water and the measurements are given in feet. 


(a) (b) 


a! 


10 


Submarine Porthole A porthole on a vertical side of a 
submarine (submerged in seawater) is 1 foot square. Find the 
fluid force on the porthole, assuming that the center of the 
square is 15 feet below the surface. 


Submarine Porthole Repeat Exercise 25 for a circular 
porthole that has a diameter of | foot. The center is 15 feet 
below the surface. 


posed coordinate system is shown in the figure. The table shows 
the width w of the stern at indicated values of y. Find the fluid 
force against the stern if the measurements are given in feet. 


De eo | Z | 4 
5 9 | 10 | 10.25 | 10.5 | 10.5 
y 


|e 
LH ° 


Nin 
Ww 


oo | NIW 


fs 


Water level 


Fe 28. Irrigation Canal Gate The vertical cross section of an 


irrigation canal is modeled by 


where x is measured in feet and x = 0 corresponds to the 
center of the canal. Use the integration capabilities of a graph- 
ing utility to approximate the fluid force against a vertical gate 
used to stop the flow of water if the water is 3 feet deep. 


Fy In Exercises 29 and 30, use the integration capabilities of a 


graphing utility to approximate the fluid force on the vertical 
plate bounded by the x-axis and the top half of the graph of the 
equation. Assume that the base of the plate is 12 feet beneath the 
surface of the water. 


29, x2/3 + y2/3 = 42/3 


31. Think About It 


(a) Approximate the depth of the water in the tank in Exercise 5 
if the fluid force is one-half as great as when the tank is full. 


(b) Explain why the answer in part (a) is not 2, 


Getting at the Concept 


32. Define fluid pressure. 
33. Define fluid force against a submerged vertical plane region. | 


34. Two identical semicircular windows are placed at the same 
depth in the vertical wall of an aquarium (see figure). | 
Which has the greater fluid force? Explain. 


d id 


| 
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| 6.1 | Area In€Exercises 1-10, sketch the region bounded by 
the graphs of the equations, and determine the area of the 
region. 


1. y 3 0,x=1,x=5 2 y= ya 4r= 
3. y ES ,y=0,%2=-1,%= 
ae sp Ml 

NSP = Oy, = = 1, vy =O 

5. y=x,y=x% 

Gy Si? ae iy eS ar o 

Ty=e,y=e,x=0 

8. y = csc x, y = 2 (one region) 

Gay anaes osu Date 2 
4 4 

10. x= cosy, x=5 sys 


asd In Exercises 11-14, use a graphing utility to graph the region 


bounded by the graphs of the functions, and use the integration 
capabilities of the graphing utility to find the area of the region. 
Cy = ore Viet ok 

12. y=? — 44 +3, y=, x=0 

13. /x + Sy = "1; y=0,x=0 

14, y = x4 — 2x*, y = 2x? 


In Exercises 15-18, use vertical and horizontal representative 
rectangles to set up integrals for finding the area of the region 
bounded by the graphs of the equations. Find the area of the 
region by evaluating the easier of the two integrals. 


15. x = y’ — 2y,. x = 0 
ca Il 
16. y= = ky => 
y x > y ) 
7 al 2) 
18. y= Yx-1, y=2, y=0, x= 
19. Think About It A person has two job offers. The starting 


salary for each is $30,000, and after 10 years of service each 
will pay $56,000. The salary increases for each offer are shown 
in the figure. From a strictly monetary viewpoint, which is the 
better offer? Explain. 


Salary (in dollars) 


i Oo ey #2 Sy O 7 OR &) W@ 
Year 


REVIEW EXERCISES FOR CHAPTER 6 


aed 20. 


Modeling Data The table shows the annual service revenue 
in billions of dollars for the cellular telephone industry for 
years 1992 through 1998. (Source: Cellular Telecommunicati 
Industry Association) 


Year | 1992 1993 | 
Ro 78 10.9 


(a) Use the regression capabilities of a graphing utility to fit 
exponential model to the data. Let ¢ be time in years, w 
t = 2 corresponding to 1992. Use the graphing utility 
plot the data and graph the model. 


1994 | 1995 | 1996 | 1997 | 199 


14.2 | 19.1 | 23.6 | 27.5 | 33.1 


(b) A financial consultant believes that a model for serv 
revenue for the years 2000 through 2005 is 


Ry = 10 + 5.2869, 


What is the difference in total service revenue between 
two models for the years 2000 through 2005? 


In Exercises 21-28, find the volume of the solid gi 
erated by revolving the plane region bounded by the equati« 
about the indicated lines. 


21. 


22. 


y=x,y=0,x=4 


(a) the x-axis (b) the y-axis 

(c) the linex = 4 (d) the line x = 6 
ae! ay ae a0 

(b) the line y = 2 
(d) the line x = —1 


(a) the x-axis 


(c) the y-axis 


23. - = 1 (a) the y-axis (oblate spheroid) 
(b) the x-axis (prolate spheroid) 
2 2 
24. s + a = | (a) the y-axis (oblate spheroid) 
(b) the x-axis (prolate spheroid) 
1 
25. Seep y=0,x=0, x=1 


26. 


27. 


28. 


revolved about the y-axis 
1 

ay. 

ASE eee 


revolved about the x-axis 


yrmely (Lite x02), y 


revolved about the y-axis 


y= =} e5— Sik a= il 


y=e*, y=0,x=0,x=1 
revolved about the x-axis 


In Exercises 29 and 30, consider the region bounded by 
graphs of the equations y = x./x + 1 andy = 0. 


29. Area Find the area of the region. 


30. Volume Find the volume of the solid generated by revoly 


the region about (a) the x-axis and (b) the y-axis. 


1. Depth of Gasoline in a Tank A gasoline tank is an oblate 
spheroid generated by revolving the region bounded by the 
graph of (x°/16) + (y?/9) = 1 about the y-axis, where x and y 
are measured in feet. Find the depth of the gasoline in the tank 
when it is filled to one-fourth its capacity. 


2. Magnitude of a Base The base of a solid is a circle of radius 
a, and its vertical cross sections are equilateral triangles. Find 
the radius of the circle if the volume of the solid is 10 cubic 
meters. 


Arc Length In Exercises 33 and 34, find the arc length 
' the graph of the function over the indicated interval. 


1 


. 24 5/4 ae 
fe) = =x, [0,4] oo) 


34. y= aa + 


[1, 3] 


5. Length of a Catenary A cable of a suspension bridge forms 
a catenary modeled by the equation 


meee 
2000 


where x and y are measured in feet. Use a graphing utility to 
approximate the length of the cable. 


y = 300 cosh| =O, =O Ss eS AO 


». Approximation Determine which value best approximates 
the length of the arc represented by the integral 


a7/4 
[ 1 + (sec? x)? dx. 
0 


(Make your selection on the basis of a sketch of the arc and not 
by performing any calculations.) 


(a) —2 (b) 1 (Gy a (d) 4 (eo) 


]. Surface Area Use integration to find the lateral surface area 
of a right circular cone of height 4 and radius 3. 


3. Surface Area The region bounded by the graphs of 
y = 2\/x, y = 0, and x = 3 is revolved about the x-axis. Find 
the surface area of the solid generated. 


). Work Find the work done in stretching a spring from its nat- 
ural length of 10 inches to a length of 15 inches, if a force of 4 
pounds is needed to stretch it | inch from its natural position. 


). Work Find the work done in stretching a spring from its 
natural length of 9 inches to double that length. The force 
required to stretch the spring is 50 pounds. 


|. Work A water well has an 8-inch casing (diameter) and is 175 
feet deep. If the water is 25 feet from the top of the well, 
determine the amount of work done in pumping it dry, assum- 
ing that no water enters the well while it is being pumped. 


. Work Repeat Exercise 41, assuming that water enters the 
well at a rate of 4 gallons per minute and the pump works at a 
rate of 12 gallons per minute. How many gallons are pumped 
in this case? 

. Work <A chain 10 feet long weighs 5 pounds per foot and is 
hung from a platform 20 feet above the ground. How much 
work is required to raise the entire chain to the 20-foot level? 
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44. Work A windlass, 200 feet above ground level on the top of a 
building, uses a cable weighing 4 pounds per foot. Find the 
work done in winding up the cable if 


(a) one end is at ground level. 
(b) there is a 300-pound load attached to the end of the cable. 


45. Work The work done by a variable force in a press is 80 foot- 
pounds. The press moves a distance of 4 feet and the force is a 
quadratic of the form F = ax’. Find a. 


46. Work Find the work done by the force F shown in the figure. 


(Xs In Exercises 47-50, find the centroid of the region 
bounded by the graphs of the equations. 


47. J/x + /y =a, x = 0, y =0 48. y=x°, y= 2x +3 

49. y=a?—-x*,y=0 50. y = x2/3, y = 3x 

51. Centroid A blade on an industrial fan has the configuration of 
a semicircle attached to a trapezoid (see figure). Find the 
centroid of the blade. 


y 


52. Fluid Force A swimming pool is 5 feet deep at one end and 
10 feet deep at the other, and the bottom is an inclined plane. 
The length and width of the pool are 40 feet and 20 feet. If the 
pool is full of water, what is the fluid force on each of the 
vertical walls? 


53. Fluid Force Show that the fluid force against any vertical 
region in a liquid is the product of the weight per cubic volume 
of the liquid, the area of the region, and the depth of the 
centroid of the region. 

54. Fluid Force Using the result of Exercise 53, find the fluid 
force on one side of a vertical circular plate of radius 4 feet that 
is submerged in water so that its center is 5 feet below the 
surface. 
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Ps, Problem Solving ~  ——/ 


1. Let R be the area of the region in the first quadrant bounded by 
the parabola y = x? and the line y = cx,c > 0. Let T be the area 
of the triangle AOB. Calculate the limit 


+ we X 


O (© 


2. Let R be the region bounded by the parabola y = x — x? and the 
x-axis. Find the equation of the line y = mx that divides this 
region into two regions of equal area. 


3. (a) A torus is formed by revolving the region bounded by the 
circle 


2) ye aes | 
about the y-axis (see figure). Use the disk method to calcu- 
late the volume of the torus. 


2s (Cpe el 


Centroid 


(b 


ma 


Use the disk method to find the volume of the general torus 
if the circle has radius r and its center is R units from the 
axis of rotation. 


Fe 4. Graph the curve 8y* = x7(1 — x). Use a computer algebra 


system to find the surface area of the solid of revolution obtained 
by revolving the curve about the x-axis. 


5. A hole is cut through the center of a sphere of radius r (s 
figure). The height of the remaining spherical ring is h. Find t 
volume of the ring and show that it is independent of the radi 
of the sphere: 


6. A rectangle R of length / and width w is revolved about t 
line L (see figure). Find the volume of the resulting solid 
revolution. 


Figure for 6 


Figure for 7 


7. (a) The tangent line to the curve y = x? at the point A(1, 
intersects the curve at another point B. Let R be the area 
the region bounded by the curve and the tangent line. T 
tangent line at B intersects the curve at another point C (s 
figure). Let S be the area of the region bounded by the cur 
and this second tangent line. How are the areas R and 
related? 


(b 


a 


Repeat the above construction by selecting an arbitra 
point A on the curve y = x*. Show that the two areas 
and S are always related in the same way. ~ 


8. The graph of y = f(x) passes through the origin. The are lens 
of the curve from (0, 0) to (x, f(x)) is given by 


SOs) [vi + edt. 
0 


Identify the function f. 
9. Let f be rectifiable on the interval [a, b], and let 


ey | “JT ¥ [POR at. 


wage OS 
(a) Find is 
(b) Find ds and (ds). 


(c) If f(t) = 13/2, find s(x) on [1, 3]. 
(d) Calculate s(2) and describe what it signifies. 


). The Archimedes Principle states that the upward or buoyant 
force on an object within a fluid is equal to the weight of the 
fluid that the object displaces. For a partially submerged object, 
~ you can obtain information about the relative densities of the 
- floating object and the fluid by observing how much of the 
_ object is above and below the surface. You can also determine 
_ the size of a floating object if you know the amount that is 
~ above the surface and the relative densities. Suppose you can 
_ see the top of a floating iceberg. The density of ocean water is 
1.03 x 10° kg/m?, and that of ice is 0.92 x 10° kg/m?. What 
percent of the total iceberg is below the surface? 


|. Sketch the region bounded on the left by x = 1, bounded above 
by y = 1/x3, and bounded below by y = —1/x?. 


(a) Find the centroid of the region for 1 < x < 6. 
(b) Find the centroid of the region for | < x < b. 
(c) Where is the centroid as b— 00? 


». Sketch the region to the right of the y-axis, bounded above by 
y = 1/x* and bounded below by y = — 1/x*. 


(a) Find the centroid of the region for 1 < x < 6. 

(b) Find the centroid of the region for 1 < x < b. 
-(c) Where is the centroid as b> 00? 
3. Find the work done by each force F. 


G29 (b) 


: 
t 


e x t 


t 
ieee 5: = '6 tZ 


+ +> X 
3 6 
|. To estimate the surface area of a pond, a surveyor takes several 


measurements, as shown in the figure. Estimate the surface area 
of the pond using (a) the Trapezoidal Rule and (b) Simpson’s 
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In Exercises 15 and 16, find the consumer surplus and producer 
surplus for the supply and demand curves. The consumer 
surplus and producer surplus are represented by the areas 
shown in the figure. 


P 
A 
Consumer Supply 
surplus curve 
Point of \7 
equilibrium |” 
ty Po) 
Producer ! Demand 
| curve 
surplus = foe 
0 
Demand Function Supply Function 
15. p(x) = 50 = 05x p(x) = 0.125x 
16. p,(x) = 1000 — 0.4x? p(x) = 42x 


17. A swimming pool is 20 feet wide, 40 feet long, 4 feet deep at 
one end, and 8 feet deep at the other end (see figure). The 
bottom is an inclined plane. Find the fluid force on each of the 
vertical walls. 


Making a Mercator Map 


When flying or sailing, pilots expect to be given a 
steady compass course to follow. On a standard flat 
map, this is difficult because a steady compass course 
results in a curved line, as shown in the lower left and 
middle figures on the facing page. 

For curved lines to appear as straight lines on a 
flat map, Flemish geographer Gerardus Mercator 
(1512-1594) realized that latitude lines must be 
stretched horizontally by a scaling factor of sec ¢, 
where @ is the angle of the latitude line. For the map 
to preserve the angles between latitude and longitude 
lines, the lengths of longitude lines are also stretched 
by a scaling factor of sec @ at latitude @. The Mercator 
map has latitude lines that are not equidistant, as 
shown in the lower left figure on the facing page. 

To calculate these vertical lengths, imagine a globe 
with latitude lines marked at angles of every Ad radians, 


QUESTIONS 


with Ad = ¢, — ¢;_. The arc length of consecutive 
latitude lines is RAd. On the Mercator map, the vertical 
distance between the equator and the first latitude line 
is RAd sec ,. The vertical distance between the first 
and second latitude lines is RAd@ sec q,. The vertical 
distance between the second and third latitude lines is 
RA¢d sec #3, and so on, as shown in the figure on the 
right below. 

On a globe, the angle between consecutive latitude 
lines is Ad, and the arc length between them is RAd 
(see the left-hand figure below). On a Mercator map, 
the vertical distance between the ith and-(i — 1)st lati- 
tude lines is RAd sec @,, and the distance from the 
equator to the ith latitude line is approximately 


RAgd sec d, + RAd sec ¢, + - - - + RAdsec @; 


(see right-hand figure below). 


Lat 


RAO sec @ 3 


Lat 9, 
RA@ sec 9, 


Lat 9, 
RAQ sec o, 


Equator 


Mercator map 


1. Use summation notation to write an expression to calculate how far from the equator to draw 
the line representing latitude @,,. 


2. In the calculations above, Mercator realized that the smaller the value used for Ad, the better 
the map became (better in the sense that straight lines could be used to plot steady compass 
courses). From your knowledge of calculus, how could you use Mercator’s observation to calcu- 
late the total vertical distance of a latitude line from the equator? 


3. Use the result of Question 2 to find how far from the equator to place latitude lines whose 
angles are 10°, 20°, 30°, 40°, and 50°. (Use a globe radius of R = 6 inches.) 


4. What problem do you encounter when you attempt to calculate how far from the equator to 
place the North Pole? 


The concepts presented here will be explored further in this chapter. For an extension of this 
application, see Lab 10 in the lab series that accompanies this text at college.hmco.com. 


AR 


a 
5 


Pete ate 


ZS 


Standard flat map: flight with con- 
stant 45° bearing 


Gerardus Mercator was known as 
one of the best geographers of the 
Renaissance. He was also the first 
to refer to a collection of maps as 
an “atlas.” 


ee 
S Ps a 
mageetctesaes Ww 


Mercator map: flight with constant 
15° bearing 


Bettmann/Corbis 
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Integration Techniques, L’H6pital’s Rule, and Improper Integrals 


Basic Integration Rules 


* Review procedures for fitting an integrand to one of the basic integration rules. 


Fitting Integrands to Basic Rules 


In this chapter, you will study several integration techniques that greatly expand the s 
of integrals to which the basic integration rules can be applied. The formulas a 
reviewed on page 484 and on the inside front cover. A major step in solving any int 
gration problem is recognizing the proper basic integration rule to be used. This is n 
easy. As demonstrated in Example 1, slight differences in the integrand can lead to ver 
different solution techniques. 


f= Example 1 A Comparison of Three Similar Integrals 


A Comparison of Three Similar 
Integrals Which, if any, of the 
following integrals can be evaluated 
using the 20 basic integration rules? 
For any that can be evaluated, do so. 
For any that can’t, explain why. 


3 
ous 
| a 
“ [+25 
Bre 
| = de 
: [- 


NOTE Notice in Example Ic that some 
preliminary algebra was required before 
applying the rules for integration, and 
that subsequently more than one rule 
was needed to evaluate the resulting 
integral. 


Evaluate each of the integrals. 


4 4x 4x? 
alee b. | aoa c. | page 


Solution 
a. Use the Arctangent Rule and let vu = x anda = 3. 


Constant Multiple Rule 


Arctangent Rule 


1 ae 
= 4{— =} + 
4(4 arctan C 


4 x 
=-arctan- + C 


Simplify. 


b. Here the Arctangent Rule does not apply because the numerator contains a fact 
of x. Consider the Log Rule and let wu = x7 + 9. Then du = 2x dx, and you hav 


4x Pas (abs 
[a54-2/24 


= 2In|u| + C 
= 2In@? + 9) + C. 


Constant Multiple Rule 


Substitution: w = x2 + 9 
Log Rule 
Rewrite as a function of x. 


c. Because the degree of the numerator is equal to the degree of the denominator, y¢ 
should first use division to rewrite the improper rational function as the sum of 
polynomial and a proper rational function. 


4x2 36 
[a5e-[-sy)e 


] 
= | 4 dx — 26] iG dx Write as two integrals. 


Rewrite using long division. 


Integrate. 


1 ae 
= 43 — ce * ix 
x 26(1 arctan 4 ab 


Xx 
= 4x — 12 arctan 3 42C Simplify. , 


ie indicates that in the Interactive 3.0 CD-ROM and Internet 3.0 versions of this t 
(available at college.hmco.com) you will find an Open Exploration, which further explores tl 
example using the computer algebra systems Maple, Mathcad, Mathematica, and Derive. 


le area of the region is approximately 
B39. 
gure 7.1 


TUDY TIP Rules 18, 19, and 20 of 

: basic integration rules (see page 484) 
have expressions involving the sum or 
ference of two squares: 


pf =i 
a2 — Ww 
az t+ Ww 
i gi? 


th such an expression, consider the 
stitution u = f(x), as in Example 3. 
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Example 2 Using Two Basic Rules to Solve a Single Integral 


Peck 3 


———— 1 bo 
0 J4 — x? te 


Solution Begin by writing the integral as the sum of two integrals. Then apply the 
Power Rule and the Arcsine Rule as follows. 


Evaluate 


1 


1 1 
~ -4[ (4 — x2)-1/2(—25) de + 3 [we 
=e | -« — x’)!/2 + 3 arcsin x) 
se (-V3 + 30] — (-2 +0) 
== 1.839 
(See Figure 7.1.) Lf) 


TECHNOLOGY Simpson’s Rule can be used to give a good approximation of the 
value of the integral in Example 2 (for n = 10, the approximation is 1.839). When 
using numerical integration, however, you should be aware that Simpson’s Rule 
does not give good approximations when one or both of the limits of integration are 
near a vertical asymptote. For instance, using the Fundamental Theorem of 
Calculus, you can obtain 


Applying Simpson’s Rule (with n = 10) to this integral produces an approximation 
of 6.889. 


Eee SS Ein SSIES Soa eA ORL RU REO aE era asta 


Example 3 A Substitution Involving a? — 1 


Ye 
EWaltlate |= —<$<$——10.10 
i nf 16 xe 


Solution Because the radical in the denominator can be written in the form 
/ a? == U2 = /42 ea (ye)? 
you can try the substitution vu = x3. Then du = 3x? dx, and you have 


| Xe ae i 3x? dx 
/16 — x® Siew 16 = (x)? 
= iN i du 
BA ua 


1 5 
—— — + 
3 arcsin 7 C 


Rewrite integral. 


Substitution: uw = x? 


Arcsine Rule 


3 


l ae 
= 3 arcsin 7 ae €€- Rewrite as a function of x. ~agn 
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Review of Basic Integration 
Rules (a > 0) 


i i kf(u) du = k i fu) du 
- [LFW + gw] du = 
[reo du + [ew du 


nN 


3 fau=ute 


n+l 


4. [utdu = = One| 


wo | 


5. = inlul + 


6. ferdu =e" + C 
1 
He farau = (Flor + ¢ 
Ina 
8. [sin udu = —cos u + € 
9, Joos udu = sinu + C 
10. ftan udu = —In|cos u| + C 
11. [cota du = In|sin u| ee 


12. [sec udu oa 

In|sec u + tanu| + C 
13. Joscudu = 

—In|csc u + cotu| + C 


14. | sec? udu = tanu + C 
15. Jesc? udu = —cotu + C 
16. [sec utan udu = secu + C 


17. Jesc w cot u du = C8. 4 + C. 


ol = arcsin — + G 
| Jat = wv a 


19. [asta =f avctan + C 
a a 


a> + uw? 
lac 


20 oe. 
Juf/e@—a a a 


Surprisingly, two of the most commonly overlooked integration rules are the L¢ 
Rule and the Power Rule. Notice in the next two examples how these two integratic 
rules can be disguised. 


Example 4 A Disguised Form of the Log Rule 


] 
Evaluate | ae: dx. 


Solution The integral does not appear to fit any of the basic rules. However, tl 
quotient form suggests the Log Rule. If you let u = 1 + e*, then du = e* dx. You cé 
obtain the required du by adding and subtracting e* in the numerator, as follows. 


1 (are? — Be . 
2656 == || SS Add and subtract e* in numerator. 
Il ar @ il sp 2 


il 4b ee e* ; ; 
= La cae dx Rewrite as two fractions. 


Rewrite as two integrals. 


I 
—— 
sy 
| 
= 
hs 
9 |& 


II 


tne eee Integrate. vy 


NOTE There is usually more than one way to solve an integration problem. For instance, 
Example 4, try integrating by multiplying the numerator and denominator by e * to obtain ; 
integral of the form —f du/u. See if you can get the same answer by this procedure. (I 
careful: the answer will appear in a different form.) 


Example 5 A Disguised Form of the Power Rule 


Evaluate f (cot x)[In(sin x)] dx. 


Solution Again, the integral does not appear to fit any of the basic rules. Howeve 
considering the two primary choices for u (u = cot x and u = In sin x), you can s 
that the second choice is the appropriate one because 


COS x 
u=Insinx and du = —dx =cotxdx. 
sin x 
So, you have 
| (cot x)[In(sin x)] dx = | u du Substitution: vu = In sin x 
uc 
ji 1G Integrate. 
Z 
| : i 
= 5 Lin(sin a) a Ge Rewrite as a function of x. 7 


NOTE In Example 5, try checking that the derivative of 
1 
5 Lin(sin x]? +C 


is the integrand of the original integral. 


TECHNOLOGY If you have access 
(Oo a computer algebra system, try 
using it to evaluate the integrals in this 
section. Compare the form of the anti- 
derivative given by the software with 
the form obtained by hand. Sometimes 
the forms will be the same, but often 
they will differ. For instance, why is 
the antiderivative In 2x + C equivalent 
to the antiderivative In x + C? 
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Basic Integration Rules 


Trigonometric identities can often be used to fit integrals to one of the basic inte- 
gration rules. 


Evaluate f tan* 2x dx. 
Solution Note that tan? w is not in the list of basic integration rules. However, sec? u 


is in the list. This suggests the trigonometric identity tan? u = sec? u — 1. If you let 
u = 2x, then du = 2 dx and 


1 
| (an ede Al tan? u du 


| . 1 
= 5] sec udu 5 au 


1 u 
=z = 
5 tan u 5 G 


Substitution: u = 2x 
Trigonometric identity 
Rewrite as two integrals. 
Integrate. 


Rewrite as a function of x. 


= 5 tan 2x — x + (G 


. 


We conclude this section with a summary of the common procedures for fitting 
integrands to the basic integration rules. 


Procedures for Fitting Integrands to Basic Rules 


Technique 


Expand (numerator). 


Separate numerator. 
Complete the square. 
Divide improper rational function. 


Add and subtract terms in numerator. 


Use trigonometric identities. 


Multiply and divide by Pythagorean conjugate. 


Example 
(Lice aus: Lae en es 
ie a 
Fe Ne AR oes We eee ee 
] ie 
Me aah 1 
ca! ra 
2x, Cae ee Nae oe ee ee 2 


toe tl xh Oe t L421) G+ 1)? 
Cot x = esc- x 1 

] 1 Lersin Xx iS ssin x 
if sinx (; + —}(j — nn Sel = siney 


sin x 
cos? x 


Lo Sin x 
sa ES SECS 


cos? x 


NOTE Remember that you can separate numerators but not denominators. Watch out for this 
common error when fitting integrands to basic rules. 


I 1 ] 


A #> Do not separate denominators. 
yea lowed 
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Integration Techniques, L’ H6pital’s Rule, and Improper Integrals 


EXERCISES FOR SECTION 7.1 


In Exercises 1-4, select the correct antiderivative. 
dy ‘e BG 

” abe x2 +1 
@) Dwi Fe se 
(c) 3/2 +14+C 


(dD) “oe 45 il see 
(ein) l) GC 


Ce 
2 dx x2+1 
De 
©) ine en ere) eee 
(x? + 1)? 
(@) anise =e (C @) line 4b 1) ae C 
Gy itl 
ee dx x7+1 
Di 
(a) In/x2+1+C (b) aie +C 


(c) arctan x + C (d) In? + 1) + C 


4. oe x cos(x? + 1) 
dx 
(a) 2x sin(x? + 


(c) + sin(x? +1)+C 


1I)+C (b) ~$sin? + 1) +C 
(d) —2x sin(x? + 1) + C 


In Exercises 5-14, select the basic integration formula you 
can use to evaluate the integral, and identify u and a when 
appropriate. 


ie = MN 
ens \4 07 
s. | (a 2)* dx «| Poa 
1 
Lo | SS 8. z dt 
| Aieee haha 
3 ter 2a 
SN a ———— 10. 
[> x? — 


11. | t sin f° dt 


13. [ es xesin* dx 


12. sec 3x tan 3x dx 


l 
ee 
IA —4 
In Exercises 15—54, evaluate the indefinite integral. 


1}, [2 + 5)3/2 dx 16. [o (x — 4) dx 


5) 
We lee 18. | ye 


19. fe Sie = hat 20. [4 = Dee) ai 
21 J+ |¢ Pape Eeroressate 
Gv — 13) % I Ge se 4 > 
im = 3 x ar | 
a ls fe he BR Segoe a 


on 2x 
MS by : ; 
[; = dx 26 [- =A dx 


29. [o + 2x?) 30. [o(+ 
31. ae Qax* dx 32) a 
33. d 34. i ae 
csc mx cot 1x dx Wiss tal 
35. |i AX 36. eee Meroe ae 
39, i ay 40. rer: x)] dx 
- 
41. ee a {+ gE AL pe 
cos x sin @ 
2 
| SS 
en ae oP = ; 
Bee 2 3 
a5. | BES a «. | aid 
1 
47. |e 48. peses: 
1/t 
49. [age ee. 50. | ae 
t2 i 
51 | Ix 52 | : 
. eR ate kde a 
OE (x — 1) /4x2 = 8x +3 


4 
aA lz she By Ge “5 | i ee 


ad Slope Fields mn Exercises 55 and 56, a differential equation. 


point, and a slope field are given. (a) Sketch two approxime 
solutions of the differential equation on the slope field, one 
which passes through the indicated point. (b) Use integration 
find the particular solution of the differential equation and uss 
graphing utility to graph the solution. Compare the result wi 
the sketches in part (a). To print an enlarged copy of the gray 
go the the website www.mathgraphs.com. 


ds t 1 dy 
y= ee ers . = = tan2(2 
- = (0,-3) 56 7 tanr(2x), (0, 0) 
S y 
I \ANNA~-1 
NODS eae ey 


ms 
= 


\ 

\ 

\ 

\ 
\ 
NS 
“N 
a 


Se See cet 
<7 7 // 


SAAS LS SASS 


In Exercises 57 and 58, use a computer algebra system to sket 
the slope field for the differential equation and graph the soluti 
pe the specified initial condition. 


dy 
57. = = 0: D) 6 0 = 3 5 os = _ = 
2 y, y(0) See 


Exercises 59-62, solve the differential equation. 


dy ; dr (1 +e)? 
= + ex 2} (Loe, ee REE ee Re L 
dx (1 +e) oe dt e! 
O(4 + tan? x)y’ = sec? x 62. y’ = 
x/4x? — J] 


Exercises 63-70, evaluate the definite integral. Use the inte- 
ition capabilities of a graphing utility to verify your result. 


a/4 7 
| [ cos 2x dx 64. i sin? f cos t dt 
0 0 
1 e 
[ xe-*? dx 66. [ a eli 
0 i aE 
2x *x 
x 68. ll TE os 
0) ae aie) 1 
a : d. 70 ; d. 
| ——— dx : —— dr 
hag 4 9x? O W252 xt 


Exercises 71-74, use a computer algebra system to evaluate 
. integral. Use the computer algebra system to graph two 
fiderivatives. Describe the relationship between the two 
aphs of the antiderivatives. 


1 age 
| Ihe ig OG oS [= Gas 1 


1 Gok Ne 
.| -——— a |e 
| eee I ( 2 Ja 


n Exercises 75-78, state the integration formula you would 
ise to perform the integration. Do not integrate. 


Se fro + 1)3 dx 76. fx sec(x2 + 1) tan(x? + 1) dx 


| 28 1 : 
a ae 78. lari? 


9. Explain why the antiderivative y, = e**“ is equivalent to 
the antiderivative y, = Ce*. | 


0. Explain why the antiderivative y, = sec? x + C, is equiva- 
lent to the antiderivative y, = tan? x + C. 


sarasnonseon poreco sn esemenemnrrsnossasacaasenoveresctutsaneveorirtnsted mnertnencnmnannarereeet 


Determine the constants a and b such that 
sinx + cosx = asin(x + D). 


dx 


Use this result to integrate | See 
Sinlweia COSY 


Think About It Use a graphing utility to graph the function 
x) = (x3 — 7x? + 10x). Use the graph to determine whether 


fx 
[10 dx 


is positive or negative. Explain. 
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Approximation In Exercises 83 and 84, determine which value 
best approximates the area of the region between the x-axis and 
the function over the given interval. (Make your selection on the 
basis of a sketch of the region and not by integrating.) 


Bee 
83. f(x) = oa i [0, 2] 
(@) 3 (b) I (@)) =} (d) 8 (e) 10 
ys oh ewe 4 
84. f(x) = PaL LOr2T 
(2) 3 (b) al (jy =e) @) 4 Ww) 10 


Area In Exercises 85 and 86, find the area of the region bound- 
ed by the graph(s) of the equation(s). 

85. yy? = x7(1 — x?) 

86. y=sin2x, y=0, x=0, x= 7/2 


87. Area The graphs of f(x) = x and g(x) = ax? intersect at the 
points (0, 0) and (1/a, 1/a). Find a (a > 0) such that the area 
of the region bounded by the graphs of these two functions is = 


88. Interpreting an Integral You are given the integral 


[ Qa x2 dx 
0 


but are not told what it represents. (There is more than one 
correct answer for each part.) 


(a) Sketch the region whose area is given by the integral. 


(b) Sketch the solid whose volume is given by the integral if 
the disk method is used. 


(c) Sketch the solid whose volume is given by the integral if 
the shell method is used. 


89. Volume The region bounded by y = e-*’, y = 0, x = 0, and 
x = b(b > 0) is revolved about the y-axis. 


(a) Find the volume of the solid generated if b = 1. 


(b) Find b such that the volume of the generated solid is ; cubic 
units. 


90. Average Value Compute the average value of each of the 
functions over the indicated interval. 


(a) f(x) = sinnx, 0 <x < a/n, nis a positive integer 


! 
(x) = —-3<x<3 
(b) f(x) ae Ses 


91. Centroid Find the x-coordinate of the centroid of the region 
bounded by the graphs of 
1%: 5) 
RS a 
92. Surface Area Find the area of the surface formed by revoly- 
ing the graph of y = 2./x on the interval [0,9] about the 
X-axis. 


y=0, x=0, and x= 4. 


Py Arc Length In Exercises 93 and 94, use the integration capa- 


bilities of a graphing utility to approximate the arc length of the 
curve over the indicated interval. 


l 


93. y = tan 7x, [o, Al OA y= esd 
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__ Section i 


Proof Without Words Here is a 
different approach to proving the 
formula for integration by parts. 
Exercise taken from “Proof Without 


Words: Integration by Parts” by 
Roger B. Nelsen, Mathematics 

Magazine, April 1991. Used by 
permission of the author. 


{ u=f(x) v=g(x) 
$= g(b) 


r= g(a) 


u 
p=f(a) q = fb) 


Area + Area = qs — pr 
Ss P (4.5) 
[ua | vdu =| w| 
+e s (pr) 
S (q,5) Pp 
| udy = || = | v du 
y (p.r) q 


Explain how this graph proves the 
theorem. Which notation in this proof 
is unfamiliar? What do you think it 
means? 


Integration Techniques, L’ H6pital’s Rule, and Improper Integrals 


Integration by Parts 


¢ Find an antiderivative using integration by parts. 
¢ Use a tabular method to perform integration by parts. 


Integration by Parts 


In this section you will study an important integration technique called integration | 
parts. This technique can be applied to a wide variety of functions and is particular 
useful for integrands involving products of algebraic and transcendental functions. F 
instance, integration by parts works well with integrals such as 


iE In x dx, [v ex dx, and [e sin x dx. 


Integration by parts is based on the formula for the derivative of a product 


d dv du 

ae 2 yj Eps 

dx [wv] =u dx i dx 
= uv’ + yu’ 


where both u and v are differentiable functions of x. If w’ and v’ are continuous, y 
can integrate both sides of this equation to obtain 


w= fur'ac + [rar 
= fudv + frau 


By rewriting this equation, you obtain the following theorem. 


THEOREM 7.1 Integration by Parts 


If uw and v are functions of x and have continuous derivatives. then 


fun = uv— [rau 


This formula expresses the original integral in terms of another integral. Depenr 
ing on the choices of u and dv, it may be easier to evaluate the second integral th 
the original one. Because the choices of wu and dv are critical in the integration by pa 
process, the following guidelines are provided. 


Guidelines for Integration by Parts 


1. Try letting dv be the most complicated portion of the integrand that fits 
a basic integration rule. Then wu will be the remaining factor(s) of the 
integrand. 


2. Try letting u be the portion of the integrand whose derivative is a function 
simpler than u. Then dv will be the remaining factor(s) of the integrand. 


TE In Example 1, note that it is 
necessary to include a constant of 
gration when solving 


y= fed=e+e, 


Illustrate this, replace v = e* by 

e* + C, and apply integration by 
s to see that you obtain the same 
lt. 


< FURTHER INFORMATION To see 
/ integration by parts is used to prove 
ling’s approximation 


In(n!) = nInn — n, 


the article “The Validity of Stirling’s 
roximation: A Physical Chemistry 
ject” by A. S. Wallner and K. A. 

ndt in Journal of Chemical 

cation. To view this article, go to the 
site www.matharticles.com. 


ECHNOLOGY Try graphing 


eo a 
2 elie aicadi 
fe Inxdx and 3 Ina 9 
1 your graphing utility. Do you get 
same graph? (This will take a 
hile, so be patient.) 
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Example 1 


Integration by Parts 


Evaluate f xe” dx. 


Solution To apply integration by parts, you need to write the integral in the form 
J u dv. There are several ways to do this. 


[ oa, fered, [aeeao, [eee 
We — WAH WrewH 
u dy u dy u dv ud 


The guidelines on page 488 suggest choosing the first option because the derivative of 
u = x is simpler than x, and dv = e* dx is the most complicated portion of the inte- 
grand that fits a basic integration formula. 


=> y= fav= ferar=er 


“w= x fares du = ax 


dv = e~ dx 


Now, integration by parts produces the following. 


ua = yy. — rau 
rere =xe* — [eva 


= 372" = 2 =F 6 


Integration by parts formula 


Substitute. 


Integrate. 


To check this, differentiate xe* — e* + C to see that you obtain the original integrand. 


Example 2 | Integration by Parts 


Evaluate f x? In x dx. 


Solution In this case, x? is more easily integrated than In x. Furthermore, the deriv- 
ative of In x is simpler than In x. Therefore, you should let dv = x? dx. 


ee 
dv = x? dx E> y= x? dx = 
ye 1 
u=tnx E> du = — dx 
x 


Integration by parts produces the following. 


[ud = w= [vai 


Integration by parts formula 


3 3 
Inxdx = ~Inx — (=)(2) dx Substitute. 
3 BN 
3 
_ =e lia 8 AG dx Simplify. 
3 3 
= = nx = . ae Integrate. 
You can check this result by differentiating. 
ad |x Sex (ol pms ie" 20 
o)F tnx = |- (4) + dn ayee) oes In x 4 
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NA 
}- 


y =arcsin x 


The area of the region is approximately 
0.571. 
Figure 7.2 


One surprising application of integration by parts involves integrands consist 
of a single factor, such as fInxdx or f arcsin x dx. In such cases, you should 
dv = dx, as illustrated in the next example. 


“An Integrand with a Single Term 


Example 3 
1 

Evaluate | arcsin x dx. 
0 


Solution Let dv = dx. 
dy = dx ==> y= far=x 


“=arcsinx  Ee> a 4K 


Integration by parts now produces the following. 


Integration by parts 
ud =w = frau . 


formula 
| arcsin x dx 


: x 
Fe BCS 4° = | Cre dx Substitute. 
aoe 


© aresin % x (1 — x2)~'/2 (—2x) dx —_ Rewrite. 


= x arcsinx + /1 — x7 +C Integrate. 


Using this antiderivative, you can evaluate the definite integral as follows. 


iI 
| arcsin x dx = E arcsinx + /1 — x | 
0 


7 
=—-] 
2 


05 i 


1 
0) 


The area represented by this definite integral is shown in Figure 7.2. 


TECHNOLOGY Remember that there are two ways to use technology to evalua 
definite integral: (1) you can use a numerical approximation such as the Trapezoi 
_ Rule or Simpson’s Rule, or (2) you can use a computer algebra system to find 
_ antiderivative and then apply the Fundamental Theorem of Calculus. Both meth 
_ have shortcomings. To find the possible error when using a numerical method, 
_ integrand must have a second derivative (Trapezoidal Rule) or a fourth deriva 
(Simpson’s Rule) in the interval of integration: the integrand in Example 3 fail 
meet this requirement. To apply the Fundamental Theorem of Calculus, 
symbolic integration utility must be able to find the antiderivative. 


Which method would you use to evaluate 


LER 


| 
| arctan x dx? 
0 


seqrreustorioie 


Ra oie eae ee ee 


_ Which method would you use to evaluate 


1 
| arctan x? dx? 
0 


ry to evaluate 


fe cos 2x dx 


; letting u = cos 2x and dv = e* dx 
the first substitution. For the 

cond substitution, let uv = sin 2x 

id dv = e* dx. . 
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Some integrals require repeated use of the integration by parts formula. 


Example 4 Repeated Use of Integration by Parts 

Evaluate f x? sin x dx. 

Solution The factors x? and sin x are equally easy to integrate. However, the deriv- 
ative of x* becomes simpler, whereas the derivative of sin x does not. Therefore, you 


should let u = x?. 


dv 


II 


sin x dx ==> v= [ sina = —cos x 


u = x? => du = 2x dx 
Now, integration by parts produces the following. 
[x sin x ax = =x* cos x + | 2x cos x dx First use of integration by parts 
This first use of integration by parts has succeeded in simplifying the original integral, 
but the integral on the right still doesn’t fit a basic integration rule. To evaluate that 


integral, you can apply integration by parts again. This time, let uv = 2x. 


dv = cos x dx > y= [ cos xa =" SiN 


u = 2x E> du = 2 dx 


Now, integration by parts produces 


[x cos x dx = 2x sin x — | 2 sin x dx Second use of integration by parts 


= Dye wiivae == BOO se se (C. 


Combining these two results, you can write 


i sin x dx = —x?cosx + 2xsinx + 2cosx + C. ya 


When making repeated applications of integration by parts, you need to be care- 
ful not to interchange the substitutions in successive applications. For instance, in 
Example 4, the first substitution was u = x? and dv = sin x dx. If, in the second appli- 
cation, you had switched the substitution to uv = cos x and dv = 2x, you would have 
obtained 


[v sin x dx = —x*cosx + | 2x cos x dx 


I| 


—x? cos x + x2.cosx + [v sin x dx 


Ire sin x dx 


thus undoing the previous integration and returning to the original integral. When 
making repeated applications of integration by parts, you should also watch for the 
appearance of a constant multiple of the original integral. For instance, this occurs 
when you use integration by parts to evaluate f e* cos 2x dx, and also occurs in the 
next example. 
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Example 5 ‘Integration by Parts 


NOTE The integral in Example 5 is an Evaluate { sec? x dx. 
important one. In Section 7.4 (Example 


5), you will see that it is used to find the ~~ Sojution The most complicated portion of the integrand that can be easily integrat 
MANS CVE ETON SIE 1 is sec? x, so you should let dv = sec? x dx and u = sec x. 
dv=sec*xdx => v= | seta = tan x 
u = sec x => du =secxtanxdx 


Integration by parts produces the following. 


Integration by parts 
fu dv = uv — [ra formula 
| sec? x dx = sec x tan x — | sec x tan? x dx Substitute. 
ae sec’ x dx = secxtanx — | seca(sec’x — I)de Trigonometric identit 
STUDY TIP The trigonometric 
identities 
SEC Ca SECU (AN Gi iSeG. ax + | Secu dx Rewrite. 
sin? l= cos 2% 
~ = —————— 
? 
re 2 sec? x dxi= sec ¥tan Ker | “Sec x dx Collect like integrals. 
iG 
Oe? 2 = ar rae a 
1 1 Integrate and divide 
: sei sec? x dx =i see x tan v4, — ln|see we tan x| GC ites 
play an important role in this chapter. Z 2 y 2. 


E vample iG Finding; a ‘Centroid- 


A machine part is modeled by the region bounded by the graph of y = sin x and t 
x-axis, 0 < x < 7/2, as shown in Figure 7.3. Find the centroid of this region. 


Solution Begin by finding the area of the region. 


1/2 a/2 
A= | sin x dx = | -cos.| = ] 
0 0 


Now, you can find the coordinates of the centroid as follows. 


aT 2s 7/2 : ar/2 
| J i 
y=4[ Bina) d= 4 [ (1 608 23) dr = |x - S024] = 
0 0 0 


A 2 4 4 2; 
; You can evaluate the integral for x, (1/A) fo” ? ¥ sin x dx, with integration by parts. 
do this, let dv = sin x dx and u = x. This produces v = —cos x and du = dx, and y 


can write 


[ xsinvay = —X COS Xx + [ cosas 


= —xcosx + sinx + C. 


Finally, you can determine X to be 


1/2 


a/2 
a | ’ 
rd 36 SN 3° GbE = | -c08.x + sin] = |. 
Ale 0 


Figure 7.3 Therefore, the centroid of the region is (1, 7/8). t 


TUDY TIP You can use the acronym 
ATE as a guideline for choosing u in 
egration by parts. In order, check the 
egrand for the following. 


there a Logarithmic part? 

there an Inverse trigonometric part? 
there an Algebraic part? 

there a Trigonometric part? 

there an Exponential part? 


t= Example 7 Using the Tabular Method 


RR FURTHER INFORMATION For 
re information on the tabular 

thod, see the article “Tabular 

sgration by Parts” by David Horowitz 
[he College Mathematics Journal, 

| the article “More on Tabular 
sgration by Parts” by Leonard 

Iman in The College Mathematics 
nal. To view these articles, go to the 
bsite www.matharticles.com. 
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As you gain experience in using integration by parts, your skill in determining u 
and dy will increase. The following summary lists several common integrals with 
suggestions for the choices of u and dv. 


Summary of Common Integrals Using Integration by Parts 


1. For integrals of the form 
[r Gertie. | x” sin ax dx, or i x" cos ax dx 


let wu = x" and let dv = e® dx, sin ax dx, or cos ax dx. 


2. For integrals of the form 
i ance dx, | x” arcsin ax dx, or i x" arctan ax dx 


let wu = In x, arcsin ax, or arctan ax and let dy = x” dx. 


3. For integrals of the form 
i e** sin bx dx or | e** cos bx dx 


let wu = sin bx or cos bx and let dv = e™ dx. 


Tabular Method 


In problems involving repeated applications of integration by parts, a tabular method, 
illustrated in Example 7, can help to organize the work. This method works well for 
integrals of the form f x” sin ax dx, J x” cos ax dx, and f x" e* dx. 


Evaluate f x? sin 4x dx. 


Solution Begin as usual by letting u = x? and dv = v’dx = sin 4x dx. Next, create 
a table consisting of three columns, as follows. 


Alternate u and Its v/and Its 
Signs Derivatives Antiderivatives 
+ in, sin 4x 
eee ; 
| Pe DY eh — 4 cos 4x 
1 
ae 0 64 COS 4x 


Differentiate until you obtain 
0 as a derivative. 


The solution is obtained by adding the signed products of the diagonal entries: 


1 il 
Ie sin 4x dx = ie cos 4x + 3 sin 4x + 3 0° 4x + C. = 
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EXERCISES FOR SECTION 7.2 


In Exercises 1-4, match the antiderivative with the correct 
integral. [Integrals are labeled (a), (b), (c), and (d).] 
(a) fInx dx (b) fx sinx dx 
(c) fx2e* dx (d) fx? cos x dx 

1. y = sinx — xcosx 

2. y= x7 sine Wh 2xicos x= 2 Sin x 
Bo yiaxre™ = 2xe* + 2e* 
4 


b Sy) == 28 Ge ae lines 


In Exercises 5-10, identify u and dy for evaluating the integral 
using integration by parts. (Do not evaluate the integral.) 


5. [xe dx 6. [v e~ dx 
Te [ anv? dx 8. [m 3x dx 


9, | x sec? x dx 10. I x? cos x dx 


In Exercises 11-36, evaluate the integral. (Note: Solve by the 
simplest method—not all require integration by parts.) 


11. 12. [2 dx 
ie 


= 
a 
® 
: 
= 


el/t 
13. 3e* dx 14. ee dt 
15. | x2e* dx 16. |= In x dx 
17. | fin(é + 1) dt 18. [ao 
In x) 
19. fat dx 200 |e 
xe x? 
Al | === a 
ape 22. ee é 


23. 


In 2x 
ies 5 


25. 26. 


<P) Sema 


27. 8. 


Sinema 


& 
i?) 
° 
n 
& 
=a 
by 
i 


29. 0. 


x? cos x dx 


& 
me 
=} 
& 
a 
s 
w 


31. 


33. | arctan x dx 34. | 4 arccos x dx 


e>* sin x dx 36. | e* cos 2x dx 


S ] 
| 


t csc t cot t dt 32. | @ sec #0 tan 6dé 


In Exercises 37-42, solve the differential equation. 


37a yie—aNes 38. y’ = Inx 
dy ee dy 3 
39, 2 = 40. 2 = x2Vx—1 
ES ONE Sy: dx 
41. (cos y)y’ = 2x 42. y’= arctan 5 


Py Slope Fields n Exercises 43 and 44, a differential equation, 


point, and a slope field are given. (a) Sketch two approxima 
solutions of the differential equation on the slope field, one « 
which passes through the indicated point. (b) Use integration 1 
find the particular solution of the differential equation and us 
a graphing utility to graph the solution. Compare the resu 
with the sketches in part (a). To print an enlarged copy of tk 
graph, go the the website www.mathgraphs.com. 


“ 


43. y cos x, (0, 4) 44, = = e-*/3 


td {\\-7 1 fSS SA 
ST LCD OOO OOO - 
4 11—\W\\N-71 NN SL 
AA Wd 0 Or ee 
Fb <7 1 NN LL 
LLL Se 
LEE WLP I= Ne ~~ 
LLC OOOO 
F4/—-—\—\W-TT NN Le 

LL — Ne Se 


oe 
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NNANNNANANS 
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LINN Nae ENN ee 
VL I-\\-41 >“ LL 
ff L—\\\-F FSS A ~~ 
4b LF oe 
CLINT LO ONS 7. es 


41 1 SS oe 
x TFT SN eNioowes 


\ Ae 
VAN NNN NNSA ASA S 


\ 
AAD) fa 6 on VNR Uh oa UA A RRL EEA ANE 


A eed 
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A ee es ee ee 


= 
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44 L SL EO 
//1—-\\\—¢4//--) 


A 


In Exercises 45 and 46, use a computer algebra system to sketc 
the slope field for the differential equation and graph the sol 
tion through the specified initial condition. 


45. & = ~ex/s 46. Qk sin x 
Gbs Cxaeny 
y(0) = 2 (0) = 4 


Py In Exercises 47-58, evaluate the definite integral. Use a grap 


ing utility to confirm your result. 


4 1 
47. [ xe*/2 dx 48. [ Ree ahs 
0 


1/2 T 

49, [ x cos x dx 50. i SID 2G 
0 
I 

51. he arccos x dx BY4, | x arcsin x? dx 
0 

53. | e* sin x dx 54. [ercosxat 
0 
1 

55. [e % In wax 56. [ NOMS S ears ee 
0 
a/4 

57. I x arcsec x dx 58. [ x sec? x dx 
0 
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| Exercises 59-64, use the tabular method to evaluate the fac] In Exercises 81 and 82, use a computer algebra system to 


tegral. 


), [ee dx 
ies 

. [> sin x dx 

. [. sec? x dx 


Getting at the Concept 


65. Integration by parts is based on what differentiation rule? 


60. [vem dx 
62. | x3 cos 2x dx 


64. | Xo (x 2)! dx 


66. In your own words, state guidelines for integration by parts. 


In Exercises 67-72, state whether you would use integration 
by parts to evaluate the integral. If so, identify what you 
would use for w and dy. 


67. | ee 68. 
XG 


69. x62 dx 70. i 2x e* dx 


a 
J (4 
le 


x In x dx 


| Exercises 73-76, use a computer algebra system to evaluate 
e integral. 


. fe e * dt 


a/2 
t [ e 2* sin 3x dx 
0 


. Integrate if 2x./2x — 3 dx 
(a) by parts, letting dv = /2x — 3 dx. 
(b) by substitution, letting uw = 2x — 3. 
. Integrate if x/4 + x dx 
(a) by parts, letting dv = J4 + x dx. 
(b) by substitution, letting u = 4 + x. 


. Integrate i a 
(a) by parts, letting dv = (x/ J4 + x) dx. 
(b) by substitution, letting u = 4 + x’. 
. Integrate i x/4 — x dx 
(a) by parts, letting dv = J4 = x dx. 
(b) by substitution, letting u = 4 — x. 


74. a’ sin ma da 


5 
76. | x%*(25 — x7)9/2 dx 
0 


evaluate the integral for n = 0, 1, 2, and 3. Use the result to 
obtain a general rule for the integral for any positive integer n 
and test your results for n = 4. 


81. [© In x dx 82. [xe dx 


In Exercises 83-88, use integration by parts to verify the for- 
mula. (For Exercises 83-86, assume that n is a positive integer.) 


83. [= sin x dx = —x"cosx +n | aa cos x dx 


84 [© cosx dx = x"sinx —n fe sin x dx 
rt 
SS.) 2 laid Grutopa lai t+ (n+ 1)Inx]+C 
86. (e en ge 2 {ae e% dx 
a a 
pater Feri sil SID Die DCOS 0%) 
87 [- sin bx dx = 4 be + C 
ax > aa Hs ) 
88. | e@ cos bx dx = et (a pan Lb sin bx) ae OC 
Ge ae [p= 


In Exercises 89-92, evaluate the integral by using the appropri- 
ate formula from Exercises 83-88. 


89. [x In x dx 90. ie cos x dx 


91. [ ere0s 3x dx 92. [xe dx 


Pe Area In Exercises 93-96, use a graphing utility to sketch the 


region bounded by the graphs of the equations, and find the 
area of the region. 

93. y=xe*,y=0,x =4 

94. y= § xe7*/3, y=0, x =0,x=3 

95. y=e*sin am, y =0,x =0,x = 1 


96. y=xsinx,y=0,x =0,x=7 


97. Area, Volume, and Centroid Given the region bounded by the 
graphs of y = Inx, y = 0, and x = e, find 
(a) the area of the region. 


(b) the volume of the solid generated by revolving the region 
about the x-axis. 


(c) the volume of the solid generated by revolving the region 
about the y-axis. 


(d) the centroid of the region. 


98. Centroid Find the centroid of the region bounded by the 
graphs of y = arcsin x, x = 0, and y = 77/2. How is this prob- 
lem related to Example 6 in this section? 
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99. Average Displacement A damping force affects the vibra- 
tion of a spring so that the displacement of the spring is 


= em” (COs Qtee mooie): 


Find the average value of y on the interval from tf = Otot = 7. 


100. Memory Model A model for the ability M of a child to 
memorize, measured on a scale from 0 to 10, is 


WEe= il sE ikigrlintn, (<7 Sa! 


where ¢ is the child’s age in years. Find the average value of 
this function 


(a) between the child’s first and second birthdays. 
(b) between the child’s third and fourth birthdays. 


Present Value In Exercises 101 and 102, find the present value 
P of a continuous income flow of c(¢) dollars per year if 


4 
PS [ c(t)e—" dt 
0 
where ¢, is the time in years and r is the annual interest rate 
compounded continuously. 

101. c(t) = 100,000 + 40007, r = 5%, t, = 10 

102. c(t) = 30,000 + 500t, r = 7%, t, = 5 

Integrals Used to Find Fourier Coefficients In Exercises 103 
and 104, verify the value of the definite integral, where n is a 


positive integer. 


2 
EE re odd 
n 


103. i x sin nx dx = 
iis agp ‘ 
——> niseven 
n 
104. | x? cos nx dx = See 
Rs n? 


105. Vibrating String A string stretched between the two points 
(0, 0) and (2, 0) is plucked by displacing the string / units at 
its midpoint. The motion of the string is modeled by a Fourier 
Sine Series whose coefficients are given by 


2 
b, = i | xsin— dx th | (—x + 2) sin ar. 
0 2 ! 2 


Find b,.. 
106. Find the fallacy in the following argument that 0 = 1. 


avye— a5 ES y= Idx =o 
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107. Let y = f(x) be positive and strictly increasing on the intery 
0 <a <x < b. Consider the region R bounded by the grap! 
of y = f(x), y = 0, x = a, and x = b. If R is revolved abo 
the y-axis, show that the disk method and shell method yie 
the same volume. 


108. Think About It Explain why 


a/2 . a /2 
| Sein serge [ x dx. 
0 0 


Evaluate the integrals to verify the inequality. 


AS 109. Consider the differential equation f(x) = xe~* with the initi 


condition f(0) = 0. 
(a) Use integration to solve the differential equation. 


(b) Use a graphing utility to graph the solution of the diffe 
ential equation. 


(c) Euler’s Method From the definition of the derivative 
follows that for “small” Ax 


jix BX yi 
Ax 


fer ay) Afe) + ly eae 


Consider points of the form 


Fle) = 


(X,> Yn) a (n Ax, v= 1 Te = ) Ax) 


where (xX, Yo) = (0,0). Starting with n = 0, use tl 
recursive capabilities of a graphing utility to generate tl 
next 80 points of this form when Ax = 0.05. Use tl 
graphing utility to plot the points and compare the resv 
with the graph in part (b). 


(d 


Se 


Starting with n = 0, repeat part (c) by generating the ne 
40 points when Ax = 0.1. 


~a 


(e) Give a geometric explanation of the process described 
part (c). Why do you think the result in part (c) is a bett 


approximation of the solution than the result in part (d)‘ 


acd 110. Euler’s Method Consider the differential equation 


fx) = cos fx 

with the initial condition f(0) = 2. 

(a) Try solving the differential equation by integration. C: 
you perform the integration? 

(b) Starting with n = 0, use the recursive capabilities of 
graphing utility to generate 80 points of the form shown 
part (c) of Exercise 109 when Ax = 0.05. Plot the poin 


for an approximation of the graph of the solution of tl 
differential equation. 
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SHEILA Scorr Macintyre (1910-1960) 


Sheila Scott Macintyre published her first 
paper on the asymptotic periods of integral 
functions in 1935. She completed her doctor- 
ate work at Aberdeen University, where she 
taught. In 1958 she accepted a visiting 
research fellowship at the University of 
Cincinnati. 
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Trigonometric Integrals 


* Solve trigonometric integrals involving powers of sine and cosine. 
* Solve trigonometric integrals involving powers of secant and tangent. 


* Solve trigonometric integrals involving sine-cosine products with different angles. 


Integrals Involving Powers of Sine and Cosine 


In this section you will study techniques for evaluating integrals of the form 
[sion X COSL AX and i sec” x tan” x dx 


where either m or n is a positive integer. To find antiderivatives for these forms, try to 
break them into combinations of trigonometric integrals to which you can apply the 
Power Rule. 

For instance, you can evaluate fsin° x cos x dx with the Power Rule by letting 
u = sin x. Then, du = cos x dx and you have 


S 6 
[sinexeosxdx= urdu = C= + C 


To break up Jf sin” x cos” x dx into forms to which you can apply the Power Rule, 
use the following identities. 


Sine w+ COS- x — I Pythagorean identity 
Ae ele COSe : lente Tac cles 
Slips = Se ee Half-angle identity for sin- x 
‘s 1"cos 2% f AT | . 
COSm ta So ce ae ae Half-angle identity for cos~ x 


Guidelines for Evaluating Integrals Involving Sine and Cosine 


1. If the power of the sine is odd and positive, save one sine factor and convert the remaining factors to cosines. Then, 


expand and integrate. 


Odd Convert to cosines Save for du 


Go 


CT Lt STEN ; 
sin2**! x cos" x dx = | (sin? x)kcos"x sinx dx = | (1 — cos? .x)*cos”" x sin x dx 


2. If the power of the cosine is odd and positive, save one cosine factor and convert the remaining factors to sines. Then, 


expand and integrate. 
Odd 


iN 
sin” x cos2**! x dx = 


Convert to sines Save for du 


oe 


sin” x(cos?.x)* cos x dx = | sin” x (1 — sin? x)‘ cos x dx 


3. If the powers of both the sine and cosine are even and nonnegative, make repeated use of the identities 


1 = cos-2x 


Sere 
si = 
2 


ie COS 


eh =a 
cos? = 
2 


to convert the integrand to odd powers of the cosine. Then proceed as in guideline 2. 
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& TECHNOLOGY 

_ Try using a computer algebra system 
to evaluate the integral in Example 1. 
_ When we did this, we obtained 


[int ost xa = 
1 OL 
—cos> x| = sin? x + —]+ C. 
cos (i sin? x = 


Is this equivalent to the result obtained 
in Example 1? 


PERSE TES ESS SS EERE 


{a9 Example 2 Power of Cosine Is Odd and Positive 


_ cos? x 


The area of the region is approximately 
0.239. 
Figure 7.4 
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“Power of Sine Is Odd and Positive 


Example 1 
Evaluate | sin? x cos* x dx. 


Solution Because you expect to use the Power Rule with u = cos x, save one sin 
factor to form du and convert the remaining sine factors to cosines. 


[so x cost x dx = [ines COS= A Silty ide Rewrite. 
Trigonometric identity 


= fo — cos? x)cos* x sin x dx 


= [cos x — cos® x)sin x dx Multiply. 


[eostx sin x dx — [eoses sin x dx 


II 


= [eos a sin'x) dx = [cose x(— sin x) dx 


5 7} 
COS" Xx COS: xX 
paige ee —— + C Integrate. i 


In Example 1, both of the powers m and n happened to be positive integer: 
However, the same strategy will work as long as either m or n is odd and positive. Fe 
instance, in the next example the power of the cosine is 3, but the power of the sin 
eae d 
ise. 


7/3 cos3 x 
Evaluate dx. 
ft J sin x 


Solution Because you expect to use the Power Rule with u = sin x, save one cosin 
factor to form du and convert the remaining cosine factors to sines. 


3 3 
[" cossx , _ [7 cos? xcos x 


— Wb ee 
Ween Sia aie SID 


dx 


= ie (1 = sin? x)(cos x) oe 
me J/ sin x ‘ 
a/3 
= [(sin x)~'/2 cos x — (sin x)3/2 cos x] dx 
1/6 
xy js x)!/2 — (sin vl 
1/2 5/2 17/6 
3 1/2 » 5/2 
2353 eS oes ae 
D 2 80 
= (2.239 


Figure 7.4 shows the region whose area is represented by this integral. dé 


- JOHN WALLIs (1616-1703) 


Wallis did much of his work in calculus prior 
to Newton and Leibniz, and he influenced the 
thinking of both of these men. Wallis is also 
credited with introducing the present symbol 
(co) for infinity. 
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Example 3 Power of Cosine Is Even and Nonnegative 


Evaluate | cos* x dx. 


Solution Because m and n are both even and nonnegative (m = 0), you can replace 
cos* x by [1 - cos 2x)/2)?. 


2 
[oostxay = [(4 se) dx 


& a sin 2x sin 4x C 
8 4 32 


1) ¢os 2x) cos" 2x 
— + + 
(J 2 4 jax 
1 COs st I se COR Ase 
“Il renee He 
dx 


+ ieee 


1 
4 4 
39 cos 4x dx 


Try using a symbolic differentiation utility to verify this. Can you simplify the 
derivative to obtain the original integrand? V4 


In Example 3, if you were to evaluate the definite integral from 0 to 7/2, you 
would obtain 


ce 4 3x sin2x sin 4x7” 
cos* x dx = = + 
0 0 


8 ~ 52 


= (32 +0+0)-@+0+0) 


_3n 


16° 


Note that the only term that contributes to the solution is 3x/8. This observation is 
generalized in the following formulas developed by John Wallis. 


Wallis’s Formulas 


1. If n is odd (n = 3), then 


a/2 
[ cos” x dx = 
0 


2. If n is even (n > 2), then 
1/2 
[ cos’ x dx = ( 
0 


These formulas are also valid if cos” x is replaced by sin” x. (You are asked to 
prove both formulas in Exercise 96.) 


500 
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Integrals Involving Powers of Secant and Tangent 


The following guidelines can help you evaluate integrals of the form fsec” x tan” x dp 


Guidelines for Evaluating Integrals Involving Secant and Tangent 


1. 


= 


If the power of the secant is even and positive, save a secant-squared factor and convert the remaining factors to 
tangents. Then expand and integrate. 


Even Convert to tangents Save for du 


Ta Gur ee (ae 
sec" x tan” x dx = | (sec? x)*—! tan” x sec? x dx = |.(1 + tan? x)*! tan” x sec? x dx 


If the power of the tangent is odd and positive, save a secant-tangent factor and convert the remaining factors to 
secants. Then expand and integrate. 


Odd Convert to secants Save for du 
[sccm xtan?** "x dx = | sec" *x(tan*x)*sec x tanxdx = | sec” !x(sec?x — 1)*secx tan x dx 


If there are no secant factors and the power of the tangent is even and positive, convert a tangent-squared factor to a 
secant-squared factor, then expand and repeat if necessary. 


Convert to secants 
co] 


| tan” x dx = | tan” 7 x(tan?x) dx = | tan” * x(sec* x — 1) dx 


If the integral is of the form fsec’ x dx, where m is odd and positive, use integration by parts, as illustrated in 
Example 5 in the preceding section. 


. If none of the first four guidelines applies, try converting to sines and cosines. 


Example 4 Power of Tangent Is Odd and Positive 


tan? x 
Evaluate | dx. 
./ sec x 


Solution Because you expect to use the Power Rule with u = sec x, save a factor o 
(sec x tan x) to form du and convert the remaining tangent factors to secants. 


[= dx = | (sec x)~!/2 tan? x dx 
= [vec x)~3/2(tan? x)(sec x tan x) dx 
= [ ccc x)~3/*(sec? x — 1)(sec x tan x) dx 
= [lise x)!/2 — (sec x)~3/2](sec x tan x) dx 


%4 
= 2 a2 ae 9) -)—1/2 
3 (sec RIVA Hee (SEC x) ue, a 


ITE In Example 5, the power of the 
igent is odd and positive. So, you 

uld also evaluate the integral with the 
ocedure described in guideline 2 on 

ge 500. In Exercise 81, you are asked 
show that the results obtained by these 
© procedures differ only by a constant. 


e area of the region is approximately 
19. 
cure 7.5 
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Example 5 Power of Secant Is Even and Positive 


Evaluate | sec* 3x tan? 3x dx. 


Solution Let u = tan 3x, then du = 3 sec? 3x dx and you can write 
| Sec ox tan Odi i sec? 3x tan? 3x(sec? 3x) dx 
= I (lea tan suitan a6 (SeC- oaia.c 


= ; (tan? 3x + tan> 3x)(3 sec? 3x) dx 


1/tan*3x . tan® 2) 
== = 

3 4 6 e 
B tan 3x0 tan 3x 


12 18 oes 


Example 6 Power of Tangent Is Even 


7/4 
Evaluate [ tan* x dx. 
0 


Solution Because there are no secant factors, you can begin by converting a tangent- 
squared factor to a secant-squared factor. 


| tan? sax = | tan? x(tan? x) dx 
= | tan? x(sec? x — 1) dx 
= | tan? puseeax dx | tan? x dx 
= fon sec? x dx — [ee a Lax 


tan? x 
= 3 Wiles or of ae (Ee 


You can evaluate the definite integral as follows. 


es a/4 
[ aoe dx = Ee = tana + | 
0 0 
ee ee 
AoeeS 
= 0.119 


The area represented by the definite integral is shown in Figure 7.5. Try using 
Simpson’s Rule to approximate this integral. With n = 10, you should obtain an 


<a} 


approximation that is within 0.00001 of the actual value. VF 
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FOR FURTHER INFORMATION To 
learn more about integrals involving 
sine-cosine products with different 
angles, see the article “Integrals of 
Products of Sine and Cosine with 
Different Arguments” by Sherrie J. 
Nicol in The College Mathematics 
Journal. To view this article, go to the 
website www.matharticles.com. 


For integrals involving powers of cotangents and cosecants, you can follow 
strategy similar to that used for powers of tangents and secants. Also, when integra 
ing trigonometric functions, remember that it sometimes helps to convert the enti 
integrand to powers of sines and cosines. 


Example 7 Converting to Sines and Cosines 


Secs 
Evaluate | 5 Obs. 
tan- x 


Solution Because the first four guidelines on page 500 do not apply, try convertir 
the integrand to sines and cosines. In this case, you are able to integrate the resultir 
powers of sine and cosine as follows. 


[= plz {( 1 \e zy oF 
tan? x cos x/\ sin x 
i (sin x)~2(cos x) dx 


== (Six © 
= CSChGee GC. id 


Integrals Involving Sine-Cosine Products with Different Angles 


Integrals involving the products of sines and cosines of two different angles occur | 
many applications. In such instances you can use the following product-to-su 
identities. 


sin mx sin nx = (cos [(m — n)x] — cos[(m + n)x]) 
sin mx cos nx = 5 (sin[(m — n)x| + sin[(m + n)x]) 
COs Mx COS NX = 5(cosLn — n)x] + cos[(m + n)x]) 


Example & Using Product-to-Sum Identities 
{LESSER SA ES ESSN DST SE PTS NTS SEES ES 


Evaluate fsin 5x cos 4x dx. 


Solution Considering the second product-to-sum identity above, you can write tl 
following. 


[an COSA Gn 5 Jin x + sin 9x) dx 


2 
path cos 9x 
Al cos x 9 AP Ae 


cosx cos 9x LC 
2) 18 (A 


EXERCISES FOR 


SECTION 7.3 


. Consider the function f(x) = sin* x + cos*x. 


(a) Use the power-reducing formulas to write the function in 
terms of the first power of the cosine. 


(b) 


Determine another way of rewriting the function. Use a 


graphing utility to verify your result. 


(c) 


Determine a trigonometric expression to add to the function 


so that it becomes a perfect square trinomial. Rewrite the 
function as a perfect square trinomial minus the term that 
you added. Use a graphing utility to verify your result. 


(d 


WH 


Rewrite the result in part (c) in terms of the sine of a double 


angle. Use a graphing utility to verify your result. 


(e) In how many ways have you rewritten the trigonometric 
function? When rewriting a trigonometric expression, your 
result may not be the same as another person’s result. Does 
this mean that one of you is wrong? Explain. 


. Match the antiderivative in the left column with the correct 
integral in the right column. 


(a) y= 


(b) y 


(Cc) = 


(d) y 


sec x 
COS Ae SECLe 
1 
2a UW oe eek li ae 


3x + 2 sinxcos?x + 


3 sin x cos x 


(i) [sn x tan? x dx 
(ii) 8 [cos x dx 
(iii) [sn x sec? x dx 


(iv) I tan* x dx 


Exercises 3—16, evaluate the integral. 


‘ [eos x sin x dx 


4 [sw 2x cos 2x dx 


z [sm x cos? x dx 


; [os 6./sin 0d0 


A | cos? 3x dx 


5 [sn a cos? ada 


: iE sin? x dx 


Exercises 17-20, verify Wallis’s Formulas by evaluating the 


tegral. 


a/2 
4 cos? 
0 
a/2 
f | cos’ 
0 


2 
x dx = 3 
16 
xdx = 35 


4. [os sith ae 
6. [sm x dx 
8. 1s = whe 
12° ie dx 
14. [sins 2000 


16. Ie sin? x dx 


ar/2 8 
18. [ cosas — —— 
0 


i) 
a/2 
20. [ sin? x dx = 
0 


RIS 
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Trigonometric Integrals 


LAB 


| Lab 
Series 


In Exercises 21-38, evaluate the integral involving secant and 
tangent. 


21. [sx 3x dx 70d. [secetex — 1) dx 


sec® 3x dx 
| tan? x dx 


TIX TX 
[ion “oy sec? ay dx 


23. | sect 5x dx 24. 


25. | sec? wx dx 26. 


27. | tand = dx 28. 


tan? 2t sec? 2t dt 


31. | tan? x sec? x dx 32. | tan> 2x sec? 2x dx 


3B} 


35. | sec? x tan x dx 36. | tan? 3x dx 


29. i sec? x tan x dx 30. i 
| sec® 4x tan 4x dx 34. [sco sec? ~ tan ~ 5 di 


In Exercises 39—42, solve the differential equation. 


BOTs wah GS ee 
39. 71600 8 70 40. da 7 00S 5 
41. y’ = tan? 3x sec 3x 42. y’ = /tan x sec* x 


By Slope Fields Yn Exercises 43 and 44, a differential equation, a 
point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the indicated point. (b) Use integration to 
find the particular solution of the differential equation and use 
a graphing utility to graph the solution. Compare the result 
with the sketches in part (a). To print an enlarged copy of the 
graph, go to the website www.mathgraphs.com. 


i lr dy 1 
43, > = sin? x, (0, 0) 44) — = sec?x tan’ x, (0. —— 
dx dx 4 
y y 
A A 
4-4 AAMAS SS fH VU Aes ——— = 7 fl] 
ee Ae Ae in el at Ae ee | \ | Shas eae | | 
FEBS AED BIG S POCLS Neh eros Vil | 
ay Ae ee a Ae i \ | /-—+-——/ | | 
Wie eae 
yea all | 
= eX ass A+++ x 
SS ES OLS WIEN, Sie 9 15 
Se aay lle 5 Eyes sie \ | /-=—+——/ | | 
ee aaa el f= 7 || 
GES AG SES oma a egies gaa lem} 
LOLI SNE AAs Nl aaa, il 
paslarsh AO geben vr ee VI fas ZL 


504 CHAPTER 7 


Pe In Exercises 45 and 46, use a computer algebra system to sketch 


the slope field for the differential equation, and graph the 
solution through the specified initial condition. 


) i f 1 ) 5 
see Ket 46 Byun Ol 3 
dx y dx 


In Exercises 47-50, evaluate the integral. 


47. [sn 3x cos 2x dx 48. [eos 40 cos(—36) dé 


49. [sno sin 30 d0 50. [sina cos 3x dx 


Pry In Exercises 51-60, evaluate the integral. Use a computer 


algebra system to confirm your result. 


51. | cot? 2x dx 52. [ones tan* = rads = ili 
53. [ose 6dé@ 54. lao 3x cot 3x dx 
2 34 
Bs) a ie 56. [atta ae 
ese esc f 
57. | 1 i 58. [ss sin? x — cos? x 
sec x tan x cos x 


59. i (tan* t — sect t) dt 


PO [tte 
COSi aan 


In Exercises 61-68, evaluate the definite integral. 


7 1/3 
61. | sin? x dx 62. | tan? x dx 
ge 0 
1/4 a/4 
63. | tan? x dx 64. | sec? t./tan t dt 
0 0 


oo. | sin 30 cos@ dé 


—T 


m/2 /2 
67. | cos? x dx 68. | (sin? x + 1) dx 


— 1/2 —/2 


Pr In Exercises 69-74, use a computer algebra system to evaluate 


the integral. Graph the antiderivatives for two different values 
of the constant of integration. 


69. [eos - dx 70. [ines cos? x dx 
ile [sec ax dx es [ima = 8) 


73. i sec> mx tan mx dx 74. | sec*(1 — x) tan(1 — x) dx 


ad In Exercises 75-78, use a computer algebra system to evaluate 


the definite integral. 


7/4 
75. | sin 20 sin 30 d0 
0 


1/2 
Tile i sin* x dx 
0 


17/2 
76. | (1 — cos 6)? dé 
0 


7/2 
78. [ sin® x dx 
0 
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Getting at the Concept 
79. In your own words, describe how you ould integrate 
f sin” x cos” x dx for each of the following. 

(a) m is positive and odd. 

(b) n is positive and odd. 

(c) mand n are both positive and even. 


80. In your own words, describe how you would integrate 
f sec” x tan” x dx for each of the following. 


(a) m is positive and even. 
(b) n is positive and odd. 
(c) nis positive and even, and there are no secant factors. 


(d) m is positive and odd, and there are no tangent factors. 


ae] In Exercises 81 and 82, (a) find the indefinite integral in tv 


different ways. (b) Use a graphing utility to graph the ant 
derivative (without the constant of integration) obtained t 
each method to show that the results differ only by a constan 
(c) Verify analytically that the results differ only by a constan 


81. i sec* 3x tan? 3x dx 82. [se x tan x dx 


83. Area Find the area of the region bounded by the graphs of th 
equations y = sin? 7x, y = 0, x = 0, and x = 1. 
84. Volume _ Find the volume of the solid generated by revolvit 


the region bounded by the graphs of the equations y = tan. 
= 0, x = —7/4, and x = 7/4 about the x-axis. 


Volume and Centroid In Exercises 85 and 86, for the regic 
bounded by the graphs of the equations, find (a) the volume } 
the solid formed by revolving the region about the x-axis and ( 
the centroid of the region. 


ic) 
a 
SS 
| 


=sinx,y=0,x =0,x = 


7 
7 
86. y= cosx,y=0,x =0,x= =) 


In Exercises 87-90, use integration by parts to verify tl 
reduction formula. 


: sin’ 'xcosx n-1 
87. [sive dx = — i sin” 2x dx 


‘1 n 


cos” §xsinx nm — | 
88. [eos xdx = =P cos”~2 x dx 


n n 


gm + | il 


; cos Sine 
89.) | cos x'sin” xidx = 
diam Wa 
ig Ih wren 
COS 5 SIs <0 
ie ae 


it a 
90. | sec” x dx = a sec’? x tan x + le ; i sec? =2 de 
= i= 


Exercises 91—94, use the results of Exercises 87-90 to evaluate 
> integral. 


: [so x dx 


: [sxe aun dx 


92. | cos* x dx 


5 94, | sin miCOS=t ax 
. Modeling Data The table shows the normal maximum (high) 


and minimum (low) temperatures for Erie, Pennsylvania for 
each month of a year. (Source: NOAA) 


Month | Jan Feb Mar | Apr May Jun 
Max 30.9 | BOP lel 58.7 64.6) 74.0 


Min 18.0 had D3. |! Soul 45.4 5/57) 


Month | Jul Aug Sep Oct Nov Dec 


Max TSA), |) AG YAO |) OI 47.1 Sai) 
i [eels 


Min | ae) 59.4 Sol wy 432 34.3 24.2 


—_ 


The maximum and minimum temperatures can be modeled by 


mm 


f(t) = ay + a, cos 6 ca 


+ b, sin 6 


where dp, a,, and b, are as follows. 


1 2 
hoy > val f(t) dt 
12 


ay =< f(t) cos 7 dt 


12 


1 2 aa 
b, = - 5 f(t) sin“ dt 


(a) Approximate the model H(t) for the maximum temperatures. 
Let t = 0 correspond to January. (Hint: Use Simpson’s Rule 
to approximate the integrals and use the January data twice.) 


(b) Repeat part (a) for a model L(t) for the minimum tempera- 
ture data. 


(c) Use a graphing utility to compare each model with the 
actual data. During what part of the year is the difference 
between the maximum and minimum temperatures greatest? 


Wallis’s Formulas Use the result of Exercise 88 to prove the 
following versions of Wallis’s Formulas. 


(a) If n is odd (n > 3), then 


Parsee (GG) 


(b) If nis even (n > 2), then 


[owsee= (6) 
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97. The inner product of two functions f and g on [a, b] is given 
by (fg) = J? f(x)g(x) dx. Two distinct functions f and g are 
said to be orthogonal if (f, g) = 0. Show that the following set 
of functions is orthogonal on [— 7, a]. 


(sit 22, Sin Bre Sin Bh, 2 5 2 g COSI, COS De, OS Ske, . . ol} 


SECTION PROJECT: POWER LINES 


Power lines are constructed by stringing wire between supports 
and adjusting the tension on each span. The wire hangs 
between supports in the shape of a catenary, as shown in the 


Let T be the tension (in pounds) on a span of wire, let u be the 
density (in pounds per foot), let g ~ 32.2 be the acceleration due 
to gravity (in feet per second per second), and let L be the dis- 
tance (in feet) between the supports. Then the equation of the 
catenary is 


E uUgXx 
= —— h en ae 
: ug (co rg 


where x and y are measured in feet. 

(a) Find the length of the wire between two spans. 

(b) To measure the tension in a span, power line workers use 
the return wave method. The wire is struck at one support, 
creating a wave in the line, and the time f (in seconds) it 
takes for the wave to make a round trip is measured. The 
velocity v (in feet per second) is given by v = /T/u. How 
long does it take the wave to make a round trip between 
supports? 

(c) The sag s (in inches) can be obtained by evaluating y when 
x = L/2 in the equation for the catenary (and multiplying 
by 12). In practice, however, power line workers use the 

“Jineman’s equation” given by s ~ 12.075t?. Use the fact 

that [cosh(ugL/2T) + 1] ~ 2 to derive this equation. 


FOR FURTHER INFORMATION To learn more about the 
mathematics of power lines, see the article “Constructing 

Power Lines” by Thomas O’ Neil in The UMAP Journal. To 
view this article, go to the website www.matharticles.com. 
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[Section 2 i 


Integrating a Radical Function 
Up to this point in the text, you have 
not evaluated the following integral. 


1 
i J1— x dx 
=I 


From geometry, you should be able to 
find the exact value of this integral— 
what is it? Using numerical integra- 
tion, with Simpson’s Rule or the 
Trapezoidal Rule, you can’t be sure 
of the accuracy of the approximation. 
Why? 


Try finding the exact value using the 
substitution 


x = sin 6 and dx = cos0 dé. 


Does your answer agree with the 
value you obtained using geometry? 


_ Trigonometric Substitution 


* Use trigonometric substitution to solve an integral. 
¢ Use integrals to model and solve real-life applications. 


Trigonometric Substitution 


Now that you can evaluate integrals involving powers of trigonometric functions, y« 
can use trigonometric substitution to evaluate integrals involving the radicals 


Vf au Va ae and Uae Oe 
The objective with trigonometric substitution is to eliminate the radical in the int 
grand. You do this with the Pythagorean identities 


cos? @ = 1 — sin? @, sec2?@=1+tan?6, and tan? 6 = sec?6— 1. 


For example, if a > 0, let u = asin 0, where — 77/2 < 0 < 7/2. Then 
a — uw = /a* — a’ sin? 6 
= /a(1 — sin? 6) 
—h/ a? C0870 
= acos 0. 


Note that cos 6 = 0, because — 77/2 < 0 < 77/2. 


Trigonometric Substitution (a > 0) 


1. For integrals involving /a? — w?, let 


u = asin 0. a bi 
Then ./a? — u? = acos 6, where a a 
7/25 05 w/2: zo 
2. For integrals involving /a* + vu, let 
Y 
u = atan 0. py u 
Then ./a? + u? = asec 0, where weal = 
7 eee =< a/ 2, a 
3. For integrals involving /u? — a?, let 
u = asec 0. u ie 
Then ./u? — a? = +a tan 0, where Za J 
Os Ol <im/ 2 0f 9/2 <= 6 = 7, a 


Use the positive value if u > a and 
the negative value if u < —a. 


NOTE The restrictions on 6 ensure that the function that defines the substitution is one-to-o1 
In fact, these are the same intervals over which the arcsine, arctangent, and arcsecant are defins 


3} 
ore 
6 
6 — er t = 
1 FD cot 8 
gure 7.6 


af 9 = x2 
x 
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Example 1 Trigonometric Substitution: u = asin 0 


Evaluate 


| dx 
x2/9 — x2 


Solution First, note that none of the basic integration rules applies. To use trigono- 
metric substitution, you should observe that \/9 — x? is of the form ./a? — u?. So, you 
can use the substitution 


x = asin 6 = 3 sin 0. 
Using differentiation and the triangle shown in Figure 7.6, you obtain 
dx =3.cos 0d0, Diese =o COS Ob. and oe =O Gine Gy 


Therefore, trigonometric substitution yields the following. 


dx Bs 3 cos 6dé eae 
x2./9 — x2 (9 sin 6)(3 cos @) eae 
Oy Pe Simplif 
9] sin? pee 
] 4 : baa ae 
= 3 ese 6dé@a Trigonometric identity 
1 
= ae. GONG) a2 Apply Cosecant Rule. 
= (24) + C Substitute for cot @. 
an5,.2 
aaah 
X 


Note that the triangle in Figure 7.6 can be used to convert the 6’s back to x’s as follows. 


adj. /9-x 
col. =— = aa 
opp. ci Lf 


" TECHNOLOGY Use a computer algebra system to integrate each of the following. 


| dx i dx | dx | dx 
/9 — x? x/9 — x? x?2./9 — x? x°./9 = x? 


Then use trigonometric substitution to duplicate the results obtained with the 
~ computer algebra system. 


In an earlier chapter, you saw how the inverse hyperbolic functions can be used 
to evaluate the integrals 


du du du 
a Sis a: and i aca 
Vue £ at Ceiba u/a> + ur’ 
You can also evaluate these integrals using trigonometric substitution. This is illus- 
trated in the next example. 
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eeereCNee tee R CL CEEOL COL LTT OCT 


Example 2. Trigonometric Substitution: u=a tan 0 


dx 
Evaluate) | [=> 
| JV 4x? + 1 


Solution Let u = 2x,a = 


1 
hee 5 sec? 0d0 and 


Trigonometric substitution produces the following. 
pie 1 [ sec’ dé 
S4x2 41 H Di ESECLO. 


= 3 | seco.as 


= 5 Insec 6+ tan 6] + C 


tan 0 = 2x,sec0 = ~/4x? + 1 


Figure 7.7 


= 5 In| Va 1 Ge x CO 


1, and 2x = tan 6, as shown in Figure 7.7. Then, 


JS4x2 + 1 = sec 6. 


Substitute. 


Simplify. 


Apply Secant Rule. 


Back-substitute. 


Try checking this result with a computer algebra system. Is the result given in th 


form or in the form of an inverse hyperbolic function? 


v 


You can extend the use of trigonometric substitution to cover integrals involvir 
expressions such as (a? — u*)"/? by writing the expression as 


(pre | (ae 


= Example 3 


‘Trigonometric Substitution: Rational Powers 


dx 
Evaluate i (2 + 132 


Solution Begin by writing (x? + 
u = x = tan 6, as shown in Figure 7.8. Using 


/x? + 1 = sec 0 


dx = sec? 0d0 and 


On ey. an One you can apply trigonometric substitution as follows. 
; Son ie Al 
Figure 7.8 | dx - | dx 
G+?” | (Vr+iyp 


r sec? 6dé@ 
sec? 0 
+ dé 
sec 0 
[eos 6dé0 


sinOd+C 


Xx 
J/x*4+ 1 


1)3/2 as (Vx? +1). Then, let a=1 ar 


Rewrite denominator. 


Substitute. 


Simplify. 


Trigonometric identity 
Apply Cosine Rule. 


Back-substitute. 
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For definite integrals, it is often convenient to determine the integration limits for 
6 that avoid converting back to x. You might want to review this procedure in Section 
4.5, Examples 8 and 9. 


Example. A “Converting the Limits of Integration — 


ae 
Evaluate | evo 1S dx 
V3 x, 
x 
73 
; Solution Because ./x* — 3 has the form /u? — a’, you can consider 
4 w= x, G=/3, and x= 4/3 sec 6 
J3 as shown in Figure 7.9. Then, 
Soa x hint dx = \/3 sec @ tan 6d0 and J — 3 = /3 tan 0. 
0 Wii tan @ 95 
sure 7.9 To determine the upper and lower limits of integration, use the substitution 
x = \/3 sec 6, as follows. 
Lower Limit Upper Limit 
2 
When x = 3, sec 6 = 1 When x = 2, sec 8 = —= 
V3 TE 
and 9 = 0. me 
6 i tae 
and 6 6 
Therefore, you have 
Integration Integration 
limits for x limits for 0 
> Se = 3 pee 0)(/3 sec @tan 6) dé 
a a Gy ale ey Be ec apa ac FOS Bae 
x 0 J3 sec 0 
1/6 
= | /3 tan? 6dé 
0 
1/6 
= J | (sec? 6 — 1) dé 
7 1/6 
eek} tan 6 a 
0 
a Yi(s; % 2) 
ae 76 
iat 
6 
= 0.0931 yA 


In Example 4, try converting back to the variable x and evaluating the antiderivative 
at the original limits of integration. You should obtain 


[ee RE we, 
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When using trigonometric substitution to evaluate definite integrals, you must 
careful to check that the values of @ lie in the intervals discussed at the beginning 
this section. For instance, if in Example 4 you had been asked to evaluate the defini 


integral 


= 


=9 X 


then using uv = x anda = /3 in the interval (2, = J/3| would imply that u < — 
So, when determining the upper and lower limits of integration, you would have 
choose @ such that 7/2 < @< 7. In this case the integral would be evaluated 
follows. 


[4 Fee Ir (— /3 tan 6)( 3 sec 6 tan 6) dé 
Y= dx = 
és x Sn/6 /3 sec 6 


| — ./3 tan? 6 dé 
5) 


7/6 


2 


3/4 (sec? 6 — 1) dé 


57/6 


II 
ie>) 
lca ae 
ct 
© 
=) 
D> 
| 
D> 
(4) 
5) 


lI 

| 

oe) 
(<> on ell 

es 

S 

el 
a 
aE 
oS) 

Nn 
Se 
‘pee ee 
ee 


= — 1093] 


Trigonometric substitution can be used with completing the square. For instanc 
try evaluating the following integral. 


|e = Qyiax 


To begin, you could complete the square and write the integral as 


[ve — 1)? — 1? dx. 


Trigonometric substitution can be used to evaluate the three integrals listed in t 
following theorem. These integrals will be encountered several times in the remain 
of the text. When this happens, we will simply refer to this theorem. (In Exercise § 
you are asked to verify the formulas given in the theorem.) 


THEOREM 7.2 Special Integration Formulas (a > 0) 


2 I a) : 
1. [vere au = AG arcsin — =F wee) +C 
a 
1 
yh, [ Vira au = hue =e = anu + JPA 


5 1 — 
3: [ve + a? du = 3 uve ta? a* In|u  </ ui tar|)\ rae 


f(x) = 3x? / 
1 v4 
- 
val 
(1, 4) 
Aa 
(0, 0) 1 


e arc length of the curve from (0, 0) to 
5) is approximately 1.148. 
sure 7.10 


e barrel is not quite full of oil—the top 
foot of the barrel is empty. 
sure 7.11 


ure 7.12 
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Applications 


saoenenesemeneeeeneieneaaenecenmneammenemnienenenerenseeeennermmemotemenecenaseemeteetemmnenereceeteceee meses meee LER ERETOE RT OEEOTE DUTT OTNTONSSS TET 


Example sh Finding Arc Length 


Find the arc length of the graph of f(x) = 4x? from x = 0 to x = 1 (see Figure 7.10). 


Solution (Refer to the arc length formula in Section 6.4.) 


=| A acai tan ewes 


Formula for are length 


| 
= [ J + x* dx f@) =x 
10) 
1/4 
= [ sec? 6d0 Let a = 1 and x = tan 0. 
0) 
1 1/4 
= 5 see étan 6 + In|sec 6 + tan a Example 5, Section 7.2 
0 


2 slv2 + In(/2 + 1)] ~ 1.148 


Example 6 Comparing Two Fluid Forces 


A sealed barrel of oil (weighing 48 pounds per cubic foot) is floating in seawater 
(weighing 64 pounds per cubic foot), as shown in Figures 7.11 and 7.12. (The barrel 
is not completely full of oil—on its side, the top 0.2 foot of the barrel is empty.) 
Compare the fluid forces against one end of the barrel from the inside and from the 
outside. 


Solution In Figure 7.12, locate the coordinate system with the origin at the center of 
the circle given by x? + y? = 1. To find the fluid force against an end of the barrel 
from the inside, integrate between — | and 0.8 (using a weight of w = 48). 

is (y)L(y) dy 


General equation (see Section 6.7) 


| 
= 


0.8 
F = 18| (0.8 — y)(2)/1 = dy 


a 


inside 
0.8 


0.8 B 
= 768| Wee Ce 26 Me die ay 
=i 


To find the fluid force from the outside, integrate between — | and 0.4 (using a weight 
of w = 64). 


0.4 
Disaieeie 3 ot (0.4 = y)(2) Ss ape ke dy 


3) 
0.4 0 
= 51.2 JI=F ay - 128] 
—]1 = 
We leave the details of integration for you to complete in Exercise 74. Intuitively, 


would you say that the force from the oil (the inside) or the force from the seawater 
(the outside) is greater? By evaluating these two integrals, you can determine that 


4 
yv1 — y? dy 


fF ~ 121.3 pounds and F wisiae = 93-0 pounds. VA 


inside 
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EXERCISES FOR SECTION 7.4 


In Exercises 1-4, match the antiderivative with the correct In Exercises 19-40, evaluate the integral. 
integral. [Integrals are labeled (a), (b), (c), and (d).] . 
1 ee — el 20. | i 
|= Qu Jo— x? 


x2 
—————= (1 
is eS 


| i 
2 el = ————— 1G Aap, \je= dx 
(b) [= Bae ee — x? J25 — x? 
SE 
D3: [y l6ae Ax ax 24. [7 — 4x? dx 
(c) [vr e=Pas ' ; 
2S: | AX 26. | Ta aa pg 
| x2 5 Le ae" 9 (1 t ) 
d) | dx ae) lA? 0 
@) Vx? — 16 Dis — dx 28. (=e dx 
Xx 
J/x2 + 16-4 I | I 
SS fee oP 29) | = 30.0 | eee 
oan o x Seen Me x Jae 9 x Jae + 16 
Pe 16 aro u ; 
745 Slit oe x| 4 5 a 31. G24 55? dx 32: G2 + 3) dx 
, / Sy? 
3. 8 aresin = o_— 7c 33. fe JT + e* dx 34, S (x + 1) J/x? + 2x + 2e 
oS Ss TE br = = issey = 
4. 8 arcsin — mn 2 =e =e) = eae an 35.5 | ele ve> dx 36. : 
37 1 d 38 so se ge se Il 
In Exercises 5-8, evaluate the indefinite integral using the > | 4 + Ay? + x4 cf iste te a Se 7 
substitution x = 5 sin 0. 
5 39. | arcsec 2x dx, x > 4 40. | x arcsin x dx 
1 7 
Se lees ppp dx 6. re dx 
"pa : In Exercises 41-44, complete the square and evaluate t 
| Se a Visa dx integral. 
Te Ps ee 42, | ~— dx 
In Exercises 9-12, evaluate the indefinite integral using the ‘ Ase ” iy oxe 4 
substitution x = 2 sec 60. . : 
4333 |) ——— 1 ri 
9 i a 10. | es = i : 
. I Ort (‘Saami (75.6 
ig awe x i 
F. In Exercises 45-50, evaluate the integral using (a) the giv 
11. | oa A dy 12. sS dx integration limits and (b) the limits obtained by trigonomet 
. substitution. 
In Exercises 13-16, evaluate the indefinite integral using the 45 Vai? wilt ; ven | 
substitution x = tan 0. aunl(4 yarn tt 46. ' 22)5/2 dt 
9x3 3 ro 3/5 
: Bp a ; 41 rk 48. O-— 25 xne-de 
13. iF Al aie Se bs 14. |e i A) sommes | Af x2 dx 
6 2 (es) 
| x2 x~ , ire S- 9 
(6 i , 49, | ese aN 50. [Ae 
2 Fr ax)? a Is Ia ioe aie Gs 4 Vx? —9 of exe 


In Exercises 17 and 18, use Theorem 7.2 to evaluate the integral. a In Exercises 51-54, use a computer algebra system to evalu: 


the integral. Verify the result by differentiation. 
We [vs + 9x? dx 18. [vi x ax 


ae 
51 dx ye Wee: 3/2 
| EA eRee x fo Pie se MM abs 
Bie 
3 eee —— 54, | x2./x2 — 
| Je= 1 | XN AGE 


etting at the Concept 


5. State the substitution you would make if you used trigono- | 
metric substitution and the integral involved the given 
radical, where a > 0. 


(a) Ja? — u? 
(c) /u2 — a? 


6. State the method of integration you would use to perform | 
the integration. Do not integrate. 


(a) fre + 1 dx (b) [eve Side 


(b) Va? + u2 


} 


Area Find the area enclosed by the ellipse shown in the figure. 


x2 We 
Pe! 


RA 


Figure for 58 


ure for 57 
Mechanical Design The surface of a machine part is the 
region between the graphs of y = |x| and x? + (y — k)? = 25 
(see figure). 

(a) Find k if the circle is tangent to the graph of y = |x|. 
(b) Find the area of the surface of the machine part. 


(c) Find the area of the surface of the machine part as a func- 
tion of the radius of the circle r. 

Area Find the area of the shaded region of the circle of radius 

a, if the chord is h units (0 < h < a) from the center of the 

circle (see figure). 


Volume The axis of a storage tank in the form of a right 

circular cylinder is horizontal (see figure). The radius and 

length of the tank are 1 meter and 3 meters. 

(a) Determine the volume of fluid in the tank as a function of 
its depth d. 

(b) Use a graphing utility to graph the function in part (a). 
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(c) Design a dip stick for the tank with markings of re 5, and : 


(d) If fluid is entering the tank at a rate of i cubic meter per 
minute, determine the rate of change of depth of the fluid 
as a function of its depth d. 


(e) Use a graphing utility to graph the function in part (d). 
When will the rate of change of depth be minimum? Does 
this agree with your intuition? Explain. 


/ 
See 
— Ame As ee wy, 


aN Sere 


Volume of a Torus In Exercises 61 and 62, find the volume of 
the torus generated by revolving the region bounded by the 
graph of the circle about the y-axis. 

61. (x — 3)? + y? = 1 (see figure) 


y 
Circle: 
(x-3)? +y?=1 


62. @— hye y= rh > 3 


Arc Length In Exercises 63 and 64, find the arc length of the 
curve over the indicated interval. 


Function Interval 
63. y = Inx Pid 
64, y = 5x7 [0, 4] 


65. Arc Length Show that the length of one arch of the sine curve 
is equal to the length of one arch of the cosine curve. 
66. Conjecture 
(a) Find formulas for the distance between (0, 0) and (a, a7) 
along the line and along the parabola y = x. 
(b) Use the formulas from part (a) to find the distances for 
a= 1landa= 10. 
(c) Make a conjecture about the difference between the two 
distances as a increases. 
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ad Projectile Motion In Exercises 67 and 68, (a) use a graphing Py 75. Tractrix A person moves from the origin along the posit 


utility to graph the path of a projectile that follows the path 
given by the graph of the equation, (b) determine the range of 
the projectile, and (c) use the integration capabilities of a graph- 
ing utility to determine the distance the projectile travels. 

of) 


68. y=x- = 


Re lie 2D 
67. y = x — 0.005x =) 


Centroid In Exercises 69 and 70, find the centroid of the region 
determined by the graphs of the inequalities. 


O9.0y = 3/x/x + Oye OS —4x<4 
10. y < pe, (x= 4 97s 16, y 2 0 


71. Surface Area Find the surface area of the solid generated by 
revolving the region bounded by the graphs of y = x’, y = 0, 
x = 0, and x = \/2 about the x-axis. 

72. Average Field Strength The field strength H of a magnet of 
length 2L on a particle r units from the center of the magnet is 


4 2mL 
= (r2 a L?)3/2 


where +m are the poles of the magnet (see figure). Find the 
average field strength as the particle moves from 0 to R units 
from the center by evaluating the integral 


bly eae 
2 aja ar. 
Ripe 17 ae 


+m 


h ay? = 
ie 
. + 
OL ay 
{—»> x 
-2 2 

—MN NS 
Figure for 72 Figure for 73 


73. Fluid Force Find the fluid force on a circular observation 
window of radius | foot in a vertical wall of a large water-filled 
tank at a fish hatchery for each of the indicated depths (see fig- 
ure). Use trigonometric substitution to evaluate the one integral. 
(Recall that in Section 6.7 in a similar problem, you evaluated 
one integral by a geometric formula and the other by observing 


that the integrand was odd.) 
(a) The center of the window is 3 feet below the water’s surface. 


(b) The center of the window is d feet below the water’s 
surface (d > 1). 


74, Fluid Force Evaluate the following two integrals, which 
yield the fluid forces given in Example 6. 


0.8 
(@) Fae = 18| (0.8 — 9)(2)-/ lie ads 


= 
0.4 


(D) oancin = os (0.4 — y)(2)V/1 — y? dy 


= 


76. 


y-axis pulling a weight at the end of a 12-meter rope ( 
figure). Initially, the weight is located at the point (12, 0). 


(a) Show that the slope of the tangent line of the path of 
weight is 
ay pl LS 9 


dx x; 


(b) Use the result in part (a) to find the equation of the patk 
the weight. Use a graphing utility to graph the path « 
compare it with the figure. 


(c) Find any vertical asymptotes of the graph in part (b). 


(d) When the person has reached the point (0, 12), how far 
the weight moved? 


Modeling Data For the years 1990 through 1997, the aver: 
size S (in thousands of dollars) of ordinary life insura‘ 
policies in force in the United States is given in the tal 
(Source: American Council of Life Insurance) 


Year 


NERO) |) HELL || kee 1993 | 1994 | 1995 1996 | 19% 


S 


True or False? 


37.9 | 41.5 | 43.0 


45.8 | 45.9 | 49.1 | 52.3 | 56 


A model for these data is 


S = 15204 911 Lat aS 8" 

where f is the time in years, with tf = 0 corresponding to 19 
Use a graphing utility to answer each of the following. 

(a) Graph the model for 0 < ¢ < 7. 

(b) Find the rate of increase in § when t = 5. 


(c) Use the model and integration to predict the average ve 
of S for the years 2000 through 2002. 


In Exercises 77-80, determine whether 


statement is true or false. If it is false, explain why or give 
example that shows it is false. 


We 


78. 


IR). 


80. 


81. 


dx 
If x = sin 0; then | —=—= =. |. d@. 
|= — x? | 
If x = sec 6, then jpeo dx = | sec @tan 0d. 
i 
f V3 dx 47/3 
If x = tan 6, then —<—- = k 
i (1 + x33 [ cos 6 dé. 
1 a/2 
If x = sin 0, then i xe. | =x? dx = 2 sin? 6 cos? 
=i 0 
Use trigonometric substitution to verify the integration fort 


las given in Theorem 7.2. 


Section 7.5 
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Partial Fractions 


QV x2 —5x +6 


f= 2x — 5 
ure 7.13 


JOHN BERNOULLI (1667-1748) 


e method of partial fractions was intro- 
ced by John Bernoulli, a Swiss mathemati- 
n who was instrumental in the early 
velopment of calculus. John Bernoulli was 
rofessor at the University of Basel and 
ight many outstanding students, the most 
nous of whom was Leonhard Euler. 


* Understand the concept of a partial fraction decomposition. 
* Use partial fraction decomposition with linear factors to integrate rational functions. 
* Use partial fraction decomposition with quadratic factors to integrate rational functions. 


Partial Fractions 


This section examines a procedure for decomposing a rational function into simpler 
rational functions to which you can apply the basic integration formulas. This proce- 
dure is called the method of partial fractions. To see the benefit of the method of 
partial fractions, consider the integral 


1 
[=e 


To evaluate this integral without partial fractions, you can complete the square and use 
trigonometric substitution (see Figure 7.13) to obtain the following. 


si cameed nemge = dx Seen ae 
bE ay ice a oF (x — 5/2)? — (1/2) ad =5,X — 5 =75eC 


e | (1/2) sec 0 tan 0 d0 


ix = 4+ sec @ tan 6d 
(1/4) tan2 6 dx = 7 sec @ tan 


=2| ese 6d0 
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=2In 


a3 

Lee) 
Uc 
= Ini — 3} — In\jx — 2| + C 


=n 
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Now, suppose you had observed that 


pee alee Su 
2—5x+6 x-3 x-2 


Partial fraction decomposition 


Then you could evaluate the integral easily, as follows. 


| ] 1 
ge ee at d 
| ooeepeeree lear ax 


Sala Si Ini — 2| +:C 


This method is clearly preferable to trigonometric substitution. However, its use 
depends on the ability to factor the denominator, x? — 5x + 6, and to find the partial 
fractions 


1 1 
a and ale 


In this section, you will study techniques for finding partial fraction decompositions. 
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STUDY TIP In precalculus you learned Recall from algebra that every polynomial with real coefficients can be facto. 
how to combine functions such as into linear and irreducible quadratic factors.” For instance, the polynomial 
I zal s ee an ae tea 


+ = : 
ee 2 x43 (o— 2) + 3) ; 
can be written as 


The method of partial fractions shows 


5 Ae ee | a = 
you how to reverse this process. x +x Ke l= yee ee) 


: . = (x* — 1)@ + 1) 
Geese en Sa es saad ssh nd | Crenicmss BV ao el 
= (x2 Dec 1) (k= ah) (eee) 
= (4 Sl) Gurkha of) 
where (x — 1) is a linear factor, (x + 1)? is a repeated linear factor, and (x? + 1) is 


irreducible quadratic factor. Using this factorization, you can write the partial fract 
decomposition of the rational expression 


N(x) 


X? axa xe | 


where N(x) is a polynomial of degree less than 5, as follows. 


N(x) Alo, SBS a SOheaa ena 
es Ge 12x? 1) ee 


Decomposition of N(x)/D(x) into Partial Fractions 


1. Divide if improper: If N(x)/D(x) is an improper fraction (that is, if the 
degree of the numerator is greater than or equal to the degree of the denomi. 
nator), divide the denominator into the numerator to obtain 


N, (x) 
D(x) 


N(x) 
D(x) 


= (a polynomial) + 


where the degree of N,(x) is less than the degree of D(x). Then apply steps 2 
3, and 4 to the proper rational expression N,(x)/D(x). 


2. Factor denominator: Completely factor the denominator into factors of the 
form 


(px 4 gq)” and (ax> + bx ey) 


where ax? + bx + c is irreducible. 
3. Linear factors: For each factor of the form (px + q)’”, the partial fraction 
decomposition must include the following sum of m fractions. 
A, sit A, ae ait AX 
(px @) — (pxaenia)* (px + q)” 
4. Quadratic factors: For each factor of the form (ax? + bx + c)”, the partia 
fraction decomposition must include the following sum of n fractions. 


Bix +C, Box + C, BxtC 
ax? + bx +c (ax? + bx + c)?? (ax? + bx + c)" 


a eee eee 

“ For a review of factorization techniques, see Precalculus, 5th edition, by Larson and Hoste 
or Precalculus: A Graphing Approach, 3rd edition, by Larson, Hostetler, and Edwards ( Bos 
Massachusetts: Houghton Mifflin, 2001). : 


TE Note that the substitutions for x 
4xample 1 are chosen for their conve- 
nce in determining values for A and 
x = 2 is chosen to eliminate the term 
-— 2), and x = 3 is chosen to elimi- 
e the term B(x — 3). The goal is to 
ke convenient substitutions whenever 
sible. 


R FURTHER INFORMATION To learn 
fferent method for finding the partial 
tion decomposition, called the 
ivyside Method, see the article 

culus to Algebra Connections in 

tial Fraction Decomposition” by 

sph Wiener and Will Watkins in The 
ATYC Review. To view this article, 

0 the website www.matharticles.com. 
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Linear Factors 


Algebraic techniques for determining the constants in the numerators of a partial 
decomposition with linear or repeated linear factors are demonstrated in Examples 1 
and 2. 


Example 1 _ Distinct Linear Factors ee i 
LES LAD EIR A ED LE a EDR SED BEST ALE ID IE SPITS ESS A SESE EDTA SSE NE ENTS SEITE 


' 1 
Write the partial fraction decomposition for ———————_ - 
P P x? — 5x +6 


Solution Because x* — 5x + 6 = (x — 3)(x — 2), you should include one partial 
fraction for each factor and write 


1 4 A Ei B 
x7-—-5x+6 x-3 x-2 


where A and B are to be determined. Multiplying this equation by the least common 


denominator (x — 3)(x — 2) yields the basic equation 
1 = A(x — 2) + B& — 3). 


Basic equation 


Because this equation is to be true for all x, you can substitute any convenient values 
for x to obtain equations in A and B. The most convenient values are the ones that 
make particular factors equal to 0. 


To solve for A, let x = 3 and obtain 
T-AGe 2) 7 BiG 3) 
1=AGy = BIO) 

A= 1. 


Let x = 3 in basic equation. 


To solve for B, let x = 2 and obtain 
1=A(2 — 2) BQ — 3) 
E="A(0) + Bia 1) 

B=-1. 


Let x = 2 in basic equation. 


Therefore, the decomposition is 


Boe 2 IT Ye 
x*-—S5x+6 x-3 x-2 


as indicated at the beginning of this section. Fl 


Be sure you see that the method of partial fractions is practical only for integrals 
of rational functions whose denominators factor “nicely.” For instance, if the denom- 
inator in Example | were changed to x7 — 5x + 5, its factorization as 


Sole aw 
ase 3 a 2 


eases h 


would be too cumbersome to use with partial fractions. In such cases, you should use 
completing the square or a computer algebra system to perform the integration. If you 
do this, you should obtain 


| See Sins — 5] = tale + J5—5|+C. 


x? — 5x + 5 = a 
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FOR FURTHER INFORMATION For 

an alternative approach to using partial 
fractions, see the article “ A Shortcut in 
Partial Fractions” by Xun-Cheng Huang 
in The College Mathematics Journal. To 
view this article, go to the website 
www.matharticles.com. 


TECHNOLOGY Most computer 
algebra systems, such as Derive, 
Maple, Mathcad, Mathematica, and 
the T/-S9, can be used to convert a 
rational function to its partial fraction 
decomposition. For instance, using 
Maple, you obtain the following. 


Pipe eee atin tnw besten sere ued ik aan ae 


> con vet( z LI oe if ne ] 
3 D2 > pat rac, Xx 


Bx (@t+i1)? x«+1 


Example 2 Repeated Linear Factors 


Sxeee ON end 
d 
Evaluate | eG pan 


Solution Because 


x(x? + 2x + 1) 
x(x + 1)? 


x? + 2x? + x 


you should include one fraction for each power of x and (x + 1) and write 


5x 20 6 A B C 


= + 
xe)? OT CGE 1)" 


Multiplying by the least common denominator x(x + 1)? yields the basic equation 
5x2 + 20x + 6 = AG + 1)? + Bux + 1) + Ce. Basie equation 


To solve for A, let x = 0. This eliminates the B and C terms and yields 


Al ei One er 
A= 6. 
To solve for C, let x = —1. This eliminates the A and B terms and yields 
5200 
C= 9. 


The most convenient choices for x have been used, so to find the value of B, you c 
use any other value of x along with the calculated values of A and C. Using x = 
A = 6, and C = 9 produces 
5 208110 = Al4)ee Bi2) ce G 
31 = 6(4) + 2B + 9 
—2.=/2B 
B= -1. 


Therefore, it follows that 


Ox et tO / E l a ) / 
aoe 
Odea 4 x xt) GED 


oe 


= Otol) lol LO ee 
x? 


ania 


9 
x+1 


= = Inv ae (C 


Try checking this result by differentiating. Include algebra in your check, simplifyi 
the derivative until you have obtained the original integrand. L 


NOTE It is necessary to make as many substitutions for x as there are unknoy 
(A, B,C, . . .) to be determined. For instance, in Example 2, we made three substituti 
(x = —1, x = 0, and x = 1) to solve for C, A, and B. 


SECTION 7.5 Partial Fractions 519 


Quadratic Factors 


When using the method of partial fractions with linear factors, a convenient choice of 
x immediately yields a value for one of the coefficients. With guadratic factors, 
a system of linear equations usually has to be solved, regardless of the choice of x. 


Example 3 _ Distinct Linear and Quadratic Factors 


2x37 — 4x — 8 
E : 
valuate | (ie (eee) dx 


Solution Because 
(7 a)? 4) = xl eal Ge 4) 
you should include one partial fraction for each factor and write 


DN AEN BOI YA B ptt) 
x(x—1)@2+4) x x-1 2x24+4° 


Multiplying by the least common denominator x(x — 1)(x? + 4) yields the basic 
equation 


2x? — 4x — 8 =Alx — 1x? = 4) 4 Bex? + 4) + (Ce + D) Ge) @& — 1): 
To solve for A, let x = 0 and obtain 

—8=A(-1)(4)+0+0 cp 2=A. 
To solve for B, let x = 1 and obtain 


=10=0+ 86) +0 wa —2=B. 


At this point, C and D are yet to be determined. You can find these remaining constants 
by choosing two other values for x and solving the resulting system of linear equations. 


If x = —1, then, using A = 2 and B = —2, you can write 
mbeanle 2) Sta 2G VO) able Gt D> UG 2) 
Die aC ab DD, 


If x = 2, you have 
O = (2)(1)(8) + (—2)(2)(8) + QC + D)(2)0) 
8 = 2C + D. 
Solving the linear system by subtracting the first equation from the second 
=—(.- D2 
2C+D=8 
yields C = 2. Consequently, D = 4, and it follows that 


Ota es fe 
x(x 1)? 4) 


) 2 x 4 
—_ + a 
fe ee ag ie 


Dnx| oid Lee inte 4) 42 arctan 5 Ce 


S 


520 CHAPTER 7 Integration Techniques, L’ H6pital’s Rule, and Improper Integrals 


In Examples 1, 2, and 3, we began the solution of the basic equation by sub: 
tuting values of x that made the linear factors equal to 0. This method works w 
when the partial fraction decomposition involves linear factors. However, if 1 
decomposition involves only quadratic factors, an alternative procedure is often m« 
convenient. 


Example 4 Repeated Quadratic Factors 


8x? + 13x 
Evaluate | (G2 + 2) dx. 


Solution Include one partial fraction for each power of (x? + 2) and write 


Sa re SXeEEAN oD eeu rey 
G2?) entee 2a eee yy 


Multiplying by the least common denominator (x? + 2)? yields the basic equation 
8x2 + 13x = (Ax + BY? + 2) + Cx + D. 

Expanding the basic equation and collecting like terms produces 
OX ea A An Bae Bat Cree) 
8x3 + 13x = Ax? + Bx? + (2A + C)x + 2B + D). 


Now, you can equate the coefficients of like terms on opposite sides of the equatio 


8=A 0 =2B+D 


io 


Sx> Ox? 1340 =A er Bx? (24 - C)x + (2B 4 dD) 


} 


0=B 
i3=2A+C 
Using the known values A = 8 and B = 0, you can write the following. 
1I3=2A+C=2(8)+C ia C=-3 
0=2B+D=20/)+D" = D=0 


Finally, you can conclude that 


bo or 13x ( x _ 3x av 
G2 +2) © +20 @4+272/% 


3 
Sr os | 
2x7. 4 2) : E 


= 4In(x? + 2) + 


_ TECHNOLOGY Use a computer algebra system to evaluate the integral 
_ Example 4—you might find that the form of the antiderivative is different. F 
instance, when you use a computer algebra system to work Example 4, you obt: 


8x3 + 13x 3 
- 5 dx = In(x8'+ 8x® + 24x44 3272 + 16) 4S 
(x2 + 2/2 ( i ) Tea 


=f 


re 


Ci 


Paar rr eee 


Is this result equivalent to that obtained in Example 4? 
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When integrating rational expressions, keep in mind that for improper rational 
expressions such as 

NG eo ek ee 

D(x) Se a pe 


you must first divide to obtain 
N(x) = 25) 
a et) + 
D(x) ‘a x7 +x—2 


The proper rational expression is then decomposed into its partial fractions by the 
usual methods. Here are some guidelines for solving the basic equation that is 
obtained in a partial fraction decomposition. 


Guidelines for Solving the Basic Equation 


Linear Factors 


1. Substitute the roots of the distinct linear factors into the basic equation. 


2. For repeated linear factors, use the coefficients determined in guideline | to 
rewrite the basic equation. Then substitute other convenient values of x and 
solve for the remaining coefficients. 


Quadratic Factors 


1. Expand the basic equation. 
2. Collect terms according to powers of x. 


3. Equate the coefficients of like powers to obtain a system of linear equations 
involving A, B, C, and so on. 


4. Solve the system of linear equations. 


Before concluding this section, here are a few things you should remember. First, 
it is not necessary to use the partial fractions technique on all rational functions. For 
instance, the following integral is evaluated more easily by the Log Rule. 


x As 1 I 3x0 eS 1 
it = dx = = In|x? + 3x — 4| + 
jeer ‘eee 5 obama? ALS 


Second, if the integrand is not in reduced form, reducing it may eliminate the need for 
partial fractions, as shown in the following integral. 


yi x? (ae to (x == 2) 
| cca | (Coole a) 


gee Al 
Se 


= 5 Inf? evi Die 


Finally, partial fractions can be used with some quotients involving transcendental 
functions. For instance, the substitution w = sin x allows you to write 


COs x du 
Le Te ax = pe u = sin x, du = cos x dx 
sin x(sin x — 1) u(u — 1) 
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EXERCISES FOR SECTION 7.5 


In Exercises 1-6, give the form of the partial fraction decompo- 
sition of the rational expression. Do not solve for the constants. 


5 4x? + 3 
—————— Dh 
i x? — 10x (x — 5)3 
2x — 3 Cee? 
>: x3 + 10x ab x2 +47 + 3 
16x De = II 
=o 6. a4 1 
: ie = 10x 3G se IP 


In Exercises 7-28, use partial fractions to evaluate the integral. 


1 1 
1 |a4% a besarte 


3 gear Ml 
[apa mY |steae 
_ 2— 12x — 12 
tl - 7x 12. [= = a dx 
tx = 
ee x + 12 = ear 8 
p {ate ee! dx 14. eae: rap gang es 
3 — Ay? — 15x + AD 
is | > = eee ate [3 pate 
x2 — 2x — = 
D ces Deas 
17. (See 18. [i 
x7 + 3x-—4 
ys, [es a ae a 
a. {ae 22, |= 
x x?—x4+9 
5 | = = : SS ee Oe 
23 |e 24 G2 +9) dx 
x x? —4x4+7 
Das lwoe 26. [wosAthe 
x2 +5 xe-4+x4+3 
AS \eeeeste oe | Fe 


aa In Exercises 29-32, evaluate the definite integral. Use a graph- 
ing utility to verify your result. 


29 peony: 30. oe 
aly 2x2 + 5x +2™ 1.27% 1) 


31 See ake 32 gag d 
mylene 1) ae Io aw? Hx 1 ‘i 


Pe In Exercises 33-40, use a computer algebra system to deter- 
mine the antiderivative that passes through the indicated point. 
Use the system to graph the resulting antiderivative. 


3x (pr Se il 
380 |) = le, a em 
[zs See 9 & (4, 0) 34. [= ee he, (2, il) 


x? +x+2 x3 
355 OLN 0, 1 ° SSS Xs NOs 
| G+ 2p re, ((, 1) 36 le — 4p dx, (3, 4) 


x(2x — 9) 
(ane 
oe |= pon? eo 
1 x*7—x+2 
=f See 
39. | ees (6, 4) 40. ——— Ko 


In Exercises 41-46, use substitution to evaluate the integral. 


41. ue pet, |) ee 
GOS 2A(COS x — 1) COS COsaer 
3 cos x sec? x 

b ON 

43: lee + sinx — 2 NS: lz x(tan x + 1) 
e* e* 
46.) uy 

ao lie = 1er +4) ee + 1(e* = 1) 


In Exercises 47-50, use the method of partial fractions to ver 
the integration formula. 


1 1 a 
F =—] Ge 
us Presta Ay eas 
8. | tN Fe ean aad 
Ce MG) \\a 3 


x 1 a 
; k= + Inla + bs|] + 
49 i + bx? dx © (- re In\a x] G 


FO ee ee ee 
x7(a + bx) Cie GE 


Gt bs 
In Exercises 51 and 52, use a computer algebra system to sket 
the slope field for the differential equation, and graph the so 
tion through the specified initial condition. 


G 


dy 6 dy 4 
= 22 
4 dx 4-— x2 % dx x?—2x-3 
MONS Os 


Getting at the Concept 


ne 


53. What is the first step when integrating I S 
iT xX ee 


5 dx? 


54. Describe the decomposition of the proper rational functio 
| N(x)/D(x) (a) if D(x) = (px + g)", and (b) if D(x) = 
(ax? + bx + c)" where ax? + bx + c is irreducible. 


55. State the method you would use to evaluate each integra 
Do not integrate. 


Lal ie 4 
prea latte (®) je +e a 


4 
(c) late 


Area Find the area of the region bounded by the graphs of 
p= 7/(16 — x”) andy = 1. 


Modeling Data The predicted cost C (in 100,000s of dollars) 
for a company to remove p% of a chemical from its waste water 


is shown in the table. 
B ue | 50 60 70 | 80 | 90 


| 1.7 | 2.0 | 2.7 ane 


A model for the data is 


124p 
= (10 +p) 100 py’ 


‘Use the model to find the average cost for removing between 
75% and 80% of the chemical. 


_ Logistics Growth In Chapter 5, the exponential growth equa- 
tion was derived from the assumption that the rate of growth 
was proportional to the existing quantity. In practice, there 
often exists some upper limit L past which growth cannot occur. 
In such cases, we assume the rate of growth to be proportional 
not only to the existing quantity, but also to the difference 
between the existing quantity y and the upper limit L. That is, 


ay _ 
dt 


0 <p < 100. 


kyW(L — y). 


In integral form, we can express this relationship as 


nee 
(spe = | eat 


(a) A slope field for the differential equation dy/dt = y(3 — y) 
is shown. Draw a possible solution to the differential equa- 
tion if y(0) = 5, and another if y(0) = 3. To print an enlarged 
copy of the graph, go to the website www.mathgraphs.com. 


y 
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Uo) TE TPC a) FCs CN At AT Ca fd Fa 
THe TTT Ti 0 ld Fas fea CYTES CA TT) Ua 
JAE 21 0) 28) FT 2 7 TT a a 
Metall LEE SAMA A LALA A LA 
VSS L PAPA EOL LOL AALS L AL 
SA AAA AAG LO AECL EOC EAS fb, 
ee oy ae ene — wg 

ye mar ae 


(b) Where y(0) is greater than 3, what is the sign of the slope 
of the solution? 

(c) For y > 0, find lim y(t). 

t>00 

(d) Evaluate the two integrals above and solve for y as a func- 
tion of t, where yo is the initial quantity. 

(e) Use the result in part (d) to find and graph the solutions in 
part (a). Use a graphing utility to graph the solutions and 
compare the results with the solutions in part (a). 

(f) The graph of the function y is called a logistics curve. 
Show that the rate of growth is maximum at the point of 
inflection, and that this occurs when y = L/2. 


shy 


60. 


61. 


62. 


63. 


SECTION 7.5 Partial Fractions 523 


Approximation Determine which value best approximates 
the area of the region between the x-axis and the graph of the 
function 10/[x(x? + 1)] over the interval [1,3]. Make your 
selection on the basis of a sketch of the region and not by 
performing any calculations. 


(a) 8 BG) (c) 30 ds5. fe). 8 


Volume and Centroid Consider the region bounded by the 
graphs of 


y = 2x/0? + 


(a) Find the volume of the solid generated by revolving the 
region about the x-axis. 


D) yO Ovand x = 3. 


(b) Find the centroid of the region. 


Epidemic Model A single infected individual enters a 
community of n susceptible individuals. Let x be the number of 
newly infected individuals at time +. The common epidemic 
model assumes that the disease spreads at a rate proportional to 
the product of the total number infected and the number not yet 
infected. So 

dx 


ne k(x + 1)(n — x) 


and you obtain 


1 
l= Taye | Re 


Solve for x as a function of f. 


Chemical Reactions In a chemical reaction, one unit of 
compound Y and one unit of compound Z are converted into a 
single unit of compound X. If x is the amount of compound X 
formed, and the rate of formation of X is proportional to the 
product of the amounts of unconverted compounds Y and Z, then 
dx 

en = Kyo = SB ea = x) 

where yg and Z, are the initial amounts of compounds Y and Z. 
From the above equation you obtain 


1 — 
| pa x) dx = fj dt. 


(a) Perform the two integrations and solve for x in terms of f. 


(b) Use the result in part (a) to find x as t— co if (1) yo < Zp, 
(2) Yo > Zo, and (3) yo = Zo- 


Evaluate 


x 
awe 
[ : 


in two different ways, one of which is partial fractions. 
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Section 7.6 


© TECHNOLOGY A computer algebra 
_ system consists, in part, of a database 

_ of integration formulas. The primary 

_ difference between using a computer 

: algebra system and using tables of inte- 
_ grals is that with a computer algebra 

_ system the computer searches through 
_ the database to find a fit. With integra- 
~ tion tables, you must do the searching. 


Integration by Tables and Other Integration Techniques 


¢ Evaluate an indefinite integral using a table of integrals. 
¢ Evaluate an indefinite integral using reduction formulas. 
¢ Evaluate an indefinite integral involving rational functions of sine and-cosine. 


Integration by Tables 


So far in this chapter you have studied several integration techniques that can be us 
with the basic integration rules. But merely knowing how to use the various techniqt 
is not enough. You also need to know when to use them. Integration is first and fo 
most a problem of recognition. That is, you must recognize which rule or technique 
apply to obtain an antiderivative. Frequently, a slight alteration of an integrand ¥ 
require a different integration technique (or produce a function whose antiderivative 
not an elementary function), as shown below. 


a ae 
xInx dx = 7 linge = F, a Oe Integration by parts 
] In x)? 
[@a- (ne 3) ged Power Rule 
XG 2 
1 
dx = In|In x| 4a C Log Rule 
anal as 
[Z he — Not an elementary functic 
In’ 


Many people find tables of integrals to be a valuable supplement to the integ 
tion techniques discussed in this chapter. Tables of common integrals can be found 
Appendix C. Integration by tables is not a “cure-all” for all of the difficulties tl 
can accompany integration—using tables of integrals requires considerable thous 
and insight and often involves substitution. 

Each integration formula in Appendix C can be developed using one or more 
the techniques in this chapter. You should try to verify several of the formulas. f 
instance, Formula 4. 


1 
Iz TSANG du = 3 (- a Ki) “i Inja aF bu) te Formula 4 


can be verified using the method of partial fractions, and Formula 19 


/ + 
| seein MH du = 2a rb + a | Se 


Formula 19 
aa 


can be verified using integration by parts. Note that the integrals in Appendix C. 
classified according to forms involving the following. 


u" (a + bu) 

(a + bu + cu? Ja + bu 

(a2 + u2) Ji + a2 

Va = Ww Trigonometric functions 
Inverse trigonometric functions Exponential functions 


Logarithmic functions 


enn 
oka aes 


th fintegrals in 
pendix C and the substitution _ 
ee 
aluate the integral in Example 1; 
ou do this, you should obtain 


A [2 ae 
rae 1 ee Ae 

: es this produce the same result as : 
it obtained in Example 1? 


TECHNOLOGY Example 3 shows 
the importance of having several 
solution techniques at your disposal. 
This integral is not difficult to solve 
with a table, but when we entered it 
into a well-known computer algebra 
system, the utility was unable to find 
the antiderivative. 
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“nivointeaeaveveveeeacoconneasteener ReneS He MOAN oioSeC een YELToSSSCONMMM AH MESON 


Example 1 Integration by Tables 


Evaluate wot Ceaun 
xJ/x- 17 


Solution Because the expression inside the radical is linear, you should consider 
forms involving \/a + bu. 


ae We ene Cee rer F la 17 ( 0) 
2 —— ormula < 
uUja+ bu /—a =) # 


Let a = —1, b = 1, and u = x. Then du = dx, and you can write 


dx 
== = 2 arcam woe = | 4b 
( arctan ./x 


cenneenoosos mrnersnenocoscavesniscacinMroreosiehnnannswirsakaicanretinoo cankscodchtsOsdDtaRd lt gcnnzeotcontraamanrs:oveonon ne rnaninvoeesearivurautsties Seatniutetthusesss Mertohtneraescun/n/ehitotes teeta eeeconshhenicraiento: 


Example 2 Integration by Tables 
Evaluate f x./x* — 9 dx. 


Solution Because the radical has the form /u? — a”, you should consider 
Formula 26. 


| vereau = uJ ~ at tnlu + JF al) + C 


Let u = x? and a = 3. Then du = 2x dx, and you have 
1 
[ave —-9a= Al Wii) ane (oxen 


saa TeV =9 seo In ix? 07 9|) + C. 


Example 3 Integration by Tables 


x 
Evaluate | eS: dx. 


Solution Of the forms involving e“, consider the following. 


i 1 a pele ee In +e) + C Formula 84 
ée 


Let u = —x?. Then du = —2x dx, and you have 
{Die gi 1 | = eed 
frees otk), ite 
~ -) seein Lote ee) eG 
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SELES 


eee 


* TECHNOLOGY Sometimes when 

_ you use computer algebra systems you 

- obtain results that look very different, but 
_ are actually equivalent. We used several 

_ to evaluate the integral in Example 5, as 


follows. 
: Maple 
J/3 arctanh G3 = 5x/3) 
/ Derive 


| ae VJ (3 — 5x) — V3 


We 


f B= 55) 


_ Mathematica 


& Saqrt[3 — 5x] — 

Sqrt[3 — 5x] 
| Sqrt{3] ArcTan sae 3] : 
Mathcad 

b V3 — 5x + 


V5 | 


Xx 


Notice that computer algebra systems do 
not include a constant of integration. 


Reduction Formulas 


Several of the integrals in the integration tables have the form f f(x) dx = g(x 
f h(x) dx. Such integration formulas are called reduction formulas because tl 
reduce a given integral to the sum of a function and a simpler integral. 


E. xample 4 “Using a a Reduction Formula 


Evaluate [x sin x dx. 


Solution Consider the following three formulas. 


[. sin udu = sinu — ucosu + C Formula 52 
[« sin udu = —u"cosu+n | u™- cos u du Formula 54 
u" cosudu = u"sinu —n fm sin u du Formula 55 


Using Formula 54, Formula 55, and then Formula 52 produces 


[ sinvae= —x3 cosx + 3 | x cos.rd 


—x3 cosx + 3 G sinx — 2 [. sin x ax) 


= —x> cosx + 3x? sinx + 6xcosx — 6sinx + C. 


wa senor tonnnurwoncescusteenser sonneeaccnsemn resentment esheets esenecesineninee 


E -vample 5 U sing : a | Reduction Formula 


yf 3 = Se 
Evaluate TaN ae 


dx. 


Solution Consider the following two formulas. 


[. a i —— val, 
Vix @l ae Jayh wa @ ae lyn 


Woh aie Vay |,“ 
du=2/a+but+a Formul: 
[<c® ara a ormula 19 


Using Formula 19, with a = 3, b = —5, and u = x, produces 


p [Oar = 3(2v3—5e +3 | - 


Formula 17 (a > 0) 


Bee 


= /3 = +3 {4 
2, Axa] 3 0— 5x 


Using Formula 17, with a = 3, b = —5, and u = x, produces 
oh he aces 
CS WS m+ 5 ae CE 

Dies wa nes — 5x:+ /3 


= V3 =u 
rs 
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Rational Functions of Sine and Cosine 


Example 6 Integration by Tables 


sin 2x 
Evaluat SS Gl 
valuate | 582 e 


Solution Substituting 2 sin x cos x for sin 2x produces 


sin 2x sin x COS x 
[ 2 ara 2 | a 
A check of the forms involving sin u or cos u in Appendix C shows that none of those 
listed applies. Therefore, you can consider forms involving a + bu. For example, 


udu 1 
[- nu) = pe (ou = alnla {> bul) Sisal G: Formula 3 
Let a = 2, b = 1, and u = cos x. Then du = —sin x dx, and you have 
sin x Cos x cos x(—sin x dx ) 
A a = 2 
ere a i Zit COS X 


= —2(cosx — 2 In|2 +ec0s x|) + C 
=2 cos x + 4 In|2 +) cos x| + C. VA 


I 


Example 6 involves a rational expression of sin x and cos x. If you are unable to 
find an integral of this form in the integration tables, try using the following special 
substitution to convert the trigonometric expression to a standard rational expression. 


Substitution for Rational Functions of Sine and Cosine 


For integrals involving rational functions of sine and cosine, the substitution 


sin x ; x 
= (eh = 
2 


1 cos x 


Proof From the substitution for u, it follows that 


sin? x cos x.) aL = cose 
{7 = = = . 
é (1 +cosx)? (1+ cosx)* 1+ cosx 


Solving for cosx produces cosx = (1 — u’)/(1 + wv’). To find sin x, write u = 
sin x/(1 + cos x) as 


pies (tee ee 1 +174) - 2u 
sinx = u cos x) = u Pte ak 
Finally, to find dx, consider u = tan(x/2). Then you have arctanu = x/2 and 
rar 


Gea au) Ur we). y. 
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EXERCISES FOR SECTION 7.6 


In Exercises 1 and 2, use a table of integrals with forms involv- 
ing a + bu to evaluate the integral. 
2 
ae | neers a 
é i BEN Oi ie 


ee 
1. IF tae 


In Exercises 3 and 4, use a table of integrals with forms involv- 
ing \/u? + a’ to evaluate the integral. 


i 
4}, fev + e% dx 4. [=e 


In Exercises 5 and 6, use a table of integrals with forms involy- 
ing \/a* — u? to evaluate the integral. 


1 iG 
|) Sw (S$ 
la = 72 x | a — x* - 


In Exercises 7-10, use a table of integrals with forms involving 
the trigonometric functions to evaluate the integral. 


cos? cos? Vx 
Wee dx 


1 
we ibs Sone 


In Exercises 11 and 12, use a table of integrals with forms 
involving e”“ to evaluate the integral. 


11. [tee 
ee 


In Exercises 13 and 14, use a table of integrals with forms 
involving In uw to evaluate the integral. 


af | sin? 2x dx 


» | Sa 


12. i e~*/2 sin 2x dx 


13. [x In x dx 14. [om x)? dx 


In Exercises 15-18, find the indefinite integral (a) using inte- 
gration tables and (b) using the indicated method. 


Integral Method 


15. [x e* dx Integration by parts 


16. [= In x dx Integration by parts 


1 
i, |) Sec 
Iz (x + Wi 


I 
1s. | =—-— 
lls pee 


In Exercises 19-50, use integration tables to evaluate the integral. 


19. i xe* dx 


Partial fractions 


Partial fractions 


a 
xX 
aii ae 5% 
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21. [ x aresect +1) dx Raph. [ arose 2x dx 
23. [» In x dx 24. [ <sinxa 
1 G7 
See oh) eee 
25. Is Are ria 26 ike —sp2 
iG 1 
a O 5 d. 
i Wig ae 28 ase: sd 
: 92 
29. fe arccos e* dx 30. iF ae é 
31. Geert 32. peers 
il = See a (i tanres 
cos x 1 
G = f, (| 
2 iF + sin? x as Ia + (In 1)?] ; 
cos 0 
2 AB) SPS 2 
2: ler aac Boe 26. | 5 ae 
1 
Sn ae 38. | x22 + 9x? db 
39. t? cos t dt 40. i /x arctan x3/2 d 
In x ex 
a; |x 2 In) e a2. Iq — @%)3/2 dx 
x 
43, | ———_—___. 
| (x2 — 6x + 10)? os 
44, fe — 3)?-/(Qx — 3)? + 4 dx 
x cos x 
45. dx 46, | ees 
| Vii — 645 JVantx+ 1 


ms) — 
7.0 | eae a. | jee 
4—-—x- Bias a 
ex A 
49, Gree dx 50. tan’ 6d@ 


In Exercises 51-56, verify the integration formula. 


Ww 1 oe 
Ale eet ket Ry — ad — = 
Iz + bu? du b3 (ou SENG, 2a In|a + bu\) + 


y" G) n=l 
2 meee a en 
Jatbu (ant mG ee | + bu 
1 xu 
BEE SO) = = 
le apa Biase 


54. [w cos udu = u" sinu — n | u"—! sin u du 
55. | arctan udu = uarctanu — In/1l + w24+ C 


56. { (In uw)" du = u(Inu)" — n| (In u)"~! du 
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Exercises 57—62, use a computer algebra system to determine 
e antiderivative that passes through the indicated point. Use 
e system to graph the resulting antiderivative. 


dx, (3, 5) 
: [ve *- 2x.ax,* (0, 0) 


1 
| G6 +1097 9) 


,[eaB=s ie ae 


is see! 


dx, (0, /2) 


| samo 2 


sin 0 
° | (cos 6)(1 + sin 6) e101) 


Exercises 63-70, evaluate the integral. 
1 sin 0 
Speer os, | ee ao 


1/2 1 a/2 1 
: d b See 
[ 1 + sin 8 + cos 6 Saecahi i seeing 


sin 6 cos 0 
Saee os, | oe ao 
— cos VO 1g 70. nen 
oe sec @ — tan 0 


ea In Exercises 71 and 72, find the area of the region bound- 
by the graphs of the equations. 


x = xX Y, = 
_y= i 12. 9- FT 4 @ 0,x = 2 
etting at the Concept 


in Exercises 73-78, state (if possible) the method or integra- 
ion formula you would use to find the antiderivative. Do not 


integrate. 
e ex 

/3. lee dx 74, {- = dx 

76. x e* dx 


15. iE ex dx 
78. [eve + 1dx 


17. | ex dx 


19, Generate four integration problems that can be integrated 
from a table of integrals after an appropriate substitution. 
Use four different integration formulas from the table in the 
text. 

30. Describe what is meant by a reduction formula. Give an 

example. 
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81. Work A hydraulic cylinder on an industrial machine pushes a 
steel block a distance of x feet (0 < x < 5), where the variable 
force required is 


F(x) = 2000xe~* pounds. 


Find the work done in pushing the block the full 5 feet through 
the machine. 


82. Work Repeat Exercise 81, using a force of 


pals pounds. 
V6 — 2 


83. Building Design The cross section of a precast concrete 
beam for a building is bounded by the graphs of the equations 


F(x) = 


2 agi = 0, and y =3 
S inigycivin QVAneaea a akan ae 


where x and y are measured in feet. The length of the beam is 
20 feet (see figure). 


(a) Find the volume V and the weight W of the beam. Assume 
the concrete weighs 148 pounds per cubic foot. 


(b) Find the centroid of a cross section of the beam. 


pee 
Sea ANY eek 


84. Average Population Size 
to the logistics model 


2 3 


A population is growing according 


5000 


IN 1 + ef 8-191 


where ¢ is the time in days. Find the average population over the 
interval [0, 2]. 


ad In Exercises 85 and 86, use a graphing utility to (a) solve the 


integral equation for the constant k and (b) graph the region 
whose area is given by the integral. 


jhatk 
as. [ A dr = 10 


True or False In Exercises 87 and 88, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


k 
86. | 6x2 e~*/2 dx = 50 


0 


87. To use a table of integrals, the integral you are evaluating must 
appear in the table. 

88. When using a table of integrals, you may have to make substi- 
tutions to rewrite your integral in the form in which it appears 
in the table. 
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we X 


t 1 J i f f 
-4 -3 2 -l 7 Py il 


The limit as x approaches 0 appears to be 2. 
Figure 7.14 


Indeterminate Forms and L’H6pital’s Rule 


¢ Recognize limits that produce indeterminate forms. 
¢ Apply L’H6pital’s Rule to evaluate a limit. 


Indeterminate Forms 


Recall from Chapters 1 and 3 that the forms 0/0 and co/00 are called indetermun 
because they do not guarantee that a limit exists, nor do they indicate what the limit 
if one does exist. When you encountered one of these indeterminate forms earlier in 1 
text, you attempted to rewrite the expression by using various algebraic techniques. 


Indeterminate 
Form Limit Algebraic Technique 
Py as 
5 lim “8 = lim 2-1) Divide numerator and 
ee — denominator by (x + 1) 
=—-—4 
<= lim ~—— = lim ; = 7 Divide numerator and 
Pe Oe me co denominator by x?. 
3 
yr) 


Occasionally, you can extend these algebraic techniques to find limits 
transcendental functions. For instance, the limit 
e* 1 


IW eerie 


ra) @ = || 


produces the indeterminate form 0/0. Factoring and then dividing produces 


 ex— i . (e* + 1)(e* — 1) 
lim = ihm 


x30 (pe = i x0 ex — 1 = iim (e =. 1) — De 


However, not all indeterminate forms can be evaluated by algebraic manipulati: 
This is particularly true when both algebraic and transcendental functions ; 
involved. For instance, the limit 


(ee || 


lim 
x30 xy 


produces the indeterminate form 0/0. Rewriting the expression to obtain 


merely produces another indeterminate form, co — oo. Of course, you could use te 
nology to estimate the limit, as shown in the table and in Figure 7.14. From the ta 
and the graph, the limit appears to be 2. (This limit will be verified in Example 1. 


x | =i | =O4 | 0.01 | —0.001 0 | 0.001 | 0.01 | 0.1 1 
ex—] 


Xx 


1.813 2.214 | 6.38 


| 0.865 


1980 L998 solitutl y2 OO 2 enie2.02.0 


PE 


a Jae 
eu 


Sa ia a 


yee 


Fhe ranger COueCcuOn 


GUILLAUME L?HOpITAL (1661-1704) 


UC Hopital’s Rule is named after the French 
mathematician Guillaume Francois Antoine de 
U Hopital. LHopital is credited with writing 
the first text on differential calculus (in 1696) 
in which the rule publicly appeared. It was 
recently discovered that the rule and its proof 
were written in a letter from John Bernoulli 
'o LHopital.“... Lacknowledge that I owe 
very much to the bright minds of the 
Bernoulli brothers. ... | have made free use of 
their discoveries ...,” said L- Hopital. 


\R FURTHER INFORMATION 
further understand the necessity of 
- restriction that g(x) be nonzero for 

x in (a, b), except possibly at c, 

> the article “Counterexamples to 
H6pital’s Rule” by R. P. Boas in 

e American Mathematical Monthly. 
view this article, go to the website 
yw.matharticles.com. 
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L’HOpital’s Rule 
To find the limit illustrated in Figure 7.14, you can use a theorem called L’H6pital’s 


Rule. This theorem states that under certain conditions the limit of the quotient 
Ff (x)/g(x) is determined by the limit of the quotient of the derivatives 


Talos) 
g(x) 


To prove this theorem, you can use a more general result called the Extended Mean 
Value Theorem. 


THEOREM 7.3 ‘The Extended Mean Value Theorem 


If f and g are differentiable on an open interval (a, b) and continuous on [a, b] 
such that g(x) # 0 for any x in (a, b), then there exists a point c in (a, b) such 


that 


foe y= fla) 
g(c) g(b) — g(a) 


NOTE To see why this is called the Extended Mean Value Theorem, consider the special case 
in which g(x) = x. For this case, you obtain the “standard” Mean Value Theorem as presented 
in Section 3.2. 


The Extended Mean Value Theorem and L’H6pital’s Rule are both proved in 
Appendix B. 


THEOREM 7.4  L’Hopital’s Rule 


Let f and g be functions that are differentiable on an open interval (a, b) con- 
taining c, except possibly at c itself. Assume that g(x) # 0 for all x in (a, b), 
except possibly at c itself. If the limit of f(x)/g(x) as x approaches c produces 
the indeterminate form 0/0, then 

f(x) f(x) 


lim <= = lim — 
Xe 2(x) xc g (x) 


provided the limit on the right exists (or is infinite). This result also applies if 
the limit of f(x)/g(x) as x approaches c produces any one of the indeterminate 
forms 00/00, (— 00) /00, 00/(— 00), or (— c0)/(—oo). 


NOTE People occasionally use L’Hopital’s Rule incorrectly by applying the Quotient Rule to 
f(x)/g(x). Be sure you see that the rule involves f’(x)/g’(x), not the derivative of f(x)/g(x). 


L’ H6pital’s Rule can also be applied to one-sided limits. For instance, if the limit 
of f(x)/g(x) as x approaches c from the right produces the indeterminate form 
0/0, then 

ila) eae 4 gales) 


lon = ims 
x>ct Q(x) xc g(x) 


provided the limit exists (or is infinite). 
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Numerical and Graphical 
Approaches Use a numerical or a 
graphical approach to approximate 
each of the following limits. 


d. lim 


x0 x 


What pattern do you observe? Does an 
analytic approach have an advantage 
for these limits? If so, explain your 
reasoning. 


NOTE Try graphing y, = In x and 

y> = x in the same viewing window. 
Which function grows faster as x 
approaches co? How is this observation 
related to Example 2? 


Example ii Indeterminate Form 0/0 


e* —1 
Evaluate lim : 
x30 


Solution Because direct substitution results in the indeterminate form 0/0 


lim (e* — 1) =0 


x30 X 


lim x = O 
x0 


you can apply L’ Hopital’s Rule as follows. 


d 
2% 
== ||e = |) 
mec ie ; 
lim ——— = lim Apply L’H6pital’s Rule. 
x30 XY x30 d [ ] 
wees 
dx 
Dee 
== |han Differentiate numerator and denominator. 
x>0 | 
=2 Evaluate the limit. / 


NOTE In writing the string of equations in Example 1, you actually do not know that the f 
limit is equal to the second until you have shown that the second limit exists. In other word: 
the second limit had not existed, it would not have been permissible to apply L’H6pital’s Ri 


Another form of L’H6pital’s Rule states that if the limit of f(x)/g(x) a 
approaches oo (or — 00) produces the indeterminate form 0/0 or co/co, then 


LO = tan £00 
nail g(x) ae @(x) 


provided the limit on the right exists. 
Example 2. Indeterminate Form co/co 


SETS FSP a SP EE PSS COIR SEES RMS IPRS CANTER SOIR SL PL PS BO EI AOS I RE ESSE SS 


Line 
Evaluate lim ——. 


x00 X 


Solution Because direct substitution results in the indeterminate form 00/00, ; 
can apply L’Hopital’s Rule to obtain 


d 
——| (har xe 
a lhe se + al 
i —— Apply L’H6pital’s Rule. 
x>00 X x00 [ ] 
Smale 
dx 
7 o I 
= lim — Differentiate numerator and denominator. 
x00 X 


0. Evaluate the limit. 
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Occasionally it is necessary to apply L’H6pital’s Rule more than once to remove 
an indeterminate form, as illustrated in Example 3. 


sexerwanreoe mma annmntnomrmoancoienteeie 


Example 3 Applying L’H6pital’s Rule More than Once 


2 


Evaluate lim 


x>-c0e@ * 


Solution Because direct substitution results in the indeterminate form oo/oo, you 
can apply L’H6pital’s Rule. 


This limit yields the indeterminate form (—0o)/(— 00), so you can apply L’H6pital’s 
Rule again to obtain 


gprs 
dx 
lim = lim = lm —=0 
{~>5—co — ey x00 do on =} Bier eee —— 
Foe | 


In addition to the forms 0/0 and co/oco, there are other indeterminate forms such 
as 0 + 00, 1%, 00°, 0°, and co — oo. For example, consider the following four limits 
that lead to the indeterminate form 0 - oo. 


mnt) tae) anole) se) 


a eS = ne Wee 
Limit is 1. Limit is 2. Limit is 0. Limit 1s oo. 
Because each limit is different, it is clear that the form 0 - oo is indeterminate in the 
sense that it does not determine the value (or even the existence) of the limit. The fol- 
lowing examples indicate methods for evaluating these forms. Basically, you attempt 
to convert each of these forms to 0/0 or co /0co so that L’ H6pital’s Rule can be applied. 


Example 4 Indeterminate Form 0 - co 


Evaluate lim e~*/x. 
x—00 


Solution Because direct substitution produces the indeterminate form 0 + co, you 
should try to rewrite the limit to fit the form 0 /0 or co/oo. In this case, you can rewrite 
the limit to fit the second form. 


lim e~*./x = lim 


x 9° x00 @* 
Now, by L’H6pital’s Rule, you have 


im V/(2Vx) = lim : = 0. 
ex SCS 2./x e* iF | 
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=§) 6 


=f 
The limit of [1 + (1/x)]* as x approaches 
infinity is e. 
Figure 7.15 
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If rewriting a limit in one of the forms 0/0 or co /co does not seem to work 
the other form. For instance, in Example 4 you can write the limit as 


lining Ge) Sane 

x00 x7CO X - 
which yields the indeterminate form 0/0. As it happens, applying L’Hopital’s Ru. 
this limit produces 


Ca —— Ca 
im SS = in = 

x—00 x7 1/2 eo) — 1/(2x3/2) 
which also yields the indeterminate form 0/0. 

The indeterminate forms 1%, 00°, and 0° arise from limits of functions that | 
variable bases and variable exponents. When we previously encountered this typ 
function, we used logarithmic differentiation to find the derivative. You can u 


similar procedure when taking limits, as indicated in the next example. 


Example 5 Indeterminate Form 1 


x00 Xx 


Evaluate lim (1 =e 4y. 


Solution Because direct substitution yields the indeterminate form 1%, you 
proceed as follows. To begin, assume that the limit exists and is equal to y. 


y= lim (: + 1) 


x00 x 


Taking the natural logarithm of both sides produces 


Iny = in| lim ( + 2) 
x00 Xx 


Because the natural logarithmic function is continuous, you can write the followi 


Iny = lim E in ef ‘)| 
x00 Xx. 


SPs (me + ue) 


Indeterminate form co - 0 


Indeterminate form 0/0 


Pat, 1/x 
‘ i ek A ee ia 
= lim. (' fs ye ( en) L’Hopital’s Rule 


cee OTR PEN 


Now, because you have shown that In y = 1, you can conclude that y = e and ot 


lim (: + 1) =e, 
x00 XG 


You can use a graphing utility to confirm this result, as shown in Figure 7.15. 
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L’HOpital’s Rule can also be applied to one-sided limits, as demonstrated in 
Examples 6 and 7. 


{=> Example 6 Indeterminate Form 0° 


y = (sin x)* 


= 


e limit of (sin x)* is 1 as x approaches 0 
m the right. 
sure 7.16 


Evaluate lim (sin x)*. 
x>0* 


Solution Because direct substitution produces the indeterminate form 0’, you can 
proceed as follows. To begin, assume that the limit exists and is equal to y. 


a) 


Iny = 


lim (sin x)* Indeterminate form 0° 
x30 
Inf lim (sin x} Take natural log of both sides. 
x—0F 
lim [In(sin x}*] Continuity 
x30 
lim [x In(sin x)| Indeterminate form 0 - (—co) 
x30 
__ In(sin x) 
ii == Indeterminate form —co/co 
ee Nas 
hi se L’H6pital’s Rul 
LE ee aes /H6pital’s Rule 
yO Wx P 
D) 
A nae : 
lim Indeterminate form 0/0 
x>0* tan x 
Sem 2 Mt 
lim aU L’H6pital’s Rule 
x30* sec?x 


Now, because In y = 0, you can conclude that y = e® = 1, and it follows that 


lim (Sin) ot 
x30 


» TECHNOLOGY When evaluating complicated limits such as the one in Example 6, 
_ it is helpful to check the reasonableness of the solution with a computer or with a 
_ graphing utility. For instance, the calculations in the following table and the graph 
in Figure 7.16 are consistent with the conclusion that (sin x)* approaches | as x 
approaches 0 from the right. 


TE 


1.0 | 0.1 0.01 | 0.001 | 0.0001 | 0.00001 | 


1 (sinx)’ | 0.8415 | 0.7942 | 0.9550 | 0.9931 | 0.9991 | 0.9999 | 


and 


Try using a computer or graphing utility to estimate the following limits. 


lim (1 — cos x)* 


lim (tan x)* 
x0t 


_ Then see if you can verify your estimates analytically. 
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STUDY TIP In each of the examples 
presented in this section, L’H6pital’s 
Rule is used to find a limit that exists. It 
can also be used to conclude that a limit 
is infinite. For instance, try using 
L’H6pital’s Rule to show that 


serene tS CLIN EIN ELT ALLE LE LOE 


Example 7 Indeterminate Form oo — co 


1 il 
Evaluate lim (~ = ) 
veo \linge — 5¢ = Il 


Solution Because direct substitution. yields the indeterminate form co — ©6, | 
should try to rewrite the expression to produce a form to which you can ap 
L’H6pital’s Rule. In this case, you can combine the two fractions to obtain 


' (2 1 i Fee | 
ee ee NT eee | 
said\ nx | aoe ae (~ — 1)Inx 
Now, because direct substitution produces the indeterminate form 0/0, you can ap 
L’H6pital’s Rule to obtain 


: 1 1 - OB: 

ig Wd 

x= DRG 29 x2 etx = 1) Inx] 
dx 


Robe Lesh) 
Sat fe anor =| 


; ( pa 
SU | ee ee ts 
eT ee I, 
This limit also yields the indeterminate form 0/0, so you can apply L’H6pital’s R 
again to obtain 


fal tle a 
ce AW Te eee aw ie ol xoi*| 1 +x /x) FP inx 


We have identified the forms 0/0, 00/00, co — co, 0 + co, 0°, 1%, and oof 
indeterminate. There are similar forms that you should recognize as “determinate 


co + co +> CO Limit is positive infinity. 

ACA > Cor See Limit is negative infinity. 
07 > 0 Limit is zero. 

0-2 > co Limit is positive infinity. 


(You are asked to verify two of these in Exercises 95 and 96.) 

As a final comment, we remind you that L’H6pital’s Rule can be applied onl 
quotients leading to the indeterminate forms 0/0 and co/oo. For instance, the foll 
ing application of L’H6pital’s Rule is incorrect. 


ee er te 
lim — =lim — = 1 Incorrect use of L’Hopital’s Rule 
SS oe NO II 


\eaien sheet y 


The reason this application is incorrect is that, even though the limit of the den 
inator is 0, the limit of the numerator is 1, which means that the hypothese: 
L’HO6pital’s Rule have not been satisfied. 
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XERCISES FOR SECTION 7.7 


merical and Graphical Analysis In Exercises 1-4, complete 
table and use the result to estimate the limit. Use a graphing 
ity to graph the function to support your result. 


sin 5x 
m=. 
x—>0 Sin 2x 


x =) OOM 0.0014) 0.001 | 0.01 | 0.1 
fe) Ba 
ee 


‘lim 
x0 x 


—0.001 


x | -0.1 | -0.01 0.001 | 0.01 | 0.1 
eS ee 


lim x° e73/100 
x90 


iG 1 10 10? 10° 104 10° 
fle) iS 


6x 


in —————— 
B00. /3x? — 2x 


x 1 10 | 107 103 
Fe) i | 


Exercises 5-10, evaluate the limit (a) using techniques from 
apters 1 and 3 and (b) using L’H6pital’s Rule. 


eee — 3) _ BE B= 
US x2 — 9 ts ae x+1 
/ ext : sin 4x 
_ jen 8. lim —— 
x33 3e— 8) 30) 2K 
5x2 — 3x + 1 2x +1 


ee te 


Exercises 11-36, evaluate the limit, using L’H6pital’s Rule if 
essary. (In Exercise 17, n is a positive integer.) 


a 1 2 Hal 7S ie 
(ae ee yl 
Veen Vd 
ee * (48 Gna 
x30 a ea, 
oO fice Lecter 
ee) 16. lim res) 
x30 axe x0t x 
pagel ] 2 
pe) 18. lim —— 
x30F x FS XO 1 
lim pms 20. lim — = 
x30 sin 3x x0 sin bx 


21. 


23. 


25. 


27. 


arcsin x 
x30 Xx 


al 


29. lim 


Sie 


53. 


35. 


22. 


24. 


26. 


28. 


30. 


32. 


34. 


36. 


fam 2tctan ss = (2/4) 
x1 sie 


bh le a ce oe 
x300 x7 + 2x + 3 


In Exercises 37-54, (a) describe the type of indeterminate form 
(if any) that is obtained by direct substitution. (b) Evaluate the 
limit, using L’H6pital’s Rule if necessary. (c) Use a graphing 
utility to graph the function and verify the result in part (b). 
(For a geometric approach to Exercise 37, see the article “A 
Geometric Proof of jm. (—d Ind) = 0” by John H. Mathews in 


The College Mathematics Journal. To view this article, go to the 


website www.matharticles.com.) 


Sie 


39) 


Do: 


. tin (in) 


lim (—x In x) 
x30* 


( ) 
lim | x sin — 
x00 XG 


. lim x! 


x0" 


. lim x!/* 


x99 


. lim (1 + x)!* 


x 0t 


. lim [3(x)/7] 


x07 


x 1+ 


i ( 8 3 
peur Ce eee 


es 
io linteae = 5a = Ih 


38. 


40. 


42. 


44. 


46. 
48. 


lim x? cot x 


x30* 

j 1 
lim x tan — 
x00 x 


lim (e* + x)?/* 
x30* 


Le 
lim (1 sta 1) 
x00 xX 


lim sx) 


x00 


lim [3(« — 4) }~4 


50. lim leos( = x) 
x30* » 
: 1 // 3 ==) WI 
52. tin (3 —-4  x?-4 
54. lim (2 = 5) 
x307\ X 5 a 


In Exercises 55 —58, use a graphing utility to (a) graph the func- 
tion and (b) find the required limit (if it exists). 


5s 


Sie 


58. 


Fi pr it ciel 
es (oe 5) 


lim (/x? + 5x + 2 — x) 


x00 


56. 


lim (sin x)* 
x0 


538 CHAPTER 7 
Getting at the Concept —__ 


59. List six different indeterminate forms. 
60. State LHopital’s Rule. 


(Note: There are many correct answers.) 


F(x) ee ies) etal We) 
a we = ] Se 
©) ii g(x) 1) im 2(x) a es g(x) 
62. Find differentiable functions f and g such that 
lim alm g(x) = 00 
lim [fG:) — g@)] = 25. 


(Note: There are many correct answers.) 
Comparing Functions 


fx) =x", g(x) =e", and h(x) = (nx) 


where n > 0,m > 0, and x > oo. 


D 3 
63. lim 64. lim > 
x> 00 @ x—>CO EC 

ime iene 

osttim e seh ae 
x00 x x00 x? 
67. lim aed 68. lim ~— 
x00 a x3 00 e” 


61. Find the differentiable functions f and g that satisfy the spec- 
ified condition such that lim f(x) = 0 and lim g(x) = 0. 
x><s x= 


In Exercises 63-68, use L’H6pital’s 
Rule to determine the comparative rates of increase of the 
functions 


69. Numerical Approach Complete the table to show that x even- 


tually “overpowers” (In x)*. 


G 10 | 10° 104 10° | 108 


10!9 | 


x 


(In x)4 | | 


70. Numerical Approach 
eventually “overpowers” x°. 


Complete the table to show that e* 


| 5-1) 40 20 | 30 40 | 50 


100 | 


& 
xe 


been found in preceding exercises.) 


Tho =n, TL. =e tie 0) 


In x 


Teh WS De 74. y = — 
a 


fad In Exercises 71-74, find any asymptotes and relative extrema 
that may exist and use a graphing utility to graph the function. 
(Hint: Some of the limits required in finding asymptotes have 


Think About It 
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In Exercises 75-78, L’H6pital’s Rule is 1 


incorrectly. Describe the error. 


TES 
76. 


77. 


78. 


PS 79. 


80. 


81. 


82. 


Des 2x 
prac ee papi Romper. LX 
x0 ve BE x0 
Fee en tea TOS TN pre 
x30 25 x0 1 
1 
ini eiceoee ern. 
x00 x700 Wes 
i [—sin(1/x)](1/x?) 

= fect = Ws 

= (i) 
fn i 
x900 | + e% paeee) == (ie x00 


Analytical Approach Consider lim 


i 

x00 \/x2 + 1 

(a) Find the limit analytically without trying to use L- Hopi 
Rule. 

(b) Show that L’Hopital’s Rule fails. 

(c) Use a graphing utility to graph the function and appr 
mate the limit from the graph. Compare the result with 
in part (a). 

Compound Interest The formula for the amount A 1 


savings account compounded n times per year for ¢ years a 
interest rate r and an initial deposit of P is 


r nt 
A= Pil tee | 

n 
Use L’H6pital’s Rule to show that the limiting formula as 
number of compoundings per year becomes infinite is 


A = Pe". 


Velocity in a Resisting Medium The velocity of an ot 
falling through a resisting medium such as air or water is 


vake © 
oy 


where Vo is the initial velocity, ¢ is the time in seconds, and 
the resistance constant of the medium. Use L’H6pital’s Ru 
find the formula for the velocity of a falling body in a vac 
by fixing vy and f and letting k approach zero. (Assume tha 
downward direction is positive.) 


op be: 
ar 


v ( = Care 


The Gamma Function The Gamma Function I'(n) is def 
in terms of the integral of the function 


f(x) = 52e— Ig-x 


n> 0. 


Show that for any fixed value of n, the limit of f(x) 
approaches infinity is zero. 


Area Find the limit, as x approaches 0, of the ratio of the area 
of the triangle to the total shaded area in the figure. 


y 
h f(x) =1-cos x 


(x, 1 — cos x) 


NIA 


Use a graphing utility to graph 


xk — ] 


f(x) = 


for k = 1, 0.1, and 0.01. Then evaluate the limit 


xk—] 


lim 
sO. OK 


ixercises 85-88, apply the Extended Mean Value Theorem to 
functions f and g on the indicated interval. Find all values c 
he interval (a, b) such that 


) _ f&) —f@) 
) —g(b) — g(a)” 
Functions Interval 
pay = x [0, 1] 
g(x) =x? + 1 

1 
poy [1, 2] 
Bix) = x? — 4 
f(x) = sinx fo z| 
g(x) = cos x 
f(x) = Inx [154] 
gx) = x? 


e or False? In Exercises 89-92, determine whether the 
ement is true or false. If it is false, explain why or give an 
mple that shows it is false. 


= J p |= | 
———— | = lim 
X x30 1 


Pe ye= e*/x?, then y’ = e*/2x. 
If p(x) is a polynomial, then lim. [p@)/e*l= 0: 
F(x) 


= 1 


Tf lim 


= 1, then lim [ f(x) — g(x)] = 0. 
x00 g(x) KOO. 
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93. 


94. 


D5: 


96. 


Oi. 


98. 
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Indeterminate Forms and L’ H6pital’s Rule 


In Chapter 1 we used a geometric argument (see figure) to 
prove that 


(a) Express the area of the triangle AABD in terms of 6. 
(b) Express the area of the shaded region in terms of 6. 


(c) Express the ratio R of the area of AABD to that of the 
shaded region. 


(d) Find lim R. 
650 


y 


a X 


0 D 
1 


Sketch the graph of 


et/x*, 
g(x) = (5 


x #0 
x=0 


and determine g (0). 
Prove that if f(x) = 0, lim f(x) = 0, and lim g(x) 
ia xa 


oo, then 


lim f(x)s™ = 0. 


Prove that if f(x) = 0, lim f(x) = 0, and lim g(x) = —o0, then 
lim f(x)8™ = oo. 


Prove the following generalization of the Mean Value Theorem. 
If f is twice differentiable on the closed interval [a, b], then 


b 
Toy flay= fla)(b — a) = | f(t — b) dt. 


Show that the indeterminate form 0° is not always equal to | by 
evaluating 


lim xin 2/(1+In x). 


x—0* 
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 Section7.8 


| i Dh wah 48} 4 


b> 


The unbounded region has an area of 1. 
Figure 7.17 


_ Improper Integrals | 


¢ Evaluate an improper integral that has an infinite limit of integration. 
¢ Evaluate an improper integral that has an infinite discontinuity. 


Improper Integrals with Infinite Limits of Integration 


The definition of a definite integral 


i) eye 


requires that the interval [a, b| be finite. Furthermore, the Fundamental Theorem 
Calculus, by which you have been evaluating definite integrals, requires that f— 
continuous on [a, b]. In this section you will study a procedure for evaluating integré 
that do not satisfy these requirements—usually because either one or both of the lim 
of integration are infinite, or f has a finite number of infinite discontinuities in t 
interval [a, b]. Integrals that possess either property are improper integrals. Note th 
a function f is said to have an infinite discontinuity at c if, from the right or left, 


lim f(x) =co or lim f(x) = —co: 

X= >¢ XE 

To get an idea of how to evaluate an improper integral, consider the integral 
” dx aI I I 


= -——-+ = <3 
: b 1=1 b 


which can be interpreted as the area of the shaded region shown in Figure 7.17. Taki 
the limit as b > co produces 


“4 = im (['S) = (.-+)= 
HED PONS pte \) 1x2 Tee bie 


This improper integral can be interpreted as the area of the unbounded region betwe 
the graph of f(x) = 1/x? and the x-axis (to the right of x = 1). 


Definition of Improper Integrals with Infinite Integration Limits 


1. If f is continuous on the interval [a, oo), then 


fore) b 
| f(x) dx = lim, | f(x) de. 


2. If f is continuous on the interval (—oo, b], then 


if f(x) dx = sim, | f(x) dx. 


3. If f is continuous on the interval (— oo, 00), then 


[ fix) dx = [ f(x) dx + [0 dx 


where c is any real number. 


In the first two cases, the improper integral converges if the limit exists— 
otherwise, the improper integral diverges. In the third case, the improper integral 
on the left diverges if either of the improper integrals on the right diverges. 


SECTION 7.8 Improper Integrals 541 
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Example 1 An Improper Integral That Diverges 


Evaluate | on 
i eG 


Solution 
Diverges 
(infinite area) on is Pe 
— = lim = Take limit as b > oo. 
ek boo J, Xx 
b 
= lim | Inx Apply Log Rule. 
lim | | pply Log Kule 
= jim (In B= 0) Apply Fundamental Theorem of Calculus. 
00 
= 1c Evaluate limit. Al 
s unbounded region has an infinite area. NOTE Try comparing the regions shown in Figures 7.17 and 7.18. They look similar, yet the 
ure 7.18 region in Figure 7.17 has a finite area of 1 and the region in Figure 7.18 has an infinite area. 


Example 2 Improper Integrals That Converge 


Evaluate each of the improper integrals. 


co co 1 
2 vee kK === = ah 
a [ Cu as b | ay 
Solution 
fore) *b co 1 b 1 
a. i (2 ax = lim | 2 alee b. I ee lim | eal 
b b 
Sakina |-<"| = lim | arctan x| 
b->00 0 bow 0 
= Jim (—e-? + 1) = Jim arctan b 
=| _@ 
2) 
(See Figure 7.19.) (See Figure 7.20.) 


The area of the unbounded region is 1. The area of the unbounded region is 77/ 2. 
Figure 7.19 Figure 7.20 VA 
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—0.03 -- 


—0.06 —- 


—0.09 —- 


=Ohib2 


(9) 115) te 


The area of the unbounded region is 


(lye 


Figure 7.21 
Dy 
A 
2 ie" 
Sy + a + > x 


A 


~~) 


The area of the unbounded region is 77/2. 


Figure 7.22 
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In the following example, note how L’Hopital’s Rule can be used to evaluate 
improper integral. 


Example 7 Using TL Hopital’ s Rule with an Improper Integral 


Evaluate | (i nies an 
1 


Solution Use integration by parts, with dv = e~* dx and u = (1 — x). 


fo — we wads 


Now, apply the definition of an improper integral. 


co b 
b 1 
| (1 — axle * dx = jim jxe*| = (im 5) <—— 
i 00 1 b> e@ e 


Finally, using L’H6pital’s Rule on the right-hand limit produces 


es (le) fe dx 
= ae SP ee ap (a AE 
=e aS 


from which you can conclude that 
“i 2% | 
| CS at oe 
: e 


(See Figure 7.21.) 


Example 4 Infinite Upper and Lower Limits of Integration 


co ex 
Evaluate (ae 
1 + e?* 


ee) 


Solution Note that the integrand is continuous on (— oo, co). To evaluate the it 
gral, you can break it into two parts, choosing c = 0 as a convenient value. 


ee) e* 0 ex co ex 
aa he be ae ——— dx 
ie 1+ ibs ines | ive 


0 
= lim | arctan e + lim arctan e| 
bow 


b>-90 b 


b 
10) 


' 7 
== slim (Z — arctan e) + lim (arctan eo — 2) 


b>-co bow 4 
TT T TT 
=— — + ae 
4 geen eh 
peat 
P: 


(See Figure 7.22.) 


work required to move a space module 
inlimited distance away from earth is 
roximately 6.336 x 10!' foot-pounds. 
ure 7.23 
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Example es Sending a Space Module into Orbit 


In Example 3 of Section 6.5, you found that it would require 10,000 mile-tons of work 
to propel a 15-ton space module to a height of 800 miles above earth. How much work 
is required to propel the module an unlimited distance away from earth’s surface? 


Solution At first you might think that an infinite amount of work would be required. 
But if this were the case, it would be impossible to send rockets into outer space. 
Because this has been done, the work required must be finite. You can determine the 
work in the following manner. Using the integral of Example 3, Section 6.5, replace 
the upper bound of 4800 miles by oo and write 


We [ 240,000,000 


2 


4000 x 

240.000.0007 
= in | = 

b200 x 4000 
a (_240.0000000 240.000 000) 
Sicer b 4000 


60,000 mile-tons 
= 6.336 x 10!! foot-pounds. 
(See Figure 7.23.) | 


Improper Integrals with Infinite Discontinuities 


The second basic type of improper integral is one that has an infinite discontinuity at 
or between the limits of integration. 


Definition of Improper Integrals with Infinite Discontinuities 


1. If f is continuous on the interval [a, b) and has an infinite discontinuity at b, 
then 


. If f is continuous on the interval (a, b] and has an infinite discontinuity at a, 
then 


b b 
| f(x) dx = jim | f(x) dx. 


3. If f is continuous on the interval [a, b], except for some c in (a, b) at which f 
has an infinite discontinuity, then 


b Cc b 
| f(x) dx = [ Fe) da | f(x) dx. 


In the first two cases, the improper integral converges if the limit exists— 
otherwise, the improper integral diverges. In the third case, the improper integral 
on the left diverges if either of the improper integrals on the right diverges. 
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(ue, 1) 


The area of the unbounded region is 3/2. 
Figure 7.24 


il 


2 
The improper integral | 1/x? dx diverges. 


Figure 7.25 
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Example 6 An Improper Integral with an Infinite Discontinuity 


rl 
dx 
Evaluate [ Oe 


Solution The integrand has an infinite discontinuity at x = 0, as shown in Figu 
7.24. You can evaluate this integral as follows. 


1 : 2/3 
= 13 H 
i ras tent Eat 


° as = PLY 
jim 50 ed) 


Example vf An Improper Integral That Diverges 
2 

Evaluate [ ba 
o * 


Solution Because the integrand has an infinite discontinuity at x = 0, you can wr 
the following. 


* dx : (cule : 1 1 
Sa — —— aa — = 
mer py al at. ( 8 a i 


So, you can conclude that the improper integral diverges. 


Example 8 


“An improper Integral with an Interior Discontinuity 


Evaluate | cas 
Les 


Solution This integral is improper because the integrand has an infinite discontinui 
at the interior point x = 0, as shown in Figure 7.25. So, you can write the following. 


‘de _ [ae | [de 
1% ae 0 x 
From Example 7 you know that the second integral diverges. Therefore, the origir 


improper integral also diverges. la 


NOTE Remember to check for infinite discontinuities at interior points as well as endpoi 
when determining whether an integral is improper. For instance, if you had not recognized tl 
the integral in Example 8 was improper, you would have obtained the incorrect result 


Incorrect evaluation 


QIN 
Vx(x + 1) 


e area of the unbounded region is zr. 
gure 7.26 


\. 


Ss ia 


See a 
—1 


e circumference of the circle is 277. 
pure 7.27 
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The integral in the next example is improper for two reasons. One limit of inte- 
gration is infinite, and the integrand has an infinite discontinuity at the outer limit of 
integration, as shown in Figure 7.26. 


Example 9 a Doubly- Improper Integral 


Evaluate fe eee 
o Valet) 


Solution To evaluate this integral, split it at a convenient point (say, x = 1) and write 


if ean aoe cen “Ferd 
lim, E arctan \/x | + lim E arctan val 


feat) (4) 


I 
i) 
cae 

ca) 


Example 1 0 ‘An Application Involving Arc Length — 


Use the formula for arc length to show that the circumference of the circle x7 + y* = 1 
SOAs 


Solution To simplify the work, consider the quarter circle given by y = V1 — veo 
where 0 < x < 1. The function y is differentiable for any x in this interval except 
x = 1. Therefore, the arc length of the quarter circle is given by the improper integral 


s= [FOR a 
= [ Vi + (ee) 


s dx 
Ou (f= x2 
This integral is improper because it has an infinite discontinuity atx = 1. So, you can 
write 


Age [ dx 
OucN, a x 
b 
lim arcsin x| 


b> 1 0 
7 
= 0 
y 
ee. 
7° 
Finally, multiplying by 4, you can conclude that the circumference of the circle is 
4s = 27, as shown in Figure 7.27. V4 
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FOR FURTHER INFORMATION ‘To 
further investigate solids that have finite 
volumes and infinite surface areas, see 
the article “Supersolids: Solids Having 
Finite Volume and Infinite Surfaces” 

by William P. Love in Mathematics 
Teacher. To view this article, go to the 
website www.matharticles.com. 


FOR FURTHER INFORMATION To learn 
about another function that has a finite 
volume and an infinite surface area, see 
the article “Gabriel’s Wedding Cake” by 
Julian F. Fleron in The College 
Mathematics Journal. To view this article, 
go to the website www.matharticles.com. 
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We conclude this section with a useful theorem describing the convergence 
divergence of a common type of improper integral. The proof of this theorem is | 
as an exercise (see Exercise 43). 


THEOREM 7.5 A Special Type of Improper Integral 


a | 
dx 9 
[ xe 


diverges, 


itn 


ip sl 


Example 11 An Application Involving A Solid of Revolution 


The solid formed by revolving (about the x-axis) the unbounded region lying betwe 
the graph of f(x) = 1/x and the x-axis (x = 1) is called Gabriel’s Horn. (See Fig) 
7.28.) Show that this solid has a finite volume and an infinite surface area. 


Solution Using the disk method and Theorem 7.5, you can determine the volu 
to be 


raf 
= (555) 


= “Fike 


Theorem 7.5, p = 2 > | 


The surface area is given by 


S = 27 ~ f)/1 wiAeiat = an| 1+ 


dx. 


iS 


Because 


/ 1 
lite ae 


on the interval [1, co), and the improper integral 


| ae 
E88 


diverges, you can conclude that the improper integral 


aay 3 1 
| = | ri dx 


also diverges. (See Exercise 46.) So, the surface area is infinite. 


foy=t, x21 


Gabriel’s Horn has a finite volume and an infinite surface area. 
Figure 7.28 
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XERCISES FOR SECTION 7.8 
Exercises 1-6, explain why the integral is improper and 


ermine whether it diverges or converges. Evaluate the 
egral if it converges. 


- oti ty 
AX, Dre Ss 
j <boti | @— 32 


y y 


4 
2) 
2 
1-+- 
t bay +> x 
1 2 3 4 
2 
x 1 
dx 
0 ei L)* 
y 
A 
i) 
1 
2+ fe? 
{ 
1 
1 I 
1 
! 
: 9) 
2 
oy 
FX abe 
0 
y 
A 
1 
Be a »X PX 
1 


iting In Exercises 7 and 8, explain why the evaluation of the 
-oral is incorrect. Use the integration capabilities of a graph- 

utility to attempt to evaluate the integral. Determine 
ether the utility gives the correct answer. 


1 
f Sac -2 x 
AS 
[ e*dx=0 x 
0 


In Exercises 9-26, determine whether the improper integral 
diverges or converges. Evaluate the integral if it converges. 


9, { ie 
ih ae 
i dx 
kK Mi ee 
0 

| 
15. [ eee abe 
0 

7. | e “cos x dx 18. 
0 
2! 

19. == AX 
2 i x(In x)? on 
af 2 
ts, Alte x? ee 


235 [ ee ae 
pce. cee 


co 
| cos mx dx 
0 


11 


Wo abs 


21. 


25. 


Py In Exercises 27—42, determine whether the improper integral 
diverges or converges. Evaluate the integral if it converges, 
and check your results with the results obtained by using the 
integration capabilities of a graphing utility. 


| 4 
ifs a dx 28. [ 8 dx 
o* o.* 
29 ste lbeate l 30 [ 3 1x 
A dx ' a 
5 vez On Onnins 


32. 


rl 
‘ [ x In x dx 
0 

ar/2 
| tan 0dé0 
0 

4 

Nap Se ee te 

4. 
| 
S73 Os 
| wf a A 


Suh 


33. 34. 


Se 32 
iS) 
Dn 
a) 
Q 
D> 
‘ste 
sS 


35. dx 36. 


b]} dO 
= b 
=) 


38. 


AE 
————— CL 
| ¥e—1- 


41 lis : Ix 
Fy ue en a: 
0 A i a 6) 


In Exercises 43 and 44, determine all values of p for which the 
improper integral converges. 


= 
43. i a dx 44. — a 
) x? : 
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45. Use mathematical induction to verify that the following integral 
converges for any positive integer n. 


foe} 
| ccm COG 
0 


46. Given continuous functions f and g such that 0 < f(x) < g(x) 
on the interval [a, co), prove the following. 


(a) If [2° g(x) dx converges, then J7° f(x) dx converges. 
(b) If f° f(x) dx diverges, then [7° g(x) dx diverges. 


In Exercises 47—56, use the results of Exercises 43—46 to deter- 
mine whether the improper integral converges or diverges. 


1 1 1 1 
47 be dx i x x 
49. [ as dx 50. | YUE = abe 
1 0 
51 i d. 52 - ! dx 
1 2 + 5 : 2 £6 = 1 
53 i : d. 54 i. ! dx 
j x 
a» 2x — 1) 1 Vx(x + 1) 
co co il 
55 eal 56. dx 
[ : i | Vx In x 


‘Getting at the 


. List the different types of improper integrals. 


. Define the terms converges and diverges when working | 
with improper integrals. 


tae 
. Explain why jhe pe # 0. 


- Give examples of an improper integral with infinite limits | 
that (a) converges and (b) diverges. | 


a 


Laplace Transforms Let f(t) be a function defined for all posi- 
tive values of t. The Laplace Transform of f(¢) is defined by 


F(s) = [vero dt 


if the improper integral exists. Laplace Transforms are used to 
solve differential equations. In Exercises 61-68, find the 
Laplace Transform of the function. 

61. f(t) = 1 62. f(t) =t 
63. f(t) = 0? 64. f(t) = e@ 
65. f(t) = cos at 66. f(t) = sin at 
67. f(t) = cosh at 68. f(t) = sinh at 


t 
b 
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Area and Volume In Exercises 69 and 70, consider the reg 
satisfying the inequalities. (a) Find the area of the region. 
Find the volume of the solid generated by revolving the reg 
about the x-axis. (c) Find the volume of the solid generated 
revolving the region about the y-axis. 


69. y Se, ye 0, x 20 70. y s 1/x?, y 2 Oj ees 


71. Arc Length Sketch the graph of the hypocycloid of f 
cusps 


x 2/3 aie y2/3 =4 


and find its perimeter. 


72. Surface Area The region bounded by 
G—2)aaty? =1 
is revolved about the y-axis to form a torus. Find the surf 


area of the torus. 


73. The Gamma Function The Gamma Function I’(n) is deft 
by 


I(n) =| TOME 0b iiss (Y), 


0 
(a) Find P'(1), (2), and T'(3). 
(b) Use integration by parts to show that [(n + 1) = nI'(n 


(c) Express I'(n) in terms of factorial notation where n i 
positive integer. 


74. Work A 5-ton rocket is fired from the surface of earth i 
outer space. 


(a) How much work is required to overcome earth’s grav 
tional force? 


(b) How far has the rocket traveled when half the total w 
has occurred? 


Probability A nonnegative function f is called a probabi 
density function if 


ia f@ dt = 1. 

The probability that x lies between a and b is given by 
JAVOES ae SID) SS [ ro dt. 

The expected value of x is given by 

/AGe)) = [ i tf (t) dt. 

In Exercises 75 and 76, (a) show that the nonnegative funct 


is a probability density function, (b) find P(0 < x < 4), : 
(c) find E(x). 


ii 2 =D) 
Cate eat) £5—2t/5 
75. f(t) = ( oe 76. f(t) = Fk : 
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pitalized Cost In Exercises 77 and 78, find the capitalized (c) Use the graphs to approximate the integral as n 4 00. 
st C of an asset (a) for n = 5 years, (b) for n = 10 years, and 


d) U ter algeb i 
forever. The capitalized cost is given by (d) Use a computer algebra system to evaluate the integral for 


the values of n in part (b). Make a conjecture about the 


C (e~" d value of the integral for any positive integer n. Compare the 
~h : NIE : results with your answer in part (c). 
x2n 1 
ere C, is the original investment, ¢ is the time in years, r is the $3. Let I, a ye ROL ora ile 
nual interest rate compounded continuously, and c(¢) is the Ce 
nual cost of maintenance. Prove herr e (2 , “ 
n 
Cy = $650,000 78. Cy = $650,000 : 
and then evaluate each of the following. 
c(t) = $25,000 c(t) = $25,000(1 + 0.087) = 
r = 0.06 r = 0.06 (a) [ Day 
, Electromagnetic Theory Find the value of the following inte- (b) [oe a eth 
gral used in electromagnetic theory. 
2 o | aire 
A eae” cea 
: 3 tl. 84. Normal Probability The mean height of American men 
. Writing between 18 and 24 years old is 70 inches, and the standard 


deviation is 3 inches. If an 18- to 24-year-old man is chosen at 
random from the population, the probability that he is 6 feet tall 


ie us se and i a fix or taller is 
1 * 1 * 


POR <x < cx) = | 


(a) The improper integrals 


ss ag 


er (x=70)?/18 dx. 


diverge and converge, respectively. Describe the essential 
differences between the integrands that cause one integral 
to converge and the other to diverge. 


2 3h) 27 


(Source: National Center for Health Statistics) 


(a) Use a graphing utility to graph the integrand. Use the 
graphing utility to convince yourself that the area between 
the x-axis and the integrand is 1. 


(b) Sketch a graph of the function y = sin x/x over the interval 
(1, co). Use your knowledge of the definite integral to 


make an inference as to whether or not the integral 
(b) Use a graphing utility to approximate P(72 < x < oo). 


Teint 
[ — & (c) Approximate 0.5 —P(70 < x < 72) using a graphing 
; utility. Use the graph in part (a) to explain why this result is 
converges. Give reasons for your answer. the same as the answer in part (b). 


(c) Use one iteration of integration by parts on the integral in 
part (b) to determine its divergence or convergence. True or False? In Exercises 85-88, determine whether the 


statement is true or false. If it is false, explain why or give an 


, Thi It Consider the integral 
Beat pe eae example that shows it is false. 


3 
10 
[ See, dx. 85. If f is continuous on [0, oo) and lim f(x) = 0, then J5° f(x) dx 
f converges. ri 
To determine the convergence or divergence of the integral, 86. If f is continuous on [0,00) and {°° f(x) dx diverges, then 
how many improper integrals must be analyzed? What must be lim f(x) #0 
; eee 1 9 eee 
true of each of os creer if the given integral converges BT if fare conuamoudy oun (Gnas eml a FU) =O then 
_ Exploration Consider the integral J f’(«) dx = —f(0). x00 
ae 4 ae 88. If the graph of f is symmetric with respect to the origin or the 
Q 1 +i(tanx)” y-axis, then 5° f(x) dx converges if and only if J%. f(x) dx 
converges. 


where n is a positive integer. 

(a) Is the integral improper? Explain. 

(b) Use a graphing utility to graph the integrand for n = 2, 4, 
8, and 12. 
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REVIEW EXERCISES FOR CHAPTER 7 


In Exercises 1-8, use the basic integration rules to 
evaluate the integral. 


1. [ve —ldx 2. eee dx 


x Xx 
; i A OG 
2 |eae | 4 


5. [aera 6. [av Dye —= Babs 
x 
16 xt + 2x27 +x4+1 
| bs 8. = dx 
| Sieo x: | (@? + 1) 


In Exercises 9-16, use integration by parts to evaluate 
the integral. 


9. fe sin 3x dx 10. [o = eax 
11. [es dx 12. [cian De abe 
13: | x? sin 2x dx 14. il Ty = 1k 
15. [. arcsin 2x dx 16. | e* arctan e* dx 


In Exercises 17-22, evaluate the trigonometric integral. 


17. [ cose — 1) dx 18. | se Ba 
19. | sec* ; dx 20. | tan 0 sect 0dé@ 
] 
Bl, || ———= db 22. | cos 2@(sin 6 + cos 0)? dé 
iL = sin @ 


In Exercises 23-28, use trigonometric substitution to 
evaluate the integral. 


= 12) age 
23 | ————— 24. [+e 
x 


ae > 3} 


x? 
SA etal col el peer orig 
[Re 26. | i abe abs 
27. Raa: 28. iF Sa 


Ht 2 COS". ae 


In Exercises 29 and 30, evaluate the integral using the indicated 
methods. 


ie 
oe 0 
V4 + x? 
(a) Trigonometric substitution 


(b) Substitution: u? = 4 + x? 
(c) Integration by parts: dy = (x//4 + x?) dx 


30. [wa eet CLG 


(a) Trigonometric substitution 

(b) Substitution: u* = 4 + x 

(c) Substitution: u = 4 + x 

(d) Integration by parts: dv = J4 4+ x dx 


In Exercises 31-36, use partial fractions to evaluate t 
integral. 


i 2x3 — 5x2 + 4x —4 
31. eoeeone 32. i Ca ob 
et oO AEG 
Rox 5 et 
é ; 4) ee 
ae Se a [sae 
x sec? 6 
eA sere es : d 
= | +x 15 os x le A(tan 6 — 1) ‘ 


In Exercises 37—44, use integration tables to evaluz 
the integral. 


x x 
a | Ora” aa | von 

x a5 
Z iF + sin x? Cs e F + er es 
41. | =———— ax 42.5] oe eet 

isan je se ee in) eS 
43. lank dx 44. | a Se 
sin 7X COS 7X 1 + tan 7x 


45. Verify the reduction formula 
| (In x)" dx = x(In x)" — n| (nox ax. 


46. Verify the reduction formula 


l 
[ com abe = ee tan”! x — [cams dx. 


In Exercises 47-54, evaluate the integral using any method. 


47. | sin Ocos 6dé 48. ENC, 
iy 


~ 
1/4 
49. | “ne 50. [i + Jedx 


3 
51, | VP cos as 52. | see 


(oPaates ide - 


53. [ cos x In(sin x) dx 54. i (sin 8 + cos 0)? d@ 


Exercises 55-58, solve the differential equation using any 
thod. 


fy i9 ayn) 4 
cos doy) es Se 


ae es dx my, 
py = In(x? + x) 58..y’ = ~/1 — cos 0 


Exercises 59-64, evaluate the definite integral using any 
thod. Use a graphing utility to verify your result. 


S53 1 Z 
x(x2 — 4)3/2 dx 4 —_—___—_ gx 
| x(x ) x 60 [ (i) Gs) dx 


ra Inx 
| ihe 62. [ xe* dx 
1 x 0 


7 B: 
x 
x sin x dx 64. [ i 
j Oey Waist 


2a_~—«sAn Exercises 65 and 66, find the area of the region bound- 
by the graphs of the equations. 


=X AX, 


in 
eb 05 7— 2” 


y= 0 
y=0,x =0,x =4 


Exercises 67 and 68, find the centroid of the region bounded 
the graphs of the equations. 


ae = /1 —x*, y=0 


Mt bye ay = Ia(x-— 4)? + y? = 4 


> Length In Exercises 69 and 70, approximate to two deci- 
I places the arc length of the curve over the given interval. 


Function Interval 
y = sin x [0, 77] 
y = sin? x [0, 7] 


In Exercises 71-78, use L’H6pital’s Rule to evaluate 
limit. 


lim ane 72. lim ae ue 
Sac cil x0 sin 27x 
tae 74. lim xe-* 
X99" X~ x00 
lim (In x)?/* 76. lim (x — 1) 
x= x—1* 

a ‘ 2 D} 
lim 1000| 1 + oe 78. lim (= Teena 
noo n role Nilnise — &¢ = 1 


8 | In Exercises 79-82, determine whether the improper 
egral converges or diverges. Evaluate the integral if it con- 


2eS. 
16 
1 
SS S0ks 
(ee 


| x? In x dx 
1 


83. 


84. 


AR ss. 


86. 
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Present Value The board of directors of a corporation is cal- 
culating the price to pay for a business that is forecast to yield 
a continuous flow of profit of $500,000 per year. If money will 
earn a nominal rate of 5% per year compounded continuously, 
what is the present value of the business 


(a) for 20 years? 
(b) forever (in perpetuity)? 
(Note: The present value for fy years is e 500,000e~ 9-9 dt.) 


Volume Find the volume of the solid generated by revolving 
the region bounded by the graphs of y = xe~*, y = O, and 
x = 0 about the x-axis. 


Probability The average lengths (from beak to tail) of 
different species of warblers in the eastern United States are 
approximately normally distributed with a mean of 12.9 
centimeters and a standard deviation of 0.95 centimeter (see 
figure). The probability that a randomly selected warbler has a 
length between a and b centimeters is 


Pla ax < b) —(%— 12.9)?/2(0.95)? dy 


1 b 
|| C 
0.95/27 | 
Use a graphing utility to approximate the probability that a 
randomly selected warbler has a length of (a) 13 centimeters or 


greater and (b) 15 centimeters or greater. (Source: Peterson’s 
Field Guide: Eastern Birds) 


+ = ie ~ 
CY WIS AM” ules “ais ile AIG MGs) 


Using the inequality 


= ole at < Sie te 
x x10 x15 x = || x> x10 x/5 
co 
for x = 2, approximate [ eae dx. 
o} 7 


552 CHAPTER 7 


Integration Techniques, L’H6pital’s Rule, and Improper Integrals 


Ps, Problem Solving a 


. (a) Evaluate the integrals 


[ (xs) de and [ (Le)? dx. 


ll 


(b) Use Wallis’s Formulas to prove that 


1 
Dent Ay )e 
— 2)\n os ee Ne 
[a AE OS ame iy 


for all positive integers n. 


. (a) Evaluate the integrals 


1 1 
| Inxdx and | (In x)? dx. 
0 0 


(b) Prove that 


ie (in x)° ax = (1)? n! 


for all positive integers n. 


. Find the value of the positive constant c such that 


lim (: = < =t 
x2co \x + 4 
. In the figure, the line x = 1 is tangent to the unit circle at A. The 
length of segment QA equals the length of the circular arc PA. 


Show that the length of segment OR approaches 2 as P 
approaches A. 


e) 


. In the figure, the segment BD is the height of triangle AOAB. 
Let R be the ratio of the area of ADAB to that of the shaded 
region formed by deleting AOAB from the circular sector sub- 
tended by angle 6. Find Jim, R. 


Py 7. Consider the problem of finding the area of the region bounc 


by the curve 
— ship 
»” pe + oP 
the x-axis and x = 4. 
(a) Use a graphing utility to graph the region and approxim 
its area. 
(b) Use an appropriate trigonometric substitution to find - 
exact area. 


(c) Use the substitution x = 3 sinh wu to find the exact area é 
verify that you obtain the same answer as in part (b). 


8. Use the substitution u = tan = 5 to find the area of the shades 


region under the graph of y = ,O<sx n/2. 


2, COS 


9. Find the arc length of the graph of the function 
y = In(1 — x?) 


rile 


on the interval 0 < x < 


10. Find the centroid of the region above the x-axis and boun¢ 
above by the curve y = e~°*’, where c is a positive constar 


(ine Show that [ ee dy = | er ax. 
c 


0 


0 


‘Some elementary functions, such as f(x) = sin(x2), do not have Fie 15. 


antiderivatives that are elementary functions. Joseph Liouville 
proved that 


ee 
x 


does not have an elementary antiderivative. Use this fact to 
prove that 


abe 
In x 


is not elementary. 


(a) Let y = f~!(x) be the inverse of f. Use integration by 
parts to derive the formula 


[rv oe Aa) fro dy. 
(b) Use the formula in part (a) to evaluate the integral 
[asin x dx: 


(c) Use the formula in part (a) to find the area under the graph 
ofy=Inx,1<x<e. 


oy 
1 
ll 
1 2 g763 


Factor the polynomial p(x) = x+ + 1 and then find the area 


1 
under the graph of y = ort, Oss: 


4+ 


ay 


NTE T ; 
(a) Use the substitution u = Tas x to evaluate the integral 


1/2 : 
sin Xx 
eee 
9  cosx + sin x 


(b) Let n be a positive integer. Evaluate the integral 


a/2 - A 
sin” x 
ee Oe 
97 COS” % + sin” x 


16. 


17. 


18. 


19. 


20. 
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Ps, 


Use a graphing utility to estimate each limit. Then calculate 
each limit using L’H6pital’s Rule. What can you conclude 
about the indeterminate form 0 + co? 


(a) lim (cot ae 1) 
x0" x 
: 1 

(b) lim (cot ey 1) 
x>0* x 


(c) lim (co K+ 2)(cot = ‘)| 
x>0* Xx x 


Suppose the denominator of a rational function can be factored 
into distinct linear factors 


De) == ceo) 3 x) 

for a positive integer n and distinct real numbers c,, cy,. . . , C,- 
If N is a polynomial of degree less than n, show that 

NG) P, Ee P, ee es Fy 

Di Cee o, ie. 

where P, = N(c,)/D‘(c,) fork = 1,2,.. .,n. Note that this is 


the partial fraction decomposition of N(x)/D(x). 
Use the results of Exercise 16 to find the partial fraction decom- 
position of 
le Bias ae 
Kee ix 126 


The velocity (in feet per second) of a rocket whose initial 
mass (including fuel) is m is 


v= gtt+uln te ie Pacers 
m— rt r 

where u is the expulsion speed of the fuel, 7 is the rate at which 
the fuel is consumed, and g = —32 feet per second per second 
is the acceleration due to gravity. Find the position equation for 
a rocket for which m = 50,000 pounds, u = 12,000 feet per 
second, and r = 400 pounds per second. What is the height of 
the rocket when t = 100 seconds? (Assume that the rocket was 
fired from ground level and is moving straight up.) 


Suppose that f(a) = f(b) = g(a) = g(b) = 0 and the second 
derivatives of f and g are continuous on the closed interval 
[a, b]. Prove that 


| f(x)g"(x) dx = i Pwela) dx. 


Suppose that f(a) = f(b) = 0 and the second derivatives of f 
exist on the closed interval [a, b]. Prove that 


b b 
[ (x — a)(x — b)f"(x) dx = 2 f (x) dx. 
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The Koch Snowflake: Infinite Perimeter? 


Why is geometry often described as “cold” and “dry” ? 
One reason lies in its inability to describe the shape of a 
cloud, a mountain, a coastline, or a tree. Clouds are not 
spheres, mountains are not cones, coastlines are not cir- 
cles, and bark is not smooth, nor does lightening travel 
in a straight line. ... Nature exhibits not simply a higher 
degree but an altogether different level of complexity. 


Benoit Mandelbrot (1924—) 


To meet the challenge of creating a geometry 
capable of describing nature, Mandelbrot developed 
fractal geometry. Fractal sets come in diverse forms. 
Some are curves, others are disconnected “dust” and 
still others are such odd forms that there are no exist- 
ing geometric terms to describe them. 


One of the “classic” fractals is the Koch 
snowflake, named after the Swedish mathematician 
Helge von Koch (1870-1924). It is sometimes 
classified as a “coastline curve” because of the way 
a coastline appears increasingly more complex with 
magnification. To describe the Koch snowflake, 
Mandelbrot coined the term teragon, which translates 
literally from the Greek words for “monster curve.” 

The construction of the Koch snowflake begins with 
an equilateral triangle whose sides are one unit long. In 
the first iteration, a triangle with sides one-third unit 
long is added in the center of each side of the original. 
In the second iteration, a triangle with sides one-ninth 
unit long is added in the center of each side. Successive 
iterations continue this process—without stopping. 


QUESTIONS 


1. Write a formula that describes the side length of the triangles that will be added in the nth 


iteration. 


ww 


Make a table of the perimeter of the original triangle and of the teragon in the first three 


iterations, as shown above. Write an expression describing the perimeter of the teragon after 
the nth iteration. What do you expect will happen to the perimeter as n approaches infinity? 


3. Make a table of the area of the teragon in the first four iterations. Write an expression describ- 
ing the area after the nth iteration. What do you expect will happen to the area as n approaches 


infinity? 


on 


perimeter? Explain your reasoning. 


Is it possible for a closed and bounded region in the plane to have a finite area and an infinite 


The concepts presented here will be explored further in this chapter. For an extension of this 
application, see Lab 11 in the lab series that accompanies this text at college.hmco.com. 
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Forms Involving a + bu + cu’, b? # 4ac 


2cu + b 


——_—— _ arctan ——=——. + C,7 b? < 4ac 
| | a — pb? /4ac — b? 
14. | ——— du = _ B® 
Gr DUT Cie 1 DC On) Dae fy Sig ost The 


In 
Jb? —4ac  |\2cu+b+ Vb? — 4ac 


u 1 
ee ee ee 2| — a. 
15. iF eee du +(inla SD ere | | ea = au) 
Forms Involving /a + bu 
16. [eva + budu = 


eee AG + bu)?/2 — na | u"-!JVat bu au 


WhO se (oi = Ja 
In eC, @s © 
1 y Ja |/a+ but Ja 
on i —— i 
CAE z arctan gah 0 
Se eed 
L—@Q 16! 
18 eee = sl UE 35 (gn = 3)b | n#Fl 
~ | urJ/a + bu an=j1) we! 2 u"—'/a+bu | 


Gh aie ] 
19. ATP ay = 2 Jae + a a 


/a+ bu = | (a + bu)3/2 +e — 5)b | Ja + bu 
2.2) d= Apes ik ae ae n# 1 
u 


u —2(2a — bu) 
2s = ee + bu + 
| VG ae (DY, i Bb2 me 2? 


yu” D) yn 1 
22, | S—= du = ———u' Ja $+ bu — 
| ee (2n + 1)b (u a ee | ara au) 
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23. | nee 
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] 
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2 2 De Ey 
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4 —— J = Arcsin © 
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A30 APPENDIX C Integration Tables 


Forms Involving sin u or cos u 


46. [ sinwa = =COSM sr C 


47. | cosudu = sinu+C 
eee 1 [ 
48. | sin? udu = 5 tu — sinucosu) + C 
' 1 
49. | cos* udu = 5 + sinucosu) + C 
: SID IuCOS hei te | ee) 
A), | sien) = =——— ee sin”~- u du 
n n 


an 
_ 


COS] 1 Sill enieas | s 
cos” u du = - cos” 7 u du 
n nh 


Pam hon = Sin = MCOS Mm se C 


Nn 
NS) 
a a ee ee 


53. | wcosudu =cosu + usinu + C 
54. | uv" sinudu = =u cos +n] w—* c0s ud 
55. ui" COs UW du = u"” sin u — n| Us sin wd 
= 
SQ | = ain = iain See =F EC 
1+ sinu 
1 
So b— —Cotw a cscu + C6 
il 22 COS H 
1 
53.5) du = In|tan u| + C 
sin Uv COS u 


Forms Involving tan u, cot u, sec u, csc u 


59. [ tena = —In|cos u| + C 

60. [ eo udu = In|sin ul + C 

61. [ se u du = In|secu + tanu| + C 
62. [es udu = \n|esc wu — cotu| + C 


APPENDIX C 


3. | tan?udu = —u +tanu+C 


4. | cot? udu = —u —cotu+C 


5, sec? udu = tanu+ C 


6. csc? udu = —cotu+ C 


tan” ly 
ip pee eee 


i) 
5 
= 
Q 
= 
ll 


~ | tam du Denil 
(p= E 


J 
J 
J 
J 
J 
| 
J 
[rs 
[ree 
Sree 
ree 


sec”? utanu n—2 
sec” udu = + sec” * u du, n = 1 
p= i = Il 


BiCSe au COLU n—2 


a csc) ea = ———__——— + [esort du, n # 1 


ip = Il a= Il 


= 7d = u = 5(u + In|cos u + sinu|) + C 


gee : 
re otek u = 5(u = In|sin u + cos ul) + C 


Wi hake COU == .CSC Wat © 
il 38 PO 


4. a tanya secu a. GE 


Le Stes 


orms Involving Inverse Trigonometric Functions 


5. [ aresin eau = waresinu + J1—-—w+C 


6. | arccos udu = uarccosu — /1—w+C 


7. | arctanu du = warctanu—In/l+wt+cCc 


8. | arccot udu = uwarccotu + In/1 + u27+C 
). arcsec u du = u arcsec u — In|u + /u? — i ae te 


». | arccse u du = uwarccsc u + In|u + Su? — i +C 


er I ee 


Integration Tables 


A31 


A32 APPENDIX C Integration Tables 


Forms Involving e“ 


81. My Oi = @ se C 
ue“ du = (u — l)eé + C 


S32 hive: au = we — n| ule" du 


au 


e . 
esi Du di = = (4. Sin DU = D.COs Du) + C 
4 2 


Eh +b 


au 


86. 


] 
84. | peau mint +9 )+C 


"cos bu du = — (a cos bu + bsin bu) + C 
D 


aaa 


Forms Involving In u 


87. [ nudu = u(—1+ Inu) +C 


88. [vinuau= 2-1 + 2,102) + .G 


Tt 


ae Sey Pl air = aes 
(n afl nel 1 (n 1) In u| ae (C. i = 1 


89. | u" Inu du = 
90. [om u)? du = u[2 — 2Inu + (Inu)?] + C 


91. [om u)” du = u(lnu)" — n | (In u)"~! du 


_ ory eer thle 


_ —— > ae 7 7 F: 
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A40 Answers to Odd-Numbered Exercises 


Hie DE Dee Fs 
Cy elle) a Coe 
; 
yas 
3-- 
SE eee o) 
i+ — 
BING achlly ais 7ARE . 
of 
-3 
ks 
5. (a) A(x) = (— 2), Domain: (0, 100) 
(b) 1600 
10) 110 


le) 


Dimensions 50m x 25m yield maximum area of 1250 
square meters. 


(c) 50m x 25 m; Area = 1250 square meters 


W44+24+ JB —xP +1 
4 


ah. TRE wes 


9. (a) 5, less 
(e) 4; Answers will vary. 


(b) 3, greater (c) 4.1,less (d) 4 +h 


11. (@@) x=1,x = -3 13. Answers will vary. 
(b) @ + 1)? + y? =4 : 
3 2+ 
(-v2,0) | (V2, 0) 
-6 3 Seaky. $+ 
=? IN 2 
-1+ (0, 0) 
-3 Z 
Chapter 1 


Section 1.1 (page 47) 


. Precalculus: 300 feet 

. Calculus: cn of the tangent line at x = 2 is 0.16. 
. Precalculus: 2 > square units 
. Precalculus: 24 cubic units 


(a) 


enn w 


(b) The graphs of y, approach the tangent line to y, at x = 1. 


(c) 2; Use numbers increasingly closer to zero such as 0.2, 0.01, 


OSTO, o 3 oe 


11. (a) 5.66 (b) 6.11 
(c) Increase the number of line segments. 


Section 1.2 (page 54) 


1.99 I. | 1.999, 2.001 2.01 : 
zd 0.3448 0.3344 | a 0.3332. | 0.3322 | 0.3226 


1 
-. = 0.3333 (Actual limit is 3 


0.2884 | 0.2863 


e/ 1 
lim ene ~ 0.2887 (Actual limit is a) 
5. 
. | 3.001 
fc) | — 0.0625 | 
ben ee eA 0825 (Actual limit is -t) 
My ES 3 16 


1.0000 | 0.99998 | 0.9983 


lim 22* ~ 1.0000 (Actual limit is 1.) 
x90 X 


13. Limit does not exist. The function approaches 1 from the right 
side of 5 but it approaches —1 from the left side of 5. 
15. Limit does not exist. The function increases without bound as 


X approaches A from the left and decreases without bound as x 
approaches > from the right. 


17. Limit does not exist. The function oscillates between 1 and — 1 
as x approaches 0. 


19. (a) 


gc 


toss a a 


lim C(t) = 2.25 
133.5 


43. 


45. 


5 Nae aicy 


Ae) ES Si 2 


. Answers will vary. 


(c) 5 


2.5 | 29 3 | 34 | 3s 4 


lc e250 led 5 | Ldsy | das | 223) | 2.25 225) 


The limit does not exist, because the limits from the right 
and left are not equal. 


‘, ve. O lad, 
23. L = 8. Let 6 = —— ~ 0.0033. 


0.01 


. L = 1. Assume | <x <3 and let 6 = ~~~ = 0.002. 


33. 0 35. 4 372 
41. Answers will vary. 


0.5 


lim f (x) = 6 
Domain: [0, 9) U (9, co) 


Domain: [—5, 4) U (4, co) 


The graph has a hole 
atx = 4. 


The graph has a hole 
at x = 9. 


Answers will vary. Sample answer: As x approaches 8 from 
either side, f(x) becomes arbitrarily close to 25. 


Examples will vary. 


47. 


49. 


51. 
53. 


A4l1 
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x — 0.001 —0.0001 | —0.00001 
f(x) 2.7196 2.7184 ZNS3 
x 0.00001 0.0001 0.001 

ie 
f(x) 2.7183 2.7181 2.7169 


lim f(x) ~ 2.7183 
x>0 


False: the existence or nonexistence of f(x) at x = c has no 


bearing on the existence of the limit of f(x) as xc. 
False: see Exercise 11. 
55. Proof 


Answers will vary. 57. Proof 


Section 1.3 (page 65) 


Type 1: f(x) approaches a 
different number from the 
right of c than it approaches 


Type 2: f(x) increases 
or decreases without 
bound as x approaches c. 


from the left. 


__ 2x acta 
lim lim 
x20 X xi \e tl 
: 
A 
4+ 
3+ 
if 
}+—+—+ }——+—} > + 
e4=3-2>1,| 1 3 4 
ty i 
—3+ 
-—4-- 


Type 3: f(x) oscillates between 
two fixed values as x approaches c. 


lim (2 cos(7)) 
x0 oY 


3. 5. 16 
(a) 0 (b) ~0.52 ore 
oi Oe RSP WE 
15 tal]. 119.2 2 2131 
23. (a) 4 (b) 64 «(c) 64~—ssO25. (a) 3b) 2 SO) 2 
27,1, 029 =e "31. 133. 5 8S 
37. (a) 15 (b) 5 (cc) 6 (d) § 
39. (a) 64. (b)2 (c) 12 (d)8 
41. (ay (b)-3 
—2x2 + x 
g(x) = ———— and f(x) = —2x + 1 agree except at x = 0. 
43. (a) 2 (b) 0 
oth 
g(x) = * and Ff (&) =x? + w'agree except atx =i 1" 


se = Il 
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45.02 1h) 


f= x nf : andie(x) = x= il agree except at x =/orl. 
Gs 


The graph has a hole at ¢ = 0. 


Answers will vary. Example: 


t -01 | -oo1| 0 | 001 | 0. 
The graph has a hole at x = —1. 
re he fo) 296 | 29996; 2 | 2.9996 | 2.96 
ee 
f(x) = 3 = : and g(x) = x2 + 2x + 4 agree except at x = 2. im ae 3 
to 


81. 


The graph has a hole at x = 2. The oraphiiae a hole at x°= 0. 


1 5 25 I 
49. 10 51. 6 53. 10 5S) 6 Answers will vary. Example: 
yee 59.2) 612s — 2 pee) —0.1 | —0.01)0.001 | 0 | 0.001 | 0.01 


63. f(x) Sool) 0.001 | 2 | 0.001 | 0.01 
lim — = 
x0 xX 
4 
83. 2 leh easy 87. 4 
The graph has a hole at x = 0. + 
89. 0 91. 0 


Answers will vary. Example: 


: | E04 —0.01 |—0.001| 0.001 | 0.01 0.1 


f(x) | srs || Wah || Osis || Osa! || Osis) 0.349 


whe ae 2 = a? 2) 
lim = = (2.354 [Act limit is = v2 


x0 


65. 


The graph has a hole at x = 0. 


Answers will vary. Example: Tike sah ao. alee 


95. fand g agree at all but one point if c is a real number such that 
& | mon | ~0.01 | —0.001| 0.001 | oo1 | 0.1 fx) = g(x) for all x # ¢. 


=i 


f(x) | ~ 0.263 | ~0.25] | —~0.250 | —0.250 | —0.249 | —0.238 97. An indeterminate form is obtained when evaluating a limit using 
Cue! substitution produces a meaningless fractional form, suck 
as o- 


tC) = 4/2 

lim LK ee 2) = —().250 [Acta limit is -1) 

x0 XG 4 
= AS TAT TERT SU ER Fae 


09: 


101. 


105. 


107. 
113. 


115. 
117. 


119. 


121. 


123. 


The magnitudes of f(x) and g(x) are approximately equal when 
x is “close to” 0. Therefore, their ratio is approximately 1. 
160 feet per second 103. —29.4 meters per second 
1 
Lety(x) = — and e(x)'= os 
%G Es 

lim f(x) and lim g(x) do not exist. 
x30 x—>0 
However, lim [f() +2e()] = lim E + (-2)| = lim 0 = 0 

x> o> x Xx 


and therefore does exist. 
Proof 109. Proof 111. Proof 


False. The limit does not exist because the function approaches 
1 from the right side of 0 and approaches — | from the left side 
of 0. (See graph below.) 


2 


=) 
True. Theorem 1.7 


False. The limit does not exist because f(x) approaches 3 from 
the left side of 2 and approaches 0 from the right side of 2. 
(See graph below.) 


4 


=2 
ee thie 2 (0) 
=the ii je ew) 


lim |f(x)| = lim 4 = 4 


Let f(x) = | 


lim f(x) does not exist because for x < 0, f(x) = —4 and for 
ite fix) = 4. 

lim f(x) does not exist because f(x) oscillates between two 
ed values as x approaches 0. 

lim g(x) = 0 because, as x gets increasingly closer to 0, the 


values of g(x) become increasingly closer to 0. 
1 
(a) 5 


, it follows that 


(Deg l 
(b) Because i rare 5 


1 aul 2 
COS X oie 


1 
cosx =~ 1 — a when x = 0. 


A43 
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(c) 0.995 
(d) Calculator: cos(0.1) ~ .9950 


Section 1.4 (page 76) 


1. 


- (a) 2 


ell 


. Continuous on [—5, 5] 


. Continuous for all real x 


. Nonremovable discontinuity at x = 


(a) 1 (b) 1 (c) | 


f(x) is continuous on (—co, 00). 
- (a) O 


@) oO @)O 
Discontinuity at x = 3 
(ob) =2 


Discontinuity at x = 4 


ally 
10 


(c) Limit does not exist. 


. Limit does not exist. The function decreases without bound as x 


approaches —3 from the left. 


. Limit does not exist. The function decreases without bound as x 


approaches 7 from the left and increases without bound as x 
approaches w from the right. 


4 


. Limit does not exist. The function approaches 5 from the left 


side of 3 but approaches 6 from the right side of 3. 


. Discontinuous at x = —2 and x = 2 


. Discontinuous at every integer 


31. Continuous on [—1, 4] 


35. Continuous for all real x 


. Nonremovable discontinuity at x = 1 


Removable discontinuity at x = 0 


. Continuous for all real x 
. Removable discontinuity at x = —2 
Nonremovable discontinuity at x = 5 
. Nonremovable discontinuity at x = —2 
. Continuous for all real x 
2 


. Continuous for all real x 
rs 5 7 
. Nonremovable discontinuities at integer multiples of > 


. Nonremovable discontinuity at each integer 


Sl 
61. 


Discontinuity at x = —2 
a=2 59,.a=-1,b=1 


Continuous for all real x 


A44 


63. 
65. 
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Nonremovable discontinuities at x = 1 and x = —1 


Nonremovable discontinuity at each integer 


69. 
Tle 


Ws 


75. 


ie 


79. 
83. 
87. 


89. 


ool, 


Continuous on (— 00, 00) 


f(x) is continuous on the open intervals 
TP SPER OE ONS ern 


The graph has a hole at x = 0. 

The graph appears continuous but the function is not continuous 
on [—4, 4]. 

It is not obvious from the graph that the function has a 
discontinuity at x = 0. 


Because f(x) is continuous on the interval [1,2] and 
f(1) = 2.0625 and f(2) = —4, by the Intermediate Value 
Theorem there exists a real number c in [1,2] such that 
fe) =0) 

Because f(x) is continuous on the interval [0, zr] and f(0) = —3 
and f(7) ~ 8.87, by the Intermediate Value Theorem there 
exists a real number c in [0, z] such that f(c) = 0. 


0.68, 0.6823 81. 0.56, 0.5636 
f(3) = 11 85. f(2) = 4 
(a) The limit does not exist at x = c. 


(b) The function is not defined at x = c. 


(c) The limit exists, but it is not equal to the value of the 
function at x = c. 


(d) The limit does not exist at x = c. 


Not continuous because lim f(x) does not exist. 
x33 


g(x) = f(x) where x is an integer, but g(x) = f(x) + 1 elsewhere. 


ee 


93. The function is discontinuous at every even positive integer, 


oS: 


oie 


99. 


101. 
103. 


105. 


107. Domain: [—c?, 0) U (0, co); Let f(0) = go 


The company must replenish every two months. 


N 
A 


Number of units 


2ea) “Grek 
Time (in months) 


10 12 


Because V(1) = Sor, V(5) = 523.6, and V is continuous, there 
is at least one real number 7, 1 < r < 5, such that V(r) = 275. 


If c is an element of the real numbers, then lim f(x) does not 
6 5 < ar 

exist since there are both rational and irtational numbers 

arbitrarily close to c. Therefore, f is not continuous at c. 


i (2) eal 
=i (b) 1 
aoe (c) Limit does not exist. 
eee 
Sees I ee ae Be 
Sil 
True 
False. f(x) is not defined at x = 1. 
(a) #0) @, OSse Sp 
BN) ee) = 
De bre 2b 
h 
2b 
b+ —_o 


IA 
‘Sp 


xX 


Ni 
= 
cm) 
IA 


IA 
N 
S 


x 


> 
Nil 

= oS 
s S 
> 

IA 


g(x) is continuous on [0, 2b] because g(x) is continuous or 
[0, b] and on [b, 2b], and lim g(x) = g(b). 


2c 
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109. h(x) has a nonremovable discontinuity at every integer except 0. 37. ¥ 


A45 


59. 


lee) 


Section 1.5 (page 85) 


i: 4 | a 4 | 61. (a) $176 million  (b) $528 million (c) $1584 million 
cm li eal = OO im 5 = : ; 
aoe 2 wl e — 4 x>-2- |x*—4 oe (d) co; As the percentage of drugs seized increases and 
, 7X : aa approaches 100%, the cost to the government increases 
3 _jim , tan eater jim _ tan Pours without bound. 
5. 63. (a) + foot per second  (b) > feet per second (Cc) co 
| x =A. (| 2 | = 3001 aaa 
or I | 0.50) > :0-2aiujualoa 
f(x) 0.31 1.64 16.6 | 167 
f(x) | 0.1585 | 0.0411 | 0.0067 | 0.0017 
x SP) OS) =29 25 7 
x 0.01 0.001 | 0.0001 
f(x) AKG — 16.6 =127 — 0.36 
eam) 1.7 x 10> ekg x 1057 1710 
lim f(x) = —0oo ium, fix) = co, 
x=>=3t x2 -37 
7 The graph has a hole at x = 0. 
° ie == 355 = 8h O01 = 3001 
f(x) 3.8 16 L5t 1501 
x = 2M) | SBS 2 oh) =0.25 
1 
f(x) | —1499 — 149 —14 oh Ne , (b) a | 05 02 | 0.1 
lim f(x) = —o0 lim f(x) = 00 f(x) | 0.1585 | 0.0823 | 0.0333 | 0.0167 
x——3* 35 
We Viel goat el 13, a2 2 0.01 0.001 0.0001 
15. No vertical asymptote fia 0.0017 | 1.7.x 10-4 | 1.7 x 10-5 
W7x=74+ BS n is an integer. 19. t=0 
4 2 The graph has a hole at x = 0. 
Dex 22, x= | 23. No vertical asymptote 
25. No vertical asymptote 27. t = nq, nis a nonzero integer. 
29. Removable discontinuity at x = —] 
31. Vertical asymptote atx = —1 
a) ct eK A a 
2 : : ae 0.5 O2eai Ol 
41. —co 43. co 45. 0 47. Does not exist =. | 
49 5 Ei f(x) | 0.1585 | 0.1646 | 0.1663 | 0.1666 
E 7 Si. | 
4 : FG 0.01 0.001 0.0001 
! f(x) | 0.1667 | 0.1667 | 0.1667 


—3 


lim, f(x) = 00 


53. Answers will vary. 


’ 3 
Answers will vary. Example: f(x) = eS 


x- 


Sbh 


—0.25 


The graph has a hole at x = 0. 
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OR 0.5 | 0.2 0.1 | 
f(x) | 0.1585 | 0.3292 | 0.8317 | 1.666 | 
x | 001 | 0.001 | 0.0001 
Fey 16.67 | 166.7 | 1667 


The value of the limit when 
the power on x in the denomi- 
nator is greater than 3 is oo. 


-1.5 


67. (a) 850 revolutions per minute 
(b) Reverse direction 
(c) L = 60 cot @ + 30(m7 + 2¢) 


Domain: at 2) 


(d) 
0.6 0.9 1.5 
L 306.2 | DiNPD | WEB | itso | leeks 


(f) 607 ~ 188.5 


g) 20 


1 
69. False: let f(x) = 71. False: let f(x) = x 
0 


73. Proof 75. Proof 


Review Exercises for Chapter I (page 88) 
1. Calculus 


Estimate: 8.261 


Se 

x =i) = 0101 — 0.001 0.001 

f(x) | —1.0526 | —1.0050 | —1.0005 | —0.9995 

x 0.01 Onl 

Fx —0.9950 | —0.9524 

aL 
The estimate of the limit of f(x), as x approaches zero, is — 1.00. 

5 @)=2  ()=3 
TAO Pro; PAE 9.51; Proof §11ex/6~12.45- (p13, =4 


15. : ba ell Ou reo 5 ime = 25, -5 
27. (2) 1 | 101 | 1.001 | 1.0001 
f(x) | 0.5680 | 0.5764 | 0.5773 | 0.5773 

(b) The graph has a hole at x = 1. 


(c) lim, se Vet 1 = V3 _ 9 579 (Actual limit is 3) 
x= ae! 


29. —39.2 meters per second 31-1 3320 


35. Limit does not exist. The limit as t approaches | from the left is 
2 whereas the limit as t approaches | from the right is 1. 

37. Nonremovable discontinuity at each integer 
Continuous on (k, k + 1) for all integers k 

39. Removable discontinuity at x = | 
Continuous on (—oo, 1 ) U (1, co) 

41. Nonremovable discontinuity at x = 2 
Continuous on (—o, 2) U (2, 00) 

43. Nonremovable discontinuity atx = —1 
Continuous on (— oo, — 1) U (—1, co) 

45. Nonremovable discontinuity at each even integer 


Continuous on (2k, 2k + 2) for all integers k 


475 ¢ = —} 49. Proof 

51. (a) —4 (b) 4 ~~ (c) Limit does not exist. 
53.2% = 55. 7 Sl0eu 57. = 59, 5 
61.-co 63. -co 65.3 67. c 


69. (a) $14,117.65 ) $80,000.00  (c) $720,000.00 = (d) co 


P.S. Problem Solving (page 90) 


1. (a) Perimeter APAO = 1+ J? -— 1)? +224 (44+ 2 


Perimeter APBO = 14+ /24 + ( — 124+ /¢4+ 2 
() [x 4 2 I 
Perimeter APAO | 33.0166 | 9.0777 3.4142 4H 
Perimeter APBO | 33.7712 [ 9.5952 3.4142 
r(x) 0.9777 0.9461 1.0000 
x mo 0.01 
[ Perimeter APAO | 2.0955 | 2.0100 | 
Perimeter APBO | 2.0006 | 2.0000 
r(x) 1.0475 1.005 
(@) il | 
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3. (a) Area (hexagon) = tse ~ 2.5981 Chapter 2 
Area (circle) = 7 ~ 3.1416 Section 2.1 (page 101) 
Area (circle) — Area (hexagon) ~ 0.5435 1. (a)m=0 (b) m=~-3 
Oo Mag 3 a 
(b) A, = 5 sin( =) y =e —1)+f@=xt1 


co 5 6 | 12 24 48 96 


oe 


A, 2.5981 | 3.0000 3.1058 |) 3.1326-\- 3.1394 


(d) 3.1416 or 7 


Bs) m= —F) b) y = 3x = 48 


_ S109 = + 12 


(c) m, fe 
(d) 3; Itis the same as the slope of the tangent line found in (b). Soi =v) Ws tine 2 Oe =a3 
7. (a) Domain: [—27, 1) U (1, co) 11. f(x) =0 RRM) SS 15. AG) = 7 

(b) 0.5 17. f(x) = 4x +1 19.97) 93 x 2 

= ; I 

21a; (i) = bree = 1 2357 (4) — ear 
-30 12 25. (a) Tangent line: y = 4x — 3 
04 (b) 


The graph has a hole at x = 1. 


(oe ee 


Oma) 2,2, Ab) g, (C)<2;5.84> Ss 


The graph jumps at every integer. 
@) fi sm f0)= 0, (GQ) = aU i209) II 
(b) lim tx) = = 1; lim, f(x) = -1, dim, f) =-—|] 


(c) There is a discontinuity at each integer. 


13. (a) 
27 
31. (a) Tangent line: y = 2% + 
1 =~ 
(b) 
———EE— ee 
a b 


(b) @) lim P,,(x)=1 Gi) lim P,, ,(x) = 0 


(iii) jim, Ea) = 0 (Av) im P,%)= 1 S30 te 2 = 3x 2 
(c) Continuous for all positive real numbers except a and b 35. y= —pxt - 


(d) The area under the curve gives a value of 1. 


2 
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370 (5)= 2 6 5) = 5 
39. b 40. d 41. a A21c 


43. Answers will vary. Sample answer: y = —x 


45(a) f(-<) = 3) (b) fc) = —3 
AT. y= 2n = ley = =2x + 9 
AO (a) aa 
(b) O 
(c) The graph is moving downward to the right when x = 1. 
(d) The graph is moving upward to the right when x = —4. 
(e) Positive. Because g(x) > 0 on [3,6], the graph of g is 
moving upward to the right. 
(f) No. Knowing only g (2) is not sufficient information. g (2) 
remains the same for any vertical translation of g. 


SOS) 

BF) OU 33 Aol 32 | 2 
3 Aa Ml 37 
16 0 16 4 16 3 


g(x) ~ f(x) 
55. f(2) = 4; f(2.1) = 3.99; f(2) = —0.1; Exact f(2) = 0 
So 


As x approaches infinity, the graph of f approaches a line of 
slope 0. Thus f(x) approaches 0. 


59: 


So. 


(b) The graphs of S for decreasing values of Ax are secant lines 

approaching the tangent line to the graph of f at the point 
(2, f(2)). 

61. 4 63. 4 

65. g(x) is not differentiable at x = 0. 

67. f(x) is not differentiable at x = 6. 

69. h(x) is not differentiable at x = —S. 

71. (—co, —3) U(—3, 00) 73. (—oo, —1) U(—1, c0) 

75) (cons MUN GRoa)? WT TS (poo) 79. (—co, 0) U (0, 0) 


81. The derivative from the left is — 1 and from the right is 1, so f 
is not differentiable at x = 1. 


lI 


83. The derivative from both the right and left is 0, so f(1) = 0. 
85. f is differentiable at x = 2. 
3|m + 1| 

m1 


$7. (a) d= 


(b) 


Not differentiable at m = —1 


ae 
89. False. It is lim Deseo ee) ’ 
Ax>0 Ax 


91. False. For example: f(x) = |x|. The derivative from the left and 
the derivative from the right both exist but are not equal. 


93. Proof 


Section 2.2 (page 113) 


15 (a) 5) .() Sueccie = at ces 
e Bee | 
3. 0 Bh (ON The 3 9. 5,45 bs il 
13 Seri 1S 2 Li 3a? 
T : IN xe l 
19. > COs 6+ sin 0 DANG Pie sr > sin x 23S ICON 
“ Zz PP ae 
Function Rewrite Derivative Simplify 
pas ee mead ie A AIRES 
25.) ae ee ame 
3 3088 9 9 
27. y= ) = x73 eae Sek es 
eae TORS re : a eke 
NE: | 
29 aie = yp Penney) oe 
y z y =x y x y 7372 
S136 seh, © 35. 4 SiS 39 Aker 
se 


Answers to Odd-Numbered Exercises A49 


12 oe! 79. (a) 20 


eer, aS. So 43307471 
t x 
——— , ee ler - 
2Jx 328 49 Ses pals 51 ve 5 sin x 
== 12 
3. (a) 2x +y—-2=0 55. (a) 3x + 2y — 7 =0 a 


(b) (b) (3.9, 7.7019), S(x) = 2.981x — 3.924 
(b) T(x) = 3 — 4) + 8 = 3x -4 
ne The slope (and equation) of the secant line approaches that of 
ne (1,0) : -2 7 the tangent line at (4, 8) as you choose points closer to (4, 8). 
4 =1 


(c) It becomes less accurate. 
57. (0, 2), (—2, — 14), (2, — 14) 59. No horizontal tangents 20 
1. (7, 77) 63. k = 2, k = —10 65. k = 3 
97. (a) AandB_ (b) Greater 


; 
(cys? -2 e 12 
2 
\ : (d) 
BOCN iz - 
HANS: Ax = oe ed 05 | 0 | 0 
| re. f(4+Ax) | 1 | 2.828 | 5.196 | 6.458 | 7.702 | 8 
9. 9x) = fv) eae Ay -1| 2 5 | ose, | 8 
1. » cs 
Ax 01 | 05 | 2 3 
f(4 + Ax) | 8.302 | 9.546 | 11.180 | 14.697 | 18.520 
T+ Ax)| 83 | 95 ll 14 | 17 


81. False: let f(x) = x and g(x) =x + 1. 
83. False: dy/dx = 0. 85. True 


The rate of change of f is constant and therefore f” is a constant 87. Average rate: 2 89. Average rate: 5 
eee. Instantaneous rates: Instantaneous rates: 
B.-y = 2x — 1 y=4x-4 f().=2 Oe) 
| FQ) = 2 eS 
91. (a) s(t) = —16f + 1362 
v(t) = —32t 


(b) —48 feet per second 


: (c) s(1) = —32 feet per second 
s (2) = —64 feet per second 
J 1362 


(d) t= rae a = 9.226 seconds 


(e) —295.242 feet per second 
93. v(5) = 71 meters per second 
v(10) = 22 meters per second 
0.77 vets cea 95. } 97. i 


4 A 
3.33 60 + —— 2. 11K} 
Se ' I a 
‘ be close to — 1 507 ! aig 
f(1) appears to be close to — 1. a z et 
& i ' s (10, 6) 
Ae ese eer} : 
2 20 i { \ g 
a i ] RA 
10 + i ! a 
i vee | 
2 } T T T 
sith ie Ma Ree GO) 2 4% 20 


Time (in minutes) A Pan 
( Time (in minutes) 


AS50 


Answers to Odd-Numbered Exercises 


99. (a) R(v) = 0.167” — 0.02 
( 


101. 
103. 
105. 


107. 
111. 


(b) B(v) = 0.006v? — 0.024v + 0.460 
(c) T(v) = 0.006? + 0.143v + 0.440 
(d) 


(e) T’(v) = 0.012v + 0.143 
T(40) = 0.623 
T (80) = 1.103 
T’(100) = 1.343 
(f) Stopping distance increases at an increasing rate. 
8 square meters per meter change in s 
— $1.91, —$1-93 


(a) The rate of change of gallons of gasoline sold when the 
price is $1.479 


(b) In general, the rate of change when p = 1.479 should be 


negative. 
y= 28 = By ] 109. y= —9x,y = -3;-7 
= 4 b= —3 113. Proof 


Section 2.3 (page 124) 


. Tt? ---4 
1. 2(2x3 — 3x2 + x -— 1) By 3273 
Sac (S1COS xa — x Sim.) We ee x 
(x2 + 1)? 
ll = Se GCOS EO ISINIES 
’ 8x72 (Oe + 1)? 1A: xe 
13. f(x) = (3 — 3x)(4x + 3) + (2x? + 3x + 5)(3x2 — 3) 
= 10x* + 12x3 — 3x7 — 18x — 15 
#(0) = -15 
x*7—6x4+4 
15. f() == . f(x) = cosx — x sin x 
f(x) co): 17. f(x) = cosx — x sin x 
‘ | = 2 
i =-— if en |e ee = 
f= 4 (2) = Za - » 
Function Rewrite Differentiate Simplify 
x2 + 2x 1 | Q(x + 1) 
i) poe ee ee ey eee , _ 2+ D) 
y 3 y 3" 2x) oy 3 (24 ee yi 3 
a ae ¥ ; i 
21. y 30 ee : y ==" ee 
3/2 
23. yo Va ls Vie Daa ee 
58 : /x 
en) 
x >0 
Oe Ne 2 2x) = (3B — 2x = 2) (2x) D 
US, a NON es . 
CaS ane Go ea a 
12 x? + 6x — 3 
ils Il = = 
(Ge = BYP (x + 3)? 


29. 


31. 


! 
VAD Og Wes 
x ~ 2x3/2 
We = eae eo 
x(x — 3)? 


Oss 2) Bb: = 


35. (3x3 + 4x)[(x = 5)-1+@+4+1)- 1] 
+ [(x — 5)(x + 1)](9x? + 4) 
= 15x* — 48x3 — 33x? — 32x — 20 
= AOx = be + A)Ox) Ss 4xc? 
oT; 2 2\2 < 2 2\2 
GAe2)? G2 —.e7)2 
; tsint + cost 
39. t(tcos t + 2 sin ft) 41. aE tye iP 
43. —1 + sec?x = tan?x 45. oa + 8 sec ft tant 
== 2. ak : x= 4 2y p 
47. eae on IESE ey + tan x sec x — tan? x) 
4 cos- x 2 
3 
= 75 sec x(tan x — sec x) 
49. csc x cotx — cos x = cos x cot?x 51. x(x sec?x + 2 tan x) 


DS: 


Sit 


Ss 


61. 


2x cosx + 2 sinx — x2 sinx + 2xcosx 


= 4x cos x + (2 — x?) sin x 


(: + )@) oye 5|£ + 2)(1) —-(@+ ue 


x+2 (x + 2) 
z 2x7 + 8x — 1 
(x + 2) 
li Sin Geer Gcos¢ —2) CSG COW 
: 5 59. y’= ar 3 
(1 — sin 6)? , (lseseun)2 4/3 
Yee Seen — 1) 1 


ie ae 


67. 


69. 
73: 


(a) 4x —-2y -7w+2=0 
(b) 


(CHOMO Ek ele = ae 
n= 1,f(x) =xcosx + sinx 

n = 2, f(x) = x? cosx + 2x sinx 

n = 3, f(x) = x cosx + 3x2 sinx 


n = 4, f(x) = x*cos x + 4x3 sin x 


f(x) = x" cos x + nx"—! sin x 


6¢ + 1 
2/t 
77. (a) —$38.13 (b) —$10.37 (c) —$3.80 


The costs decrease with increasing order size. 


TES 


square centimeters per second 


79. 31.55 bacteria per hour 81. Proof 83. 


85. eee 87. 


(x — 1)3 
93. Answers will vary. For example: (x — 2)? 


= 3) Sinase 89. 2x 91. 


ieee 


101. v(3) = 27 meters per second 
ag) = 
The speed of the object is decreasing, but the rate of that 
decrease is increasing. 


— 6 meters per second per second 


103. (a) 2.4 ft/sec? (b) 1.2 ft/sec? (c) 0.5 ft/sec? 
105. (a) f’(x) = g(@x)h"(x) + 2¢(x)h(x) + 2"C x)h(x) 
f(x) = gi)h’(x) + 3g (x)h"(x) + 
3g(x)h (x) + g(x)A(x) 
FOR) = e(x)h(x) + 42 H)A(x) + 68(x)h’(x) + 
49”(x)h(x) + g(x)h(x) 
' 
(b) f(x) = gH) + ae () + 
a Be tee. tf 
2(n — 2t® * ; 
n! ~ } aoe oh 
© Sores D(x)h (x) + g(x)h(x) 
107. (a) P,(x) (x i + 


1 
2 
P(x) = -1(x = zy Bl, 2 +5 


109. 
113. 


AS1 


Answers to Odd-Numbered Exercises 


() P, 


(d) P, and P, become less accurate as you move farther from 
a as 


False: dy/dx = f(x)g (x) 
115. f(x) 


+ g(x)f(x) 111. True 


True = 2|x|; f’(0) does not exist. 


Section 2.4 (page 133) 


y = fle(x) u = g(x) A) 
Ly (GSS): u = 6x — 5 y=ut 
3.) 7 NV ote u=x-1 yea 
5. y = csc? x u = csc x y= 
7. 6(2x — 7)? 9. —108(4 — 9x)3 

2 4x 
11-622)" (— 2x) = 

30 x?) 72) 3(9 — 32)1/3 
ieee 

D oe 

1 6x 
15s = = ae 
5 3x" 4)~2/3(18x) (x2 + 4p 
eee OPC) = ees 

2 1 (4 = x2)3 

5 
193 » =2¢=— 3) 1) =—7 
9 Cy Ml, =A Nie Cl) GaaE 
1 
13. 3c Oy? 
25. x7[4(% — 2)3(1)] + (& — 2)4(2x) = 2x(x — 2)3(3x — 2) 
27. (3)a Saree a raya 
2) gee 
29 Ge NYA = a2) oe oe Meee ee i 
: 24+ 1 (x? + 1)3/2 
—2(x + 5)(x2 + 10x — 2) —9(2Qv — 1)? 
31. G2 +233 33. a ee ja 
1 = 3x24 
35 

2JSx(x2 + 1)? 

The zero of y’ corresponds to the point on the graph of the 

function where the tangent line is horizontal. 

Bute St a2 

Bile | ) 


(02 + 2¢ — 193? 


The zeros of g(t) correspond to the points on the graph of the 
function where the tangent line is horizontal. 


A52 Answers to Odd-Numbered Exercises 
eae Ml 
x 
ae 2x(x + 1) 


41. 


43. 


y’ has no zeros. 


t 
hae i 


The zero of s(t) corresponds to the point on the graph of the 
function where the tangent line is horizontal. 


ax Sin mx + cos 7x + 1 


iG) 
X= 


The zeros of y’ correspond to the points on the graph of the 
function where the tangent lines are horizontal. 


45. (a) | (b) 2; The slope of sin ax at the origin is a. 
47. —3 sin 3x 49. 12 sec? 4x 51. 27? x cos(ax)” 
By ena Gy ee 
sin? x 
2 8 sin x . ile 
Dim Os SCCa GOLAN NG = 59. sin 20 cos 20 = — sin 40 
cos” x z 
67 sin(at — 1) 1 
Le S. Seyae mn)? 
6 Patani) 63 ye + 2x cos(2x) 
par it s) 
65. —sin x cos(cos x) 67. sf) = : 
0 Wt aes. A 
= 9x" 9 = 
6: (a) =~. — 1. f(t) = = 
TS Gaim ay 25 eS Cra 
73. y’ = —6 sec?(2x) tan(2x), 0 


EY 


79. 


(@) Be sw 20) 
(b) 


ils @) Be = y = 2a =O 
(b) 


12(5x* — 1)(x? — 1) 81. 2(cos x* — 2x? sin x2) 


The zeros of f’ correspond to the points where the graph of f has 
horizontal tangents. 


EE YS Oe 


85. 


87. 


89. 


91. 


93. 
OW 


99. 


101. 


107. 


109. 


y The zeros of f’ correspond to the 
points where the graph of f has 
horizontal tangents. 


The rate of change of g will be three times as fast as the rate of 
change of f. 


(a) 24. (b) Not possible because g (h(5)) is not known. 
(cya 6 = @ ie? 

(EAGT (bea OLG 

0.2 radian, 1.45 radians per second 95. 0.04224 


(a) x = — 1.6378 + 19.312 — 0.5¢ — 1 


< = — 204 667 4231). 2 oU 


(c) Because x, the number of units produced in ¢ hours, is not 
a linear function, and therefore the cost with respect to time 
t is not linear. 


(a) f"(x) = Boos Bx 

f’(x) = — Pf’ sin Bx 

f"(x) = — BS cos Bx 

f(x) = BY sin Bx 
(b) f(x) + BPflx) = —B sin Bx + B* sin Bx = 0 
(c). f2?() =)(—1)* B* sin Bx 

f%- Dx) = (—1)'*! B=! cos Bx 


(b) 


5 2(2x-3) 3 
(a) O (b) 8 103. Proof 105. x — 3)” xF 5 
= |) Silas Wo my eee 
(a) P(x) = 2-1) +1 
iy Meiers iC 
P(x) = 3 (x — 1)? + 5 | 1)+1 
(c) P, 


(d) P, and P, become less accu- 
rate as you move farther from 


ba ale 
111. False. y’= —5(1 —x)-'/2 113. True 
Section 2.5 (page 142) 
te 3. — Je as axe a 
y x Qy aa 3x ye a 
Oxy 3x° = Dy cos x 
Axy — 3x? 4 sin 2 


cos x — tany — 1 


15, _2.c08009) 


3. : 
# Sec y 1 — x cos(xy) 
me (a) y, = /16 — x 
ifs eae 
(b) y y= £ =f 
a ee Vigawe.  y 
T |y=V16-x2 
CAN (d) y= —= 
! Le 
=e V2. | 2 pe 
eee cS A 
Peli y=-V16—x2 
D. (a) y, = 3/16 — © 
yeas Se 
Bye 9x 
b y =z 
2) r CS Sarge eet 
: 9x 
(d) y i6y 
“§ 
SW al 8x 
——— 5 7 SGT Mee: 
1 er 3 ioe eae Undefined 
3/2 = 27. —sin2(x + y) or ——= (0) 
. . Q Y / x2 ao 
Bee eae 0. 350s? y, 2 y < 2, 
2 Pee Me 1 ie 
16 3 
.) ee 3 may 39. : 
y y 
l 


mr At (4,3): 


Tangent line:4x-- 3y — 25°= 0 


Normal line: 3x — 4y = 0 


At (—3, 4): 
Tangent line: 3x — 4y. + 25 = 0 
Normal line: 4x + 3y = 0 


(continued) 


45. 


47. 


49. 


53. 


SDs 


Sk 


SY) 


61. 
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Answers to Odd-Numbered Exercises 


x y ; 
y= PS y= r => — = slope of normal line. Then 
% 


for (Xo, Yo) on the circle, x» # 0, an equation of the normal line is 


y= oe which passes through the origin. If x, = 0, the normal 
0 
line is vertical and passes through the origin. 


Horizontal tangents: (—4, 0), (—4, 10) 
Vertical tangents: (0, 5), (— 8, 5) 
y2=4x Si 


At (0, 0): 
Slope of ellipse: — | Slope of line: — 1 
Slope of parabola: 1 
Ae (a2): 


Slope of ellipse: 1 


Slope of sine curve: 1 


Slope of parabola: — 1 


ean gees GY ydy_x 
Derivatives: =--, oa 
dx ie be MY 
dy 4 dy dx 
é = Nee = 4) — 127 — = 0 
ca dx ee Semen dt : dt 


dy 


(a) —asin my( — 37cos 7x = 0 
dx 


dy dx 
= j |) — 3 ‘ —}/= 
(1) gress) (2) 37 cos nx(@) 0 


Answers will vary. In the explicit form of a function, the 
variable is explicitly written as a function of x. In an implicit 
equation, the function is only implied by an equation. An 
example of an implicit function is x7 + xy = 5. In explicit form 


5 — x 


it would be y = 


(a) x* = 4(47— 97) 


A54 Answers to Odd-Numbered Exercises 
8V7 
(b) (c) (32.5) 
y= sllV7 + 7x +°(3./7 + 23) 
yp = —3[(-V7 + Ix - (23 - 8V7) 
1 
n= toa 
yy = ~3l(V7 + 1x - (8V7 + 23)] 
63. Proof 
Section 2.6 (page 149) 
1. (a)? (6) 20) 3. (a) -3—(b) 5 
5. (a) —4 centimeters per second 


17. 


19. 


21. 


. (a) Positive 


(b) O centimeter per second 


(c) 4 centimeters per second 


. (a) 8 centimeters per second 


(b) 4 centimeters per second 
(c) 2 centimeters per second 
(b) Negative 


. In a linear function, if x changes at a constant rate, so does y. 
However, unless a = 1, y does not change at the same rate as x. 


2(2x3 + 3x) 


15. 


(a) 367 square centimeters per minute 


(b) 1447 square centimeters per minute 


(a) Proof 
(b) When 6 = za = Soa 
When 6 = Oa. 
(c) If s and d6/dt are constant, dA/dt is proportional to cos 0. 
(a) = centimeter per minute 


ia 
(5) <= 18a centimeter per minute 


(a) 36 square centimeters per second 


(b) 360 square centimeters per second 


: fi 1 
405q) oot per minute 
(a) 1225708 (D)) —s meter as minute 
- (a) -5 > foot per second; —3 > feet per second; 


= = feet per second 


527 : 
(b) 54 square feet per second _(c) a radian per second 


29. Rate of vertical change: : meter per second 


g 
Rate of horizontal change: ous meter per second 


31. (a) —750 miles per hour (b) 20 minutes 


28 
33, ——— =~ —8.85 feet per second 
ef NO) P 
35. (a) = feet per second (b) 


37. (a) 12 seconds 


feet per second 


(b) ; /3 meter 


(c) 1 2 0 7 meter per second 

39. Evaporation rate proportional to 
S— <= k(4rr?) 
V= (F)ar > =4 oe 
Sok = o 


1 
30 radian per second 


(b) 3 radians per minute 


41. ves( 3p + ve) =0 43. 


45. (a) ‘ radian per minute 


(c) 1.87 radians per minute 
47. (a) — = —6007 sin 0 


(b) 


—2000 


(c) d= 90° + n> 180° 9@=O0° +7: 


(d) —3007 centimeters per second; 


180° 


—300 \/37 centimeters per second 
49, — 5 COS” 0, 


51. —0.1808 foot per second per second 
53. (a) m(s) = —0.881s? + 29.10s — 206.2 


(b) (762s 29.10) (c) 2.15 million 


Review Exercises for Chapter 2 (page 153) 


3. fa) = >= tl 


5. f is differentiable at all x # —1. 


1. f(x) = 2x —2 


I E_ IO OOOO OOOO 


ota). 


(b) No, because the derivatives from the left and right are 


not equal. 
oa] 
2 
(a) y=3x+1 i 
kb) = 
fi) =2x-2 


f’ > 0 where the slopes of tangent lines to the graph of f 
are positive. 


4) 19. 8x’ Pl, Me Sy Bilbe — D) 
3 1 4 
eo ee ===s b= 3 
as a= eye LE 38 29. 2 cos @ 
: cos 0 
a orsinnd 4 


. (a) 50 vibrations per second per pound 
(b) 33.33 vibrations per second per pound 
. 414.74 meters or 1,354 feet 


(b) 50 
(c) x = 25 
(d) y’ = 1 — 0.04x 


BRE 25 | 30 | 50 


be 1.| 0.6 0 | -02 | -1 


(e) y(25) = 0 


39. 


41. 


45. 


51. 


Sb 
61. 
63. 


65. 


69. 
73. 
77. 


79. 


$1. 


83. 


87. 


89. 


93. 


Dik 


A55 


Answers to Odd-Numbered Exercises 


(a) x@= 27-3 (by) (00,15), © x= — One 


2(6x? — 9x? + 16x — 7) 43. /xcosx + sin x 


1 
Vag 
x2 + iM 6x 


Af /_=SS5 
we (4h = BP 


= (= 1 


2x cos x + x? sin x 


5 53. 3x? sec x tanx + 6x sec x 
cos? x 


=i sce i aatans Sh, se Sim 3 59. 6t 

6 sec? @ tan 0 

y + y = = (2.sin x + 3:c0s,x) +0(2 sinx 4:3:cos x): =,0 
= 3x? 2(x — 3)(—x* + 6x + 1) 

2/1 — 8 Gat 

s(s? — 1)3/2(853 — 3s + 25) 7h, 9 six 1) 


75. A = C08 29) = sin? x 


67. 


SaCSC 20 COL 
sin'/? x cos x — sin>/2.x cos x = cos? x/sin x 
(x + 2)[ a cos(ax)] — sin(zx) 


(x + 2) 
t(t — 1)4(7t — 2) 


The zeros of f’ correspond to the 
points on the graph of the func- 
tion where the tangent line is 
horizontal. 


Sf slisae 5 
(eset)? BS Cha ye 


g’ is not equal to zero for f’ has no zeros. 


any x. 
ed sec? 1 — x 
ej = 5 


y’ has no zeros. 
4— 4 sin 2x 
2(¢ + 2) 
his 2 

(a) —18.667 degrees per hour 
(b) —7.284 degrees per hour 
(c) —3.240 degrees per hour 
(d) —0.747 degree per hour 


91. 2 csc? x cot x 


95. 18 sec?(34) tan(3@) + sin(@ — 1) 


A56 Answers to Odd-Numbered Exercises 
99 2% + 3y 101 2yJ/x — yy y sinx + siny 
Pe 3GF 57) oxy = %6/% eosx — cosy 
105. Tangent line: x + 2y — 10 = 0 


Normal line: 2x — y = 0 


107. (a) 22/9: units/sec (b) 4units/sec  (c) 8 units/sec 
109. a meter per minute 111. —38.34 meters per second 
P.S. Problem Solving (page 156) 

1. (a) r= - (b) Center: (0, 5) 


Se 


7. (a) Graph 


0.1 | -0.001 | 0 | 0.001 | 
cosx | 0.5403 | 0.9950 1.000 i 1 | 
| P(x) | 0.5000 | 0.9950] 1.000 [1 | 1 | 
x 0.1 1.0 
cos x 0.9950 | 0.5403 
P,(x) | 0.9950 | 0.5000 


P,(x) is a good approximation of f(x) = cos x when x is 
very close to 0. 
(d) P(x) = x — 38 


Dix) = 2° 4 4x — 5 


ire 


as separate equations. 


The intercepts will always be (0, 0), (a, 0), and (—a, 0), and 
the maximum and minimum y-values appear to be +5a. 


© (4 2 2) ee a (232 2 ai O a 
Dy De ee a) ‘) 


a 


9. (a) When os man is 90 feet from the light, the tip of his shadoy 


11. 
iS: 


15. 


is | 123 feet from the light. The tip of the child’s shadow i 
[Wis feet from the light, so the man’s shadow extends ly 
feet beyond the child’s shadow. 

(b) When the man is 60 feet from the light, the tip of his shadoy 
is 75 feet from the light. The tip of the child’s shadows is 77 
feet from the light, so the child’s shadow extends 2% feet 
beyond the man’s shadow. 


(c) d = 80 feet 


(d) Let x be the distance of the man from the light and s be th 
distance from the light to the tip of the shadow. 


/ 50 
If0 <x < 80, mn 
/ 25 
li SO: _ 


There is a discontinuity at x = 80. 


Proof. The graph of L is a line passing through the origin (0, 0) 

*) 0.1 | 0.01 0.0001 
a 0.01745241 | 0.0174532924 | 0.0174532925 

(b) a ©) a cosz (d) aaa :) 


(e) Answers will vary. 
(a) j would be the rate of change of acceleration/deceleration. 


(b) 7 = 0. Deceleration is constant, so there is no change i 
deceleration. 


Chapter 3 
Section 3.1 (page 165) 


1. 
5. 


f(0) = 0 
f'(—2) is undefined. af 


9, 1, absolute maximum; 


3. f(3) =0 
2, absolute maximum 


2, absolute minimum; 
3, absolute maximum 


W.x=0,x=2 13. I= 15.2 =m, ae 

17. Minimum: (2, 2) 19. Minimum: (0, 0) and (3, 0 
Maximum: (— 1, 8) Maximum: Ee 2) 

21. Minimum: (— il, —3) 23. Minimum: (0, 0) 
Maximum: ie Fi Maximum: (— 1, 5) 

25. Minimum: ( 27. Minimum: (1, — 1) 

Maximum: me 13 an (1,3) Maximum: (0, —3) 

29. Minimum: 31. Minimum: (2, 3) 
Wesel Maximum: (1, J? + 3) 

33. (a) Minimum: an — 3): 35. (a) Minimum: (1, — 1); 


Maximum: (2, 1) 
(b) Minimum: (0, — 3) 
(c) Maximum: (2, 1) 


(d) No extrema 


Maximum: (— 1, 3) 
(b) Minimum: (3, 3) 
(c) Minimum: (1, — 1) 
(d) Minimum: Che) 
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7. 39. 4 19. Not continuous on [0, 7] 
Ne 21. 1 
= 4 +1 1 
4 
Minimum: (0, 2) Minimum: (4, 1) a 
Maximum: (3, 36) Rolle’s Theorem does not apply. 
F(a) 5 23. 05 
—0.25 0.25 
(0.4398, 1.0613) 
-2 =0.5 
(b) Minimum: (0.4398, — 1.0613) jA=01533) = 
3. Maximum: |f”(3/—10 + /T08)| = f"(V3 — 1) ~ 1.47 25. (a) f(1) = f(2) = 64 
AT amu: | F(0)| = 2 (b) Velocity = 0 for some ¢ in (—1, 2); t = 3 seconds 
As Die ‘( 
7. Because f is continuous on lo | but not continuous on [0, 7]. tangent line 
9. Answers will vary. Example: We a _ 
y a of 
ps fe at == 
> 
fangent line — secant line 
po 29. The function is discontinuous on [0, 6]. 
S15 f'4 = 2) = — 16S 33h ga 
1 | 
35. r(-4) =-> 37. r(3) = 6 
1. (a) Yes (b) No 53,12) No) (b)) Yes 4 3 D, 
5. Maximum: P(12) = 72 39. Secant line: 2x = 3y 210 
f : 5 = 
No. P is decreasing for J = 12. Paneect te ie De V6 Pe et dey 


2 


7. 0.9553 radian 


3} - 3 () = 
i E tangent” J 
9, (a) y 40,000 200 ~ 4 Moe 


(©) | |-=so0 | —400 | —300 —200 | - 100 | 0 | 


a 0 0.75 3 6.75 | 12 | 18.75 | 


z zy 41. Secant line: x — 4y + 3 =0 
Go 200 | eral aeall - 500 Tangent line: c = 4, x—-4y+4=0 
I = ae 0.75 
(c) Lowest point ~ (100, 18); No ae 
l. True 63. True i= ae es 


ection 3.2 (page 172) 
43. (a) —14.7 meters per second (b) 1.5 seconds 


1. (0) = f(2) = 0; f is not differentiable on i 2}. 
ee’) : 8 45. No. Let f(x) = x? on[—1, 2]. 
3 


~ (2,0), (—1,0);7(G) =0 5. (0, 0), (—4, 0); f'(-3) = 0 
2.0), iS () ( J ( ' 47. By the Mean Value Theorem, there is a time when the speed of 


7. #1) = 0 9. ()- 0; f’ (a sr ae =0 the plane must equal the average speed of 454.5 miles per hour. 
3 The speed was 400 miles per hour when the plane was acceler- 
1. Not differentiable at x = 0 13. 7° (-2 = 53) aa ating to 454.5 miles per hour and decelerating from 454.5 miles 


per hour. 


4 r(2) = 0; ee =0 17. f(0249) ~0 
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49. (a) f is continuous and changes signs in [— 10, 4] (Intermediate 
Value Theorem). 
(b) There exist real numbers a and b such that —10 <a < 
b < 4 and f(a) = f(b) = 2. Therefore, f’ has a zero in the 
interval by Rolle’s Theorem. 


(c) ; (d) ; 


53. False. f is not continuous on [—1, 1]. 
55. True 57. Proof 59. Proof 61. Proof 


Section 3.3 (page 181) 


. Increasing on (3, 00); Decreasing on (—©o, 3) 


. Increasing on (—co, —2) and (2, oo); Decreasing on (—2, 2) 


. Increasing on (1, co); Decreasing on (—©o, 1) 


Senn we — 


( 
e 

. Increasing on (— co, 0); Decreasing on (0, 00) 
( 


. Increasing on (—2./2, np) 
Decreasing on (—4, ~2,/2), (2 R/O 4) 

11. Critical number: x = 3 
Increasing on (3, co) 

Decreasing on (— oo, 3) 
Relative minimum: (3, —9) 

13. Critical number: x = | 
Increasing on (—oe, 1) 
Decreasing on (1, 00) 
Relative maximum: (1, 5) 

15. Critical numbers: x = —2, | 
Increasing on (— oo, —2) and (1, co) 
Decreasing on (—2, 1) 

Relative maximum: (—2, 20) 
Relative minimum: (1, —7) 

17. Critical numbers: x = 0, 2 

Increasing on (0, 2) 

Decreasing on (— 00, 0), (2, co) 

Relative maximum: (2, 4) 


Relative minimum: (0, 0) 


19. 


21. 


23. 


27. 


29. 


31. 


a3 


SS: 


Critical numbers: x = —1, | 
Increasing on (— 00, — 1) and (1, co) 
Decreasing on (— 1, 1) 

Relative maximum: (- IG = 

Relative minimum: (1, 4) 

Critical number: x = 0 

Increasing on (— oo, 0) 


No relative extrema 


Critical number: x = | 25. Critical number: x = 5 
Increasing on (1, co) Increasing on (— 0, 5) 
Decreasing on(— co, 1) Increasing on (—o0, 5) 
Relative minimum: (1, 0) Relative maximum: (5, 5) 
Critical numbers: x = —1, | 


Discontinuity: x = 0 

Increasing on (— 00, — 1) and (1, oo) 
Decreasing on (— 1, 0) and (0, 1) 
Relative maximum: (— 1, —2) 
Relative minimum: (1, 2) 

Critical number: x = 0 
Discontinuities: x = —3,3 
Increasing on (—oo, —3) and (—3, 0) 
Decreasing on (0, 3) and (3, co) 
Relative maximum: (0, 0) 

Critical numbers: x = —3, 1 
Discontinuity: x = — 1 

Increasing on (—oo, —3) and (1, co) 
Decreasing on (—3, —1) and (—1, 1 
Relative maximum: (—3, —8) 


Relative minimum: (1, 0) 


T 
Critical numbers: x = Ew 


7 Yi 
Increasing 0,2), 9) 
ncreasing on | 6 | 6 T 


, Tao 
Decreasing on | —, — 
O 


Relative maximum: 


Relative minimum: 


; 7 
Increasing on | 0, sip 


; 7 
Decreasing on é 
2a 


: p 7 37 
Relat As \ bees ?) ar ee 
ative maxima (2 ( 5 .0) 
7 


: ap 1 
Relat inima: 
ive ee (72, i), 


ETL kz 


87. (a) f(x) = P22) 
OS te 
(b) i P (co) aa 


1 
! 
i 
' 
1 
{ 
{ 
1 
{ 
i 


ie 
\ fh 
(@) f’> 0 on (-222 332) 
2) ?) 
f <00n( 3, 32) (22.3) 
2 2 
39. (a) f(t) = t(tcost + 2 sin 2) 
(By i542 
ac i 


(c) Critical numbers: t = 2.2889, 5.0870 
(d) f’ > 0 on (0, 2.2889), (5.0870, 27) 
f’ < 0 on (2.2889, 5.0870) 


41. f(x) is symmetric with respect to the origin. 


Zeros: (0, 0), (+ 3,0) 


g(x) is continuous on (— oe, oo) and f(x) has holes at x = 1 and 


i ale 
43. h 45. 
4 
aT re 
a 1 
= ee eee -4 
=A 
17. » 


49. 
SBb 


59. 


61. 


65. 


67. 


69. 


71. 
Se 


Wie 
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g (0) <0 


51. 2(—6) < 0 53. g(0) > 0 


57. y 


Minimum at the approximate 
critical number x = —0.40 
Maximum at the approximate 
critical number x = 0.48 


& | 0S) 1 | 15) 2 | 25 | 3 
| fle) 0.5 I (youn yh eh eats | 3 
| g(x) | 0.48 0.84 | 1.00 | 0.91 | 0.60 | 0.14 
f(x) > g(x) 


f(x) > g(x) 


(c) Proof 


2R 
—— 63. Maximum when R, = R, 


3 


(a) B = 0.119804 — 4.4879P + 56.9917 — 223.02t + 580.0 


(b) 1500 


(c) (28,3112) 


(a) 3 
(b) a,(0)° + a,(0)? + a,(0) + ay = 0 
a,(2)> + a, (2)? Qa p = 
3a,(0)? + 2a,(0) + a, = 0 
3a,(2)* + 2a,(2) + a, = 0 
(c) f(x) = —$23 + 3x2 
fe 4 
) a,(0)* + a,(0)? + a,(0)? + a,(0) + ay = 0 
HO) ie Sgt ori es ests 
a,(4)4 + a,(4) (4)? + a,(4) + ay = 0 
4a,(0)? + At + 2a,(0) + a, = 0 
ne Jo 3a,,(2)? 2a, (2) rai 0 
kc) f(x) = et = 2? a? 
True ay False. Let f(x) = x°. 


False. Let f(x) = x°. There is a critical number at x = 0, but not 


a relative extremum. 
Proof 79. Proof 
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Section 3.4 (page 189) 


1. Concave upward: (— 00, 00) 


11. 


13. 


15. 


17. 


19. 


21 


23. 


25. 


39. 


. Concave upward: (— 00, — 2), (2, oo) 


Concave downward: (—2, 2) 


. Concave upward: (— oo, — 1), (1, 0) 


Concave downward: (— 1, 1) 


. Concave upward: (—©o, 1) 


Concave downward: (1, co) 


. Concave upward: (-3. 0) 


Concave downward: (0 2) 


Point of inflection: (2, 8) 
Concave downward: (—co, 2) 


Concave upward: (2, 00) 


Points of inflection: (+, =—— 


2; 
Concave upward: ( 6 = ) 
P UF 


Concave downward: (-3 ws 
Points of inflection: (2, — 16), (4, 0) 
Concave upward: (—©o, 2), (4, 00) 
Concave downward: (2, 4) 


Concave upward: (—3, oo) 


Points of inflection: (-v3 ~~), (0, 0), ( Zi. aa 


Concave upward: (- 3, 0), (a 20) 

Concave downward: (—c0, oa 73), (0, J/3) 

Point of inflection: (27, 0) 

Concave upward: (277, 477) 

Concave downward: (0, 277) 

Concave upward: (0, 7), (27, 377) 

Concave downward: (77, 277), (377, 477) 

Points of inflection: (77, 0), (1.823, 1.452), (4.46, — 1.452) 
Concave upward: (1.823, 7), (4.46, 277) 

Concave downward: (0, 1.823), (77, 4.46) 


. Relative minimum: (3, —25) 
. Relative minimum: (5, 0) 


. Relative maximum: (0, 3) 


Relative minimum: (2, — 1) 


. Relative maximum: (2.4, 268.74) 


Relative minimum: (0, 0) 


. Relative minimum: (0, — 3) 


. Relative maximum: (—2, —4) 


Relative minimum: (2, 4) 


No relative extrema, because f is nonincreasing. 


Al. (ay f°) = 02x(— 3)°-Gx — 6) 
f(x) = 04 — 3)10— 24x 4) 
(b) Relative maximum: (0, 0) 
Relative minimum: (1.2, — 1.6796) 
Points of inflection: (0.4652, — 0.7048), 
(1.9348, — 0.9048), (3, 0) 


f is increasing when f’ is positive, and decreasing when f’ is 
negative. f is concave upward when f” is positive, and 
concave downward when f” is negative. 


43. (a) f(x) = cos x — cos 3x + cos 5x 
iO) >—snx + 3 sin 3x — 5 sin Sx 
(b) Relative maximum: (77/2, 1.53333) 
Points of inflection: 
(0.5236, 0.2667), (1.1731, 0.9637), 
(1.9685, 0.9637), (2.6180, 0.2667) 


f is increasing when f’ is positive, and decreasing when f’ is 
negative. f is concave upward when f” is positive, and 
concave downward when f” is negative. 


45. (a) » (b) ; 


47. Answers will vary. Example: f(x) = x4 f’(0) = 0, but (0, 0) is 
not point of inflection. 


=3) 2 


0 ee 
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49. 


The values of f, P;, and P, and their first derivatives are equal 
when x = 0. The approximations worsen as you move away 


§3. ; from 4 = 0) 
aT 75. 
Au 
(2,0) (4,0) 
T : T of T : }$—> x 
a2) 77. Proof 79. True 
81. False. The maximum value is \/13 ~ 3.60555. 
57. Example: ) 
) 83. False. f is concave upward at x = cif f’(c) > 0. 
| Section 3.5 (page 199) 
1h ii Ps 3. d Awa 5. b 6. e 
Saree a, 
: x 10° 10! | 102 103 104 


$@)1 7 | 2.2632 | 2.0251 | 2.0025 | 2.0003 


59. (a) f(x) = (x — 2)” has a point of inflection at (2, 0) if n is odd 
angie: x 105 10° | 


f(x) | 2.0000 2.0000 | 


' Ax TS 
Point of Pes 2 sl 2 
inflection 9 
“lx | 10° | 10! 102 103 | 104 
(b) Proof f(x) | —2 | —2.9814 | —2.9998 | —3.0000 | — 3.0000 
1. f(x) = 3x3 — 6x2 + Bx — 24 
63. (a) f(x) = $x + x? (b) Two miles from touchdown 2 109 106 
—— / 7) 

55. x = (Bat = 0.578L 67. x = 100 units f() — 3.0000 | —3.0000 


9,.¢ = ye =~ 1.633 years 
Bar) = 20/2 


P(x) = 2/2 - Y3{s = zy 


The values of f, P,;, and P, and their first derivatives are equal 
when x = 77/4. The approximations worsen as you move away 
from x = 77/4. 


A62 


11. 
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| 10° | 104 


4.9999 | 5.0000 | 5.0000 


ie} & Grmigim (eRe 
17. 

19. 

25, 3f 

x 103 | 104 | 105 | 10° 
f(x) 0.500 | 0.500 | 0.500 0.500 
43. 

ys 10° | 10 | 105 | 106 
f(x) (0.479 0.500 | 0.500 | 0.500 | 0.500 


The graph has a hole at x = 0. 


45. (a) y 


(b) lim f(x) = 3, lim f(x) = 0 
x co x co 
(c) y = 3 is a horizontal asymptote. The rate of increase of the 
function approaches 0 as the graph approaches y = 3. 
47, Yes. F le, let f(x) ea) 
> VS. Ror omnis eC) = SS. 
: SiG 2) eel 


49. 


53. 


79. 


$1. 


83. 


(b) Proof The slant asymptote y = x 
2 
he |3m + 3] 
w+ 1 
(b) z 
-6 6 


-1 


lim d(m) = 3 


jmi—— ce 


(c) lim d(m) = 3; 


m—-co 


As m-— oo, the line approaches the vertical line x = 0. 
Therefore, the distance approaches 3. 


(2) ep = —0.0032 + 0.68t + 26.6 
(b) 90 (c) 


10 130 


(e) 86 


(d) T,(0) ~ 26.6°, T,(0) ~ 25.0° 


(f) The limiting temperature is 86°. 
No. T, has no horizontal asymptote. 


85. 


87. 


A63 
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Answers will vary. See “Guidelines for Finding Limits at Infinity 
of Rational Functions” on page 195. Examples: 


: S) : F 
(a) lim ( 5; 7] = 0 since the degree of the numerator is 
x00 \3x* — 4 


less than the degree of the denominator. 


(b 


wa 


Pes il 2 
ij ee 
im ( eae | 3 Since the degree of the numerator is 


equal to the degree of the denominator. 


() li Gen 
x49 x-1 


greater than the degree of the denominator. 


Se 
— 
= 


= oo since the degree of the numerator is 


Dx 


False. Let f(x) = army 
@ 


f(x) > 0 for all real numbers. 


Section 3.6 (page 208) 
ivde t27e) B3can Aad 
5.(a) fo) = Ofora = +2 


11. 


faa) = Ofor (— co, —2), (2, co) 
jaa) S Oto (]2,2) 
(b) f(x) = 0 for x = 0 
f(x) > 0 for (0, 00) 
7 la)= 0 for’ —co, 0) 
(c) (0, 20) 
(d) f’ is minimum for x = 0. 


f is decreasing at the fastest rate. 


13. (0.1292, 4.064) 


; 
0,44 /(v3 
A/ (% 


5 3.577) 
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(Mil); 


29. 
(<1.785, 0) 
(ina) 


(1.674, 0) 
4 


1 x 
ees 


(io) 


TROT 0) 


Minimum: (— 1.10, —9.05) 
Maximum: (1.10, 9.05) 
Points of inflection: 

(— 1.84, —7.86), (1.84, 7.86) 
Vertical asymptote: x = 0 


Horizontal asymptote: y = 0 


Point of inflection: (0, 0) 


Horizontal asymptotes: y = +1 


om 1 


SB 4 


pile 


Y 


------nja+-------- 


SWE 
59. 


61. 


63. 


65. 


67. 


69. 


71. 


1S. 


f is decreasing on (2, 8) and therefore f(3) > (5). 


The graph crosses the horizontal asymptote y = 4. The graph of 
f does not cross its vertical asymptote x = c because f(c) does 
not exist. 


The graph has a hole at x = 3. The rational function is not 
reduced to lowest terms. 


The graph appears to approach the line y = —x + 1, which is 
the slant asymptote. 
(a) 1.5 
Mana 
-0.5 
The graph has a hole at x = 0 and at x = 4. 
si l “VV ritical ee ne Ae ak 
Visual approximate critical numbers: a bs a> 29 5» 3) 5 
yy  ~eos*(ax) — 2a sin(ax) cos(7x) 
(b) f G) = (x2 + 1)3/2 Wee he] 


i 3 5 a) 
Approximate critical numbers: 7 0.97, 7 1.98, > 2.98, 3 


The critical numbers where maxima occur appear to be integers 

in part (a), but approximating them using f’ you see that they are 

not integers. 

Answers will vary. Example: y = ——s 

axel ee) 
ian 


Answers will vary. Example: y = 


(a) Rate of change of f changes as a varies. If the sign of a is 
changed, the graph is reflected through the x-axis. 


(b) The locations of the vertical asymptote and the minimum 
(if a > 0) or maximum (if a < 0) are changed. 


(a) If nis even, f is symmetric with respect to the y-axis. 
If n is odd, f is symmetric with respect to the origin. 

On = 0.1,2;3 (cn =4 

(d) When n = 5, the slant asymptote is y = 3x. 


8. 7/192 andi 192 ae 
9, 1 = w = 8 feet 


15. x = i 
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(©) n jo) 1 2/3] 4] 5 


aleua 0 
og 3 a|s|2 3 
75. (a) 2750 (b) 2434 


(c) The number of bacteria reached its maximum early on the 
seventh day. 
(d) The rate of increase in the number of bacteria was greatest 
approximately in the middle of the third day. 
13,250 
7) 


(e) 


Section 3.7 (page 216) 


1. (a) and (b) 


First Second 
Number, x Number Product P 
10 MO 10 10(110 — 10) = 1000 
20 110/20 20(110 — 20) = 1800 
30 MO = a0 30(110 — 30) = 2400 
40 110 — 40 40(110 — 40) = 2800 
50 MO se 50(110 — 50) = 3000 
60 WO — (of0) 60(110 — 60) = 3000 
70 1hiI0). == 740) 70(110 — 70) = 2800 
80 L110 80 80(110 — 80) = 2400 
90) 110 = 90 90(110 — 90) = 1800 
100 110 — 100 100(110 — 100) = 1000 
(c) P = x(110 — x) 
(d) 3500 


(e) 55 and 55 
1 and | 


1. §, /4) 


17. 600 x 300 meters 


7. |= w = 25 meters 
1s Gk, 1) 
Qo 


19. (a) Proof 


(b) V, = 99 cubic inches 
V, = 125 cubic inches 
V, = 117 cubic inches 


(@iD eon ouinches 
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A66 


Bia) = us — 2x)7, 0 wi : 


cient a 
aximum: 6 7 


(b) Increased by a factor of 8 


: Saws 
23. Rectangular portion: — mys ere feet 
8 4 
° = fe A et 
MS, (ay) IL, ae 4 Pai m= 10 eal 


(b) 


Minimum when x ~ 2.587 
(c) (0, 0), (2, 0), (0, 4) 
27. Width: 5/2. Length: 5/2 


2 
29. Dimensions of page: (2 ae a 30) inches x (2 + /30) inches 
31. (a) and (b) 


Radius, r Height Surface Area, S 
2p D 
0.2 2 2 ~ 220. 
Ta (0.2)|0 + a. 220.3 
0.4 oe y} (o4)|oa 4 22 111.0 
ay 7042) 
22 22 
0.6 - 27(0.6)| 0.6 + ~| ~ 75, 
7 (0.6)2 a | mind AS 
19) DD) 
0.8 a = 
m(0.8) (0.8) 08 Sane a 
DD 22 
1.0 : 1.0 + ~ 50.3 
71.0 r(1.0)[ 1.0 anon au 
39 DD 
1.2 bees ZS 
a(1.2)? n(1.)] sad es 
99) 22 
: LAr ~ 43. 
1.4 n(1.4)2 n(14)| a ae ae 
22 22 
- 2Qar(1.6)| 1.6 + Sh 43, 
1.6 n(1.6)2 | and He 
| 22 n(18)| 18 + ee |=448 
8 m(1.8)2 isle ole 
es D) Set O+ ae 
9) re) 
2.0 a (2.0)? ‘a sind ad 
11 
@) p= 3/ Sip Sy 
ain 


Minimum area of 43.46 square inches when r = 1.52 


33. 


aby 


Sie 


Des 


41. 


43. 


47. 
49. 
51. 
53. 


18 x 18 x 36 inches 
32ar° 
81 
Answers will vary. If area is expressed as a function of eithe 


length or width, the feasible domain is the interval (0, 10). Ne 
dimensions will yield a minimum area because the seconc 


4 (EN) 


derivative on this open interval is always negative. 


J 
p= AS 
7 


Side of square: 


AF NA inal 


10/3 


9+ 4/3 


30 


Side of triangle: —.—_.— = 
ide of triang Alans 


w = 8./3 inches, h = 8/6 inches 45. 


h= 


/2 feet 


One mile from the nearest point on the coast 


Proof 


(a) Origin to y-intercept: 2 


Origin to x-intercept: 


(b) d 


Ny 


= /x? + (2 — 2 sin x)? 


TT 
ae 


(c) Minimum distance is 0.9795 when x ~ 0.7967. 
_F= He, @ = arctan k 
Base 1 Base 2 g' Altitude | | Area 
8 8 + 16 cos 10° | 8 sind? | =227 
& > LO cos 20 Se srsin 20-4085 
8 8 + 16 cos 30° | 8 sin 30° | ~59.7 
8 8 +.16 cos 40° | 8 sin 40° | ~72.7 
P 8 sar Ikea oO) | nas? | sexes 
8 8 + 16 cos 60° r sin 60° | 383 1 
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b = 
(b) Base 1 | Base 2 eal iteade (a Ara 5. 0.682 7. 1.146, 7.854 9. —1.442 
all 11. 0.900, 1.100, 1.900 13. —0.489 15. 0.569 
8 8 + 16cos 10° | 8sin 10° | ~22.1 pe 
: 17. 4.4 Say = Be 
8 + 16cos 20° | 8sin20° | ~42.5 bicep. Socata ares SN 
8 8 = 16 cos 30° 8 sin 30° = 5907 PBS, 1.565 25. 3.141 Qi ce) = 0 
29,2 =x, =x, = 
8 8 + 16 cos 40° | 8 sin 40° | ~72.7 ; 
P35 =x, =" 
8 8 + 16 cos 50° | 8 sin 50" | ~ 80.5 31. Iff is a function continuous on [a, b] and differentiable on (a, b), 
8 Saroteicas 60° (eeicini60e b= 83.1 where c € [a, b] and f(c) = 0, Newton’s Method uses tangent 
lines to approximate c. First, estimate an initial x, close to c. 
8 8 + 16 cos 70° | 8 sin 70° | ~80.7 f(x) 
= (See graph.) Then determine x, by x, = x, — >—~ Calculate a 
8 | 8 + 16cos 80° | 8 sin 80° | ~74.0 Pjose alae (es) 
1 o) 
8 8 + 16 cos 90° | 8 sin 90° | ~64.0 third estimate by x, = x, — Fak Continue this process until 
The maximum cross-sectional area is approximately 83.1 |x,, — X,+,] is within the desired accuracy and let x,,, be the 
square feet. final approximation of c. 
I i 
(c) A=(a+ b)5 h 


= [8 + (8 + 16cos gree 


= 64(1 + cos 6)sin 6,0° < 6 < 90° Kage | 


dA af 
(a5 64(1 + cos @)cos 6 + (—64 sin 6)sin 0 Th 


= 64(cos 6 + cos? @ — sin? 6) 
OA 2cos0 1 2cos |G — 1) 

= 64(2 cos 6 — 1)(cos 6 + 1) 
= 0 when 6 = 60°, 180°, 300° 


The maximum occurs when 0 = 60°. 


(e) 100 


(60°, 83.1) 


(b) 1.347 
(©) 23? 
@) pean x-intercept of y = —3x + 4 is . 


x-intercept of y = —1.313x + 3.156 
is approximately 2.404. 


). 4045 units 
P, y=a0,x; S; = 61 miles 


3. y = 75x; Sy, = 4.50 miles 


ection 3.8 (page 226) 


i 
I f(,) a Aap \ 
£ Xn a fey) fn) Tae *n f'(x,,) y = —1313x + 3.156 
1 | 1.7000 | —0.1100| 3.4000 | —0.0324 1.7324 (e) If the initial estimate x = x, is not sufficiently close to the 
desired zero of a function, the x-intercept of the corresponding 
2 | 1.7324 0.0012 3.4648 0.0003 1.7321 tangent line to the function may approximate a second zero of 
the function. 
A fc,) flc,) a 
Y n n 37. Proof 
sow ty 
n x; fee) I (x,) f >) n fi (x,,) 
aa 
1 3) 0.1411 —0.9900 | —0.1425 3.1425 
iz 
2 | 3.1425 | —0.0009 | — 1.0000 | -0.0009 3.1416 
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39. 0.860 


A 


I (0.860, 0.561) 


41. (1.939, 0.240) 43. x ~ 1.563 miles 45. $384,356 


47. False: let f(x) = ‘ — - 49. True 51. x ~ 11.803 
Section 3.9 (page 233) 


il, TAG3) = Zoe = 


x 19 | 1.99 2 | 201 2.1 


f(x) | 3.610 | 3.960 | 4 | 4.040 | 4.410 
T(x) | 3.600 | 3.960 | 4 | 4.040 | 4.400 


Beit s0x 128 


x 1.9 


ies) 24.761 | 31.208 | 32 
pasar 
T(x) | 24.000 | 31.200 | 32 


1.99 | 2 | 2.01 21 


32.808 | 40.841 
32.800 | 40.000 


Seis) —(cos2)ix — 2) sin 2 


x 1.9 1.99 | 2 | 2.01 21 


f(x) | 0.946 | 0.913 | 0.909 | 0.905 | 0.863 
T(x) | 0.951 | 0.913 | 0.909 | 0.905 | 0.868 


7. Ay = 0.6305; dy = 0.6000 
3 1 — 2x? 


11. 6x dx ee 15. ———— & 
x dx 13 (yas iz 5 Ee 


17. (2+2cotx+2cot?x)dx 19. msin( S7— ') ax 


21. (a) 0.9 (6) 1.04 

25. (a) 8.035 (b) 7.95 

29. +3 square inch 

33. (a) $% — (b) 1.25% 

35. (a) £2.88a cubic inches  (b) +0.967 square inches 
(c) 1%, $% 

37. 807 cubic centimeters 

39. (a) 1% (b) 216 seconds = 3.6 minutes 

41. (a) 0.87% = (b) 2.16% 43. 4961 feet 


23. (a) 1.05 (b) 0.98 
4h (ED) te) (lb) f8 


31. +77 square inches 


1 
45. f(x) = J/x, dy = : 
f(x) ver y De 
, | 
99.4) = ./100 4 6) = 
f(99.4) ate 0.6) = 9.97 


Calculator: 9.97 


9. Ay = —0.039; dy = —0.040 


47. f(x) = ¥x, dy = and 


i 


f(624) ~ 4/625 + 


Calculator: 4.998 


49. f(x) = Vis dy = a 


a Betis: u 
f(4.02) ~ V4 + ; 75 (0.02) ee 3 (0.02) 


51. The value of dy becomes closer to the value of Ay as A 


decreases. 
53. True 55. True 


Review Exercises for Chapter 3 (page 235) 


1. Let f be defined at c. If f(c) = 0 or if f’ is undefined at c, the 


c is a critical number of f- 


y 
A 
ap 6 4-- 
f )is i File} =0 
undefined. ~ a 


3. Maximum: (27, 17.57) 
Minimum: (2.73, 0.88) 
6281732 

ra 


(2.73, 0.88) 4 
ff 


(b) f is not differentiable at x = 4. 
(2a) 3 2 ee 


799) 7 11. f(0) = 1 13. c = 5 : 


15. Critical numbers: x = 1, 
Increasing on (—oo, 1), (Z, oo) 
Decreasing on (te ) 

17. Critical number: x = 1 
Increasing on (1, co) 
Decreasing on (0, 1) 


19. Minimum: (2, — 12) 
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‘1. (a) y = Zinch; v = 4 inches per second 43. 02 
(b) Proof 


(c) Period: a Frequency: is 
6 7 


2 (Z 2) (2 am) ae 
22.) \ Oe Horizontal asymptote: y = 0 
is. : Relative minimum: (— 0.155, — 1.077) 
Relative maximum: (2.155, 0.077) 
45. » 47. 


i. 49. 


(5,f(5)) 


(ls Abs) hae 


=3-- 


9. Increasing and concave down 53. 
1. (a) D = 0.003402* — 0.2352r7 + 4.94217 — 20.86t + 94.4 
(b) 369 


(c) Maximum occurs in 1991; Minimum occurs in 1972. 
(d) 1979 

5. 3) 735.0 

7. Vertical asymptote: x = 4 


Die 


Horizontal asymptote: y = 2 


9. Vertical asymptote: x = 0 


Horizontal asymptote: y = —2 


61. y 63. Maximum: (1, 3) 


Minimum: (1, 1) 


Vertical asymptote: x = 0 


Relative minimum: (3, 108) 


Relative maximum: (— 3, — 108) | 
65. t ~ 4.92 = 4:55 po.; d ~ 64 kilometers 


67. (0,0), (5,0),(0,10) 69. Proof 71. 14.05 feet 


A70 Answers to Odd-Numbered Exercises 
73. 3(32/3 + 22/3)3/2 = 21.07 feet 

75. v ~ 54.77 miles per hour 

Wh, Nee, =O3296 asi’) 79. —1.164, 1.453 
81. dy = (1 — cosx + xsin x) dx 


83. 


dS 
dS = +1.87 square centimeters, is x 100 ~ +0.56% 


V 
dV = +8.17 cubic centimeters, “ x 100 ~ +0.83% 


PS. Problem Solving (page 238) 


il. 
ab 


ie 
9. 


Proof 
(a) 


Relative maximum for all a at (0, 0) 
Two relative minima for a = 1, 2,3 
(b 


ey 


p = ax* — 6x2 
p’ = 4ax> — 12x has critical points at x = 0 and 
Wa.o > 0 
Do Wax — 12 p40) = — 12 
Therefore, by the Second Derivative Test, p has a relative 
maximum for all a at x = 0. 
(c) p+ /3/a) = 24. Therefore, by the Second Derivative 
Test, p has a relative minimum when x = +./3/a,a > 0. 
Relative extrema of p occur at x = 0, +/3/a, a> 0. 
If x=0, p(x)=0 and (0,0) also lies on the 


graph of y= —3x?. If x =+/3/a, p(x) = —9/a 
and (+ /3/a, ~9/a) also lies on the graph of y = —3x°. 


3 =" Se 


(d 


=, 


. Choices of a may vary. 


@=1 a=3 ¥ 
N/ A 


(=P) Toh —10) 
ries 


(a) One relative minimum at (0, 1) fora => 0 
(b) One relative maximum at (0, 1) fora < 0 


a 


2 


(d) If a < 0, there are three critical points; if a => 0, there is 
only one critical point. 


(c) Two relative minima for a < 0 when x = + 


All c¢ where c is a real number 
Proof 11. ¢ = 42.1° or 0.736 radians 


13. d= : + 2n7 and 6 = ad + 2n7, where n is an integer. 


15. Rectangle: 3 x 2 
Circle: r = 1 
SemMoinelles if = 12 


Calculus was helpful for the rectangle. 
a3 Jos 
17. Greatest slope at (-2. ‘): Least slope at (2. 3) 


19. (a) Proof  (b) Proof 


Chapter 4 
Section 4.1 (page 249) 


1. Proof 3. Proof Sy = PHA 
7. y =3x5/2 + 
Original Integral Rewrite Integrate Simplify 
ee a 
9. [ vac [us dx 433 He Tea +6 
11. ee dx [ev dx i ar ee a 


l Lees Wee 1 
13. [% dx AE Sax +5) ar (é 2 + 


ixt + 2x+C 


1.52 4+3x+C I17.2%-8+C 19. 


Suet viee 
23 ea ee 


1 


9 
Pal bs re +2+374+C 


2 xl23x2 + 5x + 15)+C 29. 


Dilee x 5X? = 2 

31. 3y7/2+C 33x+C 35. —2cosx+3sinx+C 
ST cpaCSOrt ten 39. tani@ 43 cos 6) kG 41. tany+C 
43. ) 45. Answers will vary. Example 


49. y=. — wet I 


51. y = sinx + 4 


G 


+E 


53. 


55 
59 
63 
65 


67 


JAE 


The 
TT 


79. 


81 
83 


85. 


(a) Answers will vary. (b) y= ie ss aaa) 
Example: 6 


a) = 2x7 +°6 57. hit) = 24 + 5t — 11 

fa) =e+x+4 61. f(x) = —4/x 4+ 3x 
. (a) h(t) = 322 + 5¢ + 12 
. (a) —1; f(4) represents the slope of f at x = 4. 


(b) 69 centimeters 


(b) No. The slope of the tangent lines are greater than 2 on [0, 2]. 


Therefore, f must increase more than four units on [0, 2]. 
(c) No. The function is decreasing on [4, 5]. 
(d) 3.5: 73:5) = 0 
(e) Concave upward: (—©o, 1), (5, oo) 
Concave downward: (1, 5) 
Points of inflection at x ~ 1 and x ~ 5 
@)n3 
(g) 


» 62.25 feet 69. v) ~ 187.617 feet per second 

v(t) = —9.8t + C, = —9.8t + vo 

4.97 Avett C, = —4.917 + vot +S 

. 320 meters; —32 meters per second 

. (a) v(t= 32 — 12t + 9; a(t) = 6f 912 
Oe(Or),G,5) (c) 3 

ali) = <5: s() = 2Vi +2 

. (a) 1.18 meters per second per second (b) 190 meters 


. (a) 300 feet  (b) 60 feet per second ~ 41 miles per hour 
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87. 7.45 feet per second per second 
89. True 91. True 
93. False. Let f(x) = x and g(x) = x + 1. 


A71 


73. 7.1 meters 


10 | 15 | 20 25 | 30 


(@) ¢ |o| 5 


10.27 42.53 66.00 Wp).oie) 


Pa.| 0 | 3.67 


23.47 | 
74.80 | 88.00 | 93.87 | 9515 


v, | 0 | 30.80 | 35-73 | 


(b) v,(t) = 0.106817 — 0.0421 + 0.37 
v(t) = —0.120827 + 6.799t — 0.07 

(c) Distance of car 1 ~ 953 feet 
Distance of car 2 ~ 1970 feet 


Car 2 traveled farther because it accelerated faster for 
about the first 15 seconds. 


oS: 


Lo || 28 ae 2 Oks se 7 
f= |.3 "> pee ea 


f is not differentiable at x = 2 because the left- and right-hand 
derivatives at x = 2 do not agree. 


Section 4.2 (page 261) 


1. 


11. 


. 420 


. The area of the shaded region falls between 12.5 square units 


310)-@] 


aa 
17. 2470 19. 12,040 


21. 2930 


and 16.5 square units. 


25. The area of the shaded region falls between 7 square units and 
11 square units. 
27. A = 'S = 0.768 29. A ~ S ~ 0.746 
A~s~0.518 = s5 = 0.646 
Hig ee) 
35,2 +2 37, 2(n + tke — 1) 
n ie 
= NOS = 12 n= 10;S = 1.98 
n = 100; S = 1.02 n = 100; S = 1.9998 
n = 1000; S = 1.002 n = 1000; S = 1.999998 
n = 10,000; S = 1.0002 n = 10,000; S = 1.99999998 


: ie a ee 6. 1/2 Br n\n 
(cer pre eee 


ick (= 1) = 
noo nN 
6) pe 
(a) > Oe Ceneee & 
n n 
(¢) s(n) <= 7G, Ax 
i=1 
n 9) 
= Seo) 
e n} \\n 
(d) S(n) = S' f(x,) Ax 
i=1 
SNC) 
ai Mn] \\n 
() 5 | 10 | 50 | 100 
s(n) 1.6 | 1.8 | 1.96 1.98 
S(n) Deh || QE | DAM! 2,02 
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ail 71. We can use the line y = x bounded by x = a and x = b. The 
47. A=2 49. A=3 a 
sum of the areas of the inscribed rectangles in the figure below 


is the lower sum. 


The sum of the areas of the circumscribed rectangles in the 
figure below is the upper sum. 


The rectangles in the first graph do not contain all of the area of 
the region, and the rectangles in the second graph cover more 
than the area of the region. The exact value of the area lies 
between these two sums. 


73. (a) 3 (b) > 


@) ~ (d) Proof 


63.2 65. 0.345 


67. 

n 4 8 12 | 16 | 20 

Approximate | | 

es DESO CMO OO 2 S459 ho 405m oes oA (e) _ 4 8 20 100 200 
=| 

Ay s(n) 15.333 | 17.368 | 18.459 | 18.995 | 19.060 
| 

Sty 21.733 | 20.568 | 19.739 | 19.251 : 
n | 4 8 | 12 16 20 vee 
Ee ats M(n) | 19.403 | 19.201 | 19.137 | 19.125 | 19.125 
2d22 4 222387 | 2.2418 | 2.2430)) 29435 
area (f) f is an increasing function. 


Te: 1B 77. True 79. Answers will vary. 


81. Suppose there are n rows in the figure. The stars on the left total 
1+2—-*> »+ 7, as do the stars on the right. There are 
n(n + 1) stars in total. So, 


A1+2+---+nj=nn+ 1) 
1424¢--- $n=MetD 


83. (a) y = (—4.09 x 107>)x3 + 0.016x? — 2.67x + 452.9 
(b) 500 (c) 76,897 square feet 


Section 4.3 (page 272) 
foe 3 346499 30362 5.0. 


5} 3 : 
9, [ (3x + 10) dx 11. [ A Xo 4 ax 
= 0 
Ps 4 2 
13. [ cyst aaa i (4 —|x|)dx 17. [ (4 — x2) dx 
0 —4 —2 


v. | sin x dx 21. | y? dy 
0 0 


23. A = 12 25. A= 8 
y y 
A A 
Bue a 
3 4+ 
} 1 
+ 1 Triangle | 
| | 
a+ Rectangle 
i | 
IF | 
j } 
{4,1}; , aaa 
ie Dag A 5 4 
27. A= 14 29. A= 1 
Le y 
A 
l~. Triangle 


Trapezoid 


5 5 eee) 35. 24 SH, = AO 39. 16 
Biae)ots 4) 10° «(0 _(d) 30 
AG) Ss ©) —-12- (c) -—4 (d)30 
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45. (a) -—7w (b) 4 
(@) 3 ae Dap 


47. S fl) Ax > i f(x) dx 49. Si fla) Ax < [ f(x) dx 
I = | 


i=] 


(c) —(1 + 27) 
(Gi) BEy = Day 


(@) 3S Lae 


51. No. There is a discontinuity at x = 4. 

Sah al cay Gl 

37. 4 8 12 16 20 
L(m) | 3.6830 | 3.9956 | 4.0707 | 4.1016 | 4.1177 
M(n) | 4.3082 | 4.2076 | 4.1838 | 4.1740 | 4.1690 
R(n) | 3.6830 | 3.9956 | 4.0707 | 4.1016 | 4.1177 

59. 4 8 2 16 20 
L(n) | 0.5890 | 0.6872 | 0.7199 | 0.7363 | 0.7461 
M(n) | 0.7854 | 0.7854 | 0.7854 | 0.7854 | 0.7854 
R(n) | 0.9817 | 0.8836 | 0.8508 | 0.8345 | 0.8247 

61. True 63. True 


2 
65. Fale: | (Ss) = =P 67. 272 


0 


69. No. No matter how small the subintervals, the number of 
both rational and irrational numbers within each subinterval is 
infinite and f(c;) = 0 or f(c;) = 1. 


3 
33. i 10,000(t — 6) dt = —$135,000 35. 2 
0 
9) 
37. bes 39.1 41.10 43. 6 
45. 0.4380, 1.7908 47. +arccos Ja = +0.4817 


8 2 
49. Average value = 3 51. Average value = ee 


x = 0.690, x = 2.451 


53. The Fundamental Theorem of Calculus states that if a function 
f is continuous on [a, b] and F is an antiderivative of f on [a, b], 
then J? f(x) dx = F(b) — F(a). 
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555= 5 Sh OS 595 15:5 95. (a) C(x) = 1000(12x°/4 + 125) 
61. (a) F(x) = 500 sec?x  (b) 827 newtons (b) C(1) = $137,000 

63. ~0.5318 liter C(5) = $214,721 

65. (a) C(10) = $338,394 


97. True 


99. False: f(x) = x * has a nonremovable discontinuity at x = 0. 


: 1 1 ee 
101. f@)— (ia? + -( 4) + See 0 


The average value of f(r) over the interval 0 < ¢ < 24 is Since f’(x) = 0, f(x) is constant. 
represented by Ibs 0.5 sin( =) = (i 103. 28 units 105. 2 units 
0 
(b) Section 4.5 (page 297) 


[rtotone (x) dx “= g(x) a = g (x) dx 


1. | oe + 1)?(10x) dx 5x2 4+ 1 10x dx 
Even though the average value of f(t) = 0, the trend 


represented by g increases over the interval 0 < t < 24 as x i hee f Pe | Die 
does S(t). War se Il 
67. (a) v = —0.0008613 + 0.078272 — 0.2087 + 0.10 5. i ee ie Ree 
(b) 
acto) 2 
te ee + C iO] xe AG 
5) 3 
(ee 3) = 1) 
+ ——— 
11 D C 13 is CG 
2 3/2 
(c) 2475.6 meters 15 we Cc 17. erat — 4/3 4 ¢ 
i : 
69. F(x) = =x? — 5x hk, JEG0) = =i + 10 1 1! 
2) x 19 = Se 21s =o G 
F(2) = -8 F(2) =5 ID seed 3(1 + x°) 
= if a 4 
F(5) = —125 F(S) ae 232 =A) ieee C5. = +4) iG 
F(8) = =8 F(8) = 83 t 
an 
73. F(x) = sinx — sin 1 ai 2x sae > 
F(2) = sin2 — sin 1 ~ 0.0678 29. 52°19 + 2x32 + 14yl? +.C = 5/202 15x 4 a5) ea 
Ae yo) 
F(5) = sin5 — sin] ~ —1.8004 Shab ee a C , 
F(8) = sin 8 — sin 1 ~ 0.1479 33... Gy? ey eG = 59715 = y) SG 
75.592 + 2x 9 77. 2x73 -12 79. tanx —1 35. 2x7 - 4/16 - x + C 
81. x? — 2x 83. J/xt + 1 85. x cos x 87. 8 39 A . 
89. cosxJ/sinx 91. 3x” sin x® GN pa Ve at: 


Ose Example: 


An extremum of g occurs at x = 2. 


. —cos(rx) + C 


tae COUw oe a, C. 


. (a) 102.352 thousand units 


. (a) 1.273 amperes 


5 Lhe 


43. —5 00s De ap (E 45. —sin ; ae 


1: 1 1 
eg nin~ 2c C tor 7 cos 2x + C, or; cos 4x + C, 


. 5 tanox +°C 


51. 5 tan?x + C or} sec?x + CG 


55. f(x) = 2sin= + 3 


. A(x + 2373x-— 4) + 
. = 755 (1 — x)3/2(15x2 + 12x + 8) + 


se 4 


p24 = 
eee Le 


~—x-1-2VeF14+ Cor-(x+2VeF1)+ C, 


1 4 
ee 71. 5 TS: 15 


0 8 


ee Oe tC, 


a a 
Ore ON 4 x tC, 


Answers differ by a constant: C, = C,; — 7 


72 93. 0 


4 
: 2 (6x2 —"3) dx = 232 


0 


. Answers will vary. See “Guidelines for Making a Change of 


Variables” on page 292. 


. It is an odd function. 


200,000 
Yi) = i+1 


$340,000 


+ 300,000 


(b) 102.352 thousand units 


(c) 74.5 thousand units 
(b) 1.382 amperes 


(c) 0 amperes 


. False. i (2x + 12 dx =7#(2x + 13 +C 


113. True 115. Proof 


A75 
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Section 4.6 (page 305) 
Trapezoidal Simpson's Exact 
1. 2.7500 2.6667 2.6667 
3. 4.2500 4.0000 4.0000 
5. 4.0625 4.0000 4.0000 
7. 12.6640 12.6667 12.6667 
9. 0.1676 0.1667 0.1667 
Trapezoidal Simpson's Graphing utility 
11. 3.2833 BB 3.2413 
13. 0.3415 0.3720 05927 
15. 0.9567 0.9778 0.9775 
17. 0.0891 0.0888 0.0891 
19. 0.1940 0.1860 0.1858 


21. The Trapezoidal Rule will yield a result greater than [? f(x) dx 
if f is concave upward on [a, b] because the graph of f will lie 
within the trapezoids. 


23. (a) 0.500  ~(b) 0.000 25. (a) n = 366 = (b) n = 26 
27. (a) n=130> (6) n= 12 
29. (a) n= 643 (b) n = 48 31. Proof 
ae n L(n) M(n) R(n) ] T(n) S(n) 
4) 12.7771 | 15.3965 | 18.4340 | 15.6055 | 15.4845 
8 | 14.0868 | 15.4480 | 16.9152 | 15.5010 |) 15.4662 
10 | 14.3569 | 15.4544 | 16.6197 | 15.4883 | 15.4658 
12 | 14.5386 15.4578 | 16.4242 | 15.4814 | 15.4657 
16 | 14.7674 | 15.4613 16.1816 | 15.4745 | 15.4657 
20 | 14.9056 | 15.4628 | 16.0370 | 15.4713 | 15.4657 | 
3° n L(n) M(n) R(n) T(n) S(n) 
A 2.8163) 35456 eS. /2500 3-27 0993-3996 
8 | 3.1809 | 3.5053 | 3.6356 | 3.4083 | 3.4541 
10 | 3.2478 | 3.4990 | 3.6115 | 3.4296 | 3.4624 
12 | 3.2909 | 3.4952 | 3.5940 | 3.4425 | 3.4674 
16 | 3.3431 | 3.4910 | 3.5704 | 3.4568 | 3.4730 
20 ij 3.3734 | 3.4888 | 3.5552 | 3.4643 | 3.4759 
S709 Ol 
39. 10,233.58 foot-pounds 41. 3.1416 


43. 89,250 square meters 45. 2.477 
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Review Exercises for Chapter 4 (page 307) 


3. $x3 + 5x2 —x+C 


7.28 30S x41. C 9 y=2-x7 


11. 240 feet per second 
13. (a) 3seconds (b) 144 feet 
10 


10 n 
1Sa(aym> (21 Dlg) Si? XC) (4i 2) 
i=1 is =A 


17. 9.038 < (Area of Region) < 13.038 
19. A = 16 21. A = 12 


NY y 


3 
(c) 5 seconds 


29a) 139 tb) T= (c) 11- (50 
318m 9 33.16 9 3520 937, = 
39, Peis) 
2 
A116 Asean 


(d) 108 feet 


49. Average value = 3 x= a 
By Re VP eae 53 oe 
55. 5x7 +354 84+x+C 57.3 /P84+34+C 
1 Rae (3x2 — 1)5 
. —=-(1 = 3x2) + C = 
59 30 |! Ora) C C 
61. psintx +C 63. 2/ f= cose € 
anitl y 
65 see n#—I1 67. abe ++ sec ax)? AC 
fear ih 37 
9 2877 
ae 2 2 
69. 4 fA, 2 1S is 15e%2 
77. (a)_0.353 = (b) 58.6% 
24,300 27,300 
1s @ 
9. (a) M M 
81. Trapezoidal Rule: 0.257 83. Trapezoidal Rule: 0.637 


1. 


3: 


Simpson’s Rule: 0.254 
Graphing Utility: 0.254 


. (a) R(n), I, Tin), L{n) 


Simpson’s Rule: 0.685 
Graphing Utility: 0.704 


(b) S(4) = $L,f(0) + 4f(1) + 2f(2) + 4f(3) + £(4)] ~ 5.42 


P.S. Problem Solving (page 310) 


(a) LiL) = 0y LOL) = 
(c) x ~ 2.718  (d) Proof 
(a) ; 


| 
-,L’d) = 1 
x 


B(b) » 


——+ + 
I 2) 


tt 


+— 
2 V5 V6 V7 223 


(c) Relative maxima at x = \/2, \/6 


Relative minima at x = 2,2 


2 


(d) Points of inflection at x = 1, /3, 5, /7 


Au ee? 1.8 
F(x) 0 | -3 =p |} =F | =4l = | 2-49 | 3 
(c) x= 4,8 (d) x =2 
7. (a) 1.6758; Error of approximation ~ 0.0071 
(b) 3 (c) Proof 
9. Proof 
n ae) i 
1. lim ¥ (*) (4) => 13.1 = Jit edx< V2 
noo f=, \l n 6 0 
5. Proof 17. 100,000 pounds 
thapter 5 
ection 5.1 (page 321) 
1. 
x OS he) 2} 2.5 3 
ae 
J; G/) dt | —0.6932_|0:4055 | 0:6932 | 0.9163 | 1.0987 
= 
Et 3:5 4 
Si G/t) dt 1.2529 | 1.3865 


45 
a! 
3. (a) 3.8067 =(b) In45 | pe =~ 3.8067 
I 


0.8 
1 
welay 0.2231 (b) 10.0.8 = | pat 
1 


fy 1D 8. 


d aed 10. c 


0.2231 


11. 


17. 
19. 
25s 


29. 


35. 


39. 


49. 


55. 


61. 


67. 


Tks 


a3: 


1k 
TE 
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Domain: x > 0 


13. Domain: x > 0 


A77 


(e797 (is) =O40a5 (c) 4.3944 (d) 0.5493 
In2—-In3 21, Inx+iny—Inzg 23. $In(a? + 1) 
3[in(s =: 1) - In@ = 1) = 3 Ina] 27. Inz + 2 In(z — 1) 
R= 2 9 
In 3950 ———— 
x+2 ‘ Sx 1 
)3 
ud 4103 4302 ds ee 
G 
2x? — | 1 — x? 1—2Int 
53. 
x(x? — 1) x(x? + 1) is 
2, 1 l == 
See CEST) ee ee 
Feliu a wellbiler 1 — x? x(x? + 4) 
pte b 63. cot x 65S ee 
ie COStaaal 
3 cos x 2 
: . <(sin 2x + x cos 2x In x? 
Ginn = 1a) 69 sin x + x cos 2x In x?) 


@) Sk je Za 
(b) 


2xy 


aa ye 


i 


Relative minimum: (e 


ae) 
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81. Relative minimum: (e, e) Section 5.2 (page 330) 


Point of inflection: G “) 1. Sinks) CG 32 ale ee 
5, —4in[3 =x) +C 7. Ino a. 


83, P, =x—1;P,=x- 1-4-1) 


9. = — ine MeL 5 infx + 324+ 9x|+C 
13. = — 4x + 6 Ine eel] ee 15 + Sn ae 
. 1 
17. = — 2x + InP +24 | Miele ice 
The values of f, P,, and P, and their first derivatives agree at 2 
‘. 2 tha ee 
ar 21.2/x+14+C 23. 2In|x—1| ia 
De || . S2x - + ./2x| + 
Rake = 28. /2x ~ In| x] +€ 
eo! 27. x + 6/x+18In|/x—3|/+C 29. In|sin 6] + C 
89 3x? = 15x? + 8x 91 (2x? + 2x = ae xa 31. —}In|csc 2x + cot2x| + C 33. In|1 + sine] + C 
: 3 SS : 72 12 2 
a(x — 1) at Z e ) Nes 35. In|scexeanl ataC 
93. The domain of the natural logarithmic function is (0, 0) a7 In|2 Eat 39. y = 2G. 26| +€ 


and the range is (—oo,0o). The function is continuous, 
increasing, and one-to-one and its graph is concave downward. 
In addition, if a and b are positive numbers and n is rational, 
then In(1) = 0, In(a: b) = Ina + Inb, In(a”) = nina, and 


in( 2) = Inia — In bd: 


95. Using properties of logarithms, In e* can be rewritten as x In e. 
Then, since In e = 1 by the definition of e, x Ine = x(1) = x. 


97. (a) Rolle’s Theorem does not apply because f(1) # f(3). 
(b), Yes. ((2)' = O'and 2 © [1, 3]. 
99. B = 160 + 10 log,, 7; B = 60 decibels 
101. (a) h = O is not in the domain of the function. 
(b) h = 0.86 — 6.447 In p 


(d) 2.7 kilometers 


(e) 0.15 atmosphere 


_dp 


(f) h = 5:—- = —0.085 F 7 
dh 43. 3 1n 13 ~ 4.275 45. 3 47. —In3 ~ —1.099 
, 

dp OY aia) 

h = 20: —- = —0.009 40. fy soe eto 
dh n jean 1.929 

As the altitude increases, 

the pressure decreases at a 51. —In|cos x] + C = In atialie + C = In|sec x| + C 


slower rate. < “ 
SCCeeiaalaliann 
SEG x= tangs 


103. For large values of x, g increases at a faster rate than f in both 53. In|sec x + tan x| + C = In 
cases. The natural logarithmic function increases very slowly 


for large values of x. 


(a) 


=Iniseox = tance © 
55. 2[/x— in(1 + ~/x)| + G—= 572 sine 


2 
59. In(/2 + 1) - A 0.174 | 6h oy 63. Ope Goud 
Zz Xx 


67. 3 + 8In2 ~ 13.045 


20,000 10 


105. False: In x + In 25 = In 25x. 
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9. =) In(./3 + 1) — In2] ~ 5.03 


/ 


10 


te) 4 
0 


1. Power Rule 73. Log rule 
5. Use long division to rewrite the integrand. 
i 


Ze | 79. TEAM = 0.291 ae 
1. P(t) = 1000(12 In|1 + 0.25] + 1); P(3) ~ 7715 
3. $168.27 
(b) Answers will vary. Example: y? = e "**+"4 = 7 Oc 10. b ll. a aud 
13. Inverse exists. 15. Inverse does not exist. 
17. One-to-one 19. One-to-one 


7. False. (In x) = In x!/? 89. True 


ection 5.3 (page 338) 


1. @) flels) = 5(2=4) +1 =2 


g(fo)) = A D—t 


(b) 
23. Inverse exists. 25. Inverse does not exist. 
27. Inverse exists. 
alee 
29, fx) = = 
me 
3. (a) flea) = Vx)" = 5 g(f@) = YS = x fi | 
(b) y al = + = x 


f and f~! are symmetric f and f~' are symmetric 
about y = x. about y = x. 
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f and f~! are symmetric 
about y = x. 


SOM iGo) = 30/2 NO) 


f and f~! are symmetric 
about y = x. 


Soja aoe 


f and f~! are symmetric 
about y = x. 
f-'(x) = uaa. 


f and f~! are symmetric 
about y = x. 


41. = <x < | 


f and f~! are symmetric about y = x. 


43. 
x; it 


2 3| 4 
fox) 0/1 2 


4 


45. (a) Proof 
(b) y = 9(80 — x) 
x: total cost 
y: number of pounds of the less expensive commodity 
(c) [62.5, 80] 
(d) 20 pounds 
47. f(x) = 2(x — 4) > 0 on (4, co) 


49. f(x) = -< < 0 on (0, co) 


51. f(x) = —sinx < 0o0n (0, zw) 


P= 12 16x? 
53. f(x) = Ds 
0, if x = 0 


ifx # 0 


The graph of f ' is a reflection of the 
graph of f in the line y = X. 


57. (a) and (b) 


(c) f is one-to-one and 
has an inverse function. 


(c) gis not one-to-one and 
does not have an inverse 
function. 


61. One-to-one 
"ios! =P — an, se SD) 
652-6) = ee) 


(Answer is not unique.) 


59. One-to-one 
f 1) See 0 
63. f 1) = Vx +3, x > 0 
(Answer is not unique.) 


67. Inverse exists. Volume is an increasing function, therefore 
one-to-one. The inverse function gives the time f corresponding 
to the volume V. 


; ] 

69. Inverse does not exist. 71. 5 thee 3 
77. (a) Domain of f: (— 09, oo) (b) Range of f: (—oo, co) 
Domain of f—~!:(— oo, co) 


(c) y 


Range of f~!: (— oo, e9) 


@ £6) =3. 4-9 @) =3 
79. (a) Domain of f'[4, co) 
Domain of f~!:[0, co) 


(b) Range of f: [0, co) 
Range of f~!: [4, co) 
(c) 4 
B, 


so teh 


81. -7} : 


$3552 
89. (fo2)-\() == 


91. Let y = f(x) be one-to-one. Solve for x as a function of y. 
Interchange x and y to get y = f-!(x). Let the domain of f~! be 
the range of f. Verify that f(f~'(x)) = x and f-'(f(x)) = x. 


Example: f(x) = x 


85. 600 87. (g-! -f-!)(x) = 


y = x 


93. Answers will vary. Example: y = x* — 2x3 
95. Many x-values yield the same y-value. 
For example, f(z) = 0 = f(0). 


The graph is not continuous at x = ee where 7 is an 
integer. 
97. Proof 99. Proof 
101. False. Let f(x) = x. 103. True 
te (Qs sees al 


105. No. Let f(x) = | 107. /1G. 


lle SB MERE 


Section 5.4 (page 347) 


inl =-0 By ay) x ap = 
fees = 2435 9,x=0 ia i4 
13. x = 7.389 15. x = 10.389 17. x = 5.389 


21. y 


Reflection in the x-axis 
and a vertical shrink 


Translation 2 units 
to the right 


(c) 7 


Reflection in the y-axis and 
a translation 3 units upward 


Zoo C 26. d 27. a 28. b 


29. 


abt 


35% 


39. 


45. 


51. 


Bk 


63. 


65. 


67. 
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lim f(x) =) lim (5) a2 


2.7182805 < e 37. (a) 3 (0) 6) 
3 ev* 
Qe AL. A(x — em"? 3, 
( ) ae 
= ) = Dee 
Ne eA eae.) 47. 2x 49. = 
ae 
aE 22) 53. x7e* 55. e * (2 —In x] 
(G se x 
2e* cos x 59. a a 61. 3(6x + 5)e7>* 
xe’ + 3 


View 2yicaiwovis0 


A81 


e*|—cos 9x = sin x= VY? sin. /2x £2472 cos/2 x = 
2e*|— I/D sin./2x af 4) COSW/ 2 GEECOS JS2x + sin /24| sF 


3e*{cos Dig = sin 2] 
=0 
0=0 


Relative minimum: (0, 1) 


2 , l 
Relative maximum: (2, 


Points of inflection: (. 
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69. Relative minimum: (0, 0) 
Relative maximum: (2, 4e~7) 
Points of inflection: (2 + /2, (6 + 4./2)e"# v2)) 


"(2 eV2, (6 4Vde 22) 


71. Relative maximum: (—1, 1 + e) 
Point of inflection: (0, 3) 


Uy A= 3 Op 
79. (a) 


75. Proof 77. 0.567 


(b) When x increases without bound, 1/x approaches zero and 
e'/* approaches 1. Therefore, f(x) approaches 7274 = 1. 
Thus, f(x) has a horizontal asymptote at y= 1. As x 
approaches zero from the right, 1/x approaches oo, e!/* 
approaches oo, and f(x) approaches 0. As x approaches zero 
from the left, 1/x approaches — oo, e!/* approaches 0, and 
f(x) approaches 2. The limit does not exist, because the limit 
from the left does not equal the limit from the right. 
Therefore, x = 0 is a nonremovable discontinuity. 


81. (a) InP = —0.1499h + 9.3018 (b) P = 10,957.7e~0:149% 


e 

er 

>= 
II 


oe 16 
h = 18: -111 


The values of f, P,, and P, and their 
first derivatives agree at x = 0. 


85. (a) (b) 


(c) 


2— | 
87.2" +C 89. ——— 
Den 
91. -je" +C 93. 2evF + C 


95. x = Inle*- 1) -G or Intl eee. 


97. ae at) 


101. Inje*@=e7|4+C 


D 
998 ae 
103. —3e-%* + e* +C 


105. 1 gsinnx + 107. Injcose-*| + C 
7 


109. af er + C 
2a 


113. (a) y 


111. f(x) = Jee: ar) 


(b) y= 464? a5 


115.0e = lie 147-413 


150 


Ge. = py) =e 


fv) 


121. The probability that a given battery will last between | 
months and 60 months is approximately 47.72%. 


123. | e' dt = | Wyaheee = Nh = oe 2 SS oe Sb ltioe re = O 
0 0 


£25. f(x).= e* 


The domain of f(x) is (—00, 00) and the range of f(x) is 
(0, co). f(x) is continuous, increasing, one-to-one, and concave 
upward on its entire domain. 


lim e* = Oand lim e* = c 


127. f(x) = e* = f(s) 
129. e-* > 0 implies th oe ae =O 
0 


\h Shin se 


131. (a) f(x) = 2 


= 0 when x = e. 


On (0, e), f(x) > 0 => f is increasing. 


On (e, 00), f(x) < 0 => f is decreasing. 


(b) Fore <A < B, we have: 
Ind | InB 
A B 
BinA>AInB 
iA? > in B* 
ESS Voie 


(c) Since e < 77, from part (b) we have e” > 7°. 


Section 5.5 (page 357) 


1.99 = (G4), 3. x = G)”, G)”” ~ 0371 
5-3 7.0: 9. (a) log,8=3 (b) log,(1/3) = —1 
1. (a) 10-7=0.01 () (+) °=8 
15. 
Xx + x 
19. (a)x=3 (b)x=-1 
i > Xx 


(b)x=% 23. (a)x=-1,2 (b) x=3 
27-6288 — 29, 127253 


33. + 11.845 


21a =s 
25. 1.965 
31. 33.000 


A83 
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35. 


(-1.059, 0) 


kh 


41. (In 4)4* ABY (ihn Spy 2 
45. 12'(tln2 + 2) 47, —2~®[(In 2) cos 76 + asin 776] 


i 3c = 2 EG 
x(in 3) Carr =e ean 


49. 


5s se — Int) 


== (2/x)—2 
(ne 57. 2(1 — Inx)x 


71. Answers will vary. Example: Growth and decay problems 


73. (a) False. y = aX => 0 =a’ = a = 0, but exponential func- 
tions are not defined for a = 0. 


(b) True: y = log, x 

(c) True: 2” = x 

(d) False. (1, 0), (2, 1), and (8, 3) are not collinear. 
75. 9(x) = x*, k(x) = 2*, h(x) = x”, f(x) = log, x 
77. (a) $40.64 (b) C1) ~ 0.051P, C8) = 0.072P 


(c) In 1.05 
she n 1 2 4 | ip 
A | $1410.60 | $1414.78 $1416.91 | $1418.34 
n 365 Continuous 
i 
A | $1419.04 $1419.07 
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ve n 1 2 4 12; 
A | $4321.94 | $4399.79 | $4440.21 | $4467.74 
n 365 Continuous 
A | $4481.23 $4481.69 
HBS t 1 10 20 30 
P | $95,122.94 | $60,653.07 | $36,787.94 | $22,313.02 
t 40 50 
P | $13,533.53 | $8208.50 
BS t 1 10 20 30 
P | $95,132.82 | $60,716.10 | $36,864.45 | $22,382.66 
t 40 50 
P | $13,589.88 | $8251.24 
Siem 
89. (a) 6.7 million cubic feet per acre 
dV 
(byt = 20: ae 0.073 
003 ai = 0.040 
dt 
(b) 16.7% 
(c) x ~ 38.8 or 38,800 egg 
masses 
(d) x ~ 2.78 or 27,800 egg 
masses 


93. (a) B = 4.75(6.774)4 
(b) 120 


(c) When d = 0.8, the rate of growth is 41.99. 
When d = 1.5, the rate of growth is 160.21. 
95. (a) 5.67 
(b) 


(c) f(t) = g(t) = h(t). No, because the definite integrals of two 
functions over a given interval may be equal even though the 
functions are not equal. 


97. 315,039.61 99. y = 1200(0.6') 


101. False: e is an irrational number. 


103. True 105. True 107. Proof 
Section 5.6 (page 366) 
Ly=5 tate 3. y= Cex-2 


By? — ag = CG 7.9 = Cer ie 9. y= Cle 


dO _k dN 
wee i= = 1050 = 
ee 13. 7 = s) 
AS a5 N= = (050 = eee 
t a 
15. (a) , (b) y=6 —-6e*?? 
rl Pir 
ae 


i. 0) 


(0, 10) 


dy dy 
. —=k 23 
a eR dt 
y = 4¢0:3054x V = 20,000e70-1175" 
y(6) = 25 V(6) = 9882 
5 ays = 1,.0.46051 27. y = 0.6687e9-4024 


29. A differential equation in x and y is an equation that involve 
x, y, and derivatives of y. 


rapes: 
Example: y’ = — 
y 


31. Quadrants I and III; dy/dx is positive when both x and y ar 
positive (Quadrant I) or when both x and y are negativ 
(Quadrant IIT). 

33. Amount after 1000 years: 6.52 grams 
Amount after 10,000 years: 0.14 gram 

35. Initial quantity: 36.07 grams 
Amount after 1000 years: 23.65 grams 

37. Amount after 1000 years: 4.43 grams 
Amount after 10,000 years: 1.49 grams 

39. Initial quantity: 2.16 grams 
Amount after 10,000 years: 1.63 grams 

41. 95.81% 

43. Time to double: 11.55 years 
Amount after 10 years: $1822.12 

45. Annual rate: 8.94% 

Amount after 10 years: $1833.67 


47. Annual rate: 9.50% 
Time to double: 7.30 years 

49. $112,087.09 51. $30,688.87 

53. (a) 10.24 years 55. (a) 8.50 years 
(b) 9.93 years (b) 8.18 years 
(c) 9.90 years (c) 8.16 years 
(d) 9.90 years (d) 8.15 years 

$7. 7.43 million 59. 6.83 million 

61. When k > 0, the population is increasing. 
When k < 0, the population is decreasing. 

63. 527.06 millimeters of mercury 

ea) NV = 9301 — te 9802) (b) 36 days 

67. (a) S ~ 30e7!-79!8/" ~— (b)_ 20,965 units 
(c) 


69. 2014 (t = 16) 
71. (a) 20 decibels (b) 70 decibels 
(c) 95 decibels (d) 120 decibels 


] 
Heh R 
73. (a) 10 199,526,231.5 (b) 10 (c) Tin 10 


Ly ; 
75. False. The rate of growth te is proportional to y. 


v7. rue 


Section 5.7 (page 377) 


1. Proof 3. Proof 5. Proof 
11. Solution 


7. Not a solution 
13. Not a solution 
19. k= 0.07 


9, Solution 
15. Solution 17. Not a solution 


21. 4y7 =x 


25. 
29. 
33. 
SS: 
2 
43. 
49, 
ash 
seh 
65. 
69. 
TBS: 
IME 
81. 


95. 


fe 


98. 


99, 


100. 


101. 
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y=3e7 27, y = 2sin 3x — $008 3x 
y= —2x + 3x3 31 y= + C 
y= + In(1 + x7) + C 


y= nee 37. y= —$cos2x + C 
y =3(@ — 3)? + 2%x-382+C 4 y=tertc 
yO = 45, p= Ce%%s 47. y= C(x + 2) 


51. y=-j/1-424+C 

y= Celn?/2 55, y2=2e* +14 587, y= e #*+2x)/2 
qe ee Ie 8 61. u = ef! — eos v*)/2 63. P = Poe* 
Ox? #l6y2"= 25 67 2uf et) Cee 


Homogeneous of degree 3 


y? = C =.2 cos. x 


71. Homogeneous of degree 3 


Not homogeneous 75. Homogeneous of degree 0 
[l= Ce yi 99S 2 yp = | = C 
ee Ce~**/2y? 83. e'* = 1+ Inx? 


85. x= esin(y/x) 


y 


89. 


98.9% of the original amount 
(a) gy 2 k(y — 4) (b) a (c) Proof 
dx 
dy P 
(a) ao k(x — 4) (b) b  (c) Proof 
dy 
(a) rs Mor 4) (@) ec (©) lake! 
(a) ay ky? (b) d (c) Proof 
dx ; 
(a) w = 1200 — 1140e- 9-8 w = 1200 — 1140e-"* 


1400 1400 


w = 1200 — 1140e™' 


1400 
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103. 


105. 


109. 
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(b) 1.31 years; 1.16 years; 1.05 years 
(c) 1200 pounds 


(a) 2 Sk Wa aa ee) 


(by 5) = 208 + 69.5(e- 9787 = 1) 
107. Parabolas: x7 = Cy 
Ellipses: x? + 2y? = K 


Circles: x? + y? = 


Lines: y = Kx 


Graphs will vary. 


Graphs will vary. 


Curves: y* = Cx? 
Ellipses: 2x? + 3y* = K 
Graphs will vary. 


111. The general solution is a family of curves that satisfies the 
differential equation. A particular solution is one member of 
the family that satisfies given conditions. 

Example: (x? + y?) dx — (xy?) dy = 0 

113. A homogeneous differential equation is an equation of the 
form M(x, y) dx + N(x, y) dy = 0, where M and N are homo- 
geneous functions of the same degree. 

115. False: y = x? is a solution to xy’ — 3y = 0, but y = x7 + 1 is 
not a solution. 

117. False: f(tx, ty) # t" f(x, y). 

Section 5.8 (page 386) 

1. (a) 
x =| (0s) 06 —0.4 (0) | 0 
va) — leo 20.939) %=10:64: 1) — O41 9) 0120 | 0 
va) ().2 0.4 | 0.6 0.8 | 
y | 0.20 | 0.41 | 0.645 0:93 55157 
(b) ; (c) 
=| 


(d) Intercept: (0, 0); Symmetry: origin 


7 T 
3. False: the range of y = arccos x is [0, 7]. Se S Te 3 
a T Leming 
9, @ 11. mi 1339250 15. arceos( 135] 0.66 
17. (a)? (2 19. @) -V3_ ) -# 
: pes 
Nh, fil = RY mar is 
ye Z aoe 
95 So ee 
3) i 
AA). 
g is the algebraic form of f. 
Horizontal asymptotes: y = —1l, y = 1 
31. x = 4[sin(3) + 7]~ 1.207 33.x=4 35. Proof 
Mo 39: ; 
i rae 
(25) Bs, 
=> x 7s es x Lewes Te 
(4.0) 
— fe 
—2 -] 1 
2 3 a 
41. SSS 45. 
2x — x? J4 -— x . a? + x? 
47 Ox) b= One arccine e fn t 
1 
51. arccos x Sis ee 55. arcsin x 
Ke 2 
oh = 
16 (irae) 


6l. 


T pee . l 

P(x) = ies - (3 ‘) 
4" ard 22GB ia) es eee 
Pos) = B+ 57(2— 5) +(e 3) 


tt 
OS? WO" 15) 


. Relative maximum: (1.272, — 0.606) 


Relative minimum: (— 1.272, 3.747) 


. Relative minimum: (2, 2.214) 


. If the domains were not restricted, then the trigonometric fur 


tions would not be one-to-one and hence would have no inverst 


1 
69. Ifx > 0, y = arccot x = arctan —; If x < 0, y = arctan ze at) ie 
% a 


mi. (a) O= arecot = 


(b) x = 10: 16 radians per hour 
x = 3: 58.824 radians per hour 
me. (a) h(t) = —16t? + 256 
t = 4 seconds 
(b) t = 1: —0.0520 radian per second 
t = 2: —0.1116 radian per second 
75. Proof Hk is S Viel 221 1, Tae 


Section 5.9 (page 393) 


EX 
é in = + == . 
1. 5 arcsin 3 G 3 18 4 4 


9. arcsec|2x| + C 11. 5x2 —3InG? +1 +C 


#3. arcsin + 1) + C 15. }arcsin 12 + C 


qr J3 = 2 
2 0.308 19. 5 = —0.134 


1 ex T 
21. q arctan 5 ae (€ 23. 4 


27. In./x2 + 1 — 3 arctanx + C 
29. 8 aresin(* A | J/6x —- x7 + C 


BX che 
Bi. |. «33. lap = 0x + 13) 3 arctan? 


2 


+ 
35. aresin(* ; 2) eee BI, e/a a 


39. 4 — a 1.059 


We 65 
Aa. 2./¢ — 3 -— 2.3 arcan( =) +C 


45. A trinomial of the form x2 + 2bx + b? 
47. aandb 49. a,b, andc 


+ (@)) 


wi, ay 
By —siGrin= oe 


25. 2 arcsin\/x + C 


41. 5 arctan(x? +1)+C 


(b) y = 3 arctan x 


81. True 


ay 
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1 
4 
59. (a) i eae dx = E arctan | 


(b) 3.1415918  (c) 3.141592 
61. (a)-(c) Proof 
63. (a) v(t) = —32t + 500 


550 


(0) 20 
0 


(b) s(t) = — 161? + 5002; 3906 


| 
= 4 arctan 1 — 4 arctan 0 = 7 
0 


if 


25 feet 


(ja) a an arctan 30 afl - ad 
k 32 


(d) 


6.86 seconds 
(e) 1088 feet 


(f) When air resistance is taken into account, the maximum 
height of the object is not as great. 


Section 5.10 (page 403) 


1. (a) 10.018 ©) -0964 3.@ 7 @®% 
5.) (a)) 37 V(b) 02962 
7. Proof 9. Proof 11. Proof 
13. coshx = —— 15. —2x cosh(1 — x?) 17. cothx 
ta h a 3V13 
nh x 3B 
p; 
csch x = 3 
2/3 
sech x = 
13 
SNS) 
coh == 
3 
19. csch x 21. sinh? x 23. sech t 


-C' 


25: *Teosh % + x(sinh.x) In x] == 
y 


osh x 


[cosh x + x(sinh x) In x] 


27. —2(cosh x — sinh x)? = —2e~2* 


29. Relative maxima: (+7, cosh 77) 


Relative minimum: (0, — 1) 


€r, cosh) 45 (, coshz) 
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31. Relative maximum: (1.20, 0.66) 


Relative minimum: (— 1.20, — 0.66) 


(1.20, 0.66) 


1-20; —0:66)  =1 


33. y =asinhx 
y’ = acoshx 
y” = asinhx 
y” = acoshx 
Therefore, y” — y’ = 0. 
35. P,(x) = 0.76 + 0.42(x — 1) 
Pa) 0.76 + 0424 — 1) — 0,32 — 1) 


Sie 


jo ren 
7 — 
=10) sulle) 0 20 


(b) 33.146 units; 25 units 
39. —}cosh(1 — 2x) +C 


(c) m= sinh(1) ~ 1.175 
41. + cosh3(x —1)+C 


43. In|sinhx] + C 45. ~coth = PO.) Meth Cc 
Xx 


1 7 ] 3 
49. —In3 Sila ee arClag, x Fe —— 
5 in 4 53 5 arctan x G 55 a7 
57, |sec x| 59.92 see2y 61.02 sinhe (2m) 


63. See “Definition of the Hyperbolic Functions” on page 395. 


Jae — x? 
l eee 
n( : g +"C 
3 


Xx 
69. 2 sinh"! /x + C=2in( Vx + JD +x) +0 


65. — 


67. —cschee(e*)|-- C= 


eee — 4 . 
71. jhe te, Je t+ 3 Ee 
4 2/6 I 2 1) = 73 
| x — 
Wc jaresin( 9 "| +C 
Ga 10. |x -—5 
Tile 4x 
5 x 3 In na 4 tC. 


79. 8 arctan(e?) — 2a ~ 5.207 


se 
83. 3; kilograms 


81. 5 In(./17 + 4) ~ 5.237 


85. If k were increased, the time of descent would increase. 


87. Proof 89. Proof 91. Proof 


Review Exercises for Chapter 5 (page 405) 


1. Vertical asymptote: «x = 0 


t t t + + x 
2 3 5 


oF 4fIn(2x + 1) + In(2x — 1) — In(4x? + 1)] 


EWG es 
5. (=) 7. et — 1 ~ 53.598 
XxX 
1 is Pal be 3 1 
9.5 1 13. Go pat » 1°: cee 
17. FIn|7x —2| + C 19. —In|1 + cosx| + C 
21.3+in4 23. In(2 + V3) 


25. (a) (eG e— 2aeta 
(c) Proof 


(c) Proof 


(b) (c) Proof 


(c) Proof: 


39. 


45. 


49. 


53. 
7. 


59. 
61. 


65. 


69. 


TBE 
TES 


81. 


85. 


89. 


IRE 


D7. 
01. 


05. 


09. 


Ox, 41. te'(t + 2) 43. 


(Qe 
tebe = 3 
3e* = 
55. Inje* —1|-.C 
= e*(acos 3x + b sin 3x) 
y’ = e*[(—3a + b) sin 3x + (a + 3d) cos 3x] 
y” = e*[(—6a — 8b) sin 3x + (—8a + 6b) cos 3x] 
y”— dy’ + 10y 
= e{[(—6a — 8b) — 2(—3a + b) + 10] sin 3x + 
[(—8a + 6b) — 2(a + 3b) + 10a] cos 3x} = 0 
—t(e-!6 — 1) ~ 0.500 


e340 51. 


ale 


i 
a Comaea an 


3-1In3 67 aa 
1 
piesa tox. 
(eye 1 (b) (Ina)at (ce) x71 + Inx)> (d)_0 
~ $3499.38 77. ~7.79 inches 79. About 46.2 years 


x ; 
ee Sy +3 inixl+C 83. y = Ce™ 


i 
37. Proof, y= 2x + 5x 


5 eee geaeas es 


Se 


I 
91. (a) 3 (b) 


(ex?) 7" + arcsec x 


x 
95. |x| [2 = 1 

99, + arctan(e”) +C 

5 aresin x2 + C 103. Inv/16 + x7 + C 


1 x\- f k 
1 arctan *) TG 107. y=A aol /* ) 
4 DY m 


sinh \/x 1 q 2 
ete Pe [TE Bee): oC 
2 Sk 111 5 In( Xx x ) 


(arcsin x)? 


2- 
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PS. Problem Solving (page 408) 


1. 
3. 


11. 


13. 


15. 


0 ~ 1.7263 or 98.9° 
(a) (0, 00) 
(b) Answers will vary. 

Example: e7/* ~ 4.8105 and e°7/? ~ 2575.9705 
(c) Answers will vary. 

Example: e~7/? ~ 0.2079 and e37/? = 111.3178 
(d) [4 1] 


] A 
(ce) f(x) = sexta Maximum value is 1. 


(Dee 


=2 


Limit does not exist. 


(g) Limit does not exist. 


t 
. (a) Area of sector = 5 


cosh t 

(b) A(t) = + base - height — [ xe = il abe 
cosh ¢ 

A(t) =} cosh t + sinh t — ath as 


1 
A@) =41 


1 
. Tangent line: y = an + (b=1) 


Passes through (0, c), therefore c = b — 1. 


Distance between b and c is b — c = 1. 


. 2 In(3) ~ 0.8109 


1 


2) yi ; T = 100 
() Y= = o.017 2 
(b) y= 1\e Te? Answers will vary. 
(5) = ter 
DD Ae 
dS 100 
(a) ‘i =) KU SS 1 + 9e-0810% 
(b) 2.7 months 
(c) 125 (d) 


(e) Sales will decrease toward the line $ = L. 
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Chapter 6 
Section 6.1 (page 418) 


-[ (x2 — 6x) d | (S232 =F 6x)idx 


s. of (x? = x) dx 
0 


19. 


ho 


21. 1 


2h 5 25. 


No 


43. 477 ~ 12.566 


29. 16.094 
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: 2 3 65. Offer 2 is better because th lative sal 
i x ; : e cumulative salary (area under the 
= (a) r (b) a A= dx; No curve) is greater. 
(c) ~4.772 67. b= o(1 = 7 ~ 3.330 
4 4 69. ¢ 71. $1.625 billion 
-1 y 
3. F(x) = ix se 0.6 
0.4 
(a) F(0) = 0 (b) F(2) = 3 
(1, 0) 
\ 02 re a 08 LN 
(0, 0) 


73. (a) y = 275.0675(1.0537)! or y = 275.0675e°-95231 


460 


(c) F(6) = 15 


= 239,9407¢0.0408" 


(c) $649.5 billion 


DOR Meare 
pea) = —\sin-—--+_ 1 deve : 
Ts 2 (d) No. The model for total receipts is increasing at a faster rate 


2 than the model for total expenditures. No. 
(a) F(—1) =0 (b) F(O) = — = 0.6366 16 
7 75. 3 (4/2 — 5) ~ 35 
i i 77. (a) 6.031 square meters  (b) 12.062 cubic meters 
ala aii (c) 60,310 pounds 


I) Vivaue 
81. False. Let f(x) = x and g(x) = 2x — x? on the interval [0, 2]. 


Section 6.2 (page 428) 
| 4 

1. | (-x+1?2dr=2 3. | (ape 
(0) 1 


3 2 
1 4 
4 5 a Gy (7)2] df = Ti “| (Vy)? dy = 8a 
Ah 0) 10) 
34 | 
: 3/2\2 a, = Lf 
9 | (i ray A 
287 2567 19277 
11. (a) 87 _~—s (b) 5 (c) 15 (d) 5 
327 647 
13. (a) 3 (b) 3 
a 15. 187 17. w(16 In2 — 3) ~ 32.485 
l.4ac ©6059. | [3 -GBx-2]dx=H% 61. y ; 
i =3 19. = oT — 23. 7In4 —.25, 2 


3. Answers will vary. Example: x4 — 2x2 + 1 < 1 — x? on[—1, 1] 


| arf 1 271 0 
i [a — #2) — G4 - 24+ 1l)] dx = 4 Die z(1 = 4) = 1.358 29. 3 31. 87 


a 
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2 
33. = = 4.935 35. 1.969 37. 49.022 39. a 
41. (a) See page 422 for the disk method. 


43. 


45. 


Sah 
35. 
57. 


59. 


61. 


63. 


67. 


(b) Horizontal axis of revolution: 
b 
v= af (RWP ~ LAP) 


Vertical axis of revolution: 


= ( Meo aro s 


The parabola y = 4x — x? is a horizontal translation of the 

parabola y = 4 — x’. Therefore, their volumes are equal. 

187 47. Proof 49, Pi mie + =, ll ee 
H 3H? 

(a) 607 = (b) 507 

One-fourth: 32.64 feet; Three-fourths: 67.36 feet 

(a) ii; right circular cylinder of radius r and height h 


(b) iv; ellipsoid whose underlying ellipse has the equation 


x \2 y\2 
=|) =) =i 
(F) (7) 

(c) iil; sphere of radius r 


(d) 1; right circular cone of radius 7 and height h 


(e) v; torus of cross-sectional radius r and other radius R 


ey 15 
1 7 3 7 
(a) 10 (b) 80 (c) 40 (d) 0 
Proof 65. 5/1 — 2-23 = 3.0415 
3 
C= Gee ee 
3 3 9390° 


Section 6.3 (page 437) 


1. 


5 


11. 


13. 


15. 


ihe 


21. 


23. 


1287 


xdx = 


2 4 
2 2 Gbe = ly 3. 2 x 
0 3 


0 


2 2 
2 Ie oho = ap Ws 2m Ax = 2x2\\dx = me 
0 0 2 


16a 19. 647 
1287 647 967 
See be b ee See Pe 
(a) 5 ( 5 (c) 5 
ma? ma? Ata 
Og ere Oe 


d 
25. V = 20 | p(y)h(y) dy for horizontal axis of revolution | 


b | 
V=27 | p(x)h(x) dx for vertical axis of revolution 


27. Both integrals yield the volume of the solid generated by revol 
ing the region bounded by the graphs of y= /x — 1, y= 
and x = 5 about the x-axis. : 


29. (a) ae a 
y= - x43) 3/4 
—0.25 
31. (a) (b) 187.25 
33. d 35. Diameter = 2 J4—2/3 be ws 
37. 477 39. Proof 


41. (a) i; right circular cone of radius r and height h 
(b) v; torus of cross-sectional radius r and other radius R 
(c) 11; sphere of radius r 
(d) i; right circular cylinder of radius r and height h 


(e) iv; ellipsoid whose underlying ellipse has the equation 
Boh m\e 
a + ee = 
(5) (7) : 
43. (a) 1,366,593 cubic feet 
(b) d = —0.000561x7 + 0.0189x + 19.39 


24 


—6 
(c) 1,343,345 cubic feet 
(d) 10,048,221 gallons 


Section 6.4 (page 447) 


1. 137 ee i 1219 
5.5/5 2228352 7.3%  0.eigee 
1. (a) 13. (a) 2 


a) 1 
(b) | 1 tears? 
1 Ow 


(c) ~2.147 


2 
(b) | a) a axeras 
0 


(c) ~4.647 


(b) [ A/a (leks varrbe 
0 


(©) 2 sv40) 


-0.5 


- (a) 


= 
2 1 
(b) ' JI +e dy - | ae + dx 
10) en 259 


So) 2221 
D. b I (35) l 
(a) 3 (b) [ me dx 
-0.5 = 15 (c) ~ 1.871 
-3 
& b 
3. (a) 64.125 (b) 64.525 (c) 64.666 (d) 64.672 
5. (a) A (b) ¥1, V2. V3 ¥4 
ait (c) 5, = 5.657; sy = 5.759; 
5, ~ 5.916; 5, ~ 6.063 
]. Fleeing object: 4 unit 
i ES ae tee. ay 
Pursuer: Al F r= Wee? 2x'/2| 


i 


we 
. 


ee Te es eee ee 


Ge eee Nee ol 
i 


. 20[sinh 1 — sinh(—1)] ~ 47.0 meters 
ces) arcsin 5 = 2.1892 


3 
7 evi +x dx = 5 (82/82 — 1) ~ 258.85 


i Nix ‘ AT n 
+ iL 
2m ig . ale yO ee aT 


57 (145145 — 10/10) ~ 


. Arectifiable curve is a curve with a finite arc length. 


. The integral formula for the area of a surface of revolution is 
derived from the formula for the lateral surface area of the frus- 
tum of a right circular cone. The formula is S = 27rL where 
eS t(r, a2 ro), which is the average radius of the frustum, and 


L is the length of a line segment on the frustum. 


199.48 


45. 


49. 


51. 


53. 


DS: 
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Proof 47. 6(3 — /5) = 14.40 


Surface area = = square feet ~ 16.8 square inches 


7 {0.015 
A glass = —— 
mount of glass z/ 1D 


0.00015 cubic foot 
0.25 cubic inch 
(a) y = (1.953 x 1077)x* — (1.804 x 1074)x3 
+ 0.0496x? — 4.8323x + 536.927 
(b) 131,734.5 square feet ~ 3 acres 
(c) 794.9 feet 


cubic foot 


ut 


ut 


@ (1 - 5] ) 2p = eat d 


(c) lim V= jim Mat = i) = 7 


bco b 
wise a 
(d) Since Bee = : > 0 on[1, b], 
/ sea 
ding ees a> -—dx= jinx] =Inb 


[x A 
and jim In b- co. Thus, jim QT Seal 


(a) Area of circle with radius L: A = - 

Area of sector with central angle @ (in radians): 

0 1 
—A = — [2 at = 
S= ae “(mn )= 5b 0 

(b) Let s be the arc ae of the sector, which is the circumfer- 

ence of the base of the cone. Here, s = L@ = 27rr, and you 

have 

| i RP Ss 1 1 = 

S= aL = 5 (2) = 5Ls = 5LQar) = apl. 

(c) The lateral surface area of the frustum is the difference 


between the large cone and the small one. 
Sar 41) = 
Sava Fal, ='T,) 


Tr, Ly 


By similar triangles, sae! = = = Ir, = L,05 =7,): 
Hence, : 
S Saree alr, — 4) = mel + aL; 

= mL(r, + 15). 


re 
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Section 6.5 (page 456) 


1. 1000 foot-pounds 3. 448 newton-meters 


43. 


- 2000 ins =~ 810.93 foot-pounds 41. - 


. If an object is moved a distance D in the direction of an applied 
constant force F, then the work W done by the force is defined 


as W = FD. 


5 Oy Oh, hy 9. 30.625 inch-pounds ~ 2.55 foot-pounds 
. 8750 newton-centimeters = 87.5 newton-meters 

. 160 inch-pounds ~ 13.3 foot-pounds 

. 37.125 foot-pounds 

. (a) 487.805 mile-tons ~ 5.151(10°) foot-pounds 


(b) 1395.349 mile-tons ~ 1.473(10!°) foot-pounds 


. (a) 2.93 x 10+ mile-tons ~ 3.10 x 10!! foot-pounds 


(b) 3.38 x 104 mile-tons ~ 3.57 x 10!' foot-pounds 


. (a) 2496 foot-pounds  (b) 9984 foot-pounds 

- 470,4007 newton-meters 25. 2995.27 foot-pounds 
. 20,217.67 foot-pounds 29. 24577 foot-pounds 

. 337.5 foot-pounds 33. 300 foot-pounds 

. 168.75 foot-pounds 37. 7987.5 foot-pounds 


3k 


3249.4 foot-pounds 45. 10,330.3 foot-pounds 


Section 6.6 (page 467) 


1. 
ie 


13. 


15. 


17. 


19. 


21. 


23. 


MS. 


27. 


Ria > eau "12 S85. (a) een? (b) = 
x=6fet 9. @y)=(2,-5) 11. @y =(-2 
M,=4p.m,="2, 6,5) = (23) 

M,= “ZC, = 96, 5) = (5,22) 
M.=0,M,="28, (3) = (8 0) 


r 
1 

Aa — x2 Ix = = 
[ & x7) dx r 


0 
se) | 

M, = epee 
[ [( 5 (x — x*) dx r 


Wher | wee = 32) che = at 
( 


A= [ (ORE as UN Wrie —= 9))| 
0 


(2x +4 

m= | (2 Jex + Ay dx = 78 
0 2 
3 


VES [ x(2x + 4) dx = 36 
0 


29. 


oS. 


41. 


43. 


(x, y) = (3.0, 126.0) 


31. 50 


| 
| 
| 
=25 


(x, y) = (0, 16.2) 


: 2 2\ 
(zy) = (2.<) Stas) ({ +°2b)cqa" ara 


3(a+b)’ 3(at+b) , 


(b) x = O by symmetry 


Jb 
(c) M, = | x(b — x”) dx = 0 because x(b — x7) is an o 
: —/b 


function. 


2aarl 
(d) y > a because the area is greater for y > 


pene 
Oy = 5° 


(a) (x, y) = (0, 12.98) 


NI> 


(b) y = (=1,02 * 10 3)x2 — 0.0019x* 4ao2s 


(c) (%, y) = (0, 12.85) 


45. y 


Dae 3 
47. (%,y) = E us 0) 49. 16072 ~ 1579.14 
2G 
128 
51. a 134.04 
> EN 5 y M, 
53. The center of mass (x, y) isx = — andy = 0) where: 
m é 
(a) m =m, + m, ++ - + + m, is the total mass of the syste 


(ee espe une 


the y-axis. 


(C)iy Mn ty Viet Vo ete 


the x-axis. 


re Tile, € 


is the moment ab 


n n 


-+ my, is the moment ab 


nen 


Ba) (2, 


£69) = | 


23): The plane region has been translated 2 units up. 


(b) (22 3 “ 3): The plane region has been translated 2 units to the 
Ficht 

(c) @ ; —+); The plane region has been reflected across the 
X-axis. 


(d) Not possible 


se Mh igeae AI : : 
a Ae } Asn—oco, the region shrinks 


towards the line segments y = 0 for 0 < x < 1 and x = 1 for 


Oey < 1: @3) (1,4), 


ection 6.7 (page 474) 


1. 936 pounds 
]. 748.8 pounds 
l. 

5. 2814 pounds 
9 


3. 748.8 pounds 

9. 1064.96 pounds 
13. 2,381,400 newtons 

17. 6753.6 pounds 19. 94.5 pounds 


5. 1123.2 pounds 
117,600 newtons 


——- 


ae (k= y) JP? = y?(2) dy 


s iE JP = y? dy + Ie ey) i 


water level 


The second integral is zero since its integrand is odd and the 
limits of integration are symmetric with respect to the origin. 
The first integral is the area of a semicircle of radius r. 


= wf ONE + 0| = wkarre 


. hy) =k—y 


Ly) = 6 


h/2 
r=] (k — y)b dy 
h/2 


y2 hy 
= wh] ky — | 
ue , D, —h/2 


water level 


= wh(hk) = wkhb 


25. 


31. 


33. 
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960 pounds 


2 


Qi — 22 feet 


27. 3010.8 pounds 29. 6448.7 pounds 


(b) The pressure increases with increasing depth. 


The fluid force F of constant weight-density w (per unit of 
volume) against a submerged vertical plane region from y = c 
to y = dis 

d 
P= lim, S) hODLG,) Ay = w | h(y)L(y) dy 

7 i=] c 

where /(y) is the depth of the fluid at y and L(y) is the horizon- 
tal length of the region at y. 


Review Exercises for Chapter 6 (page 476) 


1. 


13. 


2 0 
15. | [0 — (y? — 2y)] dy = i DJ dx = 
0 zi 


o|& 
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17. 


19. 


21. 


23. 


27. 


29. 
38h 
39. 
41. 
43. 


45. 


49. 


51. 


8h 


inc =i -AJJa+[n — (x — 2)] dx 


= | [ors 2) — (2 = 2))] dy = 


Job 1. The salary for job | is greater than the salary for job 2 for 
all the years except the first and tenth years. 


6477 1287 6477 1607 
(a) (b) 3 (c) (d) 3 


bd | WD 


(a) 647 = (b) 4877 25. 


#3, (SS) 


= (20 — 9 In 3) ~ 42.359 


% —-31.:1.958 feet 

(1 + 63) ~ 6.076 35. 4018.2 feet 37. 15a 
50 inch-pounds ~ 4.167 foot-pounds 

104,0007 foot-pounds ~ 163.4 foot-tons 

250 foot-pounds 


15 eave /£2 
‘ua ee 47. (%, y) = (¢ 2) 


5) = (0,2) 


 OOmadS 
9) =( 3(m + 9) 0) 


Let D = surface of liquid; p = weight per cubic volume. 


d 
P= p| (D — y)LfO) — g(y)] dy 
d 


0 


d 
| | D[ f(y) — g(y)] dy - [ yL f(y) — g(y)] a 


d 
| yL fly) — g(y)] dy 
awe! 


= 1 i f(y) — gs)] dy 7 
j | | [fly) — g(y)] dy 


= plarea)(D — y) 
= p(area)(depth of centroid) 


P.S. Problem Solving (page 478) 


1. 


Te 


3 3. (a) 47 £(b) 27?/?R 5, — 


(a) Area S is 16 times area R. 


| 

(b) Let point A be (a, a*). The equation of the tangent line to 
curve y=x° at A is y = 3a*x — 2a°, and point B 
(—2a, —8a?). Area R is | 


o Dial 
i x — 3a*x + 20°) dx = x 
—20 4 


Then, the equation of the tangent line to the cu 
y = at Bis y = 12a? x + 16a, and point C is (4a, 64c 
Area S is 


4a 
| (12a? x + 16a? — x3) dx = 108a’*. 


—2a 


Therefore, area S is 16 times area R. 
9. a) & = IFO 
(b) ds = J/1 + [f@)P dx; (ds)? = (dx)? + (dy)? 
(c) [ : ey 


(d) s(2) ~ 2.0858. This is the arc length of the curve. 


W (2 
: i (a) >, 0} 


: 2b 
oe) 


x (RO) 


1S2(a) eae) 
15. Consumer surplus: 1600; Producer surplus: 400 
17. Wall at shallow end: 9984 pounds 

Wall at deep end: 39,936 pounds 

Side wall: 19,968 + 26,624 = 46,592 pounds 


Chapter 7 
Section 7.1 (page 486) 
1. b SEC 
5. [u du af ae 
u 
u=3x-2,n=4 b= De 2x 
d 
9, ls UU. [ sin u du 
ge = iP 
u=ta=I1 Se 
13. [e du 15. —5(-2x + 5)/2 + 
u = sinx 
2) Wee 4/3 
ii. A= aye 19. meee 1 tS 


ibe I 
Vv 
2 6Bv — 1) 


25. 5x2 +x+Inlx-1]+C 27.ml+ex+C 


21. 


1 
Bue: | Pa), —3 ln|- Be oetat | + G 
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SS (otf Oe sy est ee BC 83.2 85.4 872a=} 


15 4 
; oe 89. (a) a(1 — e7!) ~ 1.986 
ese ax +C ash can a 37. 2Ind + e&)+C 


(b) b= ne abl ;) ~ 0.743 
»(Inx)? +C 41. In|sec x(sec x + tan x)| + C M 
2 
3 fl =e See ee Ep alle 
. csc6+cot@+C 45. 5 In(z2 + 9) + + arctan 2 +C a1 arcsin(4/5) el ie te a 


Section 7.2 (page 494) 
1. b Pry (6 3G 4. a 


1 P 1 2 
== Di eS = 
5 arcsin(2f—— 1) + C 49 5 In cos 4 +C 


isle tere) 1 Dee il 
. 3 arcsin 3 TG 53. Aes 8 at 1G, SS, f= snap = e-ale hs = (ned, oh = ahs 
(b) > arcsin es 5 9. u = x, dv = sec? x dx 11. - Te (2x + i) ae CG 


0.8 


13. (x3 — 3x2 + 6x -6)+C 15. fe™ + C 
17. 4[2(2 — 1) Ine + 1] — 22 + 24] +€ 


-1.2 1.2 
# 190 SG ee ee eerie ic 
ete * 4(2x + 1) "hse 5 
= (x — 13/2 
25. Oa ea +2)+C 27. xsinx + cosx+C 
o = 0.2y 29. (6x — x3) cos x + (3x2 — 6) sinx + C 


31. =fesc#— Injesor cots): C 
33. x arctan x — $In(1 + x7) + C 
35. 4e*(2sinx —cosx)+C 37. y=4e™+C 
39. y = 5 (271? — 24t + 32) /2 + 34 + C 
Al. siny = 47+ C 


43. (a) y (b) 2\/y — cosx — xsinx = 3 
(es : 1 tan x te 
ae eats C. 61. y = 5 arctan ee Lt 
1 : 7 
= pa ')\ EGS} , —— 
65. 5 (I e “= 0316 67. 4 69 13 


Wile Nile 


arctan(* - 2) + C TEs sels) = ae sate 


45. 
=" 5 = 
=i 
One graph is a vertical One graph is a vertical 
translation of the other. translation of the other. 
n+) 2 it ee} de 6 
ee Oy tide 8 47. 4=-5 5 49.21 SI. —— + — = 0.658 
id ar Al e- 2 6 
éelsin(1)— cos(1) |, + 1 2a Ingo | 
. Log rule: (2 = Injul + C) u = 2° + 1,du = 2x 53. usa} 7 Oo) oo oI aaall ip Tasrey aee bias 1.071 
u 2 

. Using laws of logarithms, y, = e**“ = e* + e% where e% is a ee Ce es ~ 7.380 

constant. Therefore, e©: can be replaced by C resulting in N 2 2 3 

yon Ce’. e2* 

Ca 59. 4 (2x2 —-2x +1)+C 

7 
wa = +/2,b=— 
4 61. (3x? — 6) sinx — (x3 — 6x) cosx + C 
a eso(x a 7) aot (x x z) eC 63. xtanx + Injcosx| + C 65. Product Rule 
2 A 4; 67. No 69. Yes. Let u = x2 and dv = e?* dx. 


A98 


TA. 


73: 


Td. 
12). 
81. 


83. 
89. 


93. 


97. 


99. 


103. 


107. 


109. 
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Yes. Let u = x, dv dx. (Substitution also works. 


Let = 1). 


=—(32P + 2417 + 1214+ 3 
(32 hes 


4(2e77 + 3) ~ 0.2374 
5/4 + A(x? — 8) + C 
ni 


x(Inx — 1)+C 


1 
w/58 a | 


Cc 


77. 2(2x — 3)3/4(x + I) + C 


7 2inx = 1) -e 


PS 
Ginx —1)+C 

9 

4 


x 
16 (4 In x 


Ye C 


5 
A ait Inx-—1)+C 


n+l 
an See 1126 
[> Ind — mn + 1? =[(n+ 1) Inx - 1] 


Proof 85. Proof 87. Proof 
ahve 
~(4inx- 1) +€ 91. $3 (2.cos 3x + 3 sin 3x) + C 
95, 
=1 fa 
t 
= 
i= = ~ 0.908 
(Z 
(a) 1) (6) ae —2) = 2.257 
er 
(c) (e?* Ya 13.177 
2 
es i a) 
(d) (= ae 5 )~ (2.097, 0.359) 


eee = (ga) os 101. $931,265 
10a 
Proof 105. b, = ak, sin( "2 
” (na)? 2 
b 
Shell; VY = 7) 62/10) Ga) | SM Ge) an| 
r/(b) 


Disk: V= 7) 62/10) — a fla) - | fy) F «| 
F(a) 


Both methods yield the same volume because x = f- '(y), 
f(x) dx = dy, if y = f(a) then x = a, and if y = f(b) then 
x= b. 


(a) f(x) = —xe™ 
(b) 


= Gas | 


3h 
Te 
9. 5 


(c) You obtain the following points. 


7) Xn Yn 

0 0 0 | 
1 | 0.05 0 | 
2 | 0.10 | 2.378 x 1073 | 
34/1 ts 0.0069 

4 | 0.20 0.0134 

80 | 4.0 0.9064 

0 4 


0 


(d) You obtain the following points. 


ei See Yn 
0 o | 0 

1 iho 0 

2 .| 02 | 0.0090484 
3 | 03 | 0.025423 
4 | 04 | 0.047648 

ik 

40 | 4.0 0.9039 


) = 0.9084 


(e) f(4 


The approximations are tangent line approximations. TI 
result in (c) is better because Ax is smaller. 


Section 7.3 (page 503) 


> (@) ne + cos 4x) 
(b) 2 cost x — 2cos? x + 1 
(d) 1 — 5 sin? 2x 
(e) Four. No; there is often more than one way to rewrite 
trigonometric a 
—+cos 4 yeaa’ Se + sin® PhP 1. 
—+cos3 x+ = cos? es + cos? x tC 


sin?/? 9 — 2 sin’/2.9 + C 11. 4 (6x + sin 6x) + C 


(©) Wl = Dsin? Gos? 


ee 


1. 


a — (1/4) sin 4a a 1 
= + a 
8 (C @e 8 37 Sinda + C 


. ¢(2x? — 2x sin 2x — cos 2x) + C 
. Proof 


19. Proof 21. 3 In|sec 3x + tan 3x| + C 


, tan'(*) —2 tan*(2) —4I1n 


eles 
- 5 tan’x+C 31. 
.4secix tC 


et 


: rc tan 5x(3 + tan? 5x) + C 


277 


tan? x 


1 
327 


1 
Bey 49sec 3x — =Sec 3x, C 


» —7p(cos 5x + 5cosx) + C 
1. (In|esc? 2x| — cot? 2x) + C 
manjeses — cot#|"+-cos 7/4 C 
gun /cscx.— cotx| + coszC 
Mae 63.51 —iIn2) 65: 
b ig(6x + 8sinx + sin2x) + C 


Graphs will vary. Example: 


1 
—[sec? ax tan mx + 
47 


xX 
Cos = 


1 
. ——(sec wx tan 7x + In|sec wx + tan ax|) + C 


eC 


4 


sec® 4x 


+ he Se: 
C 33 74 G 
37in|seexrt tan x) —"sinx — C 


(1278 — 8 sin276 + sin 470) + C 


49, 3(2 sin 20 — sin 40) + C 
53. —cot 0 — cot? 0+ C 


BY) jp —— niin ae 1G 


in 2+ 3/67. = 


5 (sec ax tan 7x + In|sec ax + tan 7x|)| tt G 


Graphs will vary. Example: 


Se brook 
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1 
73. — sec? mx + C 
Sar 


Graphs will vary. 
Example: 5 


| 


A99 


79. (a) Save one sine factor and convert the remaining factors to 


cosine. Then, expand and integrate. 


(b) Save one cosine factor and convert the remaining factors to 


sine. Then, expand and integrate. 


(c) Make repeated use of the power-reducing formulas to 
convert the integrand to odd powers of the cosine. Then, 


proceed as in part (b). 


tan°3x  tan* 3x sec’ 3x. sec 3x 
. t si ‘ Ge 
ET ee ees i ee 
(b) (c) Proof 


—0.05 


ae _. (aa 

85. (a) 7 (b) 5) = (z z) 
89. Proof 

91. —j5 cos x(3 sintx + 4 sin?x + 8) + C 


93. 2. tan 


271X (sec? 271% 
5 5 


95. (a) H(t) = 55.46 — 23.88 087 ~ 3.34 sin 


+2)+C 


t 
(b) L(t) = 39.34 — 20.78 cos 1433 sin 


(c) Summer 85 


97. Proof 
Section 7.4 (page 512) 


5 Fa) Phy Gl Sa 4.7% 


os a oe 
x 


9, In|x + /x? — 4| +C 


Te oy hin 


13. 3 
17. 5x J/4 + 9x? + In|3x + /4 + 9x? 


19. /x7 +9+C Pil aresn(*] +C 


eC 


x 
i —————— 
D5 n/t 


l 23/2 1 x 
2)3/2 es : 4 
(Sex) ae € 15. 5(arctan t: (ee € 


11. 75(x? — 4)3/2(3x2 + 8) + C 
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23. 


27. 


Site 


BS: 


37. 


3B), 


41. 


43. 


45. 


47. 


49. 


51. 


Sah 


DOs 


ile 


63. 


65. 


4 aresin( >) +xf/4—-2+C 25. Inlxt+ UP—9| + 


she die of 4D FS 
pe 90 | +C 
3x3 3 Di 
EC 133, iy? AG 
Tee aise) 3 


T(arcsin ex + e* /1 — ex) +C 


+ GC 


i eG 1 x 
= t 

i(s eS) ane an = 

x arcsec 2x — + in|2x ie Ax ti 1| a 


x= D2 
i + 
arsin| 5 EG 
R/T AR Dn 4x 8 GOH 2)| °C 


(a) and (b) V3 - - ~ 0.685 


(a) and (b) 9(2 — /2) = 5.272 


2/71 As/3 at 8) 
3 3 3 3 


+ 9/3 — 2./7 = 12.644 
F(x — 15)/x? + 10x + 9 
+ 33 In| /x? + 10x +9 + (x +5)|+C 
LJ? — 1 + Inx + V2 —1|) + € 


(a) Let vu = asin 0, /a* — u* = acos 8, where 


(a) and (b) > nl 


B il 
5 SOs > 

(b) Let u = atan 0, /a* + u? = asec 6, where 
T 7 
> << > 


(GCeletva—a secs 2a — tan oO ith > a and 
é 7 
/u* — a* = —tan 0if u < —a, where 0 < 0 < 5 


7 
Oy = O< T. 


2 
tab 59. i — q aresin = — h./a? — h? 61. 6777 


oe/2 a1) Ls 
| ee SP /26 = 5) = 4.367 


Length of one arch of sine curve: y = sin. x, y’ = cos x 


ih -| ~/ t+ cos? x dx 
0 


Length of one arch of cosine curve: y = cos x, y’ = —sin x 


1/2 
L, = | | =r Sin? % ay 
= /2 


Ri T 7 
= ll se cos?( = z) dx, D9 = Salt) = bs 
Bye 2 2 


0 
= | /1 + cos? u du 


= [ J 1 + cos? udu = L, 
0 


67. (a) 60 


—25 250 
~10 
af 2 Ay 7 
200 100./2 + 501 (2+! e229 ae 
(b) 200 (c) 100/2 ie marr 


69. (0,0.422) 71. 3p 102V2 — in(3 + 2V2)] ~ 13.989 


73. (a) 187.277 pounds _(b) 62.477d pounds 


Gy a (y + /144 — x2) 
dx i, 


J144 = 2 


75. (a) m= 


x 


-2(2 — Ji44= =) - 


x 


(b) y= 144 — x? 


(ce) x= 0° (@) 5-2 meters 
77. True 


J3 1/3 

dx 

qe False: a 372 = [ cos 6dé 81. Proof 
q (Fee * Oe, 


Section 7.5 (page 522) 


A B ah eo olépe sie t€ fay les G 
5 2 8 penG Se PONS Tf a, 7 aT 
Keel rc ll 
x ap all KZ 
11. $Inj2x — 1| > in |x aap ee 
13. 51n |x — 2) —In|x- 2) — Sinan 
15. x? + 3in|x — 4| — In|x + 2} + 


In aPC. 


Jrc 9, In 


ie . arial Meas C. 


3 
19. 2 ink =o) alee 
nix =} 2|— nly are. eae 
taal 


21. In 


235 ; c 


1 
AAS: 16 In 


[+c 


ge xX 
+ — 
Pies | J3 arctan| =| 19 E 


Ales — I 
4x? + | 


J+c 


= Il 
PAS lhape > IN) ae J3 arctan(* ae (C 
cesit Wp 


I 8 7 
29. In2 oa hil || = = j = 
n > 5 in 5) mn + arctan 2 ~ 0.557 


Answers to Odd-Numbered Exercises A101 


33. y = 3 In|x — 3] — —. +9 Section 7.6 (page 528) 


1. —3x(2 — x) + nfl +x] + C 
3. slet/e* F 14 Inlev + Ve? +1) + 
5 _v1l=x nay,” 

Xx 


7. {g(6x — 3 sin 2x cos 2x — 2 sin} 2x cos 2x) + C 
9, —2(cot Vx oF csc /x ) ae (6 
35. y = a Fi NC a 2) + 4 11. 25 ie SIn(1 + e?*) =F G 13. nex “(4 In x a 1) + C 
x? 
15. (a) and (b) e*(x? — 2x + 2) + C 


+ > 
17. (a) and (b) In|* : ; = ; eC 19) xe ee 
(0, 1) . i 
pile ${(x? + 1) aresec(x? + 1) — In| (x? + 1) + Yx4+ 2x] } +C 
23 S(=1 3 inn) ee 2s. ne 0F Seay 


4x 


Oo |r 


| y 1 
iy 3 Seibel) SS Sake So oe on | — = Be 2s 
; | | 5 | | 27 =(in 3x| Toren 
Dig te ] oar 2) = S055 
th V3 arctan{ x )-4m 1B 29 Ve? atccos\es) — ieee ae 
V3 = 31. F(x? ap Ola Sb COS) <= C 33. arctan(sin x) + C 
7 : 5 
+ ./3 arctan —>+ 10 ae 1 + sin 0 le On 
Wc} 35. 5 arctan += = € Sil 25s ae 
= 39. (6 — 6t) sint + 3(2 — 2) cost + C 
(3, 10) 41. $(2 In|x| — 3 In[3 + 2 In|x||) + C 
i510) 3 
2 5 43. Da 6 cn 10) + 5 arctan(x —3)+C 
= "45. $Inix? - 3 + Jxd ee 
2 aL See 
oy ee eee 47. -1./4 = x(x? + 8) +C 
= At tat 2 4 2 l 
: at +e) + 
10 #2 1+e* 2(1 + e*)- ean 
51. Proof 53. Proof 55. Proof 
eee 
“6, 4) 
—10 10 


—] + sinx 


; ap 
Se Sipe 


43. In 


47. Proof 49, Proof 


; oe 1 eS 
. First d d fe b pate Nae 5) . v= + arctan(x — 3 
53. First divide x3 by (x — 5) 59. y E 5 (6 arctan(x } 


55. (a) Log Rule (b) Partial fractions 
(c) Inverse Tangent Rule 
37. 4.90 or $490,000 ELE 


(n+ 1)kt — 1 

nye T 

ese eS 63. 2 
nt pln t 8 


A102 


61. 


63. 


67. 
73. 
Ws 
Wik 
79. 


81. 
83. 


85. 


87. 
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y=-cscO+ /2+2 


eal) a ee 
J/5 |2tan(0/2) -3 + /5 
lin —2cos6)+C 69.2sin/O6+C 71.2 
Use Formula 23 and let a = 1, u = e*, and du = e* dx. 
Use Formula 81 and let u = x? and du = 2x dx. 
Impossible 
Answers will vary. For example: f x* cos x dx can be integrated 


using Formula 55 where u = x, du = dx, andn = 3. 
1919.145 foot-pounds 
(a) V = 80 In(\/10 + 3) ~ 145.5 cubic feet 

W = 11,840 In( /10 + 3) ~ 21,530.4 pounds 
(b) (0, 1.19) 


30 
@yk— In? 15.42 


(b) 8 


=4 


False. Substitutions may first have to be made to rewrite the 
integral in a form that appears in the table. 


Section 7.7 (page 537) 


1. 


x —0.1 | —0.01 | —0.001 
f(x) | 2.4132 | 2.4991 | 2.500 
x | 0.001 | 0.01 0.1 
f(x) | 2.500 | 2.4991 | 2.4132 

8 
x 1 10 102 
f(x) | 0.9900 | 90,483.7 | 3.7 x 10° 
x 103 104 | 10° 
f(x) | 45x 10" | oO 0 

0 

4 ha UR Se hee akin 


17. 


27. 
37. 


41. 


43. 


47. 


51. 


SE), 


61. 


w= 1:06 192 21 923.5 owes aes 
=o 

ih 2 SB CS 

0 29nd i ORe3 39 0 bSece 

(a) Urico™ (b)20 39> (a) 0) sco a(b)al 


(a) Not indeterminate  (b) 0 
(c) 2 
, a 
-0.5 2 
=0.5 
(a) cc? (b) 1 A5=(2)) lean) ee 
(c) (c) t 6 
=° = 4 
= 
(a) 0° (b) 3 49. (a) 0° =(b) 1 


(c) 


533) (aco! — 160 


(a) Sen (ay) 
(b) 3 (b) 3 
0 

sey () - co, 1%, 0°, co — co 

0 co 

Answers will vary. Examples: 


(ay fi) = = 57 eran es 
(b) fe) or 5) ee es 
(c) fla) = 37 = 25,eG) = 


- Horizontal asymptote: y = | 


. Horizontal asymptote: y = 0 


| x | 10 10? 10 | 10° 108 10!° | 
In x)* 
is 2.811 | 4.498 | 0.720 | 0.036 | 0.001 | 0.000 


Relative maximum: (e, e!/¢) 


Relative minimum: (1, 2) 
e 


5. Limit is not of the form 0/0 or co/oo. 


7. Limit is not of the form 0/0 or co/co. 


9. (a) | 


5. 


3 2, 
. v= 32t + Vv 83. 7 85. c= 3 


5 
a Se AN x 
x—> Co / x2 + ] x300 x x00 ae ae Ah 


Applying L’H6pital’s Rule twice results in the original limit, 
so L’H6pital’s Rule fails. 


(c) is 


(b) lim 


| 


7 
8166 > 


. False: L’H6pital’s Rule does not apply, because 
lim (x? +x+1)#0. 
ae GUS 


Lee tet | ae 
5 (a) 5 sin 7 sin O cos 8 (b) 79 7 sin 8 cos 8 


sin 9 — sin @cos 0 3 
(c) 6 — sin 0cos @ (d) 4 
Proof 97. Proof 


ection 7.8 (page 547) 


. 


1 
. Diverges iG, 2 Wh 


{. Infinite discontinuity at x = 0; 4 
3. 


Infinite discontinuity at x = 1; diverges 


Infinite limit of integration; | 


. Infinite discontinuity at x = 0; diverges 


al 11. Diverges 


j) 2(In 4)? 
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igs « pens 


in 25. Diverges 27. Diverges 


33. Diverges oe 


3 
27/6 
3 


49. Converges 


1 
29. See 
6 31 i 


37. In(2+ 3) 39.0” “4 


43. p> 1 


45. Proof 


51. Converges 


47. Diverges 
53. Diverges 55. Converges 


57. An integral with infinite integration limits, an integral with an 
infinite discontinuity at or between the integration limits 


59. The improper integral diverges. 


1 
61. 0 63. 5, 5>0 65. 


~8 (0, -8) 


Perimeter = 48 


12s @) 1G) Se) SAS) = 2a) Bieter 
(c) Im) = @ = 1)! 
75. (a) Proof (b) P = 43.53% = (c) E(x) =7 


77. (a) $757,992.41  (b) $837,995.15 (c) $1,066,666.67 


Ma? + Va 
TRE: Hvar + T= 1) 81. Three. All three must converge. 
Gener ae il 
3.@% wu Oe 
i 
85. False. Let f(x) = ——. 87. True 
Tact 


Review Exercises for Chapter 7 (page 550) 


(x2 — 1)3/2 
3 


(In(2x))? 
9 


a 


1 
4°C* = Sink’ = 1 eC 


+C Hs Mo) arcsin | a 


2% 


13 


(Qesinian =e) COs 3.5) G 


11. = — 5)3/2(3x + 10) + C 


16 ae | 
16h, SS2e cos Yee sr 5 sin D8 oie fl GOS Yar se (6 


15. £| (8x2 — 1) aresin 2x + 2x/1 — 42] + C 


15 


17. sin(wrx — 1)[cos2(a7x — 1) + 2] + C 


370 
yD x 
19. + tan'(5) 


3 ian(3)| + C 2k. tan da sec@ + C 


a 
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oat eee, $02 + 4)'/22 — 8) + C 
x 


27. 


29. 
31. 
So. 
oBb 


37. 


41. 


43. 


45. 
49. 
51. 


SD: 


ie 
61. 


67. 


77. 
83. 
85. 


(4 aresin = + x/4 - 2) +C 


(a), (b), and (c) 3V4 + (a? — 8) + C 
Gin ee2 aac nlxa— S| C 

+ [6 In|x — 1| — In(x? + 1) + 6 arctan x] + C 
x + 2injx — 3|-2In|x + 5| + C 


5) 
is joke oF In|2 ar 3x +— C 39. 5ltan x? — sec x?] iG 


ie: 
5 Ins? se Uke ab 3 <3 arctan(* +C 


(4) In|tan wx| + C 
7 


Proof 47. 3 (sin 29 — 20cos 26) + C 
$[x3/4 — 3x!/4 + 3 arctan(x!/*)] + C 


2/1 —cosx+C 53. sin x ln(sin'x) — sim + C 
3 eee 
== + 
i + nf a 
y =x Inix? + x| — 2x + In|x + 1 + C 59, + 


S(in4)?~0.961 63.7 65. +2 

(x,y) = (0. <) 69. 3.82 71. 0 13, CS Ts || 
1000e°-? ~ 1094.17 79. Converges; & 81. Diverges 
(a) $6,321,205.59 (b) $10,000,000 

(a) 0.4581 (b) 0.0135 


PS. Problem Solving (page 552) 


1. 
ae 


Te 


(a)4,i2 (db) Proof 3. In3 


Let P be represented by (c, vi= c?). Then 


1 ) 
iso Ne 7 
S= LS = — — arcsinc. 18 
[ xi: =) dx 5 arcsinc. Then Q is 


represented by (.2 — arcsin c} and line PQ is represented 


7 ; 
> ~ aresin ¢ — J/1 - c? 


l= @ 


bynes 3/1 C= 


Ge = @), 


Since R is on the x-axis, set y = 0. Then simplify and find 


pu (ica Ps) RS | arraeaemame aa 
bye arcsine — /1 — c? 
therefore the length of segment OR is 2. 
(a) Area ~ 0.2986 (b) In3 —¢ 
0.2 (oe eee : 


15. 


. In3 — 5 ~ 0.5986 
13. 


11. Proof 
ge oe ih = (x? a ee 1)(x2 = /2x + 1) 


A= ~2faretan( V2 = 1) ts arctan(./2 = 1)| 
s 7 Ain(2 + 4/2) ine 2 


A ~ 0.8670 
(b) 0 (c) -3 


The indeterminate form 0 - co does not determine the value 
the limit or even whether the limit exists. 


(a) co 


1/12 111/140 , 1/42 1/10 
: ty 19. Proof 

7 os x+4 eee ge I zie 
Chapter 8 
Section 8.1 (page 564) 

1. 2,4,8,16,32 3; —$,4,—2.9 —s 5. 1,0, -1,0) 
1h Slee 9.95.76 Wee 

11.53, 5,2 ee 13. 3,456.10, 18) 2 oes 2a 
17. d 18. a ig). © 20. b 
21. 

25% 

27. 14, 17; add 3 to preceding term 

29. a —2; multiply preceding term by —4 

il 
31. 10-9 = 90 a8 72 ar JI 35s 
: (2n + 1)(2n) 

S/o) ay, 2 41. 0 

43. 45. 

= 
Converges to | Diverges 

47. Diverges 49. Converges ies 

51. Converges to 0 53. Converges to 0 

55. Converges to 0 57. Diverges 

59. Converges to 0 61. Converges to 0 

63. Converges to e* 65. Converges to 0 


adex of Applications 


gineering and Physical 
lences 


olute zero, 72 

Bletation, 126, 152, 252, 307 
eleration due to gravity, 31, 123 
eleration on the moon, 157 

d rain, 849 

abatic expansion, 151 

pressure, 407 

traffic control, 150, 713, 819 
raft glide rate, 190 

sraft separation, 252 

tude of a plane, 152 

morphic art, 693 

rle of elevation, 151, 152 

rle of elevation of a camera, 147 
sular rate of change, 387 

ual snowfall, 953 

ual temperature range, 849 

enna radiation, 700 

yarent temperature, 867 
hitecture, 662 

a, 37, 116, 125, 149, 216, 217, 218 
a of end of a log, 233 

a of a lot, 264, 306 

sroid Apollo, 706 

10spheric pressure, 323, 349, 367, 920 
litorium lights, 734 

litorium noise level, 368 
ocatalytic chemical reaction, 216 
omobile aerodynamics, 29 
omobile engine, 920 

rage displacement, 496 

rage field strength, 514 

rage speed, 86 

rage velocity of a falling object, 111 
se towing, 783 

m deflection, 191, 661 

m strength, 34, 218 

sel function, 624 

ing temperature, 35 

ncing ball, 572, 644 

le’s Law, 86, 125, 458 

cing load, 743 

iking strength of steel, 359 

ge design, 662 

ell hardness, 34 

ding construction, 734 

ding design, 420, 529, 977, 1031 
ding a pipeline, 920 

) design, 448 

yant force, 474, 479 


Cable tension, 726 

Camera surveillance design, 152 

Capillary action, 977 

Car performance, 34, 35 

Carbon dating, 367 

Catenary, 403 

Cavalieri’s Theorem, 431 

Center of mass of a conversion van 
window, 468 


Center of mass of a section of a boat’s hull, 


469 
Center of pressure on a sail, 970 
Centripetal acceleration, 819 
Centripetal force, 819, 833 
Centroid, 477 
Changing shadow length, 152 
Charles’s Law, 72 
Chemical reaction, 378, 404, 523, 931 
Chemical release from a storage tank, 350 
Circular motion, 810, 818, 835 
Cissoid of Diocles, 712 
Climb rate for an airplane, 406 
Comparing fluid forces, 511 
Constant flow rate, 28 
Constructing an arch dam, 410 
Construction cost, 848 
Construction of the Gateway Arch 

in St. Louis, 405 
Construction of a semielliptical arch, 663 
Conveyer design, 16 
Cornu spiral, 712, 834 
Cross section of a canal, 220 
Curtate cycloid, 673 
Cycloidal motion, 809, 818 
Cycloids, 674 
Daily temperature, 35, 135 
Deceleration, 252 
Depth, 149, 150, 155, 190 
Dimensions of a barn, 977 
Dimensions of a box, 872, 928 
Distance between cities, 783 
Distance traveled, 286, 574 
Doppler effect, 135 
Drag force, 931 
Earthquake intensity, 368 
Electric motor, 87 
Electric power in a circuit, 182 
Electrical charge, 1072 
Electrical circuits, A6, A7 
Electrical power, 875 
Electrical resistance, 151, 183 
Electricity, 299 
Electromagnetic theory, 549 


Electronically controlled thermostat, 28 

Enclosing a maximum area, 215 

Engine design, 239, 1031 

Engine efficiency, 201 

Engine power, 227 

Epicycloid, 674 

Equilibrium, 780 

Eruption of Old Faithful, 1 

Escape velocity, 91, 251 

Evaporation rate, 151 

Evolute, 830 

Explorer 663, 708 

Exploring new planets, 648 

Falling object, 33 

Ferris wheel, 835 

Fluid flow, 155 

Fluid force on a circular plate, 475, 477 

Fluid force on a circular window, 473, 514 

Fluid force of gasoline, 474, 475 

Fluid force cn a rectangular plate, 475 

Fluid force on a submarine porthole, 475 

Fluid force on a submerged metal sheet, 
471, 474 

Fluid force on a tank wall, 474 

Fluid force on a vertical gate in a dam, 472 

Fluid force against a vertical irrigation 
canal gate, 475 

Fluid force against a vertical region, 477 

Fluid force on a vertical stern of a boat, 
A475 

Fluid force on the vertical walls of a 
swimming pool, 477, 479 

Fluid force of water, 474 

Force, 285, 740 

Force on a concrete form, 474 

Free-falling object, 67, 88 

Frictional force, 827, 831 

Gabriel’s Horn, 546 

Gravity, 92 

Halley’s comet, 663, 705 

Hanging power cables, 398 

Harmonic motion, 37, 135, 235, 349, 407 

Heat flow, 1090 

Heat transfer, 331 

Height of a tower, 929 

Highway design, 167, 190, 833 

Hooke’s Law, 33, 456 

Horizontal motion, 154 

Hours of daylight, 32 

Hydraulics, 970 

Hyperbolic detection system, 659 

Hyperbolic mirror, 664 

Ideal Gas Law, 849, 867, 883 


A167 
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Illumination from a light source, 219, 238 
Inductance, 875 

Inflating a balloon, 146 

Instantaneous velocity, 112, 171 
Investigating the ocean floor, 895 
Kepler’s Law, 831 

Kinetic and potential energy, 1040 
Koch snowflake, 554, 589 

Lawn sprinkler construction, 167 
Length, 29 

Length of a catenary, 448, 477 
Length of an electric cable, 443 
Length of the Gateway Arch, 448 
Length of a hypotenuse, 217 

Length of pursuit, 447 

Length of a recording tape, 679 
Linear vs. angular speed, 152 

Linear and angular velocity, 155 
Load supports, 734 

Load-supporting cables, 742, 743 
Lunar gravity, 251 

Machine design, 151, 781, 961 
Machine part, 438, 492 

Magnetic field, 1091 

Making a Mercator map, 480 
Manufacturing, 426, 431 

Mass of a spring, 1023, 1029 

Mass on the surface of the earth, 459 
Mathematical sculpting, 1006 
Maximum angle, 883 

Maximum angle subtended by a camera 
lens, 384 

Maximum area of an aluminum sheet, 918 
Maximum area of a fitness room, 217 
Maximum volume of a box, 211, 217 
Maximum volume of a package, 218 
Maximum volume of a rectangular box, 
SIL}, QUI, Qiltes 

Maximum volume of a rectangular 
package, 917, 928 

Measuring force, 731 

Mechanical design, 420, 513, 762 
Meteorology, 849, 895 

Minimum area, 213 

Minimum distance, 213, 220, 237 
Minimum force, 220. 

Minimum heat loss, 932 

Minimum length, 214, 237, 780 
Minimum length of a power line, 218 
Minimum material for a tank, 932 
Minimum surface area of a cylinder, 218 
Minimum travel time, 219, 227 
Moment of a force, 748 

Motion of a liquid, 1085, 1086 
Motion of a particle, 792, 819, 832 
Moving ladder, 150 

Navigation, 664, 726 


Newton’s Law of Cooling, 116, 365, 368 
Oblateness of Saturn, 439 

Ohm’s Law, 234 

Optical illusion, 143 

Optimization, 750, 751, 926 

Orbital speed, 819 

Orbit of the earth, 663 

Orbit of the moon, 654 

Oxygen level in a pond, 197 
Packaging, 158 

Path of a car, 830 

Path of a heat-seeking particle, 890, 895 
Path of an object, 877 

Path of a projectile, 180, 674, 682 
Pendulum, 135, 234, 875 

Planetary motion, 708, 709 
Planimeter, 1089 

Plastics and cooling, 312 

Playground slide, 792 

Position of a pipe, 150 

Power lines, 505 

Power output of a battery, 167 
Probability of iron in ore samples, 309 
Producing a machine part, 430 


Projectile motion, 154, 234, 514, 642, 674, 


726, 806, 807, 808, 809, 817, 819, 
828, 833, 834, 933 

Projectile range, 219 

Race car cornering, 784 

Radioactive decay, 363, 367, 378, 407 

Radioactive half-life, 351 

Radio reception, 379 

Radio and television reception, 662 

Rainbows, 183 

Rate of change, 86 

Rate of change of the level of the 
Connecticut River, 221 

Rate of mass flow of a fluid, 1068, 1072 

Rectilinear motion, 251, 287 

Refraction of light, 928 

Refrigeration, 155 

Resistance, 875 

Resistance of copper wire, 9 

Resultant force, 722, 725 

Resultant speed and direction of an 
airplane, 723 

Ripples, 29, 145 

Roadway design, 151 

Rocket velocity, 553 

Rolling a ball bearing, 182 

Roof area, 447 

Rotary engine, 710 

Satellite antenna, 709 

Satellite orbit, 663, 833, 835 

Satellite receiving dish, 836 

Screw efficiency, 238 

Shape of the earth, 772 


Shared load, 726 

Slope of a water-ski ramp, 12 

Snell’s Law of Refraction, 928 . 

Solar collector, 661 : 

Sound intensity, 39,323, 368 : 

Sound location, 664 

Specific gravity, 191 

Speed of an airplane, 147 

Speed of an automobile, 154 

Speed of sound, 280 

Sphereflake, 575 

Spiral staircase, 832 

Statics, 467 

Stopping distance of an automobile, 11 
126 

Stress test, 37 

Strophoid, 712 

Surface area, 149, 155 

Surface area of a honeycomb, 167 

Surface area of a pond, 479 

Surface area of a roof, 1003 

Surface area of a satellite dish, 662 

Surveying, 234 

Suspension bridges, 714 

Swimming speed, 40 

Temperature, 323, 505, 895 

Temperature conversion, 17 

Temperature distribution, 848, 867, 
894, 928 

Temperature in a heat exchanger, 201 

Temperature of a metal plate, 889 

Tension in the rope of a tetherball, 783 

Theory of relativity, 86 

Thermometer reading, 409 

Throwing a shot-put, 810 

Tidal energy, 458 

Topographic map, 143 

Topography, 894, 895 

Torque, 750, 781 

Tower guy wire, 734 

Trachea contraction, 182 

Tractrix, 323, 401, 402, 404, 514, 683 

Velocity, 116, 252, 307 

Velocity and acceleration, 803, 804, 80 
808, 810 

Velocity of a baseball player, 151 

Velocity of a boat, 150 

Velocity of a car, 310 

Velocity of a piston, 148 

Velocity of a plane, 150 

Velocity in a resisting medium, 538 

Velocity of a shadow, 151, 155, 157 

Velocity of a sliding plank, 150 

Vertical motion, 115, 153, 172, 173, 24 
251, 394, 404, 407 

Vibrating spring, 153, 496 

Volume, 29, 79, 116, 125, 149, 216 


me of a ball bearing, 230 
me of concrete in a ramp, 430 

ume of a fuel tank, 429 

ume of a gasoline tank, 477 

ume of a goblet, 830 

ume of the Great Salt Lake, 1005 

ume of a lab glass, 430 

ume of a piece of ice, 962 

ume of a pond, 439 

ume of a pontoon, 436 

ume of a propane tank, 848 

ume of sand, 954 

ume of a storage shed, 438 

ume of a storage tank, 513 

ume of a trough, 875 

ume of a vase, 449 

ume of a water tank, 430, 663, 709 

nkel rotary engine, 240 

ter supply, 299 

ve equation, 933 

ve motion, 135 

nd chili, 874 

nd speed, 1018, 1041 

tch of Agnesi, 793 

rk, 306 

rk done in closing a door, 741 

rk done in compressing a spring, 452, 
456 

rk done by a constant force, 456 

rk done by an electric force, 458 

rk done in emptying a tank of oil, 454 

rk done by the engines of an aircraft, 
1088 

rk done by an expanding gas, 455 

rk done by a force, 477 

rk done by a force field, 1025, 1030, 
1032, 1036, 1040, 1044, 1049, 1088, 
1091 

rk done by a hydraulic cylinder, 529 

rk done by a hydraulic press, 458 

rk done in lifting a chain, 455, 457, 477 

rk done in lifting an object, 450 

rk done in moving a particle, 743 

rk done in moving a rocket in outer 
space, 548 

rk done in moving a space module into 
orbit, 453, 543 

rk done by a person, 1030 

rk done in propulsion, 456 

rk done in pulling an object, 743, 780 

rk done in pulling a wagon, 743 

rk done in pumping diesel fuel, 457 

rk done in pumping gasoline, 457 

rk done in pumping water, 456, 457 

rk done in pumping a well, 477 

rk done in stretching a spring, 456, 477 

rk done in using a demolition crane, 457 


Work done in winding up a cable, 477 
Work done in wood splitting, 458 


Business and Economics 


Advertising costs, 227 

Air conditioning costs, 311 

Annuities, 575 

Apartment rental, 18 

Automobile costs, 34 

Average cost, 191, 201 

Average price, 331 

Average production level, 954 

Average profit, 285, 954 

Average sales, 285 

Bankruptcy, 183 

Break-even analysis, 9, 36 

Budget deficit, 419 

Capitalized cost, 549 

Cobb-Douglas production function, 843, 
848, 924, 932 

Compound interest, 356, 358, 359, 360, 
367, 406, 538, 565, 643, 644 

Consumer price index, 9 

Consumer surplus, 479 

Cost, 136, 339 

Cost of a cargo container, 928 

Cost of equipment, 287 

Cost of an industrial tank, 218 

Cost of overnight delivery, 89 

Cost of a telephone call, 55 

Declining sales, 364 

Demand, 237, 919 

Depreciation, 36, 284, 299, 348, 357, 358, 
406, 574, 643 

Diminishing returns, 220 

Dollar value of a product, 17 

Fertilizer sales, 311 

Fuel cost, 116, 309 

Fuel economy, 407 

Government expenditures, 566 

Home mortgage, 323, 409 

Hospital room costs, 566 

Income, 575 

Inflation, 358, 566 

Inventory cost, 167, 191, 236 

Inventory management, 79, 116 

Inventory replenishment, 125 

Investment, 565, 848, 867, A8 

Investment growth, A8 

Locating a distribution center, 918 

Marginal cost, 867 

Marginal productivity, 867 

Marginal utility, 867 

Marketing, 574 

Maximum profit, 220, 914, 918, 931 

Medical expenditures, 867 


INDEX OF APPLICATIONS A169 


Minimum cost, 219, 220, 237, 918, 
928, 931 

National debt, 368 

National defense outlays, 236 

National deficit, 236 

Present value, 496, 551, 575 

Probability of selling a product, 574 

Producer surplus, 479 

Product design, 977 

Production level, 928, 931 

Profit, 182, 234, 420 

Rate of disbursement, 299 

Receipts and expenditures, 420 

Reimbursed expenses, 18 

Reorder costs, 172 

Revenue, 367, 420, 741, 918 

Sales, 173, 236, 299, 331, 368 

Sales growth, 191 

Sales for H. J. Heinz Company, 566, 575 

Sales increase, 409 

Sales for Wal-Mart, 849 

Service revenue for cellular telephone 
industry, 476 

Straight-line depreciation, 18 

Tourist spending, 574 

Value of a car, 349 


Social and Behavioral Sciences 


Air conditioner use, 849 

Amount of money given to philanthropy, 
359 

Automobile costs, 34 

Carbon dioxide concentration, 7 

Cost of clean air, 89 

Cost of removing pollutants, 523 

Energy consumption, 33 

Health maintenance organizations, 34 

Illegal drugs, 86 

Learning curve, 367, A8 

Learning theory, 359 

Mean height of American men, 549 

Medical expenditures, 772 

Memory model, 496 

Number of MDs in the United States, 
344 

Number of motor homes, 125 

Population, 16, 367 

Population density of a city, 962 

Population growth, 125, A8 

Probability of recall, 309 

Salary increase, 419, 476, 575 

Total compensation, 644 

Traffic control, 216 

Traffic flow, 239 

University applicants, 867 

Waiting in line, 350, 848 
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Women in the work force, 152, 919 
World population, 920 


Life Sciences 


Average population size, 529 

Average rate of change of population, 12 

Bacterial culture growth, 210, 356, 367 

Blood flow, 285 

Blood types, 918 

Carcinogens, 33 

Career choice, 18 

Circulatory system, 135 

Commuting, 28 

Concentration of a chemical in the 
bloodstream, 182 

Epidemic model, 523 

Farm size, 9, 28 

Forest defoliation, 359 

Forestry, 848 


Height vs. arm span, 30 

Hyperthermia treatments for tumors, 934 

Intravenous feeding, A8 

Length of warblers, 551 

Life insurance policies, 514 

Medicine, 227 

Points of vision, 920 

Population growth, 250, 331, 359, 364,” 
407, 647, A8 

Property, 449 

Rainfall, 299 

Respiratory cycle, 285, 309 

Running, 79, 201 

Systolic blood pressure, 919 

Timber yield, 359 

Tree growth, 250 

Weight gain, 379 

Wheat yield, 919 

Wildflower diversity, 904 

Wildlife population, 375 


General 


Average scores, 18 

Baseball, 875 

Boating, 38 

Buffon’s needle experiment, 284 
Cantor set, 646 

Cantor’s disappearing table, 576 
Dog’s path, 713 

Estimating the number of customers, 28 
Fruit consumption, 662 

Lawn sprinkler, 1004 

Milk consumption, 762, 867, 874 
Natural gas usage, 286 

Pasture fencing, 38 

Probability of range for battery life, 350 
Probability of tossing a coin, 631 
Quiz scores, 33 

Sailing, 379 

Solera method, 589 

Swimming pool, 79 

Telephone charges, 79 

Typing speed, 191, 201 


dex 


l, Niels Henrik (1802-1829), 225 

olute convergence, 593 

olute extrema, 905 

olute maximum, 905 

olute maximum value on an interval, 
160 

olute minimum, 905 

olute minimum value on an interval, 
160 

olute value, derivative of, 320 

olute value function, 22 

olute Value Theorem, 560 

sleration, 803, 826 

entripetal component of, 815 

ue to gravity, 123 

iormal component of, 815 

angential component of, 815 

ector, 803, 814 

umulation function, 281 

itive interval property, 270 

esi, Maria (1718-1799), 195 

embert, Jean Le Rond (1717-1783), 
859 

sbraic function, 25 

imit of, 57 

-braic properties of the cross product, 
TAS 

rating series, 590 

armonic, 593 

rating series remainder, 592 

rnating Series Test, 590 

rnative form of the directional 
derivative, 887 

rnative forms of Green's Theorem, 
1047, 1048 

le 

etween two nonzero vectors, 736 

etween two planes, 754 

f incidence, 652 

f inclination of a plane, 900 

f reflection, 652 

ular speed, 968° 

derivative, 242 

f a composite function, 288 

otation for, 243 

differentiation (or indefinite 
integration), 243 

slonius (262-190 B.c.), 650 

length, 440, 441 

inction, 821 

arameter, 821, 822 

1 parametric form, 678 

f a polar curve, 698 

f a space curve, 820 


Arccosecant function, 380 
Arccosine function, 380 
Arccotangent function, 380 
Archimedes (287-212 B.c.), 255 
spiral of, 679, 686 
Arcsecant function, 380 
Arcsine function, 380 
series for, 638 
Arctangent function, 380 
series for, 638 
Area, 255 
by an iterated integral, 938 
given by a line integral, 1045 
of a parametric surface, 1055 
of a plane region, 256, 259, 938 
in polar coordinates, 694 
of a rectangle, 255 
of a region between intersecting curves, 
414 
of a region between two curves, 
412, 413 
of a surface, 971, 972, 1055 
of a surface of revolution, 444, 445, 
680, 699 
Asymptote 
horizontal, 193 
of a hyperbola, 657 
slant, 204 
vertical, 81 
Average rate of change, 12 
Average value of a function on an interval, 
279 
Average velocity, 111 
Axis 
conjugate, of a hyperbola, 657 
major, of an ellipse, 653 
minor, of an ellipse, 653 
of a parabola, 651 
of revolution, 421 
transverse, of a hyperbola, 657 


B 


Barrow, Isaac (1630-1677), 141 
Base, 317 
of an exponential function, 351 
of a logarithmic function, 352 
of a natural logarithm, 317 
Basic differentiation rules for elementary 
functions, 385 
Basic equation for partial fractions, 517 
guidelines for solving, 521 
Basic integration rules, 244, 391 
Basic types of transformations, 23 
Bernoulli, James (1654-1705), 671, 684 
Bernoulli, John (1667-1748), 515 


Binomial series, 637 
Bisection method, 76 
Boundary point, 850 
Bounded 

above, 563 

below, 563 

monotonic sequence, 563 

region, 905 

sequence, 563 
Brachistochrone problem, 671 
Brahe, Tycho, 705 
Breteuil, Emilie de (1706-1749), 451 
Buoyant force, 474 


Cc 


Cancellation, 61 
Cantor, Georg (1845-1918), 646 
Capitalized cost, 549 
Cardioid, 690 
Catenary, 398 
Cauchy, Augustine-Louis (1789-1857), 73 
Cauchy-Riemann differential equations, 883 
Cauchy-Schwarz Inequality, 743 
Center 
of curvature, 825 
of an ellipse, 653 
of gravity, 461, 462 
of a hyperbola, 657 
of mass, 460, 461, 462, 463, 
965, 983 
in a one-dimensional system, 
460, 461 
of a planar lamina, 463 
of a planar lamina of variable 
density, 965 
in a two-dimensional system, 462 
of a power series, 616 
Centered at c, 605 
Central force field, 1009 
Centripetal component of acceleration, 815 
Centroid, 464, 965 
Chain Rule, 127 
functions of several variables, 876 
implicit differentiation, 881 
one independent variable, 876 
and trigonometric functions, 132 
two independent variables, 878 
Change of variables, 291 
for definite integrals, 294 
for double integrals, 997 
guidelines for making, 292 
for homogeneous equations, 374 
for an indefinite integral, 291 
to polar form, 957 
using a Jacobian, 995 
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Change in x, 95 
Change in y, 95 
Circulation, 1084 
Circumscribed rectangle, 257 
Cissoid of Diocles, 712 
Classification of conics by eccentricity, 702 
Closed curve, 1037 
Closed disk, 850 
Closed region, 850 
Closed surface, 1073 
Cobb-Douglas production function, 843 
Coefficient 
leading, 24 
of a polynomial function, 24 
Common logarithmic function, 352 
Comparing gradients, 901 
Comparison of disk and shell methods, 434 
Comparison Test 
Direct, 583 
Limit, 585 
Completeness of real numbers, 563 
Completing the square, 389 
Component form of a vector in the plane, 
TING. WG 
Component functions, 786 
Component of acceleration 
centripetal, 815 
normal, 815 
tangential, 815 
Composite function, 25, 839 
antiderivative of, 288 
continuity of, 73, 855 
limit of, 59 
Composition of two functions, 25 
Compound interest formulas, 355 
Computer graphics, 844 
Concavity, 184 
test for, 185 
Conditional convergence, 593 
Conic(s), 650 
classification of, 702 
degenerate, 650 
in polar form, 703 
Conjugate axis of a hyperbola, 657 
Connected region, 1035 
Conservative vector fields, 1011 
independence of path, 1035 
test for, 1012, 1015 
Constant function, 24 
Constant of integration, 243 
Constant Multiple Rule for 
differentiation, 108 
Constant of proportionality, 362 
Constant rule for differentiation, 105 
Constant term, 24 
Constraint, 921 
Continuity 
on a closed interval, 71 


of a composite function, 73, 855 
and differentiability, 872 


of a function of three variables, 856 


of a function of two variables, 854 


three-dimensional, 727 
Coordinates of a point in space, 727 
Copernicus, Nicholas (1473-1543), 65: 


and integrability, 267 

of an inverse function, 336 

from the left, 71 

on an open interval, 68 

at a point, 57, 68 

of a polynomial function, 73 

properties of, 73 

of a radical function, 73 

of a rational function, 73 

from the right, 71 

of a trigonometric function, 73 

of a vector-valued function, 790 
Continuous 

everywhere, 68 

in an open region, 854, 856 

at a point, 854, 856 
Continuous compounding, 355 
Continuously differentiable, 440 
Contour line, 841 
Convergence, 557, 567 


of an improper integral, 540, 543 


of an infinite series, 567 
absolute, 593 
Alternating Series Test, 590 
conditional, 593 
Direct Comparison Test, 583 
geometric series, 569 
Integral Test, 577 
Limit Comparison Test, 585 
power series, 617 
of a p-series, 579 
Ratio Test, 597 
Root Test, 600 
summary of tests, 602 
interval of, 617 
of Newton's Method, 224 
radius of, 617 
of a sequence, 557 
of Taylor series, 634 
Convergent sequence, 224 
Convergent series, 567 
Conversion 
coordinate, 685 
cylindrical to rectangular, 773 
polar to rectangular, 685 
rectangular to cylindrical, 773 
rectangular to polar, 685 
rectangular to spherical, 776 
spherical to rectangular, 776 
Coordinate conversion, 685 
Coordinate system 
cylindrical, 773 
polar, 684 
spherical, 776 


Cornu spiral, 712, 834 
Cosecant function 
derivative of, 121 
integral of, 244, 329 
inverse of, 380 
Cosine function 
derivative of, 110 
integral of, 244, 329 
integrals involving, 497 
guidelines for evaluating, 497 
inverse of, 380 
rational function of sine and, 527 
series for, 638 
Cotangent function 
derivative of, 121 
integral of, 329 
inverse of, 380 
Coulomb, Charles (1736-1806), 452 
Coulomb's Law, 452, 1009 
Critical numbers, 162 
and relative extrema, 162 
Critical point, 906 
and relative extrema, 906 
Cross product 
properties of, 745, 746 
of two vectors, 744 
Cubic function, 24 
Curl of a vector field, 1014 
and divergence, 1016 
Curtate cycloid, 673 
Curvature, 823 
center of, 825 
circle of, 825 
formulas for, 824 
radius of, 825 
in rectangular coordinates, 825 


related to acceleration and speed, 8 


in space, 824 
Curve 
closed, 1037 
graph of, 665 
level, 841 
orientation of, 666, 1019 
piecewise smooth, 670, 1019 
plane, 665 
simple, 1042 
smooth, 440, 670, 796, 1019 
in space, 786 
Curve sketching, summary of, 202 
Cusps, 796 
Cycloid, 670 
curtate, 673 
prolate, 677 
Cylinder, 763 
Cylindrical coordinate system, 773 


conversion to rectangular, 773 
conversion of rectangular to, 773 
integration in, 988 

indrical surface, 763 


say, 362 

sreasing function, 174 

test for, 174 

finite integral, 267 

change of variables for, 294 
evaluation of, 276 

properties of, 270, 271 

of a vector-valued function, 798 
zenerate conic, 650 

sree Of a polynomial function, 24 

ita, 6, 850 

neighborhood, 850 

asity, 463 

asity function, 963, 983 

pendent variable, 19, 838 

rivative(s) 

of an absolute value function, 320 
alternate form of, 99 

of an arc length function, 821 

for bases other than e, 353 

Chain Rule, 127 

Constant Multiple Rule, 108 
Constant Rule, 105 

of a cosecant function, 121 

of a cosine function, 110 

of a cotangent function, 121 
Difference Rule, 109 

directional, 884, 885, 887, 892 

of an exponential function, base a, 353 
of a function, 97 

General Power Rule, 129 
higher-order, 123 

of a hyperbolic function, 397 

of an inverse cosecant function, 383 
of an inverse cosine function, 383 

of an inverse cotangent function, 383 
of an inverse function, 336 

of an inverse hyperbolic function, 401 
of an inverse secant function, 383 

of an inverse sine function, 383 

of an inverse tangent function, 383 
of an inverse trigonometric function, 383 
from the left, 99 

of a logarithmic function, base a, 353 
of a natural exponential function, 343 
of the natural logarithmic function, 318 
notation, 97 

in parametric form, 675 

partial, 859, 1054 

Power Rule (real exponents), 106 

of power series, 621 


Product Rule, 117 
Quotient Rule, 119 
from the right, 99 
of a secant function, 121 
second, 123 
of sine function, 110 
Sum Rule, 109 
summary of rules, 133 
of a tangent function, 121 
third, 123 
of trigonometric functions, 121 
of a vector-valued function, 794 
Descartes, René (1596-1650), 2, 95 
Determinant form of a cross product, 
744 
Determinate forms of a limit, 536 
Difference quotient, 95 
Difference Rule for differentiation, 109 
Differentiability, 870 
Differentiability and continuity, 99, 101, 
872 
Differentiable function, 97 
on a closed interval, 99 
on an open interval, 97 
in a region, 870 
in three variables, 871 
of two variables, 870 
vector-valued, 794 
Differential, 869 
form, 231 
formulas, 231 
operator, 1014, 1016 
total, 869 
Of 229) 
of y, 229 
Differential equation, 243, 361 
general solution of, 243, 369 
homogeneous, 373 
linear first-order, A4 
solution of, A4 
linear homogeneous, 373 
logistics, 238 
particular solution of, 370 
separation of variables, 371 
singular solution of, 369 
solution of, 369 
Differential form of a line integral, 1027 
Differentiation, 97 
implicit, 137 
partial, 859 
rules for elementary functions, 385 
of vector-valued functions, 795 
Direct Comparison Test, 583 
Direct substitution, 57 
Directed line segment, 716 
Direction angles, 738 
Direction cosines, 738 
Direction field (slope field), 315, A2 
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Direction numbers, 752 
Direction vector, 752 
Directional derivative, 884, 885, 887, 892 
alternative form, 887 
of a function of three variables, 892 
Directrix 
of a cylinder, 763 
of a parabola, 651 
Dirichlet, Peter Gustav (1850-1859), 51 
Dirichlet function, 51 
Discontinuity, 69 
infinite, 540 
nonremovable, 69 
removable, 69 
Disk, 421, 850 
closed, 850 
method, 421, 422 
compared to shell method, 434 
open, 850 
Distance 
between a point and a line in space, 758 
between a point and a plane in space, 
V0 
between two points in space, 728 
Distance Formula 
in space, 728 
Divergence, 540, 543, 557, 567 
of an improper integral, 540, 543 
of infinite series, 567 
Direct Comparison Test, 583 
geometric, 569 
Integral Test, 577 
Limit Comparison Test, 585 
nth-Term Test for, 571 
power, 617 
p-series, 579 
Ratio Test, 597 
Root Test, 600 
summary of tests, 602 
of a sequence, 557 
series, 567 
of a vector field, 1016 
and curl, 1016 
Divergence free, 1016 
Divergence Theorem, 1049, 1073 
and flux, 1078 
Domain 
of a function, 19 
of a function of two variables, 838 
of a vector-valued function, 787 
Doomsday equation, 409 
Dot product, 735 
properties of, 735 
Double integral, 944, 945, 946 
in polar coordinates, 955 
properties of, 946 
Doyle Log Rule, 848 
Dyne, 450 
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E 


e, the number, 317 
Eccentricity 

of a conic, 702 

of an ellipse, 655 

of a hyperbola, 658 
Eight curve, 156 
Electric force fields, 1009 
Elementary function, 24, 385 

basic differentiation rules for, 385 

power series for, 638 
Eliminating the parameter, 667 
Ellipse, 653 

center of, 653 

eccentricity of, 655 

foci of, 653 

major axis of, 653 

minor axis of, 653 

polar form of equation of, 702 

reflective property of, 655 

standard equation of, 653 

vertices of, 653 
Ellipsoid, 764 
Elliptic cone, 764 
Elliptic paraboloid, 764 
Endpoint convergence, 619 
Endpoint extrema, 160 
Energy 

conservation of, 1038 

kinetic, 1038 

potential, 1038 
Epicycloid, 674, 678 
Epsilon, ¢, 52 
Equal vectors, 717 
Equation 

of cylinders, 763 

doomsday, 409 

graph of, 2 

of a horizontal line, 14 

of a line, 11 

logistics, 409 

parametric, 665, 752 

solution point of, 2 

of a tangent plane, 897 

of a vertical line, 14 
Equilibrium, 460 
Equipotential lines, 841 
Equivalent 

conditions, 1037 

directed line segments, 716 
Error 

percent, 230 

relative, 230 

in Taylor's Theorem, 611 

in Trapezoidal and Simpson's Rule, 304 
Error propagation, 230 
Euler, Leonhard (1707-1783), 19, 24, 341, 

SD 859 


Euler's method, A3, A7 
Evaluation 

of double integrals, 947 

of a function, 19 

of a flux integral, 1067 

of iterated integrals, 979 

of a limit, 57, 60 

of a surface integral, 1061 
Even function, 26 

integration of, 296 
Everywhere continuous, 68 
Existence of an inverse function, 334 
Existence of a limit, 52, 71 
Existence theorem, 75 
Expanded about c (or centered at c), 605 
Expected value, 548 
Explicit form of a function, 19, 137 
Exponential decay, 362 
Exponential function 

base a, 351 

derivative of, 353 

derivative of, 343 

integration of, 345 

inverse of, 341 

operations with, 342 

properties of, 342 

series for, 638 
Exponential growth, 362 
Extended Mean Value Theorem, 531 
Extrema 

absolute, 160, 905 

applications of, 913 

on a closed interval, 163 

guidelines for finding, 163 
endpoint, 160 
relative, 161, 905 


Extreme value of a function on an interval, 


160 
Extreme Value Theorem, 160, 905 


F 


Factorial, 559 
Faraday, Michael (1791-1867), 1038 
Fermat, Pierre de (1601-1665), 162 
First Derivative Test, 176 
First moment, 967, 983 
First partial derivative, 859 

notation, 860 
First-order differential equation, A4 
First-order linear differential equation, A4 
Fluid force, 470 
Fluid pressure, 470 
Flux and the Divergence Theorem, 1078 
Flux integral, 1067 
Focal chord, 651 
Focus of an ellipse, 653 
Focus of a parabola, 651 
Force, 450 


buoyant, 474, 479 
constant, 450 
exerted by a fluid, 471 
of friction, 827 
variable, 451 
as a vector, 722 
Force fields, 1008 
central, 1009 
conservative, 1011 
Formulas for curvature, 824 
Fourier, Joseph (1768-1830), 625 
Fourier Sine Series, 496 
Free-falling object, 67, 88 
Fresnel function, 310 
Friction, 827 
Fubini, Guido (1879-1943), 948 
Fubini's Theorem, 948 
for a triple integral, 979 
Function, 6, 19 
accumulation, 281 
addition of, 25 
algebraic, 25 
antiderivative of, 242 
average value on an interval, 279 
component, 786 
composite, 25, 839 
concave downward, 184 
concave upward, 184 
constant, 24 
continuity, 68 
cubic, 24 
decreasing, 174 
derivative of, 97 
difference of, 25 
differentiable, 97 
domain of, 19 
elementary, 24 
even, 26 
explicit form of, 19 , 137 
exponential, 341 
extreme value of, 160 
gamma, 548 
graph of, 22 
guidelines for analyzing, 202 
greatest integer, 70 
Heaviside, 38 
homogeneous, 373 
hyperbolic, 395 
hyperbolic cosecant, 395 
hyperbolic cosine, 395 
hyperbolic cotangent, 395 
hyperbolic secant, 395 
hyperbolic sine, 395 
hyperbolic tangent, 395 
implicit form of, 19, 137 
increasing, 174 
integrable, 946 
inverse, 332 


inverse cosecant, 380 
inverse cosine, 380 
inverse cotangent, 380 
inverse hyperbolic, 399 
inverse hyperbolic cosecant, 399 
inverse hyperbolic cosine, 399 
inverse hyperbolic cotangent, 399 
inverse hyperbolic secant, 399 
inverse hyperbolic sine, 399 
inverse hyperbolic tangent, 399 
inverse secant, 380 
inverse sine, 380 
inverse tangent, 380 
limit of, 48 
linear, 24 
natural logarithmic, 314 
notation, 19 
odd, 26 
one-to-one, 21 
onto, 21 
orthogonal, 505 
polynomial, 24, 839 
position, 111 
potential, 1011 
product of, 25 
quadratic, 24 
range of, 19 
rational, 25, 839 
relative maximum of, 176 
relative minimum of, 176 
of several variables, 838 
step, 70 
strictly monotonic, 175 
of three variables, 892 
continuity of, 856 
directional derivative, 892 
gradient of, 892 
partial derivative of, 862 
transcendental, 25 
transformation of graph of, 23 
of two variables, 838 
continuity of, 854 
domain of, 838 
gradient of, 887 
graph of, 840 
homogeneous, 373 
limit of, 851 
partial derivative of, 859 
range of, 838 
vector-valued, 786 
velocity, 112 
zero Of, 26, 222 
damental Theorem of Calculus, 275 
suidelines for using, 276 
damental Theorem of Calculus, 
Second, 282 
damental Theorem of Line Integrals, 
1032, 1033 


G 


Gabriel's Horn, 546 
Galilei, Galileo (1564-1642), 385 
Galios, Evariste (1811-1832), 225 
Gamma function, 548 
Gauss, Carl Friedrich (1777-1855), 254, 
1073 
Gauss's Law, 1070 
Gauss's Theorem, 1073 
General antiderivative, 243 
General form 
of an equation of a line, 14 
of an equation of a plane in space, 753 
of a second-degree equation, 650 
General harmonic series, 579 
General Power Rule 
of differentiation, 129 
for integration, 293 
General second-degree equation, 650 
General solution of a differential equation, 
243, 369 
Generating curve (or directrix), 763 
Geometric power series, 625 
Geometric properties of the cross product, 
746 
Geometric property of the triple scalar 
product, 749 
Geometric series, 569 
convergence of, 569 
divergence of, 569 
Gibbs, Josiah Willard (1839-1903), 745, 
1019 
Goldbach, Christian, 341 
Golden ratio, 566 
Grad, 887 
Gradient 
of a function of three variables, 892 
of a function of two variables, 887 
normal to level curves, 891 
normal to level surfaces, 901 
properties of, 888 
Graph(s) 
of common functions, 22 
of a curve, 665 
of an equation, 2 
of a function, 22 
sketching, 202 
tangent line to, 95 
of a function of two variables, 840 
intercept of, 4 
of a natural logarithmic function, 314 
of a parametric equation, 665 
symmetry of, 5 
Gravitation, Newton's Law of Universal, 
452 
Gravitational fields, 1009 
Gravity 
acceleration due to, 123 
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center of, 461, 462 

force due to, 806 
Greatest integer function, 70 
Green, George (1793-1841), 1043 
Green's Theorem, 1042 

alternative forms, 1047, 1048 
Gregory, James (1638-1675), 621, 629 
Growth and decay, 362 
Gyration, radius of, 968 


H 


Half-life, 363 
Halley, Edmund (1656-1742), 705 
Halley's Comet, 705 
Hamilton, William Rowan (1805-1865), 
718 
Harmonic series, 579 
alternating, 593 
general, 579 
Heaviside, Oliver (1850-1925), 38 
Heaviside function, 38 
Helix, 787 
Helmholtz, Hermann Ludwig (1821-1894), 
1038 
Herschel, Caroline (1750-1848), 659 
Higher-order derivative, 123 
partial, 863 
Homogeneous differential equation, 373 
Homogeneous function, 373 
Hooke, Robert (1635-1703), 452 
Hooke's Law, 452 
Horizontal asymptote, 193 
Horizontal component of a vector, 721 
Horizontal line, equation of, 14 
Horizontal line test, 334 
Horizontal shift of a graph of a function, 23 
Horizontally simple region, 938 
Huygens, Christian (1629-1695), 440 
Hypatia (370-415), 650 
Hyperbola, 657 
asymptote of, 657 
center of, 657 
conjugate axis of, 657 
eccentricity of, 658 
polar form of equation of, 702 
standard form of equation of, 657 
transverse axis of, 657 
vertex of, 657 
Hyperbolic cosecant function, 395 
derivative of, 397 
graph of, 396 
identities for, 397 
integration of, 397 
inverse of, 399 
Hyperbolic cosine function, 395 
derivative of, 397 
graph of, 396 
identities for, 397 
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integration of, 397 

inverse of, 399 
Hyperbolic cotangent function, 395 

derivative of, 397 

graph of, 396 

identities for, 397 

integration of, 397 

inverse of, 399 
Hyperbolic functions, 395 
Hyperbolic identities, 397 
Hyperbolic paraboloid, 764 
Hyperbolic secant function, 395 

derivative of, 397 

graph of, 396 

identities for, 397 

integration of, 397 

inverse of, 399 
Hyperbolic sine function, 395 

derivative of, 397 

graph of, 396 

identities for, 397 

integration of, 397 

inverse of, 399 
Hyperbolic tangent function, 395 

derivative of, 397 

graph of, 396 

identities for, 397 

integration of, 397 

inverse of, 399 
Hyperboloid 

of one sheet, 764 

of two sheets, 764 
Hypocycloid, 674 


I 


Identities 
hyperbolic, 397 
Identity function, 22 
Image of x under f, 19 
Implicit differentiation, 137 
guidelines for, 138 
Implicit form of a function, 19, 137 
Implicit partial differentiation, 880 
Improper integral, 540 
convergence of, 540, 543 
divergence of, 540, 543 
with infinite discontinuities, 543 
with infinite limits of integration, 540 
special type of, 546 
Incidence, angle of, 652 
Inclination, angle of, 900 
Incompressible, 1016, 1078 
Increasing function, 174 
test for, 174 
Indefinite integral, 243 
Indefinite integral (or antiderivative) of a 
vector-valued function, 798 


Independence of path, 1035 
Independent variable, 19, 838 
Indeterminate form, 61, 530 
Index of summation, 253 
Inertia, moment of, 967, 983 
polar, 967 
Infinite discontinuity, 540 
Infinite limit, 80 
at infinity, 198 
from the left, 80 
properties of, 84 
from the right, 80 
Infinite series (or series), 567 
alternating, 590 
convergence of, 567 
divergence of, 567 
geometric, 569 
harmonic, 579 
limit at, 192 
nth partial sum of, 567 
properties of, 571 
p-series, 579 
sequence of partial sums of, 567 
sum of, 567 
telescoping, 568 
term of, 567 
Inflection point, 186 
Initial condition, 247, 370 
Initial point, 716 
Initial value of exponential growth and 
decay models, 362 
Inner partition, 944, 978 
polar, 956 
Inner product, 505, 735 
Inner radius, 424 
Inscribed rectangle, 257 
Inside limits of integration, 937 
Instantaneous velocity, 112 
Integrability and continuity, 267 
Integrable function, 946 
Integral 
definite, 267 
definition of, 267 
double, 944, 945, 946 
flux, 1067 
improper, 540 
indefinite, 243 
iterated, 937 
line, 1020 
single, 946 
surface, 1061 
triple, 978 
Integral Test, 577 
Integration, 243, 540 
constant of, 243 
completing the square, 389 
of even and odd functions, 296 
General Power Rule, 293 


guidelines for, 327 
of a hyperbolic function, 397 
involving inverse hyperbolic functic 
401 
involving inverse trigonometric 
functions, 388 
involving logarithmic functions, 32¢ 
involving secant and tangent, 500 
involving sine and cosine, 497, 502 
limits of, 937 
Log Rule, 324 
lower limit of, 267 
by partial fraction, 515 
by parts, 488 
guidelines for, 488 
summary, 493 
tabular method, 493 
of power series, 621 
region of, 937 
rules, 244, 391 
rules for exponential functions, 345 
by substitution, 288 
summary of formulas, 1085 
by tables, 524 
of trigonometric functions, 328, 32‘ 
by trigonometric substitution, 506 
upper limit of, 267 
of a vector-valued function, 798 
Integration formulas, special, 510 
Intercept of a graph, 4 
Interest, compound, 355 
Interior point, 850, 856 
Intermediate Value Theorem, 75 
Interval 
of convergence, 617 
partition of, 266 
Inverse cosecant function, 380 
derivative of, 383 
graph of, 381 
Inverse cosine function, 380 
derivative of, 383 
graph of, 381 
Inverse cotangent function, 380 
derivative of, 383 
graph of, 381 
Inverse function, 332 
continuity of, 336 
derivative of, 336 
existence of, 334 
graph of, 333 
guidelines for finding, 335 
horizontal line test, 334 
properties of, 352 
reflective property of, 333 
Inverse hyperbolic cosecant function, 
derivative of, 401 
graph of, 400 
integrals involving, 401 


erse hyperbolic cosine function, 399 
derivative of, 401 

graph of, 400 

integrals involving, 401 


rerse hyperbolic cotangent function, 399 


derivative of, 401 

graph of, 400 

integrals involving, 401 

erse hyperbolic functions, 399 
erse hyperbolic secant function, 399 
derivative of, 401 

graph of, 400 

integrals involving, 401 

rerse hyperbolic sine function, 399 
derivative of, 401 

graph of, 400 

integrals involving, 401 

rerse hyperbolic tangent function, 399 
derivative of, 401 

graph of, 400 

integrals involving, 401 

ferse secant function, 380 
derivative of, 383 

graph of, 381 

erse sine function, 380 

derivative of, 383 

graph of, 381 

erse square field, 1009 

erse tangent function, 380 
derivative of, 383 

graph of, 381 

erse trigonometric function(s), 380 
derivative of, 383 

graph of, 381 

integrals involving, 388 
properties of, 382 

olute of a circle, 710 

tational, 1014 

bars, 841 

therm, 841 

thermal surfaces, 844 

rated integral, 937 

ration, 222 

term of a sum, 253 


Koch snowflake, 554, 589 
Kovalevsky, Sonya (1850-1891), 850 


Lagrange, Joseph Louis (1736-1813), 
170, 922 
Lagrange form of the remainder, 611 
Lagrange multiplier, 922 
method of, 921, 922 
with two constraints, 926 
Lagrange's Theorem, 922 
Lambert, Johann Heinrich (1728-1777), 
395 
Lamina, planar, 463 
Laplace, Pierre Simon de (1749-1827), 988 
Laplace's equation, 866, 929 
Laplacian, 1018 
Latus rectum, 651 
Law of Conservation of Energy, 1038 
Law of refraction, 928 
Leading coefficient, 24 
Leading coefficient test, 24 
Least squares 
method of, 915 
regression line, 915, 916 
regression quadratic, 919 
Least upper bound of a sequence, 563 
Left-handed orientation, 727 
Legendre, Adrien-Marie (1752-1833), 916 
Leibniz, Gottfried Wilhelm (1646—1716), 
19e2 3) 
Leibniz notation for derivatives or 
differentials, 231 
Lemniscate, 39, 140, 690 
Length 
of an arc, 440, 441 
of the moment arm, 460 
of a scalar multiple, 720 
of a vector, 716, 717 
Level curves (or contour lines), 841 
Level surfaces, 843 
L'H6pital, Guillaume Francois Antoine de 
(1661-1704), 531 
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of integration 

inside, 937 

outside, 937 
involving e, 355 
from the left, 70 
of lower sum, 259 
nonexistence of, 50 
of nth term of a convergent series, 571 
one-sided, 70 
of a polynomial function, 58 
properties of, 57 
of a radical function, 58 
of a rational function, 58 
from the right, 70 
of a sequence, 557 
of the slope of a line, 45 
of a series, 567 
strategy for finding, 60 
trigonometric, 63 
of a trigonometric function, 59 
of upper sum, 259 
of a vector-valued function, 789 


Limit Comparison Test, 585 
Line(s) 


general form of equation, 14 

parallel, 14 

perpendicular, 14 

point-slope equation of, 11 

sketching the graph of, 13 

slope of, 10 

slope-intercept equation, 13 

in space, 752 
direction number of, 752 
direction vector for, 752 
parametric equations of, 752 
symmetric equations of, 752 


Line of impact, 896 
Line integral, 1020 


for area, 1045 

as a definite integral, 1021 
differential form of, 1027 
Fundamental Theorem of, 1032, 1033 
independence of path, 1035 

of a vector field, 1024 


L'H6pital's Rule, 531 Linear approximation, 871 
Limacon, 690 Linear combination, 721 
Limit Linear factors, 517 
obi, Carl Gustav (1804-1851), 995 of an algebraic function, 57 Linear function, 24 
obian, 995 of a composite function, 59 Linear regression, 7, 30 
le, 450 definition of, 52 Locus, 650 
le, James Prescott (1818-1889), 1038 determinate form, 536 Log Rule for Integration, 324 
evaluation of, 57 Logarithmic differentiation, 319 
existence of, 52, 71 Logarithmic function 
of a function, 48 base a, 352 
of a function of two variables, 851 common, 352 
indeterminate form, 61, 530 integral involving, 324 
infinite, 80 natural, 314 
at infinity, 192 Logarithmic properties, 315 


ppa curve, 141 

ler, Johannes (1571-1630), 656, 705 
oler's Laws, 705 

etic energy, 1038 
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Logistics curve, 523 
Logistics differential equation, 238 
Logistics equation, 409 
Lower bound of a sequence, 563 
Lower bound of summation, 253 
Lower limit of integration, 267 
Lower sum, 257 

limit of, 259 


M 


Macintyre, Sheila Scott (1910-1960), 497 
Maclaurin, Colin (1698-1746), 632 
Maclaurin polynomials, 607 
Maclaurin series, 632 
Magnitude, 716, 717 
Major axis of an ellipse, 653 
Marginal productivity of money, 924 
Mass, 459, 963 
center of, 460, 461, 462, 463, 965, 983 
moments of, 463, 965 
of a planar lamina, 963 
Mathematical model, 7, 915 
Maximum, 905 
absolute, 160, 905 
of a function on an interval, 160 
relative, 161, 905, 908 
Maximum problems (applied), 212 
Maxwell, James (1831-1879), 718 
Mean Value Theorem, 170 
extended, 238, 531 
for integrals, 278 
Measurement, system of, 459 
Method of Lagrange Multipliers, 921, 922 
with two constraints, 926 
Method of least squares, 915 
Method of partial fractions, 515 
Midpoint between two points in space, 
728 
Midpoint Rule, 263, 1005 
Minimum, 905 
absolute, 160, 905 
of a function on an interval, 160 
relative, 161, 905, 908 
Minimum problems (applied), 212 
Minor axis of an ellipse, 653 
Mixed partial derivatives, 863 
equality of, 864 
Model, mathematical, 7, 915 
Moment 
first, 967, 983 
of a force about a point, 748 
of inertia, 967, 983, 1090 
polar, 967 
second, 967, 983 
about a line, 460 
of m about the point P, 460, 748 
of mass, 965 


of mass of a planar lamina of variable 
density, 965 
about the origin, 460, 461 
about a point, 460 
about the x-axis, 462, 463 
about the y-axis, 462, 463 
Moment arm, length of, 460 
Monotonic, 562 
Monotonic function, 175 
Monotonic sequence, 562 
Motion of a projectile, 806 
Multiple integral 
iterated, 937 
in nonrectangular coordinates, 955, 988 
triple, 978 
Mutually orthogonal, 376 


N 


n factorial, 559 
Napier, John (1550-1617), 314 
Natural exponential function, 341 
Natural logarithmic base, 317 
Natural logarithmic function, 314 

base of, 317 

derivative of, 318 

graph of, 314 

properties of, 315 

series for, 638 
Negative of a vector, 718 
Neighborhood in the plane, 850 


Newton's Law of Cooling, 365 
Newton's Law of Universal Gravitation, 
452 
Newton's Method, 222 
convergence of, 224 
Newton's Second Law of Motion, 806 
Node, 796 
Noether, Emmy (1882-1935), 720 
Nonremovable discontinuity, 69, 854 
Norm 
of a partition, 266, 944, 956, 978 
of a vector, 717 
Normal component of acceleration, 815 
Normal line to a surface, 896, 897 
Normal probability density function, 548 
Normal vector, 812, 1054 
to a smooth parametric surface, 1054 
unit, 812 
Normalization of a vector, 720 
nth Maclaurin polynomial, 607 
nth partial sum, 567 
nth Taylor polynomial, 607 
nth term of a sequence, 556 
nth-Term Test for Divergence, 571 
Number e, 317 
Numerical integration, 300 


O 


Octants, 727 
Odd function, 26 
integration of, 296 
Ohm's law, 234 
One-sided limits, 70 
One-to-one function, 21 
Onto function, 21 
Open disk, 850 
Open interval 
continuity on, 68 
differentiable on, 97 
Open region, 850, 856 
Open sphere, 856 
Optimization problems, 750, 751, 926 
guidelines for, 212 
Order of a differential equation, 369 
Order of integration, 940, 950 
Orientation of a curve in the plane, 66 
Orientation of a curve in space, 1019 
Oriented surface, 1066 
Origin, 684 
symmetry, 5 
Orthogonal, 505 
functions, 505 
projections, 739 
trajectory, 376 
vectors, 737 
Ostrogradsky, Michel (1801-1861), 1¢ 
Outer radius, 424 
Outside limits of integration, 937 


P 


Pappus 
Second Theorem of, 469 
Theorem of, 466 
Pappus of Alexandria (ca. 300), 466 
Parabola, 2, 651 
axis of, 651 
directrix of, 651 
focal chord of, 651 
focus of, 651 
latus rectum of, 651 
polar form of equation of, 702 
reflective property of, 652 
standard form of equation of, 651 
vertex of, 651 
Parabolic spandrel, 468 
Paraboloid, 766 
Parallel lines, 14 
Parallel planes, 754 
Parallel vectors, 730 
Parallelepiped, volume of, 749 
Parameter, 665 
Parametric equations, 665, 1051 
and are length, 678 


area of surface of revolution, 680 
of a line in space, 752 
for surfaces, 1053 
wametric form of the derivative, 675 
wrametric surface, 1051 
area of, 1055 
equation for, 1051 
and surface integrals, 1065 
artial derivative, 1054 
first, 859 


of a function of three or more variables, 


862 

of a function of two variables, 859 
higher-order, 863 

implicit, 880 

mixed, 863 

notation for, 860 
artial differentiation, 859 
artial fraction(s), 515 
artial sums, sequence of, 567 
articular solution, 247 

of a differential equation, 370 
artition 

inner, 944, 978 

polar, 956 

of an interval, 266 

norm of, 266, 944, 956 

regular, 266 
ascal, Blaise (1623-1662), 470 
iscal's Principle, 470 
ath, 851, 1019 
attern recognition, 288 

for sequences, 560 
sar-shaped cuartic, 156 
srcent error, 230 
srpendicular lines, 14 
1ysical interpretation of curl, 1084 
ecewise smooth curve, 670, 1019 
anar lamina, 463 
ane(s) 

distance between a point and, 757 

general equation of, 753 

parallel, 754 

perpendicular, 754 

in space, 753 

standard equation of, 753 

tangent to a surface, 897 
ane curve, 665 
ane region, area of, 256, 259, 938 
yint of inflection, 186 
yint of intersection of polar graphs, 696 
yint of intersection of two graphs, 6 
»int-plotting method, 2 
int-slope form of an equation of a line, 11 
yint-slope method, 2 
lar axis, 684 
lar coordinate system, 684 


Polar coordinates, 684 
and arc length, 698 
and area, 694 
area of surface of revolution, 699 
conversion of rectangular to, 685 
double integral, 955 
equation of conics in, 703 
graphing techniques for, 686 
Polar graphs, 686 
graphs, special, 690 
and points of intersection, 696 
Polar moment of inertia, 967 
Polar sectors, 955 
Pole (or origin), 684, 773 
Polynomial approximation, 605 
Polynomial function, 24 
continuity of, 73 
degree of, 24 
limit of, 58 
of two variables, 839 
Position function, 111 
for a projectile, 807 
Position vector, 806 
Potential energy, 1038 
Potential function, 1011 
Pound mass, 459 
Power Rule 
for differentiation, 106 
General, 129 
for real exponents, 354 
Power series, 616 
centered at c, 616 
convergence of, 617 
derivative of, 621 
divergence of, 617 
for elementary functions, 638 
geometric, 625 
integration, 621 
interval of convergence, 619 
operations with, 627 
properties of, 621 
Preservation of inequality, 272 
Pressure, 470 
Primary equation, 211, 212 
Principal unit normal vector, 812 
Probability density function, 548 
Procedures for fitting integrands to basic 
rules, 485 
Product Rule for differentiation, 117 
Projection, 739 
using the dot product, 740 
Prolate cycloid, 677 
Propagated error, 230 
Properties 
of continuity, 73 


of continuous function of two variables, 


854 
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of cross product, 745, 746 

of definite integrals, 270, 271 

of the derivative, 796 

of the dot product, 735 

of double integrals, 946 

of functions defined by power 
series, 621 

of the gradient, 888 

of infinite limits, 84 

of infinite series, 571 

of inverse functions, 352 

of inverse trigonometric functions, 382 

of limits, 57 

of limits of sequences, 558 


of the natural exponential function, 342 
of the natural logarithmic function, 315 


of vector operations, 719 
Proportionality constant of exponential 
growth and decay models, 362 
p-series, 579 
convergence of, 579 
divergence of, 579 


Q 


Quadratic factors, 519 

Quadratic function, 24 

Quadric surface, 764 

Quotient rule for differentiation, 119 
Quotient of two polynomials, 25 


R 


Radial lines, 684 
Radical function 

continuity of, 73 

limit of, 58 

of convergence, 617 

of curvature, 825 

of gyration, 968 
Radius of convergence, 617 
Radius function, 769 
Ramanujan, Srinivasa (1887-1920), 629 
Range 

of a function, 19 

of a function of two variables, 838 
Raphson, Joseph (1648-1715), 222 
Rate of change, 12 

average, 12 

instantaneous, 171 
Ratio, 12 
Ratio Test, 597 
Rational function, 25 

continuity of, 73 

limit of, 58 

of sine and cosine, 527 

of two variables, 839 
Rationalization, 61 
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Real-valued function f of a real variable, 19 
Rearrangement of series, 594 
Rectangle, area of, 255 
Rectangular coordinates 
conversion to cylindrical, 773 
conversion to polar, 685 
conversion to spherical, 776 
Rectifiable, 440 
Reduction formulas, 526 
Reflection of graph of a function, 23, 333 
Reflective property 
of an ellipse, 655 
of inverse functions, 333 
of a parabola, 652 
Reflective surface, 652 
Refraction, Snell's Law of, 928 
Region in the plane 
area of, 938 
centroid of, 965 
closed, 850 
connected, 1035 
horizontally simple, 938 
of integration, 937 
open, 850, 856 
simple solid, 1074 
simply connected, 1042 
between two curves, area of, 412, 413 
vertically simple, 938 
Regular partition, 266 
Related rates, 144 
guidelines for problem solving with, 
145 
Relation, 19 
Relative error, 230 
Relative extrema, 161, 905 
and critical numbers, 162 
and critical points, 906 
First Derivative Test for, 176 
Second Derivative Test for, 188 
Relative maximum, 161, 905, 908 
First Derivative Test for, 176 
of a function, 176 
Second Derivative Test for, 188 
Second Partials Test for, 908 
Relative minimum, 161, 905, 908 
First Derivative Test for, 176 
of a function, 176 
Second Derivative Test for, 188 
Second Partials Test for, 908 
Removable discontinuity, 69, 854 
Representative rectangle, 412 
Resultant force, 722 
Resultant vector, 718 
Riemann, Georg Friedrich Bernhard 
(1826-1866), 266 
Riemann sum, 266 
Riemann zeta function, 581 
Right-handed orientation, 727 
Rolle, Michel (1652-1719), 168 


Rolle's Theorem, 168 
Root Test, 600 

Rose curve, 687, 690 
Rotation, 1084 
r-simple region, 957 
Rulings, 763 


S 


Saddle point, 908 
Scalar, 716 
Scalar field, 841 
Scalar multiple, 718 
Scalar multiplication, 718 
Scalar product, 735 
Scalar quantities, 716 
Secant function 
derivative of, 121 
integral of, 329 
inverse of, 380 
and tangent, integrals involving, 500 
Secant line, 45, 95 
Second derivative, 123 
Second Derivative Test, 188 


Second Fundamental Theorem of Calculus, 


282 
Second moment, 967, 983 
Second Partials Test, 908 
Second Theorem of Pappus, 469 
Secondary equation, 212 
Separable differential equations, 371 
Separation of variables, 371 
Sequence, 556 
bounded, 563 
convergence of, 224, 557 
divergence of, 557 
least upper bound, 563 
limit of, 557 
monotonic, 562 
nth term, 556 
of partial sums, 567 
pattern recognition for, 560 
properties of, 558 
Squeeze Theorem, 559 
term of, 556 
upper bound of, 563 
Series, 567 
absolute convergence, 593 
alternating, 590 
binomial, 637 
convergence of, 567 
guidelines for testing, 601 
divergence of, 567 
guidelines for testing, 601 
geometric, 569 
harmonic, 579 
infinite, 567 
Maclaurin, 632, 633 
nth partial sum, 567 


power, 616 
properties of, 571 
p-series, 579 
sequence of partial sums of, 567 
sum of, 567 
summary of tests for, 602 
Taylor, 632, 633 
telescoping, 568 
term of, 567 
Shell method, 432, 433 
compared to the disk method, 434 
Shift of a graph, 23 
Sigma notation, 253 
Signum function, 79 
Simple curve, 1042 
Simple solid region, 1074 
Simply connected region, 1042 
Simpson, Thomas (1710-1761), 302 
Simpson's Rule, 302, 303 
error in, 304 
Sine function 
derivative of, 110 
integral of, 329 
integrals involving, 497 
guidelines for evaluating, 497 
inverse of, 380 
series for, 638 
Singular solutions of a differential 
equation, 369 
Sink, 1078 
Sketching planes in space, 756 
Slant asymptote, 204 
Slope 
field, 315, A2 
of a graph of f at x = c, 95 
of a horizontal line, 10 
of a line, 10 
of parallel lines, 14 
of perpendicular lines, 14 
in polar form, 688 
of a surface in the x-direction, 860 
of a surface in the y-direction, 860 
Slope-intercept equation of a line, 13 
Slug, 459 
Smooth curve, 440, 670, 796, 1019 
on an open interval, 796 
Smooth surface, 1054 
Snell's Law of Refraction, 928 
Solenoidal, 1016 
Solid of revolution, 421 
volume of, 422, 424, 433 
Solids with known cross sections, 426 
Solution curves of a differential equatic 
370 
Solution point of an equation, 2 
Somerville, Mary Fairfax (1780-1872), 
Source, 1078 
Space curve, 786 


arc length of, 820 
curvature of, 824 
ecial integration formulas, 510 
ecial polar graphs, 690 
eed, 112, 802, 803, 826 
here, 728 
equation of, 728 
herical coordinate system, 776 
herical coordinates, 776 
conversion to cylindrical, 776 
conversion to rectangular, 776 
triple integrals in, 991 
iral of Archimedes, 679, 686 
uare root function, 22 
uare root symbol, 58 
uared errors, sum of, 915 
ueeze Theorem, 63 
for sequences, 559 
undard form 
of an equation of an ellipse, 653 
of an equation of a hyperbola, 657 
of an equation of a parabola, 651 
of an equation of a plane in space, 753 
of an equation of a sphere, 728 
of the equations of quadric surfaces, 
764, 765, 766 
of a first-order linear differential 
equation, A4 
undard position of a vector, 717 
undard unit vector, 721 
notation, 729 
in the plane, 721 
in space, 729 
>p functions, 70 
kes, George Gabriel (1819-1903), 1081 
ykes's Theorem, 1047, 1081 
ategy for finding limits, 60 
ictly monotonic function, 175 
ophoid, 712 
bstitution 
integration by, 288 
for rational functions of sine and 
cosine, 527 
fficient condition for differentiability, 870 
iseth, Richard, 567 
m = 
of infinite series, 567 
of two functions, 25 
m Rule for differentiation, 109 
m of the squared errors, 915 
mmary of common integrals using 
integration by parts, 493 
mmary of compound interest formulas, 
B55) 
mmary of differentiation rules, 133 
mmary of equations of lines, 14 
mmary of integration formulas, 1085 
mmary of line and surface integrals, 
1070 


Summary of tests for series, 602 
Summary of velocity, acceleration, and 
curvature, 828 
Summation formulas, 254 
Surface, 763 
closed, 1073 
isothermal, 844 
level, 843 
orientable, 1066 
orientation of, 1066 
in space, 763 
Surface area, 971, 972, 1055 
Surface integrals, 1061 
Surface of revolution, 444, 769 
area of, 445, 680 
area in parametric form, 680 
area in polar form, 699 
Symmetric equations of a line in space, 
752 
Symmetric with respect to (a, b), 408 
Symmetry 
of a graph, 5 
with respect to the origin, 5 
with respect to the x-axis, 5 
with respect to the y-axis, 5 
tests for, 5 


T 


Table of values, 2 
Tables, integration by, 524 
Tabular method, 493 
Tangent function 
derivative of, 121 
integral of, 329 
inverse of, 380 
Tangent line, 45, 95, 675, 688 
to a curve, 812 
to the graph of a function, 95 
at the pole, 689 
vertical, 97 
Tangent line approximation, 228 
Tangent plane to a surface, 896, 897, 1054 
equation of, 897 
Tangent vector, 802, 811 
Tangential component of acceleration, 815 
Tautochrone problem, 671 
Taylor, Brook (1685-1731), 607, 621, 632 
Taylor polynomials, 156, 607 
remainder of, 611 
Taylor series, 632, 633 
convergence of, 634 
euidelines for finding, 636 
Taylor's Theorem, 611 
Telescoping series, 568 
Term of a sequence, 556 
Term of a series, 567 
Terminal point, 716 
of a vector, 716 
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Test for concavity, 185 
Test for conservative vector field, 1011 
in the plane, 1012 
in space, 1015 
Test for decreasing function, 174 
Test for even and odd functions, 26 
Test for increasing function, 174 
Test for symmetry, 5 
Tests for convergence 
Alternating Series Test, 590 
Direct Comparison Test, 583 
Integral Test, 577 
Limit Comparison Test, 585 
Ratio Test, 597 
Root Test, 600 
summary of, 602 
Theorem of Pappus, 466 
6-simple region, 957 
Third derivative, 123 
Thomson, William (1824-1907), 1081 
Three-dimensional coordinate system, 727 
Topographic map, 841 
Torque, 461, 748 
Torus, 466 
Total differential, 869 
Total mass, 461, 462 
Trace, 756 
of a surface, 764 
Tractrix, 401 
Transcendental functions, 25 
Transformation, 996 
of graph of function, 23 
Transverse axis of a hyperbola, 657 
Trapezoidal Rule, 300, 301 
error in, 304 
Triangle Inequality, 721 
Trigonometric functions(s) 
continuity of, 73 
derivative of, 121 
integration of, 329 
inverse, 380 
limit of, 59, 63 
Trigonometric substitution, 506 
Triple integral, 978 
in cylindrical coordinates, 988 
in spherical coordinates, 991 
Triple scalar product, 748 
properties of, 749 
Two-point gaussian quadrature 
approximation, 310 


U 


Unit normal vector, 812 
Unit tangent vector, 811 
Unit vector, 717, 720 
standard, 721 
Upper bound of a sequence, 563 
Upper bound of summation, 253 
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Upper limit of integration, 267 
Upper sum, 257 

limit of, 259 
u-substitution, 288 


V 


Variable 
dependent, 19, 838 
independent, 19, 838 
of integration, 243 
Vector(s) 
acceleration, 803, 814 
addition of, 718 
angle between, 736 
components, 717, 721, 739 
cross product of, 7-:4 
difference of, 718 
dot product of, 735 
equality of, 717, 729 
initial point, 716 
length of, 716, 717 
linear combination of, 721 
magnitude, 716, 717 
negative of, 718 
norm of, 717 
normalization of, 720 
orthogonal, 737 
parallel, 730 
in the plane, 716 
position, 806 
projection of, 739, 740 
properties of, 719 
resultant, 718 
scalar multiple, 718 
scalar multiplication, 718 
in space, 729 
standard position, 717 
subtraction, 718 
tangent, 802 
terminal point of, 716 


triple scalar product, 748, 749 


unit, 717, 720 

velocity, 802, 803 

ZeLO we 
Vector addition in space, 729 
Vector field, 1008 


circulation of, 1084 
conservative, 1011 
curl of, 1014 
divergence of, 1016 
divergence free, 1016 
incompressible, 1016, 1078 
irrotational, 1014 
line integral, of, 1024 
rotation of, 1084 
sink, 1078 
solenoidal, 1016 
source, 1078 
Vector operations, 718 
Vector product, 744 
Vector space, 720 
Vector-valued functions, 786 
continuous on an open interval, 790 
continuous at a point, 790 
derivative of, 794 
differentiation of, 795 
domain, 787 
integration of, 798 
limit of, 789 
properties of derivative, 796 
summary of properties, 828 
Velocity, 802, 803 
average, 111 
of a free-falling object, 67 
function, 112 
instantaneous, 112 
summary of acceleration and curvature, 
828 
Velocity field, 1008, 1009 
Velocity vector, 802, 803 
Vertex 
of an ellipse, 653 
of a hyperbola, 657 
of a parabola, 651 
Vertical asymptote, 81 
Vertical component of a vector, 721 
Vertical line, equation of, 14 
Vertical line test, 22 
Vertical shift of a graph of a function, 23 
Vertical tangent line, 97 
Vertically simple region, 938 
Volume 
by disk method, 422 


by double integration, 946 
by shell method, 433 
of solid region, 944, 946 


of solid of revolution, 422, 424, 43: 
of solids with known cross sections 


426 
by triple integration, 978 


Ww 


Wallis, John (1616-1703), 499 
Wallis's Formulas, 499 
Washer, 424 

Washer method, 424 

Wave equation, 933 


Weierstrass, Karl (1815-1897), 850, 9C 


Weight, 459 

Witch of Agnesi, 793 

Work, vector form, 741 

Work done by a constant force, 450 
Work done by a variable force, 451 
Work given by a line integral, 1024 
Wren, Christopher, 678 


xX 


x-axis symmetry, 5 
x-coordinate, 727 
x-intercept, 4 
xy-plane, 727 
xz-plane, 727 


Me 


y-axis symmetry, 5 
y-coordinate, 727 
y-intercept, 4 


Young, Grace Chisholm (1868-1944), 


42 
yz-plane, 727 


Z 


z-axis, 727 

z-coordinate, 727 

Zero factorial, 559 

Zero vector, 717, 729 
Zeros of function, 26, 222 
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